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Abstract

In 1970, Schneider introduced the mth order difference body of a convex body, and also
established the mth-order Rogers—Shephard inequality. In this paper, we extend this
idea to the projection body, centroid body, and radial mean bodies, as well as prove the
associated inequalities (analogues of Zhang’s projection inequality, Petty’s projection
inequality, the Busemann—Petty centroid inequality and Busemann’s random simplex
inequality). We also establish a new proof of Schneider’s mth-order Rogers—Shephard
inequality. As an application, a mth-order affine Sobolev inequality for functions of
bounded variation is provided.
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1 Introduction

In this work, we will be dealing with convex bodies. A set K in R” (the standard
n-dimensional Euclidean space) is said to be a convex body if it is a compact set with
non-empty interior such that, forevery x, y € K and € [0, 1], (1—A)y+Ax € K.The
setof convex bodies in R” will be denoted by K. A convex body K is origin-symmetric
if K = —K, and is said to be symmetric if a translate of K is origin-symmetric.

1.1 The difference body and the Rogers-Shephard inequality
The difference body of K € K" is given by
={x:KN(K+x) #0} =K+ (-K),

where K + L = {a+b : a € K,b € L} is the Minkowski sum of K, L € K".
Throughout, Vol,, (K) denotes the volume (Lebesgue measure) of K. The functional
K — Vol,,(DK)/Vol,(K) is continuous and affine invariant on X", and can be taken
as a measure of asymmetry of K € X", Indeed, one has

" < w < (2”)7 (1)
Vol,, (K) n

where the left-hand side follows from the Brunn—Minkowski inequality (see Sect. 2.1),
with equality if and only if K is symmetric, and the right-hand side is the Rogers—
Shephard inequality, with equality if and only if K is a n-dimensional simplex
(closed convex hull of n 4 1 affinely independent points) [62]. Here, I'(z) is the
standard gamma function and ( ) % are the binomial coefficients.

The starting point of this work is the following. For m € N, consider the higher-
dimensional difference body, given by

D™(K):=4{x = (x1,...,xm) € RD": Kﬁﬂ(xi +K) ;e@}.
i=1

We will henceforth refer to D (K) as the mth-order difference body of K. We
emphasize that this is a convex body in (R*)" = R™". Throughout this paper we
will simply write R™”, but the product structure R = R" x --- x R" will be of
central importance. We will oftenuse x = (x1, ..., x;;), witheach x; € R”,todenote a
pointin R In [64], Schneider established the following mth-order Rogers—Shephard
inequality for K € K":

Vol,;;, (D™(K)) - <nm + n) )
Vol,(Ky» =\ n )

with equality if and only if K is a n-dimensional simplex. From the affine invariance
and continuity of the functional in the left-hand side of (2), a minimum for this quantity
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Affine isoperimetric inequalities for higher-order projection...

also exists. When n = 2 and m € N is arbitrary, Schneider was able to show that the
minimum is attained for every symmetric K € K2, but, forn > 3, m > 2, he
constructed an example of a symmetric body where the value of the functional in (2)
is strictly larger than its value when K is an ellipsoid. Thus, it is conjectured that (2) is
minimized for ellipsoids for such » and m. The objective of this paper is to extend the
theory of mth-order convex bodies to other operators defined on " and K™, namely
the projection body, the centroid body and the radial mean bodies.

1.2 The projection body and related inequalities

Let Bg denote the unit Euclidean ball in R” and denote its boundary as " —1 forn € N.
Using the notation (x, y) for the Euclidean inner-product of x, y € R”, we have that
for K € K", the orthogonal projection of K onto - = {x € R" : (9, x) = o}, the
subspace through the origin orthogonal to § € S*~!, is denoted by Py K. The support
function of L € K", defined as

hp(x) =sup{{x,y): ye L}, xeR",

uniquely determines L. Recall also the following notation: given a function f, we can
write f = f4 — f—, where fi = max{f, 0} and f_ = — min{f, 0}. The projection
body of K € K", denoted I1K, is the origin-symmetric convex body whose support
function is given by any of the following equivalent definitions:

hrik (0) = Vol,_; (PyLK) = fd (6. () dy = V(KT = 1. To, ~6)).

for & € S"~!. Here, 9K denotes the boundary of K, dy represents integration with
respect to the (n — 1)-dimensional Hausdorff measure on 0K, nk (y) represents the
outward-pointing unit normal vector, which is defined a.e. on 0K, and V,,(K[n —
1], [o, —6]) denotes the mixed volume of (n — 1) copies of K and the line segment
connecting the origin o and —6, denoted [0, —0] (see Sect. 2.1 for the definition of
mixed volumes).

An important function associated with a convex body K is its covariogram func-
tion, which appears often in the literature. We recall its definition: for K € K" the
covariogram of K is given by

gk (x) = Vol, (K N (K +x)) = (xk*x-k)(x)

(recall that for a set K C R”, xg(y) = 1 if y € K and 0 otherwise and (f*g)(x) =
fRn f(»)g(x — y)dy is the convolution of functions f, g : R* — R.)

The support of gk (x) is the difference body of K, DK . In fact, Chakerian [15] was
the first to show the connection between the covariogram and reverse-isoperimetric-
type inequalities in his celebrated, concise proof of the Rogers—Shephard inequality.
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The covariogram function has the following radial derivatives:

dgK(rQ) _ _hl'[K(e)» 0 ES”_I.
dr r=0%
This formula was first shown by Matheron [48].
For a convex body L having the origin as an interior point, its polar body is L° =
{x e R" : hy (x) < 1}. Write k, = Vol,(Bj) and (ITK)° = TI°K. One has that
M°Bj} = /cn__ll Bj. The Petty product K Vol,, (K)*~Vol, (TT°K) is a continuous,
affine invariant functional on K. For K € K", one has

1 (2n el . kn \"
—(n> < Vo, (K)"~'Vol,,(TT K)§< ) . 3)

n" Kn—1

The right-hand side of (3) is Petty’s projection inequality which was proven by Petty
in 1971 [61]; equality occurs if and only if K is an ellipsoid. The left-hand side of (3)
is known as Zhang’s projection inequality, proven by Zhang in 1991 [69]; equality
holds if and only if K is a n-dimensional simplex.

An easy consequence of the definition of the projection body operator is Petty’s
isoperimetric inequality [60, 61], which asserts that, for every K € K",

Vol,, (TI° K ) Vol,,_1 (9K )" zxn< fn ) : )

Kn—1

with equality if and only if [1K is a dilate of the Euclidean ball. In fact, Petty’s isoperi-
metric inequality (4), in conjunction with Petty’s projection inequality, the second
inequality in (3), implies the classical isoperimetric inequality.

Prominent extensions of the projection body operator include the L? projection
bodies, where the Petty projection inequality for these bodies was established by
Lutwak et al. [44], and asymmetric L? projection bodies, introduced by Lutwak [43]
and Ludwig (from a valuation-theory perspective) [40]; the Petty projection inequality
for these latter bodies was established by Haberl and Schuster [30].

1.3 Higher-order projection body

We now introduce the extension of the covariogram, first defined implicitly by Schnei-
der [64]. One has, for K € K" and m € N, that the m-covariogram of K is given by,
using the notation x = (xq, ..., x,) € R"":

gk.m(X) = Vol, (K NG+ K)) :

i=1

Our first main result gives a formula for the radial derivative of the m-covariogram.
For6 = (64, ..., 6,), we introduce the notation

Cg = convi<i<mlo, 6;1,
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Affine isoperimetric inequalities for higher-order projection...

where conv;<; <, (A;) denotes the closed convex hull of the sets Ay, ..., A,,. Notice
that maxi<j<m (B;,v)_ = /’lcié(v).

Theorem 1.1 Let K € K" and m € N. Then, for every direction 0 = (61, ..., 6p)
e Snm—l:

=_ max (0;, ng(y))_dy.

r=0+ aK lsi=m

d _
EgK,m (r9)

We next introduce a new generalization of the projection body.

Definition 1 For K € K" and m € N, the mth-order projection body TI" K is an nm-

dimensional convex body whose support function is defined for & = (1, ...,6,) €
Snmfl as
himk @) = nVy(K[n — 11, C_p) = max (6;, ng (y))-dy.
gK 1<i<m

From the second equality, it is easy to see that 0 homg (9_) is sublinear, which
guarantees the existence of I1” K and that it is a compact, convex set. Next, note that
[M!K = IK. From the fact that

homk (0) > max hng(6;) > 0,
1<i<m

we see that [T K contains the origin as an interior point. In particular, IT" K € K™,
The translation invariance of mixed volumes shows that [T (K + x) = IT"K for
every x € R". Foru € S, tet uj=1(0,...,0,u,0,...,0) € S"=1 where u is in
the jth coordinate. As an easy observation, we see that

homg (uj) = nVy(K[n — 1], [0, —u]) = hng ().

This shows in that the projection of IT" K onto any of the m copies of R” is TTK . Addi-
tionally, taking u™ = ﬁ(u, ...,u)yieldshpgmg (u™) = nV,(K[n—1], [o, —\/L%]) =
1
Jm

One can see that the dimension of C_; exhausts all dimensions from 1 to m as 7]

hnk (1), and thus IT" K is not a product set.

varies over S~ !. This shows that we cannot consider generalizations of IT” K by
changing the number of copies of K and C_; in the mixed volumes (say, for example,
K appearing (n — 2) times and C_; appearing twice). Compare this to [65, Eq. 5.68]
which says, for a (n — k)-dimensional subspace E of R” (k = 1,...,n — 1) and any
convex body U in E*- of k-dimensional volume 1, that Vol, _x (Pg K) = (}) Vi (K[n—
k], U[k]). In particular, this shows we are not in general studying projections of K
onto subspaces of co-dimension larger than 1.

We will use the natural notation [1>" K = (IT" K)°; in Appendix A, we compare
this body to (IT°K)™. Then, we verify in Proposition 3.3 that

K € K" > Vol, (K)"™ "™ Vol,y, (TT°" K)
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is affine invariant on K. A major focus is to then find extremizers of this affine invari-
ant, which in the case of m = 1 return the classical affine isoperimetric inequalities
(3) of Petty and Zhang.

Gardner and Zhang defined in [26] the radial mean bodies R, K for p € (=1, 00)
as a way to interpolate between the bodies I1°K and DK (see Sect. 2.2). We shall
define the mth-order radial mean bodies R} K (see Sect. 4) and prove the following
chain of set inclusions, generalizing [26, Theorem 5.5]:

Theorem 1.2 Let K € K" and m € N. Then, for —1 < p < q < 00, one has
n 1 4 1
q 4
D"(K) € <q ”) RI'K < (p ") R (K) < nVol, (K)TT*" K.
n n

Equality occurs in any set inclusion if and only if K is an n-dimensional simplex.
As a corollary of Theorem 1.2, we establish the following.

Corollary 1.3 (The mth-order Zhang’s projection inequality) Let K € K" and m € N.
Then,

B . 1 (nm+n
Vol,, (K)"" ™" Vol (H ’mK) = nnm( n )’

with equality if and only if K is a n-dimensional simplex.

We then have the case of the mth-order Petty’s projection inequality, which we
prove using a symmetrization technique.

Theorem 1.4 (The mth-order Petty’s projection inequality) Let m € N be fixed. Then,
for every K € K", one has

Vol,, (K)"™" ™" Vol (IT>"™" K) < Vol,,(B3)"" " Vol,,, (I1>™ B}),
with equality if and only if K is an ellipsoid.

We then establish the following generalization of Petty’s isoperimetric inequality,
(4). We denote by w;, (K) the mean width of K € K" (see (13)).

Theorem 1.5 Let K € K" and m € N. Then, one has the following inequality:

Vol (HO’mK)VOInfl (aK)nm > Vol (Ho‘mBg)VOlnfl (Sn_l )nm

nm
- nKy,
- wnm(ntg) .

Equality in the first inequality holds if and only if T1K is an Euclidean ball. Ifm = 1,
there is equality in the second inequality, while for m > 2, the second inequality is
strict.
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In fact, the first inequality in Theorem 1.5, in conjunction with Theorem 1.4, implies
the classical isoperimetric inequality in R” regardless of the choice of m € N.

There have been, of course, other generalizations of the Rogers—Shephard inequality
(see e.g. [6, 63] for measure-theoretic extensions, [7] for an extension to the lattice
point enumerator and [4, 5, 9, 17] for functional extensions) and Petty’s projection
inequality (see e.g. [69] for all compact Borel sets, [39] for sets of finite perimeter, [47]
for the Orlicz setting and [31] for the fractional calculus-setting). Zhang’s projection
inequality has also been recently extended to measures [38].

1.4 Centroid bodies and dual mixed volumes

Given a compact set A C R” with positive volume, its centroid body T'A € K" is
defined by the support function

hrA(9)=Vol,,(A)_1/ l(x,0)|dx, 6 €S
A

Petty’s inequality (the right-hand side of (3)) implies via a duality argument (see (17))
that the continuous and affine invariant operator K — Vol,,(I'K)Vol,,(K)~! on K" is
minimized by centered ellipsoids. This lower bound is known as the Busemann-Petty
centroid inequality.

The Busemann—Petty centroid inequality can be interpreted as a bound on a ran-
dom process. Let X; € R",i = 1,...n, be independent random vectors uniformly
distributed inside K. We denote the expected volume of C3 = convi<;<ulo, X;], a
random simplex of K, by

Eg»(Vol,(Cy)) := Vol,(K)™" / .- / Vol,, (convlsign[o, xi]) dxy...dx,.
K K

Petty [59] showed the right-hand side equals 27" Vol,(I'K). Thus, the Busemann—
Petty centroid inequality is equivalent to the Busemann random simplex inequality
[14]:

) Sy (ke Y
Egn»(Vol,(Cg)) Vol (K)™" = ((n + 1)Kn> ’

with equality if and only if K is a centered ellipsoid. Our last main result is the mth-
order extension of the centroid body. We will define the mth-order centroid body of
L € K'"", denoted I'" L, via a duality relation with T1>" K for K € K" (see Sect. 5).

Definition 2 For a compact set L C R with positive volume, its m-centroid body
'L e K" is given by the support function

1
hrmp () = ——— i, 0)_dx, 5
rmp(0) Vol (L) nglia;l(xl )—dx (5

where ¥ = (x1,...,xy) and 0 € "1,
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Like in the case of the mth-order projection body, the fact that 6 +— hrmp () is sub-
linear and strictly positive yields that I'”* L exists and is a convex body. We emphasize
that the operator I'" sends a nm-dimensional compact set to a n-dimensional convex
body, which is dual to the behavior of the operator I1°". We obtain the mth-order
Busemann—Petty centroid inequality, where a new convex body plays the role of min-
imizer. We will actually prove the result for a class of compact sets larger than the
class of convex bodies having the origin in their interior, the so-called star bodies (see
Sect. 2.1 for a precise definition). We will use S™" to denote the class of star bodies
in R,

Theorem 1.6 (The mth-order Busemann—Petty centroid inequality) For L € S™",
where n,m € N, one has

Vol, (I"L) _ Vol (I 11> BY)
Vol (L) = Vol (T1em By 1/m”

with equality if and only if L = T1°™ E for any ellipsoid E € K".

Other prominent extensions of the Busemann—Petty centroid inequality have been
established in the setting of the Firey—Brunn—Minkowski theory [44], functions [32]
and the Orlicz—Brunn—Minkowski theory [46].

We note that I'' L is not the usual centroid body I' L, but instead the asymmetric
L' centroid body studied by Haberl and Schuster [30]. The reason we recover the
asymmetric case and not the usual case is because we defined our operators in terms
of [0, —0] instead of [—%, %]. While this preserves the mixed volumes defining ITK,
it will not preserve the dual mixed volumes. However, the m = 1 case of Theo-
rem 1.6 (which is the L! case of Haberl and Schuster’s asymmetric Busemann—Petty
centroid inequality) is sharper than the usual Busemann—Petty centroid inequality.
Indeed, notice that ' (—=L) = —T''L, and, therefore, 'L = D(I'! L). Then, combin-
ing Theorem 1.6 with the left-hand side (1), which is merely the Brunn—Minkowski
inequality, yields the usual Busemann—Petty centroid inequality.

After Busemann, Groemer generalized the random simplex inequality. First, he
proved in [27] that the expected value, as well as the higher order moments, of the
volume of the closed convex hull of (n+1) points inside K € K" is minimized when K
is an ellipsoid. Then, Groemer [28] extended this result to the case where the number
of points is allowed to be greater than or equal to (n + 1). Hartzoulaki and Paouris
[33] proved an analogous result for the expected value of the Quermalintegrals.

There have been many other recent extensions of Groemer’s results, see for example
[1,2, 18, 53-58]. A common feature of all Groemer-type results is that the points X;
are always taken independently, so that the vector (X1, ..., X,;) € R" is distributed
with respect to a product probability measure on R”" = R” x - - - x R". Theorem 1.6
lets us obtain a new Groemer-type result, generalizing [33] for the mean width. Fix
K eK" LeS"andletX = (X1,...,X,) € R" be arandom vector uniformly
distributed inside L, (no independence of the X; is required). We denote the expected
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mixed volume of K and Cy by

1
E;,(V,(K[n—1],C3) i= ————— V. (K[n — 1], Cz)dx.
L(Vu(K|[n ] x) VOlnm(L),/L W (K[n 1, Cx)dx
Theorem 1.7 The functional
(K. L) € K" x 8" > Vol (L)~ Vol (K) ™7 Ep (Va(K[n — 1], Cg))

is uniquely minimized when K is an ellipsoid and L = AI1°>"™ K for some A > 0.

We would like to emphasize that Theorem 1.7 is not a generalization nor a particular
case of the results in [33, 53, 57], since we are minimizing in a different class of
probability measures.

The convex body IT>™ By C R™" has some interesting properties that we investi-
gate in Sect. 3.2. Recalling that w, denotes the mean width, the support function of
I1>™" B} is

hrun gy (%) = ni6y 1w, (C).

In fact, a special case of Theorem 1.7 is that the functional

1 nm+1 _
Vol (L) mn By (w, (Cg)) =V01n(L)_T'T/ wn (Cx)dx (6)
L

is minimized for L = IT1®" B} over &™". This fact can be regarded as a result of mini-
mization of a random process in the spirit of the Busemann random simplex inequality.
Actually, (6) represents the expected value of the mean width of Ci, assuming that x
is distributed uniformly on L. If L = K x --- x K we obtain exactly Egm (w,(Cx))
as defined previously.

1.5 Affine Sobolev inequalities

Recall that the L? norm of an integrable function on R” is given by

1/p
Iflp = (f If(x)l”dx> .
Rll

We follow the standard notation of using V f to denote the gradient of a differentiable
function. Recall also that f belongs to the Sobolev space W1 (R") if it has a weak
derivative, i.e. there exists measurable vector map V f : R” — R” such that |V f] is
integrable and satisfies

/R f(x) divyr (x)dx = —/R (Vf(x), ¥(x))dx
for every compactly supported, smooth vector field v : R* — R” [21].
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Given a function f € W1 (R") which is not zero almost everywhere, there exists
a unique convex body ( f) in R” with center of mass at the origin, the LYZ body of f,
that satisfies the following change of variables formula

/ g(nK(y))dy=/ g(=V f(x)dx N
a(f) R

for every 1-homogeneous function g (see [45]) on R" \ {0}. We remark that the epithet
“LYZ Body of f € WLI(R™)", first introduced by Ludwig [41], is reserved for the
origin-symmetric convex body given by the Blaschke body of ( f) (see (14)); in which
case, (7) would only hold for even, 1-homogeneous functions g. Lutwak et al. [45]
first defined both sets of bodies (though, the body we denote by (f) is actually the
reflection of the body implied to exist by [45, Lemma 4.1]). The more general, not
necessarily symmetric body, is important for our setting. Indeed, by setting g = hc
in (7), which is in general not an even function, we obtain the LYZ projection body of
order m of f € WHL(RY), TI™ (f), defined via

hom () () = max (V f(x), 6;)_dx.

R 1<i<m

As an application of our results, we show the following affine Sobolev inequality.
It generalizes the result of Zhang [70] in the m = 1 case. The result we present here
is actually a corollary of a more general result for functions of bounded variation (see
Theorem 7.2), which was first done by Wang [67] in the m = 1 case.

Corollary 1.8 Fixm,n € N. Consider a compactly supported f € W1 (R") which is
not zero almost everywhere. Then, one has the geometric inequality

1

n—1
n

1 1
”f”%VOInm(HO’m (f)m < VOInm(Ho’mBg)mKn

1
Equivalently, by setting dy, , ‘= nky (anolnm(l'[O"" Bﬁ’)) mm - this is

_L
—nm _ nm 1
(/S . ( A lgliéixm(vf(Z),Qi)—dz> d9> dnm Z iy | f o

An extension of the affine Sobolev inequality was also done to the setting of Firey—
Brunn—-Minkowski theory [44] and the fractional calculus [31].

The paper is organized as follows. In Sect. 2, we discuss more facts about convex
bodies and their volume (Sect. 2.1) and the classical theory of radial mean bodies
(Sect. 2.2). In Sect. 3, we recall the basic properties of the m-covariogram and prove
Theorem 1.1 (Sect. 3.1). In Sect. 3.2, we analyze the mth-order projection body,
and then we analyze the mth-order centroid body in Sect. 3.3. Then, in Sect. 4, we
present the generalization of radial mean bodies to our setting and prove Theorem 1.2
and Corollary 1.3. In Sect. 5, we use a symmetrization technique to establish Petty’s
projection inequality, Theorem 1.4, and Petty’s isoperimetric inequality, Theorem 1.5,
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in our setting. The equality case is characterized through a class-reduction technique
(see Lemma 5.1 and Lemma 5.4). Finally, in Sect. 6, we prove the Busemann—Petty
centroid inequality, Theorem 1.6, and the random-simplex inequality, Theorem 1.7, in
our setting. The proof of the Busemann—Petty centroid inequality relies on a duality
(see Lemma 3.9) between the centroid and the projection operators. Finally, in Sect. 7,
we exploit Theorem 1.6 to prove a mth-order version of the affine Sobolev inequality
of Zhang [70] and Wang [67] in Theorem 7.2. As a consequence, we are able to extend
Theorem 1.4 to sets of finite perimeter.

2 Preliminaries
2.1 Background from convex geometry

An important fact about volume, the n-dimensional Lebesgue measure, is the famed
Brunn—-Minkowski inequality: as a functional on K" equipped with Minkowski sum-
mation +, volume is 1/n-concave, i.e. for A € (0, 1) and convex bodies K, L C R",
one has

Vol,, (1 = MK + AL)'™ > (1 = x)Vol,, (K)'/" + AVol, (L)'/", 8)

with equality if and only if K and L are homothetic, i.e., K = aL + b for somea € R
and b € R". Minkowski summation is compatible with support functions: one has,
fora, > 0and K, L € K", that hqgyp1.(x) = ahg (x) + Bhp(x).

We say that a set L C R” is a star body if it is a compact set with o € int(L), if
[o,x] C L for all x € L, and if its radial function is continuous when restricted to
S"~1. Recall that the radial function of a compact set L is given by pz (y) = sup{A >
0 : Ay € L}. The radial function satisfies p,;; (y) = tp (y) for ¢ > 0. Similar to how
support functions uniquely determine their associated convex bodies, radial functions
uniquely determine their star bodies. Every K € " containing the origin in its interior
is a star body. A use of the radial function is that, if f is integrable over a star body
L, then we have the polar coordinate formula:

pL(©)
f f(x)dx = / / Fro)y""'drde, 9)
L s=1 Jo

where d6@ denotes the spherical Lebesgue measure on S"~!. We isolate the case when
fx) =1 |
Vol, (L) = — /
n

Sn

y oL (0)"d6. (10)

Similarly, for those K € K" containing the origin in their interior, the Minkowski
functional, or gauge, of K is defined to be ||y||x = inf{r > 0 : y € rK}, and we
have ||yllx = px(y)~! for y # o. Notice that | x| ko = hg(x). A classification of
norms on R” is that a 1-homogeneous, convex function is a norm if and only if it is the
Minkowski functional of an origin-symmetric convex body. The standard Euclidean

@ Springer



J.Haddad et al.

norm is precisely the Minkowski functional of By, and in this instance we write
[x]| == |lx|| B! Other classical notions we use include O(n), the orthogonal group on

S"1, and GL,(R), the group of non-singular n x n matrices over R.

The following facts about convex bodies can be found in the textbook by Schneider
[65]. Steiner’s formula states that the Minkowski sum of two compact, convex subsets
of R” can be expanded as a polynomial of degree n: for every ¢ € (0, 1) and compact,
convex K, L C R", one has

n

Vol (K +10)= 3 (’;)ﬂ' Va(Kln = j1. LUjD.

j=0

where V,(K[n — jl, L[j]) is the mixed volume of (n — j) copies of K and j
copies of L. When j = 1, one often writes V,,(K[n — 1], L). Also, when j = 0,
Vu (K [n]) = Vol, (K). The Brunn—Minkowski inequality (8) then implies Minkowski’s
first inequality

Va(K[n — 1], L)" > Vol,(K)"~'Vol, (L), (11)

with equality if and only if K and L are homothetic.
A convex set K is often studied through its surface area measure og: for every
Borel A ¢ S*~!, one has
ok (A) =H""'(ng' (A)),

where H"~! is the (n — 1)-dimensional Hausdorff measure and ng : 9K — S"lis
the Gauss map, which associates an element y of d K , the boundary of K, with its outer
unit normal. For almost all x € 0K, nkg(x) is well-defined (i.e. x has a single outer
unit normal). One can verify via approximation by polytopes that for K, L € K",

Vo(K[n— 11, L) = %g% Vol,, (K +<9l(;) — Vol,,(K) _ %/S; | hy(0)dok ©6).
(12)

A relevant example of mixed volumes in our case is the mean width of L € K", given
by

wy(L) =

/ hi(0)d0 = —V, (Bl[n — 11, L). (13)
gn—1 Kn

n

Given a convex body K, its Blaschke body K is the unique origin-symmetric convex
body whose surface area measure is given by [25, Definition 3.3.8]

dog () +dog (—0)

dog () = 5 (14)
An application of Minkowski’s first inequality is that [25, Theorem 3.3.9]
Vol,, (K) < Vol (K), (15)

with equality if and only if K is symmetric, in which case K is a translate of K.
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In [42], Lutwak introduced the ith dual mixed volume for K and L star bodies in
R™:

~ 1 . .
Uikt =Ll =+ [ ox @~ on@as.

Lutwak originally only considered the case when i € N, i < n, but it is not too
difficult to expand his theory to the case when i € R, see for example the appendix
of [25]. When i = —1, we write 17_1 (K[n + 1], L). Dual mixed volumes satisfy the
dual Minkowski’s first inequality: for K, L € §",

Vol,, (K)"'Vol, (L)™' < V_(K[n + 1], L)", (16)

with equality if and only if K and L are dilates (see e.g. [25, Section B.4, pg. 421, eq.
B.24]). Both the inequality (16) and its equality characterization follow from Holder’s
inequality.
We refer the reader to [25, 29, 35, 36, 65] for more classical definitions and properties
of convex bodies and corresponding functionals.

To emphasize how the dual mixed volumes will be used in this work, it is known
[25] that the centroid operator I and the polar projection operator I1° satisfy the
following duality

V_1(L[n+ 1], 1°K) = Vol,(L)#Vn(K[n —1],T'L), a7y

for every convex body K and star body L in R”.

Let us conclude this subsection with a historical remark on one possible proof
of Petty’s projection inequality, the second inequality in (3). Given u € S"~!,
the Steiner symmetrization of K about u constructs the Steiner symmetral of K,
denoted S, K. The set S, K is a convex body that is symmetric about u and sat-
isfies Vol,(S,K) = Vol,(K). A well-known theorem [68, Theorem 6.6.5] states
that there exists a sequence of directions {u j}?o: 1 C "1 such that, if we define

S1K = S K, S;K = Su;Sj-1K, then S;K — & /"Vol,(K)'/" B} in the Haus-

dorff metric (see [65]), i.e., K is transformed into the centered Euclidean ball of the
same volume. A fact that seems to have been folklore for a long time, but, as far as the
authors are aware, was only first shown rigorously in [44], is that for u € S"~! and
K € K", one has

S, I1I°K C II°S, K,

and therefore Petty’s inequality, the right-hand side of (3), is an immediate conse-
quence of Steiner symmetrization. Inspired by this classical proof, we will recall
another type of symmetrization to settle Theorem 1.4.
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2.2 Radial mean bodies

Next, we recall that a non-negative function 1 is said to be s-concave, s > 0, if for
every x, y € supp(¢) and A € [0, 1], one has

YL =Mx+ )’ = (1 =Y ) + 2 ()’

Furthermore, in the limit as s — 0T, one has log-concavity:

(1 —x +2y) > )yt

Jensen’s inequality shows that every s-concave measure, s > 0, is also log-concave.
There is an interesting connection between log-concave functions and convex bodies
in R".

Proposition 2.1 (Theorem 5 in [10] and Corollary 4.2 in [26]) Let f be a log-concave
function on R". Then, for every p > 0, the function on S*~' given by

[e¢] 1/p
0 — (p/ f(r@)rpldr>
0

defines the radial function of a convex body containing the origin in its interior.

As an interesting historical development, we remark thatin [18], it was shown that if the
concavity of the function f is related to the power p, then the integral in Proposition 2.1
is the radial function of a convex body when f is —1/(p + 1)-concave.

Gardner and Zhang [26] defined the pth radial mean body of a convex body K as
the star bodies whose radial function is given by, for 6 € S"~!,

1 g
P,k (6) = <W | p“w)"dx) . (18)

A priori, the above is valid for p > —1, p # 0. But also, by appealing to continu-
ity, Gardner and Zhang were able to define RyK and establish that R K = DK.
Additionally, Gardner and Zhang established that each R, K is an origin-symmetric
convex body for p > 0 by applying Proposition 2.1 to the covariogram, which is even
(the convexity for p € (—1, 0) is still open). By using Jensen’s inequality, they then
obtained that for —1 < p < ¢ < oo, one has

R,K C R;K C RwK = DK. (19)

One sees that R, K tends to {0} as p — —1. Therefore, Gardner and Zhang defined
another family of star bodies depending on K € K", the pth spectral mean bodies of
K . It turned out the Oth spectral mean body is e Rg K and the pth spectral mean body

1
for p € (=1,0) U (0,00) is (p + 1)» R, K. With this renormalization, one obtains
1
(p+ D?R,K — Vol,(K)II°K as p — (—1)T, showing that the shape of R,K
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indeed tends to that of a multiple of the polar projection body of K as p — (—1)7.
Gardner and Zhang then obtained a reverse of (19). They accomplished this by using a
reverse Holder-type inequality, Berwald’s inequality [11, 13] obtaining [26, Theorem
5.5], for -1 < p < g < oo, that

1 1
DK C (” +q)qRqK c (” +p)' R,K C nVol,(K)IT°K, (20)
q p

There is equality in each inclusion in (20) if and only if K is a n-dimensional simplex.
Radial mean bodies themselves were recently generalized to the setting of Borel
measures with density and concavity [37] and the fractional calculus [31].

2.3 Wulff shapes

Let C(S"~!) denote the set of continuous functions from S"~! toR. For f € C(S*™1),
the Wulff shape of f is

[f1= ) tx eR": (x,u) < ).

ueSn—1

In most works, f is assumed to be strictly positive, to ensure that [ f] has non-empty
interior (in particular, o € int([ f])); see, for example, the textbook by Schneider
[65, Sect. 7.5, p. 410]. A notable case is when f = hg + th, where K is a convex
body containing the origin in its interior, 7 € C(S"~'), and ¢ is small enough so
that f is strictly positive. Actually, one can drop the assumption that K contains the
origin and [k g + th] will still have non-empty interior. Indeed, let z € R" be so that
K — z contains the origin in its interior - for example, z being the barycenter of K.
Then, hx_,(u) = hg(z) — (z, u). Therefore, by picking ¢ > 0 small enough so that
hxk_,+th>0on S"~! we have

[hg +thl=[hgk_;+th+(z,)] =[hgk—_; +1th] +z, 21

where, in the last line, we used the easily verifiable fact that, if f is so that [ f] has
non-empty interior, then [ f + (z, )] = [f]1 + z.

We next recall the following classical fact about the variation of the volume of
Wulff shapes. Usually, it is stated with o € int(K). However, (21) combined with the
translation invariance of the Lebesgue measure allows us to drop this assumption.

Lemma 2.2 (Aleksandrov’s Variational Formula, [3]) For f € C(S" ') and K € K",

one has
. Vol,(lhg +tf]) — Vol (K)
lim =
t—0 t Snfl

fwdok (u).
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3 The mth-order projection and centroid bodies
3.1 The covariogram

We first recall the definition of the generalized covariogram, which was first implicitly
defined by Schneider [64].

Definition 3 Let K be a convex body in R” and m € N. We define the m-covariogram
of the body K to be the function gg »,: (R")" — R given by

grk.m(X) = gx.m(X1, ..., Xm) = /K (H Xk (y — xi)) dy.

i=1

In the following proposition, we recall rudimentary facts about gx ,, and D" (K).
They are easily verifiable by the reader, and can also be found in [64].

Proposition 3.1 Fix m € N and consider K € K". Then:

(1) gx.m is supported on D™ (K) and, for every z € R", gx+7.m = 8K .m-
(2) D™(K) € K™ and, for every z € R"*, D™(K + z) = D™(K).

(3) Form =2, D™ (K) is origin-symmetric if and only if K is symmetric.
(4) gk.m is 1/n-concave on its support.

We now compute the radial derivative of the m-covariogram, that is prove
Theorem 1.1. For the convenience of the reader, we restate it here.

Theorem 1.1 Let K be a convex body in R" andm € N. Then, for every fixed direction
0 =(6,....0u) €S one has

= _ max (0;, ng(y))—dy.

r=0t 0K I<i<m

d -
2 8k m(r0)

The main tool we use in the proof of Theorem 1.1 is the formula for the first variation

of the volume of a Wulff shape, see Sect. 2.3. For K € K", r > 0 and 0 e Sl we
define the convex set in R”

K. (0) = [hK —r max (6, ->_]

0<i<m

For r > 0 small enough, K, (9) is a convex body. We can now prove our first theorem.

Proof of Theorem 1.1 1t suffices to show, for every 8 € S~ and r € [0, PD™( K)(é)],
gk.m(rf) = Vol (K, (). (22)
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Indeed, Lemma 2.2 and (22) yield

dVl K, (6
o ol, (K, (6))

= —/ max (u, 0;)_dog (u),
=0 sn-1 1<i<m
and then the claim follows by use of the Gauss map.

Recall that, by definition, K N (K + rf;) N --- N (K + r6,) # W forr €
[0, ,oDm(K)(Q_)]. Henceforth, we fix such an r. Next, we note that for any § € R",
hxro(m) = hg(m)+r(u, ). Also, for any convex body L, we have L = ﬂues,,_l {x:
(u,x) < hr(u)} [65, Corollary 1.3.5, pg. 12]. Setting 6y = o for notational
convenience, we also have

min (u,0;) = min (—(u, 6;)_) = — max (u, 6;)_.
0<i<m 1<i<m 1<i<m
Therefore,
m
KOK +r600) N0 (K ) = (1) (] s (,x) < s, (0)
i=0yeSr—1
m
= () (s (. x) < b, ()
uesn—1i=0
= (] {x:(.x) < min (hk(u>+r<9i,u>)}
0<i<m
ueSn—1
= () {x: G x) <hg@) +r min <u,9,->}
0<i<m
ueSn—1
= ﬂ x ¢ (u, x) < hg(u) —r max (u,@,-)_} =K, ).
0<i<m
ueSn—1
Taking volume establishes (22). O

We additionally remark that as a function in the variable r, gk ,m (r6) is monotonically
decreasing for r € [0, ppm(k)(0)]. Therefore, fro_m Lebesgue’s theorem, gx ,, (r0) is
differentiable almost everywhere on [0, ppm k) (6)].

3.2 Properties of the mth-order projection body
In this section, we study properties of the operator IT” introduced in Definition 1. The

formula for the support function of 1" K was written as an integral over 9 K ; by using
(12) and the definition of the surface area measure, we can also write

homg (0) = nV,(K[n — 1], C_p) = / max (u, 0;) _dog (u).

sn—1 1<i<m
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It is easily seen that, for any g e R"™ C _g = —Cj. As a consequence, it holds

hrmg (—0) =nV,(K[n — 1], Cp) = / max (u, 0;) +dog ().

sn—1 1<i<m

Now, we shall introduce a functional associated with TT” and show that it is affine-
invariant. First, we show how EmK behaves und_er linear transformations. For T €
GL,(R), x e R" wedefine T € GL,,, R) by T(x) = (T (x1), ..., T (xp)).

Proposition3.2 Let T € GL,(R). Form € Nand K € K", one has
N"TK = |detT|T'T1"K.
Proof Begin by writing, from Theorem 1.1, that

_ Vol, (TK) N(™(TK + t6;)) — Vol,(TK
hirx @) = — Tim SO ((TK) N ( 1)) 2(TK)
t—0 t

i Vol,, (T (K N(/L,(K +tT7'6;))) — Vol,(TK)
- _tl—I>I(l) t
Vol,, (K N (/L (K +tT~'6;)) — Vol,,(K)

t

= |det T|hnmg (T~10) = hjget ynmk (T~'6)

= hﬁmetﬂan(G)’

= —|det T'| lim
t—0

and the claim follows. O
We now show the associated affine invariant quantity for [1>" K.

Proposition 3.3 (Petty product for mth-order projection bodies) For m € N the
following functional is invariant under affine transformations:

K € K" > Voly(K)"™ " Vol (TT°" K).

Proof Since both volume, as a functional on R”, and the surface area measure (which
define IT" K) are translation invariant, it suffices to consider only a linear transforma-
tion. Then, the claim is immediate from Proposition 3.2. Indeed, taking polarity, one
obtains

M°"TK = |detT|~'TII*"K.

Noting that the determinant of T, considered as a matrix on R*" , is equal to | det T'|",
one obtains Vol,,;,, (TT>" T K) = | det T |"*~""Vol,,,, (I1°*" K ). The claim follows. 0O

Throughout this work, we will use that IT" is continuous as an operator on K".

Proposition 3.4 (Continuity of IT") Let {K j}; be a sequence of convex bodies such
that K; — K for some K € K" with respect to the Hausdor(f metric on K". Then, for
everym € N, one has [1" K ; — I1" K with respect to the Hausdorff metric on K"™.
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Proof The statement that [1" K; — IT" K in the Hausdorff metric is equivalent to
the claim that Apmg; — hnm g uniformly on S"m=1_One easily verifies that the map
smm=l _ " defined by 0 — C_; is continuous. As we have seen, han(é) =
nVy(K[n — 1], C_z). The mixed volumes are continuous in the Hausdorff metric
[65, p. 280], so the map K" x S"~! — RT defined by (K,0) — hpng(0) is
continuous. Since S~ is compact, this implies that the map K* — C(S""~1)
defined by K + hpmg is continuous, which precisely means that if K; — K, then
hpm K; = hpm g uniformly on srm—1 m]

In the remainder of this subsection, we study some additional properties of the
operator IT" K. It is well-known that I[TK uniquely determines K if K is assumed to
be origin-symmetric [65, §10.9]. We first show that for m > 2, [T K determines K
(up to translations) without the symmetry restriction.

Proposition3.5 Fixm > 2 andlet K, L € K". If T K = "L then K = L + u for
some u € R”".

Proof Consider the vectors § = (x,y,0,...,0):as x, y vary in R", Cy varies over the
set of triangles with a vertex at the origin, so the assumption I1" K = I1™ L implies
that V,(K[n — 1], T) = V,(L[n — 1], T) for any triangle 7 with a vertex at the
origin, and hence, by translation invariance of mixed volumes, for any triangle. By
linearity, it then follows that V,,(K[n — 1], M) = V,,(L[n — 1], M) for any M € K"
which is a Minkowski sum of triangles, and by continuity, when M is a Hausdorff
limit of such Minkowski sums (a so-called “triangle body”). Again by linearity, this
implies that V,,(K[n — 1], M) = V,,(L[n — 1], M) if M is a generalized triangle body,
i.e., if there exist triangle bodies M1, M such that M + M| = M,. Finally, since
the set of generalized triangle bodies is dense in K" [65, Corollary 3.5.12], we have
Va(K[n—1], M) = V,(L[n — 1], M) for any M € K". This is well-known to imply
that K and L are translates of each other [65, Theorem 8.1.2]. O

Observe that item 3.) of Proposition 3.1 and Theorem 1.2 show that, if K is
a n-dimensional simplex, then I[T" K is not origin-symmetric. We characterize the
symmetry of [1" K in the next proposition.

Proposition3.6 Fix m > 2 and let K € K". Then, I1"(—K) = —I1"K, and
—I1"K ="K if and only if K is symmetric.

Proof Recall that for any 9 € R"™ we have C_; = —Cj. Hence, by the linear
invariance of mixed volumes, we have
hiing (—0) = nV,(K[n — 11, C5) = nVy(—K[n — 11, —=Cy)
=nVy(—=K[n —11,C_g) = hom(—g) ().
This immediately yields IT"(—K) = —I1"™K. Since IT"(K + x) = [1T"K for any
x € R", it follows more generally that [T" K is origin-symmetric if K is symmetric.

Conversely, if TT"K = —I1"K then IT"K = I1I"(—K), which implies by
Proposition 3.5 that K is a translate of — K, i.e., K is symmetric. O
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Finally, we study 1'12B22 as a concrete example; recall the concept of mean width
from (13).

Example 1 When K = B}, Definition 1 becomes
hrim gy (0) = niywy (Cy).
Consider the simple case when n = m = 2. Here,
2rwy(L) = 2Va(B3, L) =2V (L, B3) = Vol (3L).
Observe that, for § = (6;, 6;) € S*:

2 p2((01, 62)) = Vol (3 conv([o, O1], [0, 621)) = |01] + 162] + 161 — 62|,

where 61,6, € R? are such that |62 + |62)> = 1. In particular, this shows that
T°Bj is not a direct product of balls, as & 2x52((01,62)) = |61] + |62]. In fact,

this shows that Hngz D 322 X Bzz. It is perhaps more natural to compare H2322 to
NB3 x 1B = (2B3) x (2B3). Here,

hos2)x 052 (01, 02)) = [01] + 1621 + 101 + 102] = hipa g2 (61, 62))

from the triangle-inequality, and so TT>B3 C (2B3) x (2B3).
One can verify that 1> B is, in fact, not of the form T'(K; x K) for Ky, K» € K?
and T an affine transformation of R?.

3.3 Properties of the mth-order centroid body

We now list properties concerning the m-th centroid body operator I'"*, whose defini-
tion is given in Definition 2. Our first step is to determine the behavior of I'"” L under
linear transformations.

Proposition3.7 Let T € GL,(R). For m € N and a compact set L C R with

positive volume, one has .
'MTL=TT"L. (23)

Proof The result follows from the definition. Indeed, from (5), one has

1
_ max (x;,0)_dx
Vol (T L) JTL 1<i<m
1
= — max (Tx;,0)_dx
Vol (L) Jp 1<izm
1
= max {(x;, T'0)_dx
Vol (L) Jp 1<i<m

= hrn(T'0) = hrrmni ().

hpn (0) =
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Interestingly, I'" L is actually a smooth convex body in R”.

Proposition 3.8 For compact L C R™ with positive volume, T"'L is a C' convex
body in R".

Proof Denote f(x,&) = maxi<j<m(x;, £)—, where x = (x1,...,x,) € R™ and
& € R". Let 0 f(x, &) be the vector in R” given by the gradient of the function
& — f(x,%). Let R be the radius of a ball containing L. We claim that f has the
following properties:
(@) £ (%, = f(& ] < (R+ DIg —n| for |¥| < R+ 1andall §,n € R".
®) 1f(x, 8 <(R+1J&|for |x] < R+ 1andall £ € R".
(c) Forevery & # o, thereis an openset A(£) C R satisfying Vol,,,, (R \ A(§)) =

0 and, if x € A(§), then the function f(x, ) is Clina neighborhood of &.
(d) [02f(x,8) = (R+Dfor|x| <R+ 1,x € A®$),§ #o.
Indeed, for item (a), write f(x, &) = hc_.(£). Then, we use that hc_. is sublinear to
obtain

hc () —hc_;(n) < hc_ (6 —n).

We introduce the notation x¢ for any element of {xi, ..., x;} where the maximum
in the definition of hc_; (£) is obtained for &, i.e. hc_;(§) = (xg, §)_. Then, by the
Cauchy—Schwarz inequality,

he (6 —m) = (.8 —n)— < [{xp-6.§ —n)| < [xy—¢lln =&l = (R+ Dln —&|.

By permuting 1 and &, the claim follows. Item () follows from (a) by picking n = o.

For part (c), first note that the function & — (x, £)_ is C! except on the subspace
{x € R": (x, &) = o0}, and thatif f, g are C! onsome neighborhood then max( f, g) is
c! away from the closed set { f = g}, as for any x such that f(x) > g(x) there exists a
neighborhood V such that max(f, g)|yy = f|y, and similarly if g(x) > f(x). Hence
£ > max; (x;, £)_ is C! in a neighborhood of £ for a fixed ¥ satisfying & hc_;(§)
is differentiable. We then define the set A(§) C R™ to be the set of all x with this
property; it is defined as the complement of the set

Utk eR™:(x,8) =0tu [ {ZeR™:(x, &) =(x;,8),
i=1 i,je{l,...m}
i#]

which, in turn, is a union of linear subspaces and hence a closed set of Lebesgue
measure 0.

For (d), we use that hc__ is C! near & when & # oand x € A(§) to write, fort > 0
small and u € S"1,

he (6§ +1tu) =he_(§) +1(Vhc_;(§), u) + o(1)
where o is a function so that o(¢)/t — 0 as t — 0. Therefore, from item (a),

he_ (5 +1tu) —hc_;(§)
t

(Vhe (&), u) + @ - <R+,

@ Springer



J.Haddad et al.

Sending t — 0, we obtain
[(Vhc (&), u)l < R+ 1.

Taking supremum over all u € S"~!, we obtain that [Vhe_.(§)| < R+ 1.

Now, we are ready to prove 'L is a C! convex body. It suffices to show
that irmy is C! outside the origin. From (a) we deduce immediately that F(§) =
Vol (L)hrmp (§) = fL f(x, &)dx is continuous in R”. Fix £ # o and set Q(§) =
f 1 02 f(x, §)dx (which is well-defined by (c)). For any sequence n; — o in R",

|F(E+nj)— F&) —(Q®).n))| <
/L|f<x,s+n,~>—f<i,5)— (92 f (%, &), n;)|dx.

By (c), the integrand tends to O for a.e x € R™". By (b) and (d), we may apply
the dominated convergence theorem to deduce that the last integral tends to 0. Since
this happens for every sequence 7;, we deduce that F is differentiable at & and its
differential is Q(&).

Finally, let §; — &. We compute:

Q@) — Q)| = fL 102 f (X, ) — 02 f (x,8)|dx.

Again by (c), the integrand tends to O for a.e. x € R". By (d), we may apply the
dominated convergence theorem and we obtain that Q(§;) — Q(&) showing that F
isCL. O

The next lemma shows that I'"* and IT°" are connected through mixed volumes.
Lemma3.9 For K € K" and L € 8™, one has

nm+ 1

V_i(Llnm + 1], I K) = Vol (L) Va(K[n — 11, T™L),

where the dual mixed volume V_1(~, -) is nm-dimensional and the mixed volume
V. (-, -) is n-dimensional.

Proof From the definition of the dual mixed volume and mixed volume, we have
_1(L[nm + 1], TI>™K)

= i pr (@) ! / max (6;, &)_dok (£)d0
Snm— 1 S

n—1 1<i<m

f f pr (@)t max (6, &) dbdok (€)
sn— 1 Snm— 1 <m

1 @ _
nm + / / / fhm=1 max (t0;,&)_dtdOdok (§)
sn—1 Jgnm—1

1<i<m
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nm 1 / max (x;, £)_didog (£)
Snfl

nm L 1<ism

nm+ 1
— Vol (L) / hing (E)dok (€)
nm Sn—]
nm + 1
= Vol (L) V,(K[n — 1], T"L).

O

We conclude this section by showing an interaction of I'"”* and IT°>™ when applied
to ellipsoids. Notice that IT>" : K" — K" and ' : K" — K".

Lemma 3.10 Ler E be a centered ellipsoid in R". Then,

1
oM E = — E.
nm + 1 Vol,,(E)

Proof First, we show that I'"* IT*" B} is rotation invariant, and thus a dilate of By. We

first notice that, for_every T € O(n), (23) and Proposition 3.2 yield 'TL=TI"L
and M*"TK = TTI>"™K for L € K" and K € K". Thus, for K = Bj and
L = T1>" B}, one has

™% BY = TN T B} = I TN°" B} = TT"°" BY;

this means that I I1°" By is rotation invariant and thus a ball. Next, let E € K"
be a centered ellipsoid. Then, there exists T € GL,(R) so that E = T Bj. From
Proposition 3.2, we have

M°"T By = T|detT|~'T1°™ BS.
Applying '™, we obtain

" T BY =TT |det T|~' 11" B}
|det T|~'TT™1°™ B}
K, Vol, (E)~'Cy n T By
K2 Vol (E)1Cp m E

for some Cy ;, > 0. To establish the formula for Cy, ;, set K = B} and L = I1>" B}
in in Lemma 3.9 to obtain

m
nm+1

= Vn(Bg[n — 1], ano’mBﬁl) = Vn(Bg[n — 11, Cn,mBg) = Kncn,m-
O
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4 The mth-order radial mean bodies

The following is in [24, Sect. 6]. Firstly, let ¥ : [0, co) — [0, co0) be an integrable
function that is right continuous and s-concave for some s > 0. Then, its Mellin
transform is the map given by

Mo i LS @@ =y, pe(-1,0),
v P 0, p—1
Jo P (ndt, p>0,
When viewed as a function on C, the Mellin transform is analytic on the half-plane
{p € C:Re(p) > 0}. If ¢ is additionally right-differentiable at zero, then its Mellin
transform M, is a meromorphic function on {p € C : Re(p) > —1} with a simple
pole at the origin. This is verified via integration by parts: for p € (—1, 0) U (0, +00),
one has
1 o0 , ! —1 1//(0) * —1
My (p) = — tP(—yp@)dt = | P (YO O)dt+——+ | Py (0t
P Jo 0 p 1
(24)
Fors > 0,let Y, (t) = (1 — t)L_/s. Then, we have the following monotonicity result.

Lemma 4.1 (The Mellin—Berwald inequality, Theorem 6.1 from [24]) Let ¢ be a
non-increasing, s-concave function, s > 0. Then the function

1/p
(MNP (p+ ]
Cvp)= (Mm(p)) _<p< p )Mw(p)

is decreasing on (—1, 00). Additionally, if there is equality for any two p,q €
(=1, 00), then Gy (p) is constant. Furthermore, Gy (p) is constant if and only if
Y* is affine on its support.

The equality conditions of Lemma 4.1 are not stated in [24, Theorem 6.1] but
implied by the proof; see [37, Lemma 2.2] for an explicit proof. We remark that the
Mellin transform is defined, and the Mellin—-Berwald inequality holds, for all s-concave
functions, s € R, but, for s < 0, the constants become more complicated and one
must restrict to p < —% for integrability.

We now introduce the mth-order radial mean bodies.

Definition4 Let K € K". Form € Nand p > —1, we define the (m, p) radial mean
bodies of K, R/ K, to be the star bodies in R"" whose radial functions are given by,
for 6 e S"1:

1
| (ke S (mimizr o ok (=001 dx) " p= =1 p £ 0;
PRy ) = Y exp iy S 1og (Minizi,..m (px—+(~6D)) dx) . p =0;
maxyex Minj=1,..m PKk—x(—0;), p = 0.
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It follows from Proposition 4.3 below that R}/ K is astar body forall p > —1. Notice

that R;,K = R, K, since, when m = 1, Definition 4 recovers (18) when one uses the
fact that the bodies R, K are origin-symmetric. We now show that R, K = D" (K).

Proposition4.2 Fixm,n € Nand K € K". Then, R K = D" (K) and RZ’K — {o}
asp — (=Dt

Proof Since R K is a star body, we know that
RLK ={y e R"™ : ppm g (y) > 1}.

Hence, if y € R K, then, max,cx min; px—x(—y;) > 1; but this is true if and only if
there exists at least one x € K such that min;—;,__» px—x(—y;) > 1. But, for such an
x, this means, foreveryi = 1, ..., m, one has pg_,(—y;) > 1. However, K — x is a
star body, and hence this inequality implies —y; € K —x, or, equivalently, x € K +y;.
Therefore, we have

m
xeKﬂm(K+yi).

i=1
By definition, this means that y € D™ (K). So, R%Z K € D™ (K). Conversely, if we
know that § € D" (K), then there exists some x € K N (i, (K + y;). This means
that pg_x(—y;) > 1 foralli = 1,...,m. Thus, so, too is their minimum. Taking
maximum over x € K yields max,cg min; px—x(—y;) > 1,ie. y € RZ K, and so
the claim follows.

For the second claim, we note that, when p € (—1, 0),

P
/ ( min {pK_x<—e,~>}) dr= [ pes(-607dx
K \i=l,..., m K

for alli = 1,...,m, and the latter integral was shown to go to co as p — —1 by
Gardner and Zhang [26]. O

We now show that the radial functions p RUK of the (m, p) radial mean bodies R;,"K
are actually the Mellin transform of the mth-covariogram gg ,,. In the presence of
(— gK,m(ré))’ below, the derivative is in r, and, we make note of the fact that, since
8K.m (r6) is decreasing, —gx m (r0) is positive.

Proposition 4.3 Let m, n € N be fixed. Then, for K € K", one has that, for p # 0,

1
pruk (0) = (ngK,mwv (p)> '

Volp, (K)

1
ppm k) @) —_— P
(Volf(K) o gk m(ro)r? ldf”) , p >0,

1
opm (k) (6) m(r0 _ _\7
(pﬁ)u & (8;2)1"((;()) - 1) rP ldr +p5m(K)(9)> , D€ (_1, O)
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From Proposition 2.1, this yields that, for each p > 0, R?K e K" and that it
contains the origin in its interior. Additionally, the above formula re-writes as, for
p € (—1,00):

1
m (k) () = v
_ (#m o (—gk,m(ren’rf’dr) : p#0,
Pruk (0) =

m (9_) _
eXp <—V01nl(1() fopD O (—gk m(rd)) log(r)dr) , p=0.

Proof Observe that x € N7 (K + r6;), if and only if —rf; € K — x for every
i=1,...,m.Butthisis equivalent to 0 < r < pgx_,(—6;). Then, for p > 0:

o
- p/ / Xﬂ?”zl{r>0:r§p,<,x(_9,.)}(r)rP—ldrdx
K JO
) 1
N p/o /K XY™, treRmxe(K 46,y (X)dx rP ™ dr

o0 _ | ppm k) ©) _ .
= p/ grx.m@OrP"dr = p/ gx.m(rO)rP~ dr.
0 0

For p € (—1, 0), we obtain

)4 o0
/ ( in {pr<—0i>}) dx=—p / / rP~ldrdx
k \i=l,...m K Jminj—;,  m{pk—x(—=6;)}

o0
- _p/K A XU:”:I{r>0:r>pK7x(—gi)}(r)rp_ldrd_x

00
B _p/O /K XU'm:lKXERn:xﬂK-‘rr@i)}(x)dxrp_ldr

= /Oo Vol,, (K \ <ﬂ(1< + r@i)>> rP~ldr
0

i=1

= _p/ (Vol,(K) — gK,m(ré))rpildr
0

PD”‘(K)(G_) _ 4 » _
= P/(; (8k.,m(r0) — Vol, (K)rP~"dr 4 Vol (K) ppm g (0).

The equation (25) comes from (24) and the differentiability of gx (r0) almost every-

where (as a function in r on its support) for p # 0, and then via continuity for p = 0.
O
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The convexity for p € (—1, 0) is unknown. On the other-hand, for p € (-1, 0),
lets := 14 p € (0, 1). Then, we obtain

_ Pom(K)(é) _ r0)y
S,OR;’;K(G)S_I — S/ ( gK,m( )) rs_l

dr. (26)
0 Vol, (K)

We recall the following elementary lemma; see, for example, [31, Lemma 4] for a
proof.

Lemmad4.4 If ¢ : [0,00) — [0, 00) is a measurable function such that, for some

so € (0, 1), one has [;° 1%~ 1(t)dt < oo, then

o0
lim s/ #~lo@)dr = lim @(1).
0 t—07t

s—0t
Consequently, we can now establish the behavior of PRuK AS P = S

Proposition4.5 Fixm,n € Nand K € K". Then,

lim (p+ 1D'?R}K = Vol,(K)IT*"K.
p— (=T

Proof Taking the limit of (26), using Lemma 4.4, and inserting the result for the
derivative of the covariogram from Theorem 1.1, we obtain for every § € S~ that

lim (p 4+ 1D"?pgu (0) = Vol (K) prien k (6). (27
p—(=1* ’

O

Thus, we see that the shape of R} K approaches that of Vol, (K)IT>"K as p —
(—1)T. With the aid of (25), one can deduce the following chain of set-inclusions.

Lemma4.6 Fixn,m € N. Forevery K € K" and —1 < p < g < 00 one has:
R, K C RK € D"(K).
Proof Tt suffices to show for every § € S~ that PRIK (6) is an increasing function

in p for p > —1. Indeed, this follows from Jensen’s inequality applied to (25) with
respect to the probability measure

=Volu (K) ™ gk m () X{0, g, 311
O

We now show the reverse of this chain of inclusions, that is, we prove Theorem 1.2.
For the convenience of the reader, we shall restate this theorem below.
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Theorem 1.2 Let K € K" and m € N. Then, for —1 < p < q < 00, one has
1 1

D™(K) C (q +”)"R;”K c (p +”>pR;,"K C nVol, (K)TT®" K .
n

n
Equality occurs in any set inclusion if and only if K is a n-dimensional simplex.

Proof Recall from Propgsition 3.1 that gK,m(ré)% is a concave function (in r) on its
support for every fixed € §""~!. Thus, from Lemma 4.1 and Proposition 4.3, the
function

1
- p+n\r —
Gg(p:0) = < ) PRuK (0)
n
is non-increasing in p, p > —1, for every fixed 6, which establishes the first three

set inclusions upon insertion of definitions. For the last set inclusion, we have not yet
established the behavior of lim,_, 1)+ Gk (p; 0). Observe that

1
_ 1 P _
Gr(p: ) = (—(“”)) (p+ D7 prok @)
p+1 n P

(= (3)
—_ —>n,
p+1\ n p— (=Dt

one obtains from (27) that lim,_, 1)+ Gk (p; 0) = nVoln(K),ono,mK(@_). The equal-
ity conditions follow from those of Lemma 4.1, which shows equality occurs for any

From the fact that

— 1
set inclusion, and hence for all set inclusions, if and only if gx ,(r0)" is as affine
function in r on its support. Indeed, Proposition 4.7 below shows this characterizes a
simplex. O

The following proposition characterizes a simplex; the equivalence between (i) and
(i) can be found in [20, Sect. 6], or [16, 62], and the equivalence between (i7) and
(iii) is the content of [64, Sect. 5].

Proposition 4.7 Let K € K" and m € N. The following are equivalent:

(1) K is a n-dimensional simplex.
(ii) For every @ € S*V and r > 0 so that K N (K +r0) # @, K N (K + r0) is
homothetic to K.
(iii) Foreveryf e S"~1, gK,m(rQ_)l/” is an affine function inr forr € [0, po(K)(Q_)].

We next show that there exists an (m, p) radial mean body whose measure is
comparable to that of K.

Proposition 4.8 Let K € K" and m € N. Then,

Vol (R™ K) = Vol (K)™.
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Proof We first observe that, from the translation invariance of the Lebesgue measure:
l m
Vol,(K)" = ——— Vol — K)d
n(K) Vo1n<1<>/KE n(y = K)dy

1 m
- m A 111 </]R’1 XyK(xi)dx,-> dy

1
- [ .. - dydx; ---d
Vol, (K) / ; / n/1<Xﬂ":‘("’+K)(y) YR

1
- Kom (F)dE = ———— K.m (D).
Vol, (K) /ng " Vol, (K) Jpmexy 55"

On the other-hand, integrating in polar coordinates (9) and using the polar formula
for volume (10) yields

1
—_— gk.m(x)dx
VOln(K) D™(K) "
1 ppm k) (@) o B
= m‘é lf gK,m(rG)r drd9
n nm—1J 0
1 - _
= o oy PR @0 = ol (R K.

From this we can prove the following results; the first one is a new proof of (2).

Corollary 4.9 (Rogers—Shephard inequality for mth-order difference bodies) Fix m €
Nand K € K". Then, one has

Vol, (K) ™" Vol (D™ (K)) < <”’" " ”)
n
with equality if and only if K is a n-dimensional simplex.

The second one is the mth-order Zhang’s projection inequality. We restate it here for
convenience.

Corollary 1.3 (Zhang’s projection inequality for mth-order projection bodies) Fix m €
Nand K € K". Then, one has

B o 1 /(mm+n
Vol,, (K)"™ " Vol ., (1'[ mK) > nnm< . ),

with equality if and only if K is a n-dimensional simplex.
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Proofs of Corollaries 1.3 and 4.9 From the homogeneity of volume, Theorem 1.2 with
p = nm, and Proposition 4.8, one has

1
Vol (D™ (K)) < Vol ((”mn+ ﬂ) Rrrlan)

<nm+n

n

)Vol,,m(Ry;K) = ("m + n)Voln(K)’”
n

< Vol (nVol, (K)IT®" K)

— 2""Vol, (K )" Vol (T K).

The equality conditions are immediate. O

5 The mth-order Petty’s projection inequality

In this section, we set out to prove Theorem 1.4, which we restate for the reader’s
convenience here.

Theorem 1.4 Fixanym € N and K € K". Then, one has
Vol,, (K)"™~""Vol,,,, (TI>™ K) < Vol,,(B3)"" " Vol,,, (T1>™ B}),

with equality if and only if K is an ellipsoid.

Before proceeding to the proof of Theorem 1.4, we establish the following class-
reduction argument in the spirit of [44].

Lemma5.1 Fixm,n € Nand let K € K". Then,

Vol (10" K ) Vol, (K )™~ <

28
VOlnm(no,mFm HO‘mK)Voln(Fm l—[o,mK)nmfm’ ( )

with equality if and only if K is homothetic to T T1>™ K.

Proof By setting K = I'L in Lemma 3.9 and using the dual Minkowski’s first
inequality (16), we obtain for every L € S that:

nm+ 1

—hnm
Vol, (T™ L))" > ( > Vol (L) Vol (T T L)~ (29)

with equality if and only if L is a dilate of I[1>" " L. Then, set L = I1>™ K in (29)
to obtain for every K € K" that

Vol,, (T TI°™ K Y Vol (TT°" T 1™ K )

N (30)
z(”’“ ) Vol (MO K),

m
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with equality if and only if [T*"* K is a dilate of [T>" " I1>" K . Next, let L = [1>" K
in Lemma 3.9 and apply Minkowski’s first inequality (11) to obtain for every K € K"
that

(nm+l

—n
) > Vol, (T TI>" K )Vol, (K)" ™!, 31)
m

with equality if and only if K is homothetic to I'*I1°" K . Raising both sides of (31) to
the mth-power and combining with (30), we then obtain (28) with equality if and only
if K is homothetic to ' T1°>" K (from (31)) and I1°"* K is a dilate of 1> "™ 1> K
(from (30)). Notice the first condition implies the second, as the operator I1>" is
translation invariant. Thus, it suffices to say there is equality if and only if K is
homothetic to I'" 1™ K . O

In 1999, McMullen [50] introduced the fiber combination of convex bodies. In 2016,
Bianchi, Gardner and Gronchi [12] further generalized the concept of fiber combina-
tion and constructed a general framework of symmetrizations of convex bodies. We
now introduce a symmetrization that is adapted to our setting, i.e. which uses the
product structure of R™™. It is actually a particular fiber summation of certain bodies.
The definition as a union also emphasizes that the symmetrization is a particular case
of [12, Eq. 6]. As far as we know, this is the first application of this particular case. For
lack of a better phrase, we will call this fiber symmetrization. It will be convenient to
write X = (x1, ..., xn) € R™ as (x;);.

Definition 5 Fix m, n € N. For & € S*~!, consider the line (£) := {t§ : t e R} C R"
and let V = V(&) be its orthogonal complement. Let L C R™ be a compact, convex
set. Consider the subspace V" =V x --- x V € R™ and define similarly (§)". We
define the fiber symmetral of L with respect to £ by

SeL={J (x + %D(L N@E+ <§>m))> :

Teym

We use the convention that the Minkowski sum of a point and the emptyset is the
emptyset. Notice that the set D(L N (x + (§)™)) is an m-dimensional convex body
inside the vector space (£)™. Furthermore, we have

_ 1

SeL = { (x,' + E(ti — s,')é> eR"™:x; €V,
! 32)
ti,si € R, (x; +1:8)i, (x; +5i§); € L}~

It is easy to see that if L € K", i.e. if L has non-empty interior, then so too is
S'g L. This can be verified directly or found in [12, 50]. In the case when m = 1, the set
LN (x+ (&)™) is an interval, and half its difference body is the centered interval of the
same length, parallel to (£). Consequently, the above definition reduces to the classical
Steiner symmetrization of compact, convex sets. It is straightforward to verify that

T(S:L) = SreT(L) (33)
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for every rotation T € O(n).

A basic property of Steiner symmetrization is that it preserves volume. In [66],
Ulivelli studied the analogue of this property for the symmetrizations introduced by
Bianchi et al. [12]. In the following proposition, we provide a self-contained proof of
a particular case of [66, Lemma 3.1].

Proposition 5.2 Let n,m € N and fix & € S"~!. In the notation of Definition 5, we
have that, for L € K™, .
Vol (Sg L) > Vol (L). (34)

Equality holds if and only if the fibers L N (x + (£)™) with positive m-dimensional
volume are symmetric for every X € V'™ (the center of symmetry may depend on X ).

Proof By the Brunn—Minkowski inequality (8),

Vol <%D(L N+ (E)m))> > Vol (L N (X + (§)™)).

Applying Fubini’s theorem, we obtain

Vol (3¢ L) = / Vo, (x F DL+ <s>’">)> d
Vm
— / Vol (lD(L NG+ (é)’"))) dx
Vm 2
> / Vol (L ) & + (£)"))d = Vol (L),

as required. O

Remark 1 As pointed out by the referee, it makes sense to apply fiber symmetrization
from Definition 5 to any compact set L C R™". However, when m = 1, one does
not necessarily recover the Steiner symmetrization of L C R". The inequality (34) in
Proposition 5.2 still holds, but the equality conditions become more complicated due to
the more intricate nature of the equality conditions of the Brunn—Minkowski inequality
(seee.g. [25, p. 363]): there is equality if and only if whenever Vol,, (L N (x 4+ (£)™)) >
0, the set L N (x + (£)™) is a convex set with a center of symmetry, from which subsets
of m-dimensional volume zero may have been removed.

In order to characterize the equality case of Theorem 1.4, we need the following
lemma.

Lemma5.3 Let A : R* — R" be the diagonal function given by A(x) = (x, ..., Xx).
Then, for & € S" ' and K € K":

ATI(S: 1> K) C S TI°K,

where A~V is the pre-image of A.
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Proof Notice that A~ (IT®" K) = I1°K . Consider the left-inverse of A,
1 — 1
Ax) = - jz_;xj, satisfying AA(x) = - a; o(x),

where the second sum runs over P,, the collection of all permutations in m-
coordinates. Since [1" K is invariant under permutations in P,,, we have

= 1 - 1 _
hng @) = — 3 g (@ (0) = hrng | — > 0(0)

‘oePy, ‘oePy,

which implies that
A(II*™K) C TI°K.

To prove the lemma, take x +r& € A’l(S‘gH””K) withx 1 & Wehavex +r& =
(x+%(t,-—s,-)§)fori =1,...,mwith (x+1&);, (x+s;&); € [1>"K andt; —s; = 2r.
Also notice that A((x +1;&);) = x +t& witht = %Zt,-, and A((x +s;&);) = x +s&
with s = 1 3. Since (x + 1§), (x + s£) € A(II>™K) C I1°K and

(x +r§) =x+ A(A(r§))
1
=x+A <(§(ti - Si)%)i)
=x+ lts ! &
=X > 2s
we obtain x + r§ = x + %(r — 5)§ € S¢I1°K and the lemma follows. m]

The critical ingredient in the proof of Theorem 1.4 is the next lemma, which is a
mth-order variant of [44, Lemma 14].

Lemma5.4 Fix& € S"~!. Given K € K" with C' smooth boundary, one has
SeTI°™K C IT*™ S K.

If there is equality, then S¢T1°K 2 TI°Sg K.

Proof By the invariance property (33), we may assume that § = e,, where e, =

O,...,0,1). In view of (32) it is enough to show that if ((x;, #;));, ((xi, ;)i €

M°" K, then ((x;, 4(t; — 5;))); € 1> S K. Write

K ={(x,neR" " xR: z(x) <1 <Z(x), x € P, K},
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where z, 7: R"~! — R are C! functions in the relative interior of Pe% K, and we are
identifying e,f = R" ! and x + te,, = (x, t). Then the (classical) Steiner symmetral
in the direction e,, has the form

Se, K ={(x,) e R" ' xR: —z(x) <1 <z(x),x € P,LK},

where z = %(Z — z). Note that, since K is C!, sois Se, K. Set 0; = (x;,t;) and
6 = (601, ...,0,). Notice for x in the interior of PEHLK , the outer unit normal on d K
at the point (x, z(x)) is given by

(=Vz(x), )

n (6 20) = TS

Similarly, the outer unit normal on d K at the point (x, z(x)) is given by

(Vz(x), 1)

k(3 200) = §g -

Then, we have from a variable substitution that

homg () = max
P K 1<i<m
en

(Vz(x), —1) ~
" /;’LK 1Zism {<9" m>_} |(Vz(x), —Dldx

en

{< (=Vz(x), D)

i s — —Vz(x), D|d
|(—vZ<x>,1)|>_}'( vz, Didx

=/ (max (6i. (=VZ(0). D) }+ max {<0i,(v4_z<x),—1)>}) dx
P <i<m

K 1<i<m
€n

= / ( max {0, (x;, VZ(x)) — ri}+ max {0, —(x;, Vz(x)) + ti}> dx,
PLK I<i=m 1<i<m

where we used that 1_ = (—¢)4+ = max{0, —¢}.
Now assume hmmg ((x;, #)i), hnmg ((x;,5:);) < 1 and let r; = %(ti — Si).
Continuing our computation, we have

hnms,, k ((xi, ri)i)

Pg# <i<m <i<m
= l/ ( max {0, (x;, VZ(x)) — (x;, Vz(x)) — t; + si}
PLK

2 I<i<m
en

+ max {0, {xi, VZ(x)) — (x;, V2(x)) + 1 — Si})dx
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1<i<m

< l/ ( max {0, (x;, VZ(x)) — #;} + max {0, —(x;, Vz(x)) + s;}
2 ek 1<i<m B

en

1<i<m

+ max {0, —(x;, Vz(x)) + t;} + 1max {0, (x;, VZ(x)) — s,'}>dx

where we used that max; {a; + b;} < max,{a;} + max,;{b;} for every a;, b; € R. We
obtain

hnims,, k ((xi, ri)i)

! / ( max {0, (x;, Vz(x)) — t;} + max {0, —(x;, Vz(x)) + ¢;}
P K 1<i<m =

S —
2 1<i<m

1<i<m

+ max (0, {x;, VZ(x)) = si} + max {0, —{x;, Vz(x)) + s,-})dx

1
= E(han((Xi, t)i) + homg (i, 8)i)) < 1,

which completes the proof of the first inclusion.
If Se[1°" K = [1°™ S K, then by Lemma 5.3 we have

M°S:K = AP S K = A7 Se 1P K C S¢[1°K.

We are now in a position to prove Theorem 1.4.

Proof of Theorem 1.4 First we prove that
Vol,, (K )" ™" Vol (TI>™ K) < Vol, (B5)"" " Vol (T1°™ BY).

In view of Proposition 3.4, we can assume that K is a C! convex body. Combining
(34) and Lemma 5.4, we observe that, for any given & € S"~! one has

Vol (K )™ ~""Nol,,,, (T K) < Vol (Se K )" " Vol (S TI®" K)

35
< Vol, (St K)™ " Vol,,,, (T1°" S K). (%3)

Finally, following the notation of Section 2.1, we choose a sequence of directions
{£;}; € S"!'such that §; K — i, Vol (K )1/ BY in the Hausdorff metric. Again,
by Proposition 3.4 we obtain the result.

Now assume there is equality in (35). By Proposition 3.8, we know that K is a
C! convex body. By Lemma 5.4 and the equality of volumes, we have S’g [M>"K =
[1°™ S K forevery & € S"~1. By the equality case of Lemma 5.4, we have [°S: K €
SeT1°K and, therefore,

M°S; K = S;M1°K

for every & € S*~!. This implies that K is an extremal body for the classical Petty
projection inequality and thus, an ellipsoid. O
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From the mixed volume formula, we can also obtain an isoperimetric-type
inequality, a mth-order analogue of Petty’s isoperimetric inequality (4).

Theorem 1.5 Let K € K" and m € N. Then, one has the following inequality:

Vol (197" K) Vol -1 (9K)"™ > Vol (1" BY)Vol,,— 1 (S" )™

- nic, nm
K, _— .
="\ Wy (T BY)

Equality in the first inequality holds if and only if T1K is an Euclidean ball. Ifm = 1,
there is equality in the second inequality, while for m > 2, the second inequality is
strict.

Proof We begin with the first inequality. Using the polar formula for volume (10), one
obtains

Vol (MK ) = ﬁ/ (nVuy(K[n —11,C_g)~""de. (36)
Snm—l

Note that for any T € O(n), we have T € O(nm). Now, by a change of variables
and integrating with respect to the Haar probability measure u on O(n), we obtain

1 _
Vol (I K) = — / f V(K n = 11, C_75)) " dBdpu(T).
nm On) gnm—1

By Fubini’s theorem, Jensen’s inequality and the identity C_75 = T C_j, we have

1 —nm B
Vol (TP K) > —/ (f nVu(Kn — 1], TC_g)d;L(T)) dé
nm Jsnm-1 Om)

1 —nm _
— <f / hcé(T’u)doK(u)du(T)> dé.
nm Jspm—1 O®) gn—1

Using Fubini’s theorem again, and the fact that O(n) acts uniformly on "1,

1 —nm _
Vol (TI"K) > —/ (/ / hca(Ttu)dpL(T)daK(u)> do
nm Jsnm—1 gn—1 On)

1 1 -
— ( / / hc_g(l))dl)dO'K(u)> do
nm Jsnm-1 nK, Jsn—-1 Jgn—1

1 1 —nm _
— (Voln_l(aK)—Vn(Bg[n —1 c_g-)) dé
gnm—1 K

nm n

nm

= Voln,](aK)_”mI;"—m/S | Va(B3In —1].C_5)""dd,

and we obtain

Vol,;, (TTI*"™ K)Vol,,_1 (dK)™™
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> Vol, 1 (&)™ / (nVa(BYIn — 11, C_g)) "™ dd.
nm Jsnm—1

But by (36), this quantity is precisely Vol,_1 (S"~1)""Vol,,,,, (IT>™ BY). This yields
the first inequality in the proposition.

Equality holds in this inequality if and only if V,,(K[n — 1], C_75) is independent
of T for almost every 6. By continuity (see the proof of Proposition 3.4), in this
case it actually holds that V,,(K[n — 1], C_75) is independent of T for any 6. In
particular this is true if we take 0 =(,o0,o0,...,0)forsomed € S"!, in which case
Vu(K[n — 1], C_75) = hng (T6). Thus 1K is a ball.

For the second inequality, we return to (36) and now apply Jensen’s inequality to
the integral over S""~!, giving

—nm
VO]nm(HO’mK) > (Knmnm)annnz (é ., /S ., hC(;(u)dUK(u)dé> .

If m = 1, then .[S"’l hio,—6,)(u)dok (1) is constant for all 9y, if and only if K is a
multiple of BY . Form > 2, the corresponding integral is never constant for all 6. Next,
it is not hard to see from the rotational invariance of the spherical Lebesgue measure
that fSnmfl hCﬁg (u)de_ = constant, i.e., this integral is independent of u. Thus, from
Fubini’s theorem, one obtains

—nm
Vol (T K)Vol,—1 (DK )™ > (k)™ K ( / hc_ﬂ(u)dé) .
S

nm—1

We now replace fSn,,,, 1he 5 (u)dé with something more geometric in meaning. Since
this is a constant, we can integrate it over S"~! and obtain

_ 1 _
/ he (u)df = / / he - (u)ddu.
gum—1 - nKy Jgn—-1 Jgnm—1 -6

However, from a use of Fubini’s theorem, this becomes

MKpm

_ 1 -
/ hc (u)do = — hrmpn (0)d6 = Wnm (TT" BY).
grm—1 -0 nKy Jgnm—1 2 Kn
Inserting this computation yields the result. O

6 The Busemann-Petty centroid inequality and random processes
without independence

We start by obtaining the mth-order Busemann—Petty centroid inequality, Theorem 1.6,

as a direct corollary of the mth-order Petty’s projection inequality. We list it here again
for the convenience of the reader.
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Theorem 1.6 (The mth-order Busemann—Petty centroid inequality) For L € S™",
where n,m € N, one has,

Vol,(I"'L) _ Vol, ("™ T1°" BY)
Vol (L) = Vol (T1em By 1/m”

with equality if and only if L = TI>™E for any ellipsoid E € K".
Proof Applying Theorem 1.4 to the body '™ L, one has the bound
Vol (T T™ L)™' > Vol,, (0™ LY k™ =" Vol (T1°™ BY) ™!,

with equality if and only if I'"* L is an ellipsoid. Combining this bound with (29) and
the fact that Lemma 3.10 shows

n
m
Vol,, ("™ T1>" B} = _—
n( 2) K"((nm+1)/c,,)

yields the inequality. The equality conditions are inherited from Theorem 1.4 and
Lemma 3.10. o

Remark 2 Given a compact set K C R”, its moment body M K is defined as
hyk (0) :/ [{x,0)|dx «— MK = Vol,(K)T'K.
L

Similarly, we can define the mth-order moment body of a compact set L C R as the
C! convex body (from Proposition 3.8) M™ L in R” whose support function is given
by

hymp (@) = | max (xi,0)_dx < M™L = Vol (L)["™L.

[ 1<i<m

From Proposition 3.7, one has
M"TL = |detT|"TM™L

for T € GL,(R). The Busemann—Petty inequality for the mth-order moment body
follows from Theorem 1.6 via homogeneity: for L € ™",

Vol, (M™L) _ Vol,(M™T1°" BY)
Vol (L)1 Vol (TTom By +ir

with equality if and only if L = I1>™E for any ellipsoid E € K".

We now work towards proving Theorem 1.7. We first need the following proposition.

@ Springer



Affine isoperimetric inequalities for higher-order projection...

Proposition 6.1 For L C R™ a compact set with positive volume, K € K", and
x € R™ one has

1
Va(K[n—1], FmL)zm /L Vi(K[n—1], C_z)dx=E;(V,(K[n—1], C_3)).

Proof The result follows from the definition of mixed volumes, the definition of ' L,
and Fubini’s theorem. Indeed:

Vo (Kl — 1), T L) = ~ f e O)do 6)
S’l*

n

1/ 1 (xi,0)_dxdog (0)
= - —— | m i 0)_

1 ot Noln (L) |, 155 1 V1= @X4K

1 / 1 / -
= [ 2| he.dogx®)dz
Volnm (L) L Jsn—1 :

1 -
= m /I: Vn(K[n — 1], C_,;)dx.

We now prove Theorem 1.7, which we first restate.

Theorem 1.7 The functional
(K, L) € K" x 8" > Vol (L) Vol (K) ™7 Ep (Va(K[n — 1], Cg))

is uniquely minimized when K is an ellipsoid and L = AT1°>"™ K for some A > 0.

Proof By Proposition 6.1, Minkowski’s first inequality for mixed volumes (11) and
Theorem 1.6,

Vol (L)~ Vol, (K) "7 / Vo(Kln— 1], C3)di
L
- Volnm(L)*lfﬁVoln(K)*?/ Vi (=K[n — 1], C_s)dx
L

n—1

— Vol (L) Vol (K) ™% Vu(=K[n — 11, " L)

> Vol (L)~ 77 Vol (T L) »

> Vol (T1°™ B2) = Vol,, (™ T1°™ B
From the equality conditions of Minkowski’s first inequality, there is equality if and
only of K and I'" L are homothetic. From Theorem 1.6, there is equality if and only

if L = T (I1>™ BY). By Lemma 3.10, this happens if and only if K is an ellipsoid and
L is a dilate of [T>" K. O
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We next show we can generalize these results. Minkowski [52] showed that volume

behaves as a polynomial: given Ay, ..., A, > 0and K, ..., K, € K", one has that
n
Vol, (M K1 +2aKa+ -+ K= Y Vi (Kipoooos Kiy) Riyhiy 2 iy
i1,i2,...,ip=1
Then V, (K,-l, e Ki,,) is called the mixed volume of K, ..., K;, .

We can then repeat the above procedure and obtain a Groemer-like result for these
larger order mixed volumes. We first need the following proposition.

Proposition 6.2 For Ky, ..., K,—1 € K" and a compact set L C R with positive
volume, one has

1
Vo(Ky,...,Ky—1,T"L) = ———— VoK1, ..., Ky—1,C_3)dx,
(K1 n—1 ) VOlnm(L)/L (K n—1 7)dx

1 - -
VOln(FmL)Z \]OI—(L)H/L"'/LVn(C_jl,...,C_jn)dX]...d.xn.
nm

Proof 1t is well-known that the mixed volumes have an integral representation similar
to that of (12), except instead of ok, one integrates with respect to the mixed surface-
area measures [65, Chap. 5]: consider a convex body K in R” and a collection of
(n — 1) convex bodies R = (K», ..., K,,), K; € K". Then,

1
Va(Ky, R) = ;/

Sn

|k (dos (),

where og is the mixed surface-area measure of the collection K. Thus, the proof of
the first identity is similar to that of Proposition 6.1. As for the second identity, use

Vol, (' L) = V,(T"™L,--- ,T"™L)
and apply the first identity n-times. O

Finally, given L € S™", we select independently n points X; € R™" uniformly
distributed inside L. We denote the expected mixed volume of the closed convex hulls
by

Epn (Va(Cxpso-+ . Cx,)),

and we obtain the following extension of the Busemann random simplex inequality.

Corollary 6.3 The functional
L € 8™ > Volyn (L) 7 Ein (Va(Cy,, -+, C, )
is minimized exactly when L = T1>™ E, where E is an ellipsoid.
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Proof From Proposition 6.2, one obtains
Vol (I (—L)) = Egn (Va(Cg, .-+ . Cx,)-

From the translation invariance of volume, the result therefore follows from Theorem
1.6 applied to —L. O

7 The mth-order affine Sobolev inequality

Throughout this section, we say that a function f : R* — R is non-identically zero
if Vol,,({x € R" : f(x) # 0}) > 0. Recall that f € BV (R"), the space of functions
of bounded variation, if, by definition, there exists a vector valued measure Df such
that, if ny : R" — R" is the Radon—Nykodim derivative of Df with respect to | Df|
(the variation measure of f), then

fRn J(x) div(y (x))dx = —/Rn(nf(X), ¥ (x))d|Df(x)

holds for every compactly supported, smooth vector field ¥ : R” — R". In the case
when f is differentiable, or in the Sobolev space wL1(R"), one has, d IDf|(x) =
[V f(x)ldx and ny = Vf/|V f| when V f # o, and o otherwise (see [22]).

It was shown in [67] that given a non-identically zero function f € BV (R"), there
exists a unique Borel measure (4 f on S"=!, not concentrated on any great hemisphere,
such that

/SH gluwydpy(u) = /Rn g(=ns(x)d|Df|(x)

for every 1-homogeneous function g on R" \ {o}. But also, the center of mass of 1 ¢
is the origin. Indeed, with {e;} the canonical basis of R",

n

/S udpg ) =y (/S (w, e»duf(u)) e

i=1

=- Z (/ (ny(x), €i>d|Df|(x)> ei
i=1 R

= fx) diV(ei)dx> e = Oe; = o.
(/. >

Thus, we apply Minkowski’s existence theorem to 1 s and obtain a unique convex
body with center of mass at the origin, the asymmetric LYZ body of f denoted ( f),
such that o_(s) = . Thatis, ( f) satisfies the following change of variables formula
for every 1-homogeneous function g on R” \ {o}:

/S’H gydoy ) (u) = /Rn gmy(x)d|Df|(x). 37)
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We remark that the epithet “LYZ Body of f € BV (R")" in [67] is reserved for the
origin-symmetric convex body whose surface area measure is the even part of o), in
which case (37) would only hold for even, 1-homogeneous functions g (this distinction
is made implicitly in the proof of [67, Theorem 3.1] but not in the statement of that
theorem). In fact, this origin-symmetric convex body is the Blaschke body of { ) (see
(14)). The not necessarily symmetric body is important for our setting. Indeed, by
setting g(u) = hcié(u) in (37), which is in general not an even function in u, we
obtain the LYZ projection body of order m of f € BV (R"), [1"( f), defined via

hom(r @) = | max (ns(x), 6;)—d|Df|(x).

R 1<i<m

We need the following lemma. In the case of Sobolev functions, it was done in by
Federer and Fleming [23] and Maz’ja [49] when K = B7. Gromov later generalized
this to when K is any symmetric convex body [51]. Cordero-Erausquin, Nazaret and
Villani then extended Gromov’s result, with equality conditions, in the case when
f € BV(R") [19, Theorem 3]. The version we present here, which holds for all con-
vex bodies K containing the origin in their interior, follows by either modifying the
proof of [19, Theorem 3] slightly, or, alternatively, from the result by Alvino, Ferone,
Trombetti and Lions for Sobolev functions [8, Corollary 3.2], an approximation argu-
ment involving W' ! (R"), and repeating the argument for equality conditions done in
[19].

Lemma 7.1 (Anisotropic Sobolev inequality) Let K be a convex body in R" containing
the originin its interior. Consider a compactly supported, non-identically zero function
f € BV(R"). Then,

1
112, Volu (KO < ~ /R g (np(2)d|DF12).

with equality if and only if there exists a convex body L homothetic to K and a constant
A > O such that f = Axy.

Theorem 7.2 Fix m,n € N. Consider a compactly supported, non-identically zero
function f € BV (R"). Then, one has the geometric inequality

1

h=1
n

L . b
(Al n"jVOlnm e (f))mm < Vol (I ,mBg) nm Ky

1
Equivalently, by setting dy, i := nky (anolnm(Ho’mB’;))”m, this is

1

(/Snm_l ( max (nf(Z),9i>—d|Df|(Z)) d9—> Ay = i || fIl o

Rr 1<i<m

In either case, there is equality if and only if there exists A > 0, and an ellipsoid
E € K" such that f(x) = Axg(x).
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Proof From Theorem 1.4 applied to ( f), we obtain

u o,m L n u o,m n L
Vol, ({f)) ™ Vol (IT*™{ f))mm < Vol (By) = Vol (I1" By )

From an application of Lemma 7.1 with K = (f), (37) and (12), we obtain

n—1

Il e < Vol,((f)) ™.

This establishes the geometric inequality. Using the polar formula (10) for the volume
of IT>"™( f) yields the other inequality.

As for the equality conditions, there is equality in the use of Theorem 1.4 if and
only if I[1>™(f) = 1™ E for some centered ellipsoid E € K". First, we show that
(f) is a translate of E. If m > 2, this is immediate from Proposition 3.5. If m = 1,
we take polarity and deduce that IT( f) = I1E. It follows by Aleksandrov’s projection
theorem [25,~Theorem 3.3.6, p. 142] combined with [25, Theorem 4.1.3, p. 143] that

this means (f), the origin-symmetric Blaschke-body of (f) defined via (14), equals
E. Since I1{f) = I1(f), the equation (15) yields

Vol (BS)"~ Vol (TT° B} ) = Vol ({£))"~" Vol,, (TT°( £))
= Vol ({(£))"~" Vol (TT°( £))
< Vol ((f))"~"Vol,, (TI°(f))
< Vol,(B3)"~'Vol,,(TI°BY),

and, therefore, there is equality throughout. By the equality conditions of (15), (f) =
E and (f) is a translate of E.

As for the use of Lemma 7.1, there is equality if and only if f is a multiple of xr,
where L is homothetic to ( f). Thus, L is homothetic to E and the claim follows. O

A Borel set D C R" is said to be a set of finite perimeter if xp € BV (R").
Examples include convex bodies and compact sets with C! boundary. Given such a
set D, we define its mth-order polar projection body via the Minkowski functional

me0=/ max (6, np()_dy, e,
0

*D 1<i<m

where 0* D is the reduced boundary of D and np := —n,,, is its measure-theoretic
outer-unit normal, see e.g. [67, Definition 2.2]. A standard mollifying argument by
Hormander [34] (using the fact that continuously differentiable, compactly supported
functions are dense in BV (R")) immediately yields the following extension of Theo-
rem 1.4 to sets of finite perimeter by setting f = xp in Theorem 7.2; see [67, Theorem
7.2] for the m = 1 case.

Corollary 7.3 Let m € N be fixed. Then, for every set of finite perimeter D C R", one
has
Vol,, (D)™~ Vol,, (I1*™ D) < Vol, (B5)"" ™" Vol (I1>" BY),
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with equality if and only if D is an ellipsoid up to a set of measure zero. If D is
unbounded, then the left-hand side is taken to be 0.

Observe that applying Theorem 1.5 with K = (f) for f € BV (R") yields
Vol (T { £)) Vol -1 (B f )™ = Vol (T1" B3 )Vol,, 1 (S"~)""

with equality if and only if (f) is a centered Euclidean ball. Combining this with
Theorem 7.2, one obtains an isoperimetric inequality for the LYZ body:

1

Vol,—1(3(f) = nll fll_» &5, (38)

with equality if and only if f is a multiple of a characteristic function of a centered
Euclidean ball. Using the integral formula for mixed volumes (12) and the change of
variables formula satisfied by functions of bounded variation (37), we obtain

Vola_1(3(f)) = nVa((f)ln — 11, BY) = / dorp) ()

sn—1

_ /”d|Df|(x) =TV(f),

where TV (f) is the total variation of f € BV (R").If f € WLI(R™), then TV (f) =
IV fll1. In other words, Theorem 7.2 in conjunction with Theorem 1.5 implies the
classical Sobolev inequality for every choice of m € N. By setting f = xp in (38),
we also obtain the classical isoperimetric inequality for sets of finite perimeter.
Appendix A The mth-order polar projection body versus product sets
The first way one can construct a higher-order Petty projection inequality is to “embed"
the Petty projection inequality from R” into R™” via the direct product K +— (K x

- X K) = (K)™. Then, this“embedded” higher-order Petty’s projection inequality
is

Vol ((K)™)" ™ "Vol,yy (TI°PK)™) < (Volyy ((B3)™)™ ™ Vol ((T1° B)™)).

We show that the mth-order Petty projection inequality Theorem 1.4 is sharper than
this embedded version.

Theorem A.1 For K € K" and m € N, one has
[°"K C (I°K)" and Vol (11> K) < Vol, (II°K)™,
with equality if and only if m = 1.
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Proof For each§ € S"!, givenby § = (61, ..., 6,,), notice that

n—1 1<i<m 1<i<m

homg () =/ max (u, 0;)_dog(u) > max |:/ (u, Gi)_daK(u)i|
S Sn—l

= max hng(6) = heonv(nik 1K) (0).
1<i<m

Applying duality, this above computation implies that

M°"K C TI°K x --- x [1I°K =: (TI°K)™,

m—times

where each I1°K belongs to an independent copy of R”.

We now show for m > 2 that Vol,,;,, (IT°K)™\I1*" K) > 0. From the continuity
of radial functions, it suffices to find a single x € R™\{o} such that premg (x) <
pcekyn (X). From duality, it suffices to show that Apm g (X) > hconv(rik,. 1K) (X).
We will actually show there are many such x, to illustrate that (IT°K)"™ and I1®" K
differ “by a lot”. First, define the following sets:

Y = {)E eR" :xi,xp e R"\{o}, x| #x2,x3 =+ =2 =0},
S (®) = [u eSS (xu)_ > <x2,u>_}, for a fixed % € %,
(%) = {u e S (x, u)_ < (x2, u)_}, for a fixed X € =.
Notice for a fixed ¥ € ¥, £,(¥) N p(X) = P and ,(¥) U (%) = "', Further-
more, it is possible to pick ¥ € ¥ suchthat og (X,), o (Zp) > 0. We willlet ¥/ € X
denote the collection of x with this property. One such example is when x| = —x2,

for any x, € R" \ {0}, since ok is not concentrated on any great hemisphere.
We now compute: for every x € X/,

hmg (x) :f max (u, x;)_dog (u) :/ max (u, x;)_dog (u)
sn—1 1<i<m sn—1 i=1,2

:/ (u,xl)_daK(u)—i-/ (u, x2)_dog (u).
Xa(X)

Xp(X)

Applying the definition of ¥, (x) yields

homg (x) > /

Xa (X)

= / (u, xp)_dog (u).
sn—1

(u, x2)dog (u) + / (u, x2) dog (u)
p(X)

Similarly, applying the definition of X (x) yields

hnmk(ﬂ>f <u,x1>7dok<u>+f (. x1)—dok ()
() 5

b (X)
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=/ (u, x1)-dog (u).
Snfl

In particular, this yields, for every ¥ € ¥/,

hmg (X) > max |:/ 1(u,x,~)_da[<(u)j|

i=1,2

= max hng(x;) = hconv(nik, - 1K) (X).
1<i<m

We remark that there is nothing special about x| and x; one could pick any i, j €
{1,...,m},i # j, and define E;,j analogously to X} , := X'. Then,

hrimg (X) > heonv(rik -, mik)(X) forevery i € U Ez{,]"
I<i,j<m

i#j

Consequently, we have that
Vol,, (K)"™~""Vol,,,,, (TI>™ K ) < (Vol,,(K)"~ Vol (TT°K))™,

with equality if and only if m = 1. Combining this estimate with Theorem 1.4 we
obtain the following.

Corollary A.2 For K € K" and m € N, one has that

Vol,, (K)"m_mVolnm (l'[°”” K) < Voln(Bg’)"m_mVolnm (1'[°”” Bg)
< (Vol, (B5)"~"Vol, (IT° B))™,

with equality in the first inequality if and only if K is an ellipsoid, and equality in the
second inequality if and only if m = 1.
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