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The color glass condensate (CGC) effective theory and the collinear factorization at high twist (HT) are
two well-known frameworks describing perturbative QCD multiple scatterings in nuclear media. It has long
been recognized that these two formalisms have their own domain of validity in different kinematic regions.

Taking direct photon production in proton-nucleus collisions as an example, we clarify for the first time the
relation between CGC and HT at the level of a physical observable. We show that the CGC formalism
beyond shock-wave approximation, and with the Landau-Pomeranchuk-Migdal interference effect is

consistent with the HT formalism in the transition region where they overlap. Such a unified picture
paves the way for mapping out the phase diagram of parton density in nuclear medium from dilute to

dense region.

DOI: 10.1103/PhysRevLett.135.032301

Introduction—In high-energy scatterings involving heavy
nuclei, many interesting nuclear dependent phenomena have
been observed [1-15]. The essential ingredient for under-
standing novel nuclear dependence in different collision
systems is the description of multiple parton scattering inside
the nuclei. It is thus critical to elucidate these multiple
scatterings in perturbative QCD in different kinematic
regimes [16—19] of the nuclear medium. In particular, recent
measurements of dihadron correlation by STAR [11] and J /y
photoproduction by CMS [12] suggest nonlinear gluon
dynamics arising at high parton densities. Establishing the
correspondence between different underlying theoretical
frameworks for the interpretation of these experimental data
is urgently needed.

The color glass condensate effective theory (hereafter,
the CGC) [20-26] and the collinear factorization at high
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twist (HT) [27-29] are two well-known theoretical frame-
works describing QCD multiple scatterings in nuclear
media. They have been extensively used to describe the
phase diagram of parton density in nucleons or nuclei as
shown schematically in Fig. 1, as a function of parton
momentum fraction x and the associated hard scale Q. In
the dilute region where x~ O(1), the corresponding
perturbative QCD collinear factorized formalism at leading
twist [30] has been very successful and set as a benchmark
theory for high-energy physics. In the relatively dense
region where x < O(1), the high-twist expansion approach
(hereafter, the HT) based on the generalized QCD collinear
factorization theorem [28,29] provides a robust framework
to describe multiple scatterings in nuclear medium order by
order, which are essentially power corrections to the
leading twist cross section. Such an approach has been
successfully applied to calculate the incoherent multiple
scattering at the next-to-leading power [31,32], and to the
study of jet quenching in cold nuclei [33,34]. In the high-
energy limit, x ~ Q?/s — 0, the gluon density grows
rapidly, resulting in a high gluon occupation number. It
is expected that the gluon density is tamed by nonlinear
QCD effects at sufficiently small x [35,36]. The CGC
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provides an effective description of this saturated regime,
with many experimental consequences [37-53].

It has long been recognized that the HT and CGC
approaches have drastic differences. One of the main
differences is the QCD factorization theorems they rely
on. The HT approach follows the generalized QCD
collinear factorization, in which the medium property is
encoded in the multiparton quantum correlation functions
satisfying the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
(DGLAP) type evolution [54-56]. The CGC, on the other
hand, follows transverse momentum-dependent factoriza-
tion at small x, and the corresponding medium proper-
ties are encoded in correlators of lightlike Wilson lines,
which satisty the Jalilian-Marian-lancu-McLerran-Weigert-
Leonidov-Kovner and Balitsky-Kovchegov nonlinear
evolution [57-65]. In terms of multiple scattering, extra
soft rescatterings are considered order by order in a
power series in addition to the hard scattering in the HT
approach, while in the CGC analysis, all scatterings are
treated on the same footing and within the eikonal
approximation that allows for their exponentiation into
the lightlike Wilson line.

Despite the many successes of the HT and CGC forma-
lisms, they were limited to their own domain of validity. It
is believed that they have to agree with each other in the
overlap region where both are applicable, simply because
of the universality of the medium property they probe.
There have been tremendous efforts to show the corre-
spondence between the CGC and QCD collinear factori-
zation, aiming to extend the applicability of the CGC from
the small x (dense) to the large x (dilute) region with
particular emphasis on the subeikonal corrections to the
parton propagators [66-75], the rapidity evolution of
unintegrated gluon distributions [76-80], as well as new
semiclassical approaches [81-87] (Subeikonal corrections
are also necessary to describe the physics of spin at small x
[88-96], as well as the propagation of jets and medium-
induced emissions in QCD media [97-108].) However, no
consensus has yet been reached on the relations between
the HT and the CGC and the identification of transition
mechanisms from dilute to dense regions.

In this Letter, we clarify for the first time the corre-
spondence between the HT and CGC formalisms at the
level of a physical observable. In particular, taking direct
photon production in pA collisions as an example, we
present a systematic treatment of the nuclear enhanced
initial- and final-state double scatterings, as well as their
interference. We prove the consistency between the HT and
the CGC by going beyond the shock-wave approximation
and including the Landau-Pomeranchuk-Migdal (LPM)
interference effect [109,110]. We argue that the generali-
zation of such an approach to all hard scattering processes
is straightforward. Therefore, our results provide a unified
picture of dilute-dense dynamics in nuclear media.
They pave the way to mapping out the phase diagram of
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FIG. 1. Phase diagram of parton density in nuclear medium in
terms of momentum fraction x and probing scale Q.

atomic nuclei in terms of parton density as shown in Fig. 1,
and to understanding the underlying multiple scattering
mechanisms.

Dilute versus dense regions—In order to show explicitly
the correspondence between the CGC and the generalized
collinear factorization formalism, we take direct photon pro-
duction in pA collisions as an example, p(P},) + A(P,) =
v(p,) + X, where P,, p,, and P are, respectively, the
momentum for the incoming proton, the observed photon,
and the averaged momentum per nucleon inside the nucleus.
The direct photon production has a unique advantage to test
QCD multiple scattering effects due to the absence of strong
interaction between the photon and the nuclear medium.
We focus on the interactions between quarks from the pro-
ton and gluons from the nucleus. The extension to other
channels and processes can be performed in a similar
fashion.

In collisions involving a large nucleus with mass number
A, effects of multiple scatterings can be enhanced by
powers of the nuclear size, Ly ~A!/3, thus becoming
important. Such multiple scatterings can be described by
the generalized factorization formalism order by order as
illustrated in Fig. 2, i.e., do = do*T 4 d6™ + - - -, where
LT and T4 stand for leading twist and twist-4, respectively.
In the dilute region, the cross section is dominated by
partonic processes of single scattering, as shown in
Fig. 2(a). The standard LT factorization yields [30]

d30'LT 2)
" &p = Fa/p(xg) @ xfyya(x) ® Hyfyyryn (1)
7

where ® stands for the convolution of the LT quark f,/,
and gluon f 4 distribution function and the hard partonic
part ngzlg—»yntq - (eziaemas/Nc)‘}:z[l + (1 - 5)2]/p;1 for
single scattering g+¢g—y+¢q [111], where ¢=
py /(x,P,). The summation over the quark flavor index
is implicit throughout this Letter.
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FIG. 2. Schematic diagrams for single (a) and multiple (b) scat-
terings for direct photon production in pA collisions. The circles
represent quark-gluon hard interaction.

The leading nuclear corrections beyond the single
scattering picture can be formulated within the framework
of generalized factorization. Previous studies of direct
photon production in pA collisions have focused on contri-
butions from initial-state double scattering [31,112], which
are dominant in the large-x region. In this study, using the
generalized factorization, we go beyond the large-x region
and calculate for the first time the complete result including
both initial- and final-state double scatterings, as well as
their interference. The final results can be written sche-
matically as

d3oT4 @
" Pp. Farp ® DxTyy @ Hyggoyigs (2)

Py
for each cut diagram, where H® is the corresponding hard
function at twist-4, T;;’s are twist-4 gluon-gluon correla-
tion functions in the nucleus, for example,

Ty(fed) = [ etibremtiogeon )
Vi

X O(=y2)(PalFi (v2)FP* (0)F5 (y7)
X F(y7)|Pa), (3)

with f{.\’7} =(1/(4=*P})] [ dy~dyydy5. The short-hand
notation Dy stands for a polynomial (up to second degree)
in 9/0x; thatact on T, ({x;}) = T, (x}. X, x3), and we call
the constant term in this polynomial, the nonderivative
contribution. Unlike the LT parton distribution functions,
which possess a probability density interpretation, the
twist-4 matrix elements characterize the quantum parton-
parton correlations inside the nucleus. The detailed deri-
vation is given in a companion paper [113], and we provide
the complete expressions for Eq. (2) in Supplemental
Material [114].

In the extremely dense region (x — 0) as shown in Fig. 1,
the gluon occupation number becomes large, and the probe
coherently interacts with the entire nucleus, where the
coherence length A. ~ 1/xP} > Ly. In the CGC, within
the hybrid factorization formalism [115], the cross section
can be written as

3 _CGC 2
d’c e aem

E — —
3
},dpy

&+
dl B F(x,1
® / L x L) (4)
(L -py)py
where the dipole distribution is defined as

Fal,) = / a2y / a2y, e~ 0iy)

N( VIOV (5)

c

and V(y,) = Plexp (ig [dy At (y~,y,))] stands for the
lightlike Wilson line, encoding the multiple eikonal scat-
tering of the projectile quark with the nucleus. Here, (...),
stands for the average over different classical color charge
configurations in the CGC. The value of x is typically
chosen as x :pil/(é(l —&)x,s) [116]. The cross section
in Eq. (4) has a collinear divergence at p,; = &l,, which
can be regularized by the redefinition of the photon
fragmentation function [117,118].

Mismatch between the HT and power expansion of the
CGC—In this Letter, we are aiming to find the link between
the CGC and HT beyond the small-x limit. Such a
kinematic region can be realized when p, is larger than
the saturation scale Q, ~ (I, ), which is the typical trans-
verse momentum in the multiple parton scattering. To
see the connection to the high-twist formalism, we per-
form Taylor (or collinear) expansion of the CGC result in
powers of QF /p7, for p,, > Q. We also use the following
relations between the collinear gluon distributions and the
moments of dipole distribution:

5)2] ® fq/p(xq)

_ N, [,
i%xfg/A(x) ~2ra, 2Pt ——5 B F(x 1), (6)

N2 d’l,
limT 0,0) ~ ¢ l4F ) 7
x50 19(%0.0) 2(27)a? ) (27)> (L) T4 )

The first relation above has been long established in
Refs. [119,120], whereas the second equation is derived
for the first time and presented in the companion paper
[113]. The relation in Eq. (7) should be understood as
originating from the twist-4 contribution. Notably, both
Egs. (6) and (7) exhibit the expected ultraviolet logarithmic
behavior in the collinear distributions, which can be derived
following the operator product expansion of the transverse-
momentum-dependent (TMD) gluon distribution [121,122],
as well as within the McLerran-Venugopalan model [123].
The above equations hold at leading order, which is the focus
of this Letter. At higher orders, the left and right sides of
Egs. (6) and (7) follow collinear and TMD renormaliza-
tion schemes, respectively. Some pioneering studies have
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explored the interplay between DGLAP evolution for
collinear parton distribution functions f,/,(x) and small-
x evolution for the gluon dipole F(x, 1) [124-126]. While
connections between standard TMD distributions in the
dilute and gluon-saturated regions have been studied
[52,127], to the best of our knowledge, no work has
addressed the direct relation between the CGC dipole distri-
bution and high-twist collinear distributions. Establishing
their all-order matching requires performing an operator
product expansion of the dipole distribution and deriving its
relation to the relevant collinear distributions and their QCD
evolution. This is a highly nontrivial task and lies beyond the
scope of our current study, which focuses on matching the
high-twist expansion with the CGC formalism.

The CGC result in Eq. (4) after the collinear expansion in
small-x limit becomes

d3 GCGC

E —
Y d3p7

2
=fa/p(xg) ® Hr(ﬂz.t/—ww

(27)%a 482
-—T,,(x,0,0)+---
NC P?L Jg( )

® xfg/A (X) +

(8)

One immediately sees that the first term matches the LT
result in Eq. (1) in the limit of x — 0, where the longi-
tudinal phase ¢4+’ in f,,4 can be neglected. Such
matching between the CGC and LT results has been
realized in other processes [120,128,129]. However, the
matching to HT formalism has never been established. The
second term in Eq. (8) reproduces the nonderivative term in
twist-4 result in Eq. (2) if one neglects all the longitudinal
phases in Eq. (3) and assumes all the twist-4 distributions
reduce to the universal object at small x in Eq. (7). Since the
derivative terms in Eq. (2) also arise from the longitudinal
phases that get entangled with the collinear expansion, they
are one of the primary reasons for the mismatch between
the CGC and HT formalisms.

Subeikonal phases and LPM interference—A rigorous
proof of the matching between CGC and HT factorization
at finite x is nontrivial, and has recently triggered various
efforts [66-86]. In this Letter, we reveal for the first time
two key ingredients for the matching: subeikonal phases
and the LPM effect, in proving the exact correspondence at
twist-4 level in finite-x region.

In the CGC, the eikonal scatterings between the fast
projectile and the nucleus’ small-x background field can be
resummed into an effective vertex, known as the shock-
wave approximation, allowing one to write down the dipole
distribution in a compact form shown in Eq. (5). The price
paid in such a compact expression is to neglect the
information encoded in the longitudinal phase factors,
which is essential at finite x. Therefore, we must first
bring back the longitudinal subeikonal phases to restore the
information associated with the nonzero longitudinal
momentum transfer. These subeikonal phases cannot be

easily exponentiated to all orders; we thus examine the
corresponding twist contributions from the CGC effective
vertex by expanding the lightlike Wilson line in powers of
gauge field AT. At leading order in the expansion, the
interacting vertex between the quark projectile and the
nuclear medium becomes

T, (1) = 2m)s(7)y / et igAT (v y.),
¥
where [ denotes the momentum transfer from the me-
dium to the quark, and we introduced the short-hand
[.,=[d*, [dy". Armed with this vertex we find that

the single scattering contribution reads
3_CGCy
d’og

= Fpe)® [ HTATAT). )
7 yy

The explicit expression for the perturbative factor Hg is
given in Supplemental Material [114]. The leading term in

the expansion of Hg in inverse powers of p? | s

2 0 v
Hs(py’y’y/) :;H51429—>7+qelxpx(y )

x 32 (y, —y,)(9y, - dy,) + O(1/pS,).
(10)

The derivatives convert the gauge field A" into the
field strength tensor (dy, -dy JATAT — F7 - F], which
eventually leads to the exact matching to the standard

leading twist collinear factorization result shown in Eq. (1),

including the longitudinal phase factor e™’+Y". As it is
customary, to make this identification, we employed
the correspondence between the CGC average and
the quantum average [130], (O),=(P4|O|P4)/(Pa|P4)
with (P,|P,) = 2P 8B (P, — P',).

In connecting to the complete twist-4 contribution, we need
to consider the expansion of the lightlike Wilson line in the
CGC up to three gluon fields at amplitude level, correspond-
ing to triple scatterings. In the following, we take double
scattering as an example to show explicitly the matching. The
extension to single-triple interference process can be carried
out in the same fashion and is detailed in Ref. [113].

As shown in Fig. 3, there are three diagrams that
contribute to double scatterings at the amplitude level.

>

ES
AP1 (a) (b) (©)

FIG. 3. Double scattering diagrams for direct photon produc-
tion in pA collisions.
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In the eikonal approximation employed in the CGC,
emissions between scatterings are omitted [115], thus only
diagrams (a),(b) contribute, corresponding to initial- and
final-state double scattering, respectively. However, by
keeping track of the longitudinal subeikonal phases, one
observes that the computation of diagram (c) yields two
different contributions that only differ by an overall phase
factor. In terms of the formation time [131] of the radiated
photon, 7, = 2x,P,&(1 — &)/(p,, — &l,)?, this phase dif-
ference can be expressed as 1 — e™™7/%  where Ay~ is the
distance between scattering locations. It is clear that in
high-energy limit P, — oo, there is a perfect destructive
interference; thus this diagram vanishes. This cancellation
displays the characteristic LPM effect [109,110], revealing
the fact that when the photon formation time is larger than
the distance between the two scattering centers 7, > Ay~,
the photon becomes coherent and cannot resolve the two
different scatterings. However, in the finite-x region, the
phases do not cancel each other completely and therefore
there remains a net contribution at the twist-4 level, which
is required to establish the matching with the HT formal-
ism. The LPM effect has been studied extensively in the
context of parton energy loss [98,132-139], but this is the
first time it is emphasized within the context of matching
the CGC and HT.

Similar types of diagrams are also neglected in the
single-triple interference processes from the CGC expan-
sion. We emphasize again that such types of diagrams are
non-negligible in the finite-x region due to the LPM effect,
which is another important ingredient in the exact matching
between the CGC and HT. Including these two missing
ingredients, we obtain the following result,

3 _CGCqyy,
d O.D sul

" dp, Faip(xq) ® /)%,2 O(y.y" y1.32)
x Hp(Tr[A™ (y2)A ()AT ()A* (1)),
(11)

for each cut diagram, each possessing different step
functions © that reflect different orderings as well as
different perturbative factors Hp. Their complete expres-
sions are shown in Supplemental Material [114]. As in the
single scattering case, we expand Hp in inverse powers of
p% | and we find (up to next-to-leading order)

HD(pyvy’y/?ylﬂ)Q)

_ 2) ixP(y~—y'")
=8a,H gy g™

x 8y, = y11)8P () = 21)8% (1L —¥21)
D
X 1+pTX(ayu.aJ’u) (aylayl)+0(1/l’§¢) (12)
yL

As in the LT case, the derivatives (d,, - dy ) transform two
gauge fields into strength field tensors. Then, the first term

in the square bracket in Eq. (12) contributes to the gauge
link in LT gluon distribution function. The two additional
derivatives (d, - d,, ), on the second term in the square
bracket, promote the two remaining gauge fields into
strength field tensors, thus providing the genuine T4
contribution for double (and triple-single interference)
scattering. The final result matches exactly the twist-4
result in Eq. (2), including all the longitudinal phase
factors, and the corresponding derivative operators Dy.
Thus, by including subeikonal phases and the diagrams that
are responsible for the LPM effect in the finite-x region, we
finally achieve an exact matching between the CGC
and HT.

Summary—We proved for the first time the consistency
between the CGC and collinear factorization formalism of
twist expansion at up to twist-4 level for direct photon
production in pA collisions. We clarify explicitly that the
naive collinear expansion of the CGC in terms of multiple
scattering reproduces the leading twist result in the small-x
limit, while only recovering part of the complete result at
twist-4. We emphasize two important missing ingredients
in the CGC that lead to the mismatch, i.e., subeikonal
phases and diagrams related to the LPM interference, both
of which are important at finite x. Including these two
missing ingredients in the CGC, we show the exact
matching to collinear factorization at leading twist in the
dilute region and twist-4 in the relatively dense region,

d6T4
14 d3py

dLT
:Erg—""E
d°p,

deCOCun

’ o (13)

3
d Py PyL>0;

The methodology developed in this Letter can be easily
extended to any other processes, such as single inclusive
hadron production in pA collisions, and dijet production in
deep inelastic scattering, as long as the CGC factorization is
valid. Therefore, one can take full advantage of these
processes to calculate their perturbative hard parts using our
approach, and then map out the phase diagram from dilute
to dense regions from existing RHIC and LHC data, and
future measurements at electron ion colliders [19,140,141].
We thus expect a very broad application of our new
framework in eA and pA collisions, which can provide
robust theoretical input for searching for signatures of
gluon saturation.
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