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Abstract. Recently, motivated by the theory of real local Arthur packets, making use of the
wavefront sets of representations over non-Archimedean local fields F , Ciubotaru, Mason-Brown,
and Okada defined the weak local Arthur packets consisting of certain unipotent representations
and conjectured that they are unions of local Arthur packets. In this paper, we prove this
conjecture for Sp2n(F ) and split SO2n+1(F ) with the assumption of the residue field characteristic
of F being large. In particular, this implies the unitarity of these unipotent representations. We
also discuss the generalization of the weak local Arthur packets beyond unipotent representations,
which reveals the close connection with a conjecture of Jiang on the structure of wavefront sets
for representations in local Arthur packets.

1. Introduction

Let F be a non-Archimedean field of characteristic zero. Let Gn = Sp2n, SO2n+1, SO2n be the
split classical groups, where α is a square class in F , and let Gn = Gn(F ). The Langlands dual
groups are

Ĝn(C) = SO2n+1(C), Sp2n(C), SO2n(C),
respectively. Let LGn = Ĝn(C)×WF be the L-group of Gn.

In his fundamental work [Art13], Arthur introduced the local Arthur packets which are finite
sets of representations of Gn, parameterized by local Arthur parameters. Local Arthur parame-
ters are defined as a direct sum of irreducible representations

ψ : WF × SL2(C)× SL2(C) → LGn

(1.1) ψ =
r⊕
i=1

φi ⊗ Smi ⊗ Sni ,

satisfying the following conditions:
(1) φi(WF ) is bounded and consists of semi-simple elements, and dim(φi) = ki;
(2) the restrictions of ψ to the two copies of SL2(C) are analytic, Sk is the k-dimensional

irreducible representation of SL2(C), and
r∑
i=1

kimini = N = Nn :=

{
2n+ 1 when Gn = Sp2n,

2n when Gn = SO2n+1, SO2n.

The first copy of SL2(C) is called the Deligne-SL2(C), denoted by SLD2 (C). The second copy of
SL2(C) is called the Arthur-SL2(C), denoted by SLA2 (C). Let OD

ψ and OA
ψ be the corresponding
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nilpotent orbits via restricting ψ to the first and the second copy of SL2(C), respectively (more
precisely, see Definition 2.7). We let Ψ(Gn) denote the set of local Arthur parameters of Gn.
Assuming the Ramanujan conjecture, Arthur ([Art13]) showed that these local Arthur packets
characterize the local components of square-integrable automorphic representations. Given a
local Arthur parameter ψ as in (1.1), the local Arthur packet is denoted by Πψ. An irreducible
admissible representation π of Gn is called of Arthur type if it lies in a local Arthur packet. As
an application, Arthur proved the local Langlands correspondence for Gn.

Given a local Arthur parameter ψ as in (1.1), in a series of papers ([Mœ06a, Mœ06b, Moe09,
Moe10, Moe11]), Mœglin explicitly constructed each local Arthur packet Πψ and showed that it
is of multiplicity free. Then, Xu ([Xu17]) gave an algorithm to determine whether the representa-
tions in Mœglin’s construction are nonzero, and Atobe ([Ato22a]) gave a refinement on Mœglin’s
construction, using the new derivatives introduced by himself and Mínguez ([AM23]), which
makes it relatively easier to compute the enhanced L-parameters. Unlike local L-packets which
are disjoint, local Arthur packets may have nontrivial intersections. Recently, Atobe ([Ato22b]),
Hazeltine and the authors ([HLL22]) independently studied the intersection problem of local
Arthur packets for symplectic and split odd special orthogonal groups, and gave different algo-
rithms to determine when an irreducible representation is of Arthur type and what are the local
Arthur packets containing it. Note that understanding the intersection of local Arthur packets
is crucial towards the local non-tempered Gan-Gross-Prasad problem (see [GGP20, Conjecture
7.1, Remark 7.3]).

Let G be a connected reductive group defined over F and G = G(F ). Given an irreducible
representation π of G, one important invariant is a set n(π) which is defined to be all the F -
rational nilpotent orbits O in the Lie algebra g(F ) of G such that the coefficient cO(π) in the
Harish-Chandra-Howe local expansion of the character Θ(π) of π is nonzero (see [HC78] and
[MW87]). Let nm(π) be the subset of n(π) consisting of maximal nilpotent orbits, under the
closure ordering of nilpotent orbits. Let n(π) and nm(π) be the sets of corresponding nilpotent
orbits over the algebraic closure F . The set nm(π) is called the geometric wavefront set of π. We
shall freely identify the set of nilpotent orbits of g(C) and that of g(F ).

It is an interesting and long-standing question to study the structures of the sets n(π), nm(π),
n(π) and nm(π). For a long time, it is expected that the geometric wavefront set is a singleton.
However, recently, Tsai ([Tsa22]) constructed examples showing that the geometric wavefront set
may not always be a singleton. Hence, the geometric wavefront set is still very complicated and
hard to compute in general. Recenlty, Okada ([Oka21]) introduced new invariants, the canonical
unramified wavefront sets for representations π of depth-0, denoted by WF(π), which facilitate a
lot of the computation of the geometric wavefront sets for depth-0, especially unipotent represen-
tations of p-adic reductive groups ([CMO21, CMO22, CMO23]). In particular, in [CMO22], using
the canonical unramified wavefront sets WF(π), Ciubotaru, Mason-Brown, and Okada gave a
new characterization of the local Arthur packets corresponding to basic local Arthur parameters,
i.e., those which are trivial on WF ×SLD2 (C), for connected reductive groups, inner to split. More
precisely, they gave the following theorem.

Theorem 1.1 ([CMO22, Theorem 3.0.3]). Let G be a connected reductive group defined and
inner to split over F , and let G = G(F ). Assume that there is a local Arthur packets theory
for G as conjectured in [Art89, Conjecture 6.1] and the residue field of F has sufficiently large
characteristic. Let ψ be a basic local Arthur parameter of G and denote by λ the (real) infinitesimal
parameter associated with ψ. Then the local Arthur packet corresponding to ψ can be characterized
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as

(1.2) Πψ = {π ∈ Π(G)λ | WF(π) ≤ dA(OA
ψ , 1)}.

Here Π(G)λ consists of representations of G with infinitesimal parameter λ, the map dA is the
Achar’s duality map defined in [Ach03, §4], and the nilpotent orbit OA

ψ is defined similarly as
above.

An interesting phenomenon discovered by Ciubotaru, Mason-Brown, and Okada in [CMO22]
is that if replacing the canonical unramified wavefront set WF(π) by the geometric wavefront set
nm(π) and replacing Achar’s duality dA by the Barbasch-Vogan duality dBV , then the right hand
side of (1.2) becomes much larger than Πψ. Here, the Barbasch-Vogan duality dBV is between
the nilpotent orbits of ĝ(C) and g(C) (see [Spa82, BV85, Lus84, Ach03] and §2.2 for details).
Inspired by the case of real reductive groups, they conjectured that it would be a union of local
Arthur packets as follows.

Conjecture 1.2 ([CMO22, Conjecture 3.1.2]). Let G be a connected reductive group and G =
G(F ). Assume that there is a local Arthur packets theory for G as conjectured in [Art89, Con-
jecture 6.1]. Let ψ be a basic local Arthur parameter of G and denote λ the (real) infinitesimal
parameter associated with ψ. Then the weak local Arthur packet defined by

(1.3) ΠWeak
ψ := {π ∈ Π(G)λ | nm(π) ≤ dBV (OA

ψ )}

is a union of local Arthur packets.

In this paper, we prove this conjecture for Sp2n(F ) and split SO2n+1(F ) with the assump-
tion of the residue field characteristic of F being large. We also generalize the definition of
weak local Arthur packets to general representations of Arthur type (that is lying in some local
Arthur packets) and prove the analogous results assuming Jiang’s Conjecture on wavefront sets
of representations in local Arthur packets as follows.

Conjecture 1.3 (Jiang’s Conjecture, [Jia14]). Let G be a connected reductive group and G =
G(F ). Assume that there is a local Arthur packets theory for G as conjectured in [Art89, Conjec-
ture 6.1]. Let ψ be a local Arthur parameter of G, and Πψ be the local Arthur packet associated
with ψ. Then the followings hold.

(i) For any π ∈ Πψ, any nilpotent orbit O in nm(π) has the property that O ≤ dBV (OA
ψ ).

(ii) There exists at least one member π ∈ Πψ having the property that dBV (OA
ψ ) ∈ nm(π).

Jiang’s conjecture describes the connection between the structures of local Arthur parameters
and the geometric wavefront sets of representations in local Arthur packets. It is a natural
generalization of Shahidi’s conjecture which says that tempered L-packets of quasi-split groups
have generic members, and enhanced Shahidi’s conjecture which says that a local Arthur packet
of a quasi-split group has a generic member if and only if it is tempered. There has been many
progresses on Jiang’s conjecture, see [LS23], [HLLS23] for more details. In particular, combining
the results of [CMO21, CMO22, CMO23, HLLZ22, HLLS23], Jiang’s conjecture is true for all
local Arthur parameters of split SO2n+1 and Sp2n which are trivial on WF . More precisely,

Theorem 1.4 ([HLLS23]). Assume that the residue field of F has sufficiently large characteristic.
Conjecture 1.3 holds for any local Arthur parameter ψ of split SO2n+1(F ) and Sp2n(F ) whose
restriction to WF is trivial.
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Let Λ(Gn) be the set of infinitesimal parameters of Gn. For λ ∈ Λ(Gn), we also let Φ(Gn)λ
(resp. Ψ(Gn)λ) be the set of L-parameters (resp. local Arthur parameters) ofGn whose associated
infinitesimal parameter is λ. Now we state our main result.

Theorem 1.5 (Theorem 4.5). Let Gn be the split group SO2n+1(F ), Sp2n(F ) or SO2n(F ). Assume
that the residue field of F has sufficiently large characteristic.

(a) For any basic local Arthur parameter ψ0 of Gn, the weak local Arthur packet ΠWeak
ψ0

is
contained in a union of local Arthur packets

ΠWeak
ψ0

⊆
⋃

ψ∈(dBV )−1
Ψ(Gn)λ

(O′)

Πψ,

where λ = λψ0, O′ = dBV (OA
ψ0
), and

(dBV )
−1
Ψ(Gn)λ

(O′) := {ψ ∈ Ψ(Gn)λ | dBV (OA
ψ ) = O′}.

(b) Moreover, assume Conjecture 1.3(i) holds for any ψ ∈ Ψ(Gn) whose restriction to WF is
trivial. Then we have the other direction of containment

ΠWeak
ψ0

⊇
⋃

ψ∈(dBV )−1
Ψ(Gn)λ

(O′)

Πψ,

which proves Conjecture 1.2. In particular, by Theorem 1.4, Conjecture 1.2 holds for split
SO2n+1(F ) and Sp2n(F ) without the assumption of Conjecture 1.3(i).

We give two remarks. First, Part (a) of above theorem shows that weak local Arthur packets
ΠWeak
ψ0

consist of unitary representations, which proves [CMO22, Conjecture 3.1.3] (see Theorem
4.7). Second, the method naturally extends to inner forms of split special orthogonal groups
once Arthur’s theory on the local Arthur packets being developed. Especially, in the proof, we
need the results that Πϕψ ⊆ Πψ and Πψ̂ = {π̂ | π ∈ Πψ}. Recently, we were informed that Max
Gurevich and Emile Okada has an independent proof of Theorem 1.5 in [GO24].

The following proposition plays a key role in the proof of Theorem 1.5 Part (a). For any
local L-parameter φ, we let Oϕ denote the corresponding nilpotent orbit via restricting φ to the
SL2(C). Fixing λ ∈ Λ(Gn), there exists a unique L-parameter φ0 ∈ Φ(Gn)λ such that Oϕ0 ≥ Oϕ

for any φ ∈ Φ(Gn)λ (see Proposition 2.8). We call φ0 the unique open L-parameter of Φ(Gn)λ.

Proposition 1.6 (Proposition 3.4). Let λ ∈ Λ(Gn). Suppose the unique open L-parameter φ0

of Φ(Gn)λ is tempered and let O′ = dBV (Oϕ0). Then any L-parameter in

(dBV )
−1
Φ(Gn)λ

(O′) := {φ ∈ Φ(Gn)λ | dBV (Oϕ) = O′}

is of Arthur type.

The proof of this proposition is based on the explicit description of d−1
BV (O′) := {O | dBV (O) =

O′} studied in [LLS24] (see Lemma 3.1). It seems that for general groups, Conjecture 1.2 does
not imply Proposition 1.6 in an obvious way. Thus, Proposition 1.6 has its own interests.

If we replace the nm(π) by dBV (Oϕπ̂) in the definition of weak local Arthur packet (1.3),
then we can generalize Theorem 1.5 to anti-tempered local Arthur parameters, which are not
necessarily basic. More precisely, we have the following. Note that in this case we do not need
the characteristic assumption of the residue field of F .
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Theorem 1.7 (Theorem 4.9). Let Gn be the split group SO2n+1(F ), Sp2n(F ) or SO2n(F ). For
any anti-tempered local Arthur parameter ψ0, we denote λ := λψ0 and O′ := dBV (OA

ψ0
). Consider

the set of representations
ΠWeak
ψ0

:= {π ∈ Π(Gn)λ | dBV (Oϕπ̂) ≤ dBV (OA
ψ0
)}.

We have an inclusion
ΠWeak
ψ0

⊆
⋃

ψ∈(dBV )−1
Ψ(Gn)λ

(O′)

Πψ.(1.4)

Moreover, if Oϕπ ≥ Oϕψ for any ψ ∈ Ψ(Gn)λ and π ∈ Πψ, which has already been verified for
the split groups SO2n+1(F ) and Sp2n(F ) in [HLLZ22, Theorem 1.15, Corollary 4.12(2)], then the
inclusion (1.4) is an equality.

Finally, we discuss possible generalizations of the weak local Arthur packets beyond the basic
local Arthur parameters, which would facilitate a better understanding of Jiang’s conjecture.
Let G be a connected reductive group and G = G(F ). We assume that there is a local Arthur
packets theory for G as conjectured in [Art89, Conjecture 6.1]. In the following discussion, we
let O′ be any nilpotent orbit of g(F ), λ ∈ Λ(G), and ψ ∈ Ψ(G)λ. A first generalization would be
(1.5) ΠWF

ψ := {π ∈ Π(G)λ | nm(π) ≤ dBV (OA
ψ )},

or, more generally,
(1.6) ΠWF

O′,λ := {π ∈ Π(G)λ | nm(π) ≤ O′}.
However, these sets may not always be unions of local Arthur packets since they may contain
representations not of Arthur type, see Example 5.1. A natural modification of (1.5) or (1.6) is
to add the condition of Arthur type as follows

ΠWF,A
ψ := {π ∈ Π(G)λ of Arthur type | nm(π) ≤ dBV (OA

ψ )},(1.7)
or, more generally,

ΠWF,A
O′,λ := {π ∈ Π(G)λ of Arthur type | nm(π) ≤ O′},(1.8)

However, these sets still may not always be unions of local Arthur packets, see Example 5.2.
Now we give the another generalization. Define
ΠWeak

O′,λ := {π ∈ Π(G)λ of Arthur type | There exists a ψ ∈ Ψ(π) such that dBV (OA
ψ ) ≤ O′.},

where Ψ(π) := {ψ ∈ Ψ(G) | π ∈ Πψ}. Then, we have the following proposition.

Proposition 1.8 (Proposition 5.3). Let G be a connected reductive group and G = G(F ).
Assume that there is a local Arthur packets theory for G as conjectured in [Art89, Conjecture
6.1]. Assume Conjecture 1.3 holds for G. For any nilpotent orbit O′ of g(F ) and any infinitesimal
parameter λ of G, we have

ΠWeak
O′,λ =

⋃
ψ∈Ψ(G)λ, Πψ⊆ΠWF,A

O′,λ

Πψ ⊆ ΠWF,A
O′,λ ,

where the containment can be strict.
The set ΠWeak

O′,λ can be regarded as a natural generalization of ΠWeak
ψ0

and Proposition 1.8 im-
plies its close relation with Conjecture 1.3. Indeed, assuming Conjecture 1.3, one can see from
Proposition 1.8 that ΠWeak

O′,λ is the maximal subset of Π(G)λ with the following properties.
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• ΠWeak
O′,λ ⊆ {π ∈ Π(G)λ | nm(π) ≤ O′}.

• ΠWeak
O′,λ is a union of local Arthur packets.

Hence, if Conjecture 1.2 holds for a basic local Arthur parameter ψ0 of G, then

ΠWeak
ψ0

= ΠWeak
O′,λ ,

where O′ = dBV (OA
ψ0
) and λ = λψ0 .

Following is the structure of the paper. In §2, we introduce necessary preliminaries. In §3, we
recall certain results from [LLS24] on the fibers of the Barbasch-Vogan duality and prove the key
Proposition 1.6. In §4, we prove our main result Theorem 1.5 on the weak local Arthur packets
Conjecture 1.2 and its variant Theorem 1.7. In §5, we generalize the definition of weak local
Arthur packets and prove Proposition 1.8.

2. Preliminaries

In this section, we recall the preliminaries and notations that will be used in this paper.
We let F be a non-Archimedean field of characteristic zero whose residue field has cardinality

q = qF . Let WF denote the Weil group of F and let IF be its inertia subgroup. The group Gn will
be one of the groups Sp2n, SO2n+1, SO2n defined and split over F unless specified otherwise. We
let Gn = Gn(F ) and let gn denote their Lie algebras. Thus, gn = sp2n, so2n+1, so2n respectively.

2.1. Partitions and nilpotent orbits. In this subsection, we recall the basic notation for
partitions and the correspondence between nilpotent orbits of gn(C) and partitions.

First, we denote the set of partitions of n by P(n). We express a partition p ∈ P(n) in one of
the following forms.

(i) p = [p1, . . . , pN ], such that pi’s are non-increasing and
∑N

i=1 pi = n. We denote the the
length of p by l(p) = |{1 ≤ i ≤ N | pi > 0}|.

(ii) p = [pr11 , . . . , p
rN
N ], such that pi’s are decreasing and

∑N
i=1 ripi = n. We assume ri > 0

unless specified.
Also, we denote |p| = n if p ∈ P(n). We let ≥ denote the dominance order on P(n). That is, if
p = [p1, . . . , pr], q = [q1, . . . , qs] ∈ P(n), then p ≥ q if

∑k
i=1 pi ≥

∑k
i=1 qi for any 1 ≤ k ≤ r.

Next, we recall the definitions for partitions of type B, C and D.

Definition 2.1. For ε ∈ {±1}, we define

Pϵ(n) = {[pr11 , . . . , p
rN
N ] ∈ P(n) | ri is even for all pi with (−1)pi = ε}.

Then we say
(1) p ∈ P(n) is of type B if n is odd and p ∈ P1(n).
(2) p ∈ P(n) is of type C if n is even and p ∈ P−1(n).
(3) p ∈ P(n) is of type D if n is even and p ∈ P1(n).

We denote PX(n) the set of partitions of n of type X.

Denote the set of nilpotent orbits of so2n+1(C), sp2n(C) and so2n(C) by NB(2n + 1), NC(2n)
and ND(2n) respectively. Also, we denote

NB =
⋃
n≥0

NB(2n+ 1), NC =
⋃
n≥0

NC(2n), ND =
⋃
n≥0

ND(2n).
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For (X,N) ∈ {(B, 2n+ 1), (C, 2n), (D, 2n)}, there is a surjection
NX(N) −→ PX(N)

O 7−→ pO.

The fiber of p = [pm1
1 , . . . , pmrr ] ∈ PX(N) under this map is a singleton, which we denote by

{Op}, except when X = D and p is “very even”, i.e., the integers pi’s are all even. When p is
very even, the fiber consists of two nilpotent orbits, which we denote by OI

p and OII
p .

The surjection O 7→ pO carries the closure ordering on NX(N) to the dominance ordering on
PX(N) in the sense that O > O′ if and only if pO > pO′ . Note that when p is very even, OI

p and
OII
p are not comparable.

2.2. Barbasch-Vogan duality. In this subsection, following [Spa82, BV85, Lus84, Ach03], we
introduce several operations on the set of partitions, and then use them to describe the definition
of the Barbasch-Vogan duality on the level of partitions and nilpotent orbits.

First, we need the following operations to construct or decompose partitions.

Definition 2.2. Suppose p ∈ P(n1) and q ∈ P(n2).
(i) Write p = [pr11 , . . . , p

rN
N ] and q = [ps11 , . . . , p

sN
N ], where we allow ri = 0 or si = 0. Then we

define
p t q = [pr1+s11 , . . . , prN+sN

N ].

(ii) Write p = [p1, . . . , pN ], we define

p+ = [p1 + 1, p2, . . . , pN ] ∈ P(n1 + 1),

p− = [p1, . . . , pN−1, pN − 1] ∈ P(n1 − 1).

(iii) Write p = [p1, . . . , pN ] ∈ P(n). We define p∗ = [p∗1, . . . , p
∗
N ′ ] ∈ P(n), the transpose (or

conjugation) of p, by
p∗i = |{j | pj ≥ i}|.

Next, we recall the definition of collapse. Let n be a positive integer and let X = B if n is
odd and X ∈ {C,D} if n is even. For any p ∈ P(n), there exists a unique maximal partition
p
X
∈ P(n) of type X such that p

X
≤ p. We call p

X
the X-collapse of p.

Now we recall the definition of Barbasch-Vogan duality for partitions of type X. Following the
notation in [Ach03], we shall omit the parentheses between the superscript and subscript. For
example, we shall write p

D
+
B
−∗ instead of ((((p

D
)+)B)

−)∗.

Definition 2.3. (i) For p ∈ P(2n + 1) of type B, we define dBV (p) := p−
C
∗, which is in

P(2n) of type C.
(ii) For p ∈ P(2n) of type C, we define dBV (p) := p+

B
∗, which is in P(2n+ 1) of type B.

(iii) For p ∈ P(2n) of type D, we define dBV (p) := p∗
D

, which is in P(2n) of type D.

Finally, we recall the definition of the Barbasch-Vogan duality on nilpotent orbits. If p ∈
PD(2n) is very even, then we define (see [CM93, Corollary 6.3.5])

dBV (OI
p) :=

{
OI
dBV (p) if n is even,

OII
dBV (p) if n is odd,

dBV (OII
p ) :=

{
OII
dBV (p) if n is even,

OI
dBV (p) if n is odd.

(2.1)
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Otherwise, we define dBV (Op) := OdBV (p). See [CM93, Corollary 6.3.5]. We say a nilpotent orbit
or a partition is special if it is in the image of the Barbasch-Vogan duality map.

We remark that the formula

dBV (OI
p) =

{
OI
p if n is even,

OII
p if n is odd.

in the paragraph below [HLLS23, Definition 2.5] should be replaced by (2.1).

2.3. Definition of parameters. In this subsection, we recall the definition of L-parameters,
local Arthur parameters and infinitesimal parameters of Gn and related notations. We allow Gn

to be GLn(F ) in this subsection. Since Gn is split over F , we replace LGn by Ĝn(C) to simplify
the notation.

Definition 2.4. An L-parameter [φ] of Gn is a Ĝn(C)-conjugacy class of an admissible homo-
morphism

φ : WF × SL2(C) → Ĝn(C).
That is, φ is continuous, and

(1) the restriction of φ to WF consists of semi-simple elements;
(2) the restriction of φ to SL2(C) is a morphism of complex algebraic groups;

By abuse of notation, we do not distinguish [φ] and φ.
An enhanced L-parameter of Gn is a pair (φ, χ), where φ is an L-parameter and χ is an

irreducible representation of the component group Sϕ := π0(Cent(im(φ), Ĝn)/Z(Ĝn)
Γ).

We let Φ(Gn) denote the set of L-parameters of Gn and let Φe(Gn) denote the set of enhanced
L-parameter of Gn.

Definition 2.5. A local Arthur parameter [ψ] of Gn is a Ĝ(C)-conjugacy class of a homomor-
phism

ψ : WF × SLD2 (C)× SLA2 (C) → Ĝn(C),
such that

(1) ψ|WF×SL2(C)D is an L-parameter;
(2) the restriction of ψ to SLA2 (C) is a morphism of complex algebraic groups;
(3) ψ|WF

has bounded image.
By abuse of notation, we do not distinguish [ψ] and ψ. We let Ψ(Gn) denote the set of local
Arthur parameters of Gn.

For each ψ ∈ Ψ(Gn), we may define another local Arthur parameter ψ̂ by swapping SLD2 (C)
and SLA2 (C). Namely, the morphism ψ̂ is given by

ψ̂(w, x, y) := ψ(w, y, x).(2.2)
Also, we may associate an L-parameter φψ to ψ by

φψ(w, x) := ψ(w, x, dw),

where dw = diag(|w|1/2, |w|−1/2) ∈ SL2(C). It is proved in [Art13] that the map ψ 7→ φψ is an
injection. We say an L-parameter φ ∈ Φ(Gn) is of Arthur type if φ = φψ for some ψ ∈ Ψ(Gn).

In [Art13], for each local Arthur parameter ψ of Gn, he constructed a finite (multi-)set Πψ

of Π(Gn), called the local Arthur packet of ψ. Based on the parametrization of tempered local
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Arthur packets and tempered spectrum, this induces the local Langlands Correspondence (fixing
a Whittaker datum)

Π(Gn) → Φe(Gn),

π 7→ (φπ, χπ).

We call φπ the L-parameter of π and call the set Πϕ := {π | φπ = φ} the L-packet of φ. Arthur
also showed that the local Arthur packet Πψ must contain the associated L-packet Πϕψ .

Similar to the assignment ψ 7→ φψ, for each L-parameter φ, we may associate a morphism λϕ
from WF to Ĝn(C) by

λϕ(w) := φ(w, dw).

For ψ ∈ Ψ(Gn), we shall denote λψ := λϕψ for short. This gives an infinitesimal parameter of Gn

in the following sense.

Definition 2.6. An infinitesimal parameter [λ] of Gn is a Ĝn(C)-conjugacy class of a continuous
homomorphism

λ : WF → Ĝn(C),
whose image consists of semi-simple elements. By abuse of notation, we don’t distinguish [λ] and
λ. We let Λ(Gn) denote the set of infinitesimal parameters of Gn.

It is shown in [Mœ06b, Moe09] that for any π ∈ Πψ, we have λϕπ = λψ. For each L-parameter
φ and each local Arthur parameter ψ of Gn, we associate nilpotent orbits Oϕ, OD

ψ and OA
ψ and

partitions p(φ), pD(ψ) and pA(ψ) as follows.

Definition 2.7. For φ ∈ Φ(Gn) and ψ ∈ Ψ(Gn), we define Oϕ (resp. OD
ψ , OA

ψ ) to be the nilpotent
orbit of ĝn(C) containing the element

d(φ|SL2)

((
0 1
0 0

)) (
resp. d(ψ|SLD2 )

((
0 1
0 0

))
, d(ψ|SLA2 )

((
0 1
0 0

)))
,

and define the partition p(φ) := pOϕ
(resp. pD(ψ) := pODψ

, pA(ψ) := pODψ
). Note that OA

ψ̂
=

OD
ψ = Oϕψ and pA(ψ̂) = pD(ψ) = p(φψ). Here d is the differential map.
Fix a λ ∈ Λ(Gn). There is a natural partial ordering ≥C on the set Φ(Gn)λ, which is induced

from the closure ordering on the associated Vogan variety. See [HLLZ22, Definition 1.10] for
details. In [HLLZ22, Corollary 4.12 (2)], jointly with Hazeltine and Zhang, we show that φ1 ≥C φ2

implies that p(φ1) ≥ p(φ2) when Gn = SO2n+1(F ) or Sp2n(F ). Indeed, the same proof for
SO2n(F ) shows that φ1 >C φ2 implies that p(φ1) > p(φ2). We recall the following.
Proposition 2.8. Let λ ∈ Λ(Gn). The following holds.

(a) There exist unique φ0, φ0 ∈ Φ(Gn)λ such that for any φ ∈ Φ(Gn)λ, the inequality holds
p(φ0) ≥ p(φ) ≥ p(φ0).

We call φ0 (resp. φ0) the open (resp. closed) L-parameter of Φ(Gn)λ .
(b) Φ(Gn)λ contains an L-parameter of Arthur type if and only if φ0 is tempered. Let ψ0 =

φ0 ⊗ S1 so that φ0 = φψ0. Then φ0 is also of Arthur type with φ0 = φψ̂0.

Proof. These statements follow from [HLLZ22, Lemma 6.2, 6.4]. □
We remark that the nilpotent orbits version of Part (a) of above proposition also holds since

pO > pO′ if and only if O > O′. We also need the following adjectives on parameters.
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Definition 2.9. Let φ ∈ Φ(Gn), ψ ∈ Ψ(Gn) and λ ∈ Λ(Gn).
(1) We say φ is tempered if φ|WF

has bounded image. We say ψ is tempered if φψ is tempered,
or equivalently, ψ|SLA2 (C) is trivial.

(2) We say φ (resp. ψ, λ) is unramified if φ|IF (resp. ψ|IF , λ|IF ) is trivial.
(3) We say an unramified infinitesimal parameter λ is real if the eigenvalues of λ(Fr) are all

real and positive, where Fr is any choice of Frobenius in WF .

Note that any tempered L-parameter φ is of Arthur type since φ = φψ where ψ = φ⊗ S1, i.e.,
ψ(w, x, y) := φ(w, x).

Finally, we recall the definition of Deligne-Langlands-Lusztig parameters. Let G be a connected
reductive group defined over F and G = G(F ). We assume G is inner to split for simplicity.
Recall that q is the cardinality of the residue field of F .

Definition 2.10. A Deligne-Langlands-Lusztig parameter of the group G is a Ĝ(C)-orbit of a
triple (s, x, ρ), where

• s ∈ Ĝ(C) is semisimple;
• x ∈ ĝ(C) such that Ad(s)x = qx;
• ρ is an irreducible representation of the component group of Cent({s, x}, Ĝ(C)) that is

trivial on the image of Z(Ĝ(C)).
We denote ΦLus(G) the set of Deligne-Langlands-Lusztig parameter of G.

Let ΠLus(G) ⊆ Π(G) denote the subset of representations of unipotent cuspidal support defined
in [Lus95]. The following theorem is proved by [KL87, Lus95, Lus02]. We refer the reader to
[CMO23, Theorem 4.1.1] for details.

Theorem 2.11 (Deligne-Langlands-Lusztig Correspondence). There is a bijection
ΦLus(G) −→ ΠLus(G)

(s, x, ρ) 7−→ X(s, x, ρ),

satisfying several desiderata (see [CMO23, Theorem 4.1.1] for details).

For the groups Gn considered in this paper, the local Langlands correspondence given by
Arthur’s theory is compatible with the above correspondence (see [AMS21, §2.3] and [AMS22,
§4]). In particular, a representation π ∈ Π(Gn) is of unipotent cuspidal support if and only if its
local L-parameter φπ is unramified. In this case, let

s = φπ

(
Fr,

(
q1/2 0
0 q−1/2

))
, x = d(φπ|SL2)

((
0 1
0 0

))
,

where Fr is any choice of Frobenius in WF . Then π = X(s, x, ρ) for some ρ.

Remark 2.12. Let G be a connected reductive group defined over F , inner to split. For any
unramified L-parameter φπ of G = G(F ), the elements s, x can be defined in the same way, and
there is an equality

Cent({s, x}, Ĝ(C)) = Cent(im(φ), Ĝ(C)).
Thus, if (φ, χ) is the enhanced L-parameter of π, then χ can also be viewed as an irreducible
representation of the component group of Cent({s, x}, Ĝ(C)) that is trivial on the image of
Z(Ĝ(C)). In this case, for Gn, the results in [AMS21, AMS22] also show that ρ = χ under the
comparison.
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2.4. Aubert-Zelevinsky involution. Let G be any connected reductive algebraic group de-
fined over F , G = G(F ), and let R(G) be the Grothendieck group of smooth representations
of finite length of G. If π is a smooth representation of finite length of G, we let [π] denote its
image in R(G). If P is a parabolic subgroup of G, we let IndGP denote the normalized parabolic
induction and let JacP denote the Jacquet module.

In [Aub95], Aubert showed that for any representation π of Π(G), there exists ε ∈ {±1} and
an irreducible representation π̂ ∈ Π(G) such that

[π̂] := ε
∑
P

(−1)dim(AP )[IndGP (JacP (π))].

Here the sum is taken over all standard parabolic subgroups P of G and AP is the maximal split
torus of the center of the Levi subgroup of P. Moreover, the map π 7→ π̂ is an involution on
Π(G). We call π̂ the Aubert-Zelevinsky involution of π.

It is expected that local Arthur packets are compatible with Aubert-Zelevinsky involution in
the sense that for any ψ ∈ Ψ(G),

Πψ̂ = {π̂ | π ∈ Πψ}.

(Recall that ψ̂ is defined by (2.2).) When G = Gn, this is discussed and proved in [Art13, §7.1]
and [Xu17, §A].

3. Fibers of the Barbasch-Vogan duality

In this section, we first recall certain results from [LLS24] on the fibers of the Barbasch-Vogan
duality. Then we prove a key result (Proposition 3.4 below) showing that certain L-parameters
are of Arthur type, which plays an important role in the proof of the weak local Arthur packets
conjecture next section.

3.1. Partitions and nilpotent orbits. Let (X,X ′) ∈ {(B,C), (C,B), (D,D)}. In this subsec-
tion, we describe the structure of the sets of partitions

d−1
BV (p) := {p ∈ PX | dBV (p) = p},

for a special partition p ∈ PX′ . In [LLS24], jointly with Shahidi, we gave an explicit description
of d−1

BV (p) and related it with d−1
BV (O′) (see Proposition 3.3 below), which we recall now.

Recall that when we write a partition p as [p1, . . . , pr], we require pi’s to be non-increasing.
Set pt = 0 for any t > r throughout this section. Given a partition p ∈ PX , the following lemma
describes a necessary condition on q such that p ≥ q and dBV (p) = dBV (q).

Lemma 3.1 ([LLS24, Lemma 3.5, Corollary 3.9]). Let X ∈ {B,C,D}. Suppose p = [p1, . . . , pr], q =
[q1, . . . , qs] ∈ PX(n) satisfy that p ≥ q and dBV (p) = dBV (q). Then there exists a sequence of
pairs of positive integers {(xi, yi)}αi=1 where

(a) 1 ≤ xi < yi ≤ r + 1;
(b) pxi = pxi+1 + 1 = · · · = pyi−1 + 1 = pyi + 2, where we set pr+1 = 0;
(c) the sequence (px1 , . . . , pxα) is strictly decreasing;

such that q can be obtained from p by replacing {pxi , pyi}αi=1 in p with {pxi − 1, pyi + 1}αi=1. In
particular, for any 1 ≤ t ≤ r, we have

0 ≤
t∑

z=1

pz −
t∑
i=1

qz ≤ 1.(3.1)
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We need the following refinement.

Corollary 3.2. Let X ∈ {B,C,D}. Suppose p = [p1, . . . , pr], q = [q1, . . . , qs] ∈ PX(n) satisfy
that p ≥ q and dBV (p) = dBV (q). Suppose further that p =

⊔
j∈J pj and q =

⊔
j∈J qj such that

|pj| = |qj| and pj ≥ qj for all j ∈ J . Write pj = [pj,1, . . . , pj,rj ] and qj = [qj,1, . . . , qj,sj ]. Then for
each j ∈ J , there exists a sequence of pairs of positive integers {(x(j,k), y(j,k))}

αj
k=1 where

(a) 1 ≤ x(j,k) < y(j,k) ≤ rj + 1;
(b) pj,x(j,k) = pj,x(j,k)+1 + 1 = · · · = pj,y(j,k)−1 + 1 = pj,y(j,k) + 2, where we set pj,rj+1 = 0;
(c) the sequence (pj,x(j,1) , . . . , pj,x(j,αj)) is strictly decreasing;

such that qj can be obtained from pj by replacing {pj,x(j,k) , pj,y(j,k)}
αj
k=1 in pj with {pj,x(j,k) −

1, pj,y(j,k) + 1}αjk=1. In particular, for any 1 ≤ t ≤ rj, we have

0 ≤
t∑

z=1

pj,z −
t∑

z=1

qj,z ≤ 1.(3.2)

Proof. The idea of the proof is similar to [CMO23, Lemma 5.1.1]. We shall use the following two
statements whose proof can be found there.

(i) If p1 ≥ q1 and p2 ≥ q2, then p1 t p2 ≥ q1 t q2.
(ii) If (τ1, . . . , τγ) is a sequence of non-increasing integers, and σ is any permutation of

{1, . . . , γ}, then for any 1 ≤ t ≤ γ,
t∑
i=1

τi ≥
t∑
i=1

τσ(i).

It suffices to prove Parts (a), (b) and (c) for a fixed j ∈ J . By considering the decomposition

p = pj t

 ⊔
j′∈J\{j}

pj′

 , q = qj t

 ⊔
j′∈J\{j}

qj′

 ,

we may assume |J | = 2 and label J = {1, 2} with j = 1. First, we prove the inequality (3.2).
Recall that q = q1 t q2 and hence s = s1 + s2. Let f : {1, . . . , s1 + s2} → {1, 2} be a function

such that qj =
⊔

1≤i≤s,f(i)=j[qi] for j = 1, 2. Equivalently, the function f satisfies that

qi =

{
q1,|{k≤i | f(k)=1}| if f(i) = 1,

q2,|{k≤i | f(k)=2}| if f(i) = 2.

Assume r1 = s1 by adding zero to p1 if necessary, we consider a sequence of integers λ =
(λ1, . . . , λs1+s2) given by

λi :=

{
p1,|{k≤i | f(k)=1}| if f(i) = 1,

q2,|{k≤i | f(k)=2}| if f(i) = 2.

Then there exists a permutation σ of {1, . . . , r1+s2} such that p1tq2 = [λσ(1), . . . , λσ(r1+s2)]. Note
that we require the sequence (λσ(1), . . . , λσ(r1+s2)) to be non-increasing. Then for any 1 ≤ t ≤ r,
we have

t∑
z=1

pz ≥
t∑

z=1

λσ(z) ≥
t∑

z=1

λz ≥
t∑

z=1

qz.
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Here the first inequality follows from p = p1 t p2 ≥ p1 t q2 by (i), the second inequality follows
from (ii), and the last inequality follows from p1 ≥ q1. As a consequence, for any 1 ≤ t ≤ r, the
inequality (3.1) in Lemma 3.1 gives

1 ≥
t∑

z=1

pz −
t∑

z=1

qz ≥
t∑

z=1

λz −
t∑

z=1

qz ≥
t∑

z=1

qz −
t∑

z=1

qz = 0.

Since
t∑

z=1

λz −
t∑

z=1

qz =

|{k≤t | f(k)=1}|∑
z=1

p1,z −
|{k≤t | f(k)=1}|∑

z=1

q1,z,

this proves (3.2) for the fixed j ∈ J by varying t.
As a consequence of (3.2), for j ∈ {1, 2}, there exists a sequence of pairs of positive integers

{(x(j,k), y(j,k))}
αj
k=1 that satisfies Conditions (a) and (c) such that qj can be obtained from pj by

replacing {pj,x(j,k) , pj,y(j,k)}
αj
k=1 in pj with {pj,x(j,k) − 1, pj,y(j,k) + 1}αjk=1. Also, since

{p1,x(1,k)}
α1
k=1 t {p2,x(2,k)}

α2
k=1 = {pxi}αi=1, {p1,y(1,k)}

α1
k=1 t {p2,y(2,k)}

α2
k=1 = {pyi}αi=1,

where {(xi, yi)}αi=1 is given by Lemma 3.1, Condition (b) also holds for {(x(j,k), y(j,k))}
αj
k=1. This

completes the proof of the corollary. □
Finally, for (X,X ′) ∈ {(B,C), (C,B), (D,D)} and a special O′ ∈ NX′ , d−1

BV (O′) can be related
with d−1

BV (pO′) in the following proposition.

Proposition 3.3 ([LLS24, Proposition 2.10]). Let (X,X ′) ∈ {(B,C), (C,B), (D,D)}. For each
special O′ ∈ NX′, we have the following.

(a) If p := pO′ is not very even of type D, then any p ∈ d−1
BV (p) is not very even, and

d−1
BV (O

′) = {Op | p ∈ d−1
BV (p)}.

(b) If p := pO′ is very even of type D, then

d−1
BV (O

′) = {dBV (O′)},
which is a singleton.

3.2. L-parameters. In this subsection, we prove the following proposition showing that certain
L-parameters are of Arthur type.
Proposition 3.4. Let Gn be the split group SO2n+1(F ), Sp2n(F ) or SO2n(F ) and λ ∈ Λ(Gn).
Suppose the unique open L-parameter φ0 of Φ(Gn)λ is tempered and denote O′ := dBV (Oϕ0).
Then any L-parameter φ in

(dBV )
−1
Φ(Gn)λ

(O′) := {φ ∈ Φ(Gn)λ | dBV (Oϕ) = O′}
is of Arthur type.

When Gn = SO2n+1(F ) or Sp2n(F ), the map from the nilpotent orbits of ĝn(C) to partitions
of the corresponding type is a bijection. Therefore, we have

(dBV )
−1
Φ(Gn)λ

(O′) = (dBV )
−1
Φ(Gn)λ

(pO′) := {φ ∈ Φ(Gn)λ | dBV (p(φ)) = pO′}.
However, the above equality fails for SO2n(F ) when p = pO′ is very even. In this case, we have

(dBV )
−1
Φ(Gn)λ

(p) = (dBV )
−1
Φ(Gn)λ

(OI
p) t (dBV )

−1
Φ(Gn)λ

(OII
p ).
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In any case, Proposition 3.4 follows from its partition version.

Proposition 3.5. Let Gn be the split group SO2n+1(F ), Sp2n(F ) or SO2n(F ) and λ ∈ Λ(Gn).
Suppose the unique open L-parameter φ0 of Φ(Gn)λ is tempered and denote p := dBV (p(φ

0)).
Then any L-parameter φ ∈ (dBV )

−1
Φ(Gn)λ

(p) is of Arthur type.

Now we give a more explicit description for the partitions p(φ), pD(ψ) and pA(ψ). Let ξ :

Ĝn(C) ↪→ GLN(C) be a standard embedding. The map
Φ(Gn) → Φ(GLN(F )),

φ 7→ ξ ◦ φ
is an injection unless Gn = SO2n(F ). For φ ∈ Φ(SO2n(F )), the set

{φ′ ∈ Φ(SO2n(F )) | ξ ◦ φ = ξ ◦ φ′}
is either a singleton or equal to {φ, φc} (see [GGP12, Theorem 8.1(ii)]). The L-parameter φc is
called the outer conjugation of φ, which can be obtained from φ by conjugating with an element in
O2n(C) \ SO2n(C). The above discussion works for ψ ∈ Ψ(Gn) without change. In the following,
we don’t distinguish φ (resp. ψ) and φc (resp. ψc), since they give the same partition.

By identifying φ (resp. ψ) with ξ ◦ φ (resp. ξ ◦ ψ) we may decompose it into a direct sum of
irreducible representations of WF × SL2(C) (resp. WF × SL2(C)× SL2(C)) and write

φ =
⊕
i∈I

ρi ⊗ Sai , ψ =
⊕
j∈J

ρj ⊗ Saj ⊗ Sbj ,(3.3)

where ρi’s and ρj’s are irreducible representations of WF and Sa is the unique a-dimensional
irreducible representation of SL2(C). With this decomposition, we have

p(φ) =
⊔
i∈I

[a
dim(ρi)
i ], pD(ψ) =

⊔
j∈J

[a
dim(ρj)·bj
j ], pA(ψ) =

⊔
j∈J

[b
dim(ρj)·aj
j ].

Also, with the decomposition (3.3), we have (again composing with ξ : Ĝn(C) ↪→ GLN(C))

λϕ =
⊕
i∈I

(
ai−1⊕
k=0

ρi| · |
ai−1

2
−k

)
, φψ =

⊕
j∈J

bj−1⊕
k=0

ρj| · |
bj−1

2
−k

⊗ Saj .

In particular, if φ is tempered and ρ| · |x ⊆ λϕ where ρ is irreducible with bounded image and
x ∈ R, then x ∈ 1

2
Z.

In the following discussion, we shall treat φ (resp. ψ) as a self-dual L-parameter (resp. local
Arthur parameter) of some GLN(F ). We write φ ⊃ φ′ if φ′ is equivalent to a subrepresentation
of φ. In this case, we let φ − φ′ denote the subrepresentation of φ such that φ = φ′ + (φ − φ′).
We use the same notation λ ⊇ λ′, λ− λ′ for infinitesimal parameters.

The following lemma is the key observation towards Proposition 3.5.

Lemma 3.6. Let φ0 be a tempered self-dual L-parameter of GLN(F ) and denote λ = λϕ0. Suppose
φ ∈ Φ(GLN(F ))λ is self-dual, and φ0, φ have decompositions

φ0 = φ0
1 + φ0

2, φ = φ1 + (ρ| · |z ⊗ Sa) + φ2,

where
(i) z ∈ R and ρ is irreducible with bounded image,
(ii) λϕ01 = λϕ1 is self-dual.
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Then the followings hold.
(a) Suppose further that any irreducible summand of φ0

2 has dimension less than or equal to
dim(ρ| · |z ⊗ Sa) = dim(ρ) · a.

Then z = 0, and φ0
2 ⊇ ρ⊗ Sa.

(b) Suppose further that z 6= 0 and any irreducible summand of φ0
2 has dimension less than

or equal to
dim(ρ⊗ Sa+1) = dim(ρ) · (a+ 1).

Then |z| = 1/2, and φ0
2 ⊇ ρ⊗ Sa+1.

Proof. Since λϕ0 = λ = λϕ and λϕ01 = λϕ1 by Condition (ii), we see that

λϕ02 = λρ|·|z⊗Sa+ϕ2 ⊇ λρ|·|z⊗Sa =
a−1⊕
i=0

ρ| · |z+
a−1
2

−i.

This implies z ∈ 1
2
Z. Since φ is self-dual, replacing ρ by ρ∨, the dual of ρ, if necessary, we may

assume z ≥ 0. Then λϕ02 ⊇ ρ| · |z+a−1
2 implies that φ0

2 must contain an irreducible summand of
the form ρ⊗ Sb with b ≥ 2(z + a−1

2
) + 1 (and b ≡ 2z + a mod 2).

For Part (a), the assumption gives

a ≤ 2

(
z +

a− 1

2

)
+ 1 ≤ b ≤ a,

which implies z = 0 and b = a. For Part (b), the assumption implies z ≥ 1/2 and

a+ 1 ≤ 2

(
z +

a− 1

2

)
+ 1 ≤ b ≤ a+ 1.

Thus, b = a+ 1 and z = 1/2. This completes the proof of the lemma. □
As a corollary, we prove a special case of Proposition 3.5 using Lemma 3.1.

Corollary 3.7. Let φ0 be a tempered self-dual L-parameter of GLN(F ) of the form

φ0 = ρ⊗

(
r⊕
j=1

Spj

)
,

where ρ is one-dimensional, self-dual and the sequence (p1, . . . , pr) is non-increasing. Denote
λ = λϕ0. Suppose φ ∈ Φ(GLN(F ))λ is self-dual and q := p(φ) can be obtained from p =

p(φ0) = [p1, . . . , pr] by replacing {pxi , pyi}αi=1 in p with {pxi − 1, pyi + 1}αi=1, where the sequence
{(xi, yi)}αi=1 satisfies Conditions (a), (b) and (c) in Lemma 3.1 for p. Then φ is of Arthur type.
More explicitly, let J := {1, . . . , r} \ ({x1, . . . , xα} t {y1, . . . , yα}), then φ = φψ, where

ψ =
⊕
j∈J

ρ⊗ Spj ⊗ S1 +
α⊕
i=1

ρ⊗ Spxi−1 ⊗ S2.

Proof. We apply induction on α = α(φ, φ0). When α = 0, we have φ = φ0 and the conclusion
trivially holds. Now we assume α(φ, φ0) = k > 0 and the conclusion is verified for any φ′ with
α(φ′, φ0) < k.

Since φ0 contains ρ⊗ (Sp1 + · · ·+ Spi) for 1 ≤ i ≤ x1 − 1, inductively applying Lemma 3.6(a),
we see that φ also contains ρ⊗ (Sp1 + · · ·+ Spx1−1). Denote φ1 = φ0

1 := ρ⊗ (Sp1 + · · ·+ Spx1−1).
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Denote a := px1 − 1 for simplicity and let m be the multiplicity of a in p(φ), which is greater
than or equal to 2 by assumption. Write

φ− φ1 ⊇
m⊕
j=1

ρ| · |zj ⊗ Sa,

φ0 − φ0
1 = ρ⊗ Sa+1 + (ρ⊗ Sa)

⊕(m−2) +
r⊕

i=y1

ρ⊗ Spi .

(The ⊕(m − 2) of (ρ ⊗ Sa)
⊕(m−2) means the multiplicity.) Since the multiplicity of ρ| · | a−1

2 in
λϕ−ϕ1 is the same as that of λϕ0−ϕ1 , which is exactly m− 2, we see that at least 2 of zj’s are not
zero. Now we may write

φ0 = φ0
1 + φ0

2, φ = φ1 + (ρ| · |z ⊗ Sa) + φ2

for some z 6= 0. Applying Lemma 3.6(b), we obtain that |z| = 1/2. Since φ is self-dual, we may
rewrite

φ0 = φ0
1 + ρ⊗ Sa+1 + ρ⊗ Sa−1 + φ̃0

2,

φ = φ1 + ρ| · |
1
2 ⊗ Sa + ρ| · |

−1
2 ⊗ Sa +

(
m−2⊕
j=1

ρ| · |zj ⊗ Sa

)
+ φ̃2.

Applying Lemma 3.6(a) inductively again, we see that {zj}m−2
j=1 are all zero. Finally, let

φ′ := φ1 + ρ⊗ Sa+1 + ρ⊗ Sa−1 + (ρ⊗ Sa)
⊕(m−2) + φ̃2.

It is not hard to see that α(φ′, φ0) = α(φ, φ0) − 1. Then the induction hypothesis for the pair
(φ′, φ0) gives φ′ = φψ′ , where we let J ′ = {1, . . . , r} \ ({x2, . . . , xα} t {y2, . . . , yα}), and

ψ′ =
⊕
j∈J ′

ρ⊗ Spj ⊗ S1 +
α⊕
i=2

ρ⊗ Spxi−1 ⊗ S2.

Comparing φ and φ′, we get the desired conclusion. This completes the proof of the corollary. □
Now we prove Proposition 3.5.

Proof. We may write

φ0 =
⊕
i∈Insd

⊕
j∈Ji

(ρi + ρ∨i )⊗ Saj +
⊕
i∈Isd

⊕
j∈Ji

ρi ⊗ Saj ,

where ρi 6∼= ρ∨i for i ∈ Insd and ρi ∼= ρ∨i for i ∈ Isd, and ρi1 6∼= ρi2 6∼= ρ∨i1 for i1 6= i2 ∈ Insd and
ρi1 6∼= ρi2 for i1 6= i2 ∈ Isd. Let I = Insd t Isd and for i ∈ I, denote

φ0
i :=

{⊕
j∈Ji(ρi + ρ∨i )⊗ Saj if i ∈ Insd,⊕
j∈Ji ρi ⊗ Saj if i ∈ Isd,

which we regard as a self-dual tempered L-parameter of GLni(F ) that factors through Spni(C)
if Gn = SO2n+1(F ), and factors through Oni(C) if Gn = Sp2n(F ) or SO2n(F ).

Suppose φ ∈ (dBV )
−1
Φ(Gn)λ

(p), where p = dBV (p(φ
0)). Then we have a decomposition

φ =
⊕
i∈I

φi,
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where λϕi = λϕ0i . Write

pi := p(φ0
i ) = [pi,1, . . . , pi,ri ], qi = p(φi) = [qi,1, . . . , qi,si ].

For each i ∈ I, we have |pi| = |p
i
| and pi ≥ qi by Proposition 2.8(a) since φ0

i is a tempered
L-parameter of GLni(F ). Therefore, Corollary 3.2 implies that for any i ∈ I and 1 ≤ t ≤ ri,

0 ≤ ε(pi, qi, t) :=
t∑

j=1

pi,j −
t∑

j=1

qi,j ≤ 1.(3.4)

For i ∈ Insd, we may write pi = pi
′t pi′ and qi = qi

′t qi′. Therefore, for 1 ≤ t ≤ ri/2, if we define
ε(pi

′, qi
′, t) similarly, then

ε(pi, qi, 2t) = 2 · ε(pi′, qi′, t),
and hence (3.4) implies ε(pi′, qi′, t) = 0. We conclude that pi′ = qi

′ and hence pi = qi. We take
ψi = φ0

i ⊗ S1 in this case.
For i ∈ Isd such that dim(ρ) > 1, we have

pi = pi
′ t · · · t pi′︸ ︷︷ ︸
dim(ρ) copies

, qi = qi
′ t · · · t qi′︸ ︷︷ ︸
dim(ρ) copies

,

and hence the same argument shows that pi = qi. We take ψi = φ0
i ⊗ S1 in this case.

Finally, for i ∈ Isd such that dim(ρ) = 1, Corollary 3.2 implies that the pair (φ0
i , φi) satisfies

the assumption of Corollary 3.7, and hence there is a ψi such that φi = φψi .
In conclusion, we have constructed ψ =

⊕
i∈I ψi so that φ = φψ. This completes the proof of

the proposition. □
The proof above also gives the following corollary, which will be used in future work.

Corollary 3.8. Suppose λ ∈ Λ(Gn) has a decomposition

λ =
⊕
i∈I

ρi| · |xi ,

where ρi’s are irreducible representations of WF with bounded image, and xi ∈ R. Suppose
further that ρi’s are either non-self-dual or dim(ρi) > 1. Then for any φ, φ′ ∈ Φ(Gn)λ such that
p(φ) ≥ p(φ′), we have dBV (p(φ)) = dBV (p(φ

′)) if and only if φ = φ′.

We end this subsection by demonstrating an example that the set (dBV )
−1
Φ(Gn)λϕ

(dBV (p(φ)))

may contain an L-parameter not of Arthur type when φ is of Arthur type but not tempered.

Example 3.9. Let Gn = SO11(F ). Consider
ψ = 1⊗ S2 ⊗ S3 + 1⊗ S4 ⊗ S1,

φψ = 1⊗ S4 + 1⊗ S2 + | · |1 ⊗ S2 + | · |−1 ⊗ S2.

We have pD(ψ) = p(φψ) = [4, 23], and we set p = dBV ([4, 2
3]) = [5, 3, 13]. Then (dBV )

−1
Φ(Gn)λ

(p) =

{φψ, φ1, φ2}, where
φ1 = 1⊗ S4 + 1⊗ S2 + 1⊗ S2 + | · |3/2 ⊗ S1 + | · |−3/2 ⊗ S1,

φ2 = 1⊗ S4 + | · |1 ⊗ S2 + | · |−1 ⊗ S2 + | · |1/2 ⊗ S1 + | · |−1/2 ⊗ S1,

are both not of Arthur type.
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4. Unipotent representations with real infinitesimal character

In this section, we apply the results in Section 3.2 to prove the conjecture for weak local Arthur
packets of basic local Arthur parameters for Gn = Sp2n(F ) and split SO2n+1(F ). We assume the
residue field of F has sufficiently large characteristic throughout the section.

First, we recall the definition of weak local Arthur packets for basic local Arthur parameters.

Definition 4.1. Let G be a connected reductive group and G = G(F ). Assume that there is a
local Arthur packets theory for G as conjectured in [Art89, Conjecture 6.1]. We say ψ ∈ Ψ(G)
is basic if ψ|WF×SLD2 (C) is trivial. For each basic local Arthur parameter ψ0 of G, we define the
weak local Arthur packet associated with ψ0 by

ΠWeak
ψ0

:= {π ∈ Π(G)λψ0 | nm(π) ≤ dBV (OA
ψ0
)}.(4.1)

Here, we recall that nm(π) is the wavefront set of π consists of nilpotent orbits over F .

We say an unramified infinitesimal parameter λ is real if after composing with an embedding
LG → LGLN , it decomposes as

λ =
⊕
i∈I

| · |xi ,

where xi are all real numbers. For ψ ∈ Ψ(Gn), it is not hard to see that λψ is unramified (resp.
real) if and only if ψ|IF (resp. ψ|WF

) is trivial. In particular, if ψ is basic, then λψ is real. Now
we recall the following result from [CMO23].

Theorem 4.2 ([CMO23, Theorem 1.4.1]). Let G be a connected reductive algebraic group defined
over F , inner to split. Assume that the residue field of F has sufficiently large characteristic.
Suppose π is a unipotent representation of G(F ) with real infinitesimal parameter. Then the
geometric wavefront set of π is a singleton, and

nm(π) = {dBV (Oϕπ̂)},(4.2)
where Oϕπ̂ is a nilpotent orbit of ĝ(C) associated to the L-parameter φπ̂ (see Definition 2.7).

Remark 4.3. By [CMO23, Corollary 6.0.5], we may replace the ≤ in (4.1) by =. Moreover,
applying Theorem 4.2, we have

ΠWeak
ψ0

= {π ∈ Π(Gn)λ | nm(π) = dBV (OA
ψ0
)}

= {π ∈ Π(Gn)λ | dBV (Oϕπ̂) = dBV (Oϕ0)}
= {π ∈ Π(Gn)λ | φπ̂ ∈ (dBV )

−1
Φ(Gn)λ

(dBV (Oϕ0))},

where φ0 = φψ̂0
, the unique tempered L-parameter of Φ(G)λψ0 .

Let us recall the statement of the Conjecture for weak local Arthur packets.

Conjecture 4.4 ([CMO22, Conjecture 3.1.2]). Let ψ be a basic local Arthur parameter of G and
denote λ the (real) infinitesimal parameter associated with ψ. Then ΠWeak

ψ is a union of local
Arthur packets.

With the results in Section 3.2, we prove Conjecture 4.4 for the split groups Gn = SO2n+1(F ),
Sp2n(F ) or SO2n(F ) assuming Conjecture 1.3(i) holds for all ψ whose restriction to WF is trivial.

Theorem 4.5. Let Gn be the split group SO2n+1(F ), Sp2n(F ) or SO2n(F ). Assume that the
residue field of F has sufficiently large characteristic.
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(a) For any basic local Arthur parameter ψ0 of Gn, the weak local Arthur packet ΠWeak
ψ0

is
contained in a union of local Arthur packets

ΠWeak
ψ0

⊆
⋃

ψ∈(dBV )−1
Ψ(Gn)λ

(O′)

Πψ,(4.3)

where λ = λψ0, O′ = dBV (OA
ψ0
), and

(dBV )
−1
Ψ(Gn)λ

(O′) := {ψ ∈ Ψ(Gn)λ | dBV (OA
ψ ) = O′}.

(b) Moreover, assume that Conjecture 1.3(i) holds for all ψ ∈ Ψ(Gn) whose restriction to WF

is trivial. Then we have the other direction of containment

ΠWeak
ψ0

⊇
⋃

ψ∈(dBV )−1
Ψ(Gn)λ

(O′)

Πψ,(4.4)

which proves Conjecture 4.4. In particular, by Theorem 1.4, Conjecture 4.4 holds for split
SO2n+1(F ) and Sp2n(F ) without the assumption of Conjecture 1.3(i).

Proof. Note that
O′ = dBV (OA

ψ0
) = dBV (OD

ψ̂0
) = dBV (Oϕ0),

where φ0 = φψ̂0
is the unique tempered L-parameter in Φ(Gn)λ. For Part (a), suppose π ∈ ΠWeak

ψ0
.

Then Theorem 4.2 gives
O′ = nm(π) = dBV (Oϕπ̂).

Namely, φπ̂ ∈ (dBV )
−1
Φ(Gn)λ

(dBV (Oϕ0)). Therefore, Proposition 3.4 implies that the L-parameter
φπ̂ is of Arthur type. Say φπ̂ = φψ̂. Then ψ ∈ (dBV )

−1
Ψ(Gn)λ

(O′). Also, π̂ ∈ Πϕπ̂ = Πϕ
ψ̂
⊆ Πψ̂, and

hence π ∈ Πψ. This verifies (4.3).
For Part (b), suppose π ∈ Πψ where ψ ∈ (dBV )

−1
Ψ(Gn)λ

(O′). Conjecture 1.3(i) implies

nm(π) ≤ dBV (OA
ψ ) = O′ = dBV (OA

ψ0
).

Therefore, π is in the weak local Arthur packet ΠWeak
ψ0

. This proves (4.4) and completes the proof
of the theorem. □
Remark 4.6. 1. The same proof works for inner forms of split groups SO2n+1(F ) or SO2n(F )

once Arthur’s theory on the local Arthur packets is developed. Especially, we need the
results that Πϕψ ⊆ Πψ and Πψ̂ = {π̂ | π ∈ Πψ} in the proof.

2. If one can verify an analogue of Proposition 3.4 for any connected reductive algebraic group
G, inner to split, then Theorem 4.5 also holds for G by similar arguments. However,
Conjecture 4.4 do not imply Proposition 3.4 in an obvious way. Therefore, Proposition
3.4 for Gn has its own interests.

3. Part (a) of above theorem (together with Arthur’s theory) implies that any representation
in a weak local Arthur packet is unitary. This proves [CMO22, Conjecture 3.1.3] for the
split group SO2n+1(F ), Sp2n(F ) or SO2n(F ) without assumptions. We record it below
using their notation.

Theorem 4.7. Assume that the residue field of F has sufficiently large characteristic. Let
(q

1
2
h∨ , x, ρ) be a Deligne-Langlands-Lusztig parameter of the split groups SO2n+1(F ), Sp2n(F )

or SO2n(F ) such that x belongs to the special piece of O∨. Then the irreducible representation
X(q

1
2
h∨ , x, ρ) is unitary.
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Finally, we give a remark of a characterization of anti-tempered local Arthur packets, which
directly comes from the proof of [CMO22, Theorem 3.0.3].
Remark 4.8. For any basic local Arthur parameter ψ0 of G, it is stated in [CMO22, Theorem
3.0.3] that

Πψ0 = {π ∈ Π(G)λ | KWF(π) = dA(OA
ψ0
, 1)},

where KWF(π) is the canonical unramified wavefront set of π, dA is the duality defined in [Ach03].
See [CMO22] for details of these notations. By [CMO22, Theorem 2.6.2(1)], we may rewrite it
as

Πψ0 = {π ∈ Π(G)λ | dA(Oϕπ̂ , 1) = dA(OA
ψ0
, 1)}.(4.5)

The right hand side of (4.5) makes sense for any local Arthur parameter ψ0, which is not
necessarily basic. Indeed, the same proof of [CMO22, Theorem 3.0.3] implies that (4.5) holds for
any anti-tempered local Arthur parameter ψ0 of G. This gives a characterization of anti-tempered
local Arthur packets.

Similarly, if we replace the nm(π) by dBV (Oϕπ̂) in the definition of weak local Arthur packet
(4.1), then we can generalize Theorem 4.5 to any anti-tempered local Arthur parameter, which
is not necessarily basic. More precisely, we have the following theorem. Note that in this case we
do not need the characteristic assumption of the residue field of F since we don’t need to make
use of Theorem 4.2.
Theorem 4.9. Let Gn be the split group SO2n+1(F ), Sp2n(F ) or SO2n(F ). For any anti-
tempered local Arthur parameter ψ0, we denote λ := λψ0 and O′ := dBV (OA

ψ0
). Consider the set

of representations
ΠWeak
ψ0

:= {π ∈ Π(Gn)λ | dBV (Oϕπ̂) ≤ dBV (OA
ψ0
)}.

We have an inclusion
ΠWeak
ψ0

⊆
⋃

ψ∈(dBV )−1
Ψ(Gn)λ

(O′)

Πψ.(4.6)

Moreover, if Oϕπ ≥ Oϕψ for any ψ ∈ Ψ(Gn)λ and π ∈ Πψ, which has already been verified for
the split groups SO2n+1(F ) and Sp2n(F ) in [HLLZ22, Theorem 1.15, Corollary 4.12(2)], then the
inclusion (1.4) is an equality.
Proof. The proof of the inclusion (4.6) is exactly the same as the proof of Theorem 4.5(a) (without
using Theorem 4.2), which we omit. Conversely, suppose π is in the right hand side of (4.6),
i.e., there exists a local Arthur parameter ψ such that π ∈ Πψ and dBV (OA

ψ ) = dBV (OA
ψ0
). Then

π̂ ∈ Πψ̂ and the assumption gives Oϕπ̂ ≥ Oϕ
ψ̂
. Taking Barbasch-Vogan duality, we obtain

dBV (Oϕπ̂) ≤ dBV (Oϕ
ψ̂
) = dBV (OA

ψ0
),

which implies that π ∈ ΠWeak
ψ0

. This completes the proof of the theorem. □

5. Generalizations of weak local Arthur packets and examples

In this section, we discuss possible generalizations on the definition of weak local Arthur packets
such that Conjecture 1.2 or (4.3) has a chance to be true, towards a better understanding of
Jiang’s conjecture.

Throughout the section, we let G = G(F ) be the F -point of a connected reductive algebraic
group G defined over F , and assume there is a local Arthur packets theory for G as conjectured in
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[Art89, Conjecture 6.1]. Let λ be any infinitesimal parameter of G. Without loss of generality, we
may assume that λ = λψ for some local Arthur parameter ψ, otherwise there is no representation
of Arthur type in Π(G)λ.

A first naive generalization is to consider the set
ΠWF

O′,λ := {π ∈ Π(G)λ | nm(π) ≤ O′},(5.1)

for any nilpotent orbit O′ of g(F ). However, ΠWF
O′,λ is not always a union of local Arthur packets

since it may contain representations not of Arthur type, as shown in the following example.

Example 5.1. Take φ0 to be a tempered unramified L-parameter of SO2n+1(F ) or Sp2n(F ) such
that λ := λϕ0 is real, and that there exists a representation πbad ∈ Π(Gn)λ that is not of Arthur
type (see [HLL22, Example 7.10] for the existence of such πbad). For any π ∈ Π(Gn)λ, we have

nm(π) = {dBV (Oϕπ̂)}
by Theorem 4.2. Let φ0 be the closed L-parameter in Φ(Gn)λ. Then since Oϕπ̂ ≥ Oϕ0, we
conclude that

nm(π) ≤ dBV (Oϕ0).

Therefore, taking O′ = dBV (Oϕ0), we have
ΠWF

O′,λ = Π(Gn)λ,

which contains πbad not of Arthur type.

A natural modification of (5.1) is to add the condition of Arthur type.
ΠWF,A

O′,λ := {π ∈ Π(G)λ of Arthur type | nm(π) ≤ O′}.(5.2)
Then assuming Conjecture 1.3(i), we have

ΠWF,A
O′,λ ⊇

⋃
ψ∈Ψ(Gn)λ, dBV (OAψ )≤O′

Πψ.(5.3)

Moreover, assuming Conjecture 1.3(ii), the right hand side of (5.3) is exactly the union of all local
Arthur packets contained in ΠWF,A

O′,λ , see the proof of Proposition 5.3 below for details. However,
the containment (5.3) can be strict even if we assume O′ = dBV (OA

ψ ) for some local Arthur
parameter ψ in Ψ(G)λ, as shown in the following example.

Example 5.2. In this example, we adopt the notation in [AM23] for enhanced L-parameter,
which is called L-data there. Consider the following unipotent representations of SO11(F ) with
real infinitesimal parameter λ,

π = L(∆[−1/2,−3/2]; π((1/2)−, (3/2)−)),

π̂ = L(∆[−3/2,−3/2]; π((1/2)−, (1/2)−, (3/2)+)).

The L-parameter associated with π̂ is
φπ̂ = | · |−3/2 ⊗ S1 + | · |3/2 ⊗ S1 + 1⊗ S2 + 1⊗ S2 + 1⊗ S4,

which is not of Arthur type. We have (identifying nilpotent orbits of SO11(C) as partitions)
nm(π) = {dBV (Oϕπ̂)} = {dBV ([4, 2, 2, 1, 1])} = {[5, 3, 13]}.

On the other hand, the representation π is of Arthur type, and
Ψ(π) := {ψ | π ∈ Πψ} = {ψ1, ψ2},
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where
ψ1 = 1⊗ S2 ⊗ S3 + 1⊗ S4 ⊗ S1,

ψ2 = 1⊗ S1 ⊗ S2 + 1⊗ S1 ⊗ S4 + 1⊗ S4 ⊗ S1.

One can compute that
dBV (OA

ψ1
) = [7, 22], dBV (OA

ψ2
) = [7, 14].

By Conjecture 1.3(ii), for i = 1, 2, there exists at least one representation πi ∈ Πψi with nm(πi) =
dBV (OA

ψi
). Indeed, by the explicit formula in Theorem 4.2, we can take

π1 = L(∆[−1/2,−3/2]; π((1/2)+, (3/2)+),

π2 = L(∆[−3/2,−3/2],∆[−1/2,−1/2]; π((1/2)+, (3/2)+).

Therefore, any local Arthur packet Πψ that contains π is not contained in the set

ΠWF,A
[5,3,13],λ = {π′ ∈ Π(SO11(F ))λ | nm(π′) ≤ [5, 3, 13], and π′ is of Arthur type. }.

However, π is in ΠWF,A
[5,3,13],λ. Therefore, ΠWF,A

[5,3,13],λ can not be written as a union of local Arthur
packets. We remark that [5, 3, 13] = dBV (OA

ψ ) where ψ = 1⊗S3⊗S2+1⊗S1⊗S4 ∈ Ψ(SO11(F ))λ.

The failure of the containment (5.3) in the above example comes from Conjecture 1.3(ii) and
the fact that there does not exist a ψ in

Ψ(π) := {ψ ∈ Ψ(G) | π ∈ Πψ}
such that dBV (OA

ψ ) ≤ O′. This suggests the final modification for the definition of weak local
Arthur packets. For any nilpotent orbit O′ of g(F ) and any infinitesimal parameter λ of G, we
define the weak local Arthur packet as follows

ΠWeak
O′,λ := {π ∈ Π(G)λ of Arthur type | There exists a ψ ∈ Ψ(π) such that dBV (OA

ψ ) ≤ O′.}.
(5.4)

We summarize these phenomena in the following proposition.

Proposition 5.3. Let G be a connected reductive group and G = G(F ). Assume that there is a
local Arthur packets theory for G as conjectured in [Art89, Conjecture 6.1]. Assume Conjecture
1.3 holds for the group G = G(F ). For any nilpotent orbit O′ of g(F ) and any infinitesimal
parameter λ of G, we have

ΠWeak
O′,λ =

⋃
ψ∈Ψ(G)λ, Πψ⊆ΠWF,A

O′,λ

Πψ ⊆ ΠWF,A
O′,λ ,

where the containment can be strict.

Proof. Suppose π ∈ ΠWeak
O′,λ . Then there exists a ψ such that dBV (OA

ψ ) ≤ O′ and π ∈ Πψ. By
Conjecture 1.3(i), for any π′ ∈ Πψ, we have

nm(π′) ≤ dBV (OA
ψ ) ≤ O′,

and hence Πψ ⊆ ΠWF,A
O′,λ .

Conversely, suppose π ∈ Πψ′ where Πψ′ ⊆ ΠWF,A
O′,λ . By Conjecture 1.3(ii), there exists a

π′ ∈ Πψ′ such that nm(π′) = {dBV (OA
ψ′)}, and hence dBV (OA

ψ′) ≤ O′. This completes the proof
of the proposition. □
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Assuming Conjecture 1.3, one can see from Proposition 5.3 that ΠWeak
O′,λ is the maximal subset

of Π(G)λ with the following properties.
• ΠWeak

O′,λ ⊆ {π ∈ Π(G)λ | nm(π) ≤ O′}.
• ΠWeak

O′,λ is a union of local Arthur packets.
Hence, if Conjecture 4.4 holds for a basic local Arthur parameter ψ0 of G, then

ΠWeak
ψ0

= ΠWeak
O′,λ ,

where O′ = dBV (OA
ψ0
) and λ = λψ0 . Therefore, the set ΠWeak

O′,λ can be regarded as a natural
generalization of ΠWeak

ψ0
and reveals the close connection with Conjecture 1.3.
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