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Single-Frame MIMO Radar Velocity Vector
Estimation via Multi-Bounce Scattering
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and Ashutosh Sabharwal , Fellow, IEEE

Abstract—Radars are widely adopted for autonomous naviga-
tion and vehicular networking due to their robustness to weather
conditions as compared to visible light cameras and lidars. How-
ever, radars currently struggle with differentiating static vs tan-
gentially moving objects within a single radar frame since both
yield the same Doppler along line-of-sight paths to the radar. Prior
solutions deploy multiple radar or visible light camera modules to
form a multi-“look” synthetic aperture for estimating the single-
frame velocity vectors, to estimate tangential and radial velocity
components of moving objects leading to higher system costs. In
this paper, we propose to exploit multi-bounce scattering from
secondary static objects in the environment, e.g., building pillars,
walls, etc., to form an effective multi-“look” synthetic aperture for
single-frame velocity vector estimation with a single multiple-input,
multiple-output (MIMO) radar, thus reducing the overall system
cost and removing the need for multi-module synchronization. We
present a comprehensive theoretical and experiment evaluation
of our scheme, demonstrating a 4.5× reduction in the error for
estimating moving objects’ velocity vectors over comparable single-
radar baselines.

Index Terms—MIMO radar, multipath, radar imaging,
synthetic aperture radar, velocity measurement.

I. INTRODUCTION

RADARS are an indispensable sensing modality for au-
tonomous navigation and vehicular networking, with mul-

tiple advantages over visible light cameras and lidars [2], [3],
[4]: (i) lower cost, (ii) smaller sensor size, and (iii) robustness to
lighting and weather conditions (fog, smoke, etc.). Traditional
radar signal processing models line-of-sight (LOS) scattering
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from objects that are directly illuminated by the radar and scatter
the illumination back. LOS radar processing enables estimating
the range and radial velocity of objects, as well as their azimuth
and elevation angles [2], [4], [5] when the radar is equipped
with multiple transmit and receive antennas, often labeled as
multiple-input, multiple-output (MIMO) radar.1 There are two
main advantages of LOS radar processing: (i) high signal-to-
noise ratios (SNRs) due to limited attenuation besides two-way
propagation, radar → object → radar, and reflection loss at the
object, and (ii) low-complexity implementation via fast Fourier
transforms (FFTs).

Despite the above advantages, LOS radar processing cannot
estimate the tangential velocities of moving objects (except in
certain limiting cases surveyed in more detail in Section I-B).
No tangential velocity estimation limits radar performance in
scenarios where objects move tangentially to the radar [6],
e.g., cross-moving cars and pedestrians at a traffic intersection.
This work tackles the problem of estimating both the radial
and tangential velocities, i.e., the velocity vectors, of moving
objects using non-line-of-sight (NLOS) radar signal processing.
In this paper, we use multi-bounce as a general term to indicate
signal components scattering more than once from objects in the
environment, e.g., single-bounce to denote LOS paths between
the radar and moving objects (since the radar signals bounce
once at the objects before being received back at the radar), and
double-bounce and triple-bounce to denote paths that scatter
twice and thrice.

A. Overview of Main Contributions

We propose to exploit multi-bounce signals and thereby
enable a single MIMO radar to estimate the single-frame2

velocity vectors of moving objects in the environment. The
key idea is illustrated for a MIMO radar tracking a person
walking near a building pillar in Fig. 1. The radial velocity of
the person falls along the radar’s LOS to the person: radar →
object → radar, and is captured in conventional FFT-based
Doppler processing. However, the person’s tangential velocity
falls along double-bounce paths that scatter twice due to the
pillar: radar → person → pillar → radar and radar → pillar →

1By MIMO radars, we refer to radars with multiple transmit and receive anten-
nas co-located on the same device, and not distributed radars with transmitters
& receivers distributed across a wide geographical region.

2We follow the convention in automotive radar with a frame comprising
between 64 to 256 chirps in a duration of the order of 10 ms [7], [8].
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Fig. 1. Illustration of velocity vector estimation of a moving person via
multi-bounce from a static building pillar. Two double-bounce paths are shown:
radar → person → pillar → radar (dashed maroon line) and radar → pillar →
person → radar (dash-dotted maroon line).

person → radar. Hence, fusing the LOS and double-bounce
paths enables capturing multiple “looks” of the same moving
object’s velocity vector with a single MIMO radar - thus reducing
the overall system cost and removing the need for multi-module
synchronization. Our proposed approach is inspired by our prior
analytical work [9] which showed theoretical radar imaging res-
olution gains on leveraging double-bounce scattering in addition
to LOS paths.

The key idea behind our proposed radar signal processing
scheme is to perform Doppler processing along both LOS and
multi-bounce paths, as illustrated in Fig. 1. For simplicity, the
scheme is restricted to 2D (range-azimuth) spatial processing.
A preliminary version for a single moving point object with
one static reflector was introduced in [1]. This work generalizes
it to arbitrary extended objects and beyond double-bounce to
include triple-bounce paths. We address two major challenges:
(i) extracting single- and multi-bounce Doppler components
when bounce locations are unknown, and (ii) extracting weak
multi-bounce signals due to power decay [10]. To address the
first challenge, we pre-map static objects and propose a multi-
stage algorithm. The proposed algorithm initially maps moving
objects and estimates single-bounce Doppler velocities. Then,
it identifies background reflection points and estimates Doppler
velocities along multi-bounce paths. Finally, it estimates object
velocity vectors based on a custom clustering algorithm. The sec-
ond challenge is addressed by sequentially processing Doppler
signals – starting with higher-power lower-order bounces—to
isolate and extract higher-order components.

We also present a detailed theoretical analysis to understand
the benefits and limitations of our proposed scheme. We first
derive fundamental limits for velocity vector estimation using
single- and double-bounce scattering in an environment with two
point objects, as a function of different system parameters via the
geometric dilution-of-precision (DoP) [11] and the Cramér-Rao
bound (CRB). We show that the geometrical configurations
where the radar and the two objects form an approximate right
triangle are most preferable from velocity estimation standpoint.
In the Supplementary Material, the analysis is generalized to

extended multiple objects - both static and moving. We also
extend the analysis to triple-bounce scenarios. We show that
when single- and double-bounce paths already exist, triple-
bounce paths from the same point providing a double-bounce
path does not add additional information and does not improve
velocity vector estimation. However, in around-corner scenar-
ios [12] with occluded single-bounce paths or scenarios with
extended objects where points resulting in double-bounce and
triple-bounce paths may be different, triple-bounce is beneficial
for velocity vector estimation.

Finally, we extensively evaluate the performance of our
method using an open source experimental radar dataset from
Mercedes-Benz [13]. We utilize the dataset to evaluate the
performance of our proposed pipeline that fuses single- and
multi-bounce Doppler frequencies to estimate moving object’s
velocity vectors. We demonstrate that utilizing double-bounce
paths improves the median velocity vector estimation error by
4.5× over single-bounce baselines. We further use the dataset
to validate the insights gained from our theoretical analysis.

To summarize, our contributions can be listed as follows:
� We propose a novel NLOS radar signal processing scheme

that leverages multi-bounce scattering from static objects
to estimate velocity vectors of moving objects within a
single radar frame, while using only a single MIMO radar
module.

� We theoretically analyze the estimation performance of
the proposed scheme using DoP and CRB, and highlight
different geometric and environmental characteristics that
can affect the performance of our proposed algorithm.

� The proposed algorithm is evaluated on a real-world data
set, validating the theoretical analysis and showing an
improvement in performance when compared to baselines.

B. Comparison With Prior Work

To the best of our knowledge, our proposed approach of using
multi-bounce for velocity vector estimation is novel and has
not appeared previously. Most existing solutions that estimate
the velocity vectors leverage additional degrees-of-freedom by
tracking across multiple radar frames or deploying multiple
hardware modules. Below, we survey such closely related prior
work and outline differences with our approach.

Multi-frame object tracking: Standard approaches track ob-
jects across multiple radar frames [14], [15], [16]; however these
methods require at least 2 (and up to 10) frames to converge to
reliable estimates [17], hence can not provide single-frame ve-
locity vector estimates in any given radar frame. While our work
explores the complementary problem of single-frame velocity
vector estimation, the proposed methods in this paper can also
be used to improve multi-frame tracking algorithms.

Single-frame velocity vector estimation: Single-frame veloc-
ity estimation can be achieved by deploying multiple modules
to capture different perspectives about the same moving objects,
e.g., by deploying multiple synchronized radars [18], [19], [20],
[21], [22], [23], [24], using a radar and multiple repeater ele-
ments [25] or fusing measurements from a co-located radar and
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camera [6]. In contrast, our approach uses a single MIMO radar,
thus reducing the overall system cost and removing the need
for multi-module synchronization. Comparable single-radar
solutions in the literature [26], [27], [28] fuse single-bounce
radial velocity estimates of multiple points on a given object’s
surface. However, such methods fail when either the object has
small physical extent, or the object is located at boresight to
the radar and is moving tangentially. Our proposed method
overcomes both these limitations. We benchmark our method
against the single-radar methods in [26], [27], [28], and our
evaluation in Section V shows 4.5× improvement in the median
velocity vector estimation error over the baselines.

Multi-bounce scattering: Multi-bounce scattering is often
viewed as a nuisance due to the false detections, a.k.a.
“ghosts” [13], [29], [30], [31], [32], [33], at physically incorrect
locations with LOS radar processing. Instead, in this work,
we view multi-bounce as an opportunity to improve existing
radar pipelines. Prior work focuses on identifying “ghosts”, and
either suppressing them to improve object detection [13], [29],
[30], [31], [32], [34], or remapping them to their ground truth
locations for around-corner object localization [35], [36] and
imaging [12], [37], [38], [39], [40], [41], [42], [43]. Further,
multi-bounce scattering has been used to improve direction-
of-arrival estimation [44], static object localization [21], [45],
[46], [47], [48], static environment imaging [49], [50], [51],
object tracking [52], [53], [54], [55] and radar metereology [56].
To the best of our knowledge, no prior work has harnessed
multi-bounce scattering for velocity vector estimation.

C. Paper Outline

This paper is organized as follows. In Section II-B, we for-
mulate the problem of velocity vector estimation with a single
MIMO radar via multi-bounce scattering. We then develop our
proposed approach in Section III. We theoretically analyze our
algorithm in Section IV, and present experimental evaluation
in Section V. We conclude the paper in Section VI with some
discussions and directions for future work.

D. Notation & Basic Definitions

We use bold uppercase for matrices (e.g., X), bold lowercase
for vectors (e.g., x) and non-bold lowercase for scalars (e.g.,
x). Sets are represented using calligraphic fonts (e.g., X ), with
cardinality |X |. The Kronecker product is denoted by ⊗. The
transpose, complex conjugate, and Hermitian operators are de-
noted by (·)�, (·)∗ and (·)H. Symbol E denotes expectation, O
denotes big-O (order of) notation, and A � B indicates that
the matrix (A−B) is positive semidefinite. The n× n identity
matrix and n×m all-zeros matrix are denoted by In×n and
0n×m. The (n,m)th entry of a matrix X is denoted by [X]n,m,
and the ith entry of a vector x is denoted by [x]i. The trace of
a matrix X is denoted by Tr[X]. The p-norm of a vector x is
denoted by ‖x‖p, and the inner product of two vectors x and y
is 〈x,y〉. The real and imaginary parts of a complex scalar x are
denoted by Re{x} and Im{x}. The gradient of a scalar function

Fig. 2. Example system configuration with a MIMO radar estimating the
velocity vectors of two extended moving objects in the presence of an extended
static object.

a(θ) with respect to an n× 1 vector parameter θ is defined as
the n× 1 vector:(

∂a(θ)

∂θ

)
Δ
=

[
∂a(θ)

∂[θ]1

∂a(θ)

∂[θ]2
· · · ∂a(θ)

∂[θ]n

]�
.

The gradient of an m× 1 vector-valued function a(θ) with
respect to n× 1 vector θ is defined as the n×m matrix:(

∂a(θ)

∂θ

)
Δ
=

[
∂[a(θ)]1

∂θ

∂[a(θ)]2
∂θ

· · · ∂[a(θ)]m
∂θ

]
.

II. PROBLEM FORMULATION

The goal of this work is to estimate the full-velocity vectors
of moving objects with a single MIMO radar by exploiting
multi-bounce scattering from secondary static objects in the
environment. An exemplary 2D diagram of the considered set-
ting is shown in Fig. 2 with two extended moving objects and
an extended static object near a MIMO radar. We consider a
single radar frame duration with multiple frequency-modulated
continuous wave (FMCW) chirp transmissions. Our problem is
formulated under the following assumptions:

Assumption 1 (Static Radar): For simplicity, we assume the
radar is static and only objects in the environment move. How-
ever, our proposed method can be used to estimate the velocity
vectors of moving objects relative to the radar when the radar is
also moving (e.g., when mounted on a vehicle).

Assumption 2 (2D Processing): We restrict all processing
to the 2D range-azimuth plane relative to the radar, which is
reasonable for terrestrial navigation use-cases where all motion
occurs on the 2D road surface. However, this assumption is
not critical and can be extended to 3D objects by incorporating
elevation angles in the model and algorithms.

Assumption 3 (Far-Field Regime): We assume all objects in
the environment are in the far-field to the radar, i.e., are located
beyond the Fraunhoufer distance [57] of the radar antenna array.
This assumption is easily satisfied in practice. For instance, for
the 77 GHz radar sensors used in our evaluation dataset [13],
the Fraunhoufer distance is approximately 2 m, with all objects
at 5 m or beyond from the radar.

Assumption 4 (Small Time-Bandwidth Product): We assume
the radar’s time-bandwidth product is small enough to ne-
glect Doppler variation within a single radar chirp and assume
frequency-flat array steering vectors.
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Assumption 5 (Non-Rotating Rigid Bodies): We assume ev-
ery moving object is a non-rotating rigid body, whose motion at
time snapshot t is modeled by a 2D velocity vector v(t), which
is the same for all points on the object surface.

Assumption 6 (Background Subtraction): Given the radar is
assumed to remain static (Assumption 1), we assume the radar
has a one-shot estimate of static objects in the environment
(background). In subsequent frames with moving objects, LOS
scattering from static objects is cancelled by subtracting the radar
data collected in the presence and absence of moving objects. We
note that this assumption is not critical to our proposed approach
in Section III, and is only made to simplify the problem formula-
tion and algorithm description. Velocity vector estimation can be
performed jointly with background mapping, e.g., via methods
proposed by the authors in [48].

Assumption 7 (Negligible Intra-Object Multi-Bounce): We
neglect multi-bounce scattering between points belonging to
the same object since such paths cannot provide any extra
information about the object’s motion given all points on the
object have the same velocity vector as per Assumption 5.

Assumption 8 (Omni-Directional Scattering): We assume
that all objects in the environment scatter incident radiation
omni-directionally, independent of the incident angle. This as-
sumption simplifies the system model and algorithm design,
however does not limit applicability; in Section V we demon-
strate good performance even with specular reflecting surfaces
like metallic doors and marble walls.

Note: The above assumptions are made for ease of exposition
and do not limit practical applicability of our algorithm. As-
sumptions 3, 4, 5, 7, and 8 are standard in the automotive radar
literature, e.g., see [12], [48], [58], and do not limit real-world
practical applicability, as is evidenced by practical demonstra-
tion of the proposed algorithm in Section V across a wide variety
of real-world outdoor environments. Assumptions 1, 2, and 6 are
made to simplify algorithm development, and can be relaxed in
practice as described previously.

With the above assumptions, we now describe the system
model and formulate the problem of full-velocity estimation.

A. System Model

We describe the system model in two stages. First, we develop
a Doppler model for multi-bounce paths, which forms the core
component of our overall system model. Then, we formulate the
actual signal model for the radar’s measurements.

1) Multi-Bounce Doppler Model: Consider an n-bounce
path where the signal transmitted by the radar bounces at
n objects before being received back at the radar: radar →
object 1 → object 2 → · · · → objectn → radar, as shown in
Fig. 3. Let vi and ri respectively denote the 2D velocity and
position vectors of the ith object at the radar frame of interest,
where the dependence on the frame instance is suppressed
for notational clarity. Let k̂i =

ri+1−ri
‖ri+1−ri‖2 , ∀i ∈ {0, 1, . . . , n}

denote the unit vector pointing from the ith to the (i+ 1)th
objects, where r0 = rn+1 denotes the radar’s position. Then,

Fig. 3. n-bounce Doppler modeling.

Fig. 4. Modeling double-bounce paths.

the Doppler frequency along the n-bounce path is [59], [60]3

fn =
1

λ

n∑
i=1

〈
k̂i − k̂i−1,vi

〉
, (1)

where λ denotes the wavelength at the carrier frequency.
Special Case 1 (Single-Bounce): In the specific case of single-

bounce scattering: radar → object → radar, (1) reduces to the
well-known Doppler relation f1 = −2

λc

〈
r

‖r‖2 ,v
〉
, assuming the

radar is at the origin of the coordinate system.
Special Case 2 (Double-Bounce): In the case of double-

bounce scattering from a static secondary reflector, two
paths are possible as shown in Fig. 4: radar → object →
reflector → radar or radar → reflector → object → radar. For
both paths, (1) reduces to the same Doppler relation f2 =
−1
λc

〈
rm

‖rm‖2 + rm−rs
‖rm−rs‖2 ,v

〉
, where rm and rs respectively denote

the moving object’s and static reflector’s 2D location.
Special Case 3 (Triple-Bounce): For triple-bounce scattering

from a static reflector along type-I paths shown in Fig. 5(a):
radar → object → reflector → object → radar, (1) reduces to
f3,I =

−2
λc

〈
rm

‖rm‖2 + rm−rs
‖rm−rs‖2 ,v

〉
, where rm and rs respectively

denote the moving object’s and static reflector’s 2D location
vectors. Along type-II paths shown in Fig. 5(b): radar →
reflector → object → reflector → radar, (1) reduces to f3,II =
−2
λc

〈
rm−rs

‖rm−rs‖2 ,v
〉
. We note that more general triple-bounce sce-

narios are possible, e.g., with reflections from 1 moving and 2
static objects, that have been utilized in previous work by the
authors [48] for beyond-field-of-view static object localization.

3Also see Supplementary Material for a derivation of (1).
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Fig. 5. Modeling triple-bounce paths.

We do not consider such cases in this paper since such general
triple-bounce scenarios do not appear in the dataset [13] used
in our evaluation, and extensions to such scenarios are left for
future work.

We now formulate the radar’s signal/measurement model.
2) Radar Signal Model: We assume M moving extended

objects and N static extended objects within the radar’s field-
of-view. Each moving object is assumed to move with velocity
vector vm and comprisesPm, m ∈ {1, . . . ,M} point reflectors,
whose locations and velocity vectors are unknown to the radar.
Similarly, each static object comprises Pn, n ∈ {1, . . . ,N}
point reflectors, whose locations are known to the radar as per
Assumption 6. As per Assumptions 6 and 7, we do not model
single-bounce scattering from static objects and do not model
intra-object multi-bounce.

We model the MIMO radar as a T-antenna transmit array
and a R-antenna receive array. Within a single radar frame, the
radar transmits L FMCW chirps, of starting frequency f

c
and

duration T
c
, in a time-orthogonal fashion across all T antennas

with a per-antenna transmit powerP
TX

. The radar receiver mixes
the reflected chirps with the transmitted chirps, and the resultant
TR× 1 vector of “dechirped” signals, for FMCW instantaneous
frequency ω and chirp index �, is

y(ω; �) =
√
P

TX

M∑
m=1

[
ym
1 (ω; �) +

N∑
n=1

(
ym,n
2 (ω; �)

+ ym,n
3,I (ω; �) + ym,n

3,II (ω; �)

)]
+ y

r
(ω; �) + n,

(2)

where subscript n, t indicates n-bounce paths of type-t, y
r
(ω; �)

denotes residual multi-bounce terms, e.g., due to incorrect back-
ground subtraction, and n denotes complex additive Gaussian
noise of identity covariance. The terms ym

1 (ω; �), ym,n
2 (ω; �),

ym,n
3,I (ω; �), ym,n

3,II (ω; �) are:

ym
1 (ω; �) =

Pm∑
pm=1

y
pm

1 (ω)ej2πf1(vm;pm)�Tc , (3)

ym,n
2 (ω; �) =

Pm∑
pm=1

Pn∑
pn=1

y
pm;pn

2 (ω)ej2πf2(vm;pm;pn)�Tc , (4)

ym,n
3,I (ω; �) =

Pm∑
pm=1

Pn∑
pn=1

y
pm;pn

3,I (ω)ej2πf3,I(vm;pm;pn)�Tc , (5)

ym,n
3,II (ω; �) =

Pm∑
pm=1

Pn∑
pn=1

y
pm;pn

3,II (ω)ej2πf3,II(vm;pm;pn)�Tc . (6)

Variables f1(vm; pm), f2(vm; pm; pn), f3,I(vm; pm; pn),
f3,II(vm; pm; pn) in (3)–(6) denote Doppler terms, which are
defined based on (1) and Special Cases 1-3:

f1(vm; pm) =
−2

λc

〈
rpm

‖rpm
‖2 ,vm

〉
, (7)

f2(vm; pm; pn)=
−1

λc

〈
rpm

‖rpm
‖2 +

rpm
− rpn

‖rpm
− rpn

‖2 ,vm

〉
, (8)

f3,I(vm; pm; pn)=
−2

λc

〈
rpm

‖rpm
‖2 +

rpm
− rpn

‖rpm
− rpn

‖2 ,vm

〉
, (9)

f3,II(vm; pm; pn) =
−2

λc

〈
rpm

− rpn

‖rpm
− rpn

‖2 ,vm

〉
. (10)

Note that in (7)–(10), wavelength λc =
c
fc

is defined for the
FMCW starting frequency f

c
, where c denotes speed of light.

Variables y
pm

1 (ω), y
pm;pn

2 (ω), y
pm;pn

3,I (ω), y
pm;pn

3,II (ω) in (3)–
(6) represent Doppler-independent factors due to scattering from
objects along the multi-bounce paths, and are defined based on
Assumption 4. The single-bounce term y

pm

1 (ω) is

y
pm

1 (ω) = σ
pm

(
a

RX
(θ

pm
)⊗ a

TX
(θ

pm
)
) e−j ω

c d
pm
1

4π2(d
pm

1 )2
, (11)

where σ
pm

denotes the reflectivity of the point object pm,
a

TX/RX
(θ

pm
) denotes the (frequency-flat) T× 1 transmit or R×

1 receive steering vector for azimuth angle θ
pm

corresponding
to pm, and d

pm

1 = 2‖rpm
‖2 is the round-trip length of the

single-bounce path from the radar to pm.
Similarly, the double-bounce term y

pm;pn

2 (ω) is defined as

y
pm;pn

2 (ω) = σ
pm

σ
pn

[
a

RX
(θ

pm
)⊗ a

TX
(θ

pn
)

+a
RX
(θ

pn
)⊗ a

TX
(θ

pm
)
] e−j ω

c d
pm;pn
2

4π2(d
pm;pn

2 )2
, (12)

corresponding to both types of paths shown in Fig. 4, where the
radar transmits towards either pm or pn and receives reflections
from the other object. The term d

pm;pn

2 = ‖rpm
‖2 + ‖rpm

−
rpn

‖2 + ‖rpn
‖2 denotes the total length of either of the two

possible double-bounce paths.
The type-I triple-bounce term y

pm;pn

3,I (ω) is given as

y
pm;pn

3,I (ω)=σ
TB,I

pm;pn

(
a

RX
(θ

pm
)⊗ a

TX
(θ

pm
)
) e−j ω

c d
pm;pn
3,I

4π2(d
pm;pn

3,I )2
,

(13)

where d
pm;pn

3,I = 2‖rpm
‖2 + 2‖rpm

− rpn
‖2 is the total length

and σ
TB,I

pm;pn
= σ2

pm
σ

pn
is the reflectivity of the path that bounces

twice at pm and once at pn. Similarly, the type-II triple-bounce
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Fig. 6. Toy example with two point objects.

term y
pm;pn

3,II (ω) is

y
pm;pn

3,II (ω)=σ
TB,II

pm;pn

(
a

RX
(θ

pn
)⊗a

TX
(θ

pn
)
) e−j ω

c d
pm;pn
3,II

4π2(d
pm;pn

3,II )2
, (14)

where d
pm;pn

3,II = 2‖rpn
‖2 + 2‖rpm

− rpn
‖2 is the total length

and σ
TB,II

pm;pn
= σ

pm
σ2

pn
is the reflectivity of the path that bounces

twice at pn and once at pm.
Finally, y

r
(ω; �) corresponds to residual multi-bounce terms,

e.g., double-bounce or triple-bounce scattering between moving
objects, fourth-bounce and higher-order bounces, inter-object
multi-bounce terms, etc. While we do not explicitly account for
such terms in our proposed approach in Section III, we evaluate
their impact theoretically in Section IV and experimentally in
Section V.

B. Problem Statement

Given the system model in (2), our aim in this paper is to
estimate the 2D velocity vectors vm of all moving objects m ∈
{1, . . . ,M}, while also estimating the 2D locations rpm

of points
pm belonging to each object m. The optimization problem can
be stated as:

min
{rpm ,vm}

1

LW

L∑
�=1

W∑
ω=1

∥∥∥∥y(ω; �)−√
P

TX

M∑
m=1

[
ym
1 (ω; �)

+

N∑
n=1

(
ym,n
2 (ω; �) + ym,n

3,I (ω; �) + ym,n
3,II (ω; �)

)]∥∥∥∥
2

2

. (P)

III. PROPOSED APPROACH

We present our approach in a step-by-step fashion. We begin
by illustrating the key ideas underlying our approach in Sec-
tion III-A for a simple “toy” example shown in Fig. 6 with two
point objects, one moving and the other static. We then describe
our approach in its full generality in Section III-B.

A. Toy Example: One Point-Like Static & Moving Object

The overall idea of our approach can be illustrated via a simple
example shown in Fig. 6 with M = 1 moving point object with
velocity vector v and location rm, and N = 1 static point object
located at rs. Assume for the time being that locations rm, rs and
all Doppler terms in (7)–(10) are known to the radar, and the only
unknown is the moving object’s velocity vector v. Adapting the
definitions of the Doppler terms from (7)–(10) to this setting, it

Fig. 7. Algorithm flow for toy example in Fig. 6.

is easy to see that v can be estimated by solving the following
least-squares problem:

v=argmin
w

∥∥∥∥∥∥∥∥∥∥

⎡
⎢⎢⎣

f1
f2
f3,I
f3,II

⎤
⎥⎥⎦+ 1

λc

⎡
⎢⎢⎢⎢⎣

2r�m
‖rm‖2

r�m
‖rm‖2 + (rm−rs)

�
‖rm−rs‖2

2r�m
‖rm‖2 + 2(rm−rs)

�
‖rm−rs‖2

2(rm−rs)
�

‖rm−rs‖2

⎤
⎥⎥⎥⎥⎦w

∥∥∥∥∥∥∥∥∥∥

2

2

. (15)

Overall Algorithm Flow: The overall idea of our approach
is to separately estimate the multi-bounce Doppler terms f1, f2,
f3,I, f3,II and moving object location rm, then solve the least
squares problem in (15), assuming the static object’s location
rs is known to the radar as per Assumption 5. The algorithm
proceeds in three stages as shown in Fig. 7.

Stage 1 (Single-Bounce): In the first stage, the radar treats all
multi-bounce terms of higher order than single-bounce as noise,
and employs conventional single-bounce processing to estimate
the moving object’s location rm and the single-bounce Doppler
term f1 . Such an assumption is feasible since it is well-known
that the received signal power decays (typically by over 20dB)
with each increasing bounce [10], [61]. The particular process-
ing steps are as follows. Assuming the environment around the
radar is discretized into a 2D grid of point object locations
(indexed by grid locations p), the radar solves the following
least-squares problem:

(f1, rm)=argmin
f,p

1

LW

L∑
�=1

W∑
ω=1

∥∥y(ω; �)− y
p

1 (ω)e
j2πf�Tc

∥∥2
2
,

where y
p

1 (ω) is defined similar to (11) for a hypothetical grid
location p with unit reflectivity, i.e., σ

p
= 1. Under the mild

assumption of unit-norm steering vectors (satisfied in practice),
the above reduces to the following matched filter problem:

(f1, rm)=argmax
f,p

1

W

W∑
ω=1

Re
{
(y

p

1 (ω))
HF(y)(ω; f)

}
, (16)

where F(y)(ω; f) = 1
L

∑L
�=1 y(ω; �)e

−j2πf�Tc denotes the
Doppler FFT of the radar measurements y(ω; �) taken over the
transmitted chirps. By definition, the Doppler resolution is in-
versely proportional to L, the number of chirps per frame. From
its definition in (11), the operation (y

p

1 (ω))
H can be understood

as transmit and receive beamforming towards hypothetical grid
locations p, and compensating for the single-bounce path delay
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to/fromp. The grid locationp and Doppler bin f with the highest
matched filter output magnitude yield the moving object’s loca-
tion rm and the corresponding single-bounce Doppler term f1.

Stage 2 (Multi-Bounce): Having estimated the moving ob-
ject’s location rm and single-bounce Doppler term f1, the radar
next sequentially estimates the multi-bounce Doppler terms
f2, f3,I, f3,II. Let y−1(ω; �) = y(ω; �)− y

rm

1 (ω)ej2πf1�Tc denote
the difference between the radar measurements and the esti-
mated single-bounce terms. Equivalently, y−1(ω; �) denotes the
residual double-bounce and higher order multi-bounce terms.
To estimate the double-bounce Doppler term f2, the following
problem is solved:

f2=argmin
f

1

LW

L∑
�=1

W∑
ω=1

∥∥y−1(ω; �)− y
rm;rs

2 (ω)ej2πf�Tc
∥∥2
2
,

where y
rm;rs

2 (ω) is defined similar to (12) with unit reflectivities,
σ

rm
= σ

rs
= 1. The above problem reduces to a similar matched

filter problem as in (16):

f2=argmax
f

1

W

W∑
ω=1

Re
{
(y

rm;rs

2 (ω))HF(y−1)(ω; f)
}
, (17)

and corresponds to performing Doppler FFT on y−1(ω; �), i.e.,
after removing the estimated single-bounce components from
the raw measurements y(ω; �), followed by transmit beamform-
ing towards the moving object rm and receive beamforming
from the static object rs. A similar procedure can be followed
to estimate the triple-bounce Doppler terms f3,I, f3,II as well
as higher-order multi-bounce terms. We note that the above
procedure is similar to successive interference cancellation
[62, Chapter 6] in wireless systems and the CLEAN algo-
rithm [63] in radar signal processing.

However, a potential drawback of the above procedure is that
any residual errors due to imperfect cancellation at any stage
may propagate to later stages and degrade Doppler estimation of
higher-order bounces. Therefore, as an alternative, we propose
to perform matched filtering without removing the single-bounce
terms from the measurements y(ω; �),

f2=argmax
f

1

W

W∑
ω=1

Re
{
(y

rm;rs

2 (ω))HF(y)(ω; f)
}
, (18)

which will be used in the remainder of this paper. In Sec-
tion IV-A, we derive the specific conditions under which (17)
can be simplified into (18).

Stage 3 (Full-Velocity Estimation): Finally, given estimates of
the single-bounce and (at least one) higher-order multi-bounce
Doppler terms, the least-squares problem in (15) is solved (with
appropriate modifications). We analyze the impact of not esti-
mating some terms in (15) later in Section IV-C.

B. General Case: Multiple Extended Objects

We now generalize the method from Section III-A to estimate
the full-velocity vectors of multiple extended objects.

Overall Algorithm Flow: The overall algorithm flow is de-
picted in Fig. 8. The overall processing remains similar to the
toy example from Section III-A, wherein the radar first performs

Fig. 8. Overall algorithmic flow of proposed method.

single-bounce processing, followed by multi-bounce processing
and a final velocity vector estimation stage, with appropriate
clustering steps to associate radar detections to extended objects.
The algorithm proceeds in four stages.

Stage 1 (Single-Bounce Point Clouds): To form point clouds
of the surrounding environment, the radar first performs the
matched filtering operation from (16) to estimate the reflec-
tivities σ

p
and Doppler frequencies f1(p) of individual grid

locations p in the environment:

f1(p)=argmax
f

1

W

W∑
ω=1

Re
{
(y

p

1 (ω))
HF(y)(ω; f)

}
, (19)

σ
p
=

1

W

W∑
ω=1

Re
{
(y

p

1 (ω))
HF(y)(ω; f1(p))

}
. (20)

The estimated reflectivities σ
p

are then thresholded via an ap-
propriate radar detector, e.g., CFAR [12], [64], [65], to estimate
a point cloud P of the surrounding environment:

P =

{
p : σ

p
≥ τCFAR

}
. (21)

Stage 2 (Single-Bounce Clustering): Next, we aim to cluster
the point cloud P from (21) in order to associate the estimated
single-bounce Doppler terms f1(p) in (19) to specific objects in
the environment. We perform clustering using DBSCAN4 in the
combined feature space comprising the 2D locations of points
p and associated single-bounce Doppler terms f1(p), similar
to [66], [67], [68], [69], [70]. As suggested in [68], standard-
score normalization is performed in each feature dimension
to ensure independence to the physical units in any given di-
mension. The outputs of this stage are an estimate M̂ of the
number of moving objects M in the environment and a mapping
C : P → {1, . . . , M̂} associating each point in the point cloudP
to a specific cluster/object. For a clusterm ∈ {1, . . . , M̂}, letpm

denote its 2D grid locations and vm denote its unknown velocity
vector. Post-clustering, the radar can associate the single-bounce
Doppler terms estimated in Stage 1 to specific clusters, i.e., has
estimates of f1(vm;pm).

4DBSCAN is a common clustering algorithm used in the automotive radar
literature, e.g., see [22], [66], [67], [68], [69], [70], which was first proposed
in [71]. Robustness guarantees for DBSCAN are available in [72].
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Stage 3 (Multi-Bounce Processing): The next stage involves
estimating the multi-bounce Doppler terms for each point in the
point cloud P . Given N1 clusters of static objects (via a similar
clustering approach performed over the background data), letpn

denote grid locations belonging to clusters n ∈ {1, . . . ,N1} and
pm denote grid locations belonging to moving object clusters
m ∈ {1, . . . , M̂} as before. The radar performs multi-bounce
Doppler processing via (17)–(18) for all possible pairs (pm,pn)
to estimate (a subset of) the corresponding double-bounce and
triple-bounce Doppler terms f2(vm;pm;pn), f3,I(vm;pm;pn),
f3,II(vm;pm;pn).

Stage 4 (Full-Velocity Estimation): The radar then estimates
the full-velocity vectors of individual points pm belonging to
a given moving object cluster m ∈ {1, . . . , M̂} by solving a
least-squares problem similar to (15) by collecting Doppler
measurements across all static object locations pn:

vpm
=argmin

w

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

f1
f2(pn)

...
f3,I(pn)

...
f3,II(pn)

...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
+

1

λc

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2p�
m

‖pm‖2
p�

m

‖pm‖2 +
(pm−pn)

�
‖pm−pn‖2
...

2p�
m

‖pm‖2 +
2(pm−pn)

�
‖pm−pn‖2
...

2(pm−pn)
�

‖pm−pn‖2
...

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

w

∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

2

2

,

where notational dependence on the cluster’s unknown velocity
vector vm and locationspm has been suppressed for clarity. The
complexity of the above step can be reduced by pruning the set
of static object locations to only correspond to those points pn

resulting in a specular reflection from the radar to the moving
object locationpm. We use this low complexity version of Stage
4 later in our evaluation in Section V.

Subsequently, within each cluster m ∈ {1, . . . , M̂}, we per-
form clustering again via DBSCAN in the combined location-
velocity vector feature space (with appropriate standard-score
normalization) to find the appropriate set of locations pm within
the cluster whose velocity vectors are “close” to each other.
Finally, the full-velocity vector vm for the cluster is estimated
as the average velocity vector of the points pm:

vm =
1

|{pm}|
∑
{pm}

vpm
. (22)

Computational Complexity: We break down the computa-
tional complexity calculation for our algorithm into four stages,
and show that the overall complexity remains similar to state-
of-the-art. Stages 1 & 2 correspond to single-bounce point cloud
generation and clustering, which are standard steps performed by
all automotive radars. Without any computational acceleration,
single-bounce point cloud generation in Stage 1 has complexity
O(TRWPs), where T/R is the number of transmit/receive ele-
ments in the MIMO radar, W is the number of frequencies and
Ps is the number of grid locations over which the single-bounce
matched filtering is performed in (19) and (20). The compu-
tational complexity of DBSCAN in Stage 2 is O(Ps logPs),

see [71] for the calculation. The computational cost of Stage 3
is at most O(TRWPsPm), where Pm is the number of moving
object grid locations (see [48] for the calculation). The compu-
tational cost of solving the velocity vector estimation problem in
Stage 4 across all moving object locations is O(PsPm). Thus,
the total computational complexity is simply O(TRWPsPm).
As mentioned above, the computational complexity is reduced in
our evaluation by only considering those static object locations
that result in a specular reflection from the radar to the moving
object, making Ps ≤ 6 in our evaluation; making the overall
cost linear in Pm. For state-of-the-art methods [18], [19], [20],
[21], [22], [23], [24], [25] with N distributed radars, the overall
computational complexity isO(TRWNPm), which is also linear
in Pm and remains similar to the complexity of our method.

IV. THEORETICAL ANALYSIS

We present a series of theoretical results quantifying the
impact of various system parameters on full-velocity estimation.

A. Conditions for Simplified Multi-Bounce Procedure in (18)

We begin by deriving conditions under which the multi-
bounce Doppler estimation procedure in (17), which requires
removing previously estimated terms from the measurements
y(ω; �), can be simplified into (18) that does not require remov-
ing any previously estimated terms. For simplicity, we derive
the result for estimating double-bounce Doppler terms after
estimating single-bounce Doppler terms, however the result
holds even for estimating type-II triple-bounce after prior type-I
triple-bounce estimation (or vice-versa).

Lemma 1: The simplification from (17) and (18) can be made
when either of the following conditions hold:(

a
RX
(θ

rm
)⊗ a

TX
(θ

rm
)
)H [

a
RX
(θ

rm
)⊗ a

TX
(θ

rs
)

+a
RX
(θ

rs
)⊗ a

TX
(θ

rm
)
]
= 0,

or, aH
TX
(θ

rm
)a

TX
(θ

rs
) = 0, aH

RX
(θ

rm
)a

RX
(θ

rs
) = 0.

Proof: See Supplementary Material.
In other words, (17) can be simplified into (18) as long

as the transmit and receive array steering vectors along the
single-bounce and double-bounce paths are orthogonal as per
Lemma 1, i.e., the single-bounce and double-bounce paths can be
resolved/separated in the angular domain by the radar. Moreover,
it can be verified that the same conditions apply even to type-II
triple-bounce Doppler estimation after estimating the type-I
triple-bounce (or vice-versa) in around-corner scenarios [12]
with no LOS paths to the moving objects. The conditions are
rather mild and are further analyzed in the Supplementary Ma-
terial.

B. Fundamental Limits of Double-Bounce Velocity Estimation

We begin by deriving fundamental limits for full-velocity
estimation harnessing single-bounce and double-bounce scat-
tering, neglecting higher-order multi-bounce for simplicity. We
consider the toy example from Fig. 6 with two point objects -
one static and the other moving. We first analyze the geometric
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dilution-of-precision [11] for the least-squares problem in (15)
solved as part of our overall pipeline. Subsequently, we analyze
the end-to-end estimation error of our overall pipeline via a
Cramér-Rao bound analysis.

1) Performance of (15): We start by quantifying the perfor-
mance of (15) via the dilution-of-precision (DoP) [11].

Definition 1 (DoP [11]): Consider a linear systemy = Ax+
n, with zero mean uncorrelated noise vector n with identity
covariance. Let x̂ denote the pseudo-inverse solution for x, i.e.,
x̂ = A†y. The dilution-of-precision (DoP) quantifies the root-
mean squared error (RMSE) for estimating x,

DoP =

√
E

[∥∥x̂− x
∥∥2
2

]
=

√
Tr

[
(A�A)

−1

]
.

Intuition: From its definition, it is clear that a smaller DoP
implies a smaller estimation error, which is desirable. Well-
conditioned matrices A have small DoP, e.g., n× n identity
matrix has DoP =

√
n. On the other hand, ill-conditioned,

low rank matrices A, e.g., an all-ones matrix, have infinitely
large DoP → ∞. Hence, analyzing the DoP enables identifying
regimes where the estimation error is expected to be small (at
DoP minima) vs no estimation is possible (at DoP maxima).

In the context of our system, considering only single-bounce
and double-bounce paths, the matrix A in Definition 1 corre-
sponds to the upper 2× 2 sub-matrix of (15):

A =

[
2r�m
‖rm‖2

r�m
‖rm‖2 + (rm−rs)

�
‖rm−rs‖2

]
. (23)

In the following, we analyze the DoP for the simple configu-
ration shown in Fig. 6, where the static object subtends an angle
θ to the line joining the radar and the moving object.

Lemma 2: For the configuration shown in Fig. 6, the DoP as
a function of angle θ ∈ [−180◦, 180◦] is given by

DoP =

√
3− cos(θ)

2 sin2(θ)
,

which peaks to infinity at θ ∈ {0◦,±180◦}, and has minimum
value ( 12 + 1√

2
) ≈ 1.2071 at θ = ±2 tan−1(2−

1
4 ) ≈ ±80◦.

Proof: See Supplementary Material.
Fig. 9 plots the DoP as a function of angle θ.
Intuition: Intuitively, one expects best performance when the

objects are “perpendicular”, i.e., θ ≈ ±90◦, in which case the
single-bounce paths capture the radial velocity and the double-
bounce paths capture the tangential velocity. While intuitive,
the aforementioned statement is not strictly true because as
per (23), both the single-bounce and double-bounce Doppler
terms capture components of the radial velocity, in addition to
the tangential velocity captured in double-bounce. Lemma 2
proves that θ ≈ ±80◦ is the optimal configuration.

We note however that the present DoP analysis is limited to
only identifying optimal unit vector directions rm

‖rm‖2 ,
rm−rs

‖rm−rs‖2 ,
and not actual object locations rm, rs, due to the definition
of the matrix A in (23). Moreover, the present result assumes
perfect knowledge of the object locations, and hence matrix A,

Fig. 9. Best performance when θ ≈ ±80◦ in Fig. 6.

for estimation. We overcome these drawbacks in the following
Cramér-Rao bound analysis.

2) Cramér-Rao Bound Analysis: Let rm = [xm ym ]� and
rs = [xs ys ]� respectively denote the moving and static ob-
jects’ 2D location vectors. Similarly, let vm = [vxm vym ]�

denote the moving object’s 2D velocity vector. Further-
more, let σRe/Im

m/s
denote the real/imaginary parts of the re-

flectivities of the moving and static objects. We derive
Cramér-Rao bounds (CRB) for the vector of unknowns
θ = [r�m r�s v�

m σRe
m σIm

m σRe
s σIm

s ]�, where the reflec-
tivites are considered nuisance parameters.

The radar’s signal model is defined similar to (2):

y(ω; �)=
√
P

TX

[
σm(aRX

(θ
m
)⊗ a

TX
(θ

m
))

e−j[ωc dm+
2πfc
c v̄m�Tc ]

4π2d2m

+ σmσsã
s
m

e−j[ωc (dsm+
1
2 dm+

1
2 ds)+

2πfc
c ( 1

2 v̄m+v̄sm)�Tc ]

4π2(dsm + 1
2dm + 1

2ds)
2

+ σs (aRX
(θ

s
)⊗ a

TX
(θ

s
))

e−jωc ds

4π2d2s

]
+ n, (24)

where we have redefined (2) and restricted it up to double-
bounce. Variable ãsm = a

RX
(θ

s
)⊗ a

TX
(θ

m
) + a

RX
(θ

m
)⊗ a

TX
(θ

s
)

denotes the combined steering vector along double-bounce
paths. Variables dm=2‖rm‖2

, ds=2‖rs‖2
, dsm=‖rm−rs‖2

de-
note the distances between the radar and moving object, radar
and static object, and the static and moving objects respec-

tively. Variables v̄m = r�m
‖rm‖2 vm and v̄sm = (rm−rs)

�
‖rm−rs‖2 vm denote

the projection of the moving object’s velocity vector vm

onto the unit vectors along paths: radar → moving object and
moving object → static object. We model the noise vector n to
be complex Gaussian with identity covariance as in (2).

The CRB for the model in (24) is derived in Appendix A.
We now plot the derived CRB numerically for the configura-

tion shown in Fig. 6, with unit-reflectivity objects at distances
‖rm‖2

= 2.5 m and ‖rm − rs‖2
= 2.5 m, unless otherwise

noted. We denote the angle subtended by static object onto the
line joining the radar and the moving object by θ. The simulation
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Fig. 10.
√
CRB for moving object tangential velocity estimation vs angle θ, inter-object distance ‖rm − rs‖2 and signal-to-noise ratio (SNR) in Fig. 6.

(a) Tangential velocity is best estimated when θ ≈ ±80◦, as also derived in Lemma 2 and shown in Fig. 9. (b) Tangential velocity is best estimated at small
‖rm − rs‖2 when the relative strength of double-bounce paths is large. (c) Inverse linear scaling with SNR, and more number of chirps L per frame improves
tangential velocity estimation.

parameters correspond to a commercial off-the-shelf MIMO
radar [7]: FMCW starting frequency f

c
= 77 GHz, 4GHz band-

width, W = 256 instantaneous chirp frequencies, L = 64 to 256
chirps per frame, chirp durationT

c
= 40μs, andT = 9, R = 16

transmit/receive antennas.
Fig. 10 plots

√
CRB, which lower bounds the root-

mean squared error (RMSE) of any unbiased estimator, for
estimating the moving object’s tangential velocity5 as a
function of angle θ, distance ‖rm − rs‖2

and signal-to-noise
ratio SNR = 1

TRWL

∑W
ω=1

∑L
�=1 ‖y(ω; �)‖

2

2
(assuming identity

covariance complex Gaussian noise n in (24)). Each plot is the
average of 100 independent realizations of noise and vm, with
each entry uniformly distributed in [−5, 5] m/s.

Fig. 10(a) corresponds to varying the angle θ, for SNR =−20
dB, showing that the tangential velocity is best estimated when
θ ≈ ±80◦ and is worst estimated when θ ∈ {0◦,±180◦}, thus
validating Lemma 2 and Fig. 9.

In the sequel, we consider θ = 90◦, which is a near-optimal
configuration as per Lemma 2 and Figs. 9 and 10(a), wherein
the tangential velocity is along the line joining both objects.

Fig. 10(b) corresponds to varying distance ‖rm − rs‖2
from

2.5 m to 7.5 m by varying the static object’s location r2, for
SNR = −20 dB when ‖rm − rs‖2

= 2.5 m. Fig. 10(b) shows
that larger values of ‖rm − rs‖2

result in poorer estimation of
the static object’s location rs and moving object’s tangential
velocity vxm, due to smaller double-bounce path strength.

Finally, Fig. 10(c) shows an inverse linear scaling of
√
CRB

with the SNR. We also note that the curve for L = 256 chirps per
frame is lower than those for L = 64 chirps per frame, indicating
better estimation with more chirps per frame.

5More plots as a function of other system parameters - moving object location
rm, static object location rs, and moving object velocity vectorvm - are available
in the Supplementary Material.

Further results quantifying the impact of multiple point-like
static objects as well as extended static and moving objects are
presented in the Supplementary Material.

C. Impact of Missing Terms in (15) & Utility of Triple-Bounce

Finally, we investigate the robustness of the least-squares
problem in (15) to missing multi-bounce Doppler estimates.

Lemma 3: In the absence of noise, perfect estimation of v
in (15) is possible from any combination of two or more Doppler
terms amongst f1, f2, f3,I, f3,II, for all non-collinear static and
moving object locations, r

s
�= αr

m
, ∀α ∈ R.

Proof: Recall the definitions of f1, f2, f3,I, f3,II in (7)–(10). It is
evident that the set of constitutent unit vectors, { rm

‖rm‖2 ,
rm

‖rm‖2 +
rm−rs

‖rm−rs‖2 ,
rm−rs

‖rm−rs‖2 } is linearly dependent; hence for any combi-
nation of ≥ 2 Doppler measurements amongst {f1, f2, f3,I, f3,II},
the rank of the matrix in (15) equals 2 (number of unknowns),
provided rm

‖rm‖2 �= (rm−rs)
‖rm−rs‖2 , or equivalently, rs �= αrm, ∀α ∈ R.

Lemma 3 shows that triple-bounce paths due to the same
pair of objects are not useful for full-velocity estimation in
the presence of double-bounce. However, the above conclusion
does not hold when either the static object is large enough to
generate a diversity of double-bounce and triple-bounce paths
passing through different points on the object surface, or in
around-corner settings [12] with no direct LOS paths. In the
latter scenario, velocity vector estimation of occluded moving
objects can be performed via type-I and type-II triple-bounce.

V. EXPERIMENTAL EVALUATION

We now experimentally demonstrate the benefits of using
multi-bounce for full-velocity vector estimation using an open
source experimental radar dataset from Mercedes-Benz [13].
The dataset comprises 21 different outdoor scenarios with 111
total recorded sequences, each collected over an average du-
ration of 38.5 seconds. Each sequence consists of one moving
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Fig. 11. Sample scenarios in dataset [13] ©2021 IEEE.

object - a pedestrian or a cyclist - that moves near one or more re-
flective surfaces. The reflective surfaces correspond to building
walls, parked vehicles, road features (guard rails, curbstones),
etc. Nine sample scenarios out of the 21 scenarios in the dataset
are shown in Fig. 11. A stationary vehicle equipped with two
77 GHz MIMO radars records radar point clouds of the envi-
ronment across the entire motion profile of the moving object.
The technical specifications of the radars are as follows [13]:
frame sampling frequency 10 Hz, maximum range 153 m, range
resolution 0.15 m, azimuth field-of-view ±70◦, azimuth angular
resolution 1.8◦, maximum radial velocity ±44.3 m/s, radial
velocity resolution 0.087m/s.

A. Methodology

We adapt our proposed approach, outlined in Section III-B,
to the dataset as follows.

Dataset Preprocessing: The dataset provides the locations and
Doppler velocities for points in point clouds after preprocessing
using CFAR detection and clustering, effectively equivalent to
performing Stages 1-3 of our proposed algorithm from Sec-
tion III-B. Each point in the point cloud is manually annotated
as a background detection (for stationary objects, e.g., walls), a
LOS moving object or a type-I or type-II multi-bounce “ghost”
of the moving object (recall Figs. 4 and 5).

Procedure: Given Stages 1-3 have already been performed
in the dataset, we adapt Stage 4 to the dataset as follows.
Since millimeter-wave signals largely undergo specular scat-
tering [73], instead of considering all background (static object)
locations, we only consider background locations that would
have resulted in a specular reflection towards a moving object
at pm, which can be identified as the background location pn

that lies on the line joining the radar and a type-II double/triple-
bounce “ghost” p

DB/TB,II
m of the moving object pm, such that

the following conditions are satisfied:

�DB=‖pn‖2+‖pn − pm‖2+‖pm‖2−2‖pDB,II
m ‖2=0, (25)

�TB = 2‖pn‖2 + 2‖pn − pm‖2 − 2‖pTB,II
m ‖2 = 0. (26)

Letting PBG denote the background point cloud, the above
procedure is equivalent to the following optimization problem:

pn = arg min
p∈PBG

∣∣∣∣yx − y
DB/TB,II
m

x
DB/TB,II
m

∣∣∣∣
2

+ |�DB/TB|2 + ‖p‖2 − ‖pDB/TB,II
m ‖2,

where p=[x y ]� and p
DB/TB,II
m =[x

DB/TB,II
m y

DB/TB,II
m ]�.

The optimization problem is clearly non-convex, and hence is
solved via exhaustive search. Subsequently, the remainder of
the processing in Stage 4 is performed. Note that it suffices to
consider type-II double/triple-bounce “ghosts” given the redun-
dancy of type-I paths in the presence of type-II paths (recall
Lemma 3 and Special Cases 1-3 from Section II-A). Moreover,
determining appropriate background points for type-I “ghosts”
requires determining their surface normals, which is beyond the
scope of this work.

Baseline: As our baseline, we use single-radar methods [26],
[27], [28] that estimate the full-velocity vectors of extended
objects based on the single-bounce radial velocities measured for
each point on the object. Mathematically, for an object composed
of points pk, the velocity vector of the object is estimated by
solving the following least-squares problem:

v=argmin
w

∥∥∥∥∥∥∥∥∥∥∥

⎡
⎢⎢⎢⎢⎣
f1(p1)

...
f1(pk)

...

⎤
⎥⎥⎥⎥⎦+

1

λc

⎡
⎢⎢⎢⎢⎢⎣

2p�
1

‖p1‖2
...

2p�
k

‖pk‖2
...

⎤
⎥⎥⎥⎥⎥⎦w

∥∥∥∥∥∥∥∥∥∥∥

2

2

,

which essentially corresponds to neglecting multi-bounce.
Performance Metrics: We quantify the performance of our

approach using the velocity vector estimation error, i.e., the �2
norm between the estimated and ground truth velocity vectors.
In certain results, we also quantify the error of the radial and
tangential components of the velocity vector.

B. Results

We begin by demonstrating the gains provided by double-
bounce over the single-bounce baseline [26], [27], [28].
Fig. 12(a) shows the cumulative distribution function (CDF) of
the velocity vector estimation error across all 21 scenarios in
the dataset; the 10th-90th percentile ranges for single-bounce
and double-bounce velocity errors are [0.977,15.275] m/s and
[0.341,3.472] m/s respectively. For comparison, the 10th-90th
percentile range for the norm of the ground truth velocity vec-
tor is [2,4.143] m/s. The median error with double-bounce is
1.1 m/s, which is significantly smaller than the median velocity
of 3.07 m/s and the median single-bounce error of 4.9 m/s.
Overall, double-bounce improves the median velocity error by
4.5× over the single-bounce baseline.

We further show in the Supplementary Material that the
major contributor to the gains with double-bounce is the signif-
icantly better tangential velocity estimation; the radial velocity
estimation performance of both the proposed method and the
single-bounce baseline remains similar. Additional results with
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Fig. 12. Double-bounce and triple-bounce single-reflector velocity vector estimation results. (a) Proposed approach results in 4.5× improvement in median
estimation error over single-bounce baseline. (b)–(d) Triple-bounce does not improve velocity error CDF across all 21 scenarios, except in scenarios with large
reflecting walls, e.g., those shown in (c) [13] ©2021 IEEE.

different reflector materials and multiple reflectors are also
presented in the Supplementary Material.

Finally, we quantify the gains possible with triple-bounce.
Fig. 12(b) shows the CDF across all 21 scenarios remains
unchanged on incorporating triple-bounce, consistent with the
findings of Lemma 3. However, in certain scenarios like those
shown in Fig. 12(c) with large reflecting walls, there is clear
benefit of triple-bounce, reducing the 90th percentile velocity
error from 3.472 m/s to 2.141 m/s in Fig. 12(d). In such cases, the
point object assumption used to derive Lemma 3 no longer holds;
making it possible that the double-bounce and triple-bounce
paths correspond to reflections from different points on the wall
surface. This diversity of reflecting points on the wall surface
explains the gains with triple-bounce.

In the Supplementary Material, we present additional results
quantifying the performance with more than 1 moving object.

VI. CONCLUDING REMARKS

In this paper, we presented a method enabling standalone
MIMO radars to estimate the full-velocity vectors of moving
objects within a single radar frame by exploiting multi-bounce
scattering from secondary static objects in the environment,
e.g., building pillars, walls, etc. Via extensive theoretical and
experimental evaluation, we demonstrated a 4.5× reduction in
the velocity vector estimation error over comparable baselines.

There are multiple avenues for future work. One direction
would be to integrate the proposed method with existing so-
lutions based on multi-frame object tracking [14], [15], [16]
and multiple radar and/or camera modules [6], [18], [19], [20],
[21], [22], [23], [24], [25]. Furthermore, we assumed a static
radar in this work; incorporating the method with ego-motion
algorithms [74], [75], [76] would be key for incorporating our
method into automotive navigation systems. Our present evalu-
ation was also limited to 2D due to the limited availability of 3D
radar datasets and lack of high-resolution elevation processing
in commercial MIMO radar testbeds. The performance of our
algorithm also heavily depends on the accuracy of clustering;
future work will evaluate the performance impact of clustering

errors and the clutter due to > 2 moving objects in the en-
vironment. Future work will also evaluate the benefits of our
method for 3D velocity vector estimation, which would be of
great utility in autonomous aerial mobility scenarios. Finally,
this work leveraged multi-bounce scattering from ambient static
objects in the environment. Two interesting avenues for future
work would be: (i) to design and deploy dedicated reflectors in
the environment, similar to [77], [78], [79], that provide strong
multi-bounce components - enabling vehicle-mounted radars to
estimate the full-velocity vectors of moving objects, and (ii)
exploiting multi-bounce between multiple moving objects, e.g.,
moving vehicles on highways.

APPENDIX A
CRAMÉR-RAO BOUND DERIVATION (SECTION IV-B2)

We derive the CRB based on the following standard results.
Theorem 1 (Vector CRB [80]): The covariance matrix of any

unbiased estimator θ̂ of a real parameter vector θ satisfies:

cov(θ̂) = E

[(
θ̂ − θ

)(
θ̂ − θ

)�]
� J−1(θ),

where J(θ) is the Fischer information matrix (FIM):

J(θ) = −E

[
∂

∂θ

[
∂ ln p(y;θ)

∂θ

]�]
,

and p(y;θ) denotes the likelihood of measurements y, which
satisfies the regularity condition E

[∂ lnp(y;θ)
∂θ

]
= 0, ∀θ.

Lemma 4 (FIM for Transformed Parameters [80]): The Fis-
cher information matrix (FIM) J(θ) for a parameter vector θ
can be expressed in terms of the FIM J(ϕ) for a transformed

parameter vector ϕ as J(θ) = PJ(ϕ)P�, where P = ∂ϕ�
∂θ .

Lemma 5 (FIM for Complex Gaussian Likelihood [81]):
For measurements following a complex Gaussian likelihood,
p(y;θ) = CN (μθ,Σ), the FIM J(θ) can be expressed as:

J(θ) =

(
∂μ∗

θ

∂θ∗

)
Σ−1

(
∂μθ

∂θ

)�
+

(
∂μθ

∂θ∗

)
(Σ−1)∗

(
∂μ∗

θ

∂θ

)�
.

The specific CRB expressions for our signal model in (24)
can be found in the Supplementary Material.
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