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Abstract

Recent work on supervised learning |[GKR 22| defined the notion of omnipredictors, i.e.,
predictor functions p over features that are simultaneously competitive for minimizing a family
of loss functions £ against a comparator class C. Omniprediction requires approximating the
Bayes-optimal predictor beyond the loss minimization paradigm, and has generated significant
interest in the learning theory community. However, even for basic settings such as agnostically
learning single-index models (SIMs), existing omnipredictor constructions require impractically-
large sample complexities and runtimes, and output complex, highly-improper hypotheses.

Our main contribution is a new, simple construction of omnipredictors for SIMs. We give
a learner outputting an omnipredictor that is e-competitive on any matching loss induced by
a monotone, Lipschitz link function, when the comparator class is bounded linear predictors.
Our algorithm requires ~ e~ samples and runs in nearly-linear time, and its sample complexity
improves to ~ £~ 2 if link functions are bi-Lipschitz. This significantly improves upon the only
prior known construction, due to [HJKRR18, GHK 23|, which used > 719 samples.

We achieve our construction via a new, sharp analysis of the classical Isotron algorithm
[KS09, KKKS11] in the challenging agnostic learning setting, of potential independent inter-
est. Previously, Isotron was known to properly learn SIMs in the realizable setting, as well as
constant-factor competitive hypotheses under the squared loss [ZWDD24|. As they are based
on Isotron, our omnipredictors are multi-index models with ~ e~2 prediction heads, bringing us
closer to the tantalizing goal of proper omniprediction for general loss families and comparators.

2411.13083v2 [cs.LG] 22 Jan 2025

arxiv

*Harvard University. Work done in part while LH was a Ph.D. student at Stanford University. Supported by the
Simons Foundation Collaboration on the Theory of Algorithmic Fairness and the Harvard Center for Research on
Computation and Society. lunjia@alumni.stanford.edu

TUniversity of Texas at Austin, kjtian@cs.utexas.edu

#University of Texas at Austin, cyang98@utexas.edu



Contents

1

Introduction

1.1 Ourvresults . . . . . . . .
1.2 Overview of approach . . . . . . . . . ... ... . .
1.3 Related work . . . . . . ..

Preliminaries

2.1 Notation . . . . . . . .. e
2.2 Omniprediction preliminaries . . . . . . . .. .. .. .. ... .....

2.3 Isotonic regression . . . . . . . ... oo
2.4 Pool-Adjacent-Violators (PAV) algorithm . . . . .. ... ... ....

Omniprediction for STMs

3.1 Realizable SIMs . . . . . . . . . ... ..
3.2 Agnostic SIMs . . . ...
3.3 Robust omnipredictor construction . . . . . ... ... ... ... ...

Omnigap Generalization Bounds

4.1 Empirical convergence for BIR . . . . ... .. ... ... ... ... .
4.2 Proof of Theorem 5. . . . . . . . ... ...

Bounded Isotonic Regression in Nearly-Linear Time

5.1 DP formulation . . . . .. ... o
5.2 BIRPartialMaintainer implementation . . . . . . .. ... ... ... ..

Omnipredictors in One Dimension from PAV

6.1 Finite sample analysis . . . . . .. ... . . 0oL
6.2 Generalization . . . . . .. ... Lo L

(Non-)Existence of Proper Omnipredictors

7.1 Proper omnipredictor exists for constant hypotheses . . . . . ... ..
7.2 Non-existence of linear omnipredictor . . . . . . . . . . ... ... ...

Standard Uniform Convergence Bounds

Deferred Proofs from Section 2

B.1 Omniprediction loss from anti-Lipschitzness . . . . . . . .. ... ...
B.2 Deferred proofs from Section 2.3 . . . . . ... ...

C Deferred Proofs from Section 3

Deferred Proofs from Section 5

D.1 Dual of bounded isotonic regression . . . . . . . .. ... ... ...
D.2 Modified segment tree . . . . . .. ...

11
11
12
16
17

18
18
21
23

25
25
31

32
32
38

40
40
43

45
45
45

51

52
92
93

57



1 Introduction

Supervised learning via loss minimization is a foundational paradigm in machine learning (ML).
This problem is parameterized by a feature-label distribution D supported on X x {0,1},! a model
class C that we wish to learn, and a loss function ¢ : D x {0,1} — R used to benchmark our
predictions. Here, we let each model ¢ € C output predictions in a domain D, so £ evaluates the
“fit” of the prediction ¢(x) € D against a label y € {0,1}. The goal in supervised learning via loss
minimization is to learn a predictor p : X — D from samples ~ D, such that

[E(x,y)ND [g(p(x)v y)] < ggél [E(x,y)ND [E(C(X)v y)] +¢,

where € is an (ideally small) error parameter. Such a guarantee implies that our predictor has fit
the data at least as well as the best model in C, as evaluated by ¢. If the predictor p itself belongs
to the comparator class C, we say it is proper; otherwise, we say it is improper.

Recent developments in learning theory have led to a new, more stringent notion of supervised
learning, known as omniprediction [GKR 22| (Definition 3), which requires p to be competitive, in
an appropriate sense, against a family of loss functions £, rather than only a single ¢ € £. This def-
inition is motivated by settings where we wish to evaluate predictors using multiple loss functions of
interest. For example, this could occur if losses depend on external parameters (e.g., the market price
of items on a given future day) that are unknown at the time of learning. Moreover, omnipredic-
tion provides a more comprehensive view on supervised learning than (single) loss minimization.
Indeed, [GHK 23] showed that a natural dual perspective yields a way to establish omniprediction,
by showing that p is indistinguishable from the Bayes-optimal predictor p*(x) := E[y | x|, when
audited by a family of distinguishing statistical tests, parameterized by (¢,¢) € L x C.

Omniprediction is a strong requirement with appealing downstream implications, and has received
a flurry of follow-up interest [GHK'23, HLNRY23, GKR23, NRRX23, KP23, GJRR24, GOR™"24]
since its proposal as a goal in supervised learning. Most of these works have focused on extending
existing omnipredictor constructions to more challenging learning tasks, or characterizing the rela-
tionship between omniprediction and other notions of learning such as multicalibration [HJKRR18|,
an influential notion of multigroup fairness with strong theoretical guarantees.

Where the theory of omniprediction has comparatively lagged behind is in its end-to-end efficient al-
gorithmic implementation. The original work that introduced omnipredictors [GKR 22| based their
constructions around the notion of multicalibrated predictors, using an algorithm from [HJKRR18|.
Unfortunately, for many natural supervised learning tasks, multicalibration is known to be as hard as
agnostic learning. Even for simple model classes C, e.g., halfspaces, polynomial-time weak agnostic
learning is unachievable under standard complexity-theoretic assumptions [GR06, FGKP06, Dan16],
motivating the consideration of more tractable, concrete model families.

Omniprediction for SIMs. A promising step was taken by |[GHK 23|, who proposed to study
the family of single-index models (SIM) as a basic tractable model class for omniprediction. A SIM
is a pervasive ML model, which posits that labels y | x follow a relationship parameterized by the
composition of a monotone link function o, e.g., logit or ReLU, and a linear classifier w:

Ely| x|~ o (w-x). 1)

!Throughout this paper, X denotes a domain where example features lie; in our applications, X C RY.



In particular, learning a SIM extends the ubiquitous task of learning a generalized linear model
(GLM), because it does not commit to a single link function o; rather, it allows for the link to also
parameterize the model. SIMs and GLMs also capture, for instance, the last-layer training of neural
networks for binary classification, where x are learned features for random examples.

In the context of agnostically learning SIMs, the goal of e-omniprediction is to output a predictor
p: X — Q, where € is an abstract prediction space, satisfying

[E(x,y)N'D I:'gm,a'(k:o'(p(x)), y)] < [E(x,y)ND [Emﬁ(w - X, y)] + ¢, for all (0-7 W) ESxW. (2)

We formalize this task in Model 1 and Definition 4, but briefly explain our notation here. The
guarantee (2) holds for a link function family S and linear classifiers W. For simplicity, in the
introduction only, we assume X (the feature space) and W are both the unit ball in R?, and S is
all -Lipschitz, monotone links o : [-1,1] — [0, 1], for some § > 0. Each link ¢ € S induces a
matching loss ¢y, (Definition 1), e.g., the matching losses induced by the identity and logit links
are respectively the squared loss and (under a slight reparameterization) cross-entropy. Thus, in
the SIM omniprediction setting, £ is the set of matching losses ¢y : [—1,1] x {0,1} — R induced
by a ¢ € §, and C is the set of bounded linear maps ¢ : x — w - x for some w € WW. We pose no
additional restrictions on D, e.g., no realizability condition of the form (1) is assumed. Moreover,
consistently with [GKR 22|, (2) allows for a loss-specific post-processing function k, : Q — [—1,1] to
be applied when p(x) is evaluated against the loss ¢ ». Every k, is required to be a pre-determined
transformation that does not depend on the data distribution or the learned predictor.

In short, (2) ensures that if p is an omnipredictor for SIMs, it is competitive (after post-processing)
with all linear predictors w € W, on all matching losses induced by monotone, Lipschitz links o € S.

The main observation made by [GHK 23| was that weaker criteria than multicalibration, i.e., cal-
ibration and multiaccuracy [KGZ19], suffice for omniprediction. Further, [GHK 23| showed that
in the SIM setting (2), a boosting procedure combined with iterative bucketing for calibration
terminates with polynomial time and sample complexity, giving an end-to-end omnipredictor.

Unfortunately, even in the comparatively restricted SIM setting, the [GHK 23] construction uses
an impractical > ¢710 samples to learn an omnipredictor.? Moreover, their construction was quite
complicated, repeatedly bucketing residuals into discrete sets and outputting a multi-stage predictor
with a large sequential depth. Beyond its lack of simplicity, another downside of this approach is its
lack of interpretability: by giving up on properness, the SIM omnipredictor of [GHK*23| no longer
retains any SIM structure that typically makes model-based learning interesting.

In fact, we are not aware of any alternative omnipredictor constructions, even in the SIM setting,
than the [GHK™23] algorithm (which was based on a boosting procedure for multicalibration in
[HIKRR18|). This state of affairs inspires the following motivating question for our work.

Are there simpler, more sample-efficient omnipredictor constructions for SIMs

(3)

that yield ommnipredictors retaining the structure of SIMs?

Isotron for agnostic learning. A major reason for optimism towards the goal (3) is that prop-
erly learning SIMs is well-understood in the realizable case, where (1) holds with equality for an

2To see this, Algorithm 2 of [GHK 23] uses > 72 iterations, each of which calls Lemma 7.4 with § ~ &2



unknown (o, w) € § X W. Specifically, a simple algorithm called the Isotron [KS09, KKKS11] (cf.
Algorithm 1), which alternates isotonic regression with gradient descent, is known to properly learn
realizable SIMs in the squared loss. We reproduce this result in Section 3.1, where we also show
that the Isotron yields a proper omnipredictor in the realizable SIM setting (Corollary 5).

The Isotron is appealing as an algorithmic framework due to its simplicity and its ability to output
proper hypotheses. Unfortunately, less is understood about the performance of the Isotron in the
challenging agnostic learning setting. Recently, [ZWDD24] (following up on work of [GGKS23|)
partially addressed this open question, by showing that a variant of the Isotron succeeds in prop-
erly learning SIMs that are constant-factor competitive in the squared loss, i.e., achieve a squared
loss O(OPT) where OPT is the minimum squared loss achievable by a SIM, under relatively-mild
distributional assumptions. Here, the O(-) notation hides a substantial polynomial in problem pa-
rameters, e.g., it grows at least as k*, where k := g is a bi-Lipschitz aspect ratio of the link function

family (cf. (9)). Moreover, the sample complexity of the [ZWDD24| algorithm is prohibitively large:
as stated in their Theorem D.1, their learner uses at least Q(d - x**) samples.

In light of these positive results, it is natural to ask if a sharper characterization of the Isotron’s
performance in the agnostic setting can lead to clean, sample-efficient learners. Unfortunately,
there are complexity-theoretic barriers towards using the squared loss as an evaluation metric for
the Isotron (or any polynomial-time agnostic learning algorithm for SIMs), as constant-factor ap-
proximation is likely unachievable without distributional assumptions, even with improper learners
[S02, MR18, DKMR22]. Omniprediction presents itself as a natural alternative evaluation crite-
rion; it is known from |[GHK 23| that guarantees of the form (2) are achievable using (potentially
complicated) hypotheses, with no constant-factor loss. Thus, we pose the following question.

Can we sharply characterize the Isotron’s performance in the agnostic learning setting,

according to a criterion that does not necessarily lose constant factors, e.g., omniprediction?

1.1 Our results

Our main contribution in this work is to give a new, substantially simpler and more sample-efficient
omnipredictor construction for SIMs, affirmatively answering (3). We achieve this by way of pro-
viding a new analysis of the Isotron in the agnostic setting, affirmatively answering (4).

Idealized omniprediction. We first consider the performance of the Isotron as an omnipredic-
tor, in an ideal scenario where we can access population-level statistics, e.g., evaluate gradients of
E(x,y)~Dlmo(W - x,y)] at a given w € W. Recall that in the introduction, we fix W and X' to the
unit ball in R?, and S to the set of S-Lipschitz, monotone links o : [—1,1] — [0, 1]. All of our results
extend to more general parameterizations in a scale-invariant way; see Model 1 for a full definition
of our setting. Our main result on the performance of this idealized algorithm is as follows.

Theorem 1 (Informal, see Theorem 4). Algorithm 2 (the Isotron run for T = O(c~2) iterations
with appropriate post-processing) returns an e-omnipredictor for SIMs p satisfying (2), where S is all
monotone links o : [~1,1] = [0,1]. Moreover, p(x) = {ot(W¢ - X) }err) for {(ot, We) beer) C S X W.

We pause to interpret Theorem 1. First, it states that Algorithm 2 returns a structured omnipredic-
tor that maps x to O(e?) sufficient statistics of the form o;(w; - x), for proper SIMs {(o¢, W) }e(ry



produced by the learning algorithm. These sufficient statistics can then be post-processed to sat-
isfy the guarantee (2) for any comparator SIM (o,w) € S x W. The iteration complexity has no
dependence on the Lipschitz parameter 3 restricting S; this O(e72) iteration complexity appears
even in known analyses of the idealized Isotron in the realizable setting. The conceptual message
of Theorem 1 can be summarized as: (fairly small) multi-index models omnipredict SIMs.

We believe Theorem 1 is already independently interesting, as it gives a sharp characterization of the
Isotron’s performance in the agnostic learning setting. As mentioned, previous analyses [GGKS23,
ZWDD24| in this setting could only achieve multiplicative approximations to the optimal SIM error
according to the squared loss, paying (often large) polynomial overheads in problem parameters.
Moreover, |GGKS23| could only achieve such a bound for bi-Lipschitz links, and [ZWDD24] further
required distributional assumptions (“anti-concentration” and “anti-anti-concentration”) that are not
implied by boundedness. Our Theorem 1 instead yields an omniprediction guarantee (2), with no
constant-factor overheads and additional distributional assumptions.

One setting where we can evaluate population-level statistics is when the D in question is the
empirical distribution over n examples {(x;, yi)}ie[n], i.e., we would like our predictor p to satisfy:

1 1
il . ) < X Al
- E lno (ko (p(xi)), yi) < - E lno(W-X;,y;) + € for all (o,w) €S xW, (5)

i€[n] i€[n]

This problem is motivated by a “fully-frequentist” viewpoint where we do not even posit that our
dataset is drawn from an external distribution, and aim to directly learn good predictors empirically.
In this setting, we prove the following runtime-efficient omniprediction guarantee, that further
ensures the learned SIMs used in our predictor are 8-Lipschitz, for any 8 > 0.

Corollary 1 (Informal, see Corollary 7). In the setting of Theorem 1, suppose D is a uniform
empirical distribution over {(Xi,yi) }icp)- Algorithm 2 returns an e-omnipredictor for SIMs p sat-
isfying (5), where S is all [5-Lipschitz, monotone links o : [—1,1] — [0,1]. Moreover, p(x) =

{ot(wi - x) }ieir) €S x W, The algorithm runs in time O((nd + nlog?(n)) - 6%)

The most technically interesting part of Corollary 7 is that its runtime scales near-linearly in n, the
dataset size. This is in contrast to prior works that solved Lipschitz isotonic regression problems with
two-sided constraints, e.g., [KKKS11, ZWDD24|. Previously, the best solver we were aware of for
such bounded isotonic regression (BIR) problems was inexact, and had a runtime scaling as > n?.
In Proposition 1, we provide a new exact O(nlog?(n))-time exact solver for BIR-type problems,
which is likely to have downstream applications and is discussed at more length in Section 1.2.

Finite-sample omniprediction. We next turn our attention to the main result of this paper:
a new omnipredictor construction (at the population level, i.e., satisfying (2)) learned from finite
samples. As before, our construction requires no distributional assumptions beyond boundedness
of the X-marginal of D. We first state our result for omnipredicting S-Lipschitz SIMs.

Theorem 2 (Informal, see Theorem 5). Algorithm 3 given?

~ 2
nzO(min (’54, 5,}—1—;))

3For simplicity in the introduction, we use O to suppress polylogarithmic factors in problem parameters, and use
“high probability” to mean probability 1 — Our formal theorem statements quantify all dependences.

1
poly(n)*



samples returns an e-omnipredictor for SIMs p satisfying (2) with high probability, where S is all
monotone, (-Lipschitz links o : [—1,1] — [0,1]. The algorithm runs in time O(nd - 6%)

The sample complexity of Theorem 2 more than quadratically improves upon the previous best
omnipredictor construction for SIMs by [GHK 23], which used > e7!0 samples even in the regime
B = O(1). Interestingly, for moderately-large relative errors €, the sample complexity of Theorem 2
scales independently of the dimension d, a feature not shared by prior analyses of Isotron variants
in agnostic learning settings, e.g., [ZWDD24]. Moreover, Algorithm 3 uses our improved BIR solver
to obtain a runtime scaling near-linearly in the dataset size nd.

We remark that Theorem 2 again outputs an omnipredictor p which sends an example x € X to
p(x) = {(o1, W) }1e(r) for some T' = O(£7?), just as in Theorem 1, i.e., it makes predictions based on
a multi-index model. For essentially all interesting regimes (cf. Remark 1), the links o; themselves
belong to the set S, and in general lose at most a small amount in the Lipschitz parameter.

In the setting where the comparator link function family S is a-anti-Lipschitz (see (9) for a formal
definition), we can further improve upon the sample complexity of Theorem 2.

Corollary 2 (Informal, see Corollary 8). Algorithm & given

~( (B B d
”:O<mm<a25w o T 22
samples returns an e-omnipredictor for SIMs p satisfying (2) with high probability, where S is all
monotone, (a, 8)-bi-Lipschitz links o : [—1,1] — [0,1]. The algorithm runs in time O(nd - 6%)

Corollary 2 shows that when the bi-Lipschitz aspect ratio g = 0(1), i.e., o is multiplicatively-close

to a linear map, the sample complexity of Algorithm 3 nearly-matches the iteration count of its
idealized variant in Theorem 1. Such a sample complexity is inherent (in high enough dimension) to
even learning a linear function over the unit sphere with respect to just the squared loss (Theorem
1, [Shal5]). Thus, we find it surprising that Corollary 2 obtains a similar sample complexity bound
for the much more challenging problem of omnipredicting all bi-Lipschitz SIMs.

Omniprediction for one-dimensional data. In the special case where the features x are
scalar (i.e., in one dimension), we show that a much simpler proper omnipredictor for the fam-
ily of matching losses can be learned using the standard Pool-Adjacent-Violators (PAV) algorithm
[ABE*55, GW84] when the hypothesis class is all bounded non-decreasing univariate functions. The
PAV algorithm, originally developed to solve isotonic regression without Lipschitzness constraints,
has a fast linear-time implementation [GW84]. Thus, our result gives an extremely efficient proper
omnipredictor over one-dimensional data. Specifically, we prove the following theorem.

Theorem 3 (Informal, see Theorem 7). Given n = O(Ei2 log ) samples {(xi,yi) Yiepn) drawn from
any distribution D over R x {0, 1}, the standard PAV algorithm runs in O(n) time and returns, with
high probability, a non-decreasing e-omnipredictor p : R — [0,1] for all matching losses w.r.t. all
bounded non-decreasing hypotheses.

We note that linear hypotheses ¢(z) = wzx in one-dimensional SIMs are either non-decreasing or
non-increasing (depending on the sign of w). Thus as a corollary, we can combine the solutions from
PAV with the original and reversed orders to obtain an omnipredictor for one-dimensional SIMs.



Corollary 3 (Informal, see Corollary 10). Given n = O(a%log(%)) samples {(zi,Yi) bicjn) drawn
from any distribution D over [—1,1] x {0, 1}, if we run the standard PAV algorithm on the samples
in the original and reversed orderings to obtain two predictors p4,p— : [—1,1] — [0, 1], then for any
link function o and any weight w € [—1,1],

min {[E(x,y)N’D [EP,U (p-i- (J?), y)]7 [E(x,y)ND [EP,U (p— (x)) y)]} < [E(:v,y)ND [em,U (U)I‘, y)] +e.

Here, the choice of which predictor (p4 or p_) to use depends on the choice of the link function o.
The choice is based on which of the two predictors achieve a lower loss, which can be tested with
a small amount of hold-out data. Thus, our omnipredictor for one-dimensional SIMs is a simple
double-indexr model consisting of these two PAV solutions. A natural open question is to determine
whether there is always a o-independent way of choosing from py and p_ at training time that
guarantees omniprediction, i.e., a proper one-dimensional omnipredictor for SIMs.

Our proof of Theorem 3 starts from the special case where the population distribution has a finite
support, where we show that running PAV directly on the population distribution gives an exact
omnipredictor (i.e., ¢ = 0) (Theorem 6). This result is an equivalent reinterpretation of a known
result showing that PAV simultaneously optimizes every proper loss among the family of non-
decreasing predictors p : R — [0, 1] (Corollary 9) [BP13]. We give a new proof of this result which
is arguably much simpler than existing proofs [GW84, BP13| and may be of independent interest.
Our proof crucially uses our definition of the omnigap (see (6)) as a certificate for optimality that
is more interpretable and easier to analyze than previously used certificates such as feasible dual
solutions. We give a more detailed description of our proof idea in Section 1.2.

Understanding proper omniprediction. Our learning algorithms only produce semi-proper
omnipredictors (i.e., multi-index models) for SIMs. It is natural to ask whether there always exists
a proper omnipredictor for SIMs. We include a discussion for some simpler cases in Section 7.

1.2 Overview of approach

Our omnipredictor constructions are based on a new interpretation of the Isotron’s classical conver-
gence proof in the realizable setting, by way of a regret notion that we call the omnigap. This object,
defined formally in Definition 5, is essentially a measure of how accurately a predictor p : X — [0, 1]
passes a statistical test induced by a link function-linear classifier pair (o,w) € S x W, and is
reproduced here for convenience in its single-test form:

0G(p; 0, W) := Epx ) [((%) = ) (07 (p(x)) —w - x)] . (6)

Note that if p = p*, where p* is the Bayes-optimal ground truth predictor p*(x) = Ely | x|,
then OG(p;o,w) = 0 for all pairs (o,w) € S x W. This has the interpretation of p* passing all
statistical tests. A predictor p with a small omnigap OG(p) := max ;. w)esxw OG(p; o, w) can then
be interpreted as being mostly-indistinguishable from p*, according to our test family.

In fact, Definition 3 is implicit in [GHK 23|, who defined a property of predictors called loss outcome
indistinguishability (OI), which is essentially the property of having a small absolute value of (6) for
all tests. A key result in [GHK 23] is that loss OI implies that p is an omnipredictor. Our starting
point is the fact that just the one-sided bound OG(p) < e suffices for p to satisfy the omniprediction
guarantee (2) (Lemma 3). This viewpoint guides all of our omnipredictor analyses throughout.



Isotron yields omniprediction for SIMs. The classical analysis of the Isotron’s convergence
in the realizable setting [KS09| uses the fact that the solution to isotonic regression is calibrated.
More concretely, each iteration of the Isotron solves a monotone curve-fitting problem of the form

m{il}(vi — ;)2 subject to v; < vy < ... < Uy, (7)
i€ln

where the {yi}ie[n] are given as input. This isotonic regression problem is known to have a simple
O(n)-time solution, the Pool-Adjacent-Violators (PAV) algorithm [ABE*55, GW84], which ini-
tializes each point y; to its own pool, and recursively merges adjacent pools to fix monotonicity
violations (averaging the predictor v; for indices i in the pool). We review PAV and its strong guar-
antees in Section 2.4, but the only fact that we need for the present discussion is that its output is
calibrated, meaning that every set of points S sharing a prediction v; = v has ﬁ YicsYi = 0.

The fact that calibration shows up in the Isotron convergence proof is heavily suggestive that the
Isotron’s iterates may already have bounded omnigap. Indeed, the generic method that [GHK 23]
gave for establishing loss OI also uses the fact that the first half of the statistical test (6), i.e.,
Ex,5)~pl(p(x) — y)o ! (p(x))], vanishes if p is calibrated against the population D.

We begin by reinterpreting the convergence of the Isotron through the omnigap. Recall that the
Isotron (Algorithm 1) interleaves isotonic regression with projected gradient descent (PGD) steps
using the previously-learned link function. The classical Isotron convergence proof begins by treat-
ing the PGD method as a regret minimization procedure, which bounds regret terms of the form
(Vwlm,o(w; D), w —w,). Here, w is a PGD iterate, o solves isotonic regression in (w - x,y) in
expectation over D, and w, is an arbitrary comparator in WW. Moreover, we use {m(W;D) to
denote the expected matching loss ¢m , evaluated at (w - x,y) for (x,y) ~ D.

In the realizable setting, where w, € W generates the actual label distribution, [KS09| showed
that the regret (Vw/mo(w;D),w — w,) upper bounds the excess squared loss of the predictor
p:x— o(w-x). We observe that, in fact, this regret further upper bounds the omnigap of p (cf.
(28)). The fact that a comparator o, € S does not show up in the regret (Vylm o(w; D), w — w,),
but does show up in the omnigap definition, is handled by the optimality of o as an isotonic regression
solution. Specifically, this is captured by an optimality characterization of ¢ due to Lemma 1,
[KKKS11], exploiting the KKT conditions of isotonic regression (cf. Lemma 6). Graciously, the fact
that regret upper bounds the omnigap fully generalizes to the agnostic learning setting.

At this point, our omnipredictor construction is simple to explain. We first run the Isotron for T°
iterations, for a sufficiently large T' ~ e~2. This produces iterates {(o¢, w¢)}epr) € S x W, where
we can use our regret characterization to show that for any comparator (o4, wy) € S X W,

1
T Z OG(oy, Wy 04, Wy) < €.
te(T)

This bound is already enough to prove that a randomized proper prediction given by p : x — oy (Wy -
x) satisfies a randomized variant of omniprediction (Corollary 6). For a deterministic prediction,
unfortunately, it is not enough to use any one single SIM (o, wy), as the above bound only holds
in aggregate over our iterates for any fixed comparator.



Our final deterministic omnipredictor is based on the convexity of matching losses. For a test loss
function /m » and a feature vector x, our action is to play the average postprocessed prediction:

1 —1
T > o7 ow(wy - x)). (8)

te[T)

In this sense, our algorithm omnipredicts SIMs using a multi-index model, which aggregates T single-
index models to make its prediction. We dub this overall omniprediction procedure of running
the Isotron on agnostic data, and constructing the post-processed predictors (8), the Omnitron
(Algorithm 2, in its idealized form that uses access to population-level statistics).

Sample and runtime-efficient Omnitron. Our second main contribution is to give a sample
and runtime-efficient implementation of our new Omnitron algorithm, for Lipschitz, monotone link
functions. The sample complexity of the outer PGD method is straightforward to establish using
known stochastic regret minimization tools from the literature, which we recall in Lemma 9.

The bulk of our technical work goes towards a generalization bound on the omnigap from a finite
sample, as well as a nearly-linear time algorithm for solving (7) with additional Lipschitz con-
straints. For the former goal, we rely on Rademacher complexity bounds on the function class (2),
parameterized (shifting notation slightly) by a pair (o, w) € & x W which induce a SIM predictor p,
and a comparator (o4, w,) € S x W. To simplify matters slightly, it turns out that we do not need
to argue about generalization to a comparator w, € W, as this is handled by the stochastic PGD
analysis. Unfortunately, the function class (2) can be quite unstable to discretization arguments,
because o7 ' may not have a bounded Lipschitz constant for o, € S.

To remedy this, we prove in Lemma 5 that $-omniprediction against (c, §)-bi-Lipschitz SIMs implies
e-omniprediction against S-Lipschitz SIMs, if « is sufficiently small, i.e., @ = . This allows us to
bound the Lipschitzness of our function family (2). Directly applying covering number bounds from
prior work [KKKS11] at this point yields a sample complexity of n ~ ¢~% for omnigap generalization.
By carefully using Dudley’s chaining inequality, we improve our required sample complexity to ~ ¢~
for omnipredicting Lipschitz SIMs, and ~ e~? for omnipredicting bi-Lipschitz SIMs.

We now discuss our near-linear time solution to a Lipschitz variant of (7). In fact, our fast algorithm
applies to a much more general family of bounded isotonic regression (BIR) optimization problems
with arbitrary two-sided constraints, stated formally in (14). This optimization problem family was
previously considered by the prior work [ZWDD24|, who gave an approximate solver running in
time =~ n? log(%), for an approximation tolerance A.

In Proposition 1, we give an exact solver for BIR running in O(nlog®(n)) time. Our solution
is heavily-inspired by a recent solver from [HJTY24|, for the related problem of computing the
empirical smooth calibration, which also encodes two-sided constraints. The [HJTY?24] solver was
based on writing the dual of empirical smooth calibration as a multilinear function, where the
variable dependency graph has a very simple path structure. By exploiting this structure, [HJTY24|
used dynamic programming and data structures to maintain partial solutions to their objective
functions as a piecewise-linear function, which is easily-optimized via binary search.

Our BIR objectives are not quite as simple, but with some work, we can show that partial minimiza-
tions of their duals admit a recursive, piecewise-quadratic structure (Lemma 17). To maintain these



representations, we adapt much of the machinery from [HJTY24|, combined with the careful use of
deferred updates, to provide a rewindable data structure which supports the recurrence relations
on our piecewise quadratic coefficients (Lemma 18). This data structure allows us to both compute
each partial function representation that we need to obtain the optimal last variable in a forward
pass, and undo our process to recover a full optimal solution to BIR.

Reinterpreting PAV’s universal optimality through omnigap. Another technical contri-
bution of our work is showing that the standard PAV algorithm finds a proper omnipredictor given
one-dimensional data for matching losses w.r.t. the family of all non-decreasing hypotheses (Theo-
rem 6). While this result follows from the known fact that the PAV solution simultaneouly minimizes
every proper loss among the family of non-decreasing predictors (we call it universal optimality, see
Corollary 9) [BP13], our analysis provides a new, simpler proof of potential independent interest.

The challenge in analyzing the PAV solution lies in finding a certificate for its optimality. The
previous proof from [BC90], even just for a fixed loss function (the squared loss), requires maintaining
a feasible dual solution throughout the algorithm and verifying the KKT condition as a certificate
for optimality. Another more involved strategy, used in [BP13| for proving the universal optimality
of PAV, is to inductively show that each block of the predictor is optimal on the subproblem defined
by the block. Performing this induction requires analyzing how an optimal solution to a subproblem
would change if additional boundary conditions are imposed.

The key to our simpler analysis is to use the omnigap as an alternative certificate for optimality.
We show that a non-positive omnigap is preserved throughout the entire algorithm (Proposition 5),
which we establish via a simple induction (Lemma 20). As we define the omnigap originally as
a sufficient condition for obtaining omnipredictors, it is somewhat surprising that it provides new
insights for simplifying the proof of a known result about the PAV algorithm.

In our analysis of the PAV algorithm, it is important to consider the one-sided omnigap, i.e., without
an absolute value taken over the right-hand-side of (6). Indeed, the omnigap of the PAV solution
can be negative with a large absolute value for some pairs (o, w), and thus it may not satisfy the
loss outcome indistinguishability condition in [GHK™23].

We note that while a non-positive omnigap is preserved throughout the PAV algorithm, the mono-
tonicity of the predictor is only achieved after the final iteration. Although monotonicity is not
needed for loss minimization or omniprediction on the empirical distribution over the input data
(which can be trivially solved by overfitting), it is important for generalization. We show that
given roughly O(¢=2loge~1) i.i.d. data points, the PAV solution is an e-omnipredictor and univer-
sal loss optimizer on the population distribution with high probability (Theorem 7). Our proof is
via a strong uniform convergence bound that holds not just simultaneously for all non-decreasing
predictors, but also for all proper/matching losses.

1.3 Related work

Omniprediction. In the classic loss minimization paradigm of machine learning, a model is
trained by minimizing a fixed, given loss function. Thus, a model trained by minimizing one loss
function may not a priori achieve low error when measured by another loss function. To improve
robustness in applications where the learning objective (i.e., loss function) may vary (over time or
with specific downstream tasks), Gopalan et al. [GKR 22| introduced the notion of omniprediction,



where the goal is to train a single model that can be used to minimize every loss function from
a large family £, in comparison with a class C of benchmark hypotheses. Thus, when training an
omnipredictor, no specific loss function needs to be given.

To demonstrate the feasibility of omniprediction, [GKR*22] show that when the loss functions are
convex, omniprediction is implied by multicalibration, a notion originating from the algorithmic fair-
ness literature, whereas multicalibration is in turn achievable given a weak agnostic learning oracle
[HIKRR18|. In a followup work inspired by the notion of outcome indistinguishability [DKR*21],
[GHK 23] connect omniprediction with loss outcome indistinguishability, a notion of indistinguisha-
bility between the learned predictor and the Bayes optimal predictor. This connection allows them
to get omnipredictors for single-index models (SIMs) from calibrated multiaccuracy [KGZ19|, a
weaker requirement than multicalibration.

Since the introduction of omniprediction, a series of work emerged to achieve this stronger goal
of learning in a variety of settings, including constrained optimization [HLNRY23|, regression
[GOR*24], performative prediction [KP23|, and online learning [GJRR24, NRRX23]. Recently,
towards a unified characterization of omniprediction, [GKR23| show an equivalence between swap
omnaprediction and multicalibration, where swap omniprediction is an even stronger requirement
than omniprediction. We note that to our knowledge, only [GHK'23| has given an end-to-end
polynomial-time algorithm for omnipredicting a concrete model family, e.g., SIMs (see also [GOR 24|,
who gave an algorithm for the more challenging regression setting with super-polynomial dependence
on the target error). The remaining works primarily focus on reductions to known primitives.

Learning single-index models. Single-index models (SIMs) originated from the statistics and
econometrics literature as a hybrid of parametric and non-parametric models [NW72, Ich93, HJS01,
DJS08|. Given a feature vector x, a SIM estimates the conditional expectation E[y|x] of the de-
pendent variable y using o(w - x), where the linear weight vector w is the parametric component,
and the univariate link function o : R — [0, 1] is the non-parametric component. The need to learn
the non-parametric link function poses additional challenge for learning SIMs from data. The first
provable guarantee for learning SIMs was obtained by [KS09| using the Isotron algorithm, which
assumes that the data is realizable by a SIM with a monotone link o (i.e., E[y|x] = o(w-x)). Further
progress has been made in this realizable setting to achieve better sample complexity [KKKS11]
and to characterize the behavior of semiparametric maximum likelihood estimates [DH18]|.

Recently, much attention has been directed to the more challenging agnostic setting, where the
realizability assumption is removed, and the goal is to compete with the best SIM in squared error.
Under standard complexity-theoretic assumptions, it is shown that this task is computationally
intractable [DKMR22, DKR23|, even when the link function is known. However, provable algorithms
for agnostically learning SIMs have been developed in a series of recent work by relaxing the error
guarantees |GGKS23, ZWDD24|, or assuming stronger access to the data (e.g., active and query
access) [GTX 24, DKK*23]. Instead, our work overcomes the intractability of agnostically learning
SIMs by replacing the squared error with the matching loss corresponding to each link function o,
which becomes exactly the setting of omniprediction for SIMs considered in [GHK™23].

Independent and forthcoming work. While preparing this manuscript, we became aware of

two independent and forthcoming works on efficient omniprediction in different contexts [OKK24,
DHI"24]. To our understanding, a major distinguishing feature of our work is that we focus on
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concrete families of loss functions and hypotheses, i.e., SIMs and their induced matching losses,
allowing us to design customized and efficient end-to-end algorithms (in both sample and compu-
tational complexities), without black-box calls to context-dependent oracles (e.g., ERM or agnostic
learning). This lets us obtain much sharper dependences on problem parameters than prior work.
This manuscript was written independently of reading either of [OKK24, DHI"24|, and we look
forward to updating with a more detailed comparison in a revision once they become available.

2 Preliminaries

We summarize notation used throughout in Section 2.1. In Section 2.2, we provide several additional
preliminaries on generalized linear models and their associated loss functions. In Section 2.3, we
introduce bi-Lipschitz isotonic regression problem and give guarantees on its solution. Finally, in
Section 2.4 we recall the PAV algorithm, a classical method for standard isotonic regression.

2.1 Notation

General notation. Throughout we denote vectors in boldface. For n € N we use [n] as shorthand
for {i € N[1 <4 <n} Weuse [ to denote the Euclidean (¢2) norm of a vector, and ||-[|,, to
denote the (2 — 2) operator norm of a matrix. The all-zeroes and all-ones vectors in R? are denoted
04 and 14. For x € R and 7 > 0, we let B(X,7) := {x € R? | |x — x|| < r}. When x € R? is omitted
and d is clear from context, it is always treated as x = 04. For p € [0, 1] we let Bern(p) denote the
Bernoulli distribution over {0, 1} with mean p. For a set K C RY, we use ITx to denote the Euclidean
projection onto KC, i.e., ITx(x) := arg min, - {||x — v||,}. Finally, log is base e throughout.

We focus on learning (soft) binary predictors p : X — [0,1], for a set X C R%. Consequently we are
interested in the setting where D is a distribution over X’ x {0,1}. We refer to the x-marginal of
D by Dy supported on X, and we refer to the conditional distribution of the label y | x by D, (x).
Therefore, for all x € X, y ~ Dy(x) is distributed Bern(E,p, (x)[y])-

Single-index models. Let X C R% A generalized linear model (GLM) over X is a predictor
p: X — [0,1] of the form p(x) = o(w - x), where 0 : D — [0,1] is a given link function, which
applies to a domain D D {t e R|t =w -x for x € X}. We always assume that the link function
o0 : D — R is monotone nondecreasing, and that D is an interval. When o : D — R is unknown, it
is treated as an additional parameter in the model, which we call a single-index model (SIM).

For D C R, we say that 0 : D — R is («, 8)-bi-Lipschitz if for all s, € D with s <t,
at—s)<o(t)—o(s) <B(t—s). 9)

Note that (0, c0)-bi-Lipschitzness of a link function ¢ corresponds to monotonicity, and (c, co)-bi-
Lipschitzness for any « > 0 corresponds to o being one-to-one. If the upper bound in (9) holds,
then we call o -Lipschitz. Similarly, if the lower bound holds, we call o a-anti-Lipschitz. Finally,
if there exists any « > 0 such that o satisfies (9), we simply say that o is anti-Lipschitz.

We primarily focus on agnostically learning SIMs in the following setting (Model 1). We remark
that limiting our consideration to anti-Lipschitz link functions in Model 1 is not restrictive for
our omniprediction applications, and can be achieved using an infinitesimal perturbation to each

11



comparator o by a linear function; in particular, all of our omnipredictors extend to the setting
where this condition is not enforced. We discuss this point in Appendix B.1 (cf. Remark 2).

We include this limitation primarily for ease of exposition, as it allows us to, e.g., define the inverse

o~ ! uniquely, and apply uniform convergence results for population-level statistics in Section 3.

Model 1 (Agnostic SIM). Let L,R > 0, § = Q(ﬁ), and d,n € N be given. Let D be a distribution
supported on X x [0,1], where X C B(L) C R?. Finally, let W := B(R) C R?, and let
S:={o:[-LR,LR] — [0,1] | o is B-Lipschitz and anti-Lipschitz} .

In the agnostic single-index model setting, we receive i.i.d. draws {(X;,yi)}icp) ~ DP". Our goal
is to return a pair (o,w) € S X W such that, for p(x) := o(w - x) and an appropriate loss { :
[0,1] x [0,1] = R clear from context, we have that E ,\~p[l(p(x),y)] is small.

We will define our loss functions of interest in Section 2.2. Note that no assumptions on D are
made, except that it is supported on X with radius L. In particular, Model 1 makes no assumptions
about the relationship between the label y and the features x. Finally, note that the assumption
68 = Q(ﬁ) is essentially without loss of generality, as otherwise the entire range of ¢ € § is
2BLR = o(1). We make this assumption to simplify our final complexity statements.

For technical reasons that become relevant in our finite-sample analysis, in the context of Model 1,
for every pair of 0 < a < «, we define the family of link functions

Say:={0:[-LR,LR] —[0,1] | 0 is (v, ~y)-bi-Lipschitz} . (10)

Next, we define a special case of Model 1 that posits that the relationship between the label distri-
bution and is governed by an unknown GLM, i.e., that the SIM is realizable.

Model 2 (Realizable SIM). Let 8 > 0, L,R > 0, and d,n € N be given. In the realizable single-
index model, we are in an instance of Model 1, with the additional assumption that (following
notation from Model 1), for an unknown (o, wy) € S X W,

Eypy(y) Y] = 0% (Wi - x), forallx € X.
In other words, in Model 2, the conditional mean function of the label y | x follows a SIM o, (W, - x).

2.2 Omniprediction preliminaries

In this section, we outline the definition of omnipredictors for single-index models, following [GKR 22,
GHK™23]. We first require defining two types of loss functions we will consider.

Definition 1 (Matching loss). For some interval D C R, let o : D — [0,1] be a link function. We
define the matching loss ¢y, : D x [0,1] — R induced by o as follows:

loo(t,y) = /0 (o(r) — y)dr = /0 o (F)dr — yt.

We recall several standard facts about matching losses.
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Lemma 1. For any link function o and y € {0,1}, lm o (-, y) is convez in t, and

0

aém,a(ta y) = U(t) - Y.

Proof. The second conclusion follows by observation. To see the first, a one-dimensional differen-
tiable function is convex iff its derivative is monotone. The claim follows because ¢ is monotone. [

Lemma 2. For some interval D C R, let 0 : D — [0, 1] be a link function, and let p* € [0,1]. Then
for any t € D such that o(t) = p*, we have t € arg min,p {[EyNBem(p*) [l (t,y)]}-

Proof. A differentiable convex function is minimized at any point where the derivative vanishes.
Applying Lemma 1, the derivative of £, pem(p) [fm,o(f,¥)] at t is indeed

EyBern(p) [0(t) —y] = o(t) —p* = 0.

We next define a variant of matching losses taking predictions v € [0, 1] as input.

Definition 2 (Proper loss). For some interval D C R, let o : D — [0,1] be a one-to-one link
function. We define the proper loss £, 5 : [0,1] % [0,1] = R induced by o as follows:

lpo(v,y) = ng(U—l(v)’ y).
We note that Lemma 2 implies that for all p* € [0, 1] and one-to-one o,

p* = arg min {[EyNBern(p*) [fp,a (U, y)]} )
vel0,1]
justifying the name proper loss. Also, observe that ¢, , has both arguments in the “linked space”
[0,1], whereas ¢m , has its first argument in the “unlinked space” D C R.

We can now define omnipredictors. We begin with a general definition that applies to an arbitrary
family of losses £ : D x [0,1] — R, and a comparator family of predictors C : X — D.

Intuitively, an omnipredictor p is a predictor over X that can be “optimally unlinked” (i.e., post-
processed) in a way that competes with the optimal comparator in C for each loss £ € L. Notably,
the initial predictor p must be defined independently of the losses £ € L it is evaluated on.

Definition 3 (Omnipredictor). Lete > 0, X C R, and let D be a fived distribution over X x {0,1}.
For some interval D C R, let C be a family of (unlinked) predictors ¢ : X — D, and let L be a family
of loss functions € : D x [0,1]. We say p: X —  is an e-omnipredictor for L x C if for every £ € L
and a corresponding post-processing function ke :  — D, it holds that

Ecy)~p 1€ (ke(p(x)), y)] < min Egey)p [£(e(x), y)] + .

Here the post-processing functions kg are pre-specified and independent of the predictor p.
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We note that our Definition 3 generalizes the definitions in [GKR ™22, GHK 23], by allowing the
omnipredictor to map x € X to an abstract space €. Intuitively, p(x) will constitute a set of
“sufficient statistics” for x € X, independent of the loss function of interest ¢m ,. This viewpoint
was inspired by a recent work of [GOR™'24]. These sufficient statistics can later be post-processed
via a loss-specific function ky. In our omnipredictor constructions in Section 3, Q will always be
[0,1] or [0,1]7 for some T € N; the latter is only needed under the agnostic Model 1.

A simple observation about Definition 3, as shown in Lemma 4.2, [GKR122], is that if p : X — [0, 1]
is the ground truth conditional predictor p(x) = E[y | x], then it is always an omnipredictor, using
the optimal post-processing function k;(p) := arg min,c p{pl(¢,1) + (1 — p)¢(¢,0)}, as discussed in
Section 2, [GHK™'23|. As an extension, when Q = [0, 1] and ¢ = /1, » is the matching loss associated
with a one-to-one link function o : D — [0, 1], Lemma 2 shows that this optimal post-processing is
ke = o~ '. For more general 2, however, this may not be the case.

We can now specialize Definition 3 to the setting of SIMs in the context of Model 1, where L is the
family of matching losses induced by S, and C is the family of linear functions induced by W.

Definition 4 (Omnipredictor for SIMs). In an instance of Model 1, fore > 0, we say thatp : X — €
is an e-omnipredictor if for all (o,w) € S X W, there is a post-processing ky : Q@ — [0, 1] such that

[E(x,y)ND [gm,O'(kO'(p(X))a y)] < [E(x,y)ND [gmﬂ(w X, y)] +e. (11)
In Definition 4, we separated out the minimization over the comparator linear function w from (11);
in all other ways, it is exactly identical to Definition 3.

To justify this, in the special case when p is a predictor with Q = [0,1], so k, = ¢!, there is a
clarifying way of writing (11): changing both sides to be in terms of ¢, 5,

[E(x,y)ND [ZP,U(p(X)a y)] < [E(x,y)ND MP,U(O’(W : X)a y)] +e, for all (Ua W) ESxXW. (12)

Thus, up to additive error e, the omniprediction guarantee (11) asks for p to perform as well on
all proper losses ¢, , as the optimal predictor of the form o(w - x). This is sensible as an agnostic
learning guarantee: if y is indeed generated from the realizable model o(w - x) = E[y | x], then for
e =0, Lemma 4.2, [GKR 22| shows p(x) must match the ground truth o(w - x) everywhere.

We conclude the section by introducing the omnigap, a measure of suboptimality for a predictor
p: X — [0,1] in the context of Definition 4. This definition is central to the results of this paper.

Definition 5 (Omnigap). In an instance of Model 1, let p : X — [0,1] be a predictor, and let
(o,w) € S x W. We define the omnigap of p with respect to (o, w) as follows:

0G(p; 0, W) := Epx ) [((%) = ) (07 (p(x)) —w - x)] .

When the arguments (o,w) are omitted, we define OG(p) := sup(,w)yesxw OG(p; o, w). Finally,
when p is specifically a SIM of the form p: x — o' (w' - x) for (¢/,w') € S x W, we denote

0G(o’,w';0,w) := OG(p; o, w), OG(c’,w') := OG(p).

We will sometimes (in Sections 6 and 7) go beyond linear functions w - x and consider a general
function ¢ : X — R. In this case, we denote

0G(p; 7, ¢) := Ex gy [(p(x) — y) (0~ (p(x)) — ¢(x))] -

14



The reason why Definition 5 is useful is that it can be directly related to omniprediction guaran-
tees. This observation was implicitly made by [GHK 23|, using a related definition called loss OI
(outcome indistinguishability). Our omnigap definition is essentially a one-sided variant of loss OI,
which is easier to guarantee algorithmically and suffices for our purposes.

We reproduce a short proof of this relationship, following Proposition 4.5, [GHK*23].
Lemma 3 (Omnigap implies omniprediction). In an instance of Model 1, fore > 0, letp : X — [0, 1]
satisfy OG(p) < e. Then p is an e-omnipredictor (Definition 4).

Proof. Let D be the distribution on X x {0,1} which draws x ~ Dy and then y | x ~ Bern(p(x)).
We have that the following hold, because the integral part of Definition 1 cancels in each line:

Exy)~p [0 (P(%), 9)] = Efy o5 oo (P(%), 9)] = Eieyon [(p(x) = y) 07" (p(x))]
E o lmo (W X, )] = By o (W X, 9)] = —Eyp [(p(x) — y) (w - x)].

Moreover, by the definition of D (i.e., labels are ~ Bern(p(x))), because £ is a proper loss,

E(x,y)Nﬁ [ﬁpya(p(x), y)| — [E(x,y)wﬁ [ﬁmﬁ(w -x,9)] <0.

Summing up the above displays, we obtain for any (o, w) € S x W,

[E(x,y)ND [Epﬂ(p(x)’ y)] - [E(x,y)ND [Em,a(w - X, y)] < [E(x,y)wD[(p(X) - y)(o-il(p(x)) — W X)]

= OG(p; o, w). (13)

Because (o, w) were arbitrary, by using OG(p) < €, we have the claim. O]

The proof of (13) extends straightforwardly beyond linear comparator functions w - x and gives the
following lemma that we need in Sections 6 and 7.

Lemma 4. Let D be a distribution over X x {0,1} for some domain X. Let p: X — [0,1] be an
arbitrary predictor and ¢ : X — R be an arbitrary function. For any non-decreasing link function
o:R—10,1],

[E(X7y)ND MP:U (p(x), y)] - [E(x,y)wD wm,a (C(X), y)] < OG(p; o, C).

The rest of the paper focuses on learning predictors with small omnigap under Model 1. To obtain
our finite-sample guarantees, we require the following “smoothing” fact, proven in Appendix B.1.

Lemma 5. In an instance of Model 1, let o € (0, g55z). If p is an §-omnipredictor for SIMs
(Definition 4) where we make the replacement S <= S, oy (1—2aLR)g i the definition, then it is also

an e-omnipredictor for SIMs using the original S from Model 1.

Remark 1. In the regime 2BLR > 1, Lemma 5 can be simplified to read S < S, g, as a < 2aLRf3.
This restriction is essentially without loss of generality, as 28LR is a bound on the entire range of
o:[-LR,LR] — [0,1], so the model would be restricted from making certain decisions otherwise.

15



2.3 Isotonic regression

In this section, we provide a characterization of the solution of the following bounded isotonic
regression (BIR) problem. Solving this problem is a key subroutine of our algorithms.

In standard isotonic regression, the input is a set of scalars {y; };cf,) C [0, 1]. The goal is to produce
scalars {v;}icpn) C [0, 1] satisfying the monotonicity constraints v1 < ve < ... < v, minimizing the
squared loss to {y,-}ie[n}. We give an efficient solver for a variant of this problem encoding two-sided
constraints, given by upper and lower bounds {a; }i¢[n—1) and {b; };c[,—1]- This optimization problem
has appeared in earlier work, e.g., [ZWDD24|, requiring a; = a(zi+1 — 2i), bi = B(zi+1 — z) for a
reference sequence {z;};c(,) C [0, 1], where it was used to encode bi-Lipschitz bounds.

In our applications of Proposition 1, we only ever set a; = 0 for all i € [n]. However, we write our
algorithmic guarantee in terms of general two-sided constraints for greater generality (which could
have downstream applications), and simpler comparison to the existing literature.

More formally, we prove the following claim in Section 5.

Proposition 1. Let {yi}icin) C [0,1], and let {a;}icin—1), {bi}icpn—1) satisfy 0 < a; < b; for all
i € [n—1]. There is an algorithm BIR(y,a,b) that runs in time O(nlog®(n)), and returns

{vitieln) = argmin Z(Ui — i),
{vi}ien)C[0,1] i€ln) (14)

subject to a; < vip1 —v; < b; for alli € [n—1].

Proposition 1 improves upon a similar procedure developed in [ZWDD24], Proposition E.1 (based on
an optimization method from [LH22|), which also solved (14), in two main ways. First, the algorithm
in [ZWDD24| had a runtime scalingly super-quadratically in n, and second, it only guaranteed a
high-accuracy solution (in the ¢, distance) rather than an exact solution. On the other hand,
Proposition 1 has a runtime scaling near-linearly in n, and gives an exact solution.

Our algorithm is based on a representation of partial solutions to (14) as a piecewise quadratic
function, which is efficiently maintained via dynamic programming and a segment tree data struc-
ture. This algorithm is inspired by a method from [HJTY24| for computing the empirical smooth
calibration, which showed how to efficiently maintain a piecewise linear function.

We require a fact about the solution to (14) from [KKKS11]|, who gave a characterization when
a; = 0 and b; = z;41 — 2; for some reference sequence {Zi}ie[n]' For completeness, in Appendix B,
we reprove [KKKS11], Lemma 1, as several details are not spelled out in the original work.

Lemma 6 (Lemma 1, [KKKS11]|). Let {z;};cn C R satisfy 21 < 22 < ... < 2, and suppose in the
setting of Proposition 1, we have for some 3 > 0, that

a; :=0, b; := B(zi41 — 2;), for alli € [n—1].

Let {vi}ien) be the optimal solution defined in (14), and let f : R — R be any function satisfying
Vit1 — vy < B(f(vig1) — f(vi)) for all i € [n —1]. Then, we have

Z (vi — i) (2 — f(vi)) = 0.

1€[n]
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Lemma 6 extends to the population setting by a discretization argument, proven in Appendix B.

Corollary 4. In an instance of Model 1, for any w € W, let

U“‘%Eggl{ﬂxw~o[@ﬂW-X)—yV}}- (15)
Then for any o, € S,
Egey)nn [(0(W-x) = y) (w-x =0 (a(w-x)))] 0. (16)

2.4 Pool-Adjacent-Violators (PAV) algorithm

Without the two-sided constraints in the previous subsection, isotonic regression can be solved using
a standard algorithm called Pool-Adjacent-Violators (PAV) |[ABET55, GW84].

Specifically, given {y; }icin C {0, 1}, the goal of isotonic regression is to find a solution {v;};cpn C
[0, 1] to the following optimization problem:

{vitiem) = argmin Z(Uz’ —ui)?,
{Ui}ie[n]c[ovl] ZE[n}

subject to v; < wviq; for all ¢ € [n — 1].

More generally, given the probability mass function of a distribution D over [n] x {0, 1}, our goal is
to find a function p : [n] — [0, 1] that solves the following problem:

p= argmin E, ) p[(p(z) —y)?,
piln 0,1

subject to p(x) < p(z +1) for all x € [n —1]. (17)

The PAV algorithm proceeds as follows.

1. We maintain a partition B of [n] into consecutive blocks By,...,Bs. The blocks are always
ordered so that the elements in each B; are smaller than those in B;11. Initially, s = n, and
each B; consists of the single element ¢ € [n]. For any block B, we use p} to denote the
conditional expectation E[y|x € B].

2. If there exist two adjacent blocks B;, B;11 such that p%i > p’éiﬂ, we replace B; and B;y1 with
a single merged block B’ = B; U B;1 and update the partition B. That is, the size s of the
partition reduces by one after each update.

3. Repeat step 2 until no such pairs B;, B;+1 can be found. The output predictor p assigns
p(x) = pj to every z in every block B € B.

Previous work has shown that the PAV algorithm can be implemented in O(n) time [GW84], and
its output predictor p is indeed a solution to the isotonic regression problem (17) [ABE™55, BC90].
Moreover, it minimizes not just the squared error, but every proper loss simultaneously [BP13]. In
Section 6, we give a new simple proof of this result via the notion of omnigap. The following simple
fact about the PAV algorithm will be useful.
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Lemma 7. In the process of running PAV, whenever two adjacent blocks B;, B;11 are merged into
a new pool B', we have
P = P 2 Py,

Proof. Because ZjeBi y; = | Bilpp, and ZjeBiH yj = \Bi+1|p*3i+1 by the definition of the algorithm,
it is straightforward to verify using the assumption pp > p%i_‘_l that

% «
pBi+1’pBi] :

. |Bilps, + |Bivalpg,,, [
bp =
|Bi| + | Bl

3 Omniprediction for SIMs

In this section, we construct our omnipredictors for SIMs. Our omniprediction algorithms are based
on variants of the Isotron algorithm from [KS09, KKKS11], analyzed from a regret minimization
perspective, crucially using our new definition of the omnigap (Definition 5).

As a warmup, we first give a variant of this analysis in the realizable case in Section 3.1. We then
give our main result on omniprediction in the agnostic setting in Section 3.2. Finally, in Section 3.3,
we give a robust variant of our framework in Section 3.2, that can tolerate stochastic gradients and
error in isotonic regression. This is a key component of our finite-sample omnipredictor, Theorem 5.

3.1 Realizable SIMs

Here, we use our omnigap definition to reproduce the main result of [KS09], who gave an analysis
of the following Isotron algorithm in the realizable SIM setting (Model 2). We remark that [KS09]
(and later [KKKS11]) gave analyses of Algorithm 1 in the finite-sample setting, where we only have
sample access to the distribution D of interest. For ease of exposition, we work at a population
level in this section (i.e., assuming access to population-level statistics), as it is a warmup and we
later provide finite-sample results in the more challenging agnostic model.

It will help to introduce the following definition of the squared loss of a predictor p : X — [0, 1],
when there is a distribution D over (x,y) € X x {0,1} clear from context:

leq(pi D) i= Eepm | (%) )] (18)

When p is specifically a SIM of the form p : x — o(w - x), we denote this as

leq(o, Wi D) 1= By [(r(w %) = 1)°]

We also use the following shorthand for the population-level matching loss induced by w € W:

lo (W3 D) = Egey) o lmo (W - %,1)] = Egr gy [ JACOE y)dT] . (19)
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i = R BNV VI

Algorithm 1: Isotron(D, T, n)

Input: Distribution D from Model 2, iteration count 17" € N, step size > 0
wo < 04
for 0 <t<T do
ot < argmingeg, , {lsq(0, wi; D)}
Wil < HW(Wt - vaﬁm,at (Wt; D))
end
return {0 fo<i<7—1, {Wto<i<T

The Isotron algorithm learns a SIM predictor (o, w) € S x W by alternating setting o; to be the best
response to wy in the squared loss (18) (Line 4), and taking gradient steps to update w; (Line 5).
By Lemma 1, the gradient Vy/m (w¢; D) is the following population-level statistic:

Vawlms (W3 D) = Epx o [(0(w %) — )] (20)

The following is an analysis of Algorithm 1’s convergence, adapted from [KS09, KKKS11].

Proposition 2. Lete € (0,1). In an instance of Model 2, the iterates of Algorithm 1, with n = ﬂ%
and T > mij, satisfy
Usq (04, Wi; D) < lsq (04, Wi; D) + €, for some 0 <t <T.
Proof. We first simplify using a bias-variance decomposition: for any (o., w) € S x W,
lsq (0,W; D) = Exup, [(0(W - %) = (Wi - %))?] + Ex gy [(04(Wi - %) — 9)?] (21)

= Ex~p, [(U(W “X) — Ox(Wy - x))Q] + lsq (04, Wi; D).

Observe that the second term in the decomposition is independent of (¢, w). Thus for the purposes
of this proof, we use the following notation to denote the first term, i.e., the excess squared loss:

E(U,W;D) = Ex~p, [(O’(W X)) — oy (Wy - X))Q] = lsq (0, W; D) — lsq (04, Wy; D) > 0. (22)

By standard regret analyses of projected gradient descent (cf. Theorem 3.2, [Bub15]),
, 1 2 2\ | 7 12
<vW£m,Ut (wt7D>7wt - W*> < % HWt - W*HZ - HWH—I - W*H2 + 5 ”vWﬁm,Ut(wtv,D)”z ) (23>

in each iteration 0 <t < T, where w, € W is the true parameter vector from Model 2.

To bound the right-hand side of (23), we have from (20) that for any (o,w) € S x W,

IVawlima (Wi D)5 = sup Exp, [(0(W-x) = 0u(w, - x))(x - v)]*

veRd
lIvil=1

< Suﬂ};d [E(x,y)ND [(O’(W : X) - U*(W* ’ X))2] [EXNDX [(X : V)Q] (24)
Ivily=1

< Ta(o,wi D) | < L2lg(0,w: D).

op

Exp, [XXT}
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The second line used the Cauchy-Schwarz inequality, and the third used our boundedness assumption
in Model 2 (cf. Model 1). We further can bound the left-hand side of (23):

(o4( (wi - x — 0, (o1(wy - x)))]
(oe(wi - x) — y) (05 (or(Ws - X)) — Wy - X))

> E ey [(0(we - %) = ) (07 (00(Wi - X)) = wa - %)] (25)

> ;[EXNDX [(Ut(wt - X) — Ok (Wy - x))Q] = ;Esq(at,wt;D).

The first inequality used Corollary 4, and the second used that o, is §-Lipschitz and monotone.

Now combining (23), (24), and (25), and using n = ﬁ, we have for all 0 <t < T that

1 L?
teorwi D) < P (v = w v = wal3)

Telescoping the above display and using that YW = B(R), one of the adjusted squared losses

lsq (0, ws; D) must be bounded by ¢ after T' > @ iterations, else we have the contradiction

Te
28

1 —_ BL?R?
< % Z lsq(ot, wi; D) < 5
0<t<T

Finally, the bias-variance decomposition (21) yields the claim.
O

To interpret Proposition 2, observe that it shows that in the realizable case, =~ @ iterations of

Isotron suffice to produce a SIM (oy, w;) that achieves squared loss comparable to the ground truth
(0%, Wy), up to error £. We can convert this bound to an omnigap guarantee as follows.

Lemma 8. Lete € (0,1). In an instance of Model 2, let w € W, and let 0 = arg min, ¢ g[lsq(0, W; D)].
Then we have the following relationships between OG(o, W; 0., Wy) and lsq(o, w; D) (cf. (22)):

1 —
Bﬁsq(U,W;D) < 0G(o,w; 04, Wy) < OG(0,w) < 2LR\/lsq(0, W; D).

Proof. We start with the lower bound. By exactly the derivation in (25),

OG(0, w; 04, Wy) = Exup, [(0(W - X) — 0y (Wy - x)) (o (o(w-x)) — wy - x)]

> ! Ex~py [(0(W %) — 04 (W, - X))*] = lQ(a,w; D).

~p B
For the upper bound, we have that for an arbitrary comparator (¢’/,w’) € S x W:

0G(o, w; o', w') = Exp, [(U(W -x) —y)(( /)71(0'(W x)) —w - x)]
< Exop, [(0(w - %) —y) (W x — W' - x))]
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= <Vw€m,a(w; D), w — W’>

< [[Vwlm,o(w;D)||y HW — W/H2 < 2LR\/lsq(0,w; D).

The first, second, and third inequalities above respectively used Corollary 4 (and optimality of o),
the Cauchy-Schwarz inequality, and our earlier derivation (24). O

Combining Proposition 2 and the upper bound in Lemma 8 then yields an omnipredictor.

Corollary 5. In an instance of Model 2, let € € (0, LR). The iterates of Algorithm 1, with n = ﬁ%
and T > 462L4R4, satisfy OG(oy, wy) < € for some 0 <t <T.

2

Interestingly, Corollary 5 shows that in the realizable case of Model 2, we can learn a proper e-
274 p4

omnipredictor (i.e., our predictor is a SIM) using ~ B {;QR iterations of Isotron. This is consistent

with the fact that there exists a proper 0-omnipredictor: the ground truth predictor x — o, (w, - x).

We make one small technical note here: Algorithm 1 outputs a hypothesis link ¢ that may not be
anti-Lipschitz. However, by Remark 2, up to a negligible constant factor in €, our predictor is also
an e-omnipredictor for arbitrary S-Lipschitz links without the anti-Lipschitz condition.

3.2 Agnostic SIMs

One benefit of our omnigap formalism is that, with only a little additional effort, the omnipredictor
construction in Corollary 5 generalizes to the agnostic setting of Model 1. We give our agnostic
omnipredictor construction (assuming access to population-level statistics) in Algorithm 2.

Algorithm 2: IdealOmnitron(D, T, n)

1 Input: Distribution D from Model 2, iteration count 1" € N, step size n > 0
2 {ot}o<t<r—1,{Wi}o<i<r < lsotron(D, T, n)

return p : x — {o¢(wy - X) bo<i<r—1, ko : {Dt}o<t<T — %ZOSKT o (pr)

Theorem 4. In an instance of Model 1, let € € (0, LR). Algorithm 2, with T" > LR ind n =

£2
ﬁ, returns p, an e-omnipredictor for SIMs (Definition /), using the post-processings {kq}ses-
Proof. Fix an arbitrary choice of (o,w) € & x W throughout the proof. Given the stated post-
processings k,, our goal is to prove that (following notation of Algorithm 2)

1 _
[E(x,y)ND gm,o‘ T Z ot (Ut (Wt : X)) Y < [E(x,y)ND [gm,o(w " X, y)] +e. (26)

0<t<T
We first claim that in every iteration 0 <t < T of Isotron, we have

1 2 2 77L2
OG (o1, w0 w) < 5 (1w = w3 = lweer = wall3) + 25 (27)

To see this, we have from small modifications of (24) and (25) that

IVl (Wi D)5 = sup - By [(04(We - x) —y)(x-v)P?
veR
[vly=1
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and

wi X — 0o Hop(wy - x)))]

o Hoy(wy - x)) —w - x)] (28)
> Egxy)op [(0e(We - x) = y) (07 (oe(We - X)) — W - x)]

= OG(oy, wy; 0, w).

Combining these bounds with (23) gives (27). Next, by summing (27) (telescoping the right-hand
side) and using our choices of 7 and T,

1 R?> nL?> LR
= Z OG (ot, w;0,Ww) < — + — = —= < &. (29)
T 0<t<T 2T 2 VT
Finally, recall from (13) that for all 0 <¢ < T,
Exg)o [fmo (07 (0t (Wi - %)), )] = Eeyyop Umo(W - x,)] < OG(0y, wis 0, W).
At this point, (26) follows from the above two displays and convexity of {m . O

Theorem 4 is very general: it says that in the agnostic setting of Model 1, we can define a multi-index

model with ~ % “predictor heads” {o¢, Wt }o<t<7 that serves as an omnipredictor for SIMs.

The main shortcoming of Theorem 4 is that it is improper. In the realizable case, Corollary 5 shows
that this can be overcome with an additional (3LR)? factor in the iteration count.

We give a simple argument that a randomized proper omniprediction guarantee is achievable in
the agnostic setting. Formally, we show that there exists a randomized SIM p : X — [0, 1] that is
competitive with linear functions in expectation, in the sense of (12), over the randomness of p.

Corollary 6. In an instance of Model 1, let € € (0,LR), and let {o+}o<i<T—1 and {w;}o<i<T be
the output of Algorithm 1 with T > LZf‘Q and n = ﬁ. Then letting T be a uniformly random
index in the range 0 < 7 <T — 1, and setting (6, W) < (0., W), we have

[ET,(x,y)N’D [€p70(y7 6(‘;\’ ' X))] < [E(x,y)ND [€p70(y7 U(W : X))] +¢, fOT all (07 W) €S XW.

Proof. By the definition of our randomized SIM (6, w), and our bound (13), it suffices to show

% > Eypen [(0e(we - x) —y)(07 ou(wi - %)) —w - x)] <&
0<t<T

The above display immediately follows from (29) upon expanding definitions. O

Note that the conclusion of Corollary 6 matches (12), an equivalent condition to proper omnipredic-
tion for SIMs, except in that our predictor is randomized. It is crucial that the index 7 is chosen
independently of the comparator (o, w) in our proof. This has the interpretation of Algorithm 1
learning a data structure, i.e., the output multi-index model, that allows for generation of random-
ized SIM predictions that can then be used to properly label examples x € X’ at test time.
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Omnipredicting empirical distributions. In general, when we do not have an explicit descrip-
tion of the distribution D in Model 1, Algorithm 2 is intractable to implement. However, one basic
setting where Theorem 4 is implementable is when D is a uniform empirical distribution over n
datapoints {(x;,¥i)}ic[n)- In this case, our goal in Definition 4 is to construct an omnipredictor for
empirical risk minimization (ERM) over the dataset, i.e., p : X —  such that (5) holds for some
post-processing k, : 2 — [0, 1]. This is a natural goal in its own right, extending the more standard
setup of maximum a posteriori (MAP) estimation in generalized linear models.

By directly evaluating the population-level statistics required by Lines 4 and 5 of Algorithm 1, the
former using Proposition 1 and the latter using direct computation of (20), we immediately have
the following corollary for this ERM omniprediction setting.

Corollary 7. In an instance of Model 1, suppose that D is the uniform empirical distribution over
2 p2

{(xi,9i) bie) € X x {0,1}, and let € € (0,LR). Algorithm 2, with T > Lj and n =

returns p, an e-omnipredictor for SIMs (Definition 4), using the post-processings {ks }ses-

_R__
LT-1/27

Moreover, the algorithm runs in time

O <(nd +nlog®(n)) - L2R2> :

e2

3.3 Robust omnipredictor construction

In this section, we extend Theorem 4 to the setting where we only have sample access to D, rather
than the ability to query population-level statistics. This brings about two complications: we can
only approximately compute the population BIR solution in Line 4 of Algorithm 1, and we only
have stochastic approximations to the population gradient Vy/{m o, (w¢; D) in Line 5. We defer
discussion of the former point to Section 4, using the following definition.

Definition 6 (Approximate BIR oracle). In an instance of Model 1, we say that O is an e-
approximate BIR oracle if on input w € W, O returns 6 € Sp g satisfying

Ey)op [(6(W-x) —y)(Ww-x— 0 (6(W-x)))] > —¢, forallo €S.

To motivate Definition 6, observe that Corollary 4 implies that an oracle which outputs the exact
minimizer to ¢sq(o, w;D) is a 0-approximate BIR oracle. Our approximate BIR oracle of choice,
as analyzed in Section 4, will ultimately be the empirical BIR solution over a large enough finite
sample from D, which has a compact representation as a piecewise linear function.

We also require the following result on stochastic optimization. Similar results are standard in
the literature, e.g., [NJLS09], but we require a variant handling both adaptivity of the comparator
point, and providing high-probability guarantees. We use a “ghost iterate” technique from [NJLS09]
combined with standard martingale concentration to prove the following claim in Appendix C.

Lemma 9. Let T € N, n >0, § € (0,1), W := B(R) C R?, and let wo < 04. Consider running T
iterations of an iterative method as follows. For a sequence of deterministic vectors {g}o<t<T Such
that g can depend on all randomness used in iterations 0 < s < t, let

w1 < Iy (wy —ng:), where E[g: | 8o,...,8t—1] =&, for all0 <t <T.

23



® N o ok~ W N

with probability > 1 — 4§,

Further suppose ||g|ly < L deterministically. Then if n = 4/ 52T T

og(
T

)

STl

sup Z g, wy —w) < 20LR
WEW o<i<T

We now modify Algorithm 2 to tolerate stochastic approximations and approximate BIR oracles.

Algorithm 3: Omnitron({(x¢, y¢) fo<t<7, T\ 1, O, €)

Input: {(x¢,y:) bo<t<T ~iia. D for a distribution D from Model 2, iteration count 7" € N, step
size n > 0, e-approximate BIR oracle O (Definition 6)
wo < 0y
for 0 <t<T do
O < O(Wt)
g — (or(Wy - Xxy¢) — ye)x¢
wip1 < Iy (wy — nge)
end
return p : x — {o¢(w - X) bo<t<r—1, ko : {Pt}o<t<r — %ZOSKT oL (pt)

Proposition 3. In an instance of Model 1, let € € (0, LR) and § € (0,1). Algorithm 3, with

e 1600L%R2log(2) 2 R
- T> d dn= 1/ — .2
cTyt = &2 S VR

returns p, an e-omnipredictor for SIMs (Definition /), using the post-processings {ks}ses, with
probability > 1 — 0 over the randomness of {(X¢, yt) bo<t<T ~iid. D.

Proof. First, observe that Algorithm 3 is exactly in the setting of Lemma 9 with g; := V/m. o, (W¢; D);
in particular, because the input {(x¢, y¢) }o<t<7 is drawn i.i.d., we have E[g; | 8o,...,8t—1] = g by
(20), and because x; € B(L) and (o¢(wy - x¢) — ) € [—1,1] for all 0 < ¢ < T, we have ||g||, < L
deterministically. Thus, plugging in our choices of T" and 7 into Lemma 9 shows that

log(3) _

€
T 5 for all w e W,

T Z b, (We; D), wi —w) < 20LR
O<t<T

with probability > 1 — §. Next, in each iteration 0 < t < T', we have for all o € S,
(Vwlmo,(Wi; D), wi — W) = Ex yop (00 (W -

= E(xy)~p [(00(We -

+ [E(x y)~D [(O’t(Wt

><

) = y) (Wi - x — w-x)]
) = y)(wi-x — o (on(wi - x)))]
) —y)(o~ (Ut(Wt X)) —w- X)]

) —y)(o~ (Ut(Wt ‘X)) —w- X)} -
€

X Y

><
NI RO

> [E(xy ~D [(Ut(wt

= OG(O’t, Wi 0, W)

24



In the fourth line, we used Definition 6 and the assumed quality of our approximate BIR oracle to
lower bound the second line. Thus by combining the above two displays, for any (o,w) € S x W,

1
T g OG (o, wy;0,w) < €.
0<t<T

The remainder of the proof follows identically to Theorem 4. O

4 Omnigap Generalization Bounds

In Section 4.1 we give the second main piece of our finite-sample omnipredictor, i.e., an approximate
BIR oracle (Definition 6). We put the pieces together to prove Theorem 5 in Section 4.2.

4.1 Empirical convergence for BIR

In this section, we prove finite-sample convergence guarantees for the omnigap via a covering argu-
ment. We focus on the bi-Lipschitz setting here, which we extend to the full Model 1 in Section 4.2
via the reduction in Lemma 5. For ease of exposition we introduce the following model.

Model 3 (Agnostic bi-Lipschitz SIM). Let 0 < o < 8, L,R > 0, and d,n € N be given. In the
agnostic bi-Lipschitz single-index model, we are in an instance of Model 1, except that the link
function family S is replaced with the bi-Lipschitz family S 5 defined in (10).

We next define our notion of an e-cover and (g, n)-cover for a function family.

Definition 7. For some domain D and range R C R, let U be a family of functions u : D — R,
and let e > 0. We say that U C U is an e-cover for U if for all u € U, there exists u' € U’ such that

|u— u'Hoo = SUI[)) |u(w) — v/ (w)| <e.

We let N'(e,U) be the smallest cardinality of an e-cover of U, called the e-covering number of U.

Definition 8. In the setting of Definition 7, given X1,...,%X, € X, we say that U' C U is an
(&, {Xi}ien))-cover for U if for all w € U, there exists u' € U such that

Hu B UIH{Xz‘}z‘e[n] - ?Elé[);l}]{ }U(Xl) - UI(Xi)‘ =<

We let N(e,U,{Xi}icin]) be the smallest cardinality of an (g, {Xi}icin))-cover, and let the (g,n)-
covering number N (g,U, n) be the supremum of N'(e,U,{X;}icpn)) over all choices of {X;}icp) C X

We also consider an o variant of the covering number. Given x1,...,%X, € X, we say that U’ C U
is an (€, {Xi}ien), L2)-cover for U if for all u € U, there exists u' € U such that

1 n
[ u— ulH{Xi}iE[”LEQ = | (k) —w (k) < e

n -~
=1

We let Na(e,U, {Xi}icjn)) be the smallest cardinality of an (g, {Xi}ic[n], 2)-cover, and let the (g,n, {2)-
covering number Na(g,U, n) be the supremum of Na(e,U,{X;}icp)) over all choices of {Xi}icin)-
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From the definition above, it is clear that

Nao(e,U,n) < N(e,U,n).

We next require several bounds on covering numbers, following arguments similar to [KKKS11].

Lemma 10 (Corollary 3, [Zha02|). Define W as in Model 1. Then for e € (0,1),

L2R2

Ny (e,W,n) < (2n+ 1) 72,

Lemma 11 (Lemma 4.16 and Page 63, [Pis99]). Define W as in Model 1. Then for e € (0,1),
2LR\*
N(c‘:,W) S <1+€> .

Lemma 12. Define Sy g as in (10). Then for e € (0,1)

J
2B8LR

.97

4
N(c?,SOﬁ) § g

Proof. Fix some o € S, s in this proof, so our goal is to construct a finite set of o’ € S, g that is
an e-cover. We partition [—-LR, LR] x [0,1] into a grid with endpoints along each axis given by:

€
{—LR+a- B}QSaSW X {b'g}ogbgé'

In each range [ := —LR+a- §,r:= —LR+(a+1)- 5), we can round o({) and o(r) to the nearest
multiple of €, and define ¢’ to be a linear interpolation in this range. Repeating this construction
in each interval, the resulting ¢’ is monotone and S-Lipschitz. Moreover, ¢/(—LR) is a multiple of
¢ (of which there are crudely at most %), and its slope in each interval (of which there are at most
@ + 1) is either 0 or 8. The bound follows by bounding the number of such o’. O

Lemma 13. Define S;% :={o"1 | o €8up}. Then fore € (0,2LR),

8LR2&%‘

N (5,8;}5) <

g

Proof. The proof is analogous to Lemma 12, except for our construction we partition [0,1] x
[~ LR, LR] using the two-dimensional grid given by the endpoints

{CL . as}ogagi X {—LR+ b- 6}0§bgm . O

We next define a function class that corresponds to our omnigaps (Definition 5) of interest.

Definition 9. For each triple (w,o0,0,) € W x Sy g X S;lﬁ, we define fwoo, @ X x[0,1] —
[~2LR,2LR] by:

fwoo(xy) = (0w z) —y) (W2 -0, (o(w-2))).
We define the corresponding function class F = {fw oo, | (W,0,0,) € W x Sy 3 X S;lﬁ}
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We now define our cover for F, by using Lemmas 12 and 13.

Lemma 14. Define F as in Definition 9. Then for e € (0,2LR),

12L 2L2R?

Ny (e, F,n) < b a52R . 2(a5+8[ij€R)(2n +1) 4p-;21;2R +1, (30)
d

N (e, 7) < 2L gt (1+ mng) . (31)

Proof. We focus on proving (30) using Lemmas 10, 12 and 13. The proof easily extends to (31) by
using Lemma 11 in place of Lemma 10.

Consider fixed (x1,y1) .-, (Xn,yn) € X x{0,1}. Let W’ be an (sﬁ’ {(x4,9i) Yien), £2)-cover for W as
given by Lemma 10. Let S’ be an %F-cover for Sy g as given by Lemma 12, and let U’ be an §-cover for
S;lﬁ as given by Lemma 13. Our cover for F is all functions fw s, Where (w,0,0,1) € W xS xU'.
This immediately gives the claimed size bound. We now prove the cover quality.

For simplicity of notation, for any function f : Xx{0,1} — R, we use || f||c and || f(x,¥)]|co to denote
1l {(xi i)} icp (s€€ Definition 8). Similarly, we use || f||2 and [|f(x, y)|2 to denote || [l {(x;,y:)}icpbo-
For any f: X x {0,1} — R, we have

1fll2 < 1 fllo-

Fix an arbitrary (w,o,0,') € W x Sppg x S;}g, and let (w',0’,u™!) € W x & x U’ satisfy

[w-z—w |, < g5, lo -0l <% and ot —u oo < §. Our goal is to prove

wa7a"o'*_1 (X, y) - fw’,a”,u_1 (Xv y) H2 <e. (32)
By the triangle inequality,

Fwoort (89) = fwr ot (x9)|[ < [[(o(w-2) =o' (W'x)) (W x — o (o(w %)),
H .

+ o'W %) = yll o [ (w-x = w'-x) (33)
+ Ha'(w' -X) — yHOO Ha*_l(a(w X)) — u_l(a'(wl . X))H2
We first bound the following terms:
[(o(w o) =o' (W' 2)) |, -
<|l(o(w 'l‘)—O‘(W/-ZL‘))H2+H(O'(W-:L')—O‘(W/-l‘ )M, < 8 —I—ﬁfﬁ =

We bound each of the three lines in (33) separately. First,

| (o(w o' (w-z))(w-z -0, (o(w- :U)))H2 <2LR||(o(w-z)— o' (W' x))H2
LRae ¢
< <Z,
- 4 78
using (34) and the fact that o < 5 L 7 clse the set F is empty. Next,
'(w! r—w - < E
o/ )= a) < 5 <
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Finally, because u is a-anti-Lipschitz,

o' (W' - 2) =y  [los (o(w - 2)) —u (o' (W' - 2)) |, < [Jor (o (W' - 2)) —u™ (o' (W' @)

t[los o(w - 2) — oMo' (W' 2))],

IN

where we used (34) in the third line. Plugging the above three displays into (33) proves (32). O

We can now use a standard chaining argument with Lemma 14 to give our main omnigap general-
ization bound. In particular, we use several standard tools relating covering numbers, Rademacher
complexity, and generalization, recalled in Appendix A for the reader’s convenience.

Proposition 4. In an instance of Model 3, let e € (0, LR), § € (0,1), and let {(Xi, yi) }icjn] ~iid. D-
Define the empirical bounded isotonic regression solution given w € W:

& = arg min Z (o(w-x;) — yi)°

7€50.8 | igln]

Then with probability > 1 — § over the randomness of the sample, for any w € W, the & defined
above (as a function of w) satisfies

Exyy~n [(6(W %) —y) (W-x — 07! (6(w-x)))] =~ for all 0, € Sap,

if for a sufficiently large constant,

L?R? 1 B2 4 (BLR
=0 (T (et e ()

L?R? 1 /3 5

or

Proof. We let an denote the uniform distribution over the samples, and follow the notation in
Definition 9. By Lemma 6, it is enough to show that for all o, € S, 3,

e o 0,9 = By, Fwarr (,3)]| < 2.

We will show that with probablity at least 1 — §, the above inequality holds for every triple of
(w,6,0.1) € W x So, X 8;16 Let 7' C F be a A-cover for F, which by Lemma 14 has size

6452L2R2

512LR
No (A, Fon) < YNE

512LR (.4 ,88LR 166LR
< 2222 o(axtas)
N(AF) < AT 2\ax T aa <1+ A )

+1

.2(ﬁ+8§ZR)(2n+ 1)«




Taking the logarithm of the covering numbers above, for any A € (0,4LR], we have

B 1 ALR 1+ pBLR  [°L*R?
log Ns (A, F,n) =0 (logaLR + log X T oA IAZ logn

_ 1 ALR BLR B?L?’R?
4LR BLR BLR
< —_— — .
10gN(A,F)_O<10gaLR+log A + A + dlog aA> (36)

By Dudley’s chaining argument, we can use the covering number to bound the Rademacher com-
plexity of F by Proposition 8. Since fw ¢ (%,y) € [-2LR,2LR], defining e9 = % and using (35)
we have

4LR
1 A
R(F; Xl,...,n) < 4eg + 10/ MdA

€0

! ! p BLR+/log nlog(LR/e)
<0 — [ LRy/1 IR
- (50 " ( Viow g+ Snes 2

! 1 B8 BLRlog"5n
=0 —= (LRI Brpy PLElog " n)
(ﬁ ( @+ \/; e
In the calculation above, we used the following basic facts for any ¢ > 0 and 0 < ¢y < ¢;:

/0 %dA = log (2) /0 \/ZdA = 0(/o), /0 \/log (%)dA = 0(c).
Similarly, using (36), we have
R(F;x1,.n) <10 /M \/MdA
0 n
<0 (\/15 (LRmog aéR + \/ELRJr \/dlog gLR>> .

Observe that fw oo (%,y) € [-2LR,2LR] for all w € W, x € X, and y € {0,1}. Therefore by
Proposition 7, with probability 1 — § over random samples {(X;,¥;)}icpn) ~iid. D, simultaneously
for all (w,o,0") € W x Sy X Sa.3,

log(1/6
‘[E(x,y)ND [fw,cr,o’(xa y)] - [E(x,y)wﬁn [fw,a,o’(xa y)]’ < 2R<]:§ Xl,...,n) +0 (LR (n/)) .
Therefore we need
log(1/6
2R(Fix1,..0) + O (LR Og(n/)> <e
Rearranging and plugging in our choice of n yields the claim. O
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Algorithm 4: ApproxBIROracle(w, {(xi, y:) }ic[n]» 5)

Input: we W, {(Xiayi)}z‘e[n] ~iid. D (cf. Model 1)

Sort {2; := W - X; };¢[] in nondecreasing order, and sort {y; };c[, similarly

(@i, bi) < (0, B(zit1 — 2)) for all i € [n — 1]

{vi}iein) « BIR(y, a,b) (Proposition 1)

return ¢ : [-LR, LR] — [0, 1], a 8-Lipschitz function with 6(z;) = v; for all i € [n]

We summarize the implementation of Proposition 4, via the bounded isotonic regression algorithm
from Proposition 1, in the following pseudocode for our later convenience.

Finally, our proof of our population-level optimality characterization in Corollary 4 requires a similar
generalization bound for the squared loss, which we now provide.

Lemma 15. In an instance of Model 3, let €, € (0,1), and let {(Xi, i) }iepn) ~iid. D Then with
probability > 1 — § over the randomness of the sample,

Epeun [(00w %) = )] = = 37 (olw x0) — )| < <.

i€[n]

for all o € So g, if for a sufficiently large constant,

BLR 1 1
Proof. Lemma 12 gives a g-cover S 5 of 8o, with size < 18—628[3%. For any (w-z,y) € [-LR, LR] X
[0,1] and 0,0 € Sy g with |lo — o'[|, < §, we have
’(a(w ) —y)? — (o'(w-z) — y)2‘ <lo(w-z) =o' (w-z)||o(w-z)+ o' (w-z) — 2y
€ €
<2 cx) =o' (w- <2(7><7.
< (|U(w x) —o'(w x)’)_ 1) S5
Thus it is enough to show that for all o’ € & g,

DN ™

Epeypon [(0'(w %) = 2] = B, [(0'(w %) = )?]| <

Since (o'(w-x) —y)? €[0,1] for all w € W, x € X, and y € {0, 1}, applying Hoeffding’s inequality
for each (0,0") € Sp g X Sa3,

o [Eoan (00w ) = 9)*] = gy, [0/ ) = 9] 2 5]

{(xi,9i) e ~iia. D
2
ne
<92 -
= eXp( 9 ) >

and a union bound gives the failure probability if

2
32 (SBLR ne ) <5

—ex
5 P € 2

which is true upon plugging in our choice of n. O
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4.2 Proof of Theorem 5
We finally are ready to assemble the pieces to give our main finite-sample omniprediction result.

Theorem 5. In an instance of Model 1, let € € (0,LR) and § € (0,1). There is an algorithm (Al-
gorithm 3, using Algorithm 4 as a -approzimate BIR oracle) that returns p, an e-omnipredictor for
SIMs (Definition 4) using the post-processings {kq }ses, with probability > 1—3§ over the randomness
of samples {(Xi,Yi) }ic[n] ~iid. D, where for a sufficiently large constant,

L?R? B2LARY BL?R? 1
neo (G (P (P5) e (5)))
22 22 22
nz@(Lf ~(ﬂLR+dlog<ﬁLR>+log<1>)).
€ € € 1)

Moreover, the algorithm runs in time

or

L?R%log(1)
O ((nd—i— nlog?(n)) - T‘s )
Proof. Throughout this proof, let o := 7557, and let
6400L%R?log(%) 2 R
T:= , M=) == =.
g2 5T L

Proposition 3 with € < § shows that, with failure probability g, we can obtain an 5-approximate
omnipredictor against the family S, ,41-20LR)s, as long as we can successfully implement a §-
approximate BIR oracle in each of the T steps. This is achieved using Algorithm 4 with § <«

a+ (1 —2aLR)p and

LQ 2 L L4 4 02 L3 3
)

de g2
or 2 P2 2 2 2 2
L L L L
nz@( f -(logR—i—B A +dlog”8 R>>
€ de € €

samples, for an appropriate constant, because Proposition 4 shows that Algorithm 4 succeeds except
with probability % on all iterations. We simplified by collapsing all dominated terms in the theorem
statement for readability. The overall failure probability follows from a union bound. We can verify
that the sample complexity of Algorithm 3 does not dominate. Finally, applying Lemma 5 shows
that p is also an omnipredictor against the original family S.

For the runtime, the dominant cost is running BIR (Proposition 1), and then performing a constant
number of vector operations, in each of the T iterations. We note that each link function resulting
from Algorithm 4 can be represented as a piecewise-linear function without loss of generality, and
hence can be evaluated in log(n) time, i.e., the time to binary search for a piece of the function. [

We remark that we can obtain an improved sample complexity bound in the case where the link
functions in question are natively bi-Lipschitz, bypassing the need for smoothing via Lemma 5.
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Corollary 8. In an instance of Model 3, let 5 > a > 0, € € (0,LR) and 6 € (0,1). There is

an algorithm (Algorithm 3, using Algorithm 4 as a §-approzimate BIR oracle) that returns p, an

e-omnipredictor for SIMs (Definition /) using the post-processings {kq}ocs, with probability > 1—4§
over the randomness of samples {(Xi, yi) }icpn) ~iid. D, where for a sufficiently large constant,

n=o (T (e () v (5)))
€ « aE 1)

n=0 <L252 . (ﬂ + dlog <ﬂ> + log <1)>) .
€ « o 1)

Moreover, the algorithm runs in time

or

0 ((nd+nlog2(n)) : LQRﬂ;W) :

5 Bounded Isotonic Regression in Nearly-Linear Time

The main result of this section is a proof of Proposition 1, i.e., our BIR solver, from Section 2.

As a preliminary step, we show the following claim in Appendix D about an equivalent dual formu-
lation to (14). This dual formulation is substantially easier to work with for our approach.

Lemma 16. Given an optimal solution {fi}icin—1),{9i}ie[n to the following problem:

min E (cifi +dil fi]) + § (eigi + |gil)
{fi}ie[n—l]CIRie[n_l] i)
{9i}icn)CR (37)

n—1

(=g + 5 U+ o+

1=2

+ (fi — fii1— 90,

N | =
N —

where {¢i}icn—1], 1di}iepn), {€iticm—1) are constructible from {y, a,b} in O(n) time, we can compute
the solution to (14) in O(n) time. Further, d; > 0 for alli € [n — 1], and |e;| <1 for all i € [n].

5.1 DP formulation

In this section, we give a recursive dynamic programming-based solution to (37), assuming nothing
more than the conditions d; > 0 for all ¢ € [n — 1], and |e;| < 1 for all i € [n].

For convenience, we define a sequence of partial functions {4; : R — R};¢[,,—1) recursively as follows:

. 1
Ai(f) = glgéclf} +di|fi]l +e1g1 + || + §(f1 —q)?,

1

Ai(fi) = znei% cifi + dil fil + eigi + |gi| + Ai—1(fiz1) + 3 (fi — fii1 —9i)?,

fi—1€R

An—l(fn—l) = gmilel[ch—lfn—l + dn—1|fn—1‘ +en—19n—1 t+ |gn—1| + engn + ’gn‘
n—1
gn€R
fn—Qe[R
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+ An72(fn72) + %(fnfl - fn72 - gnfl)Q + %(fnfl + gn)Q-

where the second line above holds for 2 < i < n — 2. Observe that minf, ,ecgr Ap—1(fn—1) is the
original problem (37). Moreover, for convenience we define the following functions for 2 < i <n—2:

. 1
Bi(fi, fi—1) == gl_lé%cifi + dil fi| + eigi + |gi| + Aica(fim1) + 3 (fi — fio1 —gi)*.

Our main structural claim is that each A; has a concise representation as a continuously-differentiable,
piecewise-quadratic function on both sides of 0, whose coeflicients admit a simple recurrence.

Lemma 17. For all i € [n — 2], A; is a convex, continuous, piecewise-quadratic function with at
most 2i + 2 pieces, that is continuously-differentiable except potentially at 0.

Proof. We first prove the base case of ¢ = 1. The minimizing ¢; is achieved by

fi—(e1=1) fi—(e1—-1)<0

g=sfi—-(e1+1) fi—(e1+1)>0. (38)
0 else

Thus we have the claimed piecewise representation

(1 —di+er—1)fi—3(e1—1)? fi<e—1

12

5 —d —-1< <0

Ay = 4 e don @ 1=hEl (39)
3fi t(aa+di)fi 0< fi<er+1

(c1+di+e+1)fi—3(ea+1)? fize+1
2

Next, inductively suppose that the claim holds for A;_1, i.e., there exist vertices {v; }je[2z'—1] sorted
in nondecreasing order, such that for all 2 < j < 2¢ — 1, A;_; has quadratic and linear coefficients
(e, Bj) in the range [vj_1,v;]. We also let A;_; have quadratic and linear coefficients (aq, 1) in
the range (—oo, v1], and (g, 52;) in the range [vg;—1,00) respectively. We also designate an index
z € [2¢ — 1] such that v, = 0. Thus our continuity assumptions show

20[]'1}]' + Bj = 20(j+1f0j =+ ,8j+1 for all j € [ki - 1] and k+1< j <2¢—1. (40)

Moreover convexity shows that the {a; }je[gi} are nondecreasing. In the remainder of the proof, we
fix an index 2 < ¢ < n — 2, and denote our decision variables f := f;, g :== ¢;, and h := f;_; for
improved readability. We next define two locations of special interest. Let

dA;_ dA;_
u be maximal satisfying dlh L(u) = ¢; — 1, w be minimal satisfying d;], ! (w) =e;+1. (41)
If dA’ L > e; — 1 always, then we let v = —oo, and if d < e; + 1 always, then we let w = oc.

There is an edge case where u =0 or w = 0 (allowing for subgradlents above). In this case, we let

dA;—
(h) — (e; — 1), gap, = (e; +1) — lim !

N h—ut dh h—w— dh (h) (42)
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Observe that gap_ and gap, are always nonnegative, and they are respectively positive iff there
is a discontinuity in d‘?fh‘l at u = 0 or w = 0. If neither u nor w is 0, we let gap_ = gap, = 0.

Additionally, let £ — 1 be the largest index, and r be the smallest index, such that

v S u < vy, U1 Sw < vy,

where we let vy := —o00, v9; := 00 for convenience. Notice that if v = 0 then vy_1 = u and if
w = 0 then v, = w. We are now ready to characterize how the coefficients {a;, 8;}j¢[2; and vertices
{vj}jepi—1) evolve. First we minimize A; over g:

. f—h—(e;—=1) f—h—(e,—1)<0
argmineig+\g\+§(f—h—g)2: f—h—(e;+1) f—h—(e+1)>0 (43)
g<R 0 else
Hence we have that
Ai(f) = mineif + dil f| + Ai-1(h)
(€i+1)(f—h)—%(6i+1)2 f—h—(ei—l)go (44)
+(e—1)(f—-h)—3(e;i—1)?* f—h—(e;+1)>0
$(f—h)? else

Our next goal is to characterize the minimizing h, i.e., h such that %(f, h) = 0. For a fixed f,

—ei—1 h<f—e—1

0B; dA;_1
= h — e —1<h<f—e
8h(f7> dh ()+ h f f el 1_h_f e’L+17
—e+1 h>f—-e+1
(Sei—l h<u
= 2a4h + Sy u<h<uy
dAi—l(h) i2ae+1h+5e+1 v < h<wvpy
i =...
=20, 1h+ 61 vr2<h<v,_y
= 2a:h + 3, v_1 <h<w
>e; +1 h>w
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A direct computation now shows that the minimizing h is as follows:

U f<u+e —1+gap_

£ ute—14gap. < f < (2004 Dog+ By

Qf;;fi:ll (200 + D)vg + By < f < (20041 + Dvggr + Bea

2{;%1 (2az—1 + 1)7)2'—1 + /Bz—l S f S (2042 + 1)7)7; + /BZ

argmin B;(f,h) =<0 (20 + )vy + B2 < f < (2041 + 1)vy + Lot (45)

heR _
2J;zle-:_11 (2az+1 + 1)“2 + /Berl < f < (2az+1 + 1)Uz+1 + /Berl

2a,_1+1 (2051”72 + 1)Ur72 + B2 < f< (2057‘71 + 1)7)7“71 + Br-1
ija:irl oy 1+ Do+ < f<wHe +1—gap,
w fZw+e +1—gap,

\

We can now plug this minimizing h back into our formula for A;. As a helper calculation, in the
case where h = 21; il’ we can check that h € [f — (e; + 1), f — (e; — 1)], so up to a constant in the
definition of A;_1 on the relevant interval,

) 2_1 20 f 8 2 f—B; 2 f—B;
Ihnelur?lAJ 1(h )+§(f_h) —2<2ajj_|_1+2ajj+1> Ty <20¢j+J1> 0 (20‘j+J1>

a] f2 IB
2aj +1 205 + 1

f]7

where we drop all constant terms, as they do not affect the minimizing values and we enforce that
Aj is continuous. We can then verify that up to a constant in each interval,

Ai(f) = cif +dil f|

(e =1)f f<u+te —1

%(f—u)2 ute—1<f<u+e —1+gap_

2%211]”2 + Qa%ﬂ” u+e; —14+gap_ < f < (204 + 1)vg + B

a1t 2ag 1 (200 + Dvg + Be < f < (2aggr + Dvega + Beya

sl f2 4 sl f (20,1 + )vzg + Bom1 < f < (20 + L) + B2
+ 2f2 (20 + Dv, + B < f < (211 + 1oz + B

ZOZT;I—H f2 + goij_tl_i_lf (20241 + Dvz + Bog1 < f < 2zt + Dvegr + B

zaC:T_ll_HfQ Qogr_ll_i_lf (2047”72 + 1)"77”72 + B2 < f< (204r71 + 1)Ur71 + Br—1

20, +1f2+ 20, +1f (20[1”71_'_1)1]7‘71_‘_57‘71 S f §w+ez+1_ga’p+
2(f w) wHe+1—-gap, < f<w+e +1
(ei—i-l)f fZw+e+1
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Finally, taking derivatives, we have that, letting A, (f) := A;(f) — cif — di| f],

e;— 1 f<u+e -1
f—u ute—1<f<u+e —1+gap_
ot f + gty u+e;—1+gap < f < (204 + 1)ve+ Be
ﬁj‘ﬁLf + gaff;lﬂ (20 + V)ve + Be < f < (20041 + V)vegr + Besa
A= () e f + g (201 4+ Doy 4+ Boo1 < f < (202 + v + 6.
df =< f (20, + Vv, + B, < f < (2041 + 1)vy + Bog1 . (46)

2 z zZ
2aj+1ri1f + 2a€++11+1 (20424_1 + 1)“2 + /82+1 < f < (20424_1 + 1)Uz+1 + /Bz+1

2ar—1

Sar 1) T ga[i:lﬂ Qar—2+Dvp_2+ Br2 < f < (2051 + 1)vp—1 + B
e rem g R e (201 + D1+ 81 < f<w+e;+1—gap,
f—w w+e+1—gap, < f<wHe +1

e; +1 f>w+e+1

We can verify directly at this point that A; is convex, piecewise-quadratic, and continuously-
differentiable, with at most 2i + 1 pieces. Here we remark that if gap_ # 0, then v = 0 and the
entire top half of (46) collapses (i.e., f —u = f), and similarly if w = 0 the botom half collapses, so
there is at most one piece added. Adding ¢;f + d;|f| yields one additional piece and preserves the
piecewise-quadratic structure, potentially adding a discontinuity in the derivative at 0. 0

Our proof of Lemma 17 shows that the coefficients (a;, 3;) of every piece of A;_; transform via

a; Bj

(aj’ﬁj)%<2aj+1’2aj+1>’ (47)
upon handling the edge cases to the left of the ¢! piece and to the right of the 7" piece. We then
need to insert the potentially two new pieces introduced in the new piecewise function A;. We note
from (40) that, as long as we keep track of the index z, it is straightforward to recover all vertices v;
demarcating A;_1 from the coefficients a;, 8;, oj+1, Bj41 of neighboring pieces, so we only maintain
the latter. To do so, we introduce the following data structure.

Lemma 18. There is a data structure, BIRPartialMaintainer, which stores two vectors a, 3 € ((ﬁ U
{0}) x R)® for an index set S, and supports the following operations each in O(log(n)) time, where
n is an upper bound on the number of times we ever call the Add operation, and S C [n].

e Query(j) for j € S: Return (o, B).
Add(¢,r,A) for b,r € S and A € R: Update B; < B; + A for all £ < i <.

Insert(j, v, ) for j € [n] and (o, B) € (3 U{0}) x R: Update (a, B;) < (ci—1,Bi—1) for all
ieSwithi>j, S+« SU{j}, and (o, Bj) « (a, B).

Delete(j) for j € S: Update (e, 5;) < (qix1, Bit1) for all i € S withi > j, and S < S\ {j}.

Update(): Update (i, 8i) < (551 %fﬁ) forallie S.
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e InvUpdate() : Update (o, Bi) < (55 1_%%) forallie S.

We can now give our proof of Proposition 1.

Proposition 1. Let {yi}icin) C [0,1], and let {ai}icn—1), {bi}iem—1) satisfy 0 < a; < b; for all
i € [n—1]. There is an algorithm BIR(y, a,b) that runs in time O(nlog®(n)), and returns

{vitiep = argmin > (v; —y;)?,
{'Ui}ie[n]c[o’l] ZE[TL] (14)

subject to a; < vip1 —v; < b; for alli € [n—1].

Proof. We instead show how to compute the optimizer to (37) in O(nlog?(n)) time, giving the claim
via Lemma 16. We split our proof into three parts; we show each runs within the stated time.

Representing A,,_5. Following (39), we initialize an instance of a BIRPartialMaintainer data struc-
ture using Insert(1,0,¢1 — dy + e — 1), Insert(2,1,¢1 — dy), Insert(3,1,¢1 + dy), and Insert(4,0,c; +
dy 4+ e1 +1). We maintain an index z corresponding to the two segments (i.e., consecutive elements
of the set S maintained by BIRPartialMaintainer) between which v, = 0 lies.

Next we explain how to update our representation of the coefficients of each interval from A;_1 to
A;, for some 2 < i < n — 2. We follow the recursion (46). We first binary search (using Query) for
the values of u and w such that (41) holds, because (o, ;) gives us enough information to recover
the derivative of each piece. We can also compute (42) in the case where u = 0 or w = 0. We then
call Delete on every segment with an index left of u and right of w. Next we call Insert(1,0,e; — 1)
and Insert(s+1,0,e;+1) where s is the current size of the set S to handle the leftmost and rightmost
intervals according to (46). We can then update all coefficients undergoing the transformation (47)
via Update(). Notice that calling Update() does not change any coefficients of linear pieces j, as
a; = 0. We also require adding the additional quadratic corresponding to a vertex at 0, whose
coefficients are («, 5) = (%, 0), which can be performed because we maintain the index z of interest
from the previous round. Finally, adding ¢;f + d;|f| can be done using two calls to Add, and we
update the index z to the new location of the 0 vertex.

There are at most O(log(n)) total operations performed per iteration (updating i < i + 1), domi-
nated by the cost of binary searching. Thus the overall runtime is O(nlog?(n)).

Computing the optimal f,_1,g,. Once we have all of the coefficients of A,,_o2, we can spend
O(nlog(n)) time directly recovering all of them (via Query) and computing the vertices demarcating
intervals using (40). At this point we can directly rewrite A,_1 as follows:

An1(fa1) = min Cn1fn1 Fdn1|foo1| + en—19n-1 + |gn—1| + engn + |gnl
g’rugn—l7fn—2€|R5

1 1
+ An—Z(fn—Q) + §(fn—1 - fn—2 - gn—l)2 + i(fn—l - gn)2
= Cnflfnfl + dnfllfnfl|

. 1
+ min en—19n—1 + ’gn—l‘ + An—?(fn—?) + 7(fn—1 - fn—2 - gn—1)2
gn—lyfn—2€|R2 2

. 1
+ min e, g, + |gn‘ + 7(fn71 - gn)2'
gn€R 2
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Observe that the piecewise coefficients of the last line (as a function of f,_1) can be computed as in
(39), and the piecewise coefficients of the second line (as a function of f,,_1) can be updated from
those of A,,_2 as in (46). We can thus manually update the coefficients of A,,_; in O(n — 1), which
allows us to find f,,_1 with a subgradient of 0 for A,_1 in the same time.

Recovering the optimal solution. Finally, given the optimal value of f,,_1, we need to recover
the remaining variables optimizing (37). Suppose inductively that we have the optimal value of f; 11
in (37), where the base case is i = n — 2. We show how to recover the optimal f; in O(log?(n)) time.

We begin by rewinding the data structure to the state it was in at every previous iteration i as
follows. First, because we store the zero vertex index z in each iteration, we can delete this added
node and undo the change due to adding ¢; f + d;|f| via Add. Next, we call InvUpdate to undo the
transformation due to Update. Lastly, we store the coefficients of any deleted node during our earlier
computation, which we can add back in appropriately using Insert. Now, we can binary search for
the range where the optimal f; lies using the characterization (45), which also computes f;.

This gives all optimal {f;}icj,—1) in O(n log?(n)) time as claimed, and we can recover all of the
optimal {g;};c[n) in O(n) time using (38), (43), concluding the proof. O
5.2 BIRPartialMaintainer implementation

In this section, we give an implementation of BIRPartialMaintainer based on a well-known data
structure framework called a segment tree. We state a guarantee on segment trees adapted from
Lemma 8, [HITY24] to include insertion and deletion, deferring a proof to Appendix D.2.

Lemma 19 (Segment tree). Let G be a semigroup with an identity element e, where the semigroup
product of a,b € G is denoted by a-b or ab. Let v be an array whose size s is guaranteed to be at
most n, where each element of v is initialized to be the identity element e of G. There is a data
structure D, called a segment tree, that can perform each of the following operations in O(log(n))
time (assuming semigroup products can be computed in constant time).

1. Access(j) for j € [1:s]: Return the j" element in v.
2. Apply(g,t,r) for £,r € [s] and g € G: For each j € [{ : 7], replace v[j] with g - v[j].

3. Insert(j,u) for j € [s] and uw € G: Update v[i] < v[i — 1] for alli € [j + 1 : s], v[j] + u, and
s s+ 1.

4. Delete(j) for j € [s]: Update v[i] <— v[i+ 1] for alli € [j+1,s], and s < s — 1.

We now use Lemma 19 to implement BIRPartialMaintainer, proving Lemma 18.

Proof of Lemma 18. BIRPartialMaintainer will consist of two components: a segment tree instance,
and a global time counter 7 € N. The time counter 7 is initialized to 0, and tracks the number of
times Update is called, minus the number of times InvUpdate is called.

Throughout let s := |S|, the size of the maintained set. We define our tree as follows: each leaf
node j € [s] implicitly stores an ordered pair v[j] = (kj, h;) € Z>¢ x R. We maintain the invariant
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that the pair (o, 3;) stored at each leaf by BIRPartialMaintainer satisfies
1 h;j
=— [;i=——ifa; #0
R T e Ay A (48)
k‘j:O, ﬁj:hj ifaj:O.

Moreover, for all j € [s], k; will be fixed to the global time 7 when the 7™ node was inserted, i.e.,
it never changes throughout the node’s lifetime.

We now discuss how to maintain (h;, k;) preserving (48) via semigroup operations, using Lemma 19.
The semigroup of interest consists of elements add; s , ¢, parameterized by a tuple (¢,s,p,¥) € Z>g X
R? operating on pairs in Z>0 x R. The identity element of the semigroup is addg0,0,0. We enforce
that if ¢ = 0, then (s, p,¢) = (0,0,0), and for ¢t > 0, the other parameters can arbitrarily vary.

Intuitively, the parameters (¢, s, p) modifies the first coordinate of a tuple (k;, h;), used to recover
the quadratic coefficient at a leaf o using (48). Among these, t represents the global time when an
operation occurs, s represents a deferred update, and p represents a second-order deferred update.
Similarly, the parameter £ modifies the second coordinate h; which can be used to recover the linear
coefficient. The function addy s, ¢, operating on (k,h) € Z>g x R, is defined as follows:

(b, (t+1—k)s+p+h), ifk>1,

49
(k, 0+ h), if k = 0. (49)

add; s, ¢((k, h)) = {

It is straightforward to check that addg,o,0,0 is an identity element. We now define how to compose
semigroup elements. Our semigroup is abelian, and we split composition into two cases.

If we want to compose addy g, ¢ and add s, where ¢ = min(¢,¢’) = 0, it must be the case that
s =p =¥¢ =0 by definition. Then in this case, we define

addt/7s/’p/7el ’ addt7s7p7£ = addt7s7p7€ ' addt/7s/7p/7zl = addt/75/7p/7e/'
In the other case where ¢t = min(¢,t') > 0, we define

addy, s gy ¢ - addy s p o = addy s p ¢ - addy 5y 00 = addy o p s (v —t)s 0100 (50)
which is consistent with (49) since (t+1—k)s+ (' +1—k)s' =(t+1—k)(s+ ')+ (t —t')s".

We next verify associativity of each three semigroup operations addy, s, p,.¢,, adds, sy po 0, addiy 65 ps 05
Letting ¢ := min(¢1, t2, t3), the case t = 0 is straightforward to check. In the case ¢ > 0, we have

(addtlasl,pl,el ) addt2,827p2,ﬁz) - addyy 55,05 = addy, sy g, - (addt2,827p2,€2 ’ 3ddt3,53,p3,€3)
= addt,sl+82+83,p1+p2+p3+2(t181+t282+t383)*2t(81+82+83)7€1+Z2+53'
Thus this is a semigroup satisfying the conditions of Lemma 19. The operation Query required by
Lemma 18 is implemented by calling Query on the segment tree to recover the parameters (k;, h;),

and then using the invariant (48). Similarly, Delete is implemented via a call to Delete on the segment
tree. We now implementing Add, Insert, Update, and InvUpdate in Lemma 18 while preserving (48).
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For Update and InvUpdate, we claim it suffices to respectively increment or decrement 7 respectively.
To see this, inductively suppose that before an Update call, (48) held. If o # 0, after the call,

1/(27’—}-2—2]@) 1 hj/(T+1—kj) h]’
2/(21+2—2k;j)+1 27 +4—2k; 2/(2T+2—-2kj)+1 T+2—k

@

In the case where a; = 0, we can verify the invariant (48) is unchanged. A similar argument holds
for InvUpdate, so we can implement these steps in O(1) time.

To implement Insert(j, o, 3), we call Insert(j, Addp 0,0,0) on the segment tree, and augment the j** leaf
with initial parameters (k;, ;) set to (7+1 — 5, %) if @ # 0, and (kj, h;) = (0, 8) if « = 0. These
parameters, which are consistent with (48) at initialization, will then be modified via semigroup
operations, i.e., the value of (k;, h;) at any point is the semigroup element stored at leaf j via the

segment tree, applied to the initial values defined above.

To implement Add(¢,r, A), we call Apply(add- A 0.a,¢, 7). This maintains (48) for j with k; = 0:
add;20,4((0,h5)) = A+ hy.
Similarly, for j with a; # 0,
addr a0,a((kj; hyj)) = (kj, (T + 1= kj)A + hy),

which is exactly the change we need to preserve the invariant (48). We remark that Add operations
performed by BIRPartialMaintainer only use the (¢, s, ) semigroup parameters in the segment tree,
and the p parameter is only used to implement element composition in (50). O

6 Omnipredictors in One Dimension from PAV

In this section, we focus on a basic one-dimensional setting where the domain X consists of scalars
in R. When the family C consists of non-decreasing functions (not necessarily linear), we show
that running the standard PAV algorithm (see Section 2.4) directly gives an omnipredictor for all
matching losses. This implies the existence of an omnipredictor with a very simple structure (a
non-decreasing step function) as well as a very efficient standard algorithm for learning such an
omnipredictor (PAV can be implemented in linear time [GW84]).

We note that this result is equivalent to a previous result of [BP13] (Corollary 9) showing that
the PAV solution simultaneously minimizes every proper loss among the family of non-decreasing
predictors. We present a new and arguably simpler proof of both results via the notion of omnigap.

6.1 Finite sample analysis

We start from the easier case where the domain & is a finite subset of R, and the probability mass
function of the distribution D over X x {0, 1} is fully given as input to the PAV algorithm. We
will later consider general distributions over R x {0, 1} by treating the current D as the empirical
distribution over samples drawn i.i.d. from the general distribution.

Theorem 6 (PAV solution is omnipredictor). Let X = [n] = {1,...,n} be a finite domain. Let
D be an arbitrary distribution over X x {0,1}. Then the solution p from running PAV on D is an

40



omnipredictor w.r.t. the class of non-decreasing functions and all matching losses. That is, for any
non-decreasing o : R — [0, 1] and any non-decreasing ¢ : X — R,

[E(x,y)wp[epﬂ(p(w)? y)] - [E(x,y)ND [emyU(c(x)v y)] <0.
By Lemma 4, Theorem 6 follows immediately from the following main helper claim showing that
the PAV solution has a non-positive omnigap w.r.t. any non-decreasing function.

Proposition 5 (PAV solution has non-positive omnigaps). In the setting of Theorem 6, for any
non-decreasing o : R — [0, 1] and any non-decreasing ¢ : X — R,

OG(p;o,c) <0.

We prove Proposition 5 using the following lemma, where all expectations are over (z,y) ~ D:

Lemma 20. The PAV solution p is perfectly calibrated: E[y|p(z) = v] = v for every v in the range
of p. Moreover, for any non-decreasing function & : X — R, it holds that

El(p(z) — y)&(x)] = 0. (51)

Proof. We recall the construction of the output predictor p in the PAV algorithm (see Section 2.4).
For every z in a block B in the final partition B, the value of p(z) is defined to be p}; := Ely|z € BJ.
It thus suffices to prove the lemma per block. Conditioned on each block, the function p(z) is a
constant function with value pJj, so the calibration guarantee of p follows from E[y|x € B] = p}.
To prove (51), it suffices to prove

El(ps —y)é(z)|x € B] >0, for every B € B, (52)

where B is the partition after the final iteration of the PAV algorithm. We will prove a stronger
result that (52) holds for the partition B after the t'" iteration of PAV for every ¢t > 0.

We first show that the following prefix expectation is always non-negative:
EreBa<uly —pp) >0, forevery B € Band u € B. (53)

Here the expectation is over (x,y) ~ D conditioned on z € B and x < u. We prove this by induction
on t. At initialization (¢ = 0), B contains only a single element, say x¢, and pJ}; is defined to be
E[y|z = o], so the inequality trivially holds as an equality. Now we consider the ¢t > 0 case. It
suffices to focus on the block B that is formed at the ¢! iteration by combining two adjacent blocks
B1, By from the previous ((¢ — 1)) iteration. By the induction hypothesis,

EveB,a<uly — B, >0, for every u € By; (54)
EveBya<uly — PB,] >0, for every u € Bo. (55)

For every u € By, by Lemma 7,
FeeBa<uly — Phl = Beenia<uly — PB] > Beena<uly — PB,] 2 0. (56)
By the definition of pj , we have Eyep,[y — pp,] = 0. Combining this with (55), we get

Erepoasuly —PB,) <0, for every u € By.
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Therefore, for every u € By, by Lemma 7,

EeeBasuly — PBl = BueBoosuly — PB] < BeeBya>uly — pB,] < 0. (57)

By the definition of p}, we have
Ezenly — pi] =0. (58)
Combining this with (57), for every u € Bg, we have

[ExGB,xSu[y - p%] > 0. (59)

Summarizing (56) and (59), we have shown that for every uw € By U By = B, inequality (53) holds,
as desired.

Now we complete the proof by establishing (52). By (58), for any constant ¢ € R, if we change
&(x) to £(x) + ¢, the left-hand-side of (52) remains the same. We can thus assume without loss of
generality that &(x1) = 0 where z1 is the largest element in B. We can now prove (52) using the
following calculation:

Erenl(ph — y)é(2)]

x1—1
= Eyen [(pE —y) D () —E(u+1))
= > (€W = &t D))Eacslph -y < w))
u€EBu<r]
> 0.
The last inequality follows from (53) and the assumption that £ is non-decreasing. O

Proof of Proposition 5. By the definition of the omnigap in Definition 5, our goal is to prove

El(p(z) = y)(o™" (p(2)) — c(x))] < 0. (60)

By the calibration property of p from Lemma 20, we have

El(p(z) = y)o~ (p(x))] = 0.
By (51), we have
El(p(z) — y)e(z)] = 0.
Taking the difference between the two inequalities proves (60). O

An immediate corollary of Theorem 6 is the following main result of [BP13] showing that the PAV
solution simultaneously minimizes every proper loss among the family of non-decreasing predictors.
Our proof of Theorem 6 thus gives a simpler alternative proof of this result of [BP13].

Corollary 9 (|BP13]). Given a distribution D over [n] x {0, 1}, the output predictor p of the PAV
algorithm is an optimal solution to the following optimization problem for every proper loss £p:

in E..yoplf .y,
in  Ee) pllp(p(z),y)]

subject to p(x) < p(xz+ 1) for all z € [n —1].

42



This follows from Theorem 6 by the correspondence between proper losses and matching losses
(Definition 2), and the observation that the transformations o, 0! between the linked and unlinked
spaces preserve monotonicity.

6.2 Generalization

We now consider the general case where we are given i.i.d. data points drawn from a general
population distribution D over R x {0,1}. We show that running PAV on the data points gives an
omnipredictor with high probability.

Theorem 7 (PAV learns an omnipredictor). Let D be an arbitrary distribution over Rx {0,1}. For
any 6 € (0,1/3), with probability at least 1 — & over the random draw of n > 2 i.i.d. data points
(1,Y1)s -, (Tn,yn) from D, the output predictor p : R — [0,1] from running PAV on the uniform
distribution over the n data points* satisfies the following properties:

o (Low omnigap) For any A > 0, any non-decreasing o : [—A, A] — [0,1] and non-decreasing

c:R—[-A, 4],
0G(p:0,¢) = O (A\/log" * 10g(1/5)) . (61)

n

e (Omniprediction) For any A > 0, any non-decreasing o : [—A, A] — [0,1] and non-decreasing
c:R—[-AA],

n

E (o)~ llp.o (P(2), 9)] = E(zg)~pllm,o (), y)] = O (A\/logn : 10g(1/5)) .

Before proving Theorem 7, we remark on an immediate application of the theorem to omniprecting
SIMs in one dimension. Here, the hypothesis class consists of univariate linear functions ¢(z) = wz.
Each of these functions is either non-decreasing or non-increasing, depending on whether w is
nonnegative or not. Theorem 7 shows that PAV learns an omnipredictor py for the non-decreasing
hypotheses. Similarly, if we also run PAV with the ordering of x reversed, we get a non-increasing
omnipredictor p_ for the non-increasing hypotheses. Now for every link function o, if we pick the
predictor in {p,p_} with a smaller proper loss ¢, ,, that loss is competitive with the best matching
loss achievable by any hypothesis function wz.

Corollary 10 (Omnipredicting one-dimensional SIMs). Let D be an arbitrary distribution over
[-L,L] x {0,1}. Let (x1,91),..-,(Tn,Yn) be n > 2 i.i.d. data points drawn from D. Let p; : R —
[0,1] denote the output predictor from running PAV on the n data points, and let p— : R — [0,1]
denote the output predictor from running PAV with the ordering of x reversed. For any d € (0,1/3),
with probability at least 1 — 0 over the random draw of the n data points, for any non-decreasing link
function o : [-LR, LR] — [0, 1] and any weight w € [-R, R],

min {[E(x,y)ND [KP,CT (p+ (l’), y)]? [E(J:,y)ND [ép,cf (p* (CL’), y)]}

4When we define PAV in Section 2.4, we assume that the domain X consists of integers 1, . ..,n, but the algorithm
extends to any finite domain {z1,...,z»} C R by mapping the elements to 1,...,n while preserving the ordering. PAV
then gives us a non-decreasing predictor p : {z1,...,z,} — [0, 1], which we can then extrapolate to a non-decreasing
step function (i.e., piece-wise constant with at most n + 1 pieces) over the entire domain R.
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n

< E(a)~pllmo(wa,y)] + O (LR\/ logn + 10g<1/6>) |

Our proof of Theorem 7 uses the following uniform convergence bound.

Proposition 6. Let D be an arbitrary distribution over R x {0,1}. For any § € (0,%), with
probability at least 1 — § over the random draw of n > 2 i.i.d. data points (x1,y1),- .., (Tn,Yn)
from D, for every non-decreasing function & : R — [—1,1] and every non-decreasing predictor
p: R —[0,1], it holds that

E(y)~pl(p(@) — y)&(2)] — % S (pli) — yi)é(@)| <O <\/10gn + 10g(1/5)> '

n
1€[n]
We first prove Theorem 7 using Proposition 6, and then we complete the proof of Proposition 6.

Proof of Theorem 7. By Lemma 4, it suffices to establish the omnigap bound (61). Let ﬁn be the
uniform distribution over the n examples (z1,¥1),..., (n,yn). By Proposition 5,

OG@H (p;o,c¢) <O0. (62)
We have

|0Gp(p;0,¢) — OG5 (p;0,c)|
= [Ep[(p(x) — y) (0~ (p(x)) — ¢(x))] — E5 [(p(x) — y) (o' (p(2)) — c(=))]|
< |Ep[(p(z) —y)o " (p( )] Es [(p(x) —y)o " (p(x))]]
+ |Ep[(p(z) — y)e(z)] — E5, [(p(z) — y)e()]]-

Note that both 0~ (p(x)) and ¢(z) are non-decreasing functions of x with range bounded in [— A4, A].
Therefore, by Proposition 6 and the union bound, with probability at least 1 — § over the random
draw of the n data points, for all choices of A, o and ¢,

x)

|0Gp(p;0,¢) —O0Gp (pio,c)| <O (A\/lognJrlog(l/(S)) .

n
Combining this with (62) proves (61). O

Proof of Proposition 6. By Lemma 23, both the function class consisting of p(x) and the class

consisting of {(x) have an §-cover of size n©0/) on any fixed (z1,91), ..., (Tn,yn) € X x {0,1}.

Thus, the family F of functions

(z,y) = (p(x) — y)é(x)

has an e-cover of size (nO(l/‘S))2 =n0/9) on (z1,3), ..., (Tn,yn). By Proposition 8,
log n logn
R(‘F’ ($17y1), (xnhyn = de | = n .
The proof is then completed by Proposition 7. O
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7 (Non-)Existence of Proper Omnipredictors

As our main result, we have shown an efficient algorithm for finding a structured ommipredictor
for single-index models. More concretely, our predictor has an interpretable structure: it is itself
a multi-index model and can be expressed as the uniform distribution over 7' single-index models
o1(w1 - X),...,or(wp - x). We have also shown in Theorem 7 that for non-decreasing hypotheses
over one-dimensional data, the PAV algorithm finds an omnipredictor that is itself non-decreasing
and is in addition a step function. The mere existence of such omnipredictors is already interesting.
In this section, we investigate the existence of proper omnipredictors in other settings.

7.1 Proper omnipredictor exists for constant hypotheses

As a basic result, we show that if the hypothesis class consists only of constant functions, then there
exists an omnipredictor that is itself a constant function, given by the overall mean of the label y.

Lemma 21. Let D be any distribution over X x {0,1} for a domain X. Let C be the class of all
constant functions ¢ : X — R. Let p be the constant predictor such that p(x) = Ex)~ply]. Then
for every non-decreasing link function o : R — [0,1] and any hypothesis ¢ € C,

[E(x,y)~D [EPJ (p(X), y)] < lE(x,y)wD [€m70(c(x)7 y)] :

Proof. By the definition of the omnigap OG(p; o, ¢) in Definition 5,

0G(p; 9, ¢) = E(xy)~nl(p(x) = ) (07 (p(x)) — e(x))].
Note that o~ !(p(x)) — ¢(x) is a constant function of x, so by the definition of p(x) = E[y], we have
OG(p; 0,c) = 0. The proof is then completed by Lemma 4. O]
7.2 Non-existence of linear omnipredictor

We give a counterexample showing that a linear omnipredictor of the form p(x) = w - x may not
exist for single-index models with matching losses, even in one dimension. The construction of this
counterexample exploits a “type mismatch” when we enforce p(x) = w - x: the outputs of the linear
hypotheses w - x should belong to the unlinked space, and the predictions p(x) should belong to
the linked space. Thus, an interesting open question is whether an omnipredictor of the SIM form
p(x) = o(w - x) always exists, where ¢ is a non-decreasing link function.

Lemma 22. There exists a distribution D over [0,1] x {0,1}, a 1-Lipschitz non-decreasing link
function o : R — [0, 1] and w* € [—1,1] such that for any w € R,

[E(a:,y)ND [KP»U (’LUI’, y)] > [E(x,y)ND [em,U (w*x7 y)] +0.03.

Proof. The high-level idea is to choose D so that E[y|x] = o(w*x). This would guarantee that w*z
is the optimal loss minimizer among all functions ¢: X — R, i.e.,

Ellm,o(wz,y)] < E[lmo(c(z), y)].
Choosing ¢(z) = o~ }(wz) in the inequality above, we get

Ellmo(w*z,y)] < Ellm o (0" (w),y)] = Elfp,o(wa, y)].
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To make the inequality strict, we choose o to be very different from the identity function, so that
the function c¢(z) = o~ !(wz) is always different from the loss minimizer w*x regardless of the choice
of w.

To give a concrete construction, we define w* = 1 and choose ¢ to be the sigmoid function:

- 1
Cltet

o(t)

We then choose D to be the distribution of (x,y) € [0,1] x {0,1} where x is distributed uniformly
over {0.3,0.5}, and E(, ,)~p[y|r] = o(w*z) = o(x). Our choice of o implies

bmo(t,y) =In(l+e') —yt—In2, forteRandye{0,1};

1 1
loo(v,y) =yln—+ (1 —y)ln 1 —In2, forve (0,1) and y € {0,1}.
v

We can now calculate the expected matching loss for w*z:
1
&Mmgw%wﬂ:—m2+50m1+&%—am3y&3+mu+e%)—damww)g—aw.

For any w € R,

1 1 1
1 1
5 —— + (1 —0(0.5)) In ———
+0(0.5)In 5+ ( doa)nl_oﬁw)
> 0.01,

where the last inequality is obtained by solving for the minimizing w by setting the derivative w.r.t.
w to zero. 0
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A Standard Uniform Convergence Bounds

In this section we provide helper tools for our uniform convergence arguments. We first define the
(empirical) Rademacher complexity.

Definition 10 (Rademacher complexity). Let F be a family of real-valued functions f : Z — R on

some domain Z. Given z1,...,zn, € Z, we define the Rademacher complexity as follows:
1 n
R(F;z1,. . 5) :=E |sup — Zsif(zi) ,
fer i
where the expectation is over si,..., Sy drawn uniformly at random from {—1,1}™.

The following theorem is a standard application of the Rademacher complexity for proving uniform
convergence bounds.

Proposition 7 (Uniform convergence from Rademacher complexity). Let F be a family of functions
f:Z —[a,b] on some domain Z and with range bounded in [a,b]. Let D be an arbitrary distribution
over Z. Then for any 6 € (0, %) and n € N, with probability at least 1 — § over the random draw of
n i.i.d. examples z1,...,zy from D, it holds that

log(1/9)

sup 1 Z f(zi) — E.up[f(2)]| <2R(F;21,.m) + O ((b —a) ) .

n n
feFr i—1

The following theorem gives an upper bound on the Rademacher complexity using the £5 covering
number. It can be proved by Dudley’s chaining argument (see e.g. Lemma A.3 of [SST10]).

Proposition 8 (Rademacher complexity from covering number). Let F be a family of real-valued
functions f: Z — R on some domain Z. Given z1,...,2, € Z, for any €9 > 0, it holds that

Here Ny(e, F,n) is the ly covering number defined in Definition 8.
Finally, we provide a covering number bound for the family of monotone functions.

Lemma 23 (Covering number of monotone functions). Let F be the set of non-decreasing functions
f:R—=10,1]. Then forn>2 ande € (0, 1),

N(e, F,n) =nP0/e),
Here N (e, F,n) is the covering number defined in Definition 8.

Proof. Fix x1,...,2, € R in sorted order: z1 < --- < x,,. Define m := [1/¢] and x,,41 := +00. For
any integers i1, ..., 4, satisfying 1 < iy <ip < --- <14, < n+ 1, construct a non-decreasing step
function as follows:

0 T < @y

1

poes Ty, < < Ty,

it (X) = ¢
-1
== Xy, S <@g,
1 T > X,

o1



Now consider an arbitrary f € F and define f(z,4+1) = 1. For every j € [m], let us choose i;
to be the minimum ¢ € [n + 1] such that f(z;) > j/m. For every i € [n], there exists a unique
J €{0,...,m} such that z;; <x; <, (define x;, = —oco0 and w;,,,, = +00). By the choices of
ij and ij41, we have j/m < f(x;) < (j +1)/m, and thus

|f(@i) = iy, (@) = | f(2i) = G/m| < 1/m <e.

Thus the functions f;,, . ;. form an e-cover of F over z1,...,z,. The size of the cover is at most
the number of choices of (i1,...,4,), which is at most (n + 1) = nC1/2), O

B Deferred Proofs from Section 2

B.1 Omniprediction loss from anti-Lipschitzness

For disambiguation in this section, we recall the definition (10):
Say i={0:[-LR,LR] — [0,1] | 0 is (v, y)-bi-Lipschitz} .

We first show that for some § > a > 0 where « is sufficiently small, every link function in Sy g has
a nearby function in &, g from the perspective of matching losses.

Lemma 24. In an instance of Model 1, following the notation (10), let 0 € Sy, and let o €
(0, 5753). There exists a o’ € Saat(1—2aLRr)g Such that for allt € [-LR,LR] and y € {0,1},
3aLl?R?

5

‘gm,a’ (t7 y) - Kmp(t) y)‘ <

Proof. We define the function ¢’ € Sy 045 by:
o'(t) = (1 = 2aLR)o(7) + a(r + LR).
We first show that ¢’ is (o, @ + 3)-bi-Lipschitz: for all 7,79 € [-LR, LR,
aln —ml <d(n) —od(n) < (1 —-2aLR)B|m — 2|+ a|m — 7.

Next, we show that ¢’(7) € [0,1] for all 7 € [-LR, LR]: since o(7) > 0 and 7 > —LR,

o'(t) > (1 —2aLR) -0+ a(—LR+ LR) = 0.
Similarly, since o(7) <1 and 7 < LR,

o'(r) < (1-2aLR) -1+ a(LR+ LR) = 1.

Finally, for any t € [-LR, LR] and y € {0, 1},

o (t,y) — lmo(t,y)| =

/0 o' (r) — a(r)dr

/ "(a(r + LR) — 20LRo(r)) dr
0
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t2 t
= ‘/ aLR|1 —20(T)|dT
0

=7
t2 t t2 3L°R?

§a—|—/aLRdT <% L GLRJH < .
2 "1/, 2 2

O

We can use Lemma 24 to show Lemma 5, i.e., that omniprediction against a slightly-anti-Lipschitz

family of link functions suffices for omniprediction against S in Model 1.
Lemma 5. In an instance of Model 1, let o € (0, g55z). If p is an §-omnipredictor for SIMs
(Definition 4) where we make the replacement S < S, o4 (1—2aLR)g i the definition, then it is also

an e-omnipredictor for SIMs using the original S from Model 1.

Proof. Let (o,w) € S x W be arbitrary, and let ¢/ € S, 045 be the link function guaranteed by
Lemma 24. Then using the post-processing k. guaranteed to satisfy

[E(x,y)ND [gm,o’(ko’ (p(X)), y)] < [E(x7y)~D [Em,a’(w - X, y)] + g’

the conclusion follows from taking expectations over Lemma 24, which gives for our range of «,
€
[E(x,y)wD [em,a’(w ) y)] < [E(x,y)N’D [Em,ff (W * X, y)] + Z?

[E(x,y)wD [Em,cf’(ka' (p(X)), y)] > [E(x,y)N’D [gm,U(kU' (p(x)), y)] : O

=1 ™

Remark 2 (Removing invertibility in Model 1). Nothing about the reduction in Lemma 5 used
anti-Lipschitzness of the original function o € S. This shows that an §-omnipredictor for Sq a4 is
also an e-ommnipredictor for the link function family S where we drop the anti-Lipschitz requirement.
As our omnipredictor constructions go through Lemma 5, our results extend to arbitrary Lipschitz
link functions. We chose to keep the anti-Lipschitz restriction in Model 1 for readability reasons, as
it allows us to define the optimal unlinking response o~! in various contexts, e.q., Definition 2.

B.2 Deferred proofs from Section 2.3

Lemma 6 (Lemma 1, [KKKS11]|). Let {z;};cn C R satisfy 21 < 22 < ... < 2, and suppose in the
setting of Proposition 1, we have for some 3 > 0, that

a; =0, b; := B(zi41 — 2), for alli € [n—1].

Let {vi}ien) be the optimal solution defined in (14), and let f : R — R be any function satisfying
Vit1 — vy < B(f(vig1) — f(vi)) for all i € [n — 1]. Then, we have

Z (vi —yi)(zi — f(vi)) > 0.

i€[n]

Proof. Throughout the proof, define o; := Z;L:Z(y] —vj) for all i € [n].
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We first claim that o1 = 0. To see this, observe that the optimal solution to (14) also optimally solves
the problem without the constraint {y; };c[n) C [0,1]. This is because clipping any unconstrained to
[0, 1] coordinatewise violates no constraints, and can only improve the squared loss. Now if o1 # 0,
let g := % Zie[n] y; and v := %Zie[n] v;. Then we can improve the squared loss:

Y wi—pi—@—9))?=) (i-v)—n@-97°.
1€[n] i€[n]
This contradicts the optimality of {y;};c|n for (14) without the [0, 1] constraint.

The Lagrangian of (14) is, for some {\; };c[,—1) C R>0 enforcing monotonicity constraints, {7; };c[n—1) C
R>o enforcing Lipschitz constraints, and Ao, y, > 0 enforcing v; > 0, v, < 1:

Z Z i (Vg — vig1) + Z Vi (Vig1 —vi — b;) — Aovt + n(vn — 1).

i€n] i€[n—1] 1€[n—1]

By the KKT stationarity conditions, we have that, defining vy := 0 and A, := 0,
2(vj —y;) + (X = Aj1) = (v —75-1) = 0, for all j € [n]. (63)
Define w; := f(v;) for all i € [n], and ug = zp = 0. Then, we have by rearranging that

D i —vi)(ui—z) =Y oil(u — 2) — (i1 — 1)),
i€[n) i€[n]
so it suffices to show o;((u; — 2;) — (uj—1 — 2zi—1)) > 0 for all ¢ € [n]. This is clear if o; = 0.

Next consider the case o; < 0 for ¢ > 2. By summing (63) across the range j =i to n, we have

22 i) F A1 —Yic1=0 = A1 — -1 = —20; >0
(64)
= Aj—1 > 0 since v;—1 > 0.
The KKT complementary slackness conditions then yield v;_1 = v; = u;_1 = u;. Thus,
oi((u; — 2i) — (wi—1 — zi-1)) = 03 (zi-1 — ;) > 0.
Similarly, if o; > 0 for i > 2, by summing (63),
Yic1 — Aj—1 = 20; >0 = ~;_1 > 0 since \;_1 > 0.
Complementary slackness again yields v; — v;—1 = 8(z; — zi—1), so
1
oi((u; — 2) — (wi—1 — zi—1)) = o3 | (g —wj—1) — E(Uz —vi-1) ] <0
because by definition, w; — u;—1 > %(vz — Vi—1)- O
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We note that the main difficulty in extending Lemma 6 to general bi-Lipschitz constraints appears
to be the inability to handle the i = 1 case, as we can no longer clip solutions to the range [0, 1]
without loss of generality. Nevertheless Lemma 6 suffices for our applications. We now prove the
population variant, assuming a positive anti-Lipschitz parameter in the comparator function.

Corollary 4. In an instance of Model 1, for any w € W, let

7= a(fgg;n {[E(x,y)w [(U(W "X) = y)ﬂ } : (15)
Then for any o, € S,
Eey)~p [(0(W %) —y) (W x— 0, (o(w - x)))] > 0. (16)

Proof. Let us first consider the special case where D is the uniform distribution over finitely many
examples {(X;, i) }ic[n], sorted in non-decreasing order of w - x;. The corollary follows immediately
from Lemma 6 by choosing z; = w - X, v; = 0(W - x;), and u; = o (o(w - x;)).

Now we consider the general case. We first show that for any integer m > 0, there exists a function
0(m) € S such that for every o, € S and ¢’ € S,

Eey)nd [(00m (W %) = y) (W x = 07 (0 (W x)))] > =277, (65)
Eap | (0 (W %) = 9)°] ~ Egeypon [ (0w -x) —9)°] <27 (66)

The idea is to draw n i.i.d. examples from D and consider the uniform distribution ﬁn over these
examples. We show that for n a sufficiently large function of m, (65) and (66) simultaneously hold
with positive probability, where o(™) solves BLIR over D,,. More specifically, define

Op = argelgin {[E(x,y)Nﬁn [(g(w S X) — y)Q} } ) (67)

By our analysis of the special case at the beginning of the proof, for any o, € S, we have
E x.p)~B, [(on(w-x)—y) (W-x— o Hon(w - x)))] > 0. (68)

By Proposition 4, when n is sufficiently large, with probability at least % over the random draw of
the n examples, for every o, € S, the solution o), satisfies

‘[E@c,ymsn [(on(w %) —y) (w-x— 0} (on(w - x)))]

- [E(x,y)ND [(Un(w : X) - y) (W X = Ugl(an(w : X)))] ‘ < 2™, (69)

Similarly, by Lemma 15, when n is sufficiently large, with probability at least %, for every o’ € S,

2 2 e
Epeyyop, [0 %) = 0)°] = By [(0'(w-x) = 9)°] [ <277, (70)
Thus by the union bound, with positive probability, (69) and (70) hold. Combining (68) and (69),
Etx.y)~p [(0n(W - %) —y) (W-x — o (on(w-x)))] > —27™, (71)
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By (70) and the definition of o, as the argmin in (67), for any ¢’ € S, we have

Epxn |(0a(W %) = )°| = Epegpm | (/W %) =)’

= [E(x,y)wﬁn [(UH(W "X) — 9)2} - [E(X,y)wﬁn [(al(w - X) — y)Z] 4+9.9-m-1
<2™m, )

By (71) and (72), we know that choosing o,y = o, satisfies (65) and (66).
We now show that as m — oo, the function o(,,) converges to o in the ¢2 norm induced by the

density of w - x for x ~ Dx. For any m, by (15) and (66), applying Claim 1 to o and o, gives

E(x,y)~D [(a(w " X) = O () (W - x))z} <4-27M,

This shows that the sequence of o,,) converges to o as claimed. Therefore, taking m — oo in (65)
and noting that both o(-) and o (o (+)) have finite Lipschitz parameters, we get (16), as desired. [

The following helper claim, a simple consequence of strong convexity of the squared error, was used
in proving Corollary 4.

Claim 1. Let F be a convex family of functions f : Z — R for some domain Z, i.e., \f +(1—=\)f' €
F for any X\ € [0,1], f,f' € F. Let D be a distribution over Z x {0,1}. Suppose there are two
functions f1, fo € F that both minimize the squared error over (z,y) ~ D up to error e:

zy)ND [(fl( ) ) ] < [E(z,y)ND [(f/(z) - y)2] +¢e foranyic€ {1?2} and f/ SV

Then
E(zyy~p [(f1(2) = fo(2))?] < 4e.

Proof. Let us choose f' = %(fl + f2). By the convexity of the family F, we have f’ € F. Choosing
a= fi(z) —y and b = fa(z) — y in the following identity

(50 ()

(f1(2) —fz(z))Z.
2

we get
(fiz) = 9)? + (fa(2) = 9)* = 2(f'(2) —9)* +

Therefore, the desired claim follows upon taking expectations over D:

1[E(z,y)w[(fl(Z) — £2(2))’] < (Eyonl(fi(2) = 9)°] = EI(F(2) = 9)°])

2
(Eey)~pl(f2(2) = 9)*] = Es o (f/(2) = 9)7]) < 26

_l’_
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C Deferred Proofs from Section 3

Here, we prove Lemma 9.

Lemma 9. Let T € N, >0, 6 € (0,1), W := B(R) C R%, and let wgy < 04. Consider running T
iterations of an iterative method as follows. For a sequence of deterministic vectors {g:}o<t<T Such
that gy can depend on all randomness used in iterations 0 < s < t, let

w1 Iy (W, — ngy), where E[g | 8o, .-, &i—1] = &, forall0 <t <T.

Further suppose ||g¢|ly < L deterministically. Then if n = \/5% . %, with probability > 1 — 6,

log(%)

STl

sup Z (gt,wy —w) <20LR
WEW o<p<T

Proof. Throughout this proof, for all 0 < ¢ < T, let F; denote the filtration generated by the o-
algebra over the random variables gg,...,8;1. Further, let d; :=g; — g; for all 0 < t < T, and
consider a “ghost iterate” sequence {u;}o<;<7 defined as follows: ug <— wo, and for all 0 <¢ < T,

w1+ Iy (up — ndy) .

In other words, the ghost iterates evolve using the stochastic difference vectors d; as opposed to
the unbiased stochastic approximations g;. Observe that ||d||, < 2L deterministically. Standard
projected gradient descent analyses, e.g., Theorem 3.2, [Bub15], yield for any w € W the bounds

1 . Iwllz , nL?
— _ < =
T Og;T <gt7wt W> >~ 27’]T + 9 5
Ly i )
= dy,u —w) < 2 4 o2,
T0<Zt<:T< S 20T M
Combining the two parts of (73) thus shows
1 _wly | L2 1 4
TZ<gtaWt_W>_n7T+?+TZ<t,Wt_ut>'
0<t<T 0<t<T

Next, observe (d;, wy — u;) | F¢ is mean-zero, and in [—4LR, 4L R| deterministically via the Cauchy-
Schwarz inequality. Thus, with probability > 1 — §, the Azuma-Hoeffding inequality shows

log (%)
=

1
T Z <dt,Wt — ut> S 16LR
0<t<T

Summing the above two displays, supremizing over w € B(R), and plugging in 7 yields the claim. [
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D Deferred Proofs from Section 5

D.1 Dual of bounded isotonic regression
In this section, we prove Lemma 16.

Lemma 16. Given an optimal solution {fi}icn—1),{9i}ie[n to the following problem:

min Z (cifi +dil fi]) + Z (eigi + |gil)

{J{cg}f[e” 4 [R i€fn—1] ic[n]
! 1 i (37)
5 (fl - gl) 5 (fnfl + gn) + ;:2 5 (fz fzfl gz) 5

where {¢i}icn—1), 1di}ien), {€i}tiem—1) are constructible from {y, a,b} in O(n) time, we can compute
the solution to (14) in O(n) time. Further, d; > 0 for all i € [n — 1], and |e;] <1 for all i € [n].

Proof. For all i € [n — 1], introduce a Lagrange multiplier \; for the inequality a; < v;41 — v; and
7 for the inequality v;41 — v; < b;. Similarly for all ¢ € [n], we introduce a Lagrange multiplier «;
for 0 < v; and S; for v; < 1. We refer to the collection of {Ui}z‘e[n] by v € R", and similarly define
Ay € [R>0 ,a, 3 € R%,. Then the Lagrangian L(v, \,7,a, 3) of (14) is:

Z Z Ai (Vi — Vi1 +ay) + Z Yi (Vig1 —vi — b;) — Z%‘UH- Zﬁz’(%—
i€[n] 1€[n—1] 1€[n—1] 1€[n] 1€[n]

We remark that Slater’s condition holds for this problem. For notational convenience, let f := A—~
and let g := o — 3, treated as vectors. The optimality criteria for L shows that at the optimizers,

—3(fi-g) i=1
v = yi_%(f'_fil_gi) 2<i<n-1. (74)
Yn + %(fn 1+gn) 1=n

We now have by direct manipulation and plugging in (74):

arg max min L(v, A, v, g) = arg max min vi (f1 — g1) = va(fa—1 +gn) + > wilvi — 2u,)

A, ean 1 vER? /\WGRTZLBI vE b
BE[RZO a,ﬁEleO
n—1
+Zvi(fi_fi—l_gi)+ Z (7ibi — Aiai) — Zﬁz
1=2 i€[n—1] i€[n]
1 2 1 2
=argmax— (y1 — -(fi—9g1) | +(yn+ 5(fa-1+9n)
by n—1 2 2
YERS,
a,ﬁeﬂ?@o
2
—z(yz— i l—g») — S (b~ )~ 36
1€[n—1] i€[n]
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1 2 1 2
= argmin <y1 - §(f1 - gl)) - <yn + §(fn—1 —i—gn))

AvERY,!
« BE[R_;LO
+Z<yz_ — fi- 1_gz>+ Z Vibi — )\az +Zﬁz
i€[n—1] i€[n]
= argmin Y (yir1 — i — ai)fi+ D vigi
AYERLG 1] i€[n]
o, BERL,
n—1

Lo o2l 2 LN s e
+ 4(f1 gl) + 4(fn71 +gn) + 4§(f2 fzfl gz)
+ Z 7@ z_ai)"i_Zﬁi-

i€[n—1] i€[n]

Observe that f = A —~ and g = a — 8 can be arbitrarily chosen in the above expression (i.e., have
no sign constraints), except they must obey v > max(0, —f) and 8 > max(0, —g) coordinatewise.
Moreover, the coefficients of all 7;, §; are nonnegative in the above display, so we should set

v = max (0, — f;) for all i € [n — 1], 8; = max (0,—g;) for all i € [n].

Therefore, we can rewrite our desired optimization problem as computing the optimal solution to:

o £ 5 (w5 ) 5 (oo )

[Rn ze[n 1] i€[n—1] i€[n]
1 1 1
+3( =90+ {(Fnr +90)* + 7 Y _(Fi = fir — 9%
=2

Upon doubling coefficients, we have the claim by letting ¢; := 2(yiy1 — vi) — (bi + a;), di :=b; —a
for all i € [n — 1], and ¢; := 2y; — 1 for all i € [n]. Finally, we note that given the optimizer to the
stated problem, we can recover the optimizer of (14) in O(n) time via (74). O

D.2 Modified segment tree

In this section, we prove Lemma 19.

Lemma 19 (Segment tree). Let G be a semigroup with an identity element e, where the semigroup
product of a,b € G is denoted by a-b or ab. Let v be an array whose size s is quaranteed to be at
most n, where each element of v is initialized to be the identity element e of G. There is a data
structure D, called a segment tree, that can perform each of the following operations in O(log(n))
time (assuming semigroup products can be computed in constant time).

1. Access(j) for j € [1: s]: Return the j" element in v.
2. Apply(g,t,r) for £,r € [s] and g € G: For each j € [{ : 7], replace v[j] with g - v]j].

3. Insert(j,u) for j € [s] and u € G: Update v]i] +— v[i — 1] for alli € [j +1: 5|, v[j] < u, and
s s+ 1.
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4. Delete(j) for j € [s]: Update vi] <= v[i + 1] for alli e [j+1,s], and s <= s — 1.

Proof. A standard implementation of a segment tree providing the Access and Apply functionality
is given in Lemma 8, [HJTY24|. The coordinates of v are stored in the leaves of a complete binary
search tree, such that each leaf and internal node stores a semigroup operation.

To modify this tree to allow for insertion and deletion, we use an AVL tree (a type of self-balancing
binary search tree, with height O(log(n))), to represent the array, where every node is augmented
with its subtree size. This allows us to find the 5" element for any index j € [s] in O(log(n)) time, as
well as the index of any element of interest by walking back up the tree. Deletion is straightforward,
as removing a leaf node does not change any other node’s group element.

For insertion, we begin by placing an additional vertex in the j* index, where we use subtree sizes
to find the correct location in O(log(n)) time. We propagate all semigroup operations along the
root-to-leaf path to leaf j to their off-path children, as done in Algorithm 1, [HJTY24|, so that at
the end of this step, the entire root-to-leaf path stores the identity at each node, and leaf j contains
the semigroup element u. The only thing left to is to handle self-balancing rotations.

We give an example of such a self-balancing rotation in Figure 1; such rotations only occur O(log(n))
times per insertion. Before the rotation, we propagate the semigroup elements in the rotated nodes
x and y into their children, and set them to the identity element e. It is straightforward to verify
that after rotation, all semigroup operations on leaves are preserved.

(x] AA )
VANV VOV

Figure 1: Self-balancing rotation in an AVL tree
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