ON THE WEAK LOCAL ARTHUR PACKETS CONJECTURE FOR SPLIT
CLASSICAL GROUPS

BAIYING LIU AND CHI-HENG LO

ABSTRACT. Recently, motivated by the theory of real local Arthur packets, making use of the
wavefront sets of representations over non-Archimedean local fields F', Ciubotaru, Mason-Brown,
and Okada defined the weak local Arthur packets consisting of certain unipotent representations
and conjectured that they are unions of local Arthur packets. In this paper, we prove this
conjecture for Sp,,, (F') and split SOqy,+1 (F') with the assumption of the residue field characteristic
of F being large. In particular, this implies the unitarity of these unipotent representations. We
also discuss the generalization of the weak local Arthur packets beyond unipotent representations,
which reveals the close connection with a conjecture of Jiang on the structure of wavefront sets
for representations in local Arthur packets.

1. INTRODUCTION

Let F' be a non-Archimedean field of characteristic zero. Let G,, = Sp,,,, SO2,+1, 302, be the
split classical groups, where « is a square class in F, and let G,, = G,,(F'). The Langlands dual
groups are

G (C) = 803,41 (C), Sps, (C), S04, (C),

respectively. Let “G,, = én(C) x Wr be the L-group of G,,.

In his fundamental work [Art13], Arthur introduced the local Arthur packets which are finite
sets of representations of G,,, parameterized by local Arthur parameters. Local Arthur parame-
ters are defined as a direct sum of irreducible representations

Y : Wp x SLy(C) x SLy(C) — LG,

i=1
satisfying the following conditions:
(1) ¢;(Wg) is bounded and consists of semi-simple elements, and dim(¢;) = k;;
(2) the restrictions of ¢ to the two copies of SLy(C) are analytic, Sy is the k-dimensional
irreducible representation of SLy(C), and

- Mm+1 wh _
Z kim;n; = N = N, = n when Gy, = Spy,,
i=1 2n when G,, = SOg,11, SOs,.

The first copy of SLy(C) is called the Deligne-SLy(C), denoted by SLY(C). The second copy of
SLy(C) is called the Arthur-SLy(C), denoted by SL3'(C). Let O} and O;} be the corresponding
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nilpotent orbits via restricting ¢ to the first and the second copy of SLy(C), respectively (more
precisely, see Definition 2.7). We let ¥(G,,) denote the set of local Arthur parameters of G,,.
Assuming the Ramanujan conjecture, Arthur ([Art13]) showed that these local Arthur packets
characterize the local components of square-integrable automorphic representations. Given a
local Arthur parameter ¢ as in (1.1), the local Arthur packet is denoted by II,. An irreducible
admissible representation 7 of G,, is called of Arthur type if it lies in a local Arthur packet. As
an application, Arthur proved the local Langlands correspondence for G,,.

Given a local Arthur parameter 1 as in (1.1), in a series of papers ([Mae06a, Mae06b, Moe09,
Moel0, Moell]), Mceglin explicitly constructed each local Arthur packet I, and showed that it
is of multiplicity free. Then, Xu ([Xul7]) gave an algorithm to determine whether the representa-
tions in Moeglin’s construction are nonzero, and Atobe ([Ato22a]) gave a refinement on Moeglin’s
construction, using the new derivatives introduced by himself and Minguez ([AM23]), which
makes it relatively easier to compute the enhanced L-parameters. Unlike local L-packets which
are disjoint, local Arthur packets may have nontrivial intersections. Recently, Atobe ([Ato22b]),
Hazeltine and the authors ([HLIL22]) independently studied the intersection problem of local
Arthur packets for symplectic and split odd special orthogonal groups, and gave different algo-
rithms to determine when an irreducible representation is of Arthur type and what are the local
Arthur packets containing it. Note that understanding the intersection of local Arthur packets
is crucial towards the local non-tempered Gan-Gross-Prasad problem (see [GGP20, Conjecture
7.1, Remark 7.3]).

Let G be a connected reductive group defined over F' and G = G(F'). Given an irreducible
representation 7 of GG, one important invariant is a set n(m) which is defined to be all the F-
rational nilpotent orbits O in the Lie algebra g(F') of G such that the coefficient co(m) in the
Harish-Chandra-Howe local expansion of the character O(7) of 7 is nonzero (see [HCT78] and
[IMW8T]). Let n™(m) be the subset of n(m) consisting of maximal nilpotent orbits, under the
closure ordering of nilpotent orbits. Let n(7r) and 7™ (7) be the sets of corresponding nilpotent
orbits over the algebraic closure F. The set 7 () is called the geometric wavefront set of 7. We
shall freely identify the set of nilpotent orbits of g(C) and that of g(F).

It is an interesting and long-standing question to study the structures of the sets n(m), n (),
n(7) and n™ (7). For a long time, it is expected that the geometric wavefront set is a singleton.
However, recently, Tsai ([Tsa22]) constructed examples showing that the geometric wavefront set
may not always be a singleton. Hence, the geometric wavefront set is still very complicated and
hard to compute in general. Recenlty, Okada ([Oka21]) introduced new invariants, the canonical
unramified wavefront sets for representations 7 of depth-0, denoted by WF (), which facilitate a
lot of the computation of the geometric wavefront sets for depth-0, especially unipotent represen-
tations of p-adic reductive groups ([CMO21, CMO22, CMO23]). In particular, in [CMO22], using
the canonical unramified wavefront sets WE (7), Ciubotaru, Mason-Brown, and Okada gave a
new characterization of the local Arthur packets corresponding to basic local Arthur parameters,
i.e., those which are trivial on Wy x SLY(C), for connected reductive groups, inner to split. More
precisely, they gave the following theorem.

Theorem 1.1 ([CMO22, Theorem 3.0.3]). Let G be a connected reductive group defined and
inner to split over F, and let G = G(F). Assume that there is a local Arthur packets theory
for G as conjectured in [Art89, Conjecture 6.1] and the residue field of F has sufficiently large
characteristic. Let be a basic local Arthur parameter of G and denote by X the (real) infinitesimal
parameter associated with . Then the local Arthur packet corresponding to 1 can be characterized
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(1.2) Iy = {m € II(G)5 | WE(7) < da(O;,1)}.

Here TI(G) consists of representations of G with infinitesimal parameter X\, the map da is the
Achar’s duality map defined in [Ach03, §4|, and the nilpotent orbit (’);2 is defined similarly as
above.

An interesting phenomenon discovered by Ciubotaru, Mason-Brown, and Okada in [CMO22]
is that if replacing the canonical unramified wavefront set WE(7) by the geometric wavefront set
n™(7) and replacing Achar’s duality d4 by the Barbasch-Vogan duality dgy, then the right hand
side of (1.2) becomes much larger than II,. Here, the Barbasch-Vogan duality dpy is between
the nilpotent orbits of g(C) and g(C) (see [Spa82, BV85, Lus84, Ach03] and §2.2 for details).
Inspired by the case of real reductive groups, they conjectured that it would be a union of local

Arthur packets as follows.

Conjecture 1.2 ([CMO22, Conjecture 3.1.2]). Let G be a connected reductive group and G =
G(F). Assume that there is a local Arthur packets theory for G as conjectured in [Art89, Con-
jecture 6.1]. Let v be a basic local Arthur parameter of G and denote \ the (real) infinitesimal
parameter associated with 1. Then the weak local Arthur packet defined by

(1.3) L)% .= {m € II(G), | 7"(7) < dpv(O)}
is a union of local Arthur packets.

In this paper, we prove this conjecture for Sp,, (F') and split SOy,1(F) with the assump-
tion of the residue field characteristic of I’ being large. We also generalize the definition of
weak local Arthur packets to general representations of Arthur type (that is lying in some local
Arthur packets) and prove the analogous results assuming Jiang’s Conjecture on wavefront sets
of representations in local Arthur packets as follows.

Conjecture 1.3 (Jiang’s Conjecture, [Jiald]). Let G be a connected reductive group and G =
G(F). Assume that there is a local Arthur packets theory for G as conjectured in [Art89, Conjec-
ture 6.1]. Let ¢ be a local Arthur parameter of G, and IL, be the local Arthur packet associated
with 1. Then the followings hold.

(i) For any m € 1, any nilpotent orbit O in w™(w) has the property that O < dBV(Ofb‘).
(ii) There exists at least one member 7 € 1L, having the property that dgy(O;)) € W"().

Jiang’s conjecture describes the connection between the structures of local Arthur parameters
and the geometric wavefront sets of representations in local Arthur packets. It is a natural
generalization of Shahidi’s conjecture which says that tempered L-packets of quasi-split groups
have generic members, and enhanced Shahidi’s conjecture which says that a local Arthur packet
of a quasi-split group has a generic member if and only if it is tempered. There has been many
progresses on Jiang’s conjecture, see [LLS23], [HLLS23] for more details. In particular, combining
the results of [CMO21, CMO22, CM0O23, HLLZ22, HLLS23], Jiang’s conjecture is true for all
local Arthur parameters of split SOs,1; and Sp,,, which are trivial on Wg. More precisely,

Theorem 1.4 ([HLLS23|). Assume that the residue field of F' has sufficiently large characteristic.
Conjecture 1.3 holds for any local Arthur parameter ¢ of split SOgpn11(F') and Spy,, (F) whose
restriction to Wg is trivial.
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Let A(G,) be the set of infinitesimal parameters of G,,. For A € A(G,,), we also let ®(G,,)x
(resp. U(G,,),) be the set of L-parameters (resp. local Arthur parameters) of G,, whose associated
infinitesimal parameter is A\. Now we state our main result.

Theorem 1.5 (Theorem 4.5). Let Gy, be the split group SOgp1(F'), Spy, (F') 0orSOq, (F'). Assume
that the residue field of F has sufficiently large characteristic.

(a) For any basic local Arthur parameter vy of G,, the weak local Arthur packet qu[geak is
contained in a union of local Arthur packets

Weak
Iyvek ¢ U 1,

YE(BY) (g, (O)
where A = Ayo, O = dBV(O;;‘O); and
(dBv)gig,), (O) = {t € U(Gp)x | dpv(0f) = O'}.

(b) Moreover, assume Conjecture 1.3(i) holds for any ¥ € V(G,,) whose restriction to Wg is
trivial. Then we have the other direction of containment

Weak
sy,

YE(BY) g (g, (O)

which proves Conjecture 1.2. In particular, by Theorem 1.4, Conjecture 1.2 holds for split
SOgp41(F) and Sp,,(F') without the assumption of Conjecture 1.3(1).

We give two remarks. First, Part (a) of above theorem shows that weak local Arthur packets
H¢WOeak consist of unitary representations, which proves [CMO22, Conjecture 3.1.3] (see Theorem
4.7). Second, the method naturally extends to inner forms of split special orthogonal groups
once Arthur’s theory on the local Arthur packets being developed. Especially, in the proof, we
need the results that Il C II, and Il = {7 | 7 € Il }. Recently, we were informed that Max
Gurevich and Emile Okada has an independent proof of Theorem 1.5 in [GO24].

The following proposition plays a key role in the proof of Theorem 1.5 Part (a). For any
local L-parameter ¢, we let O, denote the corresponding nilpotent orbit via restricting ¢ to the
SLy(C). Fixing A € A(G,,), there exists a unique L-parameter ¢° € ®(G,,), such that Ogp > Oy
for any ¢ € ®(G,,)x (see Proposition 2.8). We call ¢" the unique open L-parameter of ®(G,,)y.

Proposition 1.6 (Proposition 3.4). Let A € A(G,,). Suppose the unique open L-parameter ¢°
of ®(G,,)x is tempered and let O' = dpy(Og). Then any L-parameter in

(dBv)gian, (O) = {0 € ®(Gu)x | dpv(0y) = O}
is of Arthur type.

The proof of this proposition is based on the explicit description of dji,(0") := {O | dpy(O) =
O’} studied in [LLS24] (see Lemma 3.1). It seems that for general groups, Conjecture 1.2 does
not imply Proposition 1.6 in an obvious way. Thus, Proposition 1.6 has its own interests.

If we replace the n™(7) by dpy(Os.) in the definition of weak local Arthur packet (1.3),
then we can generalize Theorem 1.5 to anti-tempered local Arthur parameters, which are not
necessarily basic. More precisely, we have the following. Note that in this case we do not need
the characteristic assumption of the residue field of F'.
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Theorem 1.7 (Theorem 4.9). Let G,, be the split group SOspi1(F'), Spy,,(F) or SOy, (F). For
any anti-tempered local Arthur parameter 1y, we denote X := Ay, and O := dBV(O;20)~ Consider
the set of representations

e = {m € I(Gn)x | dpv(Oy,) < dpv (05}
We have an inclusion
(1.4) ek ¢ U 1.

we(dBV);?an\ (O/)

Moreover, if Og. > Oy, for any ¢ € V(Gy)x and 7 € Iy, which has already been verified for
the split groups SOap,11(F) and Sp,,,(F') in [HLLZ22, Theorem 1.15, Corollary 4.12(2)], then the
inclusion (1.4) is an equality.

Finally, we discuss possible generalizations of the weak local Arthur packets beyond the basic
local Arthur parameters, which would facilitate a better understanding of Jiang’s conjecture.
Let G be a connected reductive group and G = G(F). We assume that there is a local Arthur
packets theory for G as conjectured in [Art89, Conjecture 6.1]. In the following discussion, we
let O’ be any nilpotent orbit of g(F), A € A(G), and ¢ € U(G),. A first generalization would be

(1.5) YYo= {r € II(G) | 7"(7) < dpv(0;)},
or, more generally,
(1.6) 55 = {m € II(G), | 7"(7) < O'}.

However, these sets may not always be unions of local Arthur packets since they may contain
representations not of Arthur type, see Example 5.1. A natural modification of (1.5) or (1.6) is
to add the condition of Arthur type as follows

(1.7) HiVF’A = {m € II(G), of Arthur type | n™(7m) < dBV(O;;‘)},
or, more generally,
(1.8) H‘g&A = {m € II(G)y of Arthur type | ™" (7) < O'},

However, these sets still may not always be unions of local Arthur packets, see Example 5.2.
Now we give the another generalization. Define

Hgff\k = {m € II(G), of Arthur type | There exists a ¢ € ¥U(x) such that dBV(O;Z‘) <0},
where ¥(7) := {¢ € U(G) | m € I }. Then, we have the following proposition.

Proposition 1.8 (Proposition 5.3). Let G be a connected reductive group and G = G(F).
Assume that there is a local Arthur packets theory for G as conjectured in [Art89, Conjecture
6.1]. Assume Conjecture 1.3 holds for G. For any nilpotent orbit O of g(F') and any infinitesimal
parameter \ of G, we have

Weak WF,A
H(’)’,A = U I, < HO’,)\ )
YEV(G)y, MyClL gt
where the containment can be strict.

The set H\(f)v,‘f*j\k can be regarded as a natural generalization of waoeak and Proposition 1.8 im-
plies its close relation with Conjecture 1.3. Indeed, assuming Conjecture 1.3, one can see from
Proposition 1.8 that II}%¥ is the maximal subset of II(G), with the following properties.
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o Y C {x € (G), | 7(m) < O').
o IIF3* is a union of local Arthur packets.
Hence, if Conjecture 1.2 holds for a basic local Arthur parameter iy of G, then

Weak _ y7Weak
Hwo - HO/’A 9

where 0" = dpy (O, ) and A = Ay,.

Following is the structure of the paper. In §2, we introduce necessary preliminaries. In §3, we
recall certain results from [L.L.S24] on the fibers of the Barbasch-Vogan duality and prove the key
Proposition 1.6. In §4, we prove our main result Theorem 1.5 on the weak local Arthur packets
Conjecture 1.2 and its variant Theorem 1.7. In §5, we generalize the definition of weak local
Arthur packets and prove Proposition 1.8.

2. PRELIMINARIES

In this section, we recall the preliminaries and notations that will be used in this paper.

We let F' be a non-Archimedean field of characteristic zero whose residue field has cardinality
q = qr. Let Wg denote the Weil group of F' and let Iz be its inertia subgroup. The group G,, will
be one of the groups Sp,,,, SOgy,11, 504, defined and split over F' unless specified otherwise. We
let G,, = G,(F) and let g,, denote their Lie algebras. Thus, g,, = sp,,,, 502,11, 502, respectively.

2.1. Partitions and nilpotent orbits. In this subsection, we recall the basic notation for
partitions and the correspondence between nilpotent orbits of g, (C) and partitions.

First, we denote the set of partitions of n by P(n). We express a partition p € P(n) in one of
the following forms. B

(i) p = [p1, ..., pn], such that p;’s are non-increasing and Zi]\ilpi = n. We denote the the
length of p by I(p) = {1 <i < N | p; > 0}].

(ii) p = [P, ..., pN'], such that p;’s are decreasing and Zf\il rip; = n. We assume r; > 0
unless specified.

Also, we denote |p| = n if p € P(n). We let > denote the dominance order on P(n). That is, if
p=Ip1, - p,qa=[q1,...,qs] € P(n), then p > ¢ if Zlepi > Zleqi forany 1 < k <r.
Next, we recall the definitions for partitions of type B, C' and D.
Definition 2.1. For e € {£1}, we define
P.(n) ={py,...,pN] € P(n) | r; is even for all p; with (—1)7" = €}.

Then we say

(1) p € P(n) is of type B if n is odd and p € Py(n).

(2) p € P(n) is of type C if n is even and p € P_1(n).

(3) p € P(n) is of type D if n is even and p € Pi(n).
We denote Px(n) the set of partitions of n of type X.

Denote the set of nilpotent orbits of s02,11(C), §p,,,(C) and 04, (C) by Np(2n + 1), No(2n)
and Np(2n) respectively. Also, we denote

NB == UNB<2R+1), NC == UNO(2H), ND = UND<2N)

n>0 n>0 n>0
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For (X,N) € {(B,2n+1),(C,2n), (D, 2n)}, there is a surjection

Nx(N) — Px<N)
Ol—>}_90.

The fiber of p = [pi",...,pj"] € Px(N) under this map is a singleton, which we denote by
{O,}, except when X = D and p is “very even”, i.e., the integers p;’s are all even. When p is
vergf even, the fiber consists of two nilpotent orbits, which we denote by (9; and (9;[ . -

The surjection O — p o carries the closure ordering on Nx(N) to the dominance ordering on
Px(N) in the sense that O > O’ if and only if P, > P, Note that when p is very even, (’); and
OJ" are not comparable.

2.2. Barbasch-Vogan duality. In this subsection, following [Spa82, BV85, Lus84, Ach03], we
introduce several operations on the set of partitions, and then use them to describe the definition
of the Barbasch-Vogan duality on the level of partitions and nilpotent orbits.

First, we need the following operations to construct or decompose partitions.

Definition 2.2. Suppose p € P(n1) and g € P(ns).

(i) Writep=[p}',...,pN'] and ¢ = [p}*,...,pN'], where we allow r; =0 or s; = 0. Then we
define
pUq=[pi™, . p V).

(ii) Write p = [p1,...,pn], we define

pr=[p1+1Lps....pn] € Pl +1),

p_ = [pla ...y PN-1,PN — ]-] € P(nl - 1)

(iii) Write p = [p1,...,pn] € P(n). We define p* = [p,...,pas] € P(n), the transpose (or
congjugation) of p, by

pi =il pi =i}l

Next, we recall the definition of collapse. Let n be a positive integer and let X = B if n is
odd and X € {C, D} if n is even. For any p € P(n), there exists a unique maximal partition
€ P(n) of type X such that p < p. We call p,, the X-collapse of p.
Now we recall the definition of - Barbasch Vogan duahty for partitions of type X. Following the
notation in [Ach03], we shall omit the parentheses between the superscript and subscript. For
example, we shall write p * =" instead of ((((p,,)")5)7)"

Definition 2.3. (i) For p € P(2n+ 1) of type B, we define dgy(p) := p~ ", which is in
P(2n) of type C.
(ii) For p € P(2n) of type C, we define dpy(p) := p* *, which is in P(2n + 1) of type B.
(iii) For]} € P(2n) of type D, we define dpy (p) := p* ), which is in P(2n) of type D.

Finally, we recall the definition of the Barbasch-Vogan duality on nilpotent orbits. If p €
Pp(2n) is very even, then we define (see [CM93, Corollary 6.3.5])

2.1) A (O) = O(’;B ) if n is even, A (O11) = OéIB ®) if n is even,
| TR0l dfnisodd, PVTTEITTOF i n s odd.
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Otherwise, we define dpy (O,) := Oa,, (p)- See [CM93, Corollary 6.3.5]. We say a nilpotent orbit

or a partition is special if it is in the image of the Barbasch-Vogan duality map.
We remark that the formula
(9{, if n is even,

dpy(0)) =< %
o B) {01171 it n is odd.
in the paragraph below [HLLS23, Definition 2.5] should be replaced by (2.1).

2.3. Definition of parameters. In this subsection, we recall the definition of L-parameters,
local Arthur parameters and infinitesimal parameters of (z,, and related notati(lns. We allow G,
to be GL, (F) in this subsection. Since G,, is split over F, we replace G, by G,(C) to simplify
the notation.

Definition 2.4. An L-parameter [¢] of G, is a én(C)—conjugacy class of an admissible homo-
morphism
¢ : Wp x SLy(C) — G, (C).
That is, ¢ is continuous, and
(1) the restriction of ¢ to Wg consists of semi-simple elements;
(2) the restriction of ¢ to SLo(C) is a morphism of complex algebraic groups;
By abuse of notation, we do not distinguish [¢] and ¢.
An enhanced L-parameter of G, is a pair (¢,x), where ¢ is an L-parameter and x is an
irreducible representation of the component group S, := mo(Cent(im(¢), Go)/Z(Go)P).
We let ®(G,,) denote the set of L-parameters of G,, and let ®.(G,,) denote the set of enhanced
L-parameter of G,,.

Definition 2.5. A local Arthur parameter [¢] of G, is a @(C)-conjugacy class of a homomor-
phism
¢ : Wp x SLP(C) x SL(C) — G,(C),
such that
(1) Y|wpxsLycp 5 an L-parameter;
(2) the restriction of 1 to SL5(C) is a morphism of complex algebraic groups;
(3) ¥|wy, has bounded image.

By abuse of notation, we do not distinguish [¢] and . We let V(G,,) denote the set of local
Arthur parameters of G,,.

For each ¢ € ¥(G,,), we may define another local Arthur parameter n by swapping SLZ(C)
and SL#(C). Namely, the morphism ¢ is given by

~

(22) ¢(w;$>y) = 1/J(w,y,x).

Also, we may associate an L-parameter ¢, to 1 by
¢¢(w7 Q?) = ”(ﬂ(UJ, Z, dw);

where d,, = diag(Jw|'/?, |w|~/2) € SLy(C). It is proved in [Art13] that the map v > ¢y is an

injection. We say an L-parameter ¢ € ®(G,,) is of Arthur type if ¢ = ¢, for some ¢ € U(G,,).
In [Art13], for each local Arthur parameter i of G,, he constructed a finite (multi-)set II,

of II(G,,), called the local Arthur packet of ¢. Based on the parametrization of tempered local
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Arthur packets and tempered spectrum, this induces the local Langlands Correspondence (fixing
a Whittaker datum)

I(G,) = ®(Gr),
= (ér, Xn)-

We call ¢, the L-parameter of m and call the set Il := {n | ¢, = ¢} the L-packet of ¢. Arthur
also showed that the local Arthur packet II,, must contain the associated L-packet Il .
Similar to the assignment 1 — ¢y, for each L-parameter ¢, we may associate a morphism A,
from Wy to G,(C) by
Ag(w) == d(w, dy,).
For ¢ € ¥(G,), we shall denote Ay := Ay, for short. This gives an infinitesimal parameter of Gy,
in the following sense.

Definition 2.6. An infinitesimal parameter [\ of G,, is a an(C)-conjugacy class of a continuous
homomorphism

A Wp — é\n<@),
whose image consists of semi-simple elements. By abuse of notation, we don’t distinguish [A] and
A. We let A(G,,) denote the set of infinitesimal parameters of G,,.

It is shown in [Mce06b, Moe09] that for any 7 € II,, we have A, = A,. For each L-parameter

¢ and each local Arthur parameter 1 of G,,, we associate nilpotent orbits O, 05 and (9;2 and
partitions p(¢), p” () and p*(¢) as follows.

Definition 2.7. For ¢ € ®(G,) and ¢ € U(G,), we define Oy (resp. OF, O;}) to be the nilpotent
orbit of §,(C) containing the element

o) ((3 o)) (e awtan) (0 5)) s (3 0)))

and define the partition p(¢) = Po, (resp. pP () = Pop: pA() = poD). Note that (9:2 =
- = - Oy = —Oy
Of = Oy, and p* (1) = pP(¢) = p(¢y). Here d is the differential map.

Fix a A € A(G},). There is a natural partial ordering >¢ on the set ®(G,,)a, which is induced
from the closure ordering on the associated Vogan variety. See [HLLZ22, Definition 1.10] for
details. In [HLLZ22, Corollary 4.12 (2)], jointly with Hazeltine and Zhang, we show that ¢ >¢ ¢
implies that p(¢1) > p(¢p2) when G, = SOsg,41(F) or Sp,,(F). Indeed, the same proof for
SO4, (F) shows that ¢, >¢ ¢y implies that p(py) > p(p2). We recall the following.

Proposition 2.8. Let A € A(G,,). The following holds.
(a) There exist unique ¢°, ¢g € ®(Gy)x such that for any ¢ € ®(G,)y, the inequality holds
p(¢°) = p(¢) > p(¢o).

We call ¢° (resp. ¢o) the open (resp. closed) L-parameter of ®(G.,)y -
(b) ®(G,)x contains an L-parameter of Arthur type if and only if ¢° is tempered. Let )° =
¢’ ® Sy so that ¢° = ¢yo. Then ¢g is also of Arthur type with ¢g = (b@'

Proof. These statements follow from [HLLZ22, Lemma 6.2, 6.4]. O

We remark that the nilpotent orbits version of Part (a) of above proposition also holds since
Do > Py if and only if O > O’. We also need the following adjectives on parameters.
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Definition 2.9. Let ¢ € ®(G,), v € ¥(G,,) and A € A(G,,).

(1) We say ¢ is tempered if ¢|w, has bounded image. We say 1 is tempered if ¢, is tempered,
or equivalently, ¢|SL§1(C) is trivial.

(2) We say ¢ (resp. 1, X) is unramified if |1, (resp. V|1, A1p) is trivial.
(3) We say an unramified infinitesimal parameter X\ is real if the eigenvalues of A\(Fr) are all
real and positive, where Fr is any choice of Frobenius in Wrg.

Note that any tempered L-parameter ¢ is of Arthur type since ¢ = ¢, where ¢ = ¢ ® 51, i.e.,
v(w, z,y) = d(w, ).

Finally, we recall the definition of Deligne-Langlands-Lusztig parameters. Let G be a connected
reductive group defined over F' and G = G(F'). We assume G is inner to split for simplicity.

Recall that ¢ is the cardinality of the residue field of F'.

Definition 2.10. A Deligne-Langlands-Lusztig parameter of the group G is a G(C)—orbit of a
triple (s, x,p), where
o s € G(C) is semisimple;
o 1 € g(C) such that Ad(s)r = qx;
e p is an irreducible representation of the component group of Cent({s,x},G(C)) that is
trivial on the image of Z(G(C)).
We denote ®%5(G) the set of Deligne-Langlands-Lusztig parameter of G.

Let I[T"*(G) C TI(G) denote the subset of representations of unipotent cuspidal support defined
in [Lus95]. The following theorem is proved by [KL87, Lus95, Lus02]. We refer the reader to
[CMO23, Theorem 4.1.1] for details.

Theorem 2.11 (Deligne-Langlands-Lusztig Correspondence). There is a bijection
OLu (@) — TIE(Q)
(s,2,p) — X(s,,p),

satisfying several desiderata (see [CMO23, Theorem 4.1.1] for details).

For the groups G, considered in this paper, the local Langlands correspondence given by
Arthur’s theory is compatible with the above correspondence (see [AMS21, §2.3] and [AMS22,
§4]). In particular, a representation w € II(G,,) is of unipotent cuspidal support if and only if its
local L-parameter ¢, is unramified. In this case, let

) e )}

where Fr is any choice of Frobenius in Wg. Then 7 = X (s, z, p) for some p.

Remark 2.12. Let G be a connected reductive group defined over F', inner to split. For any
unramified L-parameter ¢, of G = G(F'), the elements s,x can be defined in the same way, and
there is an equality

Cent({s,z},G(C)) = Cent(im(¢), G(C)).
Thus, if (¢, x) @s the enhanced L-parameter of w, then x can also be viewed as an irreducible
representation of the component group of Cent({s,x}, G(C)) that is trivial on the image of

Z(G(C)). In this case, for Gy, the results in [AMS21, AMS22] also show that p = x under the
comparison.
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2.4. Aubert-Zelevinsky involution. Let G be any connected reductive algebraic group de-
fined over F, G = G(F'), and let R(G) be the Grothendieck group of smooth representations
of finite length of G. If 7 is a smooth representation of finite length of G, we let [r] denote its
image in R(G). If P is a parabolic subgroup of G, we let IndIGJ denote the normalized parabolic
induction and let Jacp denote the Jacquet module.

In [Aub95], Aubert showed that for any representation 7 of II(G), there exists ¢ € {£1} and
an irreducible representation 7 € II(G) such that

=c Z 1)) [IndS (Jacp (7).

Here the sum is taken over all standard parabolic subgroups P of G and Ap is the maximal split
torus of the center of the Levi subgroup of P. Moreover, the map 7 — 7 is an involution on
II(G). We call 7 the Aubert-Zelevinsky involution of 7.
It is expected that local Arthur packets are compatible with Aubert-Zelevinsky involution in
the sense that for any ¢ € ¥(G),
HJZ{% | me Iy}

(Recall that W is defined by (2.2).) When G = G, this is discussed and proved in [Art13, §7.1]
and [Xul7, §A].

3. FIBERS OF THE BARBASCH-VOGAN DUALITY

In this section, we first recall certain results from [LLLS24] on the fibers of the Barbasch-Vogan
duality. Then we prove a key result (Proposition 3.4 below) showing that certain L-parameters
are of Arthur type, which plays an important role in the proof of the weak local Arthur packets
conjecture next section.

3.1. Partitions and nilpotent orbits. Let (X, X’) € {(B,C),(C,B),(D, D)}. In this subsec-
tion, we describe the structure of the sets of partitions

dpy(p) == {p € Px | dpv(p) = p},

for a special partition p € Px,. In [LLS24], jointly with Shahidi, we gave an explicit description
of dgy,(p) and related it with dj,(O') (see Proposition 3.3 below), which we recall now.

Recall that when we write a partition p as [p1,...,p;], we require p;’s to be non-increasing.
Set p; = 0 for any ¢ > r throughout this section. Given a partition p € Py, the following lemma
describes a necessary condition on ¢ such that p > ¢ and dpy(p) = dpy (9)-

Lemma 3.1 ([LLS24, Lemma 3.5, Corollary 3.9]). Let X € {B,C,D}. Supposep = [p1,...,Dr],q =
[q1, .-, qs] € Px(n) satisfy that p > q and dpy(p) = dpv(q). Then there exists a sequence of
pairs of positive integers {(a:l,yz)}l | where -

(@) 1<z, <y, <r+1;

(b) pu; = Pay1 +1 ="+ =py,_1+1=p, +2, where we set p,41 = 0;

(c) the sequence (pPuy,- -, Pe,) 18 strictly decreasing;
such that q can be obtained from p by replacing {ps,, py, }iey i p with {p., — 1,py, + 1}, In
particular, for any 1 <t <r, we have

t t
(3.1) 0<> p.—Y ¢ <1
z=1 =1
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We need the following refinement.

Corollary 3.2. Let X € {B,C,D}. Suppose p = [p1,...,0),q = [q1,...,qs] € Px(n) satisfy
that p > q and dpv(p) = dpv(q). Suppose further that p = | |;c;p; and g = | ;c;q; such that
];ﬁ\ = |&| and p; > @for all j € J. Write p; = [Pj1s - Djry) and q; = @1, q5s,;]. Then for
each j € J, there exists a sequence of pairs of positive integers {(x(j,k),y(jyk))}gil where

(8) 1<agr) <ygr <7+ 1;

(D) Piaguy = Piagptt T 1= =Dy, -1+ 1=Djy,, +2, where we set pj, 1 =0;
(c) the sequence (pj,%’l), - ,pj,%’aj)) is strictly decreasing;
such that g; can be obtained from p; by replacing {pj,z(j,k)vpj,y(j,k)}gi1 in p; with Piagu —
LDy + 1}:;1. In particular, for any 1 <t <r;, we have

t t
(3.2) 0< pje—Y ==L
z=1 z=1

Proof. The idea of the proof is similar to [CMO23, Lemma 5.1.1]. We shall use the following two
statements whose proof can be found there.

(i) If p1 > ¢ and py > gy, then py Ups > q1 U go.

(ii) If (m,...,7,) is a sequence of non-increasing integers, and o is any permutation of
{1,...,7}, then for any 1 <t <+,

t t
DTz Y Tt
i=1 i=1

It suffices to prove Parts (a), (b) and (c) for a fixed j € J. By considering the decomposition

p=pu| I ] a=qu| | @]
Jj'eN\{i} J'eJJ\{7}

we may assume |J| = 2 and label J = {1, 2} with j = 1. First, we prove the inequality (3.2).
Recall that ¢ = ¢ L ¢ and hence s = 51 + sp. Let f: {1,...,s1 + s2} — {1,2} be a function
such that ¢; = [ ], Fi)=i [¢;] for j = 1,2. Equivalently, the function f satisfies that

4% = quifk<i | =1y if f(i) =1,
Qo qk<i | f)=2y if f(i) = 2.

Assume 11 = s; by adding zero to p; if necessary, we consider a sequence of integers A =
(A1, ..y Asytsy) glven by
. {PLHM =1y 3Ef() =1,
Glk<i | fy=2y I (1) =2

Then there exists a permutation o of {1,...,71+s2} such that p1Ligy = [As1), . - -, Ado(ry4s2)]- Note
that we require the sequence (Ag(1), - -, Ao(r+s)) t0 be non-increasing. Then for any 1 <t <,

we have
t t t t
sz > Z)\o’(z) > Z)\z > ZQZ
z=1 z=1 z=1 z=1
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Here the first inequality follows from p = p; U py > p1 U g2 by (i), the second inequality follows
from (ii), and the last inequality follows from p; > ¢i. As a consequence, for any 1 <t <r, the
inequality (3.1) in Lemma 3.1 gives

t t t t t t
12Y pe=> a:=> =D > ¢:— Y =0
z=1 z=1 z=1 z=1 z=1 z=1

Since
t t {k<t | f(k)=1}| {k<t | f(k)=1}|
Z /\z - Z q. = Z P12 — Z q1,z,
z=1 z=1 z=1 z=1

this proves (3.2) for the fixed j € J by varying t.
As a consequence of (3.2), for j € {1,2}, there exists a sequence of pairs of positive integers
{((n)s Yik)) }oly that satisfies Conditions (a) and (c) such that ¢; can be obtained from p; by

replacing {pj@(j’k),pj’y(j’k)}zil in p; with {pj ;) — L Pjyge + 1}77 .. Also, since
{p171(1,k)}2;1 U {p2,x(2,k)}zil = {pxi}?;l? {plyyu,k)}:;l U {p2 Y(2, k)}231 = {pyi ?—17

where {(z;,v;)}¢, is given by Lemma 3.1, Condition (b) also holds for {(z (), Yir)}tnes- This
completes the proof of the corollary. 0

Finally, for (X, X’) € {(B,C), (C, B), (D, D)} and a special O’ € Ny, di,(O’) can be related
with dgy (p o) in the following proposition.

Proposition 3.3 ([LLS24, Proposition 2.10]). Let (X, X’) € {(B,C),(C,B), (D, D)}. For each
special O' € Ny, we have the following.

(a) If p :=p,, is not very even of type D, then any p € dg%/(g) is not very even, and
dpy(0) ={0, | p € dpy(p)}.
(b) Ifp := P, 18 very even of type D, then
dpy(0") = {dpv (0"},
which is a singleton.

3.2. L-parameters. In this subsection, we prove the following proposition showing that certain
L-parameters are of Arthur type.

Proposition 3.4. Let G, be the split group SOspi1(F'), Spy,(F) or SOq,(F) and A € A(G,,).
Suppose the unique open L-parameter ¢° of ®(Gy)y is tempered and denote O = dpy(Oy).
Then any L-parameter ¢ in

(dBv)g(an, (O) = {¢ € 2(Gp)x | dpv(0y4) = O}
is of Arthur type.

When G,, = SOg,,41(F) or Sp,,(F), the map from the nilpotent orbits of g,(C) to partitions
of the corresponding type is a bijection. Therefore, we have

(d50)5i0,0,(O) = ()5l ), (Do) = {6 € DGulx | dav (p(0)) = by,
However, the above equality fails for SOy, (F) when p = p o 18 very even. In this case, we have

(dBv)gian, ®) = ([dBv) g, (Op) U ([dBv) g, (O)-
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In any case, Proposition 3.4 follows from its partition version.
Proposition 3.5. Let G, be the split group SOspni1(F'), Spy,(F) or SOq,(F) and A € A(G,,).
Suppose the unique open L-parameter ¢° of ®(G,)y is tempered and denote p = dBV(]_)(<bO ).
Then any L-parameter ¢ € (dBV);(lGn)A(@ is of Arthur type.

Now we give a more explicit description for the partitions p(¢), }_9D (¢) and EA(w). Let & :

Gn(C) < GLy/(C) be a standard embedding. The map
®(G,) — ¢(GLN(F)),
pr—=>Eod
is an injection unless G,, = SOo,(F). For ¢ € ®(50,,(F)), the set
{¢' € 2(SO2(F)) [0 =o'}

is either a singleton or equal to {¢, ¢} (see [GGP12, Theorem 8.1(ii)]). The L-parameter ¢ is
called the outer conjugation of ¢, which can be obtained from ¢ by conjugating with an element in
02,(C) \ SO2,(C). The above discussion works for ¢» € U(G,,) without change. In the following,
we don’t distinguish ¢ (resp. ¥) and ¢° (resp. ), since they give the same partition.

By identifying ¢ (resp. ¢) with £ o ¢ (resp. £ o 1)) we may decompose it into a direct sum of
irreducible representations of Wg x SLy(C) (resp. Wg x SLy(C) x SLy(C)) and write

(3.3) 6= p©Su, v=Er 5,5,

iel jeJ
where p;’s and p;’s are irreducible representations of Wr and S, is the unique a-dimensional
irreducible representation of SLy(C). With this decomposition, we have

p(9) = |_Jla™ e, pP () = | Jlaf™"), p(w) = 1™ ).
i€l jeJ el

Also, with the decomposition (3.3), we have (again composing with & : G,,(C) < GLy(C))

a;—1 - b;—1 bi—1
=@ (ol ). - @ (Bl 17 o,

iel \k=0 JjeJ \ k=0

In particular, if ¢ is tempered and p| - |*
z € R, then z € 1Z.

In the following discussion, we shall treat ¢ (resp. ¢) as a self-dual L-parameter (resp. local
Arthur parameter) of some GLy(F). We write ¢ D ¢ if ¢ is equivalent to a subrepresentation
of ¢. In this case, we let ¢ — ¢’ denote the subrepresentation of ¢ such that ¢ = ¢’ + (¢ — ¢').
We use the same notation A D X, A\ — X for infinitesimal parameters.

The following lemma is the key observation towards Proposition 3.5.

C Ay where p is irreducible with bounded image and

Lemma 3.6. Let ¢° be a tempered self-dual L-parameter of GLy (F') and denote A = Ago. Suppose
¢ € ®(GLN(F))y is self-dual, and ¢°, ¢ have decompositions

¢ =+ 3, 0=+ (pl |7 ® Sa) + 92,
where

(i) z € R and p is irreducible with bounded image,
(i) Ago = Ay, is self-dual.
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Then the followings hold.

(a) Suppose further that any irreducible summand of ¢S has dimension less than or equal to
dim(p| - |* ® S,) = dim(p) - a.

Then z =0, and ¢3 2 p® S,.
(b) Suppose further that z # 0 and any irreducible summand of ¢S has dimension less than
or equal to

dim(p ® Sgt1) = dim(p) - (a+1).
Then |z| = 1/2, and ¢3 2 p ® S,41.

Proof. Since Ago = A = Ay and Ay = Ay, by Condition (ii), we see that

a—1
a—1

J— pr— + —t
gy = Molzesaron 2 Aoles, = D ol - 1757
=0

This implies z € %Z. Since ¢ is self-dual, replacing p by p¥, the dual of p, if necessary, we may
assume z > 0. Then Ay 2 pl - |#t“2" implies that ¢9 must contain an irreducible summand of

the form p ® S, with b > 2(z + %5%) +1 (and b = 2z + a mod 2).
For Part (a), the assumption gives

—1
a§2(z+aT)+1§b§a,
which implies z = 0 and b = a. For Part (b), the assumption implies z > 1/2 and
a—1
a+1§2(z+T) +1<b<a+1l

Thus, b = a+ 1 and z = 1/2. This completes the proof of the lemma. O
As a corollary, we prove a special case of Proposition 3.5 using Lemma 3.1.

Corollary 3.7. Let ¢° be a tempered self-dual L-parameter of GLy(F) of the form

¢0 =p® <@Spj> )
j=1

where p is one-dimensional, self-dual and the sequence (pi,...,p,) is non-increasing. Denote
A = Ago. Suppose ¢ € ®(GLy(F))s is self-dual and q := p(¢) can be obtained from p =
p(&°) = [p1,...,pr] by replacing {ps,, py, Y1 in p with {p., — 1,p,, + 1}, where the sequence
{(, 1)}, satisfies Conditions (a), (b) and (c) in Lemma 3.1 for p. Then ¢ is of Arthur type.
More explicitly, let J = {1,...,7}\ &1, ..., 2o} U{y1, ..., Ya}), then ¢ = &y, where

V=P rS, @S +E@r S, 105

jed i=1

Proof. We apply induction on a = a(¢, #°). When a = 0, we have ¢ = ¢° and the conclusion
trivially holds. Now we assume a(¢,¢°) = k > 0 and the conclusion is verified for any ¢’ with
a(¢,¢°) < k.

Since ¢° contains p ® (S,, + -+ Sp,) for 1 <4 <z — 1, inductively applying Lemma 3.6(a),
we see that ¢ also contains p ® (Sp, + -+ + Sy, _,). Denote ¢y = ¢) := p® (Sp, + -+ Sp,,_,)-
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Denote a := p,, — 1 for simplicity and let m be the multiplicity of a in p(¢), which is greater
than or equal to 2 by assumption. Write

¢— ¢ 2P ol 7 ® S,
j=1

¢ = =p® S+ (p® 5" +Pp® S,

=y1

(The @(m — 2) of (p ® S,)®™=2) means the multiplicity.) Since the multiplicity of p| - |“= in
A¢—g¢, is the same as that of Ag_4,, which is exactly m — 2, we see that at least 2 of z;’s are not
zero. Now we may write

=)+ 83, =01+ (p| |7 ®S.) + ¢o

for some z # 0. Applying Lemma 3.6(b), we obtain that |z| = 1/2. Since ¢ is self-dual, we may
rewrite

" =)+ p®@ Sur1 +p® Sac1 + 69,

m—2
¢:¢1+p|~|é®sa+p|~y£®sa+(@pm%@sa)+¢2.
j=1

m—2

Applying Lemma 3.6(a) inductively again, we see that {z; 701" are all zero. Finally, let

¢, = ¢1 + 1Y ® Sa+1 + 1Y ® Safl + (p ® Sa)ea(miQ) + 52

It is not hard to see that a(¢’, ) = a(¢,¢°) — 1. Then the induction hypothesis for the pair
(¢, 0" gives ¢/ = ¢y, where we let J' = {1,...,7} \ ({x2, ..., 20} U{ya,...,¥a}), and

W =Pr® S, @S+ r® S, 1 ® 5.

jed i=2
Comparing ¢ and ¢', we get the desired conclusion. This completes the proof of the corollary. [
Now we prove Proposition 3.5.

Proof. We may write
¢0 = @ @(ﬂi—i-p;/) ®Saj + @@Pi@gaj,

7:elnsd .]EJ’L ie[sd JEJ’L
where p; 2 p/ for i € I,q and p; = p for i € Iq, and p;, % pi, 2 p;, for iy # iy € I5q and
pi, F pi, for 1y # iy € I5q. Let I = I, Iy and for ¢ € I, denote

¢0 — @jEJi(pi + p;/) ® Sa_j ifi e [nsda

) @jEJi pz ® Saj lf Z G -[Sda

which we regard as a self-dual tempered L-parameter of GL,,(F) that factors through Sp, (C)

if G,, = SOg,41(F), and factors through O,,(C) if G,, = Sp,,, (F) or SOy, (F).
Suppose ¢ € (dBV);an)A(E), where p = dpy(p(¢°)). Then we have a decomposition

6 =P o,

i€l
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where Ag, = Ayo. Write

pi = ]Q(Qb?) = [Pigs - Pir], 4 = Z_?(¢z‘) = (g1, s
For each i € I, we have |p;| = |p,| and p; > ¢; by Proposition 2.8(a) since #? is a tempered
L-parameter of GL,,(F'). Therefore, Corollary 3.2 implies that for any i € I and 1 <t <r;,

(3.4) 0 <e(pi,qit) = Zpi,j - qu‘ <1

For i € I,,54, we may write p; = p;/Up;" and ¢; = ¢;' U ¢q,’. Therefore, for 1 <t <r;/2, if we define
e(pi, ¢, t) similarly, then S -
e(pi, @i, 2t) = 2 - e(pi', 4, 1),
and hence (3.4) implies £(p;, ¢/, t) = 0. We conclude that p;/ = ¢; and hence p; = ¢;. We take
Y; = ¢? ® Sy in this case. - -
For i € I4 such that dim(p) > 1, we have

&:&/uu&/7 %:&IUU%,’
—_—— [ —
dim(p) copies dim(p) copies

and hence the same argument shows that p; = ¢;. We take ¢; = ¢ ® Sy in this case.

Finally, for i € I,4 such that dim(p) = 1, Corollary 3.2 implies that the pair (¢?, ¢;) satisfies
the assumption of Corollary 3.7, and hence there is a 1); such that ¢; = ¢y,.

In conclusion, we have constructed 1) = @, ., ¥; so that ¢ = ¢,,. This completes the proof of
the proposition. O

The proof above also gives the following corollary, which will be used in future work.

Corollary 3.8. Suppose A € A(G,,) has a decomposition
A= @pz| ) |zi7
iel
where p;’s are irreducible representations of Wg with bounded image, and x; € R. Suppose
further that p;’s are either non-self-dual or dim(p;) > 1. Then for any ¢,¢" € ®(G,)r such that

p(¢) > p(¢'), we have dpy(p(¢)) = dpv(p(¢')) if and only if ¢ = ¢'.

We end this subsection by demonstrating an example that the set (dBV);(lG ), (dpv(p(9)))
n d) g—
may contain an L-parameter not of Arthur type when ¢ is of Arthur type but not tempered.

Example 3.9. Let G,, = SO (F). Consider
P=1®5%®S5S3+1® 5,15,
by =108 +108% +|-'"®@S%+|-|'® S,
We have QD(w) = p(oy) = [4, 23], and we setp = dpv([4,2%]) = [5,3,1%]. Then (dBV);(lGn)A(E) —
{Py, d1, P2}, where
=108 +10S%+10S%+| 208 +| |58,
pa=1@Ss+ | "@Se+ |- ' @Se+ |- |V?*®@S +]|-7*® 8,
are both not of Arthur type.
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4. UNIPOTENT REPRESENTATIONS WITH REAL INFINITESIMAL CHARACTER

In this section, we apply the results in Section 3.2 to prove the conjecture for weak local Arthur
packets of basic local Arthur parameters for G,, = Sp,,,(F') and split SOq,,1(F"). We assume the
residue field of F' has sufficiently large characteristic throughout the section.

First, we recall the definition of weak local Arthur packets for basic local Arthur parameters.

Definition 4.1. Let G be a connected reductive group and G = G(F'). Assume that there is a
local Arthur packets theory for G as conjectured in [Art89, Conjecture 6.1]. We say ¢ € ¥(G)
is basic if @Z)|WFX$L2D(C) is trivial. For each basic local Arthur parameter vy of G, we define the
weak local Arthur packet associated with 1y by

(4.1) H%”“k ={r € H(G)/\wo | 0™ () < dBV((’)ﬁO)}.
Here, we recall that W™ (1) is the wavefront set of m consists of nilpotent orbits over F.

We say an unramified infinitesimal parameter A is real if after composing with an embedding
LG — IGLy, it decomposes as
DI

icl

where z; are all real numbers. For ¢ € U(G,,), it is not hard to see that A\, is unramified (resp.
real) if and only if ¥, (resp. ©¥|w,) is trivial. In particular, if ¢ is basic, then Ay is real. Now
we recall the following result from [CMO23].

Theorem 4.2 ([CMO23, Theorem 1.4.1]). Let G be a connected reductive algebraic group defined
over F', inner to split. Assume that the residue field of F has sufficiently large characteristic.
Suppose T is a unipotent representation of G(F) with real infinitesimal parameter. Then the
geometric wavefront set of w is a singleton, and

(4.2) () = {dpv(0s,)},
where Oy is a nilpotent orbit of §(C) associated to the L-parameter ¢z (see Definition 2.7).

Remark 4.3. By [CMO23, Corollary 6.0.5], we may replace the < in (4.1) by =. Moreover,
applying Theorem 4.2, we have

L% = {7 € I(Gy)x | 7" (7) = dBV(OfZO)}
={m € (Gn)x | dpv(O.) = dpv(Ogp0)}
={m € IW(Gu)x | ¢z € (dnv)g(a,), ([dBv(Op))},
where ¢° = ¢ the unique tempered L-parameter of o(@G)

X4
)

Ao
Let us recall the statement of the Conjecture for weak local Arthur packets.
Conjecture 4.4 ([CMO22, Conjecture 3.1.2]). Let 1) be a basic local Arthur parameter of G and

denote A the (real) infinitesimal parameter associated with 1p. Then Hg’eak is a union of local
Arthur packets.

With the results in Section 3.2, we prove Conjecture 4.4 for the split groups G,, = SOg,,41(F),
Span, (F') or SOy, (F') assuming Conjecture 1.3(i) holds for all ) whose restriction to W is trivial.

Theorem 4.5. Let G,, be the split group SOap11(F), Spe,(F) or SOq,(F). Assume that the
residue field of F' has sufficiently large characteristic.
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(a) For any basic local Arthur parameter 1y of G,, the weak local Arthur packet H%e“k is
contained in a union of local Arthur packets

(4.3) I Veek C U 1,

YEBY) (g, (O)
where X = Ayo, O’ = dBV(O{Z‘o)f and
(dv)yic,, (O) = {1 € U(G,)x | dpv(O}) = O'}.

(b) Moreover, assume that Conjecture 1.3(7) holds for all+ € V(G,,) whose restriction to Wg
is trivial. Then we have the other direction of containment

(4.4) ek 5 U 1,
we(dBV);%Gn))\ (O/)

which proves Conjecture 4.4. In particular, by Theorem 1.4, Conjecture 4.4 holds for split
SOgp41(F) and Sp,,(F') without the assumption of Conjecture 1.3(1).

Proof. Note that
O' = dpy(0},) = dpv(03) = dpv(Op),
where ¢° = ¢;, is the unique tempered L-parameter in ®(G,)a. For Part (a), suppose 7 € Hmeak.
Then Theorem 4.2 gives
O/ = Wn(ﬂ') = dBv(O(%).

Namely, ¢z € (dBV);(lGn)A(dBV((%o)). Therefore, Proposition 3.4 implies that the L-parameter
¢ is of Arthur type. Say ¢z = ¢7. Then ¢ € (dBV)E/%Gn),\(O/)’ Also, 7 e Il = H% C Iz, and
hence 7 € II;,. This verifies (4.3).

For Part (b), suppose 7 € II,, where ¢ € (dBV)\;/an),\

1" (1) < dpy(0y) = O = dpv(Oy,).

Therefore, 7 is in the weak local Arthur packet Hz‘geak. This proves (4.4) and completes the proof
of the theorem. O

(O'). Conjecture 1.3(i) implies

Remark 4.6. 1. The same proof works for inner forms of split groups SOqy, 1 (F) or SO, (F)
once Arthur’s theory on the local Arthur packets is developed. FEspecially, we need the
results that 11y, C 1L, and Il; = {7 | = € ll} in the proof.

2. If one can verify an analogue of Proposition 3.4 for any connected reductive algebraic group
G, inner to split, then Theorem 4.5 also holds for G by similar arguments. However,
Conjecture 4.4 do not imply Proposition 3.4 in an obvious way. Therefore, Proposition
3.4 for Gy, has its own interests.

3. Part (a) of above theorem (together with Arthur’s theory) implies that any representation
in a weak local Arthur packet is unitary. This proves [CMO22, Conjecture 3.1.3] for the
split group SOsgpi1(F'), Spa,(F) or SO, (F') without assumptions. We record it below
using their notation.

Theorem 4.7. Assume that the residue field of F' has sufficiently large characteristic. Let
(¢="",x,p) be a Deligne-Langlands-Lusztig parameter of the split groups SOgni1(F), Spy,(F)
or SOg,(F) such that x belongs to the special piece of QY. Then the irreducible representation
X(q%hv,:r:, p) is unitary.
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Finally, we give a remark of a characterization of anti-tempered local Arthur packets, which
directly comes from the proof of [CMO22, Theorem 3.0.3].

Remark 4.8. For any basic local Arthur parameter 1y of G, it is stated in [CMO22, Theorem
3.0.3] that

Iy, = {7 € (G, | "WF(m) = da(0},, 1)},
where ®WF(r) is the canonical unramified wavefront set of 7, d is the duality defined in [Ach03].

See [CMO22| for details of these notations. By [CMO22, Theorem 2.6.2(1)], we may rewrite it
as

(4.5) My, = {7 € T(G)x | da(Os,,1) = da(Oy,, 1)}

The right hand side of (4.5) makes sense for any local Arthur parameter g, which is not
necessarily basic. Indeed, the same proof of [CMO22, Theorem 3.0.3] implies that (4.5) holds for
any anti-tempered local Arthur parameter 1o of G. This gives a characterization of anti-tempered
local Arthur packets.

Similarly, if we replace the 0" () by dpy(O,.) in the definition of weak local Arthur packet
(4.1), then we can generalize Theorem 4.5 to any anti-tempered local Arthur parameter, which
is not necessarily basic. More precisely, we have the following theorem. Note that in this case we
do not need the characteristic assumption of the residue field of F' since we don’t need to make
use of Theorem 4.2.

Theorem 4.9. Let G, be the split group SOg,i1(F), Spy,(F) or SO, (F). For any anti-
tempered local Arthur parameter 1, we denote A := Ay, and O' = dBV(Ofb‘o)' Consider the set
of representations

H%gak = {7T € H(Gn))\ | dBV(qu%) < dBV(O;ZlO)}-
We have an inclusion
(4.6) I Veek C U I,

we(dBV);an)A(O/)

Moreover, if Oy > Oy, for any ¢ € V(Gy)x and 7 € 1Ly, which has already been verified for

the split groups SOgpy1(F') and Sp,, (F') in [HLLZ22, Theorem 1.15, Corollary 4.12(2)], then the
inclusion (1.4) is an equality.

Proof. The proof of the inclusion (4.6) is exactly the same as the proof of Theorem 4.5(a) (without
using Theorem 4.2), which we omit. Conversely, suppose 7 is in the right hand side of (4.6),
i.e., there exists a local Arthur parameter ¢ such that = € II, and dgy (O}}) = dBV((’);?O). Then
T E IT; and the assumption gives Op. > (’)%. Taking Barbasch-Vogan duality, we obtain

dpv(0y,) < dpv(0y.) = dpv(O},),
which implies that = € H%eak. This completes the proof of the theorem. O

5. GENERALIZATIONS OF WEAK LOCAL ARTHUR PACKETS AND EXAMPLES

In this section, we discuss possible generalizations on the definition of weak local Arthur packets
such that Conjecture 1.2 or (4.3) has a chance to be true, towards a better understanding of
Jiang’s conjecture.

Throughout the section, we let G = G(F') be the F-point of a connected reductive algebraic
group G defined over F', and assume there is a local Arthur packets theory for G as conjectured in
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[Art89, Conjecture 6.1]. Let A be any infinitesimal parameter of G. Without loss of generality, we
may assume that A = A\, for some local Arthur parameter 1, otherwise there is no representation
of Arthur type in II(G),.

A first naive generalization is to consider the set

(5.1) H\g,,F/\ ={r e I(G), | "™(7) < O},

for any nilpotent orbit O’ of g(F). However, H\g,i\ is not always a union of local Arthur packets

since it may contain representations not of Arthur type, as shown in the following example.

Example 5.1. Take ¢° to be a tempered unramified L-parameter of SOaqy,11(F) or Sp,, (F') such
that X := Ayo is real, and that there exists a representation myq € II(G,,) that is not of Arthur
type (see [HLL22, Example 7.10] for the existence of such mpaq). For any m € II(G,,)x, we have

() = {dpv (0.}
by Theorem 4.2. Let ¢y be the closed L-parameter in ®(G,)x. Then since Oy > Oy, we
conclude that
n"(m) < dpy(Og,).
Therefore, taking O = dgy(Oy,), we have
55 =11(Gn)a,
which contains my.q not of Arthur type.

A natural modification of (5.1) is to add the condition of Arthur type.

(5.2) I55% == {7 € TI(G), of Arthur type | 7"(7) < O'}.
Then assuming Conjecture 1.3(i), we have
(5.3) Moy 2 U .

PEW(Gn)x, dpv(0)<0O’

Moreover, assuming Conjecture 1.3(ii), the right hand side of (5.3) is exactly the union of all local
Arthur packets contained in H\g,’F/\’A, see the proof of Proposition 5.3 below for details. However,
the containment (5.3) can be strict even if we assume O' = dpy(O;}) for some local Arthur
parameter ¥ in W(G),, as shown in the following example.

Example 5.2. In this example, we adopt the notation in [AM23] for enhanced L-parameter,
which is called L-data there. Consider the following unipotent representations of SOq1(F') with
real infinitesimal parameter A,

™= L(A[-1/2,-3/2};x((1/2)",(3/2)7)),
7= L(A[=-3/2,-3/2};7((1/2)", (1/2)7, (3/2)")).
The L-parameter associated with 7 is
pr= @S+ PRSI +10S%+10 S +1® Sy,
which is not of Arthur type. We have (identifying nilpotent orbits of SO11(C) as partitions)
n"(1) = {dpv(0s,)} = {dpv([4.2,2,1,1])} = {[5.3,1°]}.
On the other hand, the representation m is of Arthur type, and

U(m) = {¢ | m € Uy} = {th1, 9},
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where
P11 =105 ®95+1®51® 5],
Yo=1R05R5+1®57®51+1®5,® 5.
One can compute that
dBV(Oﬁl) = [7,2%], dBV((’);zz) = [7,14).

By Conjecture 1.3(11), fori = 1,2, there exists at least one representation m; € 1L, with W™ (m;) =
dBV((’);;‘ ). Indeed, by the explicit formula in Theorem 4.2, we can take

7> = L(A[=3/2,—3/2], Al-1/2,~1/2]; w((1/2)*, (3/2)").
Therefore, any local Arthur packet 11, that contains 7 is not contained in the set

H[ZQSL/\ = {7 € (SO (F))x | w™(7") < [5,3,1%], and 7’ is of Arthur type. }.

. TWFA WF,A . .
However, m is in H[53 13- Therefore, H[53 13 Can not be written as a union of local Arthur

packets. We remark that [5,3,1°] = dpy (O}}) where ¢ = 1© S350 S, +10.51® 55 € U(SO11(F))x.

The failure of the containment (5.3) in the above example comes from Conjecture 1.3(ii) and
the fact that there does not exist a v in

W(r) = {Y € W(C) | 7€ 1L,)
such that dBV((’);;‘) < (0'. This suggests the final modification for the definition of weak local

Arthur packets. For any nilpotent orbit O’ of g(F) and any infinitesimal parameter A of G, we
define the weak local Arthur packet as follows

(5.4)
3% == {m € II(G), of Arthur type | There exists a 1) € ¥(7) such that dBV(O;Z‘) <O}
We summarize these phenomena in the following proposition.
Proposition 5.3. Let G be a connected reductive group and G = G(F'). Assume that there is a
local Arthur packets theory for G as conjectured in [Art89, Conjecture _61] Assume Conjecture
1.3 holds for the group G = G(F). For any nilpotent orbit O" of g(F) and any infinitesimal
parameter \ of G, we have
r- U oo
YEV(G)a, HwQH(I;V/iA
where the containment can be strict.
Proof. Suppose 7 € H‘gff*}\k. Then there exists a 1 such that dBV<O;2) < O and 7 € II,. By
Conjecture 1.3(i), for any n’ € I, we have
ﬁm(’ﬁ/) < dBv<O:2) < O/,
and hence I, C H\(;V,ITA’A.
Conversely, suppose m € Il where 11, C H\g,i\’A. By Conjecture 1.3(ii), there exists a

n’ € My such that 2" (7') = {dpv(O;))}, and hence dpy(O;,) < O'. This completes the proof
of the proposition. O
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Assuming Conjecture 1.3, one can see from Proposition 5.3 that H‘gfﬁk is the maximal subset

of II(G), with the following properties.

o 3% C {r € T(G), | () < O').

e II3k is a union of local Arthur packets.

Hence, if Conjecture 4.4 holds for a basic local Arthur parameter 1y of GG, then

Weak Weak
Hwo — HO/ 7)\ 3

where 0" = dpy (O, ) and A = \y,. Therefore, the set IT}J%5* can be regarded as a natural
generalization of H%eak and reveals the close connection with Conjecture 1.3.
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