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We compute the differential cross section for direct quarkonium production in high-energy electron-
nucleus collisions at small x. Our computation is performed within the nonrelativistic QCD factorization
formalism that separates the calculation into short distance coefficients and long distance matrix elements
that depend on the color and spin of the state. We obtain the short distance coefficients of the production of
the heavy quark pair within the framework of the color glass condensate effective field theory, which
resums coherent multiple interactions of the heavy quark pair with the nucleus to all orders. Our results are
expressed as the convolution of perturbatively calculable functions with multipoint lightlike Wilson line
correlators. In the correlation limit, we establish the correspondence between our color glass condensate
formulation with calculations employing the transverse momentum dependent (TMD) framework. We
extend this correspondence by resumming kinematic power corrections within the improved TMD
framework, which interpolates between the TMD formalism and k⊥-factorization formalism. We present a
detailed numerical analysis, focusing on J=ψ production in the kinematics accessible at the future Electron-
Ion Collider, highlighting the importance of genuine higher-order saturation contributions when the
electron collides with a large nucleus. Our results are also valid in the photoproduction limit where we
expect the largest contribution from genuine higher-order saturation contributions which could be accessed
in ultraperipheral collisions of relativistic heavy ions.

DOI: 10.1103/PhysRevD.110.094039

I. INTRODUCTION

Over the last few decades, high-energy nuclear and
particle physics collider experiments have extensively
studied the landscape of quantum chromodynamics
(QCD). Major efforts have been devoted to elucidating
the structure of protons and nuclei in terms of their
fundamental constituents: quarks and gluons, collectively
known as partons. It is well known that the probability of

finding gluons that carry momentum fraction x of the
hadron rapidly grows at smaller values of x, and it is
conjectured that recombination effects in QCD result in
gluon saturation suppressing this growth [1,2]. The large
gluon occupation number at small x suggests that a more
natural characterization of the degrees of freedom of this
regime is in terms of dense fields instead of the usual
partonic picture. The color glass condensate (CGC) is an
effective field theory of QCD which provides a systematic
way to study the dynamics of these fields and their
consequences on particle production across different col-
liding systems [3–8]. An important feature of the CGC is
the emergence of a semihard, energy and nuclear-size
dependent, momentum scale Qs known as the saturation
scale. Momentum modes of the gluon fields with transverse
momenta less than or comparable to the saturation scale are
suppressed, which in turn has an imprint on particle
production. A promising tool to probe the signatures of
gluon saturation is the direct production of quarkonia in
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high-energy collisions. The mass of the quarkonium state,
such as J=ψ , is similar in magnitude to the expected
saturation scale reached at small x in collider experiments
while still sufficiently hard to allow for a controllable
perturbative expansion.
Various research efforts have been carried out to study

quarkonium produced with large transverse momentum
within the collinear perturbative QCD (pQCD) formalism
jointly with different mechanisms for the formation of
the quarkonium, such as nonrelativistic QCD (NRQCD)
[9–13], the color evaporation model [14–17], and the
improved color evaporation model [18–25]. The collinear
pQCD approach has been extended to incorporate next-to-
leading power corrections [26–31] as well as next-to-
leading order corrections in αs [32–36]. On the other hand,
in the low transverse momentum regime, quarkonium
production has been studied using the transverse momen-
tum dependent (TMD) factorization formalism [37–44]
(see Refs. [45–48] for quarkonium accompanied by a jet or
a photon), and soft-collinear effective theory [49–51].
In the forward/small-x regime, quarkonium produc-

tion has been investigated within the k⊥ factorization
formalism [52–58] in terms of unintegrated gluon distri-
butions and off-shell gluon partonic matrix elements. The
unintegrated gluon distribution obeys the Balitsky-Fadin-
Kuraev-Lipatov equation [59–61] resumming large energy
logarithms (for other approaches to high-energy factoriza-
tion following the collinear framework see Refs. [62–64]).
On the other hand, at sufficiently low values of x or in
nuclear environments, we expect that a more appropriate
description of particle production is provided by the
CGC/saturation formalism, which captures the physics of
multiple scattering as well as non-linear QCD evolution
equations the Jalilian-Marian-Iancu-McLerran-Weigert-
Leonidov-Kovner (JIMWLK) equations [65–70] and their
mean field approximation the Balitsky-Kovchegov
equation [71,72]. In the CGC effective theory, direct
quarkonium production studies have focused on high-
energy proton-proton and proton-nucleus1 collisions at
RHIC and the LHC [76–87] (see also [88] for diffractive
studies). In particular, the combined framework of CGCþ
NRQCD developed in [89], and its subsequent phenom-
enological studies have successfully described the particle
spectra in the semihard regime, p⊥ ≲ 5 GeV, as well as the
rapidity distribution [90–95]. Meanwhile, most studies of
quarkonium production in deep inelastic scattering (DIS)
and photoproduction within the saturation framework have
been devoted to diffractive production [96–115].

In this paper, we compute, for the first time, the direct
quarkonium production in electron-nucleus collisions at

small x within the joint CGCþ NRQCD framework (see
Fig. 1). Our computation of the short distance coefficients
in the CGC allows us to resum the coherent multiple
interactions of the heavy quark pair to all orders in the
small-x gluon background field of the nucleus. This paper
is organized as follows. In Sec. II we briefly introduce our
conventions and the kinematic variables for the process
under consideration. We present a convenient decomposi-
tion of our differential cross section expressed in terms of
the density matrix for quarkonium production in virtual
photon-nucleus collision. We then review the basic theo-
retical tools for our computation: the CGC effective field
theory and the NRQCD formalism.
We review the computation of the leading order ampli-

tude for the production of the heavy quark pair within the
CGC in Sec. III. The computations of the NRQCD short
distance coefficients for the differential cross section of
quarkonium production are performed in Sec. IV, where we
include both color octet and singlet contributions, as well as
S and P wave states. Our results are expressed as the
convolution of a color-dependent CGC distribution which
encodes the properties of the scattering of the heavy quark
pair with the small-x background field of the target, and
perturbative functions which depend on the polarization of
the virtual photon and the spin state of the heavy quark pair.
We comment on the origin of k⊥ factorization breaking
when the saturation scale Q2

s is comparable to the other
semihard scales in the process.
In Sec. V we show that in the small p⊥ limit our results

are consistent with those obtained within TMD factoriza-
tion at small x provided the saturation scale Q2

s is also
sufficiently smaller than the hard scales Q2 andM2

Q. In this
limit, the differential cross section is expressed as the
product of hard function and the small-x Weizsäcker-
Williams (WW) transverse-momentum-dependent gluon
distribution, consistent with the results obtained in [39].
Furthermore, following the strategy in [116,117] we resum
the kinematic twists (p2⊥=Q2 and p2⊥=M2

Q) to all orders,
obtaining analytic expressions for the improved TMD
(ITMD) hard functions. We present a numerical analysis

FIG. 1. Schematic diagram of quarkonium production in high-
energy electron-nucleus collisions. The elongated red oval
represents the CGC effective interaction of the heavy quark-
antiquark pair with the nuclear target. The gray oval represents
the formation of the quarkonium in NRQCD.

1Nuclear modification to quarkonium production in a cold
QCD environment have also been investigated in [73,74] follow-
ing a collinear or a k⊥ factorized approach combined with the
nuclear modification of the gluon densities in nuclei (see also [75]
for a more general approach).
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of our results in Sec. VI where we study the short distance
coefficients relevant for J=ψ production, as well as the
differential cross section. We study their dependencies on
the transverse momentum p⊥ and the virtuality Q. We
compare the results of the full CGC, TMD, and ITMD
calculations. We present our conclusions and potential
avenues for future work in Sec. VII.
Lastly, our manuscript is supplemented with several

appendices. In Appendix A we briefly outline the compu-
tation of the spin projections necessary to obtain the
perturbative functions. Then, in Appendix B we collect
the final results for the perturbative functions in the full
CGC calculation, as well as the hard functions in the TMD
and ITMD limits. In Appendix C we briefly review the
computation of lightlike Wilson line correlators with the
Gaussian approximation. Finally, in Appendix D we
provide supplementary numerical results for the short
distance coefficients.

II. THEORETICAL FRAMEWORK

We begin this section by defining the kinematics and
notations employed throughout this paper and remind the
reader of the decomposition for particle production in DIS
expressed in terms of the subhadronic virtual photon-
nucleus scattering. We then briefly review the basic
elements of the CGC effective theory and the NRQCD
formalism that we will use to compute direct quarkonium
production.

A. Kinematics and notations

The 4-momenta of the nucleus and the exchanged
spacelike photon are denoted by PA and q, respectively.
We work in a frame where they move along the z axis, the
photon has a large qþ component, and the nucleus has a
large P−

A component,

Pμ
A ¼ ð0; P−

A; 0⊥Þ; ð1Þ

qμ ¼
�
qþ;−

Q2

2qþ
; 0⊥

�
: ð2Þ

We ignore the mass of the nucleus, and Q2 ¼ −q2 is the
virtuality of the photon.

Let p1 and p2 be the 4-momenta of heavy quark and
antiquark, respectively. We define p as the total momentum
and k as half the relative momentum,

p ¼ p1 þ p2;

k ¼ 1

2
ðp1 − p2Þ: ð3Þ

The on-shell conditions,

p2
1 ¼

�
p
2
þ k

�
2

¼ m2
Q;

p2
2 ¼

�
p
2
− k

�
2

¼ m2
Q; ð4Þ

where mQ is the mass of the heavy quark, demand

pμkμ ¼ 0;

p2 ¼ 4ðm2
Q − k2Þ: ð5Þ

The total momentum p will correspond to the momentum
of the produced quarkonium, and the relative momentum k
provides an expansion parameter in NRQCD to calculate
the different states of orbital angular momentum of the
heavy quark-antiquark pair. The quarkonium mass MQ
equals twice the mass of the heavy quark mQ. Thus after
expansion around k ¼ 0 we have p2 ¼ M2

Q.

B. Lepton-hadron tensor decomposition
in the photon polarization basis

We compute direct quarkonium production H in deep
inelastic electron-nucleus scattering at small x

eðkeÞ þ AðPAÞ → eðk0eÞ þHðpÞ þ X: ð6Þ

As is conventional in small-x calculations, we compute the
subhadronic process:

γ�ðq; λÞ þ AðPAÞ → HðpÞ þ X; ð7Þ

where λ denotes the polarization of the virtual photon.
Following the decomposition in Sec. II in [105], the DIS

process in Eq. (6) and the γ� þ A process in Eq. (7) are
related by

dσeA→eHþX

dQ2dydp2⊥dϕeH
¼ αem

2π2Q2y

�
ð1 − yÞ dσ

γ�A→HþX
L

dp2⊥
þ 1

2
½1þ ð1 − yÞ2� dσ

γ�A→HþX
T

dp2⊥

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − yÞ

p
ð2 − yÞ dσ

γ�A→HþX
TL

dp2⊥
cosϕeH þ ð1 − yÞ dσ

γ�A→HþX
Tflip

dp2⊥
cos 2ϕeH

�
; ð8Þ
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where ϕeH ¼ ϕe − ϕH is the relative azimuthal angle
between the electron and the produced quarkonium, y is
the inelasticity y ¼ ðq · PAÞ=ðke · PAÞ and xBj ¼ Q2=ðysÞ.
In the decomposition in Eq. (8), we introduce the following
shorthand notation:

dσγ
�A→HþX
L ¼ dσγ

�A→HþX
0;0 ;

dσγ
�A→HþX
T ¼

X
dσγ

�A→HþX
λ;λ

dσγ
�A→HþX
TL ¼

X
dσγ

�A→HþX
0;λ ;

dσγ
�A→HþX
Tflip ¼

X
dσγ

�A→HþX
−λ;λ ; ð9Þ

where dσγ
�A→HþX
λλ0 is the “density matrix” for direct quar-

konium production in γ�A scattering. λ and λ0 refer to the
polarization of the virtual photon in the amplitude and
complex conjugate amplitude, respectively. We also in-
troduce the shorthand notation

P ¼ 1
2

P
λ¼�1. The diago-

nal elements λ ¼ λ0 correspond to the differential cross
section for quarkonium production in the scattering of a
nucleus with a virtual photon with definite polarization λ
and the off-diagonal terms correspond to quantum inter-
ference terms which are accessible in the DIS azimuthal
correlations as seen in Eq. (8). The evaluation of the
expressions in Eq. (9) within the joint CGCþ NRQCD
framework is one of the principal results of this manuscript.
In this manuscript, we work in light-cone gauge, Aþ ¼ 0,

of the photon field where the polarization vectors are

ϵμðq; λ ¼ 0Þ ¼
�
0;

Q
qþ

; 0⊥
�
; ð10Þ

for longitudinally polarized photons, and

ϵμðq; λ ¼ �1Þ ¼ ð0; 0; ϵλ⊥Þ; ð11Þ

for transversely polarized photons, with two-dimensional
transverse vector ϵλ⊥ ¼ 1ffiffi

2
p ð1; iλÞe−iϕ, where ϕ is an arbi-

trary angle, whose dependence will disappear at the level of
the cross section. To obtain the specific form in Eq. (8) we
have chosen ϕ ¼ ϕH the azimuthal angle of the produced
quarkonium.2 With this choice the expressions in Eq. (9)
are independent of the angle ϕH, and all the angular
dependence is explicit in the azimuthal modulations
cosðnϕeHÞ in Eq. (8).

C. Color glass condensate

In the color glass condensate, the large x partons [with
rapidities Y < Y0, where Y ¼ lnð1=xÞ] of the nucleus are
integrated out and effectively treated as stochastic classical

color charge density sources ρA. For a fast-moving nucleus
along the minus component of the light-cone direction, the
color sources generate a current density of the form

Jμðxþ; x⊥Þ ¼ δμ−ρAðxþ; x⊥Þ; ð12Þ

where the subeikonal components of the current are
neglected. In turn, this current generates the gauge field
Aμ (referred as to the background field) which represents
the small-x content (partons with rapidities Y > Y0) of the
nucleus [118–122]. In the CGC, the expectation value of
any observable is computed from the path integral

hOi ¼
Z

DρAWY0
½ρA�

R
Y0 ½DA�OeiS½A;ρA�R
Y0 ½DA�eiS½A;ρA� ; ð13Þ

where WY0
½ρA� is a gauge-invariant weight functional for

the distribution of the color charges ρA. The invariance of
the physical observables on the arbitrary rapidity cutoff Y0

results the JIMWLK renormalization group evolution
equations [65–70].
In the semiclassical approximation, the small-x color

field is obtained in the saddle point approximation of the
path integral by solving the classical Yang-Mills equations
½Dμ; Fμν� ¼ Jν, where the current is given by Eq. (12). In
the light-cone gauge, Aþ ¼ 0, these equations have the
solution

Aμðxþ; x⊥Þ ¼ δμ−αAðxþ; x⊥Þ; ð14Þ

where αAðxþ; x⊥Þ satisfies the Poisson equation

∇2⊥αAðxþ; x⊥Þ ¼ −ρAðxþ; x⊥Þ: ð15Þ

Corrections beyond the semiclassical approximation can be
performed systematically in perturbation theory. An impor-
tant subset of these contributions yields large rapidity
logarithms of the form αns ðY − Y0Þn, where Y is the
physical rapidity of the observable. These potentially large
corrections can be absorbed by the JIMWLK renormaliza-
tion group evolution.
A key ingredient for computing scattering amplitudes in

the CGC is the effective vertex for the eikonal interaction of
fast-moving colored charged partons with the background
(see Fig. 2). For a quark one has

T q
σσ0;ijðl; l0Þ ¼ ð2πÞδðlþ − l0þÞγþσσ0

×
Z

d2z⊥e−iðl⊥−l
0⊥Þ·z⊥Vijðz⊥Þ; ð16Þ

while for an antiquark the interaction is given by
2In [105] we chose ϕ ¼ 0 in such case one has to extract the

angular dependence from the subhadronic matrix elements.
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T q̄
σσ0;ijðl; l0Þ ¼ −ð2πÞδðlþ − l0þÞγþσσ0

×
Z

d2z⊥e−iðl⊥−l
0⊥Þ·z⊥V†

ijðz⊥Þ; ð17Þ

where l and l0 are the outgoing and incoming momenta of
the quark (antiquark). The indices i, j represent the color
state of the outgoing and incoming quark (antiquark),
respectively, and σ; σ0 are their Dirac indices. The lightlike
Wilson line in the fundamental representation appearing in
the effective CGC vertex is given by the SU(3) matrices

Vijðz⊥Þ ¼ P exp

�
ig
Z

∞

−∞
dzþA−;cðzþ; z⊥Þtcij

�
; ð18Þ

where A−
c is the background field, tcij are the generators of

SU(3) in the fundamental representations, and P stands for
path ordering. A similar effective vertex exists for the
interaction of a gluon with the background field, this time
in terms of the lightlike Wilson line in the adjoint
representation. However, we will not include it here as it
will not appear in the calculations in this manuscript.

D. Nonrelativistic QCD

In NRQCD the production of quarkonium H is com-
puted by first evaluating the short distance coefficients, dσ̂κ,
for the production of a heavy quark pair in a given quantum

state κ ¼2Sþ1 L½c�
J . These states have definite spin S, orbital

angular momentum L, total angular momentum J, and
color state [c]. The short distance coefficients are then
weighted by nonperturbative long-distance matrix elements
(LDMEs), hOH

κ i, and summed,

dσH ¼
X
κ

dσ̂κhOH
κ i: ð19Þ

For example, for J=ψ production one has

dσJ=ψ ¼
X
κ

dσ̂κhOJ=ψ
κ i; ð20Þ

where only three color octet states and one color
singlet state contribute to J=ψ production (κ ¼
f1S½8�0 ; 3S½8�1 ; 3P½8�J ; 3S½1�1 g).

To compute the short distance coefficients dσ̂κ we need
the projection of the QQ̄ amplitude to the specific quantum

state κ. Following [89], the amplitude of the short distance
coefficient is

Mλ;κ;JzðpÞ ¼ 1ffiffiffiffiffiffiffimQ
p

X
Lz;Sz
s;s̄;i;ī

hLLz; SSzjJJzi

×

�
1

2
s;
1

2
s̄

����SSz
	
h3i; 3̄ ī jð1; 8cÞi

×

8<
:

Mλ
ss̄;iīðp; 0Þ if κ is Swave

ϵ�βðLzÞ
∂Mλ

ss̄;iī
ðp;kÞ

∂kβ

���
k¼0

if κ is Pwave
;

ð21Þ
where Mλ

ss̄;iīðp; kÞ is the amplitude for direct QQ̄ pro-
duction by virtual photon-nucleus scattering in the CGC.
The polarization of the virtual photon is denoted by λ, while
s (s̄) and i (ī) denote the spin and color indices of the quark
(antiquark), respectively.
As in [89], we use the following normalization con-

vention for the color states: h3i; 3̄īj1i ¼ δiī=
ffiffiffiffiffiffi
Nc

p
and

h3i; 3̄īj8ci ¼ ffiffiffi
2

p
tiīc .

III. HEAVY-QUARK PAIR PRODUCTION
IN THE CGC

At leading order, the quarkonium is produced by the
splitting of the virtual photon into a quark-antiquark pair
QQ̄ which scatters off the nucleus and then emerges as a
quarkonium state. The leading order diagram for QQ̄
production in virtual photon-nucleus collisions within the
CGC is shown in Fig. 3. Employing standard QCDþ QED
Feynman rules with the effective vertex in Sec. II C, the
leading order scattering amplitude is

Sλ
ss̄;iīðp; kÞ ¼

Z
d4l
ð2πÞ4 ūs

�
p
2
þ k

�
T q

ik

�
p
2
þ k; l

�

× S0ðlÞð−ieeQϵðq; λÞÞS0ðl − qÞ

× T q̄
kī

�
l − q;−

p
2
þ k

�
vs̄

�
p
2
− k

�
; ð22Þ

FIG. 2. The effective vertex for the quark interaction with the
CGC background field, accounting for multiple (eikonal) scatter-
ing off the classical gauge fields A−

cl.

FIG. 3. Leading order QQ̄ production by virtual photon
scattering with the background field of the nucleus in the
CGC. The red rectangle represents the effective interaction of
the quark and antiquark with the CGC background field.
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where eQ is the fractional charge of the quark. The vacuum
fermion propagator is S0ðlÞ ¼ ið=lþmQÞðl2 −m2

Q þ iϵÞ−1
and T qðq̄Þ are the effective vertices in Eqs. (16) and (17).
For simplicity, we do not explicitly write the Dirac indices.
We introduce the (reduced) amplitude Mλ

ss̄;iīðp; kÞ,

ð2πÞδðqþ − pþÞMλ
ss̄;iīðp; kÞ

¼ Sλ
ss̄;iīðp; kÞ − Sλ

ss̄;iīðp; kÞjnonint; ð23Þ

where we subtract the noninteracting contribution, corre-
sponding to equating the Wilson lines with the identity
matrix Vðx⊥Þ ¼ 1 and V†ðy⊥Þ ¼ 1. We also factor out an
overall light-cone momentum conserving delta function
ð2πÞδðqþ − pþÞ. Putting these ingredients together, the
reduced amplitude for γ�λ þ A → QQ̄þ X production is

Mλ
ss̄;iīðp;kÞ¼

eeQqþ

π

Z
d2b⊥

Z
d2r⊥e−ik⊥·r⊥e−ip⊥·b⊥

× ūs

�
p
2
þk

�
N λðp;k;r⊥Þvs̄

�
p
2
−k

�

×


V
�
b⊥þ r⊥

2

�
V†

�
b⊥−

r⊥
2

�
−1

�
iī
; ð24Þ

where we introduce the perturbative function N λ

N λðp; k; r⊥Þ

¼
Z

d4l
ð2πÞ2

−ið2qþÞTλðlÞδðlþ − pþ
2
− kþÞeil⊥·r⊥

½l2 −m2
Q þ iϵ�½ðl − qÞ2 −m2

Q þ iϵ� ; ð25Þ

with Dirac-Lorentz structure

TλðlÞ ¼ 1

ð2qþÞ2 ½γ
þð=lþmQÞϵðq; λÞð=l − qþmQÞγþ�: ð26Þ

The integral over the internal momenta l can be easily
worked out, and the results for longitudinally and trans-
versely polarized photons are

N λ¼0ðp; k; r⊥Þ

¼ −
�
1

2
þ ξ

��
1

2
− ξ

�
QK0ðQ̄ξjr⊥jÞ

γþ

qþ
; ð27Þ

N λ¼�1ðp; k; r⊥Þ

¼ −
ir⊥α

jr⊥j
Q̄ξK1ðQ̄ξjr⊥jÞϵλ⊥β



1

4
½γα⊥; γβ⊥� þ ξδαβ⊥

�
γþ

qþ

−
1

2
mQK0ðQ̄ξjr⊥jÞϵλ⊥αγ

α⊥
γþ

qþ
; ð28Þ

respectively, where ξ ¼ kþ=qþ and we introduce the
effective virtuality

Q̄2
ξ ¼

�
1

2
þ ξ

��
1

2
− ξ

�
Q2 þm2

Q: ð29Þ

IV. QUARKONIUM PRODUCTION
IN CGC + NRQCD

The amplitude for the short distance coefficients in the
CGC is obtained by combining the results in Eqs. (24) and
(21), giving

Mλ;κ; Jzðp; kÞ

¼ eeQqþ

π

Z
d2r⊥F λ;κ; Jzðp; r⊥Þ

Z
d2b⊥e−ip⊥·b⊥

× Tr


�
V

�
b⊥ þ r⊥

2

�
V†

�
b⊥ −

r⊥
2

�
− 1

�
Cκ
�
; ð30Þ

where we define the color projector

Ck ¼
�
1=

ffiffiffiffiffiffi
Nc

p
if κ is singletffiffiffi

2
p

tc if κ is octet
ð31Þ

and the perturbative functions

F λ;κ;Jzðp; r⊥Þ ¼
X
Lz;Sz

hLLz; SSzjJJzi ×
�Tr½ΠSSzðp; k ¼ 0ÞN λðp; k ¼ 0; r⊥Þ� if κ is Swave

ϵ�μðLzÞ ∂

∂kμ
fe−ik⊥·r⊥Tr½ΠSSzðp; kÞN λðp; k; r⊥Þ�gjk¼0 if κ is Pwave

ð32Þ

with the covariant spin projectors

ΠSSzðp;kÞ

¼ 1ffiffiffiffiffiffiffimQ
p

X
s;s̄

�
1

2
s;
1

2
s̄jSSz

	
vs̄

�
p
2
− k

�
ūs

�
p
2
þ k

�
: ð33Þ

The differential cross section3 of the production of a heavy
quark pair with spin state and color state κ in a virtual
photon-nucleus collision is

3More precisely dσ̂κλλ0 is a density matrix in the polarization
state of the virtual photon [see the discussion below Eq. (9)].
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dσ̂κλλ0
dp2⊥

¼ 1

4πð2pþÞ2
1

Nκ

X
Jz

hMλ;κ;JzðpÞM̄λ0;κ;JzðpÞiY; ð34Þ

where the factor Nκ ¼ ð2J þ 1ÞNcolor (with Ncolor ¼ 1 for the singlet and 8 for the octet) is included to average over the
number of states for a given κ. Combining Eqs. (30) and (34), we can cast the differential cross section as

dσ̂κλλ0
dp2⊥

¼ αeme2Q

Z
d2r⊥
2π

Z
d2r0⊥
2π

X
Jz

F λ;κ; Jzðp; r⊥ÞF †λ0;κ;Jzðp; r0⊥Þ

×
Z

d2b⊥
Z

d2b0⊥e−ip⊥·ðb⊥−b
0⊥ÞΞ̄κ

Y

�
b⊥ þ r⊥

2
; b⊥ −

r⊥
2
; b0⊥ −

r0⊥
2
; b0⊥ þ r0⊥

2

�
; ð35Þ

where the fine structure constant is αem ¼ e2=ð4πÞ and we
define

X
Jz

¼ 1

ð2J þ 1Þ ;
X
Jz

Ξ̄κ
Y ¼ 1

Ncolor Ξ
κ
Y: ð36Þ

The color-projected correlator of lightlike Wilson lines is

Ξκ
Yðx⊥; y⊥; y0⊥x0⊥Þ ¼ hTr½ðVðx⊥ÞV†ðy⊥Þ − 1ÞCκ�

× Tr½ðVðy0⊥ÞV†ðx0⊥Þ − 1ÞCκ�iY: ð37Þ

We can cast our final result in the compact form:

dσ̂κλλ0
dp2⊥

¼
Z

d2r⊥
2π

Z
d2r0⊥
2π

Γκ
λλ0 ðp⊥; Q; r⊥; r0⊥Þ

× Gκ
Yðp⊥; r⊥; r0⊥Þ; ð38Þ

where we define CGC distribution

Gκ
Yðp⊥;r⊥;r0⊥Þ¼

Z
d2b⊥

Z
d2b0⊥e−ip⊥·ðb⊥−b

0⊥Þ

× Ξ̄κ
Y

�
b⊥þ

r⊥
2
;b⊥−

r⊥
2
;b0⊥−

r0⊥
2
;b0⊥þ

r0⊥
2

�
:

ð39Þ

The perturbative function Γ in Eq. (38) is defined as

Γκ
λλ0 ðp⊥; Q; r⊥; r0⊥Þ
¼ αeme2Q

X
Jz

F λ;κ;Jzðp; r⊥ÞF †λ0;κ;Jzðp; r0⊥Þ: ð40Þ

This expression provides the short distance coefficients of
the production of QQ̄ pairs in virtual-photon nucleus
collisions within the CGC framework. The heavy quark
pair spin and virtual photon polarization dependence are
fully encoded in the perturbative functions Γ. Explicit
expressions for these functions for all polarization and spin
combinations are given in Appendix B 1. The multiple
eikonal scattering of the QQ̄ is encoded in the non-

perturbative function Gκ
Yðp⊥; r⊥; r0⊥Þ which depends only

on the color state of the heavy quark pair. The color
singlet is

G½1�
Y ðp⊥;r⊥;r0⊥Þ¼

Z
d2b⊥

Z
d2b0⊥e−ip⊥·ðb⊥−b

0⊥Þ

×Nc½Sð2;2ÞY;x⊥;y⊥;y0⊥;x0⊥
−Sð2ÞY;x⊥;y⊥ −Sð2ÞY;y0⊥;x0⊥

þ1�;
ð41Þ

while for the color octet we have

G½8�
Y ðp⊥; r⊥; r0⊥Þ ¼

Z
d2b⊥

Z
d2b0⊥e−ip⊥·ðb⊥−b

0⊥Þ

×
Nc

N2
c − 1

½Sð4ÞY;x⊥; y⊥y0⊥;x0⊥
− Sð2;2ÞY;x⊥;y⊥;y0⊥;x0⊥

�;

ð42Þ

where we introduce the dipole, double-dipole, and quadru-
pole correlators of lightlike Wilson lines,

Sð2ÞY;x⊥;y⊥ ¼
1

Nc
hTr½Vðx⊥ÞV†ðy⊥Þ�iY;

Sð2;2ÞY;x⊥;y⊥;y0⊥;x0⊥
¼ 1

N2
c
hTr½Vðx⊥ÞV†ðy⊥Þ�Tr½Vðy0⊥ÞV†ðx0⊥Þ�iY;

Sð4ÞY;x⊥;y⊥;y0⊥;x0⊥
¼ 1

Nc
hTr½Vðx⊥ÞV†ðy⊥ÞVðy0⊥ÞV†ðx0⊥Þ�iY; ð43Þ

respectively. The calculation of quarkonium production in
CGCþ NRQCD has been previously carried out for the

singlet channel (diffractive) 3S½1�1 . We have verified that our
results in this channel are consistent with those presented
in [123].

It is evident from the convolution in Eq. (38) that
quarkonium production in DIS within the CGC does not
satisfy k⊥ factorization [52–54]. To see this more clearly,
we express Eq. (38) in momentum space,
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dσ̂κλλ0
dp2⊥

¼
Z

d2l⊥
2π

Z
d2l0⊥
2π

Γ̃κ
λλ0 ðp⊥; Q; l⊥; l0⊥Þ

× G̃κ
Yðp⊥; l⊥; l0⊥Þ: ð44Þ

The transverse momentum transferred from the background
field to the quark and antiquark are, respectively, p⊥=2þ l⊥
and p⊥=2 − l⊥ in the amplitude, with similar expressions
in terms of l0⊥ for the momenta flow in the conjugate

amplitude. Our conclusions for quarkonium production in
DIS are analogous to the observation that multiple scatter-
ing breaks k⊥ factorization in the production of open heavy
flavor and quarkonium in proton-nucleus collisions in the
CGC [80,124–127].
We end this section by providing the complete expres-

sion for direct quarkonium production in DIS within the
joint CGCþ NRQCD framework,

dσeA→eHþX
CGC

dQ2dydp2⊥dϕeH
¼ αem

2π2Q2y

X
κ

hOH
κ i

Z
d2r⊥
2π

Z
d2r0⊥
2π

Gκ
Yðp⊥; r⊥; r0⊥Þ

×
n
ð1 − yÞΓκ

Lðp⊥; Q; r⊥; r0⊥Þ þ
1

2
½1þ ð1 − yÞ2�Γκ

Tðp⊥; Q; r⊥; r0⊥Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − yÞ

p
ð2 − yÞΓκ

TLðp⊥; Q; r⊥; r0⊥Þ cosϕeH þ ð1 − yÞΓκ
Tflipðp⊥; Q; r⊥; r0⊥Þ cos 2ϕeH

o
; ð45Þ

where the small-x CGC distributions are given by
Eqs. (41) and (42). The list of all perturbative functions
can be found in Appendix B 1. Equation (45) is the
main result of this manuscript. We present a numerical
study in Sec. VI. Before doing so, we study its correla-
tion limit and show that the resulting expression is
consistent with TMD factorization. We will also study
the improved TMD framework which will extend the
regime of applicability of the correlation limit to large
values of p⊥.

V. CORRELATION LIMIT AND BEYOND

In this section, we first examine the correlation limit,
which amounts to performing a derivative expansion
of the lightlike Wilson line correlators in the CGC
distribution [128]. Kinematically, this limit corresponds
to the phase space where the quarkonium transverse
momentum p2⊥ and the intrinsic saturation scale Q2

s are
much smaller than Q2 þM2

Q, where MQ ¼ 2mQ is the
mass of the quarkonium. In this limit, the short distance
coefficients factorize into a hard function times the gluon
Weizsäcker-Williams TMD. These results have been
obtained directly within the TMD formalism in [39], so
studying this limit of our calculation provides a strong cross
check on our results. We then study the ITMD expansion
which does not impose a constraint on p2⊥, but requires
the hard scales Q2 þM2

Q to be larger than the saturation
scale Q2

s .
The k⊥-factorization approach involving unintegrated

gluon distributions and off-shell matrix elements of the
partonic subprocess can be recovered from the ITMD
approach (and more generally the full CGC result) in the
limit in which the saturation scale is much smaller than the
(semi)hard scale of the process.

A. Correlation limit

In the limit p2⊥; Q2
s ≪ Q2 þM2

Q, the convolution in
Eq. (38) are dominated by small dipole sizes r⊥ and r0⊥
due to the suppression from the perturbative functions Γ.
The leading contribution in the dipole size expansion
is [128]

V

�
b⊥ þ r⊥

2

�
V†

�
b⊥ −

r⊥
2

�

≈ 1þ r⊥αVðb⊥Þð∂α⊥V†ðb⊥ÞÞ: ð46Þ

At leading power, the singlet contribution vanishes since
Tr½Vðb⊥Þð∂α⊥V†ðb⊥ÞÞ� ¼ 0

4 while the octet contribution is

Ξ̄½8�
Y

�
b⊥ þ r⊥

2
; b⊥ −

r⊥
2
; b0⊥ −

r0⊥
2
; b0⊥ þ r0⊥

2

�

≈
1

N2
c − 1

r⊥αr0⊥α0g
2hTr½Aα⊥ðb⊥ÞAα0⊥ðb0⊥Þ�iY; ð47Þ

where we define

Aα⊥ðb⊥Þ ¼
i
g
Vðb⊥Þð∂α⊥V†ðb⊥ÞÞ; ð48Þ

which corresponds to the small-x transverse gauge field in
light-cone gauge A− ¼ 0. Thus we have

G½8�
Y ðp⊥; r⊥; r0⊥Þ ≈

αsð2πÞ4
2ðN2

c − 1Þ r⊥αr0⊥α0G
αα0
Y ðp⊥Þ; ð49Þ

4Contributions to the color singlet have been studied beyond
the leading power, see e.g. [129–131] in the context of the
diffractive production of jets.
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where we introduce the (non-Abelian) Weizsäcker-
Williams gluon TMD,5

Gαα0
Y ðp⊥Þ ¼

Z
d2b⊥d2b0⊥

2π3
e−ip⊥·ðb⊥−b0⊥Þ

× hTr½Aα⊥ðb⊥ÞAα0⊥ðb0⊥Þ�iY: ð50Þ

The differential cross section in the correlation limit is

dσ̂κλλ0
dp2⊥

jTMD ¼ Hκ
λλ0;αα0 ðQÞGαα0

Y ðp⊥Þ; ð51Þ

where the hard function is defined as

Hκ
λλ0;αα0 ðQÞ ¼ αsð2πÞ4

2ðN2
c − 1Þ lim

p⊥→0

Z
d2r⊥
2π

Z
d2r0⊥
2π

× r⊥αr0⊥α0Γ
κ
λλ0 ðp⊥; Q; r⊥; r0⊥Þ: ð52Þ

The explicit results for the hard functions H are shown in
Appendix B 2. The correlation limit corresponds to the

product of the hard matrix element γg → QQ̄ with the WW
gluon TMD. It is now clear that, due to this effective one-
gluon exchange, only the octet contribution survives. It is
customary to decompose the WW distribution into its trace
and traceless components:

Gαα0
Y ðp⊥Þ ¼

δαα
0

⊥
2

Gð0Þ
Y ðp⊥Þ þ

Παα0⊥ ðp⊥Þ
2

hð0ÞY ðp⊥Þ; ð53Þ

which are, respectively, known as the unpolarized and
linearly polarized distributions [132–134]. The projector is
defined as

Παα0⊥ ðp⊥Þ ¼
�
2pα⊥p

β
⊥

p2⊥
− δαα

0
⊥
�
: ð54Þ

Combining the results in Eqs. (51), (53), (53), and (8), the
differential cross section for quarkonium production in DIS
in the correlation limit is

dσeA→eHþX
TMD

dQ2dydp2⊥dϕeH
¼ αem

2π2Q2y

X
κ

hOH
κ i
�


ð1 − yÞHκ
LðQÞ þ 1

2
½1þ ð1 − yÞ2�Hκ

TðQÞ
�
Gð0Þ

Y ðp⊥Þ

þ ð1 − yÞHκ
TflipðQÞhð0ÞY ðp⊥Þ cos 2ϕeH

�
; ð55Þ

where the sum κ runs over the octet contributions only. To
obtain this expression we exploit the orthogonality of the
projectors δαα

0
⊥ ;Παα0⊥ ðp⊥Þ when contracting the WW gluon

TMD with the hard functions given in Appendix B 2, and
define

Hκ
LðQÞ ¼ 1

2
δαα

0
⊥ Hκ

L;αα0 ðQÞ;

Hκ
TðQÞ ¼ 1

2
δαα

0
⊥ Hκ

T;αα0 ðQÞ;

Hκ
TflipðQÞ ¼ 1

2
Παα0⊥ ðp⊥ÞHκ

Tflip;αα0 ðQÞ: ð56Þ

While the azimuthal-angle-integrated differential cross
section is proportional to the unpolarized WW gluon
TMD, to access the linearly polarized distribution, one
has to determine the azimuthal correlation between the
produced quarkonium and the scattered electron in DIS. We
have verified that Eq. (55) is in agreement with the results
obtained in [39] directly obtained from the TMD formal-
ism, providing a nontrivial consistency of our results.

The saturation scale Qs is implicit in the WW gluon
TMD, which can be computed explicitly in the McLerran-
Venugopalan (MV) model [128,135]. The small-x evolu-
tion of the WW gluon TMD is given by the JIMWLK
equation [136] and in the dilute limit by the Balitsky-Fadin-
Kuraev-Lipatov equation. The numerical solutions of the
evolution of the WW gluon TMD exhibit geometric
scaling [137]. Therefore, in principle one can probe the
physics of saturation by studying the p⊥ dependence of the
produced quarkonium, especially in the low p⊥ ≲Qs
regime most sensitive to the physics of saturation.
However, beyond the leading order, large Sudakov-type
logarithms [138] arising from soft gluon emissions modify
the production at low p⊥ and must be considered.

B. Improved TMD limit

An ITMD framework to extend the validity of the
correlation/TMD limit at small x was proposed in [139]
which interpolates between the TMD formalism at low
values of p⊥ and high-energy k⊥-factorization formalism at
large p⊥. The ITMD framework accounts for the off
shellness of the small-x gluon which enters the calculations
of the hard functions. For dijet production in hadronic
collisions and in DIS, the ITMD framework provides an
excellent approximation to the full CGC calculation when

5This expression for the WW gluon TMD is consistent with its
operator definition at small x [117,128].
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the saturation scale Qs is small [117,140,141]. Instead of
following the original approach proposed in [139], we
directly obtain the results in the ITMD framework by a
careful expansion of the lightlike Wilson line correlators as
outlined in [142,143] where kinematic and genuine satu-
ration corrections are isolated. This later approach has been
employed to study heavy-quark pair in DIS [144], but the
calculations of this section provide the first results for
quarkonium production in DIS within the ITMD frame-
work. We start with the exact identity that expresses the pair
of lightlike Wilson lines as a parallel transport of the
transverse gauge field [116] (for a brief derivation of this
result see Appendix A in [117])

Vðx⊥ÞV†ðy⊥Þ ¼ exp

�
ig
Z

y⊥

x⊥
dz⊥αAα⊥ðz⊥Þ

�
; ð57Þ

where the transverse gauge field was defined in Eq. (48).
The ITMD is obtained from the expansion

Vðx⊥ÞV†ðy⊥Þ ¼ 1þ ig
Z

y⊥

x⊥
dz⊥αAα⊥ðz⊥Þ þ…: ð58Þ

This approximation is more general than Eq. (46) which
can be obtained by taking the small r⊥ limit in Eq. (58).
The parallel transport in Eq. (58) is independent of the

path connecting x⊥ and y⊥. The simplest choice is the
straight path, defined by z⊥ðξÞ ¼ b⊥ − ξr⊥, where
ξ∈ ½−1=2; 1=2�, so that

V

�
b⊥ þ r⊥

2

�
V†

�
b⊥ −

r⊥
2

�

¼ 1 − igr⊥α

Z
1=2

−1=2
dξAα⊥ðb⊥ − ξr⊥Þ þ…: ð59Þ

As in the correlation limit, the singlet contribution vanishes
since Tr½Aα⊥� ¼ 0, while the correlator for the octet is now

G½8�
Y ðp⊥; r⊥;r0⊥Þ≈

ð2πÞ4αs
2ðN2

c − 1ÞG
αα0
Y ðp⊥Þ

×
Z

1=2

−1=2
dξ0

Z
1=2

−1=2
dξe−ip⊥·ðξr⊥−ξ0r0⊥Þr⊥αr0⊥α0 :

ð60Þ

The first line corresponds to the standard contribution in the
correlation limit, while the second term captures the so-
called kinematic twists. The differential cross section in the
ITMD expansion is

dσ̂κλλ0
dp2⊥

����
ITMD

¼ Hκ
λλ0;αα0 ðQ; p⊥ÞGαα0

Y ðp⊥Þ; ð61Þ

where the improved TMD hard functions are defined as

Hκ
λλ0;αα0 ðQ;p⊥Þ¼

αsð2πÞ4
2ðN2

c−1Þ

×
Z

1=2

−1=2
dξ

Z
1=2

−1=2
dξ0

Z
d2r⊥
2π

Z
d2r0⊥
2π

r⊥αr0⊥α0

×Γκ
λλ0 ðp⊥;Q;r⊥;r0⊥Þe−iξðp⊥·r⊥Þeiξ

0ðp⊥·r0⊥Þ:

ð62Þ

The explicit results for these hard functions are collected in
Appendix B 3. Compared to the correlation/TMD result in
Eq. (61) the hard functions in the improved TMD in
Eq. (51) are p⊥ dependent (off shell). They satisfy the
expected property:

lim
p⊥→0

Hκ
λλ0;αα0 ðQ; p⊥Þ ¼ Hκ

λλ0;αα0 ðQÞ: ð63Þ

The term on right-hand side is the on-shell hard function
defined in Eq. (52).
Due to the more complicated tensor structure of the hard

functions in Eq. (62), both unpolarized and linearly
polarized WW gluon distributions contribute to all the
elements of the density matrix dσ̂κλλ0 , which in turn
implies that both components of the WW gluon distribu-
tion contribute to the azimuthal-angle-integrated cross
section as well as to the angular anisotropies in
eðkeÞ þ AðPAÞ → eðk0eÞ þHðpÞ þ X. In particular, in the
ITMD expansion, there is a nonzero contribution to the
cosϕeH modulation. For completeness, we write the full
expression for the differential cross section

dσeA→eHþX
ITMD

dQ2dydp2⊥dϕeH
¼ αem

2π2Q2y

X
κ

hOH
κ iGαα0

Y ðp⊥Þ
�
ð1 − yÞHκ

L;αα0 ðQ; p⊥Þ þ
1

2
½1þ ð1 − yÞ2�Hκ

T;αα0 ðQ; p⊥Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − yÞ

p
ð2 − yÞHκ

LT;αα0 ðQ; p⊥Þ cosϕeH þ ð1 − yÞHκ
Tflip;αα0 ðQ; p⊥Þ cos 2ϕeH

�
; ð64Þ
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where the sum κ runs over the octet contributions only. In
the limit p⊥ ≪ Q;MJ=ψ , Eq. (64) reduces to the TMD
result in Eq. (55).
The virtue of the ITMD expansion is that, as in the TMD

limit, all the physics of saturation is contained small-x
Weizsäcker-Williams gluon distribution. Yet, the ITMD
result provides a good approximation to the full CGC result
in Eq. (45) in the limit where Q2

s ≪ Q2 or Q2
s ≪ M2

J=ψ

without imposing any constraint on p2⊥.

VI. NUMERICAL ANALYSIS

Here we numerically compute the differential cross
section for direct quarkonium production in the joint
CGCþ NRQCD formalism. Our numerical studies
focus on J=ψ production, thus we include the channels

κ ¼ f1S½8�0 ; 3S½8�1 ; 3P½8�J ; 3S½1�1 g. Furthermore, we employ heavy
quark symmetry of the long distance matrix elements,

hOJ=ψ
3P½8�J

i ¼ ð2J þ 1ÞhOJ=ψ
3P½8�

0

i; ð65Þ

which motivates us to define the “averaged” short distance
coefficient6

dσ̂
3P½8�avg ¼ 1

9
½dσ̂3P½8�

0 þ 3dσ̂
3P½8�

1 þ 5dσ̂
3P½8�

2 �: ð66Þ

We use mc ¼ MJ=ψ=2 for the charm quark mass where
MJ=ψ ¼ 3.1 GeV. We compare the results in the CGC
obtained in Sec. IV with those obtained in the TMD and the
improved TMD approximations in Sec. V. Before present-
ing our numerical results, we briefly describe the model
used to compute the small-x CGC distributions.

A. Modeling the nonperturbative
small-x distributions

The nonperturbative small-x gluon distributions
Gκ
Yðp⊥; r⊥; r0⊥Þ defined in Eqs. (41) and (42), and the

WW gluon TMD Gαα0
Y ðp⊥Þ defined in Eq. (50), respec-

tively, can be computed from the correlator of lightlike
Wilson lines and their derivatives. Their rapidity (or
energy) dependence is obtained by solving the
JIMWLK [65–71] renormalization group equations. We
employ the McLerran-Venugopalan model [118,119] for
the initial conditions. In this preliminary study, we will not
include the rapidity evolution and employ the so-called
Gaussian approximation [125,135,145], allowing us to
express these correlators in terms of the two-point corre-
lator (see Appendix C). Furthermore, we assume transla-
tional invariance, thus the correlators depend only on the

difference of transverse coordinates. We use the MV model
of the dipole correlator,

Sð2ÞY ðB⊥Þ ¼ exp



−
1

4
Q2

sB2⊥ ln

�
1

mB⊥
þ e

��
; ð67Þ

where m ¼ 0.241 GeV and the saturation scale is Q2
s;p ¼

0.2 GeV2 for a proton and Q2
s;A ¼ 1.0 GeV2 for a large

nucleus. The small-x distributions are then obtained fol-
lowing Eqs. (C5), (C9), (C12), and (C13).

B. Numerical results for the short distance coefficients
and the differential cross section

We present the p⊥ and Q dependence of the short
distance coefficients using two different saturation scales
Q2

s;p ¼ 0.2 GeV2 (proton) and Q2
s;A ¼ 1.0 GeV2 (large

nucleus). We focus on the case in which the photon is
transversely polarized. The results for the longitudinally
polarized photon and the off-diagonal elements (interfer-
ence between different polarizations) are shown in
Appendix D. Since we compare the CGC, ITMD, and
TMD results, for simplicity, we normalize our results by the
transverse area of the target:

dN̂κ ¼ dσ̂κ=S⊥: ð68Þ

The expressions for the short distance coefficients obtained
in the CGC, TMD, and ITMD are given by Eqs. (38), (51),
and (61), respectively. We note that, in the TMD frame-

work, only κ ¼ 1S½8�0 and κ ¼ 3P½8�J channels are nonvanish-
ing, while in the full CGC result, all channels contribute.7

In particular, the CGC has a nonvanishing contribution to

the singlet channel 3S½1�1 in which the virtual photon
interacts with the nucleus via color singlet exchange, the
so-called Pomeron. In the upper panels in Fig. 4 we show
the p⊥ dependence of the short distance coefficients. When
the saturation scale is small, all three frameworks agree
with each other in the small p⊥ region (∼1.5 GeV) as
expected from the correlation expansion. The TMD result,
where the p⊥ dependence is completely determined by the
WW gluon distribution, behaves as 1=p2⊥ at large p⊥. In
contrast, the ITMD has an additional p⊥ dependence on the
hard function, which at large p⊥ results in a 1=p4⊥ behavior
for the short distance coefficients, as expected from k⊥
factorization. The CGC and ITMD results are in good
agreement with each other throughout the entire p⊥ range
in the proton case (small saturation scale). However, large
deviations are observed when the saturation scale is

6Following the definition of this SDC we define its corre-

sponding perturbative function Γ
3Pavg

λλ0 in Eq. (A37) with analogous
constructions for the TMD and ITMD hard functions.

7Unlike the TMD framework, where the channels 3S½1�1 and 3S½8�1
are forbidden by selection rules, the CGC can accommodate these
channels via higher-twist corrections involving multiple gluon
exchanges.
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increased signaling the presence of genuine saturation
corrections that are only captured in our full CGC calcu-
lation. These corrections significantly suppress production
in the low-p⊥ region.
Next, we turn to the Q dependence of the short distance

coefficients shown in lower panels in Fig. 4. In the high-Q
limit, we observe the convergence of all three frameworks

for the κ ¼ 1S½8�0 and κ ¼ 3P½8�J channels. At high Q2 the
kinematic and genuine saturation corrections are sup-
pressed and the TMD approximation is adequate. In this
regime, the Q dependence is completely controlled by the

hard function. The κ ¼ 3S½1�1 and κ ¼ 3S½8�1 channels are
power suppressed by an additional factor 1=Q2 as these

require at least a two-gluon exchange (higher twist). When
we either increase the saturation scale Qs or decrease the
virtuality Q, the genuine higher-twist corrections in the
CGC tend to suppress the short distance coefficients for

κ ¼ 1S½8�0 and κ ¼ 3P½8�J . On the other hand, we note that the
relative contribution of the color singlet becomes more
important, which is consistent with the observation that
diffractive events are more copious in the saturation
regime [146].
We now present the results for the differential cross

section given by Eqs. (45), (55), and (64). We normalize
our results by the transverse area of the target and use the
values for the long-distance matrix elements in [147]
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FIG. 4. Upper panels: the p⊥ dependence of the short distance coefficients at fixed virtuality Q ¼ 3.0 GeV. Lower panels: the Q
dependence of the short distance coefficients at fixed transverse momentum p⊥ ¼ 1.55 GeV. We show the results for the CGC (solid
lines), the improved TMD (dashed dotted), and the TMD (dashed). Panels on the right show the results at a Q2

s ¼ 0.2 GeV2 (proton).
Panels on the left show the results at Q2

s ¼ 1.0 GeV2 (large nucleus). The short distance coefficients corresponding to the P wave are
multiplied by m2

c.
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hOJ=ψ
3S½1�

1

i ¼ 1.16=ð2NcÞGeV3;

hOJ=ψ
1S½8�

0

i ¼ 0.089 GeV3;

hOJ=ψ
3S½8�

1

i ¼ 0.0030 GeV3;

hOJ=ψ
3P½8�

0

i=m2
c ¼ 0.0056 GeV3: ð69Þ

The fit to the LDMEs in [147] uses mc ¼ 1.5� 0.1 GeV
compatible with our choice mc ¼ MJ=ψ=2. While alter-
native fits for the LDMEs exist in the literature, our main
objective in this preliminary numerical study is to compare
results from the three different frameworks CGC, TMD,
and ITMD, thus the specific values of the LDMEs are
not critical. We decompose our results in harmonics in

the azimuthal angle between the electron and the pro-
duced J=ψ ,

dNeA→eJ=ψþX
n

dQ2dydp2⊥
¼

Z
2π

0

cosðnϕeJ=ψ ÞdϕeJ=ψ

2π

×
dNeA→eJ=ψþX

dQ2dydp2⊥dϕeJ=ψ
; ð70Þ

and we fix the inelasticity y ¼ 0.8. We present the results

differential d ln yd lnQ2dp2⊥ ¼ dy
y
dQ2

Q2 dp2⊥ to absorb the

additional 1=ðyQ2Þ factor from the photon fluxes [see
e.g. Eq. (45)].
The results for the p⊥ and Q2 dependence are shown

in the upper and lower panels of Fig. 5, respectively.
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FIG. 5. Upper panels: the p⊥ dependence of the differential cross section at fixed virtuality Q ¼ 3.0 GeV. Lower panels: The
Q dependence of the differential cross section at fixed transverse momentum p⊥ ¼ 1.55 GeV. We show the results for the CGC
(solid lines), the improved TMD (dashed-dotted), and the TMD (dashed). Panels on the right show the results at a Q2

s ¼ 0.2 GeV2

(proton). Panels on the left show the results at Q2
s ¼ 1.0 GeV2 (large nucleus). We present the results at fixed inelasticity

y ¼ ðq · PAÞ=ðke · PAÞ ¼ 0.8.
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The conclusions are similar to those observed in our
comparison of the short distance coefficients. Namely,
the TMD provides an excellent approximation when
p⊥; Qs ≪ Q both for the azimuthally averaged differential
cross section (n ¼ 0) as well as its elliptic modulation
(n ¼ 2).8 The ITMD framework extends the agreement to
larger values of p⊥ when the saturation scale is small, but it
fails as the virtualityQ2 is decreased or when the saturation
Q2

s is increased. The genuine saturation corrections, which
are not captured by the WW gluon TMD, contained in the
full CGC calculation, suppress the production. The degree
of suppression is larger at low values of p⊥. This behavior
was also observed for semi-inclusive dijet production in
DIS in [140].
Lastly, we compute a proxy for the nuclear modification

factor, based on the azimuthally averaged differential cross
section:

ReA ¼ Q2
s;p

Q2
s;A

dNeA→eJ=ψþX
n

dQ2dydp2⊥

�
dNep→eJ=ψþX

n

dQ2dydp2⊥
: ð71Þ

In the limit Qs;p;Qs;A ≪ p⊥; Q, where saturation effects
are expected to be weak, ReA → 1. Our results for ReA are
shown in Fig. 6. The TMD result displays the characteristic
broadening of the p⊥ distribution with suppression for
p⊥ ≲Qs;A, followed by a Cronin peak, and then the ReA

tapers towards unity. This behavior reflects the migration of
gluons to higher momentum modes in the WW gluon
distribution. Effectively, this observable is proportional to
the ratio of the nuclear to proton unpolarized WW gluon
TMD. The results obtained in the improved TMD have a

similar behavior; however, in this case, there is also a
contribution from the linearly polarized WW gluon TMD.
The broadening of the transverse momentum-dependent
gluon distribution is a well-known property of the MV
model [148]; however, we expect that nonlinear quantum
evolution will result in a suppression of the nuclear
modification factor [149–151]. On the other hand, the
inclusion of genuine saturation corrections in the CGC
depletes the nuclear modification factor, even in the
absence of evolution. We have verified that when p⊥ ≲
Qs;A the degree of depletion increases as either the
saturation scale is increased or the virtuality is reduced.
A systematic treatment of the amount depletion must
therefore take into account genuine saturation corrections
as well as nonlinear small-x evolution.

VII. SUMMARY AND OUTLOOK

In this manuscript, we obtain for the first time the
differential cross section for direct quarkonium production
in deep inelastic scattering at small x using a joint
framework of the color glass condensate effective theory
and nonrelativistic QCD. Our main result is given by
Eq. (45). To derive this result, we first obtain the short

distance coefficients for κ ¼ 1S½c�0 ; 3S½c�1 ; 1P½c�1 ; 3P½c�J for both
color singlet ½c ¼ 1� and octet ½c ¼ 8� states. We consider
separately the cases where the virtual photon is longitudi-
nally and transversely polarized, as well as the interference
between different polarizations. Combined with the decom-
position in Eq. (8), these results allow us to compute the
differential cross section at the level of electron-nucleus
scattering. Our results for the short distance coefficients are
shown in Eq. (38). They are expressed in terms of polar-
izations and spin-dependent perturbative functions (the
complete set of expressions is given in Appendix B 1).
The CGC distributions are built up of correlators of
lightlike Wilson lines given by Eqs. (41) and (42) for
color singlet and octet, respectively.
Furthermore, in the correlation expansion (p⊥; Qs ≪ Q;

MJ=ψ ), our results are consistent with the TMD framework.
In this limit, the differential cross section [see Eq. (55)]
factorizes into a hard function and the small-x Weizsäcker-
Williams gluon TMD. Both the unpolarized and linearly
polarized components of the WW gluon TMD contribute to
the differential cross section and implicitly contain satu-
ration effects as they are constructed from CGC correlators
of lightlike Wilson lines. We also consider the improved
TMD expansion, which interpolates between the TMD and
high-energy k⊥ factorization frameworks and provides
an adequate approximation to the CGC when Q2

s ≪ Q2

or Q2
s ≪ M2

J=ψ.
Lastly, we perform a preliminary numerical study in the

spirit of the work in [117], where we quantified the
differences between the CGC, TMD, and ITMD frame-
works. We focus on J=ψ production and employ the MV

1 2 3 4 5
0

0.5

1

1.5

2

FIG. 6. Nuclear modification factor [as defined in Eq. (71)] for
the azimuthally averaged different cross section as a function of
p⊥ and at fixed virtuality Q ¼ 3 GeV.

8Note that the harmonic n ¼ 1 vanishes in the TMD frame-
work, but it is nonzero both in the ITMD and the CGC.
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model to compute the CGC distributions with two choices
of saturation scale, Q2

sp ¼ 0.2 GeV2 and Q2
sp ¼ 1.0 GeV2,

corresponding to protons and large nuclei, respectively. We
numerically evaluate the short distance coefficients relevant
for J=ψ production as well as the differential cross section
and examine their dependencies on the transverse momen-
tum of the J=ψ and the DIS virtuality Q2. We numerically
confirm that the TMD and CGC results are consistent with
each other in the regime p⊥; Qs ≪ Q;MJ=ψ , and the ITMD
provides a good approximation to the full CGC result when
the saturation scale is smaller than the hard scale (Q2 or
M2

J=ψ ). However, when the saturation scale is comparable
in magnitude to the hard scale, genuine saturation correc-
tions only present in the full CGC result suppress the
differential cross section, especially in the low p⊥ region.
We conclude with an outlook on future studies that are

suggested by our work. A more realistic study of the initial
conditions, the inclusion of small-x evolution, an assess-
ment of the uncertainties of the LDMEs, as well as a more
precise calculation of the nuclear modification factor,
would be desired before we confront our results with
existing data from HERA [152–154] and make predictions
for the future EIC [155–157]. Furthermore, to obtain robust
results, we plan to carry out the next-to-leading order
corrections which include one-loop corrections in the CGC,
as well as relativistic corrections to NRQCD. It has been
found that in the exclusive production [123], relativistic
corrections are significantly large at low values of Q2.
In the correlation limit, direct quarkonium production

provides a window to access the small-x WW gluon
distribution, complementary to the back-to-back produc-
tion of dijet and dihadron studies [151,158–160]. In this
limit, we also expect the emergence of large rapidity
logarithms as well as large double and single Sudakov
logarithms calling for a joint resummation [161] (for direct
quarkonium production in proton-nucleus collisions, see
Refs. [84,85]). The first steps towards the one-loop cor-
rections have been recently studied in [162] for the S-wave
channel.
Furthermore, it would be interesting to perform a

detailed analysis of our results in the photoproduction
limit which can be accessed through ultraperipheral colli-
sions at RHIC and the LHC.9 We expect that genuine
saturation corrections will be large and thus necessitate the
full CGC calculation. On the other hand, in this limit we
expect soft gluon radiation to play a subdominant role,
especially for charmonium production, providing an attrac-
tive avenue to study saturation through nuclear suppression
effects.
It should be straightforward to study the polarization

dependence of the produced quarkonium which will

manifest as correlations of the J=ψ decay to dileptons. A
similar study in the joint CGCþ NRQCD framework has
been conducted in proton-proton collisions [86,87]. Lastly,
transverse spin asymmetries in polarized collisions provide
an opportunity to access the gluon Sivers function [164,165]
with quarkonium production [166–170]. It would be inter-
esting to extend our framework and examine the conse-
quences of gluon saturation to this observable at low-x (see
e.g. [171] in proton-proton collisions). Such a program will
require the implementation of subeikonal physics beyond
the usual CGC framework [172–176].
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APPENDIX A: SPIN PROJECTIONS
OF THE S AND P WAVES

In this appendix, we briefly outline the computation for
the projections ofQQ̄ into specific states of spin and orbital
angular momentum.

1. NRQCD projector

The covariant spin projectors defined in Eq. (33) can be
expressed as

Π00ðp;kÞ¼ 1ffiffiffiffiffiffiffiffiffi
8m3

Q

q
�
=p
2
−k−mQ

�
γ5
�
=p
2
þkþmQ

�
ðA1Þ

and

9A recent detailed analysis, in the collinear pQCD formalism,
for the feasibility of studying inclusive quarkonium production in
ultraperipheral collisions at the LHC has been conducted in [163].
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Π1Szðp;kÞ¼ ϵ�ρðSzÞffiffiffiffiffiffiffiffiffi
8m3

Q

q
�
=p
2
−k−mQ

�
γρ
�
=p
2
þkþmQ

�
; ðA2Þ

for the S ¼ 0 and S ¼ 1 states, respectively. Since we are
interested in unpolarized quarkonium production, the
explicit expression for the polarization vectors ϵ�ρðSzÞ will
not be needed, and it is sufficient to use the polarization
summed relations [89]. We define

Pαα0 ¼ −gαα0 þ
pαpα0

p2
; ðA3Þ

then
X
Lz

ϵ�ρðLzÞϵρ0 ðLzÞ ¼ Pρρ0 : ðA4Þ

For the 3PJ states, it is convenient to define

ϵ�ρμðJ; JzÞ ¼
X
Lz;Sz

h1Lz; SSzjJJziϵ�μðLzÞϵ�ρðSzÞ; ðA5Þ

then

X
Jz

ϵ�ρμð0; JzÞϵρ0μ0 ð0; JzÞ ¼
1

3
PρμPρ0μ0 ; ðA6Þ

X
Jz

ϵ�ρμð1; JzÞϵρ0μ0 ð1; JzÞ ¼
1

2
ðPρρ0Pμμ0 − Pρμ0Pρ0μÞ; ðA7Þ

X
Jz

ϵ�ρμð2; JzÞϵρ0μ0 ð2; JzÞ ¼
1

2
ðPρρ0Pμμ0 þ Pρμ0Pρ0μÞ

−
1

3
PρμPρ0μ0 : ðA8Þ

Lastly, since we will be using heavy-quark symmetry [see
Eqs. (65) and (66)] it is useful to employ the identity:

X
J;Jz

ϵ�ρμðJ; JzÞϵρ0μ0 ðJ; JzÞ ¼ Pρρ0Pμμ0 ; ðA9Þ

to compute the “averaged”perturbative function inEq. (A37).

2. Computation of perturbative functions F λ;κ;Jz

In order to compute the perturbative part of the amplitude
F λ;κ;Jz defined in Eq. (32) we combine Eqs. (27) and (28)
with the projectors in Eqs. (A1) and (A2), and use
elementary identities of traces of gamma matrices.

a. S wave

For the S wave (L ¼ 0), we have

F λ;κ;Jzðp; r⊥Þ ¼ Tr½ΠJJzðp; 0ÞN λðp; 0; r⊥Þ�; ðA10Þ
where we use h0Lz; SSzjJJzi ¼ δ0Lz

δSJδSzJz . The projectors
in Eqs. (A1) and (A2) at k ¼ 0 simplify to

Π00ðp; 0Þ ¼ −
1ffiffiffiffiffiffiffiffiffi
8mQ

p γ5ð=pþ 2mQÞ; ðA11Þ

Π1Jzðp; 0Þ ¼ −
ϵ�ρðJzÞffiffiffiffiffiffiffiffiffi
8mQ

p γρð=pþ 2mQÞ: ðA12Þ

The perturbative functions N λ in Eqs. (27) and (28) at
k ¼ 0 (note ξ ¼ 0 since kþ ¼ 0) are

N λ¼0ðp; 0; r⊥Þ ¼ −
1

4
QK0ðQ̄jr⊥jÞ

γþ

qþ
; ðA13Þ

N λ¼�1ðp; 0; r⊥Þ ¼ −
ir⊥α

4jr⊥j
Q̄K1ðQ̄jr⊥jÞϵλ⊥β½γα⊥; γβ⊥�

γþ

qþ

−
1

2
mQK0ðQ̄jr⊥jÞϵλ⊥αγ

α⊥
γþ

qþ
: ðA14Þ

Then, for the 1S0 state we have

F λ¼0;1S0;Jz¼0ðp; r⊥Þ ¼ 0; ðA15Þ

F λ¼�1;1S0;Jz¼0ðp;r⊥Þ¼
ϵλ⊥βffiffiffiffiffiffiffiffiffi
2mQ

p r⊥α

jr⊥j
Q̄K1ðQ̄jr⊥jÞϵαβ⊥ ; ðA16Þ

where ϵαβ⊥ is the Levi-Civita tensor in two dimensions
(ϵ12⊥ ¼ −ϵ21⊥ ¼ 1).
Furthermore, for the 3S1 state we have

F λ;3S1;Jzðp; r⊥Þ ¼ F̃ λ;3S1;ρðp; r⊥Þϵ�ρðJzÞ; ðA17Þ
where

F̃ λ¼0;3S1;ρðp; r⊥Þ ¼
1ffiffiffi
2

p
qþ

QK0ðQ̄jr⊥jÞ ffiffiffiffiffiffiffi
mQ

p
gρþ; ðA18Þ

F̃ λ¼�1;3S1;ρðp; r⊥Þ ¼ −
ϵλ⊥αffiffiffiffiffiffiffiffi
2qþ

p ffiffiffiffiffiffiffi
mQ

p
K0ðQ̄jr⊥jÞ

× ðgρþpα⊥ − gρα⊥ pþÞ: ðA19Þ

b. P wave

For the P wave (L ¼ 1) we have

F λ;κ;Jzðp; r⊥Þ ¼
X
Lz;Sz

hLLz; SSzjJJzi × ϵ�μðLzÞ
∂

∂kμ
fe−ik⊥·r⊥Tr½ΠSSzðp; kÞN λðp; k; r⊥Þ�g

���
k¼0

: ðA20Þ
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It is convenient to first carry out the derivative and set k ¼ 0 before taking trace of gamma matrices, then we have

∂

∂kμ
fΠSSzðp; kÞe−ik⊥·r⊥N λðp; k; r⊥Þg

���
k¼0

¼


irμ⊥ΠSSzðp; 0Þ þ ∂

∂kμ
fΠSSzðp; kÞg

���
k¼0

�
N λðp; 0; r⊥Þ þ ΠSSzðp; 0Þ ∂

∂kμ
N λðp; k; r⊥Þ

���
k¼0

; ðA21Þ

where we use

∂

∂kμ
ðk⊥ · r⊥Þ ¼

∂

∂kμ
ð−gαβ⊥ kαrβÞ ¼ −gαβ⊥ δμαrβ

¼ −gμβ⊥ rβ ¼ −rμ⊥: ðA22Þ

We compute the derivatives of the projectors at k ¼ 0:

∂

∂kμ
Π00ðp; kÞjk¼0 ¼

1ffiffiffiffiffiffiffiffiffiffiffiffi
32m3

Q

q γ5½γμ; =p�; ðA23Þ

∂

∂kμ
Π1Szðp; kÞjk¼0 ¼

ϵ�ρðSzÞffiffiffiffiffiffiffiffiffi
8m3

Q

q


1

2
γρ½γμ; =p�− gμρð=pþ 2mQÞ

�
;

ðA24Þ

as well as the derivatives of the perturbative functions at
k ¼ 0:

∂

∂kμ
N λ¼0ðp; k; r⊥Þ

���
k¼0

¼ 0; ðA25Þ

∂

∂kμ
N λ¼�1ðp;k;r⊥Þjk¼0¼−

i
pþ

r⊥ ·ϵλ⊥
jr⊥j

Q̄K1ðQ̄jr⊥jÞgμþ
γþ

qþ
:

ðA26Þ

It is worth noting that since we express the perturbative
functions N λðp; k; r⊥Þ in Eqs. (27) and (28) in coordinate
space and factor out the phase e−ik⊥·r⊥ from their definition,
the only dependence on k is on the momentum fraction ξ.
Combining these results we find for the 1P1 state

F λ;1P1;Jzðp; r⊥Þ ¼ F̃ λ;1P1;μðp; r⊥Þϵ�μðJzÞ; ðA27Þ

where we use h1Lz; 0SzjJJzi ¼ δ0Szδ1JδLzJz , and

F̃ λ¼0;1P1;μðp; r⊥Þ ¼ 0; ðA28Þ

F̃ λ¼�1;1P1;μðp; r⊥Þ ¼ i
ϵλ⊥βffiffiffiffiffiffiffiffiffi
2mQ

p



1

jr⊥j
Q̄K1ðQ̄jr⊥jÞr⊥αr

μ
⊥ϵ

αβ
⊥ − K0ðQ̄jr⊥jÞδβ⊥α

�
ϵμα⊥ −

1

qþ
pνϵ

να⊥ gμþ
��

: ðA29Þ

Furthermore, for the 3PJ¼0;1;2 states we have

F λ;3PJ;Jzðp; r⊥Þ ¼ F̃ λ;3PJ;ρμðp; r⊥Þϵ�ρμðJ; JzÞ; ðA30Þ

where ϵ�ρμðJ; JzÞ was defined in Eq. (A5), and

F̃ λ¼0;3PJ;ρμðp; r⊥Þ ¼
1ffiffiffiffiffiffiffiffiffi
8m3

Q

q QK0ðQ̄jr⊥jÞ
�
2im2

Qr
μ
⊥
gρþ

pþ þ pρ g
μþ

pþ

�
; ðA31Þ

F̃ λ¼�1;3PJ;ρμðp; r⊥Þ ¼
ϵλ⊥βffiffiffiffiffiffiffiffiffi
2m3

Q

q
�
m2

Qr
μ
⊥K0ðQ̄jr⊥jÞ

�
−gβρ⊥ þ gρþ

pþ pβ⊥
�
−
r⊥α

jr⊥j
Q̄K1ðQ̄jr⊥jÞ



4m2

Qg
αβ
⊥
gμþ

pþ
gρþ

pþ

þpβ⊥
�
gμþ

pþ gαρ⊥ −
gρþ

pþ gαμ⊥
�
þ pα⊥

�
gρþ

pþ gβμ⊥ −
gμþ

pþ gβρ⊥
�
þ ðgαμ⊥ gβρ⊥ − gαρ⊥ gβμ⊥ Þ

��
: ðA32Þ
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3. Computation of perturbative functions Γκ
λλ0

Following our results in the previous sections, the perturbative functions Γκ
λλ0 ðp⊥; Q; r⊥; r0⊥Þ defined in Eq. (40) can be

computed:

Γ
1S0
λλ0 ðp⊥; Q; r⊥; r0⊥Þ ¼ αeme2QF

λ;1S0;Jz¼0ðp; r⊥ÞF †λ0;1S0;Jz¼0ðp; r⊥Þ; ðA33Þ

Γ
3S1
λλ0 ðp⊥; Q; r⊥; r0⊥Þ ¼ αeme2QF̃

λ;3S1;ρðp; r⊥ÞF̃ †λ0;3S1;ρ0 ðp; r⊥Þ
1

3

X
Jz

ϵ�ρðJzÞϵρ0 ðJzÞ; ðA34Þ

Γ
1P1
λλ0 ðp⊥; Q; r⊥; r0⊥Þ ¼ αeme2QF̃

λ;1P1;μðp; r⊥ÞF̃ †λ0;1P1;μ0 ðp; r⊥Þ
1

3

X
Jz

ϵ�μðJzÞϵμ0 ðJzÞ; ðA35Þ

Γ
3PJ
λλ0 ðp⊥; Q; r⊥; r0⊥Þ ¼ αeme2QF̃

λ;3PJ;ρμðp; r⊥ÞF̃ †λ0;3PJ;ρ0μ0 ðp; r⊥Þ
1

2J þ 1

X
Jz

ϵ�ρμðJ; JzÞϵρ0μ0 ðJ; JzÞ: ðA36Þ

We also define the perturbative function,

Γ
3Pavg
λλ0 ¼ 1

9
½Γ3P0

λλ0 þ 3Γ
3P1
λλ0 þ 5Γ

3P2
λλ0 �; ðA37Þ

corresponding to the short distance coefficient defined in Eq. (66) which was introduced to exploit the heavy quark
symmetry of the LDMEs [see Eq. (65)]. Then we have

Γ
3Pavg
λλ0 ðp⊥; Q; r⊥; r0⊥Þ ¼ αeme2QF̃

λ;3PJ;ρμðp; r⊥ÞF̃ †λ0;3PJ;ρ0μ0 ðp; r⊥Þ
X
J

X
Jz

ϵ�ρμðJ; JzÞϵρ0μ0 ðJ; JzÞ: ðA38Þ

The explicit expressions are given for these functions are provided in Appendix B 1.

APPENDIX B: COMPLETE EXPRESSIONS FOR THE PERTURBATIVE FUNCTIONS

1. Perturbative functions in the CGC

In the case of longitudinally polarized photons, the perturbative functions are

Γ
3S1
L ¼ αeme2Q

24mQ
QK0ðQ̄jr⊥jÞQK0ðQ̄jr⊥0jÞ; ðB1Þ

Γ
3P0
L ¼ αeme2Q

96m3
Q
ðp⊥ · r⊥Þðp⊥ · r⊥0ÞQK0ðQ̄jr⊥jÞQK0ðQ̄jr⊥0jÞ; ðB2Þ

Γ
3P1
L ¼ αeme2Q

48mQ
ðr⊥ · r⊥0ÞQK0ðQ̄jr⊥jÞQK0ðQ̄jr⊥0jÞ; ðB3Þ

Γ
3P2
L ¼ αeme2Q

80m3
Q



m2

Qðr⊥ · r⊥0Þ þ 1

3
ðp⊥ · r⊥Þðp⊥ · r⊥0Þ

�
QK0ðQ̄jr⊥jÞQK0ðQ̄jr⊥0jÞ; ðB4Þ

Γ
3Pavg
L ¼ αeme2Q

72m3
Q



m2

Qðr⊥ · r⊥0Þ þ 1

4
ðp⊥ · r⊥Þðp⊥ · r⊥0Þ

�
QK0ðQ̄jr⊥jÞQK0ðQ̄jr⊥0jÞ: ðB5Þ

The contributions of the 1S0 and 1P1 states vanish.
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In the case of transversely polarized photons, the perturbative functions are

Γ
1S0
T ¼ αeme2Q

4mQ

r⊥ · r0⊥
jr⊥jjr0⊥j

Q̄K1ðQ̄jr⊥jÞQ̄K1ðQ̄jr0⊥jÞ; ðB6Þ

Γ
3S1
T ¼ αeme2Q

6mQ
mQK0ðQ̄jr⊥jÞmQK0ðQ̄jr0⊥jÞ; ðB7Þ

Γ
1P1
T ¼ αeme2Q

12m3
Q

�ðr⊥ · r0⊥Þ
jr⊥jjr0⊥j

Q̄K1ðQ̄jr⊥jÞQ̄K1ðQ̄jr0⊥jÞ


m2

Qðr⊥ · r0⊥Þ þ
1

4
ðp⊥ · r⊥Þðp⊥ · r0⊥Þ

�

− Q̄jr⊥jK1ðQ̄jr⊥jÞm2
QK0ðQ̄jr0⊥jÞ −m2

QK0ðQ̄jr⊥jÞQ̄jr0⊥jK1ðQ̄jr0⊥jÞ þ 2mQK0ðQ̄jr⊥jÞmQK0ðQ̄jr0⊥jÞ
�
; ðB8Þ

Γ
3P0
T ¼ αeme2Q

12m3
Q

ðr⊥ · r0⊥Þ
jr⊥jjr0⊥j

½Q̄K1ðQ̄jr⊥jÞ þm2
Qjr⊥jK0ðQ̄jr⊥jÞ�½Q̄K1ðQ̄jr0⊥jÞ þm2

Qjr0⊥jK0ðQ̄jr0⊥jÞ�; ðB9Þ

Γ
3P1
T ¼ αeme2Q

6m3
Q

�ðr⊥ · r0⊥Þ
jr⊥jjr0⊥j



Q̄K1ðQ̄jr⊥jÞ −

1

2
m2

Qjr⊥jK0ðQ̄jr⊥jÞ
�


Q̄K1ðQ̄jr0⊥jÞ −
1

2
m2

Qjr0⊥jK0ðQ̄jr0⊥jÞ
�

þ 1

8
ðp⊥ · r⊥Þðp⊥ · r0⊥ÞmQK0ðQ̄jr⊥jÞmQK0ðQ̄jr0⊥jÞ

�
; ðB10Þ

Γ
3P2
T ¼ αeme2Q

30m3
Q

�ðr⊥ · r0⊥Þ
jr⊥jjr0⊥j



Q̄K1ðQ̄jr⊥jÞ −

1

2
m2

Qjr⊥jK0ðQ̄jr⊥jÞ
�


Q̄K1ðQ̄jr0⊥jÞ −
1

2
m2

Qjr0⊥jK0ðQ̄jr0⊥jÞ
�

þ 3

2



m2

Qðr⊥ · r0⊥Þ þ
1

4
ðp⊥ · r⊥Þðp⊥ · r0⊥Þ

�
mQK0ðQ̄jr⊥jÞmQK0ðQ̄jr0⊥jÞ

�
; ðB11Þ

Γ
3Pavg
T ¼ αeme2Q

12m3
Q

�ðr⊥ · r0⊥Þ
jr⊥jjr0⊥j



Q̄K1ðQ̄jr⊥jÞ −

1

3
m2

Qjr⊥jK0ðQ̄jr⊥jÞ
�


Q̄K1ðQ̄jr0⊥jÞ −
1

3
m2

Qjr0⊥jK0ðQ̄jr0⊥jÞ
�

þ 5

9



m2

Qðr⊥ · r0⊥Þ þ
3

10
ðp⊥ · r⊥Þðp⊥ · r0⊥Þ

�
mQK0ðQ̄jr⊥jÞmQK0ðQ̄jr0⊥jÞ

�
: ðB12Þ

In the case of polarization changing photon (TL), the perturbative functions are

Γ
3P0
TL ¼ −

αeme2Q
24

ffiffiffi
2

p
m3

Q

ðp⊥ · r⊥Þðp⊥ · r0⊥Þ
p⊥jr⊥j

½m2
Qjr⊥jK0ðQ̄jr⊥jÞ þ Q̄K1ðQ̄jr⊥jÞ�QK0ðQ̄jr0⊥jÞ; ðB13Þ

Γ
3P1
TL ¼ αeme2Q

48
ffiffiffi
2

p
m3

Q

ðp⊥ · r⊥Þðp⊥ · r0⊥Þ
p⊥jr⊥j

m2
Qjr⊥jK0ðQ̄jr⊥jÞQK0ðQ̄jr0⊥jÞ; ðB14Þ

Γ
3P2
TL ¼ −

αeme2Q
60

ffiffiffi
2

p
m3

Q

ðp⊥ · r⊥Þðp⊥ · r0⊥Þ
p⊥jr⊥j



Q̄K1ðQ̄jr⊥jÞ þ

1

4
m2

Qjr⊥jK0ðQ̄jr⊥jÞ
�
QK0ðQ̄jr0⊥jÞ; ðB15Þ

Γ
3Pavg
TL ¼ −

αeme2Q
72

ffiffiffi
2

p
m3

Q

ðp⊥ · r⊥Þðp⊥ · r0⊥Þ
p⊥jr⊥j

Q̄K1ðQ̄jr⊥jÞ�QK0ðQ̄jr0⊥jÞ: ðB16Þ

The contribution of 1S0, 3S1, and 1P1 states vanish.
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In the case of polarization flipping photon (Tλ ¼ þ1; Tλ0 ¼ −1), the perturbative functions are

Γ
1S0
Tflip ¼ −

αeme2Q
4mQ

Πββ0
⊥ ðp⊥Þ

r⊥βr0⊥β0

jr⊥jjr⊥0j Q̄K1ðQ̄jr⊥jÞQ̄K1ðQ̄jr⊥0jÞ; ðB17Þ

Γ
1P1
Tflip ¼ −

αeme2Q
12m3

Q
Πββ0

⊥ ðp⊥Þ
� r⊥βr0⊥β0

jr⊥jjr⊥0j Q̄K1ðQ̄jr⊥jÞQ̄K1ðQ̄jr⊥0jÞ


m2

Qðr⊥ · r⊥0Þ þ 1

4
ðp⊥ · r⊥Þðp⊥ · r⊥0Þ

�

−
r⊥βr⊥β0

jr⊥j
Q̄K1ðQ̄jr⊥jÞm2

QK0ðQ̄jr0⊥jÞ þ
r0⊥βr

0⊥β0

jr0⊥j
m2

QK0ðQ̄jr⊥jÞQ̄K1ðQ̄jr0⊥jÞ
�
; ðB18Þ

Γ
3P0
Tflip ¼

αeme2Q
12m3

Q
Πββ0

⊥ ðp⊥Þ
r⊥βr0⊥β0

jr⊥jjr⊥0j ½Q̄K1ðQ̄jr⊥jÞ þm2
Qjr⊥jK0ðQ̄jr⊥jÞ�½Q̄K1ðQ̄jr⊥0jÞ þm2

Qjr⊥0jK0ðQ̄jr⊥0jÞ�; ðB19Þ

Γ
3P1
Tflip ¼ −

αeme2Q
6m3

Q
Πββ0

⊥ ðp⊥Þ
r⊥βr0⊥β0

jr⊥jjr⊥0j


Q̄K1ðQ̄jr⊥jÞ −

1

2
m2

Qjr⊥jK0ðQ̄jr⊥jÞ
�


Q̄K1ðQ̄jr⊥0jÞ − 1

2
m2

Qjr⊥0jK0ðQ̄jr⊥0jÞ
�
; ðB20Þ

Γ
3P2
Tflip ¼

αeme2Q
30m3

Q
Πββ0

⊥ ðp⊥Þ
r⊥βr0⊥β0

jr⊥jjr⊥0j


Q̄K1ðQ̄jr⊥jÞ −

1

2
m2

Qjr⊥jK0ðQ̄jr⊥jÞ
�


Q̄K1ðQ̄jr⊥0jÞ − 1

2
m2

Qjr⊥0jK0ðQ̄jr⊥0jÞ
�
; ðB21Þ

Γ
3Pavg
Tflip ¼

αeme2Q
36m3

Q
Πββ0

⊥ ðp⊥Þ
r⊥βr0⊥β0

jr⊥jjr⊥0j fm
2
Qjr⊥jK0ðQ̄jr⊥jÞm2

Qjr⊥0jK0ðQ̄jr⊥0jÞ

− ½Q̄K1ðQ̄jr⊥jÞ −m2
Qjr⊥jK0ðQ̄jr⊥jÞ�½Q̄K1ðQ̄jr⊥0j −m2

Qjr⊥0jK0ðQ̄jr⊥0jÞÞ�g: ðB22Þ

The contribution of the 3S1 state vanishes.

2. Hard functions in TMD

Let us define the following prefactor:

A ¼ αsαeme2Qð2πÞ4
ðN2

c − 1Þ ; ðB23Þ

and the mass of the quarkonium MQ ¼ 2mQ. We will
express the hard functions in terms of the tensors δ⊥;αα0 and
Π⊥αα0 ðp⊥Þ, the latter was introduced in Eq. (54).
Following the heavy-quark symmetry, we define the hard

function:

H
3Pavg
λλ0;αα0 ¼

1

9
½H3P0

λλ0;αα0 þ 3H
3P1
λλ0;αα0 þ 5H

3P2
λλ0;αα0 �: ðB24Þ

In the case of longitudinally polarized photons, the hard
functions are

H
3P1
L;αα0 ðQÞ ¼ 64AQ2

3MQðQ2 þM2
QÞ4

δ⊥αα0 ; ðB25Þ

H
3P2
L;αα0 ðQÞ ¼ 64AQ2

5MQðQ2 þM2
QÞ4

δ⊥αα0 ; ðB26Þ

H
3Pavg
L;αα0 ðQÞ ¼ 128AQ2

9MQðQ2 þM2
QÞ4

δ⊥αα0 : ðB27Þ

The contributions of 1S0, 3S1, 1P1, and 3P0 states vanish.

In the case of transversely polarized photons, the hard
functions are

H
1S0
T;αα0 ðQÞ ¼ 4A

MQðQ2 þM2
QÞ2

δ⊥αα0 ; ðB28Þ

H
3P0
T;αα0 ðQÞ ¼ 16AðQ2 þ 3M2

QÞ2
3M3

QðQ2 þM2
QÞ4

δ⊥αα0 ; ðB29Þ

H
3P1
T;αα0 ðQÞ ¼ 32AQ4

3M3
QðQ2 þM2

QÞ4
δ⊥αα0 ; ðB30Þ

H
3P2
T;αα0 ðQÞ ¼ 32AðQ4 þ 6M4

QÞ
15M3

QðQ2 þM2
QÞ4

δ⊥αα0 ; ðB31Þ

H
3Pavg
T;αα0 ðQÞ ¼ 16A½3Q4 þ 2M2

QQ
2 þ 7M4

Q�
9M3

QðQ2 þM2
QÞ4

δ⊥αα0 : ðB32Þ

The contributions of 3S1 and 1P1 states vanish.
There are no contributions to the polarization changing

photon (TL) case.
In the case of polarization flipping photon (Tλ ¼ þ1;

Tλ0 ¼ −1), the hard functions are

H
1S0
Tflip;αα0 ðQÞ ¼ −

4A
MQðQ2 þM2

QÞ2
Π⊥αα0 ðp⊥Þ; ðB33Þ

H
3P0
Tflip;αα0 ðQÞ ¼ 16AðQ2 þ 3M2

QÞ2
3M3

QðQ2 þM2
QÞ4

Π⊥αα0 ðp⊥Þ; ðB34Þ
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H
3P1
Tflip;αα0 ðQÞ ¼ −

32AQ4

3M3
QðQ2 þM2

QÞ4
Π⊥αα0 ðp⊥Þ; ðB35Þ

H
3P2
Tflip;αα0 ðQÞ ¼ 32AQ4

15M3
QðQ2 þM2

QÞ4
Π⊥αα0 ðp⊥Þ; ðB36Þ

H
3Pavg
Tflip;αα0 ðQÞ ¼ 16Að3M4

Q þ 2M2
QQ

2 −Q4Þ
9M3

QðQ2 þM2
QÞ4

Π⊥αα0 ðp⊥Þ:

ðB37Þ

The contributions of 3S1 and 1P1 states vanish.

3. Hard functions in ITMD

In the equations below we define the variable

χ2 ¼ p2⊥
Q2 þM2

Q

; ðB38Þ

and the auxiliary functions:

I1aðχÞ ¼
1

2ð1þ χ2Þ2 þ
1

2χ2
arctan2ðχÞ; ðB39Þ

I1bðχÞ ¼
1

2ð1þ χ2Þ2 −
1

2χ2
arctan2ðχÞ; ðB40Þ

I2aðχÞ ¼
1

2ð1þ χ2Þ4 þ
1

8ð1þ χ2Þ2 þ
1

8χ2
arctan2ðχÞ

þ 1

4χð1þ χ2Þ arctanðχÞ; ðB41Þ

I2bðχÞ ¼
1

2ð1þ χ2Þ4 −
1

8ð1þ χ2Þ2 −
1

8χ2
arctan2ðχÞ

−
1

4χð1þ χ2Þ arctanðχÞ; ðB42Þ

I3aðχÞ ¼
1

2ð1þ χ2Þ3 þ
1

4χð1þ χ2Þ arctanðχÞ

þ 1

4χ2
arctan2ðχÞ; ðB43Þ

I3bðχÞ ¼
1

2ð1þ χ2Þ3 −
1

4χð1þ χ2Þ arctanðχÞ

−
1

4χ2
arctan2ðχÞ: ðB44Þ

Following the heavy-quark symmetry, we define the hard
function:

H
3Pavg
λλ0;αα0 ¼

1

9
½H3P0

λλ0;αα0 þ 3H
3P1
λλ0;αα0 þ 5H

3P2
λλ0;αα0 �: ðB45Þ

In the case of longitudinally polarized photons, the hard
functions are

H
3P0
L;αα0 ðQ; p⊥Þ ¼

AQ2

24m3
QQ̄

6

χ2

ð1þ χ2Þ4 fδ⊥αα0 þ Π⊥αα0 ðp⊥Þg;

ðB46Þ

H
3P1
L;αα0 ðQ;p⊥Þ¼

AQ2

24mQQ̄8
fI2aðχÞδ⊥αα0 þI2bðχÞΠ⊥αα0 ðp⊥Þg;

ðB47Þ

H
3P2
L;αα0 ðQ;p⊥Þ ¼

AQ2

40mQQ̄8

�

I2aðχÞ þ

2χ2

3ð1þ χ2Þ4
Q̄2

m2
Q

�
δ⊥αα0

þ


I2bðχÞ þ

2χ2

3ð1þ χ2Þ4
Q̄2

m2
Q

�
Π⊥αα0 ðp⊥Þ

�
;

ðB48Þ

H
3Pavg
L;αα0 ðQ;p⊥Þ ¼

AQ2

36mQQ̄8

�

I2aðχÞþ

χ2

2ð1þ χ2Þ4
Q̄2

m2
Q

�
δ⊥αα0

þ


I2bðχÞþ

χ2

2ð1þ χ2Þ4
Q̄2

m2
Q

�
Π⊥αα0 ðp⊥Þ

�
:

ðB49Þ

The contribution of 1S0, 3S1, and 1P1 states vanish.
In the case of transversely polarized photons, the hard

functions are

H
1S0
T;αα0 ðQ;p⊥Þ ¼

A
8mQQ̄4

fI1aðχÞδ⊥αα0 þ I1bðχÞΠ⊥αα0 ðp⊥Þg; ðB50Þ

H
3P0
T;αα0 ðQ; p⊥Þ ¼

A
24m3

QQ̄
4

�

I1aðχÞ þ

4m2
Q

Q̄2
I3aðχÞ þ

4m4
Q

Q̄4
I2aðχÞ

�
δ⊥αα0

þ


I1bðχÞ þ

4m2
Q

Q̄2
I3bðχÞ þ

4m4
Q

Q̄4
I2bðχÞ

�
Π⊥αα0 ðp⊥Þ

�
; ðB51Þ
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H
3P1
T;αα0 ðQ; p⊥Þ ¼

A
12m3

QQ̄
4

�

I1aðχÞ −

2m2
Q

Q̄2
I3aðχÞ þ

m4
Q

Q̄4
I2aðχÞ þ

m2
Q

Q̄2

χ2

ð1þ χ2Þ4
�
δ⊥αα0

þ


I1bðχÞ −

2m2
Q

Q̄2
I3bðχÞ þ

m4
Q

Q̄4
I2bðχÞ þ

m2
Q

Q̄2

χ2

ð1þ χ2Þ4
�
Π⊥αα0 ðp⊥Þ
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H
3Pavg
T;αα0 ðQ; p⊥Þ ¼
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The contribution of 3S1 and 1P1 states vanish.
In the case of polarization changing photon (TL), the hard functions are

H
3P0
TL;αα0 ðQ; p⊥Þ ¼ −
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ffiffiffi
2

p
m3

Q

1
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χ

ð1þ χ2Þ3


2m2

Q
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H
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The contributions of 1S0, 3S1, and 1P1 states vanish.
In the case of polarization flipping photon (Tλ ¼ þ1; Tλ0 ¼ −1), the hard functions are

H
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The contribution of 3S1 and 1P1 states vanish.

APPENDIX C: GAUSSIAN APPROXIMATION FOR WILSON LINE CORRELATORS

The Gaussian approximation allows us to express any multipoint correlator of lightlike Wilson line (and their derivatives)
in terms of the dipole correlator and its derivatives [125,135,145].
In this approximation, the quadrupole correlator is

Sð4ÞY ðx⊥; y⊥; y0⊥; x0⊥Þ ¼ Sð2ÞY ðx⊥; y⊥ÞSð2ÞY ðy0⊥; x0⊥Þ × exp
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−
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ΔY
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p
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ΔY
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; ðC1Þ

and the double-dipole correlator is

Sð2;2ÞY ðx⊥; y⊥; y0⊥; x0⊥Þ ¼ Sð2ÞY ðx⊥; y⊥ÞSð2ÞY ðy0⊥; x0⊥Þ × exp
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where

ΔY ¼ F2
Yðx⊥; y0⊥; y⊥; x0⊥Þ þ

4

N2
c
FYðx⊥; y⊥; y0⊥; x0⊥ÞFYðx⊥; x0⊥; y0⊥; y⊥Þ ðC3Þ

and
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1

CF
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�
: ðC4Þ

1. Color octet

In the Gaussian approximation, the correlator corresponding to the color octet contribution in Eq. (42) is obtained using
Eqs. (C1) and (C2):
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2. Color singlet

Before we compute the color structure corresponding to singlet contribution in Eq. (41), it is convenient to split it into
elastic and inelastic pieces

Ξ̄½1�
Y ðx⊥; y⊥; y0⊥x0⊥Þ ¼ Ξ̄½1�;el

Y ðx⊥; y⊥; y0⊥x0⊥Þ þ Ξ̄½1�;inel
Y ðx⊥; y⊥; y0⊥x0⊥Þ; ðC6Þ

where

Ξ̄½1�;el
Y ðx⊥; y⊥; y0⊥x0⊥Þ ¼ Nc½Sð2ÞY ðx⊥; y⊥Þ − 1�½Sð2ÞY ðy0⊥; x0⊥Þ − 1�; ðC7Þ

Ξ̄½1�;inel
Y ðx⊥; y⊥; y0⊥x0⊥Þ ¼ Nc½Sð2;2ÞY ðx⊥; y⊥; y0⊥; x0⊥Þ − Sð2ÞY ðx⊥; y⊥ÞSð2ÞY ðy0⊥; x0⊥Þ�: ðC8Þ

Since the elastic piece in Eq. (C7) is independent of b⊥ − b0⊥ its contribution to the cross section is proportional to δð2Þðp⊥Þ,
so we can drop it. Thus it is sufficient to consider only the inelastic piece
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3. Weizsäcker-Williams gluon distribution

In the Gaussian approximation, one can show (see Appendix A in [177])

αsGαα0
Y ðp⊥Þ ¼ 2CF

Z
d2b⊥d2b0⊥
ð2πÞ4 e−ip⊥·B⊥ ∂
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; ðC10Þ

where

ΓYðb⊥; b0⊥Þ ¼ − ln ðSð2ÞY ðb⊥; b0⊥ÞÞ: ðC11Þ

Furthermore, assuming translational invariance:
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Yðp⊥Þ ¼
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h0Yðp⊥Þ ¼ −
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where B⊥ ¼ b⊥ − b0⊥ and S⊥ is the transverse area of the target,
R
d2b⊥d2b0⊥ ¼ S⊥

R
d2B⊥. Here have abused the notation,

and written the translational invariant correlator ΓYðB⊥ ¼ b⊥ − b0⊥Þ ¼ ΓYðb⊥; b0⊥Þ.

APPENDIX D: ADDITIONAL NUMERICAL RESULTS FOR THE SHORT DISTANCE COEFFICIENTS

In this appendix, we provide the results for the short distance coefficients when the photon is longitudinally polarized and
for the off-diagonal matrix elements LTand Tflip corresponding to different polarizations of the photon in the amplitude and
complex conjugate amplitude. The p⊥ and Q dependencies are shown in Figs. 7 and 8, respectively.
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FIG. 7. The p⊥ dependence of the short distance coefficients computed in the CGC (solid lines), the improved TMD (dashed dotted),
and the TMD (dashed). All results are shown at fixed virtuality Q ¼ 3.0 GeV. The upper panels show the results when the photon is
longitudinally polarized, and the lower panels show the result for the absolute value of the off-diagonal matrix elements (interference of
polarization). Panels on the left show the results at Q2

s ¼ 0.2 GeV2 (proton). Panels on the right show the results at Q2
s ¼ 1.0 GeV2

(large nucleus). The short distance coefficients corresponding to the P wave are multiplied by m2
c.
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