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We study an individual-based stochastic epidemic model in which in-
fected individuals become susceptible again, after each infection. In contrast
to classical compartment models, after each infection, the infectivity is a ran-
dom function of the time elapsed since infection. Similarly, recovered indi-
viduals become gradually susceptible after some time according to a random
susceptibility function.

We study the large population asymptotic behaviour of the model: we
prove a functional law of large numbers (FLLN) and investigate the endemic
equilibria of the limiting deterministic model. The limit depends on the law
of the susceptibility random functions but only on the mean infectivity func-
tions. The FLLN is proved by constructing a sequence of i.i.d. auxiliary pro-
cesses and adapting the approach from the theory of propagation of chaos.
The limit is a generalisation of a PDE model introduced by Kermack and
McKendrick, and we show how this PDE model can be obtained as a special
case of our FLLN limit.

If Rg is less than (or equal to) some threshold, the epidemic does not
last forever and eventually disappears from the population, while if R is
larger than this threshold, the epidemic will not go extinct and there exists an
endemic equilibrium. The value of this threshold turns out to be the harmonic
mean of the susceptibility a long time after an infection.

1. Introduction. Many infectious diseases are such that the immunity acquired after re-
covery from the illness is eventually lost, after a period whose length varies both with the
individual and with the illness. The huge majority of the literature on mathematical epi-
demiology which considers models with loss of immunity assumes that this loss happens
instantaneously (see, e.g., [4, 28]). However, it is rather clear that, in reality, immunity wanes
progressively over some period, which can vary from one individual to another (see, e.g.,
[31, 36]). In their pioneering 1927 paper [23], Kermack and McKendrick introduced the first
mathematical model of epidemic propagation in which the infectivity of individuals depends
on the time elapsed since their infection (this time is often called the age of infection). This
model was deterministic and assumed that recovered individuals can no longer be infected.
In two subsequent papers, [24, 25], Kermack and McKendrick introduced another determin-
istic model in which recovered individuals eventually lose their immunity. They studied the
conditions under which an infectious disease can become endemic, that is, reach a stable
equilibrium where some macroscopic fraction of the population is infected. This kind of
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equilibrium for the deterministic system is called an endemic equilibrium, as opposed to the
disease-free equilibrium, in which there are no infected individuals.

Our aim in the present paper is to revisit these questions with the use of a general stochastic
model, following the recent developments carried out by the first three authors. In [11], the
1927 model of Kermack and McKendrick was obtained as the infinite population limit of an
individual-based stochastic model in which the infectivity of individuals is a random function
of their age of infection. More precisely, it was shown that the fraction of susceptible individ-
uals and the average infectivity (also called the force of infection) converge to a deterministic
limit which solves a system of nonlinear integral equations already introduced in [23]. Note
that an alternative to the integral equations model is a PDE model; see [29]. The widespread
ordinary differential equations (ODEs) compartmental SIR model is only a very special case
of these equations, in which neither the infectivity nor the recovery rate depend upon the age
of infection. Such models are less realistic as they do not reproduce the dependence of the
dynamics of the epidemic on its past [12, 32], and thus neglect the inertia of the evolution
of the epidemic. Note that ODE models are law of large numbers limit of Markov stochastic
models, in which individuals move from one compartment to the next after an exponentially
distributed time.

In the present paper, we introduce a very general model in which individuals are char-
acterized by their infectivity and susceptibility, which are assumed to be given as random
functions of their age of infection. These random functions are assumed to be i.i.d. among
the various individuals in the population, and a new independent pair of random functions is
drawn at each new infection. See Figure 1 for a realization of the infectivity and susceptibility
of an individual after his/her infection.

Note however that, in contrast with the model in [24, 25], we consider a closed population,
in which there is no birth and no death (we do not exclude deaths due to infections, repre-
sented by individuals whose susceptibility remains equal to zero after the fatal infection).

We also assume (as in [24, 25]) that all pairs of individuals have contacts at the same rate.
In other words, we assume a situation of homogeneous mixing. Of course, this is not quite
satisfactory. One may wish to take into account the spatial distribution of the population, as
well as the variety of social behaviors of the individuals. However, mathematical models in-
volve necessarily a simplification of the complex reality. We believe that the results presented
here constitute a significant progress over the classical models where all rates are constant
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FI1G. 1. Illustration of a typical realization of the random infectivity and susceptibility functions of an individual

from the time of infection to the time of recovery, and then to the time of losing immunity and becoming fully
susceptible (or in general, partially susceptible).
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and immunity is lost instantaneously. In future works, we do intend to combine the complex-
ity of the present work with that of inhomogeneous models, such as spatial models or models
on graphons.

Besides the fact that we prefer to present our model in the form of a system of integral
equations rather than a system of partial differential equations, our deterministic model is
more general than the model of [24, 25]. The reason is the following. While the law of large
numbers limit of the model with infection age dependent infectivity depends only on the mean
of the random infectivity function [11], the deterministic limit of the model with random sus-
ceptibility depends on the distribution of this random susceptibility function in a much more
complicated way. To see this, suppose that we wish to compute the average susceptibility of
the individuals at some time ¢. This average can be obtained by summing the contributions
of individuals that have not been infected on the interval [0, 7), and of individuals that have
been infected at some time s € [0, #) and have not yet been reinfected again on the interval
[s, ). But the probability that such an individual has not been reinfected by time ¢ depends
on the full trajectory of their susceptibility, as well as on the trajectory of the force of in-
fection, on the interval [s, 7) (see (3.5) below). This explains why the deterministic limit is
more complex than that in [11], and shows that, in their 1932-33 model, Kermack and McK-
endrick implicitly assumed that the only random component of the susceptibility function is
the time of recovery (see the discussion in Section 5.2). As a consequence, we obtain a strict
generalization of the model in [24, 25] as the deterministic limit of our stochastic model.

Since in our model there is a flux of new susceptibles, due to waning of immunity, one
expects that under certain conditions, there may be a stable endemic equilibrium. We manage
to study the existence, uniqueness and some stability properties of an endemic equilibrium
(as well as the stability or instability of the disease—free equilibrium) in our deterministic
limit. We identify a threshold, which is the harmonic mean of the large time limit of the
susceptibility (which is 1 in Figure 1, but may be less than 1 in our general model). If the
basic reproduction number Ry (defined below by (4.1)) is smaller than this threshold, then
the process converges to the disease-free equilibrium. We also show that under appropriate
assumptions, if R is larger than the threshold, and the model converges as t — oo to some
limit, then this limit is the unique endemic equilibrium, which is fully characterized. We
conjecture that under appropriate assumptions, when Ry is larger than the threshold, any
solution of the deterministic limit starting with a nonzero force of infection at time t =0
does converge to the endemic equilibrium.

Let us comment on the method used to prove our law of large numbers result. One key
argument is based upon a coupling of the processes which count the numbers of infections
of the various individuals up to time ¢ with i.i.d. counting processes, where the renormalized
force of infection is replaced by its deterministic limit. This approach, for which the inspi-
ration came from [7], is an application of ideas from the theory of propagation of chaos, see
Sznitman [33]. Note both that we were unable to adapt the methodology of [11] to the setting
of the present paper, and that the assumptions made here on the random infectivity function
are weaker than those made in [11]. Recently, the methodology of the present paper has been
applied to the model in [11], thus resulting in the same result under weaker assumptions,
see [13]. We also note that our approach differs significantly from the techniques classically
used for age-structured population models, as in [9, 16, 17, 22, 27, 35]. In these papers, the
authors describe the model as a branching process (sometimes with interaction), which be-
comes an infinite-dimensional Markov process if one adds all the age structure in the present
state of the system, in which the lifespan, birth rate and death rate depend on the ages of all
individuals in the population. The state of such a model is then described by the empirical
measure of the ages of the individuals. These works combine infinite-dimensional stochastic
calculus and measure-valued Markov processes analysis in order to prove the convergence
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of the model. In contrast, our stochastic models are non-Markovian, and their deterministic
limit does have a memory.

Using random infectivity and susceptibility functions allows us to build a very general
model which is both versatile and tractable. It captures the effect of a progressive loss of
immunity, and this loss is allowed to be different from one individual to another. The integral
equations that we obtain to describe the large population limit of our model are both compact
and extremely general, since most epidemic models with homogeneous mixing and a closed
population can be written in this form. The effect of the variability of susceptibility on the
endemic threshold has received very little attention in the literature, despite some profound
implications which we outline in the present work. The fact that the threshold depends on the
harmonic mean of the susceptibility reached after an infection shows that the heterogeneity
of immune responses in real populations should not be neglected in public health decisions.
Similarly, the variability of the immune response after vaccination (both in time and between
individuals) should affect the efficacy of vaccination policies in nontrivial ways, although
these questions are outside the scope of the present work.

We want to comment on the terminology which can be used for our model as a com-
partmental model. Recall that the compartments most classically used in epidemic models
include S for susceptible individuals, E for exposed (those infected individuals who are not
yet infectious), I for infectious and R for recovered. We claim that our model can be classi-
fied as an SEIRS, SIRS or SIS model. Indeed, referring to Figure 1, we can consider that a
given individual passes from the S to the E compartment when he/she becomes infected, then
into the I compartment when the attached infectivity first becomes positive, into the R com-
partment when the infectivity reaches 0 and remains null, and into the S compartment when
the attached susceptibility becomes positive. However, without modifying the dynamics of
the epidemic, we can merge the E and I compartments into a compartment I (for infected),
where the infectivity need not be positive all the time. Similarly, we can merge the R and S
compartments into the S compartment (or U, for uninfected, as we suggest below), whose
members may have a susceptibility equal to zero. As a matter of fact, our model is vey gen-
eral and includes most of the existing homogeneous epidemic models without demography
as particular examples. It is non-Markov. All the rates are not only infection age dependent,
but also random, that is, different from one individual to another, which we believe reflects
the reality of epidemics.

Models with gradual waning of immunity have been studied since Kermack and McK-
endrick by only a handful of authors, including Inaba, who in a series of works, see [18-21],
has performed a careful mathematical study of the PDE model from [24, 25], as well as Breda
et al. [3] who have considered an integral equation version of the same model. Other authors
have pursued the study of the system of ODE/PDE:s, see in particular Thieme and Yang [34],
Barbarossa and Rost [1] and Carlsson et al. [6]. More recently, Khalifi and Britton [26], com-
pare the level of immunity in a model with gradual vs. sudden loss of immunity. We also
mention the recent work [14], where a similar stochastic model of varying infectivity and
waning immunity with vaccination is studied. We notice the difference from our modeling
approach besides the vaccination aspect: the random susceptibility function and the random
infectivity function are assumed mutually independent in each infection, contrary to what
we assume here. In [38] Zotsa-Ngoufack establishes the central limit theorem for the model
described in the present paper.

Organization of the paper. The rest of the paper is organized as follows. In Section 2, we
define the model in detail. In Section 3, we state the assumptions and the functional law of
large numbers (FLLN) and discuss how the results reduce to already known results when we
restrict ourselves to the classical SIS and SIRS models. The results on the endemic equilib-
rium are presented in Section 4. In Section 5, we focus on the generalized SIRS model with
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a particular set of infectivity and susceptibility random functions and initial conditions, and
show how the limit relates to the Kermack and McKendrick PDE model with the correspond-
ing infection-age dependent infectivity and recovery-age dependent susceptibility. The proofs
for the FLLN are given in Section 6 and those for the endemic equilibrium in Section 7.

Notation. Throughout the paper, all the random variables and processes are defined on

e P .
a common complete probability space (2, F, P). We use N—> to denote convergence in
— 400

probability as the parameter N — oo. Let N denote the set of natural numbers and R¥ (Rﬁ_)
the space of k-dimensional vectors with real (nonnegative) numbers, with R(R.) for k = 1.
We use 1, for the indicator function. Let D = D(R; R) be the space of R-valued cadlag
functions defined on R, with convergence in D meaning convergence in the Skorohod J;
topology (see, e.g., [2], Chapter 3). Also, we use D* to denote the k-fold product with the
product J; topology. Let C be the subset of D consisting of continuous functions and D the
subset of D of cadlag functions with values on R

2. Model description.

2.1. Definition of the model. 'We consider a population of fixed size N. Let (1g, yp) and
(%, y) be two random variables taking values in D(R, R+)2, and let {(Ak.0, ¥k0), 1 <k <
N} be a family of i.i.d. copies of (Ao, y0) and {(Ak;, k.i).1 > 1,1 <k < N} be a family
of i.i.d. copies of (%, y), independent of the previous family. The function A o (resp. vk.0)
is the infectivity (resp. susceptibility) of the kth individual between time O and the time of
his/her first (re)-infection, and Ay ; (¢) denotes the infectivity of the kth individual, at time ¢
after his/her ith infection (where we count here only the infections after time 0), and yx ; (¢)
denotes the susceptibility of the kth individual, at time ¢ after his/her ith infection, given that
this is his/her most recent infection.

We can think of the law of (Ag, yo) as being a mixture of the law for the initially infected
individuals, who have been infected before time 0 and for which 19(0) > 0 and y4(0) =0, and
the law for the initially susceptible individuals, for which A¢(0) = 0 and y9(0) > O (possibly
¥0(0) = 1).

We assume that (Ag, yp) and (X, y) satisfy the following assumption.

ASSUMPTION 2.1. We assume that:

(1) 0<yp() <1and 0 < y(¢) <1 almost surely and there exists a deterministic constant
Ay < 00 such that forall r >0, 0 < Ag(¢) < Ay and 0 < A(f) < A, almost surely.
(i) Almost surely,

sup{t > 0, Ao(¢) > 0} <inf{r >0, yo(r) > 0} and

@D sup{r > 0, A(r) > 0} <inf{r > 0, y (r) > 0}.

Assumption 2.1-(ii) implies that, as long as an individual has not recovered, he/she cannot
be reinfected. Hence in each infected-immune-susceptible cycle, the infected and susceptible
periods do not overlap. Note that only (i) is necessary for the process to be well defined, and
we discuss the consequences of removing part (ii) of the above assumption in Remark 3.2
below. It would be rather natural to assume that yo(¢) and y (¢) are a.s. nondecreasing. We do
not make this restriction at this stage, since we do not need it. We shall make this assumption
in Section 4 below.

Fori >0and 1 <k < N, we define

nko:=sup{t >0: A 0(t) >0}, and n;:=supf{t>0:xr;(r) > 0}.
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We will also use the notation
(2.2) no =sup{t >0, 10(r) >0} and n=sup{r>0,1(r) > 0}.

Let A ,iv (1) be the number of times that the individual k has been (re)-infected on the time
interval (0, ¢]. The time elapsed since this individual’s last infection (or since time 0O if no
such infection has occurred), is given by

sN(t) =1t — (sup{s € (0,1]: AY (s) = AY (s7) + 1} v 0),

where we use the convention sup @ = —oo. With this notation, the current infectivity and
susceptibility of the kth individual are given by

)‘k,A,iV(t)(glﬁv(t))’ and yk,A,iV(z)(gliv(t))'

. . o =N
Figure 2 shows a realization of these processes for two individuals. Let us now define §  (¢)
—N . .. e . .
and & (¢) as the average infectivity and susceptibility in the population, that is,

N N
N 1 N —N 1 N
§ ()= ﬁkzlf\k,Aﬁ(z)@k ®). & (1= ﬁ]; Vel oSk ()
The instantaneous rate at which the £th individual infects the kth individual is

1
_)‘E,Af)’(z) (Sév(f))yk,Aiv(,)(glﬁv (t)),

N
1 1
1 1
1 1
1 1
1 1
1A t i
i 1
1 i
1 1
1 i
i ]
I i
i 1
] |
| {
! |
| — -~ —
0 1 1
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FI1G. 2. Illustration of the evolution of an individual’s infectivity and susceptibility through time. Each graphic
shows the dynamics of an individual’s infectivity (blue) and susceptibility (orange). The top graphic corresponds
to an individual which is initially susceptible, and the bottom one to an initially infectious individual. Note that,
after being reinfected, the second individual remains partially immune even a long time after infection.
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where the % factor comes from the probability that the kth individual is chosen as the target
of the infectious contact. Summing over the index ¢, the instantaneous rate at which the kth
individual is (re)infected is given by

(2.3) TN @) =y v (8 O)F ).

Letnow (Qf, 1 <k < N) be an i.i.d. family of standard Poisson random measures (PRMs)
on Ri, independent of the sequence (Ak;, Vk.i)1<k<nN.i>0- The family of counting processes
(A,Icv(t), t >0,1 <k < N) is then defined as the solution of

2.4 ANtz/ 1, v Ox(dr, du).
(24) k () [0.11xR, u_T,iV(r )Qk( )

Note that we construct A,JCv by induction on the jumps times. Part (i) of Assumption 2.1
implies that the rate T,fv (t) is bounded almost surely by the constant XA,. Consequently the
jump times do not accumulate, and the above induction defines A,I{V (t) forall r > 0.

2.2. Numbers of infected and uninfected individuals. For i > 1, ni; is the duration of
the infected period of the kth individual following its ith infection, while 5 ¢ = O if the kth
individual is initially susceptible and ng o > O is the remaining infected period of the kth
individual if it is initially infected. We shall say that the kth individual is currently infected
(resp. uninfected) if g,ﬁv (1) < M, AN (1) (resp. g,fv (1) > M AN (t)). Note that, with this definition,
an individual need not be infectious when he/she is infected. In the same way, an individual is
called uninfected if he/she is no longer infected or has never been infected, hence this group
comprises both recovered and susceptible individuals. This choice of two broadly defined
compartments allows us to keep the notation tractable, but the equations obtained below can
be generalized in a straightforward way to keep track of the number of individuals at different
stages of their infection and susceptibility in more detail.

Let IV (1) (resp. UM (¢)) denote the number of infected (resp. uninfected) individuals in
the population at time ¢ > 0. Then

N N
N . N —
(25) I (Z) = ]; ]]-gliv(t)<nk.A]}(V(;), and U (t) — kX:; ]lglgv (t)znk.A]iV(,) .

Note that, quite obviously, U N(t)+IN(t) = N for all r > 0. We then define
1(0) :=P(no > 0), U(0) :=P(no=0)=1—1(0).

Recall that {(Ak,0, ¥k.0), ] <k < N}, and hence (nx,0, 1 <k < N), are independent and iden-
tically distributed. Thus by the law of large numbers,

I (N 1Y 1Y o
(ﬁl 0, 2U (0))=(ﬁgﬂnwo,ﬁgﬂnk,ozo — (1(0), U(0))
almost surely as N — oo.

REMARK 2.1 (The classical compartmental models). Most compartmental epidemic
models can be obtained as special cases of our model, as long as no population structure
is assumed and birth and death are disregarded. Here are a few examples.

(i) The SIS model considers that infected individuals instantly become infected with
some deterministic infectivity 8, and remain infected for a random time 7, after which they
become instantly fully susceptible again. Thus, this model is obtained by assuming that

(2.6) A(t) = Blo<r<y, y (@) =1;>y,
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and 7 is a nonnegative random variable, which follows an exponential distribution in the case
of the Markov model. Let us also specify the distribution of (Xg, yp). For this, fix 1(0) €
[0, 1], set S(0) =1 — I(0) and let x be a random variable taking values in {S, I} such that
P(x = S) = S(0) and P(x = I) = 1(0). Then set

) a0 =1 =S =] =S

13110§t<n0 if x =1, ]1[2770 if xy=1,
where ng is a positive random variable (which follows an exponential distribution in the
case of the Markov model). (Note that, with this definition, the model starts from a random
initial condition, which is not always assumed in the literature, but does not greatly affect its
behaviour.)

(i) The SIR model instead considers that, at the end of the infectious period, infected
individuals recover from the disease, and can no longer be infected again. This model can be
obtained from the above by proceeding as for the SIS model, but assuming instead that
2.8) Vi=0, y®=0, and pn =1 TX=5

0 ify=1.
Note that, in this case, if we keep a general distribution for the random functions A and A,
this model reduces to the one studied in [11].
(iii)) The SIRS model assumes that, at the end of their infectious period, individuals stay
immune to the disease for a random time 6, after which they become fully susceptible again.
This model is obtained by assuming that

(2.9 A1) = Blo<r<y, y () =1i>p40,

where (7, 0), is a pair of independent random variables taking values in R%r (which are dis-
tributed as pairs of independent exponential variables in the Markov models). The general-
ization of the definition of the distribution of (Xg, yo) to this case is straightforward.

Note that, in the last two cases, the quantity U (¢) defined in (2.5) counts both susceptible
and removed individuals. The actual number of susceptible and removed individuals in the
SIRS model is given by

N
SN(@t) = 1 Ny,
@) kX—:l nk.A}{v(t)—’_ek,A]]{V(t)igk )

(2.10) N
RN () = 1 ’
() ]; nk’AllcV(”Eg’gv(t)<n/<,A,1€V(t)+0k,A,1€V(;)
where
Ok,i =inf{6 > 0, yi.i (ki +6) > 0},
following (2.9).

In the SIR model, the above expression remains exact provided we set 6 ; = +oo for
i>1,60=0if yy =S and O o =400 if xx = 1.

It is also common to assume that infected individuals do not become infectious right after
being infected, but first become exposed (i.e., infected but not yet infectious) before becoming
infectious. This results in an additional compartment E, which can also be included in the
above examples without difficulty.
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REMARK 2.2. In [7], Chevallier studied a model formulated as a system of age-
dependent random Hawkes processes. This model considers a system of N neurons which
fire at a rate depending both on the times of the previous firings of other neurons and on the
time elapsed since their last firing (called the age process). The author proves in [7] a propa-
gation of chaos result for the empirical measure of the point processes corresponding to the
firing times of the neurons, and for the empirical measure of the age processes of the neurons,
as N tends to infinity. Although neither our model or that of Chevallier can be formulated as
a special case of the other, the two are closely related (if firing is understood as analogous
of being infected). The main difference between the two frameworks is in the assumptions
on the randomness in the interaction between individuals after each firing/infection. For in-
stance, our model would be closer to that of Chevallier if, instead of choosing a different
infectivity function after each infection for each individual, we chose a different infectivity
function for each directed pair of individuals at the beginning, and kept the same infectivity
function for this pair of individuals after each infection. Thus, the law of large numbers limit
that we prove below can be seen as an extension of Chevallier’s result, and indeed some steps
of the proof are adapted from [7]. See also Theorem 6.1 in Section 6 whose formulation is
closer to the propagation of chaos result of [7]. In [8], the same author also proves a central
limit theorem for the empirical measures mentioned above, something which we do not do
here, but will be the subject of future work.

3. Functional law of large numbers. In this section we present the FLLN for the scaled
processes (@N, §N, UN, TN) where UN :=N"'UV and TN =NV,
Let
Xo(t) :=E[xo(®)|no > 0],  A(t) :=E[r(1)],
Fy@) =P >tlno >0), F@):=Pn>1),

and recall that 7(0) = P(59 > 0) = P(x; = 1). We shall denote below by u the law of y.

To describe the limits of the FLLN, we introduce the following two-dimensional integral
equation. Observe that the solution (x, y) of this system depends on the laws of Ao and A only
through the expectations A and A, but depends in a much more complex way on the law of
y and yp.

We consider the following system of integral equations for which we look for a solution
(x,y) € D%:

x(1) = E[Vo(t) eXp(— fot Yo(r)y(r) dr>]

t t
(3.1) +/(; E[y(t—s)exp(—/ y(r —s)y(r)dr)}x(s)y(s)ds,

p— — t_
V() = T(O)io(r) + /0 A(t — $)x(s)y(s) ds.

In (3.1) the only random elements are yp and y.
Our first result establishes existence and uniqueness of the solution (x, y) of (3.1). The
proof is given in Section 6.

_ THEOREM 3.1.  Under Assumption 2.1, the set of equations (3.1) has a unique solution
(6,8 e DZ(R+, Rt)' The solution belongs to C 2(R+) if Yo has bounded variation and the
map t = (E[yo ()], Lo(2)) is continuous.

We have the following convergence result which we prove in Section 6.
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THEOREM 3.2. Under Assumption 2.1,

(3.2) @&".3")—— @&.% inD%

N—+o00

where (&, F) is the unique solution of the system of equations (3.1).
Given the solution (S, §),

@", 7"y —— U.T) inD*
N——+00

where (U, 1) is given by

. Ut) = E[H,Zno exp(— /Ot yo(r)§(r) dr)]

+/OZE[]I,_szn exp(— /Sly(r —S)§(F)dr)}@(s)§(s)ds,

— — t —_— —
(3.4) I(t) =1(0)F5(1) +/0 FC(t —$)S(s)F(s) ds.
We rewrite (3.1) as

_ t _
51 =1E[yo<t>exp(— [ Vo(i’)&(l’)di’)}

t t _ _ _
(3.5) +f E[y(z —s)exp(— [ e —s)&(r)dr)]ms)s(s)ds,

_ _ [ .
F@) =100)Ao(1) +/(; At —5)6(s)F(s)ds.

We prove the following lemma in Section 6.

LEMMA 3.1. Ifthe pair (x, y) is a solution to the set of equations (3.1), then for all t > 0,

(3.6) E[exp(—/ot yo(r)y(r)dr>] +/OIE|:eXp(—/:y(r—s)y(r)dr)}x(s)y(s)ds: 1.

REMARK 3.1. Since UN(I) + TN(t) =1 forall t >0 and N > 1, it follows from the
above convergence that U (1) + I(¢) = 1 as well. Let us check that this follows also from the
set of equations (3.5) satisfied by S, 3.

First we note that, by (2.1) in Assumption 2.1, y (¢) =0 for all ¢ € [0, 1) and yp(¢) = O for
t € (0, ng), hence

F (1) = E|:]lt<no exp(— | t yo<r>§<r)dr)}

F(t —s)= E[]l,_Kn exp(/st y(r — s)§(r)dr)]

Hence, summing (3.3) and (3.4), we obtain

_ _ t _
00+ 10 =E|exp( - [ w(5ar) |
0
(3.7 . .
+ / E[exp(— / y(r—s)§(r)dr>}6(s)§(s)ds.
0 K
Therefore, as (S, §) is a solution of the set of equations (3.1), by Lemma 3.1 we conclude

that U(¢t) + 1(¢t) = 1 for all t > 0. The identity (3.6) can be seen as stating the conservation
of the population size.
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REMARK 3.2. Without condition (2.1) of Assumption 2.1, the limit obtained in the func-
tional law of large numbers satisfies a different set of equations. More precisely, the second
equation in (3.5) is replaced by

50 =E[now e~ [ w)501ar) ]

oY +  E[pa e~ [y —oF0rar) S5
and (3.4) by
o) I(1) = IE[]lno>t exp(— /(;t Y0(r)S(s) dr)]

+ /0 tﬂ-z[]lp,_s exp<— / ty(r —s)§(r)dr>:|€(s)§(s)ds.

REMARK 3.3.  We can check that, in the special cases mentioned in Remark 2.1, the lim-
iting system of equations obtained in Theorem 3.2 coincides with the corresponding models
in the literature.

(i) In the case of the SIS model, we note that, by (2.6) and (2.7),
Mr)=BP(m >1),  ro(t) = BP(no > tno > 0).

It thus follows from (3.5) and (3.4) that F(¢) = /8_7 (1) fogll t > 0. Moreover, comparing (3.5)
and (3.3) and using (2.6) and (2.7), we see that &(7) = U (1) = S(7). Combining this with the
fact that 7(¢) + U (¢t) = 1, we obtain

(3.10) 1) =10)FS®) + B /Ot FC(t —s)(1—1(s))I(s)ds,

as stated in Theorem 2.3 of [28].
(i) In the case of the SIR model, from the definition of y and yp in (2.8) and (3.5),
combined with the fact that §(¢) = B1(t), we see that

— —_— — t_ _ — JE—
S)=6(@)=S0) exp(—ﬁ/ I(r)dr) and U(t)=S@k)+ R().
0
This yields the statement of Theorem 2.1 in [28]. B B o B
(iii)_In the_case of_the SIRS model, we note that §(¢t) = BI1(t), &(t) = S(¢), in view of
3.3),U(@) =S(t) + R(t), where

St = E[ﬂno+ao<z exp<—ﬁ /Ot (1) dr)]

+ ﬂ/()tE[]ln+9§,_s exp(—,B /sl y(r —s)I(r) dr)]f(s)f(s) ds,

and
— t —
RO = | Lyzrnps xp 6 [ w010y ar ) |
t t _ _ _
+ B /0 E|:]l,,§,_s<,7+9 exp(—ﬁ/ y(r—s)I(r) dr)i|S(s)I(s) ds.
N
In fact, S and R are the limit of %SN and %RN , respectively, where SV and RV are defined

in (2.10) (recall that, for simplicity, we assumed that no individual is initially in the R com-
partment). But, from the definition of y in (2.9), y(t) =0 for all € [, n + 0) and y(z) =0
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for all ¢ € [no, no + 6p), hence

_ _ r_ _ o
S(t) :S(O)exp<—,6/0 I(r)dr) +I(O)]E|:]lno+90§, exp(—ﬂ/ » I(r)dr)}
no+oo

t t _ _
+,8/ ]E[]ln+g<,_s exp(—ﬁ/ I(r) dr)]l(s)S(s) ds,
0 s+n+0
and
R— p— t p— p—
R(@)=10)P(no <t <nog+6plno>0)+ ﬁ/o Pn<t—s<n+6)I(s)S(s)ds.
As S(t) +1(t)+ R(t) = U(t) + I(t) = 1, this yields the result stated in Theorem 3.3 in [28].

4. The endemic equilibrium. When the disease persists in the population, we say that
the disease becomes endemic, and if it reaches an equilibrium, it is called the endemic equi-
librium. This corresponds to a balance between the number of new infections and new re-
coveries. In this section, we study the conditions that lead to an endemic equilibrium in the
FLLN limit. We first recall the endemic equilibrium behavior of the classical SIS model dis-
cussed in Remark 2.1. Given the infectivity rate g, the basic reproduction number is given
by Ry = BE[n]. It is well known (see, e.g., [28], Section 4.3, and also [4] for a discussion
of the Markov model) that if Ry < 1, I(t) — 0 as t — oo, and if Ry > 1 and 1(0) > 0,
It) —1— Ral as t — oo. This can be easily obtained from the expression of 1(¢) in (3.10).
In words, in the case Rg < 1, the disease-free steady state is globally asymptotically sta-
ble, and in the case Ry > 1, the disease-free steady state is unstable and there is exactly
one endemic steady state, which is globally asymptotically stable. Recall that in this model,
A(t) = BF(t). Thus, since [;° F(t) dt = E[n], we have

(4.1) Ro= /Ooo (1) dt.

In fact, the expression of Rg in (4.1) is the definition of the basic reproduction number in
the Kermack and McKendrick model with an average infectivity function A(t), because it
represents the average number of individuals infected by an infectious individual in a fully
susceptible population.

We make the following assumptions on the random susceptibility and infectivity functions
in order to study the equilibria of our model.

ASSUMPTION 4.1.

(i) The random variable n defined in (2.2) is integrable.
(i) The random function # — y (¢) is almost surely nondecreasing.
(iii) The pair (Ao, yo) is distributed as follows. Let § > 0 be a random variable such that
& < n almost surely. Let x be a Bernoulli random variable with P(x = 1) = 1(0), independent
of (A,y,n,&). Then
0 if x =0, 1 if x =0,
ho(t) = . and  po(t) = .
AMr+&) ifx=1. y(i+§&) iftxy=1.
The random variable & represents the age of infection at time zero of the initially infectious
individuals.

Note that, by the definition of y and by (ii)  — yp(¢) is also nondecreasing almost surely.
In addition, since A(¢) < A, almost surely, by (i) and the dominated convergence theorem,

4.2) lim %.(1) =0,
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We define

Vei=supy ()= lim y(), and yp.:= lim pp(2).
>0 t—>400 t—+00
In the classical SIS model, the susceptibility functions are given by y (t) =1;>, and yo(¢) =
1;>y, so that y, = 1 a.s. However, in general, after being infected and recovered, individuals
lose immunity gradually and do not necessarily reach “full” susceptibility (being equal to 1).
Thus, y, may take any value in [0, 1] and is a priori random.

It turns out that the classification of the endemic equilibria depends on the law of y,, more
specifically on whether Ry is smaller than or larger than E[1/y,]. Note that this expectation
E[1/y4] may be infinite in general (e.g., if P(y, = 0) > 0). We first prove the following result
under the condition that Ry < E[1/y4].

THEOREM 4.1. Under Assumptions 2.1 and 4.1, if Ry < E[1/yx], there exists S, such
that
(8(1), F1)) — (64,0) ast— oo,
where
_ o +o0 _
8. = lin &0 =E|w.ep(~ [ n)For)]
t— 400 0

4.3) oo oo
+ / E[y* exp(— / y(r — )T dr)}@(s)@(s) ds.
0 K

Asa consequence, U (), 1(t)) — (1,0) as t — oo. In the special case yx = 1 a.s., we also
have G, = 1.

REMARK 4.1. Without the assumption on the monotonicity of the function y, when Ry <
E[(sEp, y(t))*l] the same proof as that of Theorem 4.1 shows that as t — 400, §(t) — 0
and I(r) — 0.

Note that in this theorem, we do not assume E[1/y,] < 4+00. However, we do assume that
Ry < oo, that is, A(¢) is integrable.

REMARK 4.2. In [20], Proposition 8.9, one can find a similar result for a model with
demography.

The case Ry > E[1/y,] is more complex. We make the following additional assumptions.

ASSUMPTION 4.2. There exists a nonnegative random variable ¢, such that E[#,] < +o00
and for 1 > 1., y (1) > 5 as.

ASSUMPTION 4.3.  y, is deterministic, positive and for any § € (0, 1), there exists a de-
terministic t5 > 0 such that
“4.4) vo(ts) Ay (ts) > (1 — §)y. almost surely.

ASSUMPTION 4.4. There exists a positive decreasing function % such that 2(0) =1 and

for all s, € Ry, A(s + 1) > h(s)A(t). The same holds for A¢. In addition, A¢ is continuous
and A is of bounded total variation.
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THEOREM 4.2.
(1) Suppose that Assumptions 2.1, 4.1 and 4.2 hold and Ry > E[i]. If there exists
(@*, §*) such that (@(t), §(t)) T (@*, §*), then either §, = 0, or else
—> T 00

— 1
G.=—

and T, is the unique positive solution of the equation

4.5) /O+OOE[exp(— /(ﬁ(é) dr)}ds — Ro.

In the second case, (1(t), U(t)) — (I+,Uy) ast — oo, where Uy, =1 — I, and

- E[n]§*
(4.6) I, = Ry

If Ro = E[i], the same statement holds but (4.5) does not admit any positive solution, so,

necessarily, T =0and thus I, =0.

(i) Assume in addition that Assumption 4.3 and Assumption 4.4 hold and that F(0) > 0.
Then there exists ¢ > 0 such that for all t > 0, F@) >c. In particular §(t) cannot tend to
zero ast — 00.

REMARK 4.3.  Assumption 4.2 controls the time required for an individual’s susceptibil-
ity to increase beyond some level, Assumption 4.3 ensures that after some time the average
susceptibility returns above RLO if there are not too many re-infections and Assumption 4.4
ensures that the force of infection does not decrease too rapidly.

COROLLARY 4.1. Suppose that Assumptions 2.1, 4.1 and 4.2 hold and that Ry > E[i].
Assume that y (t) = ys1;>¢, where { is a random variable satisfying ¢ > 1 almost surely and
E[¢] < 400 and vy, is a random variable taking values in (0, 1]. Then,

- Ro—E[,]
4.7 s = TR
is the solution of equation (4.5) and
— _EMI3. _Elnl < . [ 1 D
4.8 Iy.=——=—(1—R;, ' E|—|]),
@9 Ro B\ R

where Rg is given by (4.1).

PROOF. In this case, equation (4.5) becomes

+00 s
f E[exp(—y*/ 1o, dr)]ds:Ro.
0 0 Sx

By a change of variables and Fubini’s theorem, the left-hand side is equal to

B /()+OOE|:eXp<—§*y* /OS 1,>¢ dr>] ds

_ +00 _
-3 fo E[lgoy + Le<y exp(=Fayals — £))]ds
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_ _ +o0 _
_3.El¢] + &E[ L exp(—Fuyals — 0) ds]
— 1
= F.Elc]+ E[—].

Vx
This gives the expression in (4.7). [

REMARK 4.4. For the classical models discussed in Remark 2.1, the above allows us to
recover previously known results.

(1) In the SIS model, we have y, = 1 and n = ¢ almost surely, so we 0]_:)tain that 1(t) — 0
as t — oo if Rg < 1, and that, if Rg > 1, the only other possible limit for /(¢) is given by

I.= M(l —~ ROIE[iD -
E[Z] Y Ro

(ii) For the SIRS model, we have y, =1 and { =7 + 6. As a result, applying Corol-
lary 4.1, we see that, when Rg > 1, the only possible positive limit for /(¢) is

7, = %( _ L)
" El+EI\ R/’
In the same way, we can also deduce that R, :=lim,_, ; o, R(¢) is given by

— — - E[6] 1
Ro=1-8.~To= oo (1= 4 )
E[n] +E[6] Ro

We refer to Proposition 4.2 of [28] for a previous derivation of this equilibrium in the partic-
ular case where A(t) = B1,, and y(¢) = 1;>,+¢ with  and 6 independent, the laws of n
and 6 being arbitrary.

Our results in (4.7)—(4.8) thus extend those for classical compartmental models. Note that
¥« 1s random and takes values in [0, 1], indicating potentially partial susceptibility after re-
covery.

For the SIS and SIRS models discussed in Remark 4.4, it is known that, if Ry > 1 and
1(0) > 0, then (1) does indeed converge to the endemic equilibrium 7 as t — oo. We are
not yet able to prove such a result for our general model.

We make the following conjecture on the convergence to the equilibrium in the case Ro >

E[1/y4].
CONJECTURE 4.1. Under Assumptions 2.1, 4.1-4.4, if Ry > E[i] and F(0) > 0, then
(&), T(t)) = (64, Fx) ast— oo,

where G, = 1/Ro and B is the unique positive solution of (4.5).

This conjecture is equivalent to another. Indeed, by applying the Arzela—Ascoli theorem to
the set of functions {(tj@, rj§), J € N} where 7;x(¢) :=x(t+¢;)and (¢;); CR4,1; — +00
as j — o0, there exists a subsequence of pairs (7;&, 7;T) denoted again (7;&, 7;J) such
that (x;,y;) == (7 jg, T j§) — (x, y) uniformly on compact sets as j — 4o00. Note that the
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pair (x; (1), y;(t)) satisfies the following system of equations: for t > —¢;,
l‘+tj
50 =E[ e +exp(~ [ 7w ear)]

t t
49) + [ E[va-ven(- [ vo=smmar) [y

J— J— t [—
vj(®) =I10)Ao(t +1;) + / At —s)xj(s)yj(s)ds.
As aresult, as the first terms of the right-hand side of (4.9) tend to zero when j — 400, and

(xj(®),yj(®) — (x(t), y(2)) forall t € R, we deduce by the dominated convergence theorem
that the pair (x, y) satisfies the following set of equations:

t J—
y() = f_oo At —s)x(s)y(s)ds,

t t
/ E[exp(—/ y(r —s)y(r)dr)]x(s)y(s)ds: 1.

We can remark that the constant pair ( Rio’ §*) where §, is the unique solution of (4.5) is a

(4.10)

solution of (4.10). Hence if this solution is unique, all converging subsequences of (t jg, T j§)
have the same limit, from which we can easily conclude the convergence of &), 6(1)) as
t — o0.

Thus, Conjecture 4.1 is equivalent to the following.

CONJECTURE 4.2. Under Assumptions 4.1-4.4, if Ry > E[i] and F(0) > 0, the set of
equations (4.10) has a unique positive and bounded solution on R.

5. Relating to the Kermack and McKendrick PDEs for the SIRS model.

5.1. The FLLN limits with a special set of susceptibility/infectivity functions and initial
conditions. We consider the special family of susceptibility and infectivity functions:

M) =A<, and  y(t) =Pt — =y,

where A (¢) and Y (t) are deterministic functions such that (1) < Ay and y(@)<1lforallt>0
for some A, > 0 and the infected period 5 is a random variable with cumulative distribution
function F, so that (X, y) satisfy Assumption 2.1. Then we have A(t) = X(t) F¢(¢). In addi-
tion, let f be the density function of F and ur(¢) := gc((tt)) be the hazard rate function of F.
Then one can also write

t
(5.1 Fc(t)zexp<—/0 ,up(s)ds).

We assume in the present Section 5 that @ is bounded on R,.. Hence F€(z) > O for all
t>0.

We assume that the infectivity function of an initially infected individual is the same as
that of a newly infected individual but shifted by the time elapsed since infection before time
zero, that is,

A0(t) = A(t 4+ E) L1y,

where 7 is the duration of the remaining infectious period after time zero, whose distribution
depends on &, the age of infection at time 0. To specify the distribution of £, we assume that
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there exists a function 7(0, 7) such that 1(0) = [7° 1(0, ) dz, that is, 1(0, 7) is the density
of the distribution of 1 (0) over the ages of infection. Then we can specify the distribution of

& as

52 P ! 7 0,r)d
. - = 1 5 .
(5:2) €>0=10 [ T0.na
And the conditional distribution of ng given & is given by
Fe@E+1) S+
(5.3) P(no > t|§) = ———— =ex <—/ i (r)dr).
Fee) Ul

It is then clear that
Ao(t) =E[(t + &)1y <]

1 400 _
ZW/O At +1)I1(0, r)exp(—/r

Next, to specify the initial susceptibility yo(¢) associated to each individual, we consider
three groups of individuals at time zero, susceptible, infected, and recovered, whose respec-
tive proportions are S(0), 1(0) and R(0) with S(0) + 7(0) + R(0) = 1. Note that we have
combined the fully susceptible and initially recovered individuals as one group in the model
description in Section 2. Thus, the model discussed in this section is in fact a generalized
SIRS model. Moreover, we shall in this section consider that individuals in the R compart-
ment have recovered from the disease but are not necessarily immune. In accordance with
[18] (see Section 5.2 below), once an individual recovers from the infection, after some po-
tential immune period, the immunity is gradually lost, the individual may become infected
again, and the process is repeated at each new infection with a new realization of the random
infectivity and susceptibility functions. This means that the susceptible individuals are those
who have never been infected. For the initially fully susceptible individuals, their susceptibil-
ity yo equals 1. For the initially infected individuals, their susceptibility starts to become pos-
itive after time 19, which is the end of the infected period 7o, that is, yo(t) = 1;>,,¥ (t — no).
For the initially recovered individuals, their susceptibility depends on the time elapsed since
the last recovery, which we denote by ¢, so that, for these individuals, yy(f) = ¥ (t + ). Let
x be arandom variable indicating the group of an individual at time ¢ = 0, with the following
law:

5.4 1+t

up(s)ds) drt.

L(x)=8(0)38s + 1(0)5; + R(0)Sg.
Then the initial susceptibility yo(¢) of an individual can be written as
VO(t) = ]l)(:S + 77(t - 770)]1[2770,)(:1 + 77(t + ﬁ)]l)(:R-

To specify the distribution of ¥, we assume that there exists a function E(O, 0) such that
R(0) = fooo R(0,0)d6, that is, R(0, 0) is the density of the distribution of R(0) over the age
of recovery. Then we can specify the distribution of ¥ by

p 1 +oo
(5.5) @ >x)= m/x R(0,r)dr.

Thus, we have

1 _
E[yomexp(— /0 yo(r)&(r)dr)}

= S(0) exp(— /Ot 3 dr)
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1 roo _ T+r
[ [T 76— oure+ntones(- [ wrras)
r
t —
X exp(—/ V(s — r)&(s)ds) drdt
T

00 o t _
—I—/ y(t+ t)R(O0, r)exp(—/ )7(s+t)$(s)ds) dr.
0 0

Note that, concerning the second term, we have to condition upon £ in order to compute its
expression.

We denote by S(¢) the proportion of susceptible individuals who have never been infected,
1(t) the proportion of infected individuals and R(¢) the proportion of recovered individuals
at time ¢.

We obtain the following expression of the limit CE)

PROPOSITION 5.1.  We assume that ||jipllec < 00. For the generalized SIRS model de-
scribed above, the limit (G, §) from Theorem 3.2 solves the following system of integral
equations:

S(1) = S(0) exp(— / t 3 dr>

—i—// Yyt — )f( T )I(O r)exp( /y(s—t)%(s)ds)drdr

(5.6) Fe@®
+/O Y+ 1)R(0, r)exp(—/o ;7(s+r)§(s)ds>dr
t t t _ — —
+/0 (/ yit—1t)f(t—r) exp(—/ V(s —1)5(s) ds> dr)@(r)&(r) dr,
and
30) = / +OOX(I)T(O,r—z)FCFCL)t T
(5.7) ! (=1

+ /I’X(z —1)&(D)F(T)FE(t — 1) dr.
0
In addition,

5 =S5O exp(- [ 30 ar).

- 0 FC(t+ 1)~ e
I(t)_/0 Fci()I(O )dt+/ FC(t —$)S(s)F(s) ds,

_ +00 _ _
R() =/0 exp(—/o Y@ +r)Sr) dr)R(O, 7)dT

+/O+°O fot exp<— /Sl)7(r —s)§(r)dr),up(r+s)m dsI(0,7)dt

F)
+/0’/stexp(_/ut7(r_M)g(,,)dr)w(u_s)

X exp(— /(;u_s wr(r) dr) duS(s)F(s)ds.
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5.2. Connection with the Kermack and McKendrick PDE model. 1In[18], the model intro-
duced by Kermack and McKendrick in [24, 25] was reformulated as follows. Let S(7) denote
the proportion of susceptible individuals who have never been infected, let I (¢, 7) denote the
density of infectious individuals with infection-age 7 > 0 and R(¢, 0) the density of recovered
individuals with recovery-age # > 0. Then, given an initial condition (S(0), 1(0, -), R(0, -))
such that

§(0)+/0007(0, 7)dt +foooﬁ(0,9)d9 =1,

the system evolves according to the following set of partial differential equations:
ds _ oo, _
—() = —S(t)/ AMo)I(t, T)dT,
dt 0
870 )+ 870 )= (OI(t, 1)
or T g DT TR T

aR dR - +oo L _
(5-8) D+ (0 ==K, 1)7(1)/ I, r)dr,

T 0

+00

1(t,0)= (E(z)+/0+°o 7(9)?(;,9)019)/0 rOI(, 7)dr,

_ +00 _
R(t,O):/O wr()I(t, t)dr.

We will use the following notion of a solution of the system of ODE-PDEs (5.8). For
us, a solution is an element (S(r), I(¢,-), R(t,-),t > 0) e C(R, Ry x L'(Ry) x L'(Ry))
satisfying (5.8), where the derivatives are taken in the distributional sense, and (5.8) is un-
derstood as follows. If (S(¢), I(t, -), R(t, -) is a solution, then the continuous function S(¢) is
the unique solution of a linear equation which is given explicitly in terms of T and X, and the
equation is satisfied pointwise. It follows from the second equation that s — I(¢ + s, s) also
solves a linear equation, whose explicit solution is at least continuous, hence we can define
1(t,0) =limg_.0I(t + s, 5), and it is this quantity which is assumed to satisfy the boundary
condition stated on the fourth line of (5.8). A similar argument can be applied to R. Note that
it is essential that A and 7 be bounded, as well as s . This last point will be an assumption
in our statements below. The classical reference for systems of PDEs of the type of (5.8) is
the book of Webb [37], which establishes existence and uniqueness, but with a notion of so-
lution which is a bit tricky, and we prefer to avoid presenting it. We will show below how to
associate to any solution of (5.8) the solution to the system of integral equations (5.6)—(5.7),
and vice versa how to construct a solution to (5.8) from the solution of (5.6)—(5.7). This es-
tablishes the connection between our results, in the particular case of the model described in
the present section, and those of Kermack and McKendrick. We shall then deduce existence
and uniqueness of a solution of (5.8) as a corollary.

PROPOSITION 5.2.  We assume that ||jur|leo < 00. If (S(t), 1(t,-), R(t,-), 1 > 0) is a so-
lution of the system (5.8), and (&(-), §(-)) is given by

_ _ +00 _
6(t):S(t)+f Y(@)R(, t)dr,
(59) +o0o 0
5@ =/ MD)I(t, T)dr,
0
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then (&(-), () solves (5.6)—(5.7). Conversely, given (&), F()) the unique solution of
(5.6)—(5.7), the following is a solution to (5.8):

_ _ r_
S(t)=S(O)exp<—/0 3(s)ds),

. . Fé(v) - .
I(t,7)=10,t —f)m]lwt +85t —1)6( — ) F (1) 1>,

(5.10) R(t,T)=R(t—1,0) exp(— /Ot YTt +s5—1) ds>]lr<t

+ ROt =nexp(~ [ 70Tt +5ds) i
T—t

f@+1)
Fe(T)

with F given by (5.1) and f is the density of F.

— +00 _ ! - —
R(t,O):fO 10, 7) dr—l—/o [t —1)6(®)F(r)dr,

PROOF. Assumlng that (S(¢), I(¢,-), R(t,-),t > 0) is a solution of the system (5 8), we
now show that (&(-), () given by (5.9) satisfies (5.6) and (5.7). Integrating Tand R along
the characteristics, which are the parallels of the first diagonal of R? , we obtain:

S(1) = S(0) exp(— ft /m A0 I(s,T)dT ds),

1(t,7)=10,7 — t)i]lm +1(t—7,0)F°(t)1=e,
Fe(r —1)

_ _ T +oo . _
R(t,‘c):R(t—t,O)exp(—/ )7(s)/ APt +s —t,r)drds)]lk,
(5.11) 0 0

_ T +oo .
+ RO, t —t)exp(—/ )7(s)/ )»(r)l(t—t—l—s,r)drds)]l,zt,
T—t
— _ +00 _ 400
I1(#,0)= <S(t) +/ )’7(0)R(t,9)d0>/ *o)1(t, 1) dr,

ft+1)
Fe(r)

F(I,O)z'/oJr 1(0,7) dt +f ft—0)I(r,0)dr.

By (5.9), this can be written

— — r_
S@)=S0) exp(—/o g(s)ds),

- - Fe(7) - ¢
I(t, 'E) = I(O, T — [)mﬂr>[ + I(f — T, O)F (T)]].tz‘[,

R(t,7)=R(t —1,0) exp<— /OT Tt +s5— r)ds)nm

+ R0, 7 — t)exp(—/f Y)Ft—t +s)ds)]ltz,,
T—t

1,00 =& (1)F (1),

ft+1)
Fe(z)

— +oo _ ! —
R(t,O):/0 1(0,7) dt—f—/o f@—1)I(r,0)dr.
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Substituting those expressions for S(z), R(t, t) and (¢, T) in (5.9) using the above expres-
sions yields (5.6) and (5.7).

Conversely let (&(-), F()) be a solution of the set of equations (5.6)—(5.7). We now show
that (S(¢), I(¢,-), R(t,-),t > 0) given by (5.10) solves the system (5.8). It suffices in fact to
show that (S(1), I(t,-), R(t,-),t > 0) satisfies (5.11) (see Theorem 2.2 in [37]). Comparing
(5.10) and (5.11), we see that it is enough to show that, if 1(¢, T), S(¢) and R(z, T) are given
by (5.10), then

+oo _ _
(5.12) / NI, 1) dr =3@),
0
and
_ +00 _ _
(5.13) S(1) +/ SR, T)dr =S(1).
0
Indeed, replacing I(¢, T), S(¢) and R(t, T) by their expressions in (5.10), we obtain
+0o _ 400 _ _ F¢ t
/ k(r)](t,r)drz/ Xz + 070,10 4
0 0 Fe(z)

+ /ti(r)FC(rﬁ(z —1)6(t — 1)dr,
0
and

_ +oo _ +o00 _
S(t) +f0 Y(@)R(t, t)dTt = S(0) exp(—/o 5(s) ds)
+00 o T+t _
—1—/ y(t +1)R(O, r)exp(—/ )7(s)$(s—r)ds> dt
0 T

t T _ —
—i—/ ?(r)exp(—/ ?(s)%(t—i—s—r)ds)R(t—r,O)dt.
0 0

Replacing R(t — 7,0) by its expression in (5.10) and using the fact that (8,3) solves
(5.6)—(5.7), we obtain (5.12) and (5.13).
This completes the proof of the equivalence. [J

COROLLARY 5.1. We assume that ||LF|co < 00. Then the system (5.8) has a unique
solution.

PROOF. From the solution of (5.6)—(5.7), we define a solution of (5.8) with the help
of (5.10), which implies the existence of a solution to (5.8). Now let (SI,TI,EI) and

(EZ, 72, EZ) be two solutions of (5.8) with the same initial condition at time ¢ = 0. Through
(5.9), they define the same solution of (5.6)—(5.7). Hence for all # > 0,

/Oo T (¢, 1) dr = /Oo T, 1) dr.
0 0

Consequently from the first line of (5.10), 5! (1) = Ez(t), for all r > 0. This, combined with
the first line of (5.9), implies that for all > 0,

/Oo F(OR (1, 7)dt = /oo F(0)R(t, 7) dx.
0 0

The above three facts combined with the fourth line of (5.10) imply that 7' (t,0) = 72(t, 0)
for all + > 0, and hence also El (t,0) = Ez(t, 0) for all + > 0. The second and third lines of

(5.10) allow us to conclude that 71 (t,7) = 72(t, 7) and El(t, T)= EZ(I, t) forall ¢, 7 > 0.
Hence uniqueness. [J
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6. Proofs for the FLLN. In this section, we prove the FLLN. We start with the proof of
Lemma 3.1.

PROOF OF LEMMA 3.1. We can note that, if we multiply the equation for x(¢) by y(¢),
we obtain

y)x(t) = E[y(t)yo(t)eXp<— /Ot yo(r)y(r)dr)]

+ ‘/(;IE[y(t)y(t —5) exp(— /St y(r —s)y) dr>]x(s)y(s) ds.

d t
& (Elew(= [ nonerar)]
t t
—I—/(; E[exp(—l y(r—s)y(r)dr)}x(s)y(s)ds) =0.

Note that this function may not be differentiable everywhere since there may be an at most
countable set of points where its right and left derivatives do not coincide. Nevertheless this
function is absolutely continuous and since its derivative is equal to zero almost everywhere,
it is constant.

Hence, integrating between 0 and t, we obtain the result. [J

As a result,

We next prove Theorem 3.1.

PROOF OF THEOREM 3.1. Let (x,y) € D%r be a solution to the set of equation (3.1).
From Assumption 2.1, yp(¢) <1 and y (¢t — s) < 1. Hence the combination of (3.1) and (3.6)
implies that x(¢#) < 1. Moreover, from Assumption 2.1 if A(t) > 0(Ao(¢) > 0) then y(s) =
0(yo(s) =0) for 0 <s <t, we have

p— J— t_
Y(t)ZI(O))»o(t)-i-/o At —s)x(s)y(s)ds

t
ZE[?»O(I) exp(— /0 yo(r)y(r)dr)]

t t
—I—/ E[A(t —5) exp(—/ y(r —s)y(r) dr)}x(s)y(s) ds
0 K
< 1%
where the last inequality follows from (3.6) and the fact that Aq(¢), L(t — 5) < A*. Conse-
quently, if (x, y) solves (3.1), then for > 0, x(z) < 1 and y(r) < A™.

Suppose now that we have two solutions (x!, yl) and (x2, y2) of equations (3.1). Then we
have

t t
0 = x20) =E[yo<t>(exp(— i yo<r>y1<r>dr) - exp(— Ji yo(r)y%r)dr))}
0 0

+ /(;E[V(t - S)<GXP<— [ y(r— S)yl(r)dr)xl(S)yl(S)
—exp(- | -2 0) ar )22’ | s,

r_
Y ) —yin) = fo At —)[x (5)y' (s) — x*(5)y*(5)] ds.
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We first deduce from the second relation, taking into account that fori =1, 2, xi(s) <1 and
y'(s) < A*, that for any ¢ > 0,

t
') —y* )] < A*/O [Ix' () = x2@) [y )]+ [y () — y2 ()] |x*(5)]] ds
(6.1)

t
< 2*max(A%, 1)[0 [x!(s) = x2()] + 3" (5) = ¥*() ] ds.

We now exploit the first relation. Since |exp(—a) —exp(—b)| <|a —b|,Va,be R,y <1
and xly1 <Ay, wehavefor0<r<T,

t
() — x2(0)] < f IyL(s) — y2(s)| ds
0

“f 7

— exp(— /St y(r —s)y*(r) dr)XZ(S)yZ(S)

exp(— [ 7= erar)x o3 e)

:|ds

5/0’|y1(s)_yz(s)|ds

+/otE[ eXp(_ fy(r —S)yl(r)dr>

— exp(— /: y(r — s)yz(r) dr>

+ _/(;IE[eXp<— /St y(r —s)y*(r) dr)}|x1(s)y1(s) —XZ(S)yZ(s)|ds

]xl(s)yl(s)ds

t t
s/o Iy'(s) — y2(s)| ds + n*fo y'(s) — y2(s)| ds

t
+ [y 6) =2 6)y%6)] s
Hence, again, given T > 0, there exists a constant C such that forany 0 <¢ < T,
t
(6.2) ') — x| < C/o [[x' () = )] + [y () = y* ()] ds.

Uniqueness follows from (6.1), (6.2) and the Gronwall lemma.

Now local existence follows by an approximation procedure, which exploits the estimates
(6.1) and (6.2). Indeed, Picard iteration procedure works for an existence of integral equation
as for the more technical ODEs. For details, see Brunner [5]. Global existence then follows
from the above a priori estimates, which forbids explosion.

Note that it easy to check that the map

t t _ _ _
t— (./0 E[y(t —5) exp(—/ y(r —s)5r) dr)]@(s)g(s) ds,

/O t At —$)S(5)F(s) ds),

is continuous. Therefore, to conclude the continuity of the map ¢ — (&(t), F(¢)) solution of
equations (3.1), it remains to show that the map

(6.3) re (Elpwes(- [ woFmar) | 2m).
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is continuous. Indeed, as yg has bounded variation, there exist two nondecreasing functions
)/01 and y02 such that yy = )/01 — 02. Thus for t > g, as yo <1, § < A4,

E[noexp(- [ o(rF ) ar) |~ E[ maexp(~ [ " o F) ar) |

1 _
<E[[nd ) — vl )] + 2E[ / yo(r)%(r)dr] FE[®) — v @]
0

=|E[ys (O] = E[yg (t0)]| + 20slt — 10 + |E[¥¢ (] — E[§ (10)]|
<2|E[y®)] — E[yo(t0)]| + 2A«lt — to],

where the third line follows from the fact that yol and y02 are nondecreasing. Hence as the
map ¢ — (E[y ()], Ao(1)) is continuous, it follows that (6.3) is continuous. Therefore, the
map t — (6&(t), §(¢)) is continuous. Theorem 3.1 is established. [

We next prove Theorem 3.2. We first construct a system of stochastic equations driven by
Poisson random measures (PRMs), and then use an approach of the type of propagation of
chaos as in [33].

Take m € D, let (Ag, yo) be a random variable taking values in D%r and (A;, yi)i>1 be
an independent collection of i.i.d. random variables taking values in D%r. Also let Q be a
standard Poisson random measure on R%r, independent of the previous random variables. We
define for ¢t > 0,

t —+00
AP = [ [ Lm0 dw).

(6.4) 0
T @) =y 00y (s ) m(2),

where ¢™ is defined in the same manner as ¢i' with A instead of AY .
Let

=(m)

50 =By (s™®)], and &™) (1) = E[y g (s )]-

LEMMA 6.1. There exists a unique function m* € D such that

§(m )= m*.

Moreover, (@(m ), §(m )) solves the set of equations (3.1).

PROOF. Let us denote the jump times of the process A”™ by (ri(m))izo with tém) =0.
From Assumption 2.1, for ¢ > ‘L'l-(m), if A (t — ‘L'l-(m)) # 0, we have

! (m)\=(m)
/(m) Yilr — ") (r)dr =0,
T
hence A" (¢) = A(’”)(ri(m)) = i. By contradiction this also implies that A ; (f — fj(.m)) =0 for
all0 < j <i—1.Asaresult,

A (1)

ampn (™ @) =ro@ + Y ri(t—7™),
i=1
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for all ¢ > 0, almost surely. We thus obtain that

" (1) =E[A gomry (s ™ (1))]

A(’”)(t)
:E|:)\.0(l‘) + Z )\.l‘(t — Tl-(m)):|.

i=1

Also_recall that, by the definition of g, Ao(¢) = Ao(#)1;,>0, and that ro(t) =E[xo(t)|no > 0]
and 7(0) =P(no > 0). Therefore,

5™ (1) =Eo)lno = 0P > 0) + > E[Ai(r— ff’"))]lrf’”)sr]

i>1

=TORo®) + Y E[xi(r — ") o _,],

i>1
and as A; and ri(m) are independent, we further obtain that

5" 0 =Tk + Y B[Rl -7 m_,]

i>1
p— [— t_
=1(0)Ap(?) + E[/ At — s)A(m)(ds)].
0

Note that the process ¢ +— A (1) — fé Y™ (s)ds is a martingale. The integral of a bounded
deterministic function over a compact interval with respect to such a martingale has zero
expectation, hence

(6.5) E[fot At — ) (A™ (ds) — T(m)(s)ds)} =0.
As aresult,

=m), == r_ —(m)
(6.6) 5" (0 =TO) (1) + fo At —)m(s)& " (s)ds.

In addition,

VA(m)(;)(g(m)(t)) )/O(t)]lA(m)(,) ot ZV: r— T )]1 (’")<,]lA(’")(t) —
i=1

Let
Fr =0 ({(M)ozi<amy Wozicam. A™ (), 0 <" <t}).

Since Q|] o, is independent of ]-'r<m> (setting ]ri(m), t] = @ when ri(m)
T N i

> t), we have
P(A™ @) = i|F o)L,
=B(Q({(5w) € B, 7™ <5 <1, yi((s — ") (s ™) 2 ) = OLF o)1,

t
= exp(— /zﬁ”’) vi(r — ti(m))m(r) dr>1Ti(m)§t
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Thus, since yg and Q are also independent, we obtain

& (1) = E[n(0) Ly o] + LB (r = 7)1 PA™ (1) =i1F )]

i>1

=E[nwexp(- [ ' yo(rIm(r) ar)]|

t
+ZE|: t—‘c ]l £ < exp(—/(m) yi(r_Ti(m))m(r)dr>].
T

i>1

Moreover, since y; and ti(m) are independent, recalling that the law of y is denoted by u, we
further obtain

8" =E [Vo(t)exp( / Vo(r)m(r)dr>]

t
+ ZE[/ t—1™) exp(— /rﬁm) y(r —7"™)m(r) dr)u(dy)]lrfm)g].

i>1
In addition, as (‘[l-(m)),' are the jump time of A by Fubini’s theorem, we have

8" =E[mwexp( - [ pem@dr) |

/ |:A(m)(t) ri(m))eXP(_ /f;’”) y(r —T )m(r) dr>:|,u(dy)

= E[Vo(l)exp<— /Ot Vo(r)m(r)drﬂ

+ /DE[/OI y(t—ys) exp(— Kt y(r —s)m(r) dr)A(m)(dS)},U«(dV)‘

(6.7)

For any given y € D, we define

t
gy(s,t):==y(t—ys) exp(—/ y(r —s)m(r) dr).

Since

t “+00
A= [ [ Ly Qs dw).

by the same argument as the one used in (6.5) we obtain

! (m) ! (m)
E[/(; gy(s,HA mn (ds)] :E[/o gy(s,H)Y M (s) ds]
t
6.8) - fo g, (s, DE[T™ ()] ds

_ fo "g, (5, 08" ($)m(s) ds.
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Then, from (6.7) and (6.8), we deduce that

—(m) !
S (r):E[yomexp(— [ yo(r)m(r)dr)]

t t _(m)
+./0 /Dy(t—s)exp<—/s y(r—s)m(r)dr)u(dy)m(s)@ (s)ds

t
=E[V0(t)exp<— fo Vo(")m(r)dr>]

+ /IE[y(t —5) exp(— /t y(r—s)m(r) dr)}m(s)@(m)(s)ds.
0 K

Hence from (6.6) and (6.9), 3™

by Theorem 3.1, there exists a unique element m* € D, such that §(m
(g(m ), m™*) solves (3.1). This concludes the proof of the lemma. [

(6.9)

=m if and only if (g(m), m) solves (3.1). Consequently,
*) _ %
= m* and that

We next consider the sequence (Qg)«>1 of Poisson random measures introduced in Sec-
tion 2 and for each k > 1, we define the process {Ax(¢),t > 0}:

t “+00
Ap(t) = fo /0 Lucry—) Qi(dr, du),
where

Y (t) = vk a0 (56 ()T (@),

and ¢y is defined in the same manner as glN with Ay instead of Allv . (This definition follows
a similar idea to Lemma 6.1 as in [7].) In this definition we use the same (Ak;, Yk.i, Qk) as
in the definition of the model in Section 2. Moreover, since ((Ak,;)i, (Vk.i)i» Qk)k>1 are i.i.d,
(Ag)k>1 are also 1.i.d.

REMARK 6.1. From Lemma 6.1 we have
T =E[rM a,0(s1()] and &) =E[y1,4,0(s1(0))].
Now for each k > 1, we compare the process A,](V (t),t = 0 with the process Ax(¢),t > 0.

LEMMA 6.2. ForkeNand T >0,

T
(6.10) E[ s[ng]|A,§’(t)—Ak(t)|] 5/0 E[| YN (1) — Ye(0)|]dt =: 8 (T)
1|0,

and

E[ sup o' () — ck (0] < 6V (1.
t€l0,T]

Moreover,

N A"
6.11 3T < —
(6.11) (T) < N

PROOF. We adapt here the proof of Theorem 4.1 in [7] to our setting. Since

T exp(2A*T).

t —+00
N
|AL (1) — Ar(0)] 5/0 /0 ]lmin(T,?/(r*),Tk(r*))<u§max(T,iV(r*),Tk(r*)) O (dr, du),
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we have

T
E[ sup \Ak (z)—Ak(t)}] / E[| N (t) — Y (0)|]dt = 8™ (T).
tel0, T

We recall that
N N =N =
T ) =Vead (s W) (1) and i) = i a0 (Sk (D) (@)

However, since y; <1 and 0 < §N (1), §(t) < A*, we obtain

E[| Y (1) = 1] <E[| 0N @) - Tk(t)|]lAN(t) A0, ()=¢) Nl

+ AP(AY (1) # Ar(t) or gk (1) # 5 (1)).

(6.12)

On the other hand, using F() = E[X1,4,a)(51(1))], we have

E[F @ = Y@Ly iy — a0, 0002V )]

<E[[F (1) -F0)]]
1 N
:EHN Y (s @) —E[n A1<z>(§1(f>)])']
(6.13) J=1
1 Y N
SEHN X;(XJ AV (6] ) = 2ja (t)(gj(t)))':|
]:
1 N
+E NX;(MM»(E/(I)) [M,Al(w(gl(f))])u-
]:

Since ((Ak,i)i, Ak, Sk)k are id.d, (Ag A, ) (sk())k are i.i.d., hence, by Holder’s inequality
we have

H i (A.4;0(5/ @) = E[A1,4,0(s1 (t))])H

1
2

2 |

( (é joa; (s (0) —E[x jAj(l)(gj(t))]))2:|>

(6.14)

1
2

{
(i: (Aj.4;0 (5 () —E[x JAj(f)(gj(t))])2]>

= |

< \/—
Here the equality holds because (Ax a, ) (sk(t)) — E[Ak, 4, (1) (sk(2))]k are i.i.d. and the last
inequality holds since A ; is bounded by 1*.
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In addition, as (A;V ) are exchangeable we have

LN
EHﬁ Z(’\j,Ay(t) (§11'V(t)) - XJ',A,-(z)(gj(f)))u

j=1

N
6.15) = [ﬁg jAN(z)(SJ (©) = Xj.a;i0(si D)Ly, (t);ﬁAN(l)Org](l)#ng(t):|
2 N
<ﬁZ P(Aj(1) # A (1) or 5;(1) # 51 (1)

= MP(Ar (1) # AL (1) or 6i (1) # ¥ (1).
Hence from (6.13), (6.14) and (6.15) we have
B[ @) = YOl gy =07, 0= )]
%

=N

On the other hand, since

(A 0 # ac® or () # 6 ) < | sup [AY (1) — Axr)| = 1},

rel0,¢]

+ M P(AR () # AL (1) or 6x (1) # Y ().

we have
P(Ar() # AY (1) or (1) # 6 (1) < E] sl[%p]}A,iV () = A <8V ).
re|0,t

Thus, from (6.12), we have

E[| 7 (1) — e (0)]] < 3N ().
Combining this with (6.10), we deduce that, for any 7" > 0,
T
sN(T) < f sN (1) dt,
0

hence by Gronwall’s lemma, we have

(2A*T).
Moreover,

E[tes[gpﬂ\g,ﬁv (t) — gk(t)\] =E[11{a,e[o Mg a0l S !gk (t) — gk(t)!]

(3 [0, 71, ¢ (1) # gk(t))

<TP
T]P’( sup |AN (1) — Ap(0)] ;éo)
tel0,T]

< TE[ sup NOE ol

t€l0,
<T18N(T).

This concludes the proof of the lemma. [J

From the proof of Lemma 6.2, we deduce the following remark.
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REMARK 6.2. For k € N and ¢t > 0 we have

*

E[F" ) - 30| <

(14 rexp(21*1)),

ol 8l

E[|E" (1) = 8(1)[] = —=(1 + A"t exp(24*1)).

and

*

E[| TN (r) — Yi(0)|] < == (1 + 20*r exp(24*1)).

E»

From Lemma 6.2, we deduce the following lemma.

LEMMA 6.3. ForkeNand T > 0 we have

*

(6.16) E| sup |y & (1) = Ve arn (sk®)|| < =T exp(2A*T),
[ 300 17040 (S8 0) = v () ] = Z=T exp4°T)

*2
(6.17) El sup |A, 4v (St (1) — XA (s (D) ]| < T exp(2A*T),
[ up i a5 0) = o ] = ST exp(227)

and

*
. 1 -1 —T 20*T).
(6.18) E[zes[g,pT]l §1iv(’)<’7k,A£V<t> gk(z)<nk,Ak([)|]§ﬁ exp( )

PROOF. From (6.10) and the fact that y; ; < 1, we have

E[ S“P |Vk AN(t)(gk ®) — yk,Ak(f)(gk(t))[I

t€l0,

= EL:{‘SPT]‘Vk,A,’;’(z)(§k (1) = V. A0 (Sk (t))|]lsup,€[oyr] |A,1V(t)—Ak(t)|zl]

<P( sup [AY(0) - Ak(n)] 2 1)
t€[0,T]

< sN(T).

Similarly we also have

E[ sup 3 4v (58 ©) = e an (e 0)]] = 278 (D),
t€[0,T]

IE[ sup |1

—1 | =8V
1e[0.T] glfv(’)<'7k,A}C\’(t) §k(’)<ﬂk,Ak(r)| = ()

Hence the claims follow from (6.11). [

COMPLETING THE PROOF OF THEOREM 3.2. For ¢ > 0, we have

_1 N 1 Y
Z kAN (1) (5N (1)) = M.y (e (D)) + NZ)\k,Ak(t)(gk(t)),
k=1
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and

_ 1Y
"=y 2 Vead (st )

Z Vk AN 1) §k (t)) Vk,Ak(t)(S'k(f))) + N Zyk,Ak(z)(gk(t))-
k:l k=1
From (6.16) and (6.17), we have
1 N )\‘*2
E|l — sup (A, an o (Se (1)) — Ak.A ¢k (1) ] < T exp(2A*T),
5230 B ©) — a5l | < o)

*

1Y 2
El = Sup [V av i (S8 ) = Vie, Ao (5 (0) ] < T exp(2A*T).
|: ZIIE[O | k, Ay (t)( k ) k(f)( )| \/N ( )

Hence,

N
< Z Vi, AY (1) (s () = Vi avr) (sk (D)),

N
Z M AN (i (D) = )\k,Aku)(gk(f)))) ~——= 0.0
N —+oo

locally uniformly in z.
Moreover, as (Vi A, (-)(Sk(+))s Ak, 4, (sk())k 1s a collection of i.i.d. random variables in
D?, by the law of large numbers in D? [30], Theorem 1,

( Zyk Ac) (k) Z)»k Ar() §k())>

N%ﬁg Ely1.4,0(s10)] E[A1.4,0(51())])  in D?.

We have shown in the proof on Lemma 6.1 that the pair (&, §) given in Remark 6.1 solves
the set of equations (3.1). This proves the convergence (3.2).
For (UN, TN), we have, for ¢ > 0,

N
. 1
I (t)= Nz]lgg\’(t)<nkﬁ]1€v(t)

1
N

||M2E

1
(]lg,?’(t)«;k AV - ]ls'k(f)<77k,Ak(t)) + N Z ]ls'k(t)<77k$Ak(t)’
Tk k=1

and

N
N 1
U (t)=— 1
() N k2=:1 §,§V(l)217,<’A11(v(,)
N

1 Y 1
= N Z(]lglﬁv(f)znk AN ]ls‘k(f)>77k Ak(t)) + = Z ]ls'k(f)>7’]k A *
k=1 ’ k 1
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As above, from (6.18), we deduce that

1 Y 1 Y
(ﬁ ];(]]‘g]iv(z‘)an‘A;{v(t) - ]]‘gk(t)Z'?k.Ak(t))’ ﬁ I;(]lg,g"(z)qk/",(vm - ]]‘gk(t)<77k,Ak(t))>
—>(0,0)
N——+0o0

locally uniformly in ¢.
Moreover, as (sk(f), Nk, A, 1))k 1s a collection of i.i.d. random variables in D?, by the law
of large numbers in D? ([30], Theorem 1),

1Y 1Y
(ﬁ Z ]lgk(t)znk,Ak(t)’ N Z ]lgk(t)<nk,Ak(t)>
k=1 k=1

P . 2
N—>+oo> (]E[]]‘EI(I)ZWI,AIO)]’E[1§1(t)<n1,A1(t)]) n D=

Recall the definition of 7(¢) and U(¢) in (3.3) and (3.4). In order to complete the proof of
Theorem 3.2, it remains to verify that

7(l‘):E[]lgl(t)<771,,41(r)] and U(t)zE[]]‘gl(Z)an,Al(t)]‘

Denote the jump times of the process A by (7;)i>1, if t — t; <11, A1,;(t — ;) # 0. From
Assumption 2.1, we deduce that

1 _
[ it = wFear=o.

So Aj(t) = A1 (%) Since 1, <y, g = Ly <y oL a,(1)=0 a.8., we have

E[ﬂgl(l‘)<77|,Al(t)] = EI:]IKYH,o]lAl(I):O + Zﬂl—fi<771,i]lz‘\1(t)=i]

i>1

— P10 > tlm1.0 > OP(n0 > 0) + E[Z nt_fi<nl,infi5,}

i>1

=TO)F§(t)+ Y B[Pt — 1 < niilt)le<].

i>1

Moreover, since 11 ; and t; are independent, we obtain

Ellg,ty<n p,0] = TOVF5 (1) + Y E[FO(t — 1)1y <]

i>1

(6.19) =T(O)F§(t) + E|:/0t Fe(t — s)Al(ds)]

— t — —
=1(0)F; (1) +/ FC(t —s)F(s)S(s) ds.
0
If n10>t, A1 0() > 0011 > t,A1,1(¢) > 0), from Assumption 2.1 by using the fact that

A1,1(t) > O(A1,0(¢) > 0) implies that y; 1(s) = 0(y1,0(s) =0) for 0 < s < ¢, from (6.19) we
also have

t —_
BI gy ny g ] = E[nm,o>texp(— [ yo(r)&(r)dr)]

t t _ _ _
+ [ E[n,,l,l>zs exp(— [ e —s)&(r)dr)}&(s)@(s)ds,
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which combined with (3.6) yields

E[]lgl(t)zm,Al(x)] =1- E[1§1(1)<U1,A1<1)]

t _
=E[ Loy exp( - [ w()F0ar)]
ZE t _ _
+[0 []l,szm,lexp(—fs y(r —s)&(r)dr)}%(s)@(s)ds.

This completes the proof of Theorem 3.2. [

We also have the following convergence result on the empirical measure of the processes
(A,iV (), g,ﬁv (#))=>0. It is not used in our analysis, but is worth establishing.

THEOREM 6.1.
) 1 Y P, . 2
(6.20) Nkzla(Aiv(l)vglﬁv(t))tzo m ((A](t), S1 (t))tzo) n 'P(D )

PROOF. By Lemma 6.2, we have

E| s[ng](yAfvm — A O[+ A0 = 0]+ s ) - 1]+ |53 () — 0] ]
tell),

— 0.
N—+o00

Hence
(AT @, 6 )} 200 {(AT (1), 63 () }20)

e (10, 510 (4200, 200)20)

in D? x D?. Thus since the processes are exchangeable and D is a separable metric space,
by [33], Proposition 2.2 (i), page 177, the convergence in (6.20) holds. [l

7. Proofs for the endemic equilibrium. In this section, we prove the results on the
endemic equilibrium behaviors. We proceed in two subsections to prove the results in the
scenarios Ry < E[i] and Ry > E[i]. We have a complete theory in the first scenario as
stated in Theorem 4.1, which we prove first. We then establish some of the partial results in
the second scenario.

7.1. Proof of Theorem 4.1. PROOF OF THEOREM 4.1. This theorem is proved in two
cases: P(y, =0) > 0 and P(y, = 0) =0.
Case I: P(y, = 0) > 0. Recall (3.6). Note that, since y, = 0 implies y (t) =0 for all ¢,

E[exp(— / "y - s)§<r>dr)] > P(y, =0).

As aresult, from (3.6), for all t > 0,

r__
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Consequently,

(7.2) O+OO S(5)F(s)ds < +oo.

Recall that, by Assumption 4.1, Ao(t) — 0, A(t) — 0 as t — 400 (see (4.2)). By the
dominated convergence theorem applied to the second line of (3.5), using (7.2), we obtain

, _1>imOO§(t) = _ljmoo / t At —5)S(5)F(s)ds =0.

Next, by the dominated convergence theorem applied to the first line in (3.5) using (7.2)
again, &, = lim,_, 1, &(¢) as given in (4.3). This concludes the proof of the first case of
Theorem 4.2.

Case 2: P(y, = 0) = 0. We first note that

(7.3) 0+oo Fu)du < +oo & Om S($)F(s)ds < +oo.

Indeed, from the second line in (3.5), and from Fubuni’s theorem
400 _ 400 +oo__

(7.4) / Sw)du = I(O)f ro(u) du + Rof G(s)S(s)ds.

0 0 0
Next, from Assumption 4.1.(iii), we have

+o00 _
(7.5) / Mo(m)du < Ry < +o00.
0

This combined with (7.4) implies (7.3). Thus from the proof of Case 1 and (7.3), it suffices
to show that f0+°° $(s)ds < 400. We prove this claim by contradiction. Suppose that

(7.6) Om F(u) du = +oo.

By the second line in (3.5), using Fubuni’s theorem, we obtain

r . t t t—u_ _
./0 S(u)du:I(O)/o )»Mu)du—i—/o (/0 )»(s)ds)G(u)&(u)du

=1(0) /Ot ro(u)du + Ry /Ot Sw)Fw)du — /t(/tJroo Als) ds)@(u)@(u)du.

0 —u
Consequently,
a7 o 8@Fadu _ 1 Ji( S K(s) ds)S )Ty du  T(0) f3 mo(u) du
' Jo F(w) du Ro Ro [§ &) du Ro [oFw)du

By (7.5) and (7.6), we have

[é ro(u) du
fé §(u) du t—+oo

In addition, since fﬁoo A(s)ds — 0 as t — +oo, for € > 0 there exists 7. > 0 such that
*A(s)ds < €. Hence, for t > Ty,

t/ oo -
f (/ k(s)ds)G(u)S(u)du
0 t—u

= /Ot (/um X(s)ds)g(t —w)F(t —u)du

(7.8)
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T +oo o _ r__ _
5/ (/ A(s)ds)@(t—u)&’(t—u)du—i—e/ St —u)§(t —u)du
0 u Te

r_
< Rors T +6/(; F(u)du.

Thus by (7.6), we have

Jo U5 M(s) ds)S ) F () du

(7.9)

Hence under the assumption (7.6), from (7.7), (7.8) and (7.9), we obtain
PR
(G d 1
(7.10) Jo S@)§(u) du

fé Fuw)ydu 1=+ R_o'
On the other hand, from (3.6) and the fact that y < y, we have

(7.11) /OME[exp<—y* /u§(r)dr)}€(s)§(s)ds <1.

Next, multiplying by §(«) and integrating from 0 to  both sides of (7.11), we have

/Ot</0u E[?(u)exp(—y* /S” §(r)dr):|g(s)§(s)ds> du < /Ol§(u)du,

and by Fubuni’s theorem,

t r u_ o -
/OIE[/v S(u)exp(—)/*l S(’")d”>duj|6(s)3'(s)ds</o 3(u) du.
from which we obtain

/’ E[l —exp(—yx J; (r)dr)
0 Vi

Hence for0 <e <1,since 1, >, <1,

/t E[l — exp(—yx Js 3(r)dr)
0

. r_
:|6(s)§(s)ds<‘/(; S(u)du.

]ly*ze]@(s)§(s) ds < /(;t F(u)du.

Y
Thus,
1 r_
E[Z]ly*zg]/o G(s)§(s)ds
t
7.12 =
(7.12) < fo ) du

' 1 r_ _
—I—/(; E[Z]ly*zgexp(—y*/; S(r)dr)}G(s)S(s)ds.

Moreover, from (7.11),

t 1 r_ — = 1
/ IE[—]IV*ZE exp(—y*/ 5 dr)}@(s)%(s)ds < -.
0 Ve s €
Consequently, under the assumption (7.6), we have

JoBI- 1y, zc exp(=ys [} F(r) dr)I& () (s) ds
fé §(u)du t——+00
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This implies that, by (7.12), forall 0 <€ <1,
LSO\ -1
S d 1
1imsupf0t(f)¢ < <E[—]1y*>€]> .
t— 400 fO F(u)du Y -
Since P(y, = 0) = 0, we deduce by the monotone convergence theorem that

lim sup 0 S WS du _ (E[iD_l,
t—>+oo fO S(M)du Vx

However, this contradicts (7.10) since Ry < E[ﬁ] by the assumption of Theorem 4.1.
This completes the proof of the second case. [

7.2. Proofs in the case Ry > E[i]. In this subsection, we prove Theorem 4.2.

_ PROOF OF THEOREM 42(1). As S(t) > S, and F(t) — T, as t — 00, Ry < +00 and
F(@)S(t) < Ay, by the dominated convergence theorem, we have

lim tX(z —$5)6()F(s)ds
t——+o0 Jo

(7.13) o

= lim MGt — )Tt — ) Lj0.4(s) ds = &, T« Ro.
t—>+00 Jo
Thus by (7.13) and the second line of (3.5), using the fact that Ao(t) — 0 as t — oo,
g* = €*§*RO-

As a result, either F, =0 or else S, = RLO'

In the following, we assume that 5. >0, then S, = RL()'

Recall (3.6). Since E[i] <Rp<+ooand P(y, =0)=0, y(r + 6T () — y*§* > 0 with
probability one when ¢+ — 400 and hence

t _ r_
lim / y(r +&)§(r)dr =400 and lim / S(r)dr =400 almost surely.
——+00 J(

t—-+00 Jo

It follows that

t_l)lmooIE[exp( /t YoM F(r) dr)} =0.

Hence from (3.6) we have

(7.14) lim OIE[eXp(— f t y(r —s)§(r)dr)]€(s)§(s)ds =1.

t——+00

Since F(t) — F, when r — +o00, there exists 7y > 0 such that for all # > 1y, F(1) > % Then,

f [exp( fy(r—s)%(r)dr)]@(s)%(s)ds

t—s _ _ —
(7.15) _/ [exp( /0 y(r)S(s+r)dr)]6(s)S(s)ds

. /(.)t—fo E[exp<— /: y(O)Ft +r—ys) dr)}@(z — )Tt —s)ds.



EPIDEMIC MODELS WITH VARYING INFECTIVITY AND WANING IMMUNITY 2211

The first term on the right-hand side converges to zero as t — oo by the dominated conver-
gence theorem. On the other hand, for 0 <s <t — fo,

(7.16) exp(—fosy(r)§(r+t—s)dr> §exp<—%/osy(r)dr),

and by Assumption 4.2, we deduce that

/(:OOIE[exp(—% /OS y(r) dr)] ds <Elt,] +E|:/O+OO exp(—§1y*s> ds:|

1
Vs

Thus, applying the dominated convergence theorem to the second term on the right-hand-side
of (7.15) and using (7.14), we obtain

(7.18) /0 +OOIE[exp(—§* /0 ' y(r)dr>]§*§* ds=1.

Next, by a change of variables in (7.18) and the fact that S, = RLO’ we obtain (4.5). To con-
clude, Lemma 7.1 below implies that the equation H (x) = R has a unique positive solution if
and only if Ry > E[i], which yields the result. On the other hand, as FOC (1) > 0ast —> +oo

(7.17) 4
= ]E[t*] + ——]E[
§

*

]<+oo.

and (&(1), §(1)) = (64, Tx) as t — 400, applying the dominated convergence theorem to
(3.4) we obtain

t o B -
o= tim_[ FC(r—s)&(s)@(s)ds=6*3*1€[n]=%Em.

t—+00

This proves the claims of Theorem 4.2(i). [J

Define H : (0, o0) — R U {oo} as follows,

(7.19) H(x):= /()+OOE[exp<—/osy(£) dr)]ds for x > 0.

LEMMA 7.1. Under Assumptions 4.1 and 4.2, and ifIE[i] < +00, then H(x) < oo for
all x € (0, 00) and H is continuous and strictly increasing on (0, c0). Moreover,

lim H(x)=+o0,

X—>400

and H can be extended to a continuous function on Ry by setting

(7.20) H(O) :=1lim H(x) :El:i:l
xJ0 Ve

PROOF. Let us start by showing that H (x) < oo for all x € (0, 0c0). By Assumption 4.2,

y(r) > %]lrzt*-

o0 s r o Vx
/ exp(—f y<—> a’r) ds < xt, —i—f exp(——(s —Xf*)) ds
0 0 X Xty 2

2
I.Xl* + .
Vs

Then,

(7.21)
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Note that, in the last step, we use the fact that y, > 0 almost surely, since E[i] < 00. Taking
the expectation on both sides of the above inequality and using the fact that E[#,] < co and
E[i] < 00, by Fubini’s theorem we obtain that H (x) < oo for all x € (0, 00).

Since ¢ — y () is nondecreasing, we directly obtain that x — H (x) is also nondecreasing.
Moreover, for x > 0, H(x) is also given by the following equivalent formula:

(7.22) H(x)=x /OOOE[exp(—x /Os y(r) a'r>] ds.

Using (7.21) and the dominated convergence theorem, H is therefore continuous on (0, 00).
To prove that H is strictly increasing, assume by contradiction that H (x) = H(y) for some
vy > x. Then, for almost every r > 0, y(r/x) = y (r/y) almost surely, which implies that y is
constant, leading to a contradiction.

Since y(0) =0, by (7.19) and the monotone convergence theorem,

lim H(x)=+o0.
X—> 00

Similarly, using the fact that y is nondecreasing, (7.21) and the dominated convergence the-
orem, we obtain

}Ci%H(x):/O E[exp(—syx)]ds.

By Fubini’s theorem, using the fact that E[%] < 00, we obtain (7.20), which concludes the
proof of the lemma. [J

PROOF OF THEOREM 4.2(11). The goal of Theorem 4.2(ii) is to prove that, if y, is deter-
ministic, Ry > i, for all § > O there exists 75 such that y (f5) > (1 — §)y, and if there exists
a positive decreasing function h such that for all 0 <5, 7, A(t + ) > h(t)A(s), and F(0) > 0,
then there exists ¢ > 0 such that for all ¢t > 0, F(¢) > c.

Let 6 > 0 be such that (1 — §)y, > RLO' From Assumption 4.3, there exists s; > 0 deter-
ministic such that yg(s1) A y(s1) = (1 —8)yx a.s. Let € > 0 be such that (1 —§)y, > IR—+05. Let
x be the solution of the following Volterra equation:

(7.23) x(t)zh(sl+t)+(1+6)/(;tp(t—s)x(s)ds, t>0,
with

p() = XRE—Z).
As

+00 +o00
(1+6)/ pt)ydt=14¢>1, / h(t)dt < +o0,
0 0

where the integrability of / results from Assumption 4.4 and the integrability of A. Moreover,
since h and p are bounded and nonnegative, by [10], remark following Theorem 4, page 253,
x(t) > 400 as t — +00, hence there exists s, > 0 such that x(s) > 2.

Let ¢ > 0 be such that

1+4+¢€

(7.24) (1= 8)yxexp(—ca(si +52)) = R
0
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Let
1 . — (4]
1= Emln(cz, §(0), and co= ?h(sl +52),

to =inf{t > 0,F(t) <co}, and 1 =sup{t <19, F(t) >c1}.

Since & is decreasing and 4(0) = 1 we have ¢y < c;. We want to show that #g = oo, and will
prove it by contradiction. Let us thus suppose that 7y < +00, which implies that #; < +o0.
From Assumption 4.4, by the continuity of § and the definition of #;, for all # > #;, we obtain

_ _ _ r_ _
3(0) = o) T(0) + /O (1t — )3 ()8 (s) ds
t _ _
> ot — 11+ 1)T(0) + /0 =11+ 11— )F()S(s) ds

_ _ 1 _ _
> i — n)(xom)um + /0 X —s)s<s>6<s>ds)

=h(t — 1)3(11)

>c1h(t —1).
The definition of ¢y and the continuity of 3, implies that F(t0) < co. Combining with the last
inequality evaluated at t = g, we have cg > c1h(ty — t1). Hence, by the definition of ¢y and

the fact that % is decreasing, we deduce that tg — #; > s1 + 2. S0 f9 > 11 + 51 + 52 and for all
t €11, to]

(7.25) §) <c1 <o,
On the other hand, as yg(¢) <1 and y(t) < 1, we have, for all t > 11,

s =E[nwew(- [ weFnar)]

+/OIIE[)/(t —s)exp(— /Sty(r —s)§(r)dr>]§(s)€(s)ds

> exp(— ,]l §(r)dr> (E[yo(t) exp(— /011 Yo(r)F(r) dr)}

I8 1 _ _ _
—i—/ E[y(t —5) exp(—f y(r —s)§r) dr)]%(s)@(s) ds).
0 s

But, as for 7 € [11 + 51,11 + 51+ 52] and s € [0, 71], yo(t) Ay (F —5) = yols1) A y(s1) >
(1 — 8)y«, and using (3.6) at time #; we deduce that, for all ¢ € [#] + 51, #1 + 51 + $2],

[SIGERCETII CXP<— t?(r) dr)-
141

Moreover, since from (7.25) for t € [t + 51,11 + 51 + 521, $(@) < 3,
S(1) = (1 — 8)ywexp(—calsa +51)).
Then from (7.24)

1+4+¢€

(7.26) Vieti +s1,t+s1+s2], @) > 2
0

Let y(¢) = §(t + t1 + s1) and define g as follows:

H+s1

() = TO) ot +s1+1) + fo Wt + 51+ 1 — $)F()S(s) ds,
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where we recall that

A1)
1) =—-.
p() Rq
Then, using (7.26) for any ¢ > 0,
1 +s1+t
y@)=g@)+(+e) pti+si+t—s)y(s —tn —s1)ds
11+s]

t
=g()+ 1 —i—e)/o p(t—s)y(s)ds.
However, from Assumption 4.4 we deduce that

g(t) > F(t)h(s1 +1)

and as F(t1) = c1 by continuity, we deduce that

(7.27) y(t) zcrh(si+1) + (1 +e€) /Olp(l‘ —s)y(s)ds.

Thus, applying Lemma 9.8.2 in [15] to —y(¢) in (7.27) with the convolution kernel k(s) =
(1 +¢)p(s), we obtain

y(t) > c1x(t),

where x is given by (7.23). However x(s2) > 2. Hence F(t1 + 514+ s2) > 2¢; > ¢ and tg >
t1 + s1 + 52, this contradicts the definition of #;. Hence #y = +o00. This concludes the proof.
O
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