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Abstract. Ice-sheet models used to predict sea-level rise of-
ten neglect subglacial hydrology. However, theory and ob-
servations suggest that ice flow and subglacial water flow
are bidirectionally coupled: ice geometry affects hydraulic
potential, hydraulic potential modulates basal shear stress
via the basal water pressure, and ice flow advects the sub-
glacial drainage system. This coupling could impact rates of
ice mass change but remains poorly understood. We develop
a coupled ice—subglacial-hydrology model to investigate the
effects of coupling on the long-term evolution of marine-
terminating ice sheets. We combine a one-dimensional chan-
nelized subglacial hydrology model with a depth-integrated
marine-ice-sheet model, incorporating each component of
the coupling listed above, yielding a set of differential equa-
tions that we solve using a finite-difference, implicit time-
stepping approach. We conduct a series of experiments with
this model, using either bidirectional or unidirectional cou-
pling. These experiments generate profiles of channel cross-
sectional area, channel flow rate, channel effective pressure,
ice thickness, and ice velocity. We discuss how the profiles
shape one another, resulting in the effective pressure reaching
a local maximum in a region near the grounding line. We also
describe the impact of bidirectional coupling on the transient
retreat of ice sheets through a comparison of our coupled
model with ice-flow models that have imposed static basal
conditions. We find that including coupled subglacial hydrol-
ogy leads to grounding-line retreat that is virtually absent
when static basal conditions are assumed. This work high-
lights the role time-evolving subglacial drainage may have
in ice-sheet change and informs efforts to include it in ice-
sheet models. This work also supplies a physical basis for
a commonly used parameterization which assumes that the

subglacial water pressure is set by the bed’s depth beneath
the sea surface.

1 Introduction

The Ice Sheet Model Intercomparison Project for CMIP6
(ISMIP6) predicts between 7.8 and 30.0cm of sea-level-
equivalent ice mass loss from Antarctica by 2100 un-
der the Representative Concentration Pathway 8.5 scenario
(Seroussi et al., 2020). This wide range of predictions for the
same forcing scenario is associated with various uncertain-
ties within and differences between the ice-sheet models. A
significant source of uncertainty is a limited understanding
of how evolving subglacial hydrology could influence ice-
sheet mass loss (De Fleurian et al., 2018; Flowers, 2015). A
common approach to capturing the effect of hydrology on
ice dynamics in ice-sheet models is to use measured surface
velocities to invert for a spatially varying basal friction pa-
rameter (Arthern and Gudmundsson, 2010; Morlighem et al.,
2013; Arthern et al., 2015; Lipscomb et al., 2021). This pa-
rameter encompasses all bed properties relevant for basal
shear stress, including subglacial hydrology. Often, this pa-
rameter remains static in time during simulations and does
not evolve with changes in hydrology or basal water pres-
sure (e.g., Lipscomb et al., 2021; Gudmundsson et al., 2019;
Arthern and Williams, 2017). However, subglacial hydrology
does evolve, and variations in basal water pressure have been
linked to changes in ice dynamics (Bindschadler, 1983; Al-
ley et al., 1994; Fountain and Walder, 1998; Clarke, 2005;
Stearns et al., 2008).
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Another way to represent subglacial hydrology in ice-
sheet models is with simple parameterizations or with simple
models (Kazmierczak et al., 2022; McArthur et al., 2023).
These relate basal water pressure to the depth of the bed
below sea level (e.g., Tsai et al., 2015) or the hydrologi-
cal connectivity to the ocean (e.g., Leguy et al., 2014), or
use simple hydrology models to estimate the depth of sub-
glacial water (e.g., Le Brocq et al., 2009) or the till pressure
(e.g., Bueler and Brown, 2009). However, ice-sheet sensitiv-
ity to subglacial hydrology varies based on the parameteri-
zation or model used (e.g., Kazmierczak et al., 2022; Drew
and Tarasov, 2023). Kazmierczak et al. (2022) showed that
the range of sea-level rise (SLR) predictions associated with
these different parameterizations in a single ice-sheet model
is similar in magnitude to the difference in SLR predictions
between models used in ISMIP6 (Seroussi et al., 2020). Ad-
ditionally, some of these simple parameterizations are likely
not representative of the entire ice-sheet bed and may only be
valid near the grounding line (Leguy et al., 2014; Tsai et al.,
2015; Kazmierczak et al., 2022).

We couple a physics-based subglacial hydrology model
with an ice-sheet model using a simple, one-dimensional ap-
proach. Our model avoids some of the common simple pa-
rameterizations for subglacial hydrology and allows the hy-
drology and the ice sheet to evolve in a coupled way. We
use this model to examine how the coupling operates and in-
vestigate the assumption of holding basal friction parameters
static in transient simulations.

Our work differs from previous coupled models of ice flow
and hydrology by considering a marine-terminating setting,
using higher-order ice-flow physics than some models and
using a simpler hydrology model. For example, Kingslake
and Ng (2013) and Arnold and Sharp (2002) coupled multi-
element subglacial hydrology models, including channels
and distributed linked cavities, to simplified ice-flow mod-
els using an ice slab and the shallow ice approximation, re-
spectively. In contrast, we use a higher-order ice-flow model
including longitudinal stresses. Several other models (Pi-
mentel and Flowers, 2010; Hewitt, 2013; Hoffman and Price,
2014; Gagliardini and Werder, 2018) couple similar multi-
element hydrology systems to higher-order ice-flow mod-
els to study land-terminating glaciers. In contrast, we model
marine-terminating glaciers and ice sheets. Finally, rather
than using the multi-element hydrology models considered
in other studies, we model a single, one-dimensional chan-
nel.

Our experiments include up to three points of coupling be-
tween the ice and hydrology models: (1) a sliding law that
depends on effective pressure (which is the ice overburden
pressure minus the basal water pressure) (Iken and Bind-
schadler, 1986), (2) a basal hydraulic gradient that depends
on ice-sheet geometry (Fowler, 1999), and (3) a simple de-
scription of how the drainage system is advected with the ice
sheet as it flows (Drews et al., 2017). These points of cou-
pling are illustrated by the solid lines in Fig. 1.

The Cryosphere, 18, 5301-5321, 2024

G. Lu and J. Kingslake: Coupled ice-hydrology model

Ice sheet —S1 ---S2

A
A4

Velocity: u Thickness: 4

[ L’ N N

Subglacial channel

Figure 1. Points of coupling illustrated for our coupled model (solid
lines; S1), and a model with imposed ice geometry and velocity
(dash-dotted lines; S2).

We consider marine-terminating ice due to its impor-
tance for future ice-sheet mass balance and a channelized
drainage system because observations and modeling suggest
that large, persistent channels exist underneath portions of
the Antarctic Ice Sheet (Le Brocq et al., 2013; Drews et al.,
2017; Dow et al., 2022). For simplicity, we do not model an
adjacent distributed drainage system, which would provide
meltwater to the channel and influence basal sliding. This
approach aids in the interpretation of the physics of coupling
and is supported by previous modeling, suggesting that the
pressures in channels and adjacent distributed cavities are
closely coupled (Dow et al., 2022; Kingslake and Ng, 2013).

Section 2 describes our model and a set of steady-state
and transient numerical experiments. Section 3 presents the
results of these experiments. A key result is that the cou-
pling between water and ice flow generates a region of rela-
tively high effective pressure upstream of the grounding line
in steady-state experiments. The transient experiments show
the consequences of this region of high effective pressure
for simulated retreat. Section 4 discusses and explains these
results with the aid of a reduced version of the hydrology
model, and Sect. 5 draws conclusions about how these find-
ings may apply to real systems.

2 Methods
Here we describe the models of ice flow, basal sliding, and
subglacial hydrology included in our coupled model. We also

describe our numerical experiments. We first conduct a suite
of steady-state experiments to understand the effects of pa-
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rameter choices. We then examine a simulation in more detail
to investigate the resulting effective pressure profiles. Next,
we illustrate the importance of coupling for ice-sheet retreat
through a set of transient experiments.

2.1 Ice dynamics

The ice-flow component of our model describes a two-
dimensional, symmetric, shallow, marine ice sheet. The
model uses an approximation usually referred to as the
shallow shelf or shelfy stream approximation (SSA) (e.g.,
Schoof, 2007; Muszynski and Birchfield, 1987; MacAyeal,
1989). It is depth-integrated and assumes rapid sliding, and
its full derivation is described by Muszynski and Birchfield
(1987). We use this model because it is one of the simplest
models that accounts for longitudinal stresses, which are im-
portant near the grounding line. Mass and momentum bal-
ance are described by

oh N a(hu) W
on —a,

at dx

9 du |V gu d(h—b)

— |24~ Vrp| = — | =1 — pigh =0, 2
ax |: aox 8xi| ™~ P8 JIx )

where £ is the ice thickness, u is the vertically uniform hor-
izontal ice velocity, x is the distance from the ice divide,
t is time, a is the ice-equivalent accumulation rate, ty is the
basal shear stress, p; is the density of ice, g is the acceler-
ation due to gravity, n is the Glen’s law exponent, A is a
depth-averaged Glen’s law coefficient, and b is the bed depth
below the sea surface (Schoof, 2007). For b we use either
a linear prograde slope or an overdeepened bed (Sect. 2.5).
We use boundary conditions described by Schoof (2007).
At the divide (x = 0) we impose symmetry, a(g;b) =0 and
u =0, and at the grounding line (x = x¢) we impose flota-
tion, pih = pyb, and a stress balance based on coupling to a
downstream ice shelf:

n=1q, 1 o
—Z—Bpi(l —p—‘)ghz, 3)

ou

0x

247y
dx 2

where py is the density of water and B is a nondimensional
factor that represents the amount of ice-shelf buttressing be-
ing exerted on the grounded ice at the grounding line. This
is used in transient experiments to perturb the system, fol-
lowing Brondex et al. (2017) and Drouet et al. (2013). This
boundary stress condition accounts for flotation and the lack
of basal shear stress at xg, which is consistent with the as-
sumption described later that effective pressure is zero at the
grounding line. The mass balance (Eq. 1) dictates that thick-
ness changes in the ice are due to the imbalance between the
accumulation rate a and the flux divergence. The momentum
balance (Eq. 2) describes the balance between the longitu-
dinal stress (first term), vertical shear stress (second term),
and driving stress (third term). The hydrology influences the
ice dynamics by modulating the basal shear stress (coupling
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point (1) from Sect. 1), which is represented by an effective-
pressure-dependent sliding law.

2.2 Sliding laws

Different choices of sliding law for representing the basal
shear stress 1y, yield different behaviors in ice-sheet models,
especially near the grounding line (e.g., Brondex et al., 2017;
Tsai et al., 2015; Barnes and Gudmundsson, 2022). Classi-
cally, models use a power law (also known as a Weertman
law) to describe the relationship between 1, and the sliding
velocity (Weertman, 1957):

Tp = Cwum, (4)

where m is usually related to the exponent in Glen’s flow
law, n (Paterson, 1994), and Cyw is a basal friction param-
eter that describes the bed properties. Typically, m = % = %
(e.g., Weertman, 1974; Schoof, 2007). Equation (4) does not
explicitly consider the dependence that 7, can have on the
effective pressure, N, defined as the ice overburden pressure
minus the subglacial water pressure.

The first N-dependent sliding law we adopt is an adjusted

power law proposed by Budd et al. (1979):
7, = CN7u", o)

where Cp is another friction parameter with the subscript
used to distinguish it from Cyw and g is a positive constant.
Present models with this style of sliding law (which we re-
fer to as a Budd sliding law) typically use a value of g =1
(e.g., Brondex et al., 2017). One drawback of this sliding law
is that it allows for arbitrarily high shear stresses, which is
unphysical (Schoof, 2005; Brondex et al., 2017).

The second N-dependent sliding law we adopt is a regu-
larized Coulomb law (Helanow et al., 2021; Schoof, 2005):

u 1/n
— ) (©)
u+ AsCeN"

™ = CcN (
where Ag and Cc are two additional parameters describ-
ing bed properties (Helanow et al., 2021). Sliding laws in
this form have been used to represent sliding with cavita-
tion on hard beds and sliding over deformable glacial till
(e.g., Schoof, 2005; Zoet and Iverson, 2020; Helanow et al.,
2021). In the limit of high N, this law behaves like a power
law (Eq. 4). In the limit of low N (typical near the ground-
ing line), Eq. (6) reduces to a Coulomb plastic sliding law,
Tp & Cc N, and does not have a strong dependence on ice ve-
locity. Neither N-dependent sliding laws apply in the case
when N < 0, so we avoid that scenario in simulations.

Our one-dimensional ice model can be considered to rep-
resent a narrow region of an ice sheet, narrow enough that
ice stresses and the effective pressure at the ice—bed interface
do not vary in the across-flow direction. Furthermore, we as-
sume that a subglacial channel carved into the ice base exists
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at the ice—bed interface, is aligned with ice flow, and extends
in the along-flow direction from the ice divide to the ground-
ing line. We also assume that the basal effective pressure in
this narrow region is equal to the effective pressure in the
channel.

2.3 Subglacial hydrology

Our hydrology model describes the evolution of the sub-
glacial channel and the balances of mass, momentum, and
energy in the channel as follows:

S m , 0§

— =——KoSN° —u—, 7

oty Pi 0 uax 7
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S is the channel cross-sectional area, N is the effective
pressure, Q is the channel discharge, M is a constant and
uniform supply term, m is the melt rate, #, is the time for
the hydrology system (which we distinguish from ¢ for con-
venience when nondimensionalizing later), f is a hydraulic
friction factor, K is an ice-flow parameter, and ¥ is the basic
hydraulic gradient. The closure term in Eq. (7) (KoSN 3) as-
sumes a circular channel geometry. We assume that M comes
directly from the subglacial environment rather than from the
ice surface.

The basic hydraulic gradient i represents coupling
point (2) (Sect. 1). It is the hydraulic gradient that would ex-
ist if the water pressure in the channel were equal to the ice
overburden pressure, which is approximated as pjgh:

b oh
14 —nga _Plga~

We impose N =0 at the grounding line because the wa-
ter pressure under the ice is expected to approximately equal
the ice overburden pressure in this location. We also force
a channel discharge boundary condition at the divide, where
we maintain a constant small influx Qj, (effectively a Neu-
mann boundary condition on N). We assume that the channel
extends to the divide. To avoid this simplification causing the
channel to become unrealistically large near the divide, we
impose a very small Qj,. The boundary condition on S at the
divide is 23 = 0.

Our hydrology model is based on the modification by
Fowler (1999) of the model for a one-dimensional subglacial
channel from Nye (1976), with the addition of an ice advec-
tion term u % in Eq. (7), following Drews et al. (2017). Equa-
tion (7) shows how the channel cross-sectional area S grows
with melt 2 and closes with ice creep Ko SN 3. The advection
term in Eq.l(7) represents coupling point (3) (Sect. 1). It cap-
tures how the sliding of basal ice over the bed moves the roof

8y
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of the channel. This term is required for a steady state to be
reached, as we will explain in the next section. Equation (8)
balances the flux associated with the evolution of the channel
cross-sectional area, flux divergence along the channel, and
water gained through melt and additional water sources rep-
resented by M. Equation (9) uses Manning’s equation (e.g.,
Chow, 1959; Rothlisberger, 1972) to describe the pressure
gradient necessary to drive a flux Q through a channel with a
cross-sectional area S. Equation (10) details the assumption
that all the energy dissipated by the turbulently flowing water
is used locally to melt the channel walls.

2.4 Nondimensionalization and numerics

To aid in numerically solving these equations and to under-
stand the scales of each term, we nondimensionalize them
(see Appendix A for the full procedure). There are six un-
knowns (Q, N, S, h, u, m) and six equations, but for sim-
plicity we eliminate m from Egs. (7), (8), and (10), reducing
this to five unknowns and five equations. The dimensionless
forms of the model equations are

0" _10P o, 08
3_%_5/8/3_51\/ P .
00 _ (o 1)|Q/|3 ve(sntep?S) w43
ax S8/ o’ ’
IN' _1(0101
ax’ =5( 7873 _¢>’ "
o' ah'u
an’ ( M) :a/, (15)
ot’ ax’

9 1, au’ |1 ou’ / h/a(h/_b/) 0 (16)
o— a7 | TP T T
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and the associated parameters are 8 E]/ZT_OO’ €= )8(:';’?’
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7, depends on the sliding law choice. Nondimensionaliz-
ing Eq. (5) gives

o =Nu'"" (17)

while nondimensionalizing Eq. (6) gives

I 1/n
=y N (—— (18)
YN N ’
with y = %. Primes indicate dimensionless variables
i8Mg0

which can be returned to their dimensional forms by multi-
plying by their scale (e.g., x = xox’). For clarity, we drop the
primes for the remainder of the analysis; unless otherwise
stated, all variables referred to are their dimensionless forms.
Constants for the experiments detailed in the subsequent sec-
tions are found in Table 2, while the resulting parameter and
scale values are found in Table 3.
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Table 1. Experiments.
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Name Constant ice shape and  Constant hydrology  Ice grid points Hydrology grid points  Transience
velocity (Y/N) (Y/N) (Y/N)
Sensitivity N N coarse (85 %): 100 1000 N
fine (15 %): 600
S1 N N 3000 3000 N
S2 Y N 3000 3000 N
T1 N N coarse (85 %): 100 1000 Y
fine (15 %): 600
T2 N Y coarse (85 %): 100 1000 Y

fine (15 %): 600

Table 2. Constants used in model experiments S1, S2, T1, and T2.

Constant  Description Default value Sensitivity range

A depth-averaged Glen’s law coefficient™ 138 x 10725 g~ 1pa—3 [3.9, 8.6, 19, 42] x 10726 s~ 1 pa—3
As Coulomb law ice rheology and bed morphology coefficient  2.26 x 1072 mg=1pa—3

a accumulation rate 0.3 myr_1 [0.1,0.23, 0.37, 0.5] myr_1

Cc Coulomb law fitting coefficient™ 0.3 [0.1, 0.23, 0.37, 0.5]

CB Budd law coefficient 7.624m~1/31/3

f channel friction factor 0.07m—2/342

g gravitational acceleration 9.81ms™2

Ko flow parameter for inward ice deformation 1x10~24s~1pa—3

L latent heat of fusion of water 33x 10771 kg’1

M additional water supply along channel* 131 x 1074 m2s~! [1,4.64,21.5,100] x1075 m?s~!
n Glen’s law exponent 3

Oin influx at divide 0.001 m3s~!

0i density of ice 917kg m—3

Ow density of water 1028 kgm—3

* Note that for the transient experiments, we use A = 1.5 x 1072541 Pa*3, Cc=02and M=1x 105 m2s~ 1,

Regardless of the sliding law used we find that 8 < 1 (Ta-
ble 3) because the timescale for the hydrology, 0, is about
4 orders of magnitude smaller than the timescale for the ice
sheet, fp; tho is on the order of months, while #y is on the
order of millennia. We interpret this as the hydrology being
in a “pseudo-steady” state, meaning that it quickly reaches a
steady state for whatever conditions the ice imposes as the
ice evolves. We exploit this to simplify the numerical solu-
tion (see below) of the hydrology equation by setting the time
derivative in Eq. (12) to zero. 8 <« 1 also implies that the ice
advection term in Eq. (12) has minimal effect. Regardless,
we retain that term in anticipation of it becoming important
in cases when g—f is large. Another insight stemming from
these parameter values is that ¢ < y and o < 1, which im-
plies, for the regularized Coulomb and Budd cases, that the
basal shear stress has a much larger impact on the ice-sheet
force balance than the longitudinal stresses in Eq. (16). Re-
gardless, to better represent the dynamics near the grounding
line where the basal shear stress vanishes, we retain the lon-
gitudinal stress term.

To solve these equations, we apply the finite-difference
approximation following Schoof (2007). The model domain

https://doi.org/10.5194/tc-18-5301-2024

and variables are descritized into one-dimensional grids. The
ice velocity and thickness grids are staggered and split into
two segments: one with coarse resolution and another with
fine resolution near the grounding line. This split-grid ap-
proach is to preserve computational efficiency while prop-
erly resolving the stresses near the grounding line. The dif-
ferent grids used in our experiments are described in Ta-
ble 1. To account for a moving grounding line, we apply a
coordinate transformation (Appendix B) that allows for the
“stretching” of the grids (Schoof, 2007). The grounding-line
position is implicitly determined at each time step by im-
posing the flotation condition. For the hydrology equations,
we use a uniform grid at an intermediate resolution. The hy-
drology equations also undergo the same coordinate stretch-
ing as the ice equations. In each iterative step, the effective
pressure is linearly interpolated onto the velocity grid, while
both the velocity and ice thickness are linearly interpolated
onto the hydrology grid. Spatial derivatives are approximated
with centered differences unless they are at the boundary
and not addressed by a boundary condition, in which case
we use one-sided differences. Time derivatives are solved
with a backwards Euler method. The system of nonlinear dis-

The Cryosphere, 18, 5301-5321, 2024
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Table 3. Scales and parameter values computed using the constants in Table 2.

Scale/parameter ‘ Expression ‘ Value
‘ using Coulomb Law using Budd Law ‘ using Coulomb Law  using Budd Law
Qo imposed channel discharge scale 1m3s!
ho imposed ice thickness scale 1000 m
X0 imposed glacier length scale 100 km
Yo Yo = pws o 101 Pam”"!
2\ 3/8
So So =\ fxo7¢ 2.07m?
h — —1.—
mo mo = %—Qi?{/‘)g 3.06 % 10~ kgm ™! s~
L33 —1/4
tho tho = ppv{g (;—g) 0y / 6.2x 1005
My % 1x 1079 m?s~!
3 /o \1U/2% 1712
_ Pwg ho S

No No=(g25%) (B) e y 5.44x 109 Pa

_ PwASCE (g \11/8 J1/4 _ o KOLSYS [ ng 6 1 5 1
uo uo = prG (xo) 0 =2 ra 9.80 x 10~%ms 1.02 x 1075 ms

19/8 3 21/8 A1/4

_ KopLf38 _ x — pwCy  Xp O 10 9
to tg = pngsCé h(l)l/gQ(l)M ty = pi“gzkoLﬂ/g h37/8 1.02x10"s 9.78 x 10”7 s

_ ow8ASCE (g \19/8 174 _ prg?KoL 8 ng® 8. 2 1 —7.2 1
ag ao = P () o = G 9.80 x 108 m2s™! 102 1077 m2s
B p =BG P 6.10 x 104 6.37 x 104

= Koxo \ TTa ol . .

— Pw8No
€ e="0r 0.033
- r = pi/pw 0.892
—1/3 gl
5 6= (KoniL s> p3s?) " —itrm 0.065
0o Mo
13, 1/3 1/12 s 13 13/
244" Cepy [¢] 21l KoL h
o o= A Coni Gy o= fg—(gA—g) 0 | 00198 0.0201
(KoLAp{g?) " f1/8 xg " “hy B v X' Qo
) 1/3x13/24Q1/]2

- 0 0

y y = CC(Kopi“gEVLfW) hgm“ n/a 1.81 n/a

n/a: not applicable.

crete equations is solved iteratively with MATLAB’s fsolve
function. This solution method is based on code from Ro-
bel (2021), which was used to solve the model described by
Schoof (2007).

2.5 Experimental design

Table 1 summarizes our suite of experiments. As detailed be-
low, we conduct a series of steady-state simulations, followed
by a series of transient simulations in which the ice evolves
transiently and the drainage system evolves but is assumed to
be in a pseudo-steady state.

2.5.1 Steady-state experiments

We run a suite of steady-state experiments across a range
of parameters to examine model sensitivity. We conduct a
separate sensitivity analysis using each of our two sliding
laws. We vary four parameters while using the regularized
Coulomb law: the accumulation rate a, the meltwater sup-
ply M, the ice stiffness A, and the sliding law coefficient Cc.
For experiments with the Budd law, we vary three parame-
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ters: a, M, and A. We use four different values for each pa-
rameter. We limited the sensitivity analysis to these parame-
ters and four different values per parameter to reduce com-
putational time and to aid in the visualization of the results.
We selected the parameters that alter o« and y in different
ways. For example, raising Cp and raising A both reduce o,
so we only examine sensitivity to A for simplicity. The sam-
pled values for these parameters are found in Table 2. The
range in a encompasses realistic accumulation rates (Kaspari
et al., 2004; Bodart et al., 2023). The range in M was derived
from estimating the amount of additional meltwater needed
to obtain realistic water fluxes at the grounding line given a
100 km long channel (Dow et al., 2022; Hager et al., 2022).
The ranges in A and C¢c were selected to encompass values
used in previous studies (Schoof, 2007; Pimentel et al., 2010;
Helanow et al., 2021). In this suite of experiments (referred to
as “Sensitivity” in Table 1), we use a linear bed with a slope
of 0.001, which slopes downwards in the direction of ice flow
from a depth of 100 m below sea level at the divide (x = 0).
We model an unbuttressed ice sheet, meaning that B = 1 for
all our steady-state experiments. We impose Qg =1m>s™!

s
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ho=1000m, and x¢o = 100km, and all other scales are de-
rived from these values. For the ice grid, we use 100 points
along 85 % of the domain (the coarse grid) and resolve the
remaining 15 % with 600 points (the fine grid). The hydrol-
ogy grid has a uniform spacing with 1000 points. These grids
were chosen to properly resolve the region near the ground-
ing line while preserving computational efficiency.

Outside of this suite of steady-state sensitivity experi-
ments, we also run a set of experiments at a higher, uniform
spatial resolution with a single parameter combination to ex-
amine the model behavior and the nature of the coupling in
more detail. These experiments are referred to as S1 and S2
(Table 1) and are represented by the lines in Fig. 1. We use
the median values from our sensitivity test parameter space,
and the resulting parameter and scale values are detailed in
Tables 2 and 3. We maintain the same bed slope described
above. We use 3000 grid points for the thickness, velocity,
and hydrology grids. We use this finer grid to validate our
grid-spacing choices from the larger suite of steady-state ex-
periments.

S1 consists of two steady-state experiments solving the
full coupled model. S1.Budd (S1.B) uses a Budd sliding
law (Eq. 5), while S1.Coulomb (S1.C) uses a regularized
Coulomb sliding law (Eq. 6). We follow this nomenclature
for the remaining experiments that use different sliding laws
in our coupled model. Note that although different sliding
laws are used, the subglacial drainage system and the ice-
flow components of the model are coupled in the same way
in S1.B and S1.C.

S2 describes a simplified scenario with an imposed ice ge-
ometry and velocity. We impose an ice sheet with a quadratic
shape, with its thickness described by

2x10° —x
h = 1400 x s +0.3363 | m, (19)
2% 10

where x € [0,2 x 10° ]Jm. The grounding line is defined to
be 200 km away from the divide, as that is within the range
of our S1.B and S1.C results. The 0.3363 factor is to make
sure that the ice thickness at the grounding line equals the
flotation thickness. This scenario also imposes a uniform ve-
locity of about 31.5myr~!, which is near the mean veloci-
ties from experiment S1. These velocity and thickness val-
ues were selected to be the same order of magnitude as the
results from the coupled experiments. We hold these veloc-
ity and thickness values constant and use them to solve only
the hydrology equations for a steady state. Employing this
one-directional forcing in this experiment will help us under-
stand how ice geometry drives the hydrology. As illustrated
in Fig. 1, imposing this ice geometry and velocity removes
the point of coupling where the effective pressure modulates
the basal shear stress.
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5307

2.5.2 Transient experiments

We also perform two suites of transient experiments with the
coupled model, which we call T1 and T2. Like the experi-
ments in S1, this set of experiments uses both a Budd slid-
ing law (T1.B, T2.B) and a regularized Coulomb sliding law
(T1.C, T2.C). These experiments can be considered an ex-
tension of those by Brondex et al. (2017), who run a series of
transient experiments using an SSA model with varying slid-
ing law choices. Like Brondex et al. (2017), we introduce a
nondimensional buttressing factor in Eq. (3) and set it to a
value of 0.4 to determine an initial steady state for the ice
sheet before perturbing the model by increasing this factor,
simulating a reduction in ice-shelf buttressing.

For all transient experiments, we run the model to a steady
state on a bed topography with an idealized sill and overdeep-
ening from Schoof (2007):

b= — [729—2184.8 x (ﬁ)z

X 4
+1031.72 x (—750k )
m

X 6
50 km) } m- (20)

Parameter values used in the transient experiments were
selected to generate an initial steady-state grounding-line
position that is downstream of the overdeepening. Specif-
ically, we use A=1.5x 10725 s~ 1pPa=3, Cc=0.2, and
M =1x 107> m?s~! (Table 2). After a steady state is found,
to perturb the model, we reduce ice-shelf buttressing by in-
creasing the nondimensional buttressing factor (B in Eq. 3)
from 0.4 to 1 (meaning fully unbuttressed) linearly over the
first 10 years of the simulation. This gradual reduction in B
ensures numerical stability and, on the timescale of our ex-
periments, does not effect our results significantly. These ex-
periments run for 5000 years with yearly time steps and use
the same grids as those in the sensitivity experiments (Ta-
ble 1).

In T1, we preserve all points of coupling in our model
and observe the modeled grounding-line retreat after per-
turbing the buttressing factor. In T2, we examine the im-
pact of assuming static (unvarying in time) basal conditions
on modeled grounding-line retreat. To do this, we eliminate
the hydrology equations from the model and represent the
static basal hydrology properties with an unchanging effec-
tive pressure profile that is used in the basal shear stress term
in Eq. (2). To define N, we use values from the initial steady-
state solutions of the coupled models in T1. This means that
the initial ice-sheet profiles in T1 and T2 are identical. How-
ever, unlike experiments in T1, which allow the hydrology
to evolve actively with the ice after the perturbation, experi-
ments in T2 hold the effective pressure profile static in time.
This emulates the approach, common in ice-sheet modeling,
of deriving bed parameters with inverse methods and keep-

—151.72><(
7
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Nondimensional steady state variables
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Figure 2. The steady-state profiles of (a) channel discharge, (b) ef-
fective pressure, (c) channel cross-sectional area, (d) ice thickness,
and (e) ice velocity. The results of the coupled simulations with the
regularized Coulomb law (S1.C) are in black, the results from sim-
ulations using the Budd law (S1.B) are in red, and the results from
the one-way coupled model with imposed thickness and velocity
(S2) are in dash-dotted black curves.

ing them constant in time. Note that we still use Eq. (3) as a
boundary condition on u, so the assumption of N = 0 inher-
ent in that expression remains.

3 Results
3.1 Steady-state experiments

Figure 2 shows the five key steady-state model variables from
S1.B and S1.C, which use the Budd and Coulomb sliding
laws, respectively, and our one-way forcing experiment S2,
which uses an imposed ice thickness & and flow speed u.
Examining first the results from experiments S1.B and
S1.C, Q increases downstream (from left to right in Fig. 2a).
The effective pressure N gradually increases downstream be-
fore peaking (near x = 0.93 for S1.B, x = 0.96 for S1.C) and
then steeply decreases towards the imposed N = 0 boundary
condition at xo. Between the peak in N and x,, N passes an
inflection point, where its curvature changes sign from nega-
tive upstream to positive downstream, and exhibits a slight ta-
per. This means that the most negative effective pressure gra-
dient is located upstream of the grounding line. The channel
cross-sectional area S gradually increases downstream from
the divide before reaching a maximum and then decreases
downstream, reaching a minimum near the effective pres-
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sure peak and finally steeply increasing towards xg. S also
exhibits an inflection point very close to xg (x = 0.985 in
S1.B, x = 0.995 in S1.C) and then tapers towards x,. The ice
thickness /# decreases monotonically with x, while its gradi-
ent increases in magnitude for most of the domain until near
the grounding line, where it passes an inflection point (near
x =0.93 for S1.B, x =0.98 for S1.C) and the gradient be-
gins to decrease in magnitude, approaching zero at x,. The
ice velocity u increases downstream. Like the gradient in 4,
the gradient in u increases in magnitude before reaching an
inflection point near the thickness inflection points and then
approaches zero at x,. In Fig. 2, these points of inflection are
clearer in the S1.B profile.

The results from S2, with the imposed quadratic ice geom-
etry, follow similar trends to S1: Q increases monotonically,
S increases gradually with x in the region x < 0.5 and then
decreases slightly before increasing steeply towards x,, and
N increases downstream from the divide before peaking and
then decreasing rapidly to zero at xg. The main difference is
that these variables do not have a point of inflection imme-
diately upstream of the grounding line as seen in the results
from the coupled model (S1). This highlights how the ice sur-
face topography controls the hydrology: the ice geometry in
the coupled experiments exhibits an inflection point, and this
is reflected in the hydrology profiles, whereas the quadratic
ice geometry (Eq. 19) does not. Hence when this is used to
drive the hydrological part of the model, the results also lack
these inflection points.

Figure 3 shows the sensitivity of steady-state grounding-
line positions to variations in A, a, M, and (for models us-
ing a Coulomb law only) Cc for our coupled models. The
grounding-line position increases as A decreases or as a, M,
or Cc increases. The variations in A, a, and Cc all result in
sizable differences in grounding-line position, whereas vari-
ations in M have minimal effect. We note that the grounding-
line position simulated using the low-resolution split grid
in the sensitivity experiments differs from those simulated
using the high-resolution grid by <0.7 % for both S1.B
and S1.C.

In our steady-state experiments we noted a peak in effec-
tive pressure near the grounding line (see Fig. 2b). As we
will discuss in the next section, this peak in effective pres-
sure plays a role in our transient experiments, so we are inter-
ested if this feature is persistent across parameter variations.
Figure 4 shows the sensitivity of the location of maximum ef-
fective pressure with respect to the same parameter variations
explored in Fig. 3. The peak moves further from the ground-
ing line as A or M increases or as a or Cc decreases. A and
a more significantly impact the location of the peak in effec-
tive pressure. We also see that the peak in effective pressure
is consistently near the grounding line, with the exception of
the cases of low accumulation, high A, and low Cc, where
the peak is further upstream. Comparing these positions with
their respective grounding-line locations shows that these are
instances where the ice sheet is very small.
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Figure 3. The sensitivity of the coupled model’s steady-state grounding line position to the depth-averaged flow law constant A (inner x axis),
the additional water source term M (inner y axis), and the accumulation rate a (outer y axis). Each column of plots corresponds to a different
value of Cc¢ for the model using a regularized Coulomb law (outer x axis), except for the rightmost column which contains results from

experiments that used a Budd law.

While our focus is not the intercomparison of models with
different sliding laws (e.g., Brondex et al., 2017), we note
that sliding law choice does not change the general trends in
model sensitivity to A, a, or M. Regardless of the sliding law
or parameter values, the effective pressure tends to peak near
the grounding line, which implies a steep drop to zero at the
grounding line. This steep negative gradient in N plays an
important role in our transient experiments, so we return to
experiments S1 and S2 to examine this feature further.

For each of the three experiments (S1.B, S1.C, and S2),
Fig. 5 shows the nondimensional values of each term in
Egs. (12, 14, and 16) to further illustrate how the ice and
the hydrology influence one another. In the first column,
we see the small but important effect of ice flow advecting
the subglacial channel. We anticipated this term to be small,
as B « 1. However, across the three experiments, as N ap-
proaches zero at the grounding line, creep closure (SN? in
Eq. 12) also approaches zero, as illustrated by the dashed red
curves in Fig. 5. In the absence of advection, this would need

to be simulated by a reduction in the melt term lS%l3 Given

that Q > 0, this would require S to grow to infinity. We see
from the steady-state profile in Fig. 2c that S grows large
but does not grow to infinity, and this is due to the advection

https://doi.org/10.5194/tc-18-5301-2024

term growing near the boundary, contributing to channel clo-
sure (because 2 a > 0) and therefore helping to balance the
non-zero melt (insets, Fig. 5).

The middle column of Fig. 5 explains the relationship
between effective pressure and ice geometry. This is most
clearly seen in the one-way experiment (S2; F17g 5h). Con-
sistent with § < 1, for most of the domain < CE follows ¥,
which is set by the ice geometry and bed topography. How-
ever, as we approach xg, % and i diverge; as we ap-
proach the N =0 boundary condition, S grows large and
%L%l approaches zero. In contrast, 4 growing steeper near
the grounding line causes v to grow large. To balance this
mismatch between the gradient required to drive flow ( %L%' )
and the hydraulic gradient supplied by the ice geometry (y),
35- aN grows large and negative. This explains the steep de-
crease in N just upstream of the grounding line (Fig. 5h).

The same relationships hold for the results from the cou-
pled experiments (S1) with some modification related to
the inflection points induced by the ice geometry, discussed
above. In both S1 experiments, the Szlg /3| drops below ¥ near
the grounding line, and the difference is made up by a neg-
ative § 5 3N (just as in S2). In contrast to the results from S2,
an inﬂectlon point in the ice thickness influences the hydrol-
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Figure 4. The sensitivity of the coupled model’s relative location (0 is the divide, 1 is the grounding line) of peak effective pressure to the
depth-averaged flow law constant A (inner x axis), the additional water source term M (inner y axis), and the accumulation rate a (outer
y axis). Each column of plots corresponds to a different value of Cc for the model using a regularized Coulomb law (outer x axis), except
for the rightmost column which contains results from experiments that used a Budd law.

ogy; ¥ no longer grows to a maximum at xg, as it does with
the imposed quadratic geometry. Instead, i reaches a max-
imum upstream of the grounding line, causing the effective
pressure gradient to reach a minimum slightly upstream of
the grounding line (see the red curves in the middle column
of Fig. 5). This minimum shows up as a point of inflection in
the N profiles for the S1 results that is not seen in the S2 re-
sults.

Regardless of the whether the ice and hydrology are cou-
pled (S1) or if the hydrology is forced by an imposed ice
thickness and velocity (S2), § % is negative near the ground-
ing line in response to high v in this region. This results
in N growing large as you move upstream from the ground-
ing line.

Figure 5c and f show the steady-state stress balance from
S1.B and S1.C. The basal shear stress profiles illustrate the
effect the hydrology has on ice flow, as they mimic the N pro-
files, particularly near the grounding line. For example, the
basal shear stress is highest where the effective pressure is
highest, and both drop to zero at xg. As anticipated (due to
o K 1), the longitudinal stresses are small for the majority of
the ice sheet. However, they increase near the grounding line
where the basal shear stress drops to zero.

The Cryosphere, 18, 5301-5321, 2024

In summary, regardless of variation in parameters (Figs. 3
and 4), as long as the gradient in ice thickness grows in the
downstream direction, the effective pressure grows to a max-
imum before dropping to zero at the grounding line. This
steep negative gradient in N means that regions of high effec-
tive pressure exist just upstream of the grounding line. This
in turn causes a region of higher basal shear stress. Next,
we explore the consequences of this high basal shear stress
region for grounding-line retreat if basal properties are as-
sumed static in time.

3.2 Transient experiments

The solid curves in Fig. 6 show results from transient simu-
lations using the coupled models with the Budd law (T1.B)
and the regularized Coulomb law (T1.C). The ice sheet and
hydrological system start in a steady state with the ground-
ing line near the top of the sill, found by solving the cou-
pled model in a steady state using a buttressing parameter
of 0.4 imposed on the longitudinal stress boundary condition
(Eq. 3). The transient simulation starts with this parameter
being increased to 1 (corresponding to no buttressing), which
triggers ice thinning and grounding-line retreat. The ground-
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Figure 5. Term-by-term plots of the steady-state solution to the coupled model (S1). The terms in the equation for channel evolution (left
column: a, d, and g), in the equation for conservation of momentum in the channel (middle column: b, e, and h), and in the equation for
conservation of momentum in the ice (right column: ¢ and f) for the steady-state coupled model solution using a Budd sliding law (top
row: a—c), the solution using a regularized Coulomb law (middle row: d—f), and the one-way forced solution using an imposed quadratic ice

geometry (bottom row: g and h).

ing line rapidly retreats past the overdeepening towards a
steady state on the upstream prograde slope, a total retreat of
about 678 km for T1.B. In T1.C, the grounding line also un-
dergoes rapid retreat to a steady state on the prograde slope,
moving almost 684 km. Looking closely near the grounding
line of the T1 results in Fig. 7 (solid curves, bottom panels),
we see the same peak in N and points of inflection in £, u,
and N that we saw in the steady-state solutions for the lin-
ear bed. This peak in N persists throughout the retreat over
the prograde and reverse bed slopes. This suggests that the
relationships between these variables discussed above in re-
lation to the steady-state results also apply to this more com-
plex bed topography and during retreat. Next we compare
this coupled evolution with the evolution of an uncoupled
model that uses a static effective pressure profile.

Figure 7 and the dashed curves in Fig. 6a show results
from T2.B and T2.C, where the effective pressure profiles are
held static throughout the simulations at their initial values,
derived from the coupled solution that provided the initial
steady-state conditions. Under these conditions the ground-
ing line, instead of retreating past the overdeepening, only
moves a relatively small distance upstream of its initial po-
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sition. In the first 50 years of the simulations, the ground-
ing line in T2.B moves approximately 12 km upstream of its
starting position (Fig. 7a). In T2.C, the grounding line re-
treats only around 10km in this 50-year period (note how-
ever that it does not approach a steady state until later in the
simulation). This minimal retreat is in stark contrast to the
coupled experiments (T1), which exhibit faster and larger-
magnitude grounding-line retreat.

We identify the following reasons for these contrasts. In
the T2 experiments, the effective pressure is no longer near
zero immediately upstream of the terminus during retreat.
After the grounding line begins to retreat, the basal shear
stress near the terminus grows. The increasing shear stress
slows ice flow (see dashed and solid curves in Fig. 7e and f)
and prevents further grounding-line retreat. Further retreat
results in even higher N values, producing a negative feed-
back on the ice flow as the basal shear stress increases further.
The coupled model, on the other hand, allows N immediately
upstream of the grounding line to remain close to zero as the
grounding line retreats; the hydrological system evolves in
response to the changing ice geometry to keep N (and there-
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Figure 6. (a) The grounding-line position and (b) the initial and
final ice thickness profiles of the coupled model with a regularized
Coulomb law (T1.C, solid black curves) and a Budd law (T1.B,
solid red curves) over 5000 years of evolution after fully removing
ice-shelf buttressing (by changing B from 0.4 to 1) over 10 years.
The dashed curves show the evolution of the static-N experiment
using a regularized Coulomb law (T2.C, dashed black curve) and
a Budd law (T2.B, dashed red curve). The upper boundary of the
lower shaded region is the ice-sheet bed.

fore basal shear stress) low upstream of the grounding line,
which in turn facilitates further retreat.

These differences between the T1 and T2 simulations can
also be understood in terms of the ice stress balance, as fol-
lows. The removal of buttressing results in a reduction in
longitudinal stress and an acceleration in ice flow near the
grounding line. In T1, effective pressure is near zero im-
mediately upstream of the grounding line, so this accelera-
tion does not lead to sufficiently increased basal shear stress
to counteract the reduction in longitudinal stress. The ac-
celeration leads to thinning and grounding-line retreat. In
contrast, in experiment T2, when N does not change with
time, grounding-line retreat corresponds to a higher N near
the boundary (and therefore higher basal shear stress) which
grows to balance the reduction in longitudinal stress, prevent-
ing further acceleration and retreat.

4 Discussion

We have developed a model of subglacial hydrology that is
bidirectionally coupled to ice flow. In all solutions to the
model, the subglacial drainage system grows large in the re-
gion upstream of the grounding line, and an area of high ef-
fective pressure forms immediately upstream of this region.
This feature forms independently of whether we use a Budd
or regularized Coulomb sliding law. A suite of sensitivity
tests shows that the peak in N occurs across a wide parameter
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Figure 7. The grounding-line position over 50 years of evolution
for the coupled experiment (T1, solid curves) and static-N exper-
iment (T2, dashed curves) using a (a) regularized Coulomb law
(black curves) and (b) Budd law (red curves). The (¢, d) ice thick-
ness, (e,f) ice velocity, and (g, h) effective pressure profiles after
50 years of evolution. The vertical dotted lines show the position of
the static-N grounding lines after 50 years. For the static-N effec-
tive pressure profiles, we plot the initial steady-state profiles, and
the crosses indicate the effective pressure immediately upstream of
the grounding line after 50 years.

space. Our hydrology-only experiment shows how imposed
ice geometries and velocities can produce similar profiles of
N, though our transient experiments, discussed later, high-
light how two-way coupling (specifically between ice geom-
etry, basal hydraulic gradient, subglacial channel size, and
effective pressure) is needed for realistic retreat. Our plot-
ting of terms in Fig. 5 demonstrates the roles different pro-
cesses play in the effective pressure profiles. Next, to further
explore what occurs near the grounding line, we create a re-
duced model for the effective pressure and show that it can-
not apply at the grounding line. We discuss the behavior of
channel size at the grounding line and comment on how a
channel size increase feeds back on the effective pressure.
First, we reduce our coupled model by identifying parame-
ters that are small in our dimensionless equations. § is small,
which means that the flow of water is primarily driven by
the basic hydraulic gradient rather than the effective pressure
gradient, at least in locations where effective pressure gra-
dients are not large. € is small, which means that the water
flow gradient is primarily driven by additional water sources
along the channel rather than by melt or creep of the channel
walls. As identified earlier, the timescale for ice dynamics is
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much greater than that of the hydrology, meaning that 8 is
small. Knowing that §, €, and 8 are small, Egs. (12)—(14) can
be reduced to

0

= 5 @1

% =M, (22)

S= %. (23)
Combining Eqs. (21) and (23) gives

N = /12y 11/24, (24)

which holds for most of the ice sheet far from the grounding
line. Equation (22) indicates that Q increases downstream.
Assuming that the bed slope is small (g—f < 1) and that the
ice sheet gets steeper further from the divide, meaning that
—% grows downstream, Eq. (24) grows downstream from
the divide. However, Eq. (24) does not satisfy N =0 at the
grounding line. Consequently, a separate near-field solution
would be required to describe a boundary layer in N near
x = xg. This requires a negative gradient in N within the
boundary layer such that the upstream N represented by
Eq. (24) will match with the N = 0 boundary condition.

The N =0 boundary condition also impacts the chan-
nel cross-sectional area, S. As we approach the grounding
line, N and therefore the creep closure term SN3 in Eq. (12)
approach zero. This drop in SN3 results in the melt-opening
term in Eq. (12) dominating, causing the channel cross-
sectional area to grow large near the terminus. The channel
in this region therefore grows until the advection term Su g—z
grows large enough to counteract the melt opening. We note
how the fact that Eq. (24) only applies in regions far from the
grounding line supports this interpretation; Eq. (21) shows
that, for a channel with Q # 0, N =0 requires S to be in-
finite. This is not physical, but it is conceptually consistent
with § growing large near the grounding line until the ad-
vection term, which is neglected in the reduced model, starts
to play a role. This result highlights the importance of the
ice velocity advecting the drainage system, as it allows the
coupled model to reach a steady state (see also Drews et al.,
2017).

Another way of looking at this is that channel cross-
sectional area S growing large at the grounding line fa-
cilitates N dropping to zero. Specifically, as discussed in
Sect. 3, a large S results in the right side of Eq. (9) becom-
ing small, which results in the effective pressure gradient ap-
proximately equalling the negative of the basic hydraulic gra-

dient, i.e., ¥ = —‘;—x. Integrating this expression using the

boundary condition N (xg) = 0 yields
N ~ —pwgb+ pigh. (25)
This expression is consistent with N = 0 at the ground-

ing line because the flotation condition is pjgh = pwgb. This
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expression, which is derived simply by assuming S is large,
thus provides the negative gradient required to bring N to 0
from its far-field solution, as described by Eq. (24). Notably,
this result is equivalent to assuming that the hydrology sys-
tem is hydrostatically connected to the ocean, as done in pre-
vious modeling studies (e.g., Tsai et al., 2015; Brondex et al.,
2017). The above discussion provides physical justification
for this assumption and highlights how this simplification can
be justified by the channel cross-sectional area growing large
near the grounding line through ice—water coupling.

Consistent with previous work, we find that # and u pass
inflection points in the region upstream of the grounding line,
with the ice thickness gradient tapering towards zero at the
grounding line. Tsai et al. (2015) examined this feature using
an ice-sheet model that assumed full hydrostatic connectiv-
ity with a Coulomb law (i.e., basal shear stress was assumed
to be proportional to effective pressure near the grounding
line). This assumption means that, like in our model, N and
Ty vanished at the grounding line. Consistent with our de-
scription of the stress balance near the grounding line in our
model, they showed that these inflection points arise due to
the vanishing basal shear stress at the grounding line (Tsai
et al., 2015).

One potential implication of our steady-state experiment
results is that, in areas with channelized subglacial drainage
and relatively steep ice thickness profiles, the region imme-
diately upstream of the grounding line will experience high
effective pressure and basal shear stress. Previous models
are consistent with such a spatial distribution of effective
pressure (e.g., Dow et al., 2018; De Fleurian et al., 2018;
Hayden and Dow, 2023). For example, Hayden and Dow
(2023) impose a realistic ice geometry on a two-dimensional
multi-element subglacial hydrology model, and their mod-
eled effective pressures show the same abrupt increase in ef-
fective pressure immediately upstream of the grounding line
that our model exhibits, regardless of whether the water flow
is channelized or distributed. McCormack et al. (2022) in-
ferred high basal shear stresses in the downstream portion of
Thwaites Glacier and found lower basal shear stresses fur-
ther upstream. While McCormack et al. (2022) discuss spa-
tial variations in basal roughness (Schroeder et al., 2014) and
in drainage system configurations (Schroeder et al., 2013)
as contributors to this spatial pattern, we propose that it
could also be explained by coupling between ice geome-
try, basal hydraulic gradient, subglacial channel size, and ef-
fective pressure. Future efforts to discriminate the control
that hydrology has on basal friction from other factors will
be valuable, particularly considering that the hydrologically
controlled component of basal shear can potentially change
rapidly (e.g., Das et al., 2008; Joughin et al., 2013).

Temporal evolution is the focus of our transient experi-
ments. In the steady-state simulations, the ice thickness and
velocity control the hydrology more consequentially than the
other way around; this is demonstrated by experiment S2, in
which we imposed the ice thickness and velocity. The tran-
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sient experiments, by contrast, highlight the role hydrology
can have on the ice. The key takeaway from these experi-
ments — designed to emulate the approach of inverting for
bed properties and leaving them unchanged, which is used in
most larger-scale ice-sheet models — is that holding the hy-
drology static severely impacts ice flow near the grounding
line. In our model, this results in a significant reduction in
grounding-line retreat. The evolution of the hydrology sys-
tem together with the ice facilitates faster, larger-magnitude
retreat. This follows results from Brondex et al. (2017), who
use velocity and shear stress profiles determined using a reg-
ularized Coulomb law to invert for a sliding parameter Cw
in a Weertman sliding law that is held static. Their subse-
quent simulations with the Weertman sliding law result in
minimal grounding-line retreat (Brondex et al., 2017). Invert-
ing for Cw and holding it static is similar to our approach
of holding N static. We confirm that this static assumption
is what causes the lack of retreat, show that it also applies
to Budd and regularized Coulomb sliding laws, and reveal
the processes that control N in the region upstream of the
grounding line.

The stark difference in retreat by the coupled models com-
pared to that of the static-N models has implications for
larger ice-sheet modeling efforts. In many state-of-the-art
ice-sheet models, it is common to invert for a spatially vari-
able basal shear stress or sliding-law parameter that encom-
passes all basal variables, subglacial hydrology included, and
keep this static in time (e.g., Arthern and Gudmundsson,
2010; Morlighem et al., 2013; Arthern et al., 2015). However,
these inversions are based on present-day measurements, and
holding the resulting bed properties constant does not ac-
count for future ice-sheet evolution (Arthern et al., 2015).
Some large-scale ice-sheet models evolve basal conditions,
but it is done through parameterizations (e.g., Leguy et al.,
2021, 2014; Kazmierczak et al., 2022). Our work suggests
a physical basis for one approach of assuming perfect hy-
draulic connectivity, but it is currently uncertain how good an
approximation this is, particularly away from the region im-
mediately upstream of the grounding line. This uncertainty
emphasizes the need for efforts to better represent subglacial
hydrology in ice-sheet models.

Finally, although our coupled model includes the detailed
physics of both a subglacial channel and a one-dimensional,
marine-terminating ice sheet, it employs many simplifying
assumptions. For the ice component, we neglect vertical ve-
locities and vertical variability in horizontal velocities. We
also neglect variation in ice temperature and lateral variabil-
ity in the ice. This means that our model is applicable only to
an ice sheet with significant basal sliding. Variations in tem-
perature would result in a nonuniform flow law coefficient A
and alter ice dynamics, and variations at the ice-sheet base
could result in ice freezing to the bed or in additional basal
melt. For the hydrology component, we model only a single
subglacial channel in pseudo-steady state and do not con-
sider distributed or multi-channel systems. This simplifica-

The Cryosphere, 18, 5301-5321, 2024

G. Lu and J. Kingslake: Coupled ice-hydrology model

tion leads to another assumption that a region of the ice sheet
large enough to control the ice dynamics has an effective
pressure equal to the channel’s effective pressure. The results
of Kingslake and Ng (2013) suggest that to a first order, the
effective pressure in a distributed linked cavity system con-
nected to a channel follows that of the channel, but this will
not be true far from the channel. Our findings therefore ap-
ply only to regions where channelized drainage systems dic-
tate the water pressure. Additionally, we assume a uniform
and constant supply term M and input term Qj,, when in
reality the channel could be supplied by spatially and tempo-
rally varying sources. Related to this, we assumed a pseudo-
steady state in the hydrology component of the model in nu-
merical experiments. This was motivated by a scaling anal-
ysis which used the properties of the coupled ice—hydrology
system (in particular, xg, g, and Qg) to derive timescales
of the hydrology system rather than the timescale of exter-
nal forcings. Therefore, the pseudo-steady-state assumption
would not apply if the timescales of, for example, meltwa-
ter input to the system were shorter, perhaps due to fluctu-
ations in the flux of surface meltwater reaching the bed. Fi-
nally, we assume that the channel is formed by an incision
upwards into the ice, whereas observations and models sug-
gest that channels can also be formed by an incision down-
wards into sediments (Ng, 2000; Livingstone et al., 2016).
Including these processes in our model, along with sediment
deposition (Drews et al., 2017), would significantly impact
its behavior. These simplifications and assumptions make our
model unlikely to quantitatively reproduce observations, cap-
ture seasonal changes in hydrology, or be applicable in areas
where drainage systems change their configuration between
being distributed and channelized over space and time. De-
spite these limitations, the model’s simplicity allows a more
complete understanding of the model’s behavior than would
be possible if a more comprehensive model were used. This
simplicity has allowed us to qualitatively demonstrate, and
understand in detail, some of the ways that active subglacial
hydrology could impact long-term ice-sheet retreat.

5 Conclusions and outlook

We have developed a model that uses a novel combination of
physical coupling points between a marine-terminating ice
sheet and a subglacial channel. We allow the ice-sheet geom-
etry to affect the hydraulic potential of our subglacial chan-
nel, the ice velocity to advect the channel, and the subglacial
water pressure to modulate the shear stress at the ice base us-
ing different effective-pressure-dependent sliding laws. We
use our model to investigate how these points of coupling can
influence ice dynamics, and we examine the implications of
the assumption of holding subglacial properties fixed during
transient simulations. We find that the coupled ice-hydrology
system creates a zone near the grounding line with high ef-
fective pressure. We then show that if the hydrology system
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is not allowed to evolve with the ice, the ice sheet is much
less prone to grounding-line retreat due to retreat into this
zone of high effective pressure. In Sect. 4, we use a simplified
model to further illustrate how the high-effective-pressure re-
gion develops and how the transition from high to zero effec-
tive pressure at the grounding line is coupled with a large
increase in channel cross-sectional area. These results clarify
the mechanisms underlying the stark differences in ice-sheet
retreat between our transient experiments and between exper-
iments done by others using different sliding laws (Brondex
et al., 2017). Our simplified model analysis also provides a
physical basis for the assumption of full hydrologic connec-
tivity to the ocean for regions near the grounding line. De-
spite limitations to our approach related to the simplifying
assumptions discussed in Sect. 4, our findings highlight how
potentially important actively evolving subglacial hydrologi-
cal systems could be for marine-terminating ice-sheet retreat.
Our model limitations serve as motivation for future work
to incorporate more physics into similar models so that they
can apply to a greater range of settings. A first next step
is including additional drainage elements, especially since a
channel only occupies a limited portion of the bed and the
pressure in the channel may not accurately represent pres-
sures across large areas of the bed. Adding additional sub-
glacial hydrology elements such as a coupled channel—cavity
system would better represent the full subglacial hydrology
environment and could facilitate resolving seasonal effects
(e.g., Pimentel et al., 2010; Kingslake and Ng, 2013; Hewitt,
2013). The subglacial hydrology component can also be ex-
panded to include additional terms representing mechanisms
such as the pressure dependence of the melting point (e.g.,
Clarke, 2005; Werder, 2016). Another step is including addi-
tional points of coupling between the ice and hydrology mod-
els, for example, basal frictional melting that is a function of
basal sliding and influences water flux in the drainage system
(Hoffman and Price, 2014). Additional areas of investigation
could include coupling the model with geothermal heat flux
(Smith-Johnsen et al., 2020), tidal forcing at the grounding
line (Rosier et al., 2015), or groundwater aquifer flow and
deformation (e.g., Li et al., 2022; Robel et al., 2023).

Appendix A: Nondimensionalization

In the following the scaling of the hydrology equations
broadly follows Fowler (1999) and Kingslake (2013). The
scaling of the ice-sheet equation follows a similar approach.
From Egs. (1), (2), and (7)—(10), we define the following
scales:

S =808t =tot', th = thot’,m =mom’, N = NoN’,

u=uou',x =xox', Q0 = Q00" .M = MM, =o',
h=hoh',b=hob,a=apa .

We use the same scale for b and /. Replacing the variables
in Eq. (7) with their corresponding scales multiplied by their
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dimensionless variables from above and setting the first three
coefficients equal yields

So _mo
— = KoSoNg, (AD)
tho  pi

which results in No = (Kotho)~'/? and o = 4

B = uo’*‘—o gives the nondimensional version of Eq ):

£20 - Setting

as’ as’
o — SN - g = (A2)
of) ax’
Replacing the dimensional variables in Eq. (8) gives
Qo 00’ _ Mo

xo 0x’ ,01

So 0S5’
o 3th

m' + MM, (A3)

where r = p;j/pw. Substituting fho = i , we obtain

nmy 85/
pi oty

8 /
%’ af/ = %rm + MoM'. (A4)

We define My = g—(? and the nondimensional parameter

€= x"m‘_’ , yielding the nondimensional form of Eq. (8):
3s' 90’ S

E—,+—/=€rm + M. (AS)
dr,  0x

We nondimensionalize ¥ using Eq. (11) and choose ¥¢ =
w8 il—g Replacing the dimensional variables in Eq. (9) gives

No aN' 05 Q10|
which we use to define So = (fpwg QO)3/8 and § = WO
This gives the nondimensional form of Eq 9):
aIN Q10|
I
Yv+4 e 5/8/3 . (A7)

Replacing the dimensional variables in Eq. (10) and equat-
ing the left side with the first term on the right defines

Qovo
— A8
mo I ( )
and yields the nondimensional form of Eq. (10):
N’
m'=Q' < ) (A9)
ax’

Turning to the ice-flow equations, replacing the dimen-
sional variables in Eq. (1) gives
ho oh'
to dot’ X0 ax’

houo d(h'u’) ,
=apa’.

(A10)
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We set 1) = ;‘—2 A balance of the accumulation flux with
ice flow over the grounding line leads to agxg = uphg. Com-
bining these two expressions leads to ap = i‘—(?, and these ex-
pressions for 7y and ag lead to the nondimensional version of
Eq. (1):
on’  a(h'u) ,
— =a.

atr’ ax’

The nondimensionalization of Eq. (2) differs slightly de-
pending on which sliding law we use; the ice velocity

scale, ug, is different in each case. Replacing the dimensional
variables in Eq. (2) using the regularized Coulomb sliding

(Al1)

_ 1 :
law, T = CCN(W) /n gives
1/n 1/n—1
2A-/n hou 9 W 8_14/ " 8_1/
1/”4'1 ax/ dx’ dx’
CeNoN uou’ v
O uou’ + A CPNINT
hg L A(h =D
- Oh’g =0. (A12)
x ox’
. - 2uy"
Defining ug = AsC Ny, a= W’ and y =
C‘fg}?xo the nondimensional version of Eq. (2) is
ighy
a | o |V ow oA =D
a2 | w2 Doyl o, (A13)
ox’ ox’ dax’ ox’

where 7; =y N’ (ﬁ)l/ . Alternatively, when using the
Budd sliding law, 7, = CgN9u!/", replacing the dimen-

sional variables in Eq. (2) yields

1/n—1
2A~ l/ﬂhou 9 1% a_u/ " 8_14/
1/”+1 ox’ ax’ ax’
o —b
— CNoN ug/"u'""" — p Oh’—( o Lo
X
Dividing by ,olg and setting ug = ( Ch i,ogo " allows « to

remain the same as When using a regularized Coulomb law,
so the nondimensional equation remains Eq. (A13), where
1 art,rl/n
,=Nu"'".
We have now nondimensionalized all the equations. We
assign values to Qg, xg, and hg, from which we determine
the remaining scales:

5\ 3/8
95 x0 0iSo

0= —7,lho=——,mp =
Yo u mo

So = <fpwg
ho -1/3 n TR
Yo = ngg, No = (Kotho)™ /7, ug = AsC" Ny,

ho
Mo = Qo/x0,a0 = o
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Additionally, we have five nondimensional parameters:

xXomo No
€= ,0=—,B=mp/t0,
Qopi x0¥0
2uy" C Noxo
o= LY = .
pigAl/"hoxé/n pigh%

These parameter and scale equations are reduced to be in
terms of imposed constants in Table 3. To re-arrange the hy-
drology equations into three equations for our solver, we first

combine Egs. (A7) and (A9) to get m’ ng /|3 Then substi-
tuting into Eq. (A2), we get
,08

as" 0P .3
B_%ZS/S/S—SN —pu' (A15)

Then, substituting this into Eq. (AS), we get our equation
3Q

for
73
ZQ |Q8/|3 (S N’ +,3 08 > + M. (Al6)

Finally, re-arranging Eq. (A7) for
hydrology equation:

N’ 010
9x —3<S,8/3 —lﬂ)

Appendix B: Coordinate stretching

provrdes the third

(A17)

For the ice-flow equations, we use the same coordinate

stretching as described in Appendix A in Schoof (2007). We

also apply the same coordinate stretching to the hydrology

equations, which are solved on a uniform grid that stretches

with the grounding line. Using oxg =x and T =1y, we find
o 0Xg g

that o and 3 transform into _E and 9t~ xg 9t do° re-

spectrvely. Applymg these coordmate transformatlons to the
three hydrology equations gives

s’ 10 s 1 [ ax ERY
> _ ~SN"+— (o2 —Bu' | —, Bl
FECCE T (G or P ) 4o B
190" _ 10"
Yo €r=D7gn
Xg 00 S’
/
te (S’N” pu’ 9§ ) M (B2)
xg 0o
IN" _ xg (01O
90 =?< 873 _w>' ®

Appendix C: Discretizing hydrology equations

We follow the method described in Appendix A of Schoof
(2007) to discretize and solve the ice-flow equations. We fol-
low a similar approach to discretize and solve the hydrology
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equations. We use centered differences for the spatial deriva-
tives and forward differences for the time derivatives. The
discrete equations are as follows:

o _
S =8 _19iP

i gINI?
je3 P
At S;
1 x] 7! ;
L jXg—Xg
+xé. <Ui ~Ar Bu;
s/ s
y z+1/;Aaz 12 1
J J j
1 Qi+1/2_Qi—1/2 |Q,]|3
T e
Xg i
o YA
+ e(Sij N/ + u! M) +M, (C2)
2xg]Ao
J J i\ AJ
8§ Nicip—=Ni_ip 0710/ j c3
X 2Ac RTE —vi ©3)

1

where i subscripts denote the grid point number and j super-
scripts denote the time-step number.

Appendix D: Sensitivity to spatial grid and time-step
size

We perform two additional suites of numerical experiments
with both versions of the coupled ice-hydrology model
(i-e., using both the regularized Coulomb and Budd sliding
laws) to ensure that our results do not qualitatively depend
on the resolution of spatial grids and time-step size.

First, we examine the dependence on the grid resolution
by rerunning our S1.B and S1.C experiments with three
sets of resolutions: (1) low resolution, with an ice grid with
100 points along 95 % of the domain and 200 points along
the remaining 5 % and a hydrology grid with 500 points;
(2) medium resolution, with an ice grid with 100 points along
85 % of the domain and 600 points along the remaining 15 %
and a hydrology grid of 1000 points; and (3) high resolution,
with 3000 points for both the hydrology and ice grids. The
medium-resolution experiment uses the same spatial grids as
our sensitivity experiments and the high-resolution experi-
ment uses the same grid as S1 and S2 (Table 1).

Figure D1 plots steady-state profiles of effective pres-
sure N and the ice-surface height (h+b) for experiments 1-3.
Across experiments using both sliding laws, the medium- and
low-resolution profiles closely align with the high-resolution
profiles. In the medium- and low-resolution experiments, the
maximum effective pressure and the maximum ice thickness
agree with the corresponding values in the high-resolution
experiment to within 0.32 % and 0.54 %, respectively. The
grounding-line position is slightly more sensitive to grid res-
olution, varying across the experiments by up to 0.7 %. In the
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low- and medium-resolution experiments, a minor numerical
artifact is visible at the grid junction between the coarse and
fine ice grids, likely caused by the interpolation of variables
from the uniformly spaced hydrology grid onto the two dif-
ferent ice grids.

We conclude from these experiments that grid resolution
does not qualitatively impact our steady-state results.

Second, we examine model dependence on time-step size
during a crucial part of our transient experiments: the start
of the simulations, when the buttressing perturbation is im-
posed. We perform five additional, short-duration, transient
experiments with each sliding law (based on T1.C and T1.B)
while varying the time-step size between experiments. Each
experiment lasts 20 years and begins with the same per-
turbation in ice-shelf buttressing used in T1 to trigger re-
treat. This perturbation is a 10-year-long linear increase in
the buttressing factor B from its initial value of 0.4 to 1.
The 20-year simulations therefore cover the 10-year period
when B increases and the ice sheet begins to thin and re-
treat, as well as the subsequent 10 years of further thin-
ning and retreat. The experiments use a range of time steps:
dr € {0.001,0.01,0.1, 1, 2} years.

Figure D2 plots the distance retreated by the grounding
line at the end of each simulation. Over this wide range of
time-step sizes the distance retreated varies by under 2 %.
Moreover, as the time-step size decreases, the distance re-
treated by the grounding line converges towards a single
value in each set of experiments.

The start of the transient experiments, when the perturba-
tion is being imposed, is likely the most sensitive to time-step
size. Therefore, the results of this convergence test suggest
that the results of our transient experiments do not depend
qualitatively on time-step size.
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Figure D1. The steady-state effective pressure profiles (a, b) and the ice surface height and bed topography (¢, d) for experiments S1.B and

S1.C using a range of spatial grids.
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Figure D2. Grounding-line retreat after 20 years simulated by the transient coupled model using a range of time-step sizes and each sliding
law. Other than the time steps, all other parameters are the same as those used in T1.B and T1.C.
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