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ABSTRACT: Spectroscopies utilizing free electron beams as
probes o�er detailed information on the reciprocal-space excitations
of 2D materials such as graphene and transition metal
dichalcogenide monolayers. Yet, despite the attention paid to such
quantum materials, less consideration has been given to the
electron-beam characterization of 2D periodic nanostructures such
as photonic crystals, metasurfaces, and plasmon arrays, which can
exhibit the same lattice and excitation symmetries as their atomic
analogues albeit at drastically di�erent length, momentum, and
energy scales. Because of their lack of covalent bonding and
influence of retarded electromagnetic interactions, important
physical distinctions arise that complicate interpretation of
scattering signals. Here we present a fully-retarded theoretical
framework for describing the inelastic scattering of wide-field electron beams from 2D materials and apply it to investigate the
complementarity in sample excitation information gained in the measurement of a honeycomb plasmon array versus angle-resolved
optical spectroscopy in comparison to single monolayer graphene.

KEYWORDS: momentum-resolved electron energy loss spectroscopy (q-EELS),
high-resolution electron energy loss spectroscopy (HREELS), 2D materials, graphene, plasmon arrays

H istorically, techniques employing low-energy electrons,
such as low-energy electron di�raction (LEED),

scanning tunneling microscopy (STM), high-resolution
electron energy-loss spectroscopy (HREELS), and photo-
emission spectroscopy (PES), have played a critical role in
understanding a range of material properties, from local atomic
structure1−4 to dispersion relations of materials hosting
collective excitations.5−12 The isolation of graphene13 and
other 2D atomic crystals14−16 has furthered the need for state-
of-the-art characterization techniques where the excitonic,17−20

phononic,21−26 and plasmonic27−35 excitations in these
materials underlie important applications in optoelectronic
devices18,28,36,37 and quantum information technologies.38 Due
to its atom scale spatial resolution and ability to measure
broadband spectral responses, electron energy-loss spectrosco-
py (EELS) performed inside a scanning transmission electron
microscope (STEM) has played an important role in
characterizing such 2D materials at their native response
scales.30,39−42 However, the high spatial resolution o�ered by
STEM-EELS relies on momentum space integration, limiting
its use as a probe of reciprocal-space excitations. By increasing
the incident beam width, parallel beam momentum-resolved
EELS (q-EELS) in a STEM or wide-field q-EELS in a TEM
overcomes this challenge, o�ering su7cient momentum

resolution to characterize the dispersive responses of
graphene26,27 and other 2D materials.17,26,42 Similarly,
HREELS5,23−25,32−35,43,44 and closely related variants20,31,45

have recently demonstrated the ability to retrieve detailed
excitation information on 2D materials.
Like 2D quantum materials, 2D periodic nanophotonic

structures, such as photonic crystals, metasurfaces, and
plasmon arrays, have been under intense study, owing to
their facilely tunable optical properties and role in the
formation of new hybrid light−matter states via interaction
with excitonic media in both weak and strong coupling
regimes. Actively tunable array lasers,46−49 bound states in the
continuum (BICs),50−56 and exciton−polariton structure,
dynamics,57−62 and room temperature condensation63,64

represent examples that exploit the energy-momentum
dispersion arising from the discrete space translational
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symmetry of the lattice65,66 to create coherent optical states or
simulate complex quantum many-body physics. Measurements
of these phenomena necessitate the use of characterization
tools with simultaneously high energy, momentum, and
polarization resolution. While optical-based probes and
cathodoluminescence (CL)67,68 have been successful in
characterizing such materials, the use of q-EELS has been
limited to the study of photonic density of states in the vicinity
of plasmonic thin film architectures69 and crystal defects,70

despite its ability to probe sample excitations with high energy
and momentum resolution that are inaccessible to light. Like
STEM-EELS, a powerful tool for mapping single nanoparticle
excitations,71−74 momentum-resolved EEL measurements
using wide-field electron beams have strong potential in the
characterization of periodically structured nanophotonic
materials,75 as exemplified by the routine use of q-EELS and
HREELS to interrogate 2D atomic crystals.
Here we present a common theoretical framework for the

interpretation of wide-field q-EELS signals in the measurement
of the broadband reciprocal-space excitations in 2D periodic
materials spanning from atomic to nanoscale and larger
dimension. Described within our formalism is the energy-
momentum dependence of the probing electron’s polarization
and relativistic kinematics, additionally illuminating the
behavior of reflection scattering processes typical of HREELS
across atomic and nanophotonic regimes. While well under-
stood as a probe of 2D materials with angstrom-scale bond
lengths, the ≳100 nm periodicity scale of 2D nanophotonic
materials such as photonic crystals, metasurfaces, and plasmon
arrays presents a distinctly new physical regime where
electromagnetic retardation e�ects prevail and companion
wide-field inelastic electron scattering observables must be
interpreted accordingly. Through the lens of expanded
selection rules appropriate to fully retarded light−matter
interactions, we elucidate the conditions under which q-EELS

can be adapted for measuring the broadband excitations of
nanophotonic 2D materials with emphasis placed upon the
evolution of the selection rules for scattering processes both
within and beyond the first Brillouin zone (BZ), the excitation
of optically dark transitions lying o� of the light cone, and the
role of electron speed and collection geometry. The general
complementarity in sample excitation information between
wide-field electrons and light is also highlighted. Throughout,
contrast and comparison between the IR vibrational excitations
of graphene and the optical-frequency excitations of a
plasmonic honeycomb lattice are made to illustrate the utility
of wide-field EELS in probing 2D materials excitations
spanning broadly across disparate spatial, momentum, and
energy scales.
The schemes in Figures 1a,b show a pair of generic wide-

field inelastic electron scattering events whereby an incoming
free electron plane wave with wave vector ki (blue) scatters to
an outgoing plane wave with wave vector kf (red) via
interaction with a 2D periodic material sample. The linear
momentum ℏq = ℏ(ki − kf) lost by the probing electron is
transferred into excited sample states, inducing the transition
|0⟩ → |n⟩. Experimental conditions, such as detection of
transmitted (Figure 1a) versus reflected (Figure 1b) electrons
as well as the specific incident and collection angles involved,
fix q (yellow), while the projection q∥ of q onto the xy sample
plane can be manipulated by rotating the sample. Throughout,
ϕ = 0° such that transverse recoils q·x ̂ in the xz-scattering
plane are connected with reciprocal space excitations in the
2D-periodic samples with Bloch vectors (K·x ̂)x̂.
As representative 2D-periodic samples that support recip-

rocal-space excitations in the low-loss regime, we consider
graphene and a plasmonic honeycomb array (Figure 1c),
which support phonons and lattice plasmon polaritons (LPPs),
respectively. The 2D atomic (nanoparticle) positions xnκ = xn +
rκ = n1a1 + n2a2 + rκ in the graphene (plasmonic array) case are

Figure 1. Probing reciprocal-space excitations in 2D material systems with q-EELS. (a) Scheme of q-EELS measurement under forward scattering
conditions. Momentum transfers between initial ki (blue) and final kf (red) free electron states are dictated by the scattering angle θf and recoil
momentum ℏq (yellow) with the projection q∥ = (q·x ̂)x̂ oriented along the Γ−M direction of the sample. (b) Scheme of q-EELS measurement
under reflection scattering conditions, otherwise sharing the same kinematical parameters as in transmission. The inset defines the xz-scattering
plane relevant to both the transmission and reflection geometries. The detection angle is θf in transmission and Δθf = θf − θspec in reflection, where
θspec is the specular angle. Lab (primed) and sample (unprimed) coordinates are distinguished, and the xz-scattering plane is always perpendicular
to the 2D sample xy-plane. Beginning with coincident lab and sample axes as in (a), where only the sample axes are explicitly labeled, and collecting
momentum recoils within the x′z′-plane, an arbitrary planar scattering configuration can be reached by (i) rotating the sample by angle ϕ about the
z′-axis, followed by (ii) rotation by angle θ about the lab y′-axis. (c) Graphene (upper) and a plasmonic array (lower) are examples of 2D periodic
honeycomb lattices structured on the atomic and photonic length scales, respectively. a is the magnitude of primitive vectors a1 and a2 spanning the
real space array. In either case, point M0 is located at = aq (2 / 3 , 0).
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situated on a honeycomb lattice, which is a hexagonal Bravais

lattice described by primitive lattice vectors a1 and a2, with |a1|

= |a2| = a and s = 2 sites per unit cell labeled by κ. These sites

are colored red and blue in Figures 1a,b. While both

honeycomb arrays share common real space and reciprocal

space symmetry, the characteristic length scale is a = 1.42 Å for

graphene and a = 460 nm for the plasmonic array.
The Hamiltonian involving either class of 2D material can be

partitioned as Ĥ = Ĥ0 + Ĥint, where Ĥ0 = Ĥs + Ĥel is the sum of

sample Ĥs and free electron Ĥel components and Ĥint is the

interaction Hamiltonian. Beginning from minimal coupling

and working in the generalized Coulomb gauge,76 the

interaction Hamiltonian is Ĥint = (e/2mc)[Â·p̂ + p̂·Â], where

m and −e are the electron mass and charge, and Â and p̂ are

the quantum mechanical operators associated with the vector

potential of the target and the linear momentum of the free

electron probe, respectively. The wide-field double di�erential

cross section (DDCS) with fully retarded probe−sample

interactions becomes77,78
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where L is the box quantization length, Eif = ℏεif = ℏεi − ℏεf is
the loss energy, and ℏεi/f = γi/fmc2 with initial/final Lorentz
contraction factors γi/f = [1 − (vi/f/c)

2]−1/2. The transition
current density produced as the probing electron transitions
between incoming ψi(x) = L−3/2eiki·x and outgoing ψf(x) =
L−3/2eikf·x plane-wave states is Jf i(x) = −(eℏ/2mL3)(2ki −
q)ei q·x, while G̅(x,x′,ω) is the dyadic Green’s tensor character-
izing the electromagnetic responses of the sample. Leveraging
the plane waveform of Jf i(x), eq 1 can be recast as
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where

Figure 2. Energy-momentum dispersion of graphene phonons probed along the Γ−M direction. (a) and (b) display the q-EELS DDCS in the
transmission and reflection geometries, respectively. Each spectrum at fixed q∥ is independently normalized to the maximum DDCS value at that q∥
point as in ref 26. Gray traces indicate the dispersion of the graphene phonon eigenenergies. (c) and (d) show the normalized magnitude of the in-
plane Ef i

0·x̂ (red) and out-of-plane Ef i
0·z ̂ (blue) components of the electron’s vacuum transition field at Eif = 100 meV versus q∥ along Γ0−M1,

computed in the fully retarded (solid) and quasi-static (dotted) limits in transmission (c) and reflection (d) geometries. Note the scale di�erence
between θf and Δθf in (c) and (d). The inset in (c) shows the dispersion of Ef i

0 as well as that of free space plane wave light E0 = E0ϵ(̂k) in the
immediate vicinity of the Γ0 point, where the dashed lines represent the in-plane E0·x̂ (red) and out-of-plane E0·z ̂ (blue) components of the
incident optical field at ℏω = 100 meV versus in-plane wave vector k∥ = (k·x)x̂. In (a) and (c), the incident electron wave vector ki is oriented
normal to the sample plane (θi = 0°) with initial velocity vi = 0.3c. In (b) and (d), θi = 80° with respect to the surface normal in the xz-scattering
plane and vi = 0.01c. All calculations include an empirical damping rate of η = 20 meV/ℏ at zero temperature and a vacuum background.
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is the Fourier coe7cient of the probe’s vacuum transition field
Ef i
0(x,ω) = −4πiω∫ dx′ G̅0(x,x′,ω)·(L/vi)Jf i(x′) with free space
Green’s dyadic G̅0(x,x′,ω) = (−1/4πω2)[(ω/c)2I ̅ + ∇∇]-

ei(ω/c)|x−xd′|/|x − x′|. The Fourier coe7cient is related to the
position- and frequency-dependent field, evaluated at x = (xnκ,z
= 0) and ω = εif, as Ef i

0(xnκ,εif) ≡ Ef i,qκ
0 eiq·xn. Intrinsic excitations

of the sample are encoded within the tensor-valued q-
dependent response function Π̅qκκ′(εif), while the subset that
are excited by the electron probe are characterized by the
induced moment pn0,qκ(εif) = ∑κ′Π̅qκκ′(εif)·Ef i,qκ′

0 (εif).
The discrete translation symmetry shared by each structure

necessitates periodic energy-momentum dispersion of both
phonon and LPP quasiparticle excitations. In either class of 2D
material, Bloch wave excitations with in-plane momentum ℏK
can be described by the equations of motion (Supporting
Information)

+ · =i Z eMu u K u E( , )
K K K K

2 1 0

(4)

where the displacement of the coordinate at lattice position xnκ

is unκ = uKκe
iK·xne−iωt. Electron beams serve as one example of a

probe of reciprocal space lattice excitations, where the in-plane
recoil momentum ℏq∥ is the Bloch momentum ℏK. However,
propagating free space light can also drive lattice responses at
specific K points corresponding to the projection k∥ of its
wavevector k onto the sample plane. In either case, the induced

moments are pn0,K = [Z1euK1, ..., ZseuKs] = [(−ω2 − iηω)I +

(K,ω)]−1[(Z1e)
2EK1

0 /M1, ..., (Zse)
2EKs

0 /Ms] = K(ω)EK
0 , where

the 3s × 1 vector EK
0 = [EK1

0 , ..., EKs
0 ] represents the specific

probe under consideration evaluated at each of the s sublattice
sites. Double bars have been introduced to distinguish 3s × 3s

matrices from 3 × 3 matrices, which have a single bar, e.g., [
K

(ω)]κκ′ = Π̅Kκκ′(ω), while the absence of a κ subscript indicates
that a vector is 3s × 1.
Focusing first on atomic crystal phonons where the resonant

IR wavelengths together with subnanometer bond lengths
justify neglect of the finite speed of light, the generalized
dynamical matrix K( , ) reduces to the conventional
dynamical matrix D̅κκ′(K) = F̅κκ′(K) + C̅κκ′(K),

79 which
accounts for the sum of covalent F̅κκ′(K) and ionic C̅κκ′(K)
interactions (Supporting Information). We compute all
electron-induced graphene excitations within the harmonic
crystal approximation79,80 based upon eq 4 using an empirically
parametrized model81,82 for F̅κκ′(q∥) and q-dependent e�ective
charges Zκ(q∥) along Γ−M from ref 26 (Supporting
Information). Within the sample and scattering planes lie the
longitudinal acoustic (LA) and optical (LO) phonons, while
the transverse acoustic (TA) and optical (TO) phonons are
polarized within the sample plane but are oriented
perpendicular to the scattering plane. Oscillations of the z-
directed acoustic (ZA) and optical (ZO) phonons are directed
normal to the sample plane. Figures 2a,b display the calculated
energy-momentum dispersion ℏωλ(K′) of the phonon
eigenmodes (gray traces), where λ = 1−6 denotes the band
indices, as well as the phononic responses induced under wide-
field (plane-wave) electron excitation as encoded in the q-
EELS DDCS collected in the transmission (panel a) and

reflection (panel b) geometries, where momentum conserva-
tion requires K = q∥ = (q·x ̂)x̂ = K′ + G, with G a reciprocal
lattice vector. At each q∥ point, the spectrum is independently
normalized to the maximum DDCS value, as in ref 26. For
unnormalized q-EELS DDCS spectra, see Figure S1. In Figure
2a, the incident plane-wave wave vector ki of the electron
probe is normal to the graphene surface (θi = 0°), and its initial
speed is vi = 0.3c, which are parameters typical of q-EELS
experiments performed in the transmission geometry.17,26

Reflection measurements, on the other hand, generally involve
momentum transfers with a larger out-of-plane component
(Figures 1a,b) such that the DDCS is largest for low incident
electron kinetic energies and large angles of incidence θi.

23−25

Thus, for the reflection calculations in Figure 2b, we choose θi

= 80° from the surface normal and vi = 0.01c, which is typical
of HREELS experiments.
It is evident from eq 2 that the selection rule for electron

beam excitation of a specific phonon mode ξλ at q∥ of energy
ℏεif requires overlap of the electron’s vacuum field Ef i,q

0* in eq 3
with the induced phonon moment pn0 dominated by ξλ at q∥
and ℏεif. However, in the quasi-static (c → ∞) and dipole (a
≪ 2πc/εif) limits relevant to graphene, the electron’s transition
field Ef i,q

0 (x) ∝ q−2q, and the general induced phonon moments
become the induced dipole moments, i.e., pn0 → dn0, so that
the selection rule Ef i,q

0*·pn0,q reduces to ∑κq·dn0,qκ = ∑κq∥·dn0,qκ
∥

+ qzdn0,qκ
z . Based upon the dipole limit of the scattering form

factor of a single Coulombically bound target electron,
⟨n|eiq·x|0⟩ ≈ ⟨n|1 + iq·x + ···|0⟩ ∝ q·dn0,

83 this result is
expected as electromagnetic retardation e�ects are negligible
for graphene. The ∑κq·dn0,qκ selection rule is also related to
that invoked to rationalize HREELS and q-EELS phonon
measurements.26,84,85

While the ∑κq·dn0,qκ selection rule explains the absence of
the TO and TA bands in the spectra presented in Figure 2 on
grounds of symmetry, the degree to which accessible bands
contribute to the DDCS spectra inside (and outside) the first
BZ can be more clearly understood by considering the top line
of eq 2. In particular, the DDCS is proportional to |Ef i,q

0 |2

Im[Êf i,q
0*·Π̅̅q·Êf i,q

0 ], showing that the characteristics of the
transition field largely dictate how strongly each tensor
component of Π̅̅q contributes to the DDCS. Although the
eigenmode dispersion is periodic in reciprocal space, the
momentum dependence of the e�ective charges Zκ(q) causes
Π̅̅K′+G ≠ Π̅̅K′. The dispersions in q∥ of the electron’s field Ef i

0

(solid red/blue traces) as well as that of its limiting quasi-static
form Ef i

0 ∝ q (dotted red/blue traces) are displayed in Figures
2c,d for both transmission and reflection geometries, clearly
showing the reduction of the former to the latter in the quasi-
static limit appropriate to graphene. Notably, in transmission,
the probe is strongly x-polarized except in the immediate
vicinity of Γ0, explaining the preferential excitation of both LA
and LO phonons at both small and large momenta, as recently
observed in q-EELS measurements of individual freestanding
graphene monolayers.26

In contrast, the probe’s polarization in the reflection
geometry (Figure 2d) evolves from predominantly z-polarized
in the first BZ to predominantly x-polarized in the second BZ.
This crossover in polarization content of the electron’s field
elucidates the computed DDCS in Figure 2b, where primary
excitation of ZA and ZO phonons at low momenta23,24 give
way to the additional excitation of both LA and LO phonons
outside of the first BZ. Taken together, these results contrast
the di�erent information contained within q-EELS and
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HREELS measurements of graphene performed at IR energies
in the first two BZs. For comparison, optical excitation via
propagating free space light is strongly limited in the IR by the
light cone boundary, where K = |k|x̂ ∼ 10−3 nm−1 (see dashed
red/blue traces in the inset of Figure 2c).
Sharing the same hexagonal lattice structure as graphene but

with a lattice constant of a = 460 nm,Figure 3 considers a 2D
plasmonic honeycomb array composed of 100 nm diameter ×
60 nm high silver nanodisks. In contrast to graphene, the large
lattice constant and optical excitation frequencies of the array
renders the entire BZ accessible to optical excitation.48

Displayed in Figure 3a is the angle-resolved optical extinction
cross section σext(k,ω) = (4πω/c) Im[∑κEkκ

0*·pn0,kκ/|Ekκ
0 |2],

where =
·

EE k( )ei
k

k r0
0 is the Fourier coe7cient of the

stimulating optical plane-wave field with wave vector k, while
the fully retarded q-EELS DDCS (eq 2) is shown in Figure 3b,
both within the first BZ. The inelastic electron scattering
spectra are computed in the forward scattering geometry with
ki oriented along the z-axis (θi = 0°) and vi = 0.7c. Both optical
and electron beam LPP spectra are calculated from eq 4 using
the method of coupled dipoles where the multipolar plasmon
moments pn0 in each silver nanodisk are approximated by
individual point electric dipole moments dn0

86,87 with
anisotropic polarizability evaluated using tabulated dielectric

data for silver88 (Supporting Information). Unlike for
graphene, site-to-site coupling in nanoparticle arrays is
mediated by long-range, causal interactions between nano-
photonic antenna modes localized to each nanoscale scattering
element. As a consequence,the generalized dynamical matrix

K( , ) for LPPs encodes the individual nanoantenna
resonances as well as the retarded dipole−dipole interactions
between sites (Supporting Information). The white traces in
Figures 3a,b denote the empty lattice photon dispersion in the
reduced zone scheme.89

The honeycomb lattice LPPs are photonic analogues of the
acoustic (in-phase) and optical (out-of-phase) transverse (TA,
TO), longitudinal (LA, LO), and z-directed (ZA, ZO) phonon
modes of graphene. Under p-polarization, optical extinction
(Figure 3a) reveals the in-plane (x-polarized) in-phase LPP at
Γ0, while the electron DDCS (Figure 3b) probes the
complementary out-of-plane (z-polarized) in-phase LPP at
the same reciprocal space point, as seen by the color-coded
induced moment plots in Figure 3c. The induced dipoles
exhibit the expected in-phase and out-of-phase polarizations
between sites within the unit cell at the high-symmetry points
shown in Figures 3a,b. The complementary behavior exhibited
by photon and electron probes in Figures 3a,b is generic and
can again be understood by examining the general dispersion

Figure 3. Energy-momentum dispersion of LPPs along the Γ−M direction in a honeycomb plasmonic array composed of 100 nm wide × 60 nm
high silver nanodisks separated by 460 nm. The localized surface plasmon energies of each isolated nanodisk are 3.13 and 3.36 eV in the x and z
directions, respectively. (a) Normalized optical extinction cross section under p-polarized excitation as a function of incident wave vector k∥ in the
first BZ. (b) Normalized q-EELS DDCS calculated in the transmission geometry versus recoil wave vector q∥ in the first BZ. The electron’s incident
wave vector ki is oriented normal to the sample surface with an initial velocity of vi = 0.7c. (c) Induced LPP polarizations extracted at the boxed
points in the optical extinction and q-EELS DDCS spectra. (d) Polarization dispersion of the electron’s vacuum transition field Ef i

0 (solid red/blue)
and of the free space plane wave optical field E0 (dashed red/blue) contrasted against that of the electron’s vacuum field Ef i

0 ∝ q in the quasi-static
limit (dotted red/blue) along the Γ0−M2 direction, all computed at 3 eV. The black vertical line indicates the light cone boundary corresponding to
an optical excitation angle of 90° with respect to the surface normal. (e) q-EELS DDCS under the same conditions as (b) along Γ2−M2. The white
traces in (a), (b), and (e) are the photonic dispersion of the empty honeycomb lattice. (f) Normalized momentum-resolved extinction (blue traces)
and retarded/quasi-static DDCS spectra (black/gray-dashed traces) at Γ0 and M0 points from (a) and (b). All calculations used a vacuum
background.
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of the electron’s vacuum transition field Ef i
0 (solid blue/red

traces) versus that of plane-wave light E0 (dashed blue/red
traces) shown in Figure 3d. In moving from the first to second
BZ, the p-polarized optical field E0 switches from dominantly
x-polarized to dominantly z-polarized at the light cone edge
near M1, while Ef i

0 from eq 3 is predominantly polarized in the
z direction in the first BZ but evolves to be largely x-polarized
at larger K = q∥. Indeed the computed optical extinction
spectrum in Figure 3a shows clear signatures of the x-polarized
in-phase and out-of-phase LPPs with increasing k∥ in the first
BZ. Near the light cone edge, the z-polarized in-phase LPP
becomes evident in σext(k,ω); however, the z-polarized out-of-
phase LPP is not apparent (Figure S2a). The evolution of
σext(k,ω) under s- and p-polarized excitation as k∥ traverses the
full boundary of the irreducible BZ is shown in Figure S3a,b.
Oppositely, but reflecting the crossover behavior in Ef i

0

polarization at larger q∥ values in Figure 3d, the electron
probe excites primarily the z-polarized out-of-phase LPP at M0

as well as both x-polarized out-of-phase and in-phase LPPs at
M0/M2 and Γ2, respectively, in the third BZ (Figure 3e), a
region inaccessible to free space optical excitation. The q∥
value where x- and z-polarized Ef i

0 cross over can be tuned
across multiple BZs in the transmission geometry by varying
the primary kinetic energy of the probing electron (Figure S4).
In the reflection geometry typical of HREELS, and as opposed
to optical excitation, the electron’s transition field is strongly z-
polarized across many BZs (Figure S5).
In contrast to the near indistinguishability of quasi-static and

fully retarded transition fields under the conditions presented
in Figures 2c,d for graphene, Figure 3d displays noticeable
di�erences in Ef i

0 arising from the finite speed of light. The
consequences of these di�erences are evident in Figure 3f,
which displays normalized momentum-resolved optical (blue
traces) and electron beam spectra at Γ0 and M0, where both
fully retarded (black traces) and quasi-static (dashed gray
traces) descriptions of the electron’s vacuum transition field
are adopted. While the normalized DDCS spectra are
indistinguishable at the Γ0 point, where the quasi-static and
fully retarded fields in Figure 3d coincide, it is evident from the
M0 point spectra that a quasi-static description of the electron’s
field fails to fully capture the electron’s ability to excite the x-
polarized out-of-phase LPP in the first BZ at ∼3.05 eV. As
compared to the quasi-static case, a fully retarded description
of the electron’s field involves a larger ratio of x- to z-polarized
Ef i
0 components, leading to stronger excitation of the x-
polarized out-of-phase LPP. This di�ering evolution of the
probe polarization with increasing q∥ and resulting comple-
mentarity in selection rules in comparison to optical excitation
is generic to wide-field inelastic electron scattering processes
involving any nanophotonic 2D periodic material.
While of considerable utility in the investigation of 2D

atomic materials, spectroscopies derived from the inelastic
scattering of wide-field free electron beams have found less
consideration as probes of 2D periodic nanostructures. Here,
we have presented a fully retarded theoretical approach to
describe the low-energy inelastic scattering of wide-field
electron beams from 2D periodic materials spanning from
atomic-scale quantum materials to nanophotonic array
structures beyond the nonrecoil approximation. Through
inclusion of the relativistic kinematics appropriate to the
forward and reflection geometries typical of q-EELS and
HREELS measurements, we have investigated the reciprocal-
space excitations native to a plasmonic honeycomb lattice

under both inelastic electron scattering and angle-resolved
optical extinction spectroscopies and compared these observ-
ables to the momentum-resolved phonon excitation spectrum
of monolayer graphene. Generically, we find that important
di�erences arise in the selection rules between 2D atomic and
nanophotonic materials under optical- and electron-based
probes, leading to complementary behavior in their polar-
ization-dependent responses both inside and outside of the BZ.
These di�erences, together with a breakdown of the quasi-
static approximation, thus require consideration of fully
retarded light−matter interactions and expanded selection
rules to properly interpret inelastic electron scattering signals
from 2D periodic materials. Beyond the examples highlighted,
the presented theory might be utilized to investigate other
material excitations31,90−93 with symmetry selection based on
free electron wavefront shaping.77,78,94
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