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Abstract
A common theme in stochastic optimization problems is that, the-
oretically, stochastic algorithms need to “know” relatively rich
information about the underlying distributions. This is at odds with
most applications, where distributions are rough predictions based
on historical data. Thus, commonly, stochastic algorithms are mak-
ing decisions using imperfect predicted distributions, while trying
to optimize over some unknown true distributions.

We consider the fundamental problem of scheduling stochastic
jobs preemptively on a single machine to minimize expected mean
completion time in the setting where the scheduler is only given
imperfect predicted job size distributions. If the predicted distribu-
tions are perfect, then it is known that this problem can be solved
optimally by the Gittins index policy.

The goal of our work is to design a scheduling policy that is
robust in the sense that it produces nearly optimal schedules even if
there are modest discrepancies between the predicted distributions
and the underlying real distributions. Our main contributions are:

• We show that the standard Gittins index policy is not ro-
bust in this sense. If the true distributions are perturbed by
even an arbitrarily small amount, then running the Gittins
index policy using the perturbed distributions can lead to an
unbounded increase in mean completion time.

• We explain how to modify the Gittins index policy to make
it robust, that is, to produce nearly optimal schedules, where
the approximation depends on a new measure of error be-
tween the true and predicted distributions that we de!ne.

Looking forward, the approach we develop here can be applied
more broadly to many other stochastic optimization problems to
better understand the impact of mispredictions, and lead to the
development of new algorithms that are robust against such mis-
predictions.
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Extended Abstract
In this paper,1 we study how to make stochastic scheduling – and
stochastic optimization more generally – more robust against mis-
predictions in the given job size distributions. In particular, we
address a variant of an open problem2 stated by Scully, Grosof, and
Mitzenmacher [9], that is, whether one can design and analyze a
nonanticipatory scheduling policy that is robust with respect to
minor errors in the reported probability distributions on the job
sizes for the following classical stochastic scheduling problem:

SchedulingProblemDe!nition:The input consists
of non-negative probability distributions Dj for j ↑
[n], where the jth job has size Pj ↓ Dj . We assume
that the Pj ’s are independent.
Our goal is to construct a nonanticipatory schedul-
ing policy that preemptively schedules all n jobs to
completion. That is, at any time t ↔ 0, the scheduling
policy selects the job to run at time t . A job completes
if it has been run for Pj units of time (not necessarily
consecutively). If a job j has run for q units of time be-
fore time t without completing, the scheduling policy
knows that the probability distribution on the size of
job j is now Dj conditioned on Pj > q. Since preemp-
tion is allowed, the policy can switch between jobs at
any time.

1The full version can be found at: https://hanewman.github.io/_pages/gittins.pdf.
2The setting in [9] is the M/G/1 queue, which is a queue with Poisson arrivals and i.i.d.
job sizes. On the other hand, in our work, we consider the no-arrival settings (!nitely
many jobs all available at time 0) with independent (but not necessarily identically
distributed) job sizes.
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The objective is then to minimize the expected total
completion time, E[∑j ↑[n]Cj ] (or equivalently, mean
completion time, E[ 1n · ∑j ↑[n]Cj ]), where Cj is the
time that job j completes with respect to a given sched-
uling policy.

We emphasize that we study this problem from the perspective
of worst-case analysis, so we make no assumptions on the job size
distributions other than independence. Further, the scheduler is
initially only given the distributions, Dj , and observes the realized
processing times Pj over time as the jobs are scheduled.

This problem is a stochastic version of the scheduling problem
1 | pmtn | ∑j Cj using the standard 3-!eld scheduling notation [2].
Many variations of this stochastic scheduling problem have been
studied for decades (good overviews can be found in Pinedo [8]
and Megow and Vredeveld [6]). For the moment, it is su"cient
for our purposes to know the following facts. The nonanticipatory
policy Shortest Expected Processing Time (SEPT), which always
schedules the un!nished job whose expected processing time is
minimum, is optimal for distributions with increasing hazard rates
[10]. In this setting, optimal means optimal with respect to other
nonanticipatory policies, and more precisely SEPT has the smallest
expected total completion time of all nonanticipatory policies for
this class of distributions. The Gittins (Index) policy is optimal
(again relative to other possible nonanticipatory policies) for all
distributions [1].

Many stochastic scheduling policies are quite brittle/non-robust,
in that even small errors in the reported distributions can result in
quite poor schedules. For many stochastic scheduling problems, the
known algorithms require carefully rescaled and truncated statistics
based on exponential [3, 4] and pth moments [7], which are highly
sensitive to errors. As we will observe, the most natural candidate
for a robust policy for the scheduling problem that we consider,
namely the Gittins policy itself, is another such example.

The !rst step toward addressing the open question of whether
there is a robust scheduling policy is to select an appropriate de!-
nition of distance between distributions so that we have a measure
of the error in the reported distributions. For this purpose, we
introduce the following error measure.

De!nition 1. Consider two probability distributions, D and D ↗,
over R↔0. Let ω ↔ 1 be a constant. Then the pair (D,D ↗) is ω -close
if for all x ↔ 0, it is the case that

1
ω
· PP↓D(P > ωx) ↘ PP ↗↓D↗(P ↗ > x) ↘ ω · PP↓D (P > x/ω) .

With this de!nition of closeness in hand, our !rst contribution is
showing that the Gittins policy is brittle with respect to small errors
in the predicted distributions. We then run into the issue that there
are several alternative formulations of the Gittins policy, which,
while all equivalent on perfectly accurate predicted distributions,
di#er in their executions when there are errors in the distributions.
We elect to consider the formulation of the Gittins Index Priority
Policy, abbreviated as GIPP, that we think is the most natural can-
didate for application to noisy data. The one we use is based on the
partitioning of jobs into subjobs called quanta (singular: quantum).
The Gittins algorithm runs these subjobs/quanta in some !xed or-
der depending on the size distribution of each quantum. Having

settled on this version of Gittins, we can then show that the Gittins
policy is brittle, which requires some de!nitions.

De!nition 2. Let Î = {D̂j }nj=1 and I≃ = {D≃
j }nj=1 be collections

of non-negative job size distributions. We let A(I≃, Î) be a nonan-
ticipatory policy that is given access to Î at the beginning of time
and is unaware of I≃. At any !xed time, the policy knows the com-
pleted job sizes and how much it has processed each incomplete
job, where the job sizes are drawn from I≃.

De!nition 3. Let A(·, ·) be a policy as in De!nition 2, and Î =
{D̂j }nj=1 and I≃ = {D≃

j }nj=1 be collections of job size distributions.
Then we con$ate A(I≃, Î) to represent the policy itself and also
the expected total completion time for policy A, using the instance
Î as the predicted distributions that are initially provided to A, and
when the instance I≃ is the true distribution on job sizes.

Note that while A(I≃, Î) may not necessarily be well-de!ned,
it will be well-de!ned within the context of our use. In particular,
with the notation de!ned above, we can express the optimality of
Gittins (GIPP) as follows. We let OPT(I) be the optimal expected
cost among all nonanticapatory scheduling policies with input I.

T!"#$"% 4 ([5, 10, 11]). For any instance I = {Dj }j ↑[n], it is
the case that GIPP(I,I) = OPT(I).

For brevity, we also de!ne GIPP(I) = GIPP(I,I) (the latter in
the sense of De!nition 3). We are ready to state our lower bound,
which states that GIPP is not robust to mis-speci!ed predicted
distributions – even if those predictions are arbitrarily close to the
true distributions.

T!"#$"% 5. For all ω > 1, and for all n ↔ 2, there exist true
distributions D≃

j = D≃
j (ω,n) which depend on ω and n for all j ↑ [n]

and predicted distributions, D̂j = D̂j (n) which depend on n for
all j ↑ [n]. All such distributions are !nitely supported, and every
pair (D≃

j , D̂j ) is ω-close. Then the instances I≃ = {D≃
j }j ↑[n] and

Î = {D̂j }j ↑[n] satisfy

GIPP(I≃, Î) = ω(n) · GIPP(I≃,I≃).

Intuitively, the reason for the brittleness of the Gittins policy is
that both the design and analysis of Gittins depend on conditional
probability distributions derived from the job size distributions, and
for these instances the conditional probability distributions can be
quite brittle with respect to small errors in the predicted job size
distributions.

We then turn to the open question of whether there is a robust
policy for this problem. Our main contribution is a positive answer
to this question. Our robust policy is a modest modi!cation of the
Gittins policy that naturally arises from consideration of the lower
bound instances in the proof of Theorem 5. We uncreatively call
this new policy the Robust Gittins policy, or more succinctly, RG.
Roughly, if the Gittins policy would preempt a job j after running
it continuously for q time units, the Robust Gittins policy would
run j for an additional (ω ⇐ 1)q time units. Thus in the lower bound
instance for Theorem 5, the Robust Gittins policy would not make
the mistake that the Gittins policy makes of preempting a job right
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before it is done. We are now ready to state our bound on the per-
formance of the Robust Gittins policy. Note that our result assumes
true and predicted distributions have !nite support.

T!"#$"% 6. Let ω ↔ 1. Let I≃ = {D≃
j }j ↑[n] be a collection of true

size distributions with !nite support on n jobs, and Î = {D̂j }j ↑[n]
be a collection of predicted size distributions with !nite support on
n jobs. Further assume that every pair of distributions (D≃

j , D̂j ) is
ω-close. Then

RG(I≃, Î) ↘ ω6 · GIPP(I≃,I≃).
Note that the right-hand side is just the optimal expected cost

for the true distributions. So in the case that ω = 1 + ε for some
small ε , Theorem 6 states that the expected total completion time
for our Robust Gittins policy is roughly within a (1 + 6ε) factor of
the optimal expected total completion time, despite receiving the
potentially erroneous predicted job size distributions as input.

In the full version of this paper, we prove both of the above
theorems (Theorem 5 and Theorem 6). Along the way, we prove
some natural and desirable properties of our new error metric (it is
monotone, symmetric, etc.), give examples of natural distributions
which are close in this metric, and connect it with other well-known
measures of distance between distributions such as Wasserstein-
and Lévy-distance.
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