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Measuring gravitational interactions on sub-100-μm length scales offers a window into physics beyond the
Standard Model. However, short-range gravity experiments are limited by the ability to position sufficiently
massive objects towithin small separation distances. Herewe proposemass-loaded silicon nitride ribbons as a
platform for testing the gravitational inverse square law at separations currently inaccessible with traditional
torsion balances. These microscale torsion resonators benefit from low thermal noise due to strain-induced
dissipation dilution while maintaining compact size (< 100 μg) to allow close approach. Considering an
experiment combining a 40 μg torsion resonator with a source mass of comparable size (130 μg) at
separations down to25 μm, and including limits from thermomechanical noise and systematic uncertainty,we
predict these devices can set novel constraints on Yukawa interactions within the 1–100 μm range.
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I. INTRODUCTION

Measurements of the gravitational inverse square law
(ISL) at short distances can test physics beyond the
Standard Model [1,2]. Dark energy generically suggests
a scale for new physics around 100 μm [3], and several
specific theories have been proposed in this regime. For
example, “fat gravitons” with size in the 20–95 μm range
may solve the cosmological constant problem [4,5], cha-
meleon fields can have interaction lengths as low as
∼25 μm in a laboratory setting [6], and modifications to
gravity from a “dark dimension” are predicted to arise
between 1 and 10 μm [7,8]. Experimental tests of the ISL
are also sensitive to short-range Yukawa interactions
mediated by massive particles such as dilatons [9], radions
[10], or gauge bosons [11,12]. In this context, one can
parametrize a violation of the ISL with a Yukawa potential
that augments the Newtonian gravitational potential as

VðrÞ ¼ −
GM
r

ð1þ αe−r=λÞ ð1Þ

at a distance r from a point-mass source M. Here α is the
interaction strength relative to Newtonian gravity and λ ¼
ℏ=ðmbcÞ is the interaction length, where mb is the mass of
the exchange boson.
Avariety of devices have been used to search for Yukawa

interactions in the sub-100-μm range, including torsion
balances [3,13–15], optomechanical cantilevers [16],
microelectromechanical torsion oscillators [17,18], levi-
tated particles [19], and Casimir experiments [20,21]. Of
these, only cm-scale torsion balances with test masses
exceeding 100 mg have constrained gravitational-strength

(jαj ¼ 1) Yukawa interactions [3,15,22–25]. The upper
bound for the interaction length of gravitational-strength
Yukawa interactions has been progressively constrained by
the Eöt-Wash group from 197 μm in 2001 [13,14] to 56 μm
in 2007 [3], to 42 μm in 2013 [23], and most recently to

50 μm

wz = 50 μm wy = 1 mm

s

wx = 350 μm

source
rotation

x
y

zy
x

1 mm

ρhigh

ρlow

ρpad

pad
twist

FIG. 1. Sketch of the proposed experiment. A 40 μg silicon pad
is suspended from aSi3N4 nanoribbon, forming a torsion resonator.
The heterogeneous source mass consists of an alternating density
pattern exerting a gravitational torque (along the x-axis) on the pad.
The high-density ρhigh region could for example consist of micro-
machined tungsten or gold (ρAu ≈ ρW ¼ 1.9 × 104 kg=m3) that is
electroplated on a silicon wafer, such that each wedge would be
130 μg.While the low-density ρlow region could be empty space, it
is common to use another material of minimal density such as
silicon [16] or epoxy [29] to maintain a planar surface. An
electrostatic shield (not shown) separates the pad and attractor.
Inset: top view showing the attractor orientation that produces
maximal torque.
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39 μm in 2020 [15]. Device planarity and the onset of
electrostatic noise set the lower limit on the minimum
surface separation between the source and test masses in
torsion balance experiments [15,25], making it difficult to
probe shorter interaction lengths.
Here we propose microscale torsion resonators as a

platform for measuring gravity on sub-100-μm length
scales. Introduced in Ref. [26], these devices are based
on strained Si3N4 nanoribbons that have been mass-loaded
with a silicon pad to form submilligram, chip-scale torsion
resonators. A key feature is strain-induced dissipation
dilution yielding orders of magnitude improvement in
the mechanical quality factor. The compactness and opti-
cally flat planar geometry of the microresonators make
them well suited for close approach to a planar source mass,
with most of their mass able to participate in the short-range
interaction due to the thinness of the pad (as is done in
Refs. [17,27]). Furthermore, the optical lever readout of their
motion does not require additional, nonparticipatingmass, as
the laser beam reflects directly off of the pad surface [26].
With quality factors exceeding one million, the devices
reported in Ref. [26] possess room temperature thermal
torque noise below 10−19 Nm=

ffiffiffiffiffiffi
Hz

p
, with the potential for

further noise reduction through cryogenic cooling [16]. The
devices may also be less susceptible to noise arising from
electrostatic effects at narrow separations, as strain-induced
stiffness minimizes the overall resonator motion [28].
Finally, lithographically defined geometry ensures precise
dimensional control, improving fabrication tolerances while
also enabling rapid production of multiple units to gather
statistics on fabrication errors.

II. PROPOSED EXPERIMENT

An example of the proposed experiment is depicted in
Fig. 1, where the gravitational coupling between a torsion
microresonator and a heterogeneous source mass of com-
parable size is measured as a function of separation s. The
source mass, with top surface parallel to the bottom surface
of the pad, is continually rotated such that the gravitational
torque on the pad oscillates at 3 times the rotation
frequency (neglecting higher-order harmonics), and the
signal can be measured with lock-in detection using the
attractor phase as a reference. The rotation rate should be
chosen to produce a signal near resonance to reduce the
impact of measurement noise in the angular displacement
readout. However, the signal frequency should not coincide
directly with the resonance peak, where the mechanical
susceptibility is more sensitive to frequency drift.
Torquemeasurements at various separations canbeused to

distinguish a potential Yukawa interaction from a purely
Newtonian gravitational signal, whichwould have a different
s-dependence, as depicted in Fig. 2(a). This procedure also
helps discern contributions from separation-independent
effects, such as wobble in the rotary system that produces
vibrations at rotation frequency harmonics. To reduce the
impact of Casimir and electrostatic couplings between the
source and test masses, the source mass will be uniformly
coated in gold with thickness exceeding the plasma wave-
length,∼135 nm [18,30,31]. Further isolation is achieved by
inserting an electrostatic shield between the two (omitted
from Fig. 1), such as a metallized Si3N4 membrane [16]. To
leading order, extraneousmotion of the shieldwill not couple
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FIG. 2. Projections for an ISL experiment. (a) Expected Newtonian and Yukawa (for α ¼ 1) torques calculated numerically for the
orientation depicted in the inset of Fig. 1 assuming ρlow ¼ 0 and ρhigh ¼ ρAu. The dashed lines indicate the expected thermal noise-
equivalent torque δN for a single measurement over an averaging time tmeas ¼ 1 day at various device temperatures. (b) Dashed curves
indicate the projected 2σ minimum detectable coupling strength αmin, assuming a measurement campaign that consists of 30 torque
measurements, lasting a day each, made at various separations in the range ½25; 75� μm. Each projection accounts for limitations from
thermal noise and systematic uncertainties. The yellow shaded region corresponds to existing constraints from Refs. [15,18,25]. All
calculations assume the pad to be composed of silicon, ρpad ¼ 2330 kg=m3, except for an additional projection in (b) accounting for a
case where the pad is fabricated from a denser material (tungsten), ρpad ¼ ρW.
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to the resonator, as any electrostatic or Casimir force would
be distributed across both sides of the torsion axis. However,
coupling between the resonator and the shield can still have
effects such as altering the resonator stiffness or presenting a
noise source at close separations [15,28,32], potentially
requiring the pad bemetallized and grounded through partial
metallization of the ribbon suspension [33]. Remaining
contact potentials can be compensated by applying a bias
voltage to the shield [25].
The experiment’s sensitivity is fundamentally limited by

thermal motion of the torsion resonator with a torque-
equivalent power spectral density Sthτ ¼ 8πkBTf0I0=Q0.
While the moment of inertia I0 ¼ 3 × 10−15 kgm2 only
depends on the pad dimensions, the resonance frequency f0
and quality factor Q0 depend also on the ribbon suspension
geometry (see Appendix B). The ribbon is assumed to
have a 150 μm width, 40 nm thickness, and 1.5 cm total
length. FollowingRef. [26], these parameters are expected to
yield f0¼137Hz,Q0¼ 6×107, and

ffiffiffiffiffiffi
Sthτ

p
¼ 3×10−20 Nm=ffiffiffiffiffiffi

Hz
p

atT ¼ 300 K. Each torquemeasurement is polluted by
thermal noise with standard deviation δN ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Sthτ =tmeas

p
depicted by dashed lines in Fig. 2(a).
A nonzero Yukawa interaction would manifest as a

deviation from the expected gravitational torque, so the
minimum detectable interaction strength αmin is limited by
uncertainty in both the total torque estimate and the
Newtonian torque model. In particular, errors in calibration,
fabrication, or alignment may lead to imperfect subtraction
of the expected Newtonian contribution. To account for
these effects, consider a model for the torque on the pad
with contributions from Newtonian gravity τG and a
Yukawa interaction τY,

τðsÞ ¼ AðτGðs; βÞ þ τYðs; βÞÞ þ B; ð2Þ

where β is a vector whose components represent exper-
imental parameters (including α) that determine the gravi-
tational signal and A and B are parameters encoding
systematic error in the torque calibration. Multiple mea-
surements at different locations s distinguish the Yukawa
torque from the Newtonian torque, inferring a best fit value
for α. However, each torque measurement will contain
uncorrelated error due to thermal torque noise with stan-
dard deviation δN, such that a nonzero estimate of αmay be
inferred even in the absence of a Yukawa force. The
expected variance of this estimate is used to define the
minimum detectable interaction strength αmin to produce a
statistically significant signal (see Appendix A).
Generally, the Newtonian τG and Yukawa τY signals

depend on experimental parameters β, such as those para-
metrizing the shape, size, or alignment of the source and
test masses. In practice, the value of each parameter may
not be known exactly and these uncertainties affect αmin
(see Appendix A for more details). In Fig. 2(b) we account
for uncertainty in the pad widths δwx ¼ δwy ¼ 10 μm and

uncertainty in the smallest separation δs0 ¼ 5 μm.1

However, the limits presented are dominated by uncertainty
in the torque signal calibration, where we have assumed an
overall scale factor uncertainty of δA ¼ 25% and no prior
knowledge of the offset B. Perfect knowledge of these
parameters would reduce αminðλ ¼ 30 μmÞ for the 300 K,
300 K (tungsten), 4 K, and 100 mK curves in Fig. 2(b) by
factors of 2.1, 3.1, 3.8, and 4.5, respectively.
Figure 2(b) depicts the projected minimum detectable

coupling strength αmin of a torsion resonator within the
1–300 μm interaction range, including limitations from
thermomechanical noise and systematic uncertainties. We
find that a room temperature experiment consisting of 30,
one-day-long measurements at separations in the range
s∈ ½25; 75� μm is capable of probing new parameter space
over the interval 3 μm≲ λ≲ 36 μm (dashed red curve).
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FIG. 3. Projected performance versus minimum achievable
surface separation. Expected 2σ constraints are calculated as a
function of the smallest separation distance s0 achieved in the
experiment. Measurements are assumed to be made on the
interval s∈ ½s0; s0 þ 50 μm� with all other parameters the same
as in Figs. 1 and 2. (a) The minimum detectable interaction
strength αmin at λ ¼ 30 μm and (b) the minimum accessible
interaction length λmin for a gravitational-strength Yukawa force
(jαj ¼ 1) are plotted as a function of s0. The gray shaded region
indicates the range of values for αminðλ ¼ 30 μmÞ and λminðjαj ¼
1Þ that have been excluded by other experiments, marked A [15],
B [23], and C [3].

1Uncertainty in the x − y alignment does not contribute error to
first order, as the pad location in the x–y plane is chosen to
maximize the torque ð∂τ=∂x ¼ ∂τ=∂y ¼ 0Þ. Lateral misalignment
would need to exceed ∼10 μm for higher-order terms at 25 μm
separation to exceed the 100 mK thermal torque.
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To improve upon this result, additional measures can be
taken such as cryogenic cooling to reduce thermal noise or
fabricating the resonator from a denser material to amplify
the Yukawa signal. These scenarios are also included in
Fig. 2, where the thermal noise variance is simply rescaled
by the temperature δN2 ∝ T for cryogenic cooling
(4 K and 100 mK) and an additional room temperature
projection is included assuming a tungsten test mass
where all other device parameters are held constant, such
that the tungsten-based device would have parame-
ters ðI0; f0; Q0Þ ¼ ð3 × 10−14 kgm2; 48 Hz; 6 × 107Þ.
The minimum separation distance in the experiment may

be limited by electrostatic coupling between the resonator
and the electrostatic shield. Metallization and voltage
compensation can reduce this effect [25]; however, non-
uniform potentials on the conducting surfaces will remain
and present a statistical, separation-distance-dependent
noise source in the form of seismic patch field coupling
[28,34]. Polycrystallinity, surface contamination, or varia-
tion in chemical composition produce a nonuniform surface
potential, commonly referred to as “patch potentials” [35].
Random translational or rotational motion of the oscillator
along any axis causes it to sample the spatially random and
anharmonic potential established by the patch fields,
resulting in random forces and torques. Due to the short
range of the patch fields whose length scale is assumed to
be smaller than the separation distance s, this effect is more
pronounced at shorter distances and is expected to scale as
s−4 [36,37]. The effect of this seismic patch field coupling

can be reduced by decreasing the oscillator’s motion
through a combination of vibration isolation and simulta-
neous feedback cooling [38] of the torsional and flexural
modes, which also helps maintain the parallel, stationary
alignment between the source and test mass surfaces that is
assumed for calculating the Newtonian and Yukawa torque
signals.
The exact limitations on our experiment posed by

electrostatic effects are unknown but will likely manifest
as a lower limit on the surface separation. Unsure of this
limit in the proposed system, in Fig. 3 we explore the effect
of varying the smallest separation distance s0 on αmin and
the minimum interaction length λmin for which the experi-
ment is sensitive to gravitational-strength Yukawa cou-
plings (jαj ¼ 1). For a room temperature silicon device
(red), Fig. 3(a) shows that for λ ¼ 30 μm a minimum
separation s0 ≲ 45 μm is needed to surpass prior con-
straints and s0 ≲ 10 μm is needed to achieve αmin ≤ 1.
Figure 3(b) shows that new constraints on λmin would
require s0 ≲ 18 μm, while a cryogenic experiment at
100 mK (purple) could potentially achieve λmin ≈ 10 μm
with s0 ≈ 25 μm.

III. PROTOTYPE DEVICE

As a first step toward experiment, we have fabricated and
characterized a prototype microresonator with dimensions
comparable to the proposed devices. For the design
dimensions in Fig. 4(a), the predicted frequency, quality
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FIG. 4. Prototype device. (a) Photograph and diagram of a prototype device. A Si3N4 ribbon with a width of 100 μm and thickness of
80 nm spans the 7 mm gap of a window etched into a silicon chip. The ribbon is mass-loaded with a nominally 300 μm ×
1000 μm × 200 μm silicon pad. (b) Ringdown measurement of the torsion mode quality factor. (c) Measurement of the device’s torque
noise spectrum (black) reveals extraneous noise due to vibrations in the laboratory exceeding the expected thermal noise (red) by 2
orders of magnitude. The measurement contains additional readout noise with an approximately white angular displacement spectrum of
∼18 nrad=

ffiffiffiffiffiffi
Hz

p
modeled by the magenta curve. A concurrent measurement using a commercial seismometer is included (blue),

converted into an inferred torque noise via
ffiffiffiffiffi
Sτ

p ¼ ðm0wz=2Þ
ffiffiffiffiffi
Sa

p
.
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factor, and thermal torque noise are 80 Hz, 1.3 × 107, and
10−19 Nm=

ffiffiffiffiffiffi
Hz

p
, respectively (see Appendix B). Calibrated

readout of the resonator’s angular displacement was per-
formed using an optical lever [26] with a 1550 nm laser
beam, and Fig. 4(b) shows a ringdown measurement that
confirms the design quality factor Q0 ≈ 107. The displace-
ment spectrum Sθ reveals a lower resonance frequency
f0 ¼ 71.5 Hz than predicted, possibly due to overestima-
tion of the thin-film stress, for example. The apparent
torque spectrum [Fig. 4(c)] can be inferred as Sτ ¼ jχj−2Sθ,
where the inverse mechanical susceptibility is χ−1≡
ð2πÞ2I0ðf02 − f2 − iff0=Q0Þ. As shown in Fig. 4(c), we
infer

ffiffiffiffiffi
Sτ

p
≈ 10−17 Nm=

ffiffiffiffiffiffi
Hz

p
.

The torque noise of our prototype device [Fig. 4(c)] is 2
orders of magnitude above the predicted thermal torque
noise and points to a key challenge: mitigating acceler-
ation noise that couples to the torsion mode due to
asymmetric mass loading. Specifically, the excess noise
corresponds to a horizontal acceleration background of
70 ng=

ffiffiffiffiffiffi
Hz

p
near 71.5 Hz, which was confirmed with an

independent accelerometer measurement [blue trace in
Fig. 4(c)]. We note that the current device is particularly
susceptible to horizontal accelerations given its relatively
large (wz ¼ 200 μm) thickness, since

ffiffiffiffiffi
Sτ

p
∝ wz

2
ffiffiffiffiffi
Sa

p
. By

reducing the device thickness to 50 μm, per the proposed
design, this vibration-induced torque noise would be
reduced by a factor of 16. To completely remove the
coupling of horizontal accelerations into the torsion mode,
the device may be fabricated with the center of mass
aligned with the torsion axis, which can be achieved by
depositing additional material on the topside of the pad,
for example.

IV. CONCLUSION

In summary, we have proposed microscale torsion
resonators [26] as a new platform for short-range gravity
experiments and modeled the expected performance given
limitations from thermomechanical noise and systematic
uncertainties. We find that a room temperature device has
sufficient sensitivity to detect new Yukawa interactions
below ∼36 μm, assuming surface separations down to
25 μm and a 30-day-long measurement campaign. As a
first step, we have fabricated a prototype device exhibiting
a large mechanical quality factor of 107 and thermal torque
of 10−19 Nm=

ffiffiffiffiffiffi
Hz

p
. The key next steps are addressing

acceleration noise and potential electrostatic interactions
such that measurements can be performed near the device
thermal limit. In addition to new tests ofYukawa interactions,
this would enable the first measurements of the Newtonian
gravitational coupling between submilligram objects [39].
Looking forward, we note that microscale torsion resonators
are a promising platform for exploring new physics beyond
ISL deviations, such as spin-dependent interactions [40] or
quantum gravity [41].
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APPENDIX A: ANALYSIS FOR MINIMUM
DETECTABLE COUPLING STRENGTH

The proposed experiment will use the gravitational
torque exerted on the torsion pad by the source mass to
infer a value α̂ of the Yukawa coupling strength α. The
inferred coupling strength α̂ contains error from both
stochastic noise and systematic uncertainties. The nonzero
variance δα̂ of this estimate affects the minimum detectable
coupling strength αmin.
In this section, we provide a treatment for calculating

αmin based on estimated limitations from thermal noise and
systematic error due to uncertainty in experimental param-
eters. We also provide a brief explanation of the numerical
simulations used to model the expected Newtonian and
Yukawa torque signals.

1. Measurement and parameter uncertainty

At a given surface separation distance si, the source mass
exerts a torque on the pad containing both Newtonian τG
and Yukawa τY contributions

τgrav;iðβÞ ¼ τGðβ;ΔsiÞ þ τYðβ;ΔsiÞ; ðA1Þ

where β is a vector whose components represent the
experimental parameters that determine this torque signal.2

The separation distances have been parametrized as
si ¼ s0 þ Δsi, such that the increments Δsi are treated
as the independent variables and the smallest separation s0
is included as a component in β.

Experimentally, τgrav;i is not measured directly, but rather
it is inferred from some experimentally accessible quantity,
such as the photocurrent output from a photodetector. With
this in mind, we define the function

viðηÞ ¼ aτgrav;iðβÞ þ b ðA2Þ

to model the raw data (ignoring stochastic noise in the
measurement), which is related to the signal τgrav;i by a
calibration factor a. Another parameter b accounts for an
overall offset in the measurement. A more general param-
eter vector η≡ ðβ0; β1;…; a; bÞ includes these components
ða; bÞ in addition to the parameters in β.

2While the interaction strength α is included as a component of
β, the interaction length λ is not. The value of λ is assumed, and
the calculations for αmin presented here must be repeated
separately for each value of λ within the range of interest.
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The actual measured data

vmeas;iðη; v̄N;iÞ ¼ viðηÞ þ v̄N;i ðA3Þ

contain stochastic noise terms v̄N;i, which we treat as
independent, mean-zero random variables3 with standard
deviation δvN;i.
In an experiment, the parameters η may not be precisely

known and must be inferred by fitting a model viðη̂Þ with fit
parameters η̂ to the experimental data vmeas;iðη; v̄N;iÞ. The fit
parameters can be additionally constrained by independent
measurement or estimated from the design specification.
Given measurement error or finite fabrication tolerance, the
measured values η̄ν are treated as randomvariables, eachwith
mean ην and estimated standard deviation δην.
Following the treatment in Ref. [15], the data from an

experiment with multiple measurements can be fitted to
estimate the value of η by minimizing the quantity

χ2 ¼
X
i

ðvmeas;iðη; v̄N;iÞ−viðη̂ÞÞ2
δvN;i

2
þ
X
ν

ðη̄ν− η̂νÞ2
δην

2
ðA4Þ

with respect to η̂. Here, latin indices refer to torque
measurements and greek indices refer to individual param-
eters and their independent measurements or estimates.
Our analysis in the main text accounts for uncertainty in

several experimental parameters: the Yukawa interaction
strength (α), the torsion resonator widths (wx,wy), and the
smallest source-test mass separation distance (s0), such that
β̂ ¼ ðα̂; ŵx; ŵy; ŝ0Þ and η̂ ¼ ðα̂; ŵx; ŵy; ŝ0; â; b̂Þ. While the
vector β will more generally contain additional parameters,
such as the material densities or geometric parameters of
the source mass, for simplicity we assume they are known
with certainty. Note that this choice of parameters means
that we include uncertainty in s0, but we treat the incre-
ments Δsi as independent variables with negligible error.

2. Linearized solution

For a prospective experiment, the variance δη̂ν2 of the fit
parameters can be estimated in terms of the expected noise
level δvN;i and parameter uncertainties δην. For conven-
ience, we start by substituting the parameters

A ¼ 1; B ¼ b=a;

Â ¼ â=a; B̂ ¼ b̂=a;

Ā ¼ ā=a; B̄ ¼ b̄=a; ðA5Þ

and redefining the parameter vector accordingly:
η → ðβ0; β1;…; A; BÞ. By defining a new function

τiðηÞ ¼ Aτgrav;iðβÞ þ B; ðA6Þ

Eq. (A4) transforms into

χ2 ¼
X
i

ðτiðηÞ þ N̄i − τiðη̂ÞÞ2
δNi

2
þ
X
ν

ðη̄ν − η̂νÞ2
δην

2
; ðA7Þ

where N̄i ¼ v̄N;i=a is the torque-equivalent noise. In the
main text we assume this noise is due to thermal torque
noise in the resonator with variance δNi

2 ¼ Sthτ =tmeas.
An analytical solution for the fit parameters η̂ν that

minimize χ2 can be obtained by linearizing τiðη̂Þ with
respect to its parameters

τiðη̂Þ ≈ τiðηÞ þ
X
ν

ðη̂ν − ηνÞΨiν;

Ψiν ≡
�
∂τiðη̂Þ
∂η̂ν

����
η̂¼η

�
: ðA8Þ

Under this approximation, it can be shown that the solution
for each component of η̂ will have an expected variance

δη̂ν
2 ¼ δην

2Dνν ðA9Þ

where

D
↔ ≡ C

↔−1
;

Cμν ≡ δμν þ
X
i

δNi
−2δημδηνΨiμΨiν: ðA10Þ

We define the minimum detectable coupling strength αmin
in terms of the expected variance of the estimator α̂ under
the assumption that α ¼ 0 and that α̂ is not constrained by
prior measurement (δα ¼ ∞). If the zeroth parameter is α,
i.e. η0 ¼ α, then for 2σ confidence

αmin ≡ 2δα̂ ¼ 2δα
ffiffiffiffiffiffiffiffi
D00

p
jδα¼∞: ðA11Þ

3. Torque simulations

We performed numerical simulations to estimate the
amplitudes of the torques τGðη;ΔsÞ and τYðη;ΔsÞ exerted
on the test mass by the source mass. For various interaction
lengths in the range λ∈ ½1 μm; 1 cm�, the Newtonian and
Yukawa potentials were calculated over a rectangular grid
in the region x∈ ½−550; 550� μm, y∈ ½−550; 550� μm,
z∈ ½25; 250� μm, using stratified Monte Carlo sampling
of the source mass distribution. A numerical gradient
operation was then performed to extract the vector
Newtonian and Yukawa field components.
The torque on the torsion resonator was computed for a

given pad geometry as a weighted (accounting for the local

3Here, independent random variables are given overbars
(e.g. x̄) while fit parameters that will be inferred from the data
are given hats (e.g. x̂).
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lever arm) numerical integration over the Newtonian and
Yukawa fields. These torque calculations were repeated at
various surface separations to infer the torque’s dependence
on separation distance s. Parameters ðwx; wyÞ were also
independently swept at each separation distance in order to
calculate Ψiν. In order to estimate αmin for any arbitrary set
of chosen separation distances si, polynomial fits were
performed to approximate the sampled Ψiν as smooth
functions of separation distance.

APPENDIX B: MODELS FOR THE RESONATOR
MECHANICAL PROPERTIES

The thermal torque noise generally depends on the
resonator’s frequency f0, moment of inertia I0, and quality
factor Q0. Here we present the models used for each of
these parameters. The frequency can be modeled as

f0 ¼
1

2π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kE þ kσ þ kg

I0

s
ðB1Þ

where I0 ¼ ρpadwxwywzðwy
2=12þ wz

2=3Þ and kE (kσ , kg)
is the elastic (tensile, gravitational) torsional stiffness [26].
The pad’s density is ρpad. We model the elastic and tensile
stiffness as [42]

kE ¼ 2Eribhrib3wrib

3Lrib
;

kσ ¼
σribhribwrib

3

3Lrib
; ðB2Þ

wherewrib, Lrib, and hrib are respectively the ribbon’s width,
length, and thickness. Following Ref. [26], we assume the
ribbon’s stress to be σrib ¼ 0.85 GPa and elastic modulus to
be Erib ¼ 250 GPa. The gravitational stiffness comes from
the restoring torque exerted on the torsion pad by Earth’s
gravity g. When the device is oriented such that the pad
hangs below the ribbon, the gravitational stiffness is

kg ¼
1

2
gρpadwxwywz

2: ðB3Þ

Mechanical dissipation in the resonator inherently depends
on the material’s intrinsic quality factor, which for Si3N4

can be modeled as [43]

Qi ¼ 60

�
hrib
1 nm

�
ðB4Þ

where surface loss plays a larger role in thinner films.
However, due to dissipation dilution, the quality factor of
the resonator Q0 is enhanced as [26]

Q0 ¼ Qi

�
1þ kσ þ kg

kE

�
: ðB5Þ
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