
THREE-DIMENSIONAL SIGNAL PROCESSING: A NEW APPROACH IN DYNAMICAL
SAMPLING VIA TENSOR PRODUCTS

Yisen Wang1, HanQin Cai2, Longxiu Huang1

1 Michigan State University
2 University of Central Florida

ABSTRACT

The dynamical sampling problem is centered around re-
constructing signals that evolve over time according to
a dynamical process, from spatial-temporal samples that
may be noisy. This topic has been thoroughly explored
for one-dimensional signals. Multidimensional signal
recovery has also been studied, but primarily in scenar-
ios where the driving operator is a convolution operator.
In this work, we shift our focus to the dynamical sam-
pling problem in the context of three-dimensional signal
recovery, where the evolution system can be character-
ized by tensor products. Specifically, we provide a nec-
essary condition for the sampling set that ensures suc-
cessful recovery of the three-dimensional signal. Fur-
thermore, we reformulate the reconstruction problem as
an optimization task, which can be solved efficiently. To
demonstrate the effectiveness of our approach, we in-
clude some straightforward numerical simulations that
showcase the reconstruction performance.

1 Introduction

The concept of dynamical sampling, first introduced in
the works of [9], addresses the challenge of compensat-
ing for spatial sampling deficiencies by leveraging the
temporal evolution of data during recovery [4]. This
method utilizes the time-dependent nature of signal evo-
lution, driven by external forces, to enhance the quality
of the collected samples, setting it apart from traditional
static sampling.

Dynamical sampling allows for efficient data acqui-
sition by sampling only a subset of data points in time
and space. This is particularly useful in systems where
collecting data from every point in space or at every mo-
ment in time is either costly or impractical. For instance,
in large sensor networks or medical imaging, dynami-
cal sampling can reduce the number of measurements
needed while still allowing accurate reconstruction of
the full signal.

Dynamical sampling has been extensively explored
for one-dimensional signals, with studies like [3, 5, 2, 6].
Particularly, for the scenario where the evolution op-
erator is represented by a matrix A ∈ Cd×d and the
signal, f ∈ Cd, is to be recovered, [3] provides nec-
essary and/or sufficient conditions on the sampling set
of indices Ω ¦ {1, 2, . . . , d} and the numbers {ℓi}i∈Ω
such that f ∈ Cd can be recovered from the samples
{Ajf(i) : i ∈ Ω, j = 0, · · · , ℓi − 1}.

Although one-dimensional signals have been ex-
tensively studied, research on multi-dimensional sig-
nals remains relatively limited. However, in industrial
applications, the observed time-varying signals often
involve multiple variables, highlighting the critical im-
portance of studying multi-dimensional dynamical sam-
pling. For example, in sensor networks used for en-
vironmental monitoring or industrial processes, data
such as temperature, pressure, and humidity are col-
lected over time across various spatial locations, form-
ing a three-dimensional tensor [10]. Each dimension
can represent spatial coordinates and time, highlight-
ing the complexity of the data. To date, the primary
research in this area has focused on signals evolving un-
der convolution-driven operators in multi-dimensional
settings [1]. This underscores a significant gap in the lit-
erature and highlights the need for further investigation
into multi-dimensional dynamical sampling.

In this work, we explore the dynamical sampling
problem where the initial signal F is in Cm×p×n, and
evolves over time driven by the t-product of the tensor
A ∈ Cm×m×n. Specifically, the signal at time t is trans-
formed according to:

Ft = At ∗ F , (1)

where ∗ denotes the t-product between two tensors
[7], and At represents the t-th power of A under
the t-product. We consider the spatio-temporal sam-
pling data represented by the set Ψ = {Ft(i, j, k) :
(i, j, k) ∈ Ω ¦ [m]× [p]× [n], t ∈ {0} ∪ [T − 1]} with
[m] = {1, 2, · · · ,m}. The objective of this study is to

250979-8-3503-5405-8/24/$31.00 ©2024 IEEE Asilomar 2024

20
24

 5
8t

h 
As

ilo
m

ar
 C

on
fe

re
nc

e 
on

 S
ig

na
ls,

 S
ys

te
m

s, 
an

d 
Co

m
pu

te
rs

 |
 9

79
-8

-3
50

3-
54

05
-8

/2
4/

$3
1.

00
 ©

20
24

 IE
EE

 |
 D

OI
: 1

0.
11

09
/IE

EE
CO

NF
60

00
4.

20
24

.1
09

42
65

0

Authorized licensed use limited to: University of Central Florida. Downloaded on September 01,2025 at 06:52:30 UTC from IEEE Xplore.  Restrictions apply. 



identify the conditions on Ω and T necessary to guaran-
tee the reconstruction of the initial signal F from Ψ, and
to formulate the reconstruction of F as an optimization
problem that can be efficiently solved.

1.1 Contributions

Our main contributions are as follows:

• We have established a necessary condition on Ω
for the successful recovery of the initial three-
dimensional signal from the given samples.

• We have transformed the reconstruction of the
three-dimensional signal F from spatio-temporal
samples into p independent optimization prob-
lems.

• We have conducted several experiments to demon-
strate the effectiveness of our method, determine
the optimal total sampling time T , and verify our
conjecture.

2 Preliminaries

In this section, we introduce the mathematical notations
and concepts required for our study, with a focus on the
t-product and other tensor operations.

Definition 1 (t-product). The t-product of tensors T1 ∈
Cm×p×n and T2 ∈ Rp×q×n is denoted by T1 ∗ T2 =:
T ∈ Cm×q×n and can be defined by the following steps:

• T̂1 = fft(T1, [], 3), T̂2 = fft(T2, [], 3)

• T̂ (:, :, k)=T̂1(:, :, k)T̂2(:, :, k)

• T := T1 ∗ T2 = ifft(T̂ , [], 3).

Apart from t-product, we also involve other products
between the tensors for the signal recovery.

Definition 2. Other products between tensor:

• Element-wise tensor product »: T = T1 »
T2 for T , T1, T2 ∈ Cm×p×n, with [T ]i,j,k =
[T1]i,j,k[T2]i,j,k.

• Tube-wise circular convolution »: T = T1 » T2
for T , T1, T2 ∈ Cm×p×n, with [T ]i,j,: = [T1]i,j,: ∗
[T2]i,j,:.

• Frontal-slice-wise product △: T = T1 △ T2 for
T1 ∈ Cm×n×p, T2 ∈ Cn×s×p, T ∈ Cm×s×p, with
[T ]:,:,k = [T1]:,:,k[T2]:,:,k.

3 Main results

3.1 Necessary condition

We have initially focused on the sampling set Ω struc-
tured in a lattice form, specifically Ω = I × J × [n],
where I ¦ [m] and J ¦ [p]. In this configuration, we
present the following result:

Theorem 3.1. Suppose F ∈ Cm×p×n and A ∈ Cm×m×n.

And suppose that the signal at time t follows the trans-

formation specified in (1). Then, the recovery of F from

Ψ, with Ω = I × J × [n] where I ¦ [m] and J ¦ [p], is

not possible if J ̸= [p].

Proof. Given that Ω = I × J × [n], the samples at time
t can be represented as:

Yt = [Im]I,:,: ∗ Ft ∗ [Ip]:,J,: (2)

where Im is the m×m×n identity tensor [7]. Utilizing
the properties of the t-product and applying the discrete
Fourier transformation on the third dimension of both
sides of (2), we obtain:

[Ŷt]:,:,k = [Im]I,:Â
t
:,:,k[F̂ ]:,J,k (3)

where Im stands for the m × m identity matrix. Given
that the Fourier transformation is a unitary transforma-
tion, reconstructing F from Ψ is equivalent to recon-

structing F̂ from Ψ̂ = {Ŷt : t ∈ 0 ∪ [T − 1]}.

From (3), it is evident that the reconstructions of

[F̂ ]:,j,k are independent for different j ∈ J . This im-
plies that if J ̸= [p], there will be some j ∈ [p] \ J for

which [F̂ ]:,j,k cannot be reconstructed from Ψ̂. Conse-

quently, F̂ cannot be fully reconstructed from Ψ̂. The
result of this theorem is thus established.

Based on this result, we propose the following con-
jecture, which we intend to explore in our future work:

Conjecture 1. A necessary condition for the successful

recovery of F from Ψ is that
⋃

(i,j,k)∈Ω{j} = [p].

Although we do not provide a formal theoretical
proof for this conjecture here, we conducted simulations
to test our hypothesis. The results indicate that losing
any vertical index from the second dimension leads to a
failure in recovery, thereby supporting the conjecture.

3.2 Method development for signal recovery

We now focus on reconstructing F from Ψ. If the sam-
ples sufficiently guarantee the reconstruction of F , then
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the following optimization problem will yield a unique
solution:

min
X

T−1∑

t=0

∑

(i,j,k)∈Ω

∥[At ∗ X ]i,j,k − [Ft]i,j,k∥
2
F. (4)

For clarity, we introduce the following definitions: Let
PΩ(·) denote the projection of a tensor onto the observed
set Ω such that

[PΩ(T )]i,j,k =

{
Ti,j,k, if (i, j, k) ∈ Ω

0, otherwise
.

According to Definition 2, we can reformulate (4) as:

min
X

T−1∑

t=0

∥PΩ(A
t ∗ X )− PΩ(Ft)∥

2
F. (5)

Consider that

PΩ(Ft) = PΩ »Ft

= ifft(P̂Ω » F̂t, [], 3)/n.
(6)

Drawing on the properties of the t-product and inspired
by [8], we can convert the least squares minimization
problem (5) into a frequency domain version:

min
X̂∈Cm×p×n

T−1∑

t=0

∥P̂Ω » (Ât △ X̂ )/n− P̂Ω(Ft)∥
2
F. (7)

This problem can be decomposed into p separate sub-
problems, one for each j ∈ [p], where we solve:

min
[X̂ ]:,j,:

T−1∑

t=0

∥[P̂Ω]:,j,:»(Ât△[X̂ ]:,j,:)/n−[P̂Ω(Ft)]:,j,:∥
2
F.

(8)
The goal is to achieve a minimal value of zero for each
subproblem. To facilitate this, we construct the follow-
ing system for each t and j:

A3(j)A1(t)x(j) = b(j, t) (9)

where

x(j) =
[
[X̂ ]:,j,1; · · · ; [X̂ ]:,j,n

]
∈ C

mn×1, (10)

b(j, t) =
[
[P̂Ω(Ft)]:,j,1; · · · ; [P̂Ω(Ft)]:,j,n

]
∈ C

mn×1,
(11)

and A1(t) and A3(j) are defined as:

A1(t) =



[Â]t:,:,1

. . .

[Â]t:,:,n


 ∈ C

mn×mn, (12)

A3(j) =




diag([A2(j)]1,1,:) diag([A2(j)]1,2,:) · · · diag([A2(j)]1,n,:)
diag([A2(j)]2,1,:) diag([A2(j)]2,2,:) · · · diag([A2(j)]2,n,:)

...
...

. . .
...

diag([A2(j)]n,1,:) diag([A2(j)]n,2,:) · · · diag([A2(j)]n,n,:)




with [A2(j)]:,:,ℓ = circ([P̂Ω]ℓ,j,:). Solving this system
will enable us to recover x(j). Once all x(j) values are
obtained, they are combined and reshaped into a tensor

X̂app of size m× n× p. The estimation of F is then set

as X = ifft(X̂app, [], 3).

3.3 Experiments

To evaluate the performance of our proposed method,
we conducted several simulations aimed at recovering
the initial signal. The experiments are structured in three
parts: the first part evaluates the overall recovery perfor-
mance and the point-wise recovery of our algorithm, the
second part focuses on determining the optimal value
of the parameter T , which is crucial for effective signal
recovery, the third part verifies the conjecture, demon-
strating that to fully recover the signal, the union of the
second dimension in our dataset must equal to p, i.e., the
second dimension of the initial signal.

3.3.1 Datasets

To generate the synthetic datasets, we first create a ran-
dom tensor of size 20 × 15 × 5 as the initial signal F
and another tensor of size 20× 20× 5 as the driven op-
erator A. Using these, we produce signals at different
times t by applying the operation Ft = At ∗ F . Next,
we generate another tensor PΩ ∈ {0, 1}20×15×5 of the
same size as F to denote the sampled locations. The en-
tries of PΩ are generated using a Bernoulli distribution,
where an entry of 1 indicates the presence of a sample
and 0 indicates its absence. The probability of 1 in PΩ is
set to the sampling rate ³. Finally, we extract the spatio-
temporal samples by generating PΩ(Ft) at various time
points t ∈ {0} ∪ [T − 1], capturing samples across dif-
ferent locations and times.

3.3.2 Recovery accuracy

In the first set of experiments, we evaluated recovery ac-
curacy. We set the maximum sampling time T to 5 and
repeated the experiment 10 times to assess the stability
of the method. As shown in Figure 1, when the sampling
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rate reached 40%, the relative error decreased to approx-
imately 10−12, demonstrating the effectiveness of our
approach.

Fig. 1: Relative error v.s. sampling rate ³: we re-

peated this experiment 10 times, calculating both the

mean value and the standard deviation of the results. As

shown by the shadow, the standard deviation is relatively

small, indicating that our method consistently performs

well across different trials.

Fig. 2: This figure shows the point-wise gap between the

reconstructed signal and the ground truth signal, there

are 20× 15× 5 = 1500 sample points in total, we com-

pared each point from the constructed tensor with the

ground truth tensor.

It is important to note that the product of T and
the sampling rate ³ provides a measure that reflects the
overall sampling size. If this product is less than 1, re-
covery is likely to fail, as the sample set lacks sufficient
information to reconstruct the initial signal. Addition-
ally, as observed in Figure 2, a sampling rate of 40%
enables successful recovery of all points, further under-
scoring the robustness of our method.

3.3.3 Optimal maximum sampling time T

The parameter T is a critical hyperparameter, especially
when samples are affected by noise. To investigate the
effect of T on recovery performance, we conducted a se-
ries of experiments, varying T from 1 to 15 while keep-
ing the sampling rate ³ fixed at 40%. Additive Gaussian
noises with mean 0 and variance Ã2 were applied to the
samples, i.e., ε ∼ N (0, Ã2).

As shown in Figure 3, increasing T does not always
enhance recovery performance; rather, an optimal value
of T exists. For T > 10, we calculate the condition
number »(j) of the matrix

[(A3(j)A1(0))
¦ (A3(j)A1(1))

¦
· · · (A3(j)A1(T ))

¦]¦

and define K = maxj »(j) as the condition number of
the entire system. We observed that K became exces-
sively large (on the order of 1011), which caused insta-
bility in the linear system (9) and led to a significant in-
crease in relative error, as shown in Figure 4. This indi-
cates that selecting an appropriate value for T is crucial
for achieving stable and accurate recovery.

3.3.4 Verifying the conjecture

In this section, we conducted simulations to evaluate
Conjecture 1. The initial signal is a tensor of size 20 ×
15 × 5. To test the conjecture, we first set the sam-
pling rate to ³ = 1, generating the sampling location set

Ω =
⋃15

j=1Ωj , where Ωj represents the locations corre-

sponding to the second index equal to j. In each exper-
iment, one Ωj was excluded by varying j from 1 to 15,

resulting in the sampling location set Ωj = Ω \Ωj . This
configuration led to a sampling rate of 93%. However,
as shown in Figure 5, the relative error remained above
0.2, indicating that the initial signal could not be fully
recovered.

To further explore this, we generated a new sampling
location set with ³ = 0.5, and similarly adjusted the set
by excluding all locations where the first (or third) index
equals j, with j varying from 1 to 20 (or from 1 to 5
for the third index). As shown in Figure 6, excluding
locations where the first or third index takes these values
did not affect the recovery, and the relative error reduced
to 10−11.
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