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ABSTRACT
High-Bandwidth Memory (HBM) is a decade-old memory technol-
ogy that is increasingly commonly being used in highly-parallel
machines such as GPUs and multicores. Comparatively, HBM has
higher bandwidth, smaller capacity, and similar latency to other
DRAM technologies. Many systems use both HBM and other DRAM
technologies, where HBM is naturally closer to the processor in the
conceptual memory hierarchy. Thus, a natural resulting question is
how one should best manage a collection of processes running on a
HBM/DRAM memory hierarchy. Prior work introduced a theoreti-
cal model for addressing this question, and gave a competitive policy
for the objective of minimizing makespan. Our main technical con-
tribution is to give a competitive policy for the more commonly
appropriate total/average response/completion time objective. How-
ever, we believe the broader, and more important contribution, is to
make explicit the case ( hinted at in the prior literature) that man-
aging an HBM/DRAM hierarchy should be thought of as a parallel
scheduling problem. To that end, we introduce a new online sched-
uling model that we call the semi-normal model. We then show how
to use a competitive algorithm for scheduling in the semi-normal
model as a black box to obtain a competitive algorithm for man-
aging a HBM/DRAM memory hierarchy. Thus, as a result of this
black-box conversion, competitiveness results in the semi-normal
model translate (essentially) automatically into competitiveness
results in the HBM/DRAM management model. Our main techni-
cal result is then an application of such a translation. That is, we
show that a natural variant of the Round Robin (processor sharing)
algorithm, naturally adapted for the seminormal model, is competi-
tive for the objective of average/total completion time. Thus, we
obtain an algorithm for managing a HBM/DRAM hierarchy that
is competitive for the objective of average/total completion time,
using this black-box reduction.
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1 INTRODUCTION
High Bandwidth Memory (HBM) is a decade-old computer mem-
ory interface technology for 3D-stacked synchronous dynamic
random-access memory (SDRAM). HBM is commonly used with
high-performance graphics accelerators, network devices, high-
performance datacenter AI Application-speci"c integrated circuits,
and in some supercomputers (such as the NEC SX-Aurora TSUB-
ASA and Fujitsu A64FX) [33]. Comparatively, HBM has higher
bandwidth, smaller capacity, and similar latency to other DRAM
technologies. Many systems use both HBM and other DRAM tech-
nologies, where HBM is naturally closer to the processor in the
conceptual memory hierarchy. Thus, a natural research question is
how to best manage an HBM/DRAM memory hierarchy.

1.1 Prior Foundational Algorithmic Work
Das et al. [17] initiated the "rst foundational algorithmic investi-
gation into managing a HBM/DRAM hierarchy. Their model is de-
picted in Figure 1. It has 𝐿 processing cores, each with a unit-speed
channel to HBM allowing up to 𝐿 memory requests to be ful"lled by
HBM on each time step. The HBM can store 𝑀 blocks/pages. There
is also a single unit-speed channel, called the far channel, between
HBM and DRM. Therefore, if multiple cores try to access data which
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doesn’t reside in HBM, these requests have to be serialized on the
far channel.

Figure 1: The HBM model with 𝜴 cores and two levels of
memory.

Das et al. [17] then observed that the natural way to manage a
HBM/DRAM hierarchy is to have a page replacement policy and far
channel arbitration policy. The page replacement policy determines
the page that should be evicted from a full HBM when a new page
is brought into HBM. The far channel arbitration policy determines
which memory request is ful"lled "rst if there are multiple out-
standing requests for memory blocks/pages that are only stored
in DRAM. Managing traditional latency-heterogeneous memory
hierarchies only requires a page replacement policy (and not a far
channel arbitrary policy). There is extensive literature examining
research page replacement policies for latency-heterogeneous mem-
ory hierarchies, but generally speaking the Least Recently Used
(LRU) policy has emerged as the best policy [25].

Das et al. [17] then introduced the following model for gener-
ating memory accesses: Each of 𝐿 cores executes an independent
process, where each process consists of a sequence of requests to
pages/blocks that are disjoint from the pages/blocks requested by
the other processes.

Initially it might be natural to intuit that managing a
HBM/DRAM hierarchy should be similar to managing a traditional
latency-heterogeneous memory hierarchy, and thus the “right” poli-
cies should be similar. Das et al. [17] partially adopted and partially
rejected this intuition. They partially rejected this intuition by ob-
serving that the traditional objective for latency-heterogeneous
memories, namely minimizing the number of accesses to the far
memory, is not appropriate for a HBM/DRAM hierarchy. Instead,
they adopted a standard scheduling objective, namely minimizing
makespan, which is the time that the last request is ful"lled 1, de-
signed a HBM/DRAM management policy, and showed that this
policy is (asymptotically) competitive for the makespan objective
using techniques from the parallel scheduling literature. They seem-
ingly partially adopted the intuition when they chose the page
replacement policy to be Least Recently Used (LRU). The use of

1Minimizing makespan and minimizing the number of accesses to far memory are
essentially equivalent objectives in a latency heterogeneous memory hierarchy.

LRU page replacement policy seems to have been inherited by de-
fault from the prior literature on managing latency heterogeneous
memory hierarchies, and was seemingly not the result of principled
algorithm design.

1.2 Our Contributions
The starting point for our research is the observation that in many
use cases for HBM/DRAM memories, makespan is clearly not an
appropriate objective. For example, in a setting where processes
are spawned by di!erent users, average response time is a more
appropriate objective. Further, the HBM/DRAM management pol-
icy from [17], which uses a far channel arbitration policy based on
process ID, will perform poorly on this objective — in the worst case,
the competitive ratio obtained obtained by these policies can be
ω(𝐿) where 𝐿 is the number of channels to HBM. Thus our original
narrow goal was to develop and analyze competitive HBM/DRAM
management policies for the average response time objective. How-
ever, we also have a broader goal, which is to try to make explicit the
case that managing an HBM/DRAM hierarchy should be thought
of as a parallel scheduling problem (which is only implicitly hinted
at in [17]). And thus, the design and analysis of the management
policies should be built upon algorithmic parallel scheduling tech-
niques/results.

In a traditional parallel scheduling problem, one considers jobs
which must be processed using processors. Any good parallel sched-
uling policy for the total completion time objective should prioritize
shorter jobs and jobs that are more parallelizable (have smaller
width). In this paper, we will relate this insight by mapping pro-
cesses in the HBM/DRAMmanagement algorithm to jobs in a paral-
lel scheduling problem. Since HBM/DRAM management algorithm
does not know typically lnow the lengths and parallelizability of
the processes a priori, in order to work well, it is going to have to ro-
tate jobs through the HBM to search for short and/or parallelizable
processes. The far channel could be a bottleneck for moving the
working sets of new processes into HBM, and thus it is natural for
an HBM/DRAM management algorithm to conceptually process a
job in chunks, where a chunk is large enough so that the cost/delay
incurred by preemption can be amortized away.

In Section 3, we start by showing that there is always a com-
petitive near-optimal HBM/DRAM policy that processes blocks in
chunks. 2 Thus after this our algorithm analysis need only compare
to the optimal chunked schedule.

In Section 4, we introduce a new online scheduling model, that
we call the semi-normalmodel. In this model, each of 𝐿 jobs consists
of a sequence of chunks. Let 𝑁 𝐿 be the number of chunks in job 𝑂 ,
and we use𝑃𝑀, 𝐿 to denote chunk 𝑂 ↑ [1, 𝑁 𝐿 ] of job 𝑂 . Each chunk𝑃𝑀, 𝐿
has an integer width𝑄𝑀, 𝐿 ↑ [1,𝑀]. These chunks must be processed
sequentially, so chunk 𝑅 of job 𝑂 can not be processed until after
chunk 𝑅↓1 of job 𝑂 is processed. We say a chunk𝑃𝑀, 𝐿 becomes ready
after 𝑃𝑀↓1, 𝐿 has been processed. A feasible schedule can process
any collection of ready chunks with total width is at most 𝑀 . In
this way, the model is like scheduling on a multi-processor system.
An online algorithm 𝑆 does not a priori know anything about
the number of chunks in a job, or the widths of the chunks. At

2[17] also showed such a result for makespan, but that construction was speci"c for
makespan, and doesn’t work for the sum of completion time objective.
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each time 𝑇 the online algorithm 𝑆 can specify a permutation 𝑈𝑁
of the chunks that are ready to be processed. Then a maximum
pre"x with aggregate width at most 𝑀 is processed. The online
algorithm 𝑆 then learns the widths of the processed chunks, and
for each chunk whether it was the last chunk in the job or not.
We show that any online algorithm 𝑆 in the semi-normal model
can be converted in a black-box manner into an algorithm 𝑉 to
manage a HBM/DRAM hierarchy where for every job/process 𝑂
the response time for 𝑂 in 𝑆’s schedule is essentially the same as
the response time for 𝑂 in 𝑉’s schedule. Thus, as a result of black-
box conversion, competitiveness results in the semi-normal model
translate (essentially) automatically into competitiveness results
in the HBM/DRAM management model. This is the "rst part of
our case that HBM/DRAM managment should be thought of as a
parallel scheduling problem.

The second part of our case is that the “semi-normal” scheduling
model is su#ciently close to standard parallel scheduling models
that we believe that one should be able to adopt many results over
from standard parallel scheduling models to the semi-normal model.
As one piece of supporting evidence for this second part of our case,
in Section 5 we show that a variant of the Round Robin (processor
sharing) algorithm, naturally adapted for the seminormal model, is
competitive for the objective of average/total completion time, with
the modest assumption that the aggregate width of the chunks in
every job is at least 𝑀 . 3 Further, the analysis is quite similar to the
analysis of Round Robin in the standard “speedup curves” parallel
scheduling model [30].

2 DEFINITIONS
Here we give some de"nitions, that the reader may refer to as
needed.

Recall that the HBM model (formulated by Das et. al [17]) com-
prises a multi-core machine with 𝐿 cores. Each core has a dedicated
channel to HBM (these channels are called near channels) while
there is only one channel between HBM and DRAM (this channel is
called the far channel). Data is transferred along all these channels
at the granularity of a block. It takes one unit time to transfer a
block along any of these channels (from HBM to a core or from
DRAM to HBM). HBM can hold 𝑀 blocks at any time while DRAM
(main memory) has no space limitation. This model captures three
important characteristics of HBM. (1) Higher bandwidth between
HBM and processors due to 𝐿 channels between HBM and the cores
vs 1 channel from DRAM to HBM. (2) Limited capacity (𝑀 blocks)
of HBM. (3) Comparable latency between HBM and DRAM since
the cost of each channel is 1.

We assume that each core runs its own program (process). The
process running on core 𝐿𝑀 is denoted by 𝑊𝑀 . The instructions of
the process generate a sequence of block requests. We denote 𝑊 𝑀 =
𝑋 𝑀0, 𝑋

𝑀
1, 𝑋

𝑀
2, . . . , 𝑋

𝑀
𝑂 (𝑀) as the sequence of the blocks requested by core

𝐿𝑀 on its dedicated channel to the HBM. Therefore, process 𝑊𝑀 has
a total of 𝑌 (𝑅) requests. As in Das et. al [17], we assume that each
core is running a di!erent process; therefore, the blocks accessed
by each core are disjoint from all other cores. That is, if 𝑅 ω 𝑂 , then

3Some assumption like this is unavoidable as there is no way for a nonclairvoyant
algorithm to "nd short narrow jobs quickly. Consider an instance with 𝑃 jobs of length
and width 1, and

↔
𝑃 jobs of length 1 and width 𝑃 .

↗𝑍, 𝑎 𝑋 𝑀𝑄 ω 𝑋 𝐿𝑅 . Further, as in Das et. al [17], for simplicity we assume
that processes are “long enough” — that is, the number of block
requests in each request sequence is at least 𝑀 , the size of HBM.

At any time 𝑇 , if core 𝐿𝑀 requests block 𝑋 𝑀𝑄 and this block is present
in HBM, then this page is transferred to the core on its dedicated
near channel fromHBM and this request is satis!ed or served at time
𝑇 . The core will then move on to the next request in its sequence
on time step 𝑇 + 1. If, on the other hand, the block 𝑋 𝑀𝑄 is not in HBM
at time 𝑇 , then the block must be retrieved from DRAM via the
far channel. Therefore, satisfying this request may take several
additional time units since many other requests may be contending
for access to the far channel. How much time it takes to access
this page depends both on how much contention there is for access
to the far channel and the arbitration policy for the far channel.
When a new block is brought into the HBM, some existing block
will need to be evicted if HBM was full. The identify of the page
that is evicted us determined by the block replacement policy.

We assume that all processes are available at time 0. The com-
pletion time of each job depends on the particular HBM policy. We
de"ne 𝑏𝑆𝑀 to be the response/completion time of job 𝑊𝑀 for policy 𝑐 ,
which is the time that the last request 𝑋 𝑀𝑂 (𝑀) is processed. When it is
clear from context, we will omit the superscript 𝑐 .

The makespan is then the maximum completion time, that is,
max𝑀 𝑏𝑆𝑀 . The total completion time is

∑𝑇
𝑀=1 𝑏

𝑆
𝑀 .

We will use competitive analysis to characterize the performance
of HBM algorithms. There are two related notions of competitive
analysis. Consider a metric (such as sum of completion times of
all jobs), and a particular HBM policy 𝑐 . Say that 𝑑𝑆 (𝑒) is the
performance of 𝑐 on an input 𝑒 — here the input is the set of
requests generated by the processes and𝑑𝑈 (𝑒) is the performance
of 𝑓𝑔𝑊 on the same input. We say that 𝑐 is 𝑕-competitive (in the
absolute sense) for the metric if for all valid inputs 𝑒 , we have

𝑑𝑆 (𝑒) ↘ 𝑕𝑑𝑈 (𝑒)

We say that 𝑐 is 𝑕-competitive (in the asymptotic sense) on the
metric if we for all valid inputs,

𝑑𝑆 (𝑒) ↘ 𝑕𝑑𝑈 (𝑒) + 𝑖

where 𝑖 is a parameter that does not depend on the input. Note
that 𝑖 may depend on the parameters of the machine — in this case,
it may depend, for instance on the HBM size 𝑀 or the number of
processes 𝐿 .

3 NEAR OPTIMAL CHUNKED SCHEDULES
In this section we show that there is always an approximately
optimal chunked schedule. We start with some de"nitions, some of
which formalize concepts used in Section 1.

De!nition 1.

• Process 𝑊𝑀 is a sequence 𝑊𝑀 = 𝑋1, 𝑋2, 𝑋3, . . . , 𝑋𝑂 (𝑀) of requests,
where each request speci!es a block.

• A request 𝑋 𝐿 in process 𝑊𝑀 is processed at a time 𝑇 if, requests
𝑋1, . . . , 𝑋 𝐿↓1 have been previously processed, and block 𝑋 𝐿 is in
HBM.
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• A schedule 𝑐 speci!es for each time, the blocks that are pro-
cessed, the blocks that are evicted from HBM, and possibly up
to one block that is copied from DRAM to HBM.

• 𝑏𝑆𝑀 is the response/completion time of process 𝑊𝑀 in schedule 𝑐 ,
which is the time that the last request 𝑋𝑂 (𝑀) is processed.

• We partition each process 𝑊𝑀 into chunks, where each chunk
(except possibly the last) contains exactly 𝑀/4 consecutive re-
quests.

• Let 𝑃𝑀 𝐿 be the 𝑂𝑁𝑉 chunk in process 𝑊𝑀 . So more graphically,

𝑊𝑀 =

𝑊𝐿1︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷
𝑋1, 𝑋2, · · · , 𝑋𝑃/4,

𝑊𝐿2︷⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︸︸⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌⨌︷
𝑋1+𝑃/4, 𝑋2+𝑃/4, · · · , 𝑋2𝑃/4 · · ·

(This is overloaded to also represent the the 𝑂th chunk of the
𝑅th job in the semi-normal model).

• A chunk𝑃𝑀 𝐿 is ready to be processed as soon as𝑃𝑀, 𝐿↓1 has been
processed, and a chunk 𝑃𝑀 𝐿 is processed when all the blocks in
that chunk have been processed.

• Let U(𝑃𝑀 𝐿 , 𝑐, 𝑇) be the number of distinct un!nished blocks in
chunk 𝑃𝑀 𝐿 in schedule 𝑐 at time 𝑇 .

• De!ne the working set of a collection C of chunks, denoted
W(C), to be the set of blocks in⋃C. So |W(C)| is the number
of distinct blocks in the chunks in C.

3.1 The Optimal Schedule
Let𝑓𝑔𝑊 denote the optimal schedule. We partition𝑓𝑔𝑊 into stages.
The durations of the stages partition time into intervals of length
of exactly 𝑀/4 time steps. We now observe some properties of𝑓𝑔𝑊 .

Observation 1. For every process 𝑊𝑀 , and for every stage 𝑒 , the
number of blocks processed by 𝑓𝑔𝑊 during stage 𝑒 is at most 𝑀/4.

P!""#. This follows because a stage lasts at most 𝑀/4 time units,
and for each process at most one request can be processed in one
time unit. ↭

Observation 2. For every process 𝑊𝑀 , and for every stage 𝑒 , there
are at most two chunks in 𝑊𝑀 that contain a block that is processed
during stage 𝑒 .

P!""#. This follows because a stage lasts for 𝑀/4 time units,
processing a block takes unit time, and each chunk (except maybe
the last one) contains 𝑀/4 requests. ↭

Observation 3. The number distinct blocks processed during a stage
of 𝑓𝑔𝑊 (by all processes) is at most 5𝑀/4.

P!""#. To be processed during a stage, a block either has to be
in HBM at the start of the stage, or be copied from DRAM to HBM
at some point during the stage. Then observe that at the start of the
stage there are at most 𝑀 distinct blocks already present in HBM.
Then observe that, as a stage lasts at most 𝑀/4 units of time, and
as at most one block can be copied from DRAM to HBM each unit
of time, it must be the case that at most 𝑀/4 blocks can be copied
from DRAM to HBM during a stage. ↭

Observation 4. During a stage 𝑒 of 𝑓𝑔𝑊 , it must be the case that
the sum over the chunks 𝑃𝑀, 𝐿 of the number of distinct unprocessed

blocks in 𝑃𝑀, 𝐿 decreases by at most 10𝑀/4. That is,
𝑋∑
𝑀=1

∑
𝑊𝐿,𝑀

(
U(𝑃𝑀, 𝐿 ,𝑓𝑔𝑊 , (𝑀 ↓ 1)𝑒/4) ↓U(𝑃𝑀, 𝐿 ,𝑓𝑔𝑊 ,𝑀𝑒/4)

)
↘ 10𝑀/4

P!""#. This is an immediate consequence of Observation 2 and
Observation 3. ↭

3.2 An Approximately Optimal Chunked
Schedule

In this subsection we establish that there is a chunked schedule
𝑆𝑓𝑔𝑊 , whose cost is at most an 𝑓 (1) factor more than the cost of
𝑓𝑔𝑊 + 𝑀𝑗. A chunked schedule consists of a sequence of phases,
where the durations of the phases partition time into intervals. Fur-
ther, during each phase 𝑘 , a collection C𝑌 of chunks are processed,
where these processed chunks have the following properties:

• Each chunk in C𝑌 is ready to run at the start of the phase.
• No process has more than one chunk in C𝑌 .
• The size of the working set of the chunks in C𝑌 is at most 𝑀 ,
that is |W(C𝑌 ) | ↘ 𝑀 .

Construction of 𝑆𝑓𝑔𝑊 :We now explain how to construct a chun-
ked schedule 𝑆𝑓𝑔𝑊 from the optimal schedule 𝑓𝑔𝑊 . Assume with-
out loss of generality that the processes are numbered in nonde-
creasing order of completion time in 𝑓𝑔𝑊 . We create 𝑆𝑓𝑔𝑊 one
phase at a time, starting from the "rst phase. To create a phase
let 𝑙 be maximal such that the working set size of the chunks in
𝑊1, . . . ,𝑊𝑉 that are ready to run at the start of the phase is at most
𝑀 . Then in the next phase, these ready to run chunks in 𝑊1, . . . ,𝑊𝑉
in are processed.

Let 𝑚𝑌 be the time when phase 𝑘 ends, and phase 𝑘 + 1 begins
in 𝑆𝑓𝑔𝑊 . We now make a couple of observations about properties
of 𝑆𝑓𝑔𝑊 .

Observation 5. The length of each phase 𝑘 in𝑆𝑓𝑔𝑊 is at most 5𝑀/4,
that is 𝑚𝑌 ↓ 𝑚𝑌↓1 ↘ 5𝑀/4.

P!""#. Because W(C𝑌 ) ↘ 𝑀 , there can be at most 𝑀 units of
time where a block is copied from DRAM to HBM. If no block
is transferred from DRAM to HBM at some unit of time, then it
must be the case that the next request in each chunk in C𝑌 is to
a block currently in HBM. Thus as each chunk contains at most
𝑀/4 requests, there can be at most 𝑀/4 time periods where no new
block is transferred from DRAM to HBM. ↭

Lemma 1. The cost of the schedule 𝑆𝑓𝑔𝑊 is bounded as follows:
𝑋∑
𝑀=1

𝑏𝑍𝑈𝑎𝑏
𝑀 ↘ 65

3

(
𝑋∑
𝑀=1

𝑏𝑈𝑎𝑏
𝑀 + 𝑀/4

)
.

P!""#. Consider an arbitrary process 𝑊𝑉 . We will show that
𝑏𝑍𝑈𝑎𝑏
𝑉 ↘ 65

3 𝑏
𝑈𝑎𝑏
𝑉 . Toward this end, de"ne a phase 𝑘 of 𝑆𝑓𝑔𝑊 to

be under utilized if a chunk of each process𝑊𝑀 , 𝑅 ↑ [𝑙], is processed
during 𝑘 , and fully utilized otherwise.

The number of under utilized phases in 𝑆𝑓𝑔𝑊 is at most the
number of chunks in 𝑊𝑉 , which in turn is at most the number of
stages until 𝑊𝑉 is completed in 𝑓𝑔𝑊 .

Now let us consider a fully utilized phase 𝑘 in 𝑆𝑓𝑔𝑊 . Since 𝑘
was fully utilized, the chunks in C𝑌 that are processed during this
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phase come from some processes 𝑊1, . . . ,𝑊𝐿 where 𝑂 < 𝑙. Since the
chunk in 𝑊𝐿+1 that was ready to run at the start of 𝑘 has at most
𝑀/4 distinct blocks, the number of distinct blocks in the chunks in
𝑊1, . . . ,𝑊𝐿 , that were ready to run at the start of 𝑘 , is at least 3𝑀/4.
That is, |W(C𝑌 ) | ≃ 3𝑀/4. Thus during the phase 𝑘 it must be the
case that the sum over the chunks 𝑃𝑀, 𝐿 , 𝑅 ↑ [𝑙], of the number
of distinct unprocessed requests in 𝑃𝑀, 𝐿 decreases by at least 3𝑀/4.
That is,

𝑉∑
𝑀=1

∑
𝑊𝐿,𝑀

(
U(𝑃𝑀, 𝐿 ,𝑆𝑓𝑔𝑊 , 𝑚𝑌↓1) ↓U(𝑃𝑀, 𝐿 ,𝑆𝑓𝑔𝑊 , 𝑚𝑌 )

)
≃ 3𝑀/4 .

𝑊𝑉 completes in 𝑓𝑔𝑊 during the "rst stage 𝑒 where
𝑉∑
𝑀=1

∑
𝑊𝐿,𝑀

U(𝑃𝑀, 𝐿 ,𝑓𝑔𝑊 ,𝑀𝑒/4) = 0 . (1)

By Observation 4 the value of the expression in equation (1) de-
creases by a rate of at most 10𝑀/4 per stage. Thus the rate that
𝑆𝑓𝑔𝑊 is reducing

𝑉∑
𝑀=1

∑
𝑊𝐿,𝑀

U(𝑃𝑀, 𝐿 ,𝑓𝑔𝑊 , ·) (2)

on a fully utilized phase, is at least 3/10 of the rate that 𝑓𝑔𝑊 is
reducing this term per stage. Thus the number of fully utilized
phases in 𝑆𝑓𝑔𝑊 until 𝑊𝑉 completes at most 10/3 times the number
of stages until 𝑊𝑉 completes in 𝑓𝑔𝑊 .

Thus combining the analysis of under utilized and fully utilized
phases in 𝑆𝑓𝑔𝑊 , we can conclude that the number of phases in
𝑆𝑓𝑔𝑊 until 𝑊𝑉 completes is at most 1 + 10/3 = 13/3 times the
number of stages until 𝑊𝑉 completes in 𝑓𝑔𝑊 . As we know from
Observation 5 that the duration of each phase in 𝑆𝑓𝑔𝑊 is of length
at most 5 times the duration of a stage in 𝑓𝑔𝑊 . Thus taking into
account that 𝑓𝑔𝑊 may complete 𝑊𝑉 right at the start of a stage, we
can conclude that

𝑏𝑍𝑈𝑎𝑏
𝑉 ↘ 65

3
(𝑏𝑈𝑎𝑏

𝑉 + 𝑀/4) .
↭

4 REDUCTION TO THE SEMINORMAL MODEL
We start by designing an HBM/DRAM management algorithm 𝑉
that uses an online seminormal scheduling algorithm 𝑆 as as black
box. Algorithm 𝑉 produces a chunked schedule where phase 𝑘 of
this chunked schedule matches the schedule produced by 𝑆 at time
𝑘 .

De!nition of Algorithm B: The algorithm 𝑉 creates one job
in the seminormal model for each of the 𝐿 processes that it
has. The algorithm 𝑉 creates a chunked schedule. One phase
of algorithm 𝑉’s chunked schedule will correspond to a unit
time step for algorithm 𝑆. We how explain how 𝑉 operates
during an arbitrary phase 𝑘 .

The algorithm 𝑉 then simulates the algorithm 𝑆 to deter-
mine the permutation 𝑈 that 𝑉 uses for time 𝑘 . All processes
start phase 𝑘 classi"ed as quali"ed, and their status changes
to disquali"ed once a chunk of the process has been processed

in this phase. During phase 𝑘 , algorithm 𝑉’s far channel arbi-
tration policy is to always give priority to the earliest quali"ed
process in the 𝑈 order, and algorithm 𝑉’s page replacement
policy is "rst evict an arbitrary block from an arbitrary dis-
quali"ed process, and if that is not possible, evict an arbitrary
block from the quali"ed process that is latest in the 𝑈 order.
So both policies are priority based, where the priorities are
derived from 𝑈 . Algorithm 𝑉 ends a phase after 5𝑀/4 time
steps.

Let 𝑛 be maximum such that, the chunks for processes
𝑊𝑐 (1) , . . . ,𝑊𝑐 (𝑑) that were ready at the start of the phase, have
aggregate working set size at most 𝑀 . Let C be the collection
of those chunks. As will be shown in Lemma 2, algorithm 𝑉
will process all of the chunks in C. Algorithm 𝑆 is then in-
formed that during step 𝑘 it completed the ready chunks from
jobs 𝑈 (1), . . . , 𝑈 (𝑛), and informed that the width of the ready
chunk from job 𝑈 ( 𝑂) is the working set size of the chunk of
𝑈 ( 𝑂) ↑ C that 𝑉 processed during this phase.

During this phase algorithm 𝑉 may have processed some
blocks not in C. So that algorithm 𝑉 can continue to perfectly
mimic algorithm 𝑆, before the phase ends, algorithm 𝑉 “for-
gets” that it processed any blocks not in C. So algorithm 𝑉
starts phase 𝑘 + 1 as if the only blocks processed during phase
𝑘 were those in C.

We can now state some properties of the HBM algorithm con-
structed in this manner.

Lemma 2. During phase 𝑘 , algorithm 𝑉 processes the chunks in C.

P!""#. Since the aggregate working set size of the chunks in
C is at most 𝑀 , there are are most 𝑀 time units when a block in
C is transferred from DRAM to HBM. Since 𝑈 (1) . . . 𝑈 (𝑛) are the
highest priority processes, they do not wait on any other processes
on the far channel. Therefore, each of the processes𝑊𝑐 (1) , . . . ,𝑊𝑐 (𝑑)
has at least 𝑀/4 time units after its ready chunk is fully in HBM
to transfer this chunk to the appropriate core. Since a chunk has
exactly 𝑀/4 accesses, this is su#cient to process the chunk. ↭

Now before analyzing the competitiveness of algorithm 𝑉 we
need some de"nitions.

De!nition 2.
• Let 𝑜 be an arbitrary instance of the HBM/DRAM management
problem.

• Let 𝑜𝑅𝑋 be the instance of the semi-normal scheduling problem
created by algorithm 𝑉.

• Let 𝑉(𝑜 ) be the schedule produced by algorithm 𝑉 on instance
𝑜 , and its objective value.

• Let 𝑆(𝑜𝑅𝑋) the schedule produced by algorithm 𝑆 on instance
𝑜𝑅𝑋 , and its objective value.

• Let 𝑓𝑔𝑊 (𝑜 ) be the optimal schedule on instance 𝑜 , and its
objective value.

• Let 𝑓𝑔𝑊 (𝑜𝑅𝑋) be the optimal schedule on instance 𝑜𝑅𝑋 , and its
objective value.

Lemma 3. 𝑉(𝑜 ) ↘ 5𝑀 𝑆(𝑜𝑅𝑋)/4.
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P!""#. Note that if the response time for a job 𝑂 in the schedule
produced by algorithm 𝑆 is 𝑝𝐿 , then the response time for process
𝑊𝐿 in 𝑉’s schedule is at most 5𝑀 𝑝𝐿/4. This follows from the fact that
𝑉 mimics 𝑆, and the fact that a phase for 𝑉 lasts at most 5𝑀/4 time
units. ↭

Lemma 4. 𝑀 𝑓𝑔𝑊 (𝑜𝑅𝑋) ↘ 𝑓𝑔𝑊 (𝑜 ) + 5𝑀𝑗/4

P!""#. Let 𝑐 be an arbitrary chunked schedule for an arbitrary
instance 𝑜 of the HBM/DRAM memory management problem. Let
𝑝𝐿 be the phase that process 𝑊𝐿 completes in 𝑐 . Then there is a
schedule 𝑐 ⇐ for 𝑜𝑅𝑋 where job 𝑂 completes at time 𝑝𝐿 . If a chunk 𝑃𝑀 𝐿
of a particular process 𝑊𝑀 executes in a phase 𝑘 of 𝑐 , then the corre-
sponding chunk of job 𝑞𝑀 is scheduled at time 𝑘 in 𝑐 ⇐. Since the total
working set of the chunks that are scheduled in a particular phase
by HBM’s chunked schedule is at most 𝑀 , all the corresponding
chunks in the semi-normal can be feasibly schedule. The 𝑀 factor
in front of𝑓𝑔𝑊 (𝑜𝑅𝑋) derives from the fact that a phase of 𝑐 takes at
least 𝑀 time units (other than the last phase). The additive 5𝑀𝑗/4
derives from the fact that 𝑓𝑔𝑊 (𝑜 ) may complete a process right at
the start of a phase, so may not incur additional waiting time for
its last phase, which can last up to 5𝑀/4 time units. ↭

T$%"!%& 1. Assume algorithm𝑆 is𝑕-competitive for total comple-
tion time then algorithm 𝑉 is ( 54𝑕+ 52

42 𝑕)-competitive for HBM/DRAM
management for total completion time.

P!""#. Note that

𝑉(𝑜 ) ↘ 5𝑀 𝑆(𝑜𝑅𝑋)/4 (3)
↘ 5𝑕𝑀 𝑓𝑔𝑊 (𝑜𝑅𝑋)/4 (4)

↘ 5𝑕 𝑓𝑔𝑊 (𝑜 )/4 + 52

42
𝑕𝑀𝑗 (5)

↘ ( 5
4
𝑕 + 52

42
𝑕) 𝑓𝑔𝑊 (𝑜 ) (6)

Line (3) follows from Lemma 3. Line (4) follows from the fact that
𝑆 is 𝑕-competitive. Line (3) follows from Lemma 4. Line (6) follows
from our assumption that each process has at least 𝑀 blocks, and
thus 𝑓𝑔𝑊 (𝑜 ) is at least 𝑀𝑗. ↭

5 ROUND ROBIN IN THE SEMI-NORMAL
MODEL

Here we consider scheduling in the seminormal model a collec-
tion of 𝑗 jobs that arrive at time 0 with the objective to minimize
the total completion time. The goal of this section is to provide
evidence that, while the seminormal model is not identical to any
known parallel model, algorithms and analysis techniques from
other models are likely to be applicable to the seminormal model
with relevant modi"cations. Towards this goal, we will analyze
the simple round-robin algorithm which is known to be constant
competitive for other parallel scheduling models for minimizing
total completion time.

Because of the nonclairvoyant nature of the seminormal model,
we need to make some assumptions about all jobs being not too
small in order to obtain a reasonable competitiveness result. To
see this consider an instance where there are 𝑀 skinny jobs, each
consisting of one chunk with width 1, and

↔
𝑀 fat jobs with width

𝑀 . Then the optimal total completion times is to run the skinny
jobs "rst, resulting in a total completion time of ε(𝑀). But any
seminormal scheduling algorithm which doesn’t know the width
in advance will only be able to discover about

↔
𝑀 skinny jobs per

unit of time, resulting in total completion time of ω(𝑀3/2). Drawing
motivation from this example, we will assume that the aggregate
width of every job is at least 𝑀 .

The underlying principle of Round Robin scheduling is to share
the processing capabilities evenly between the jobs waiting to be
scheduled. As it is not possible in the semi-normal for all jobs to be
processed at the same time, the sharing of the processor has to use
time-multiplexing. In some sense the main intuitive insight is that
in the setting of seminormal scheduling, where the jobs can have
di!erent widths, the “right” implementation of Round Robin is to
maintain the invariant that the aggregate widths processed are the
same for every job. So for example, if job 𝑅 has constant width 𝑄
and job 𝑂 has constant width 2𝑄 , then the “right” strategy for the
online algorithm is to process 𝑅 twice as often as 𝑂 . Unfortunately,
strictly maintaining this invariant would necessarily result in a
noncompetitive algorithm since it could forcemost of the processors
to be idle most of the time while they wait for lowwidth job to catch
up. Thus our implementation of Round Robin, which we call Semi-
Normal Round Robin (SNRR) will attempt to balance the aggregate
widths processed on the jobs as much as possible by favoring the
jobs that have been processed the least to date.

We initially assume speed augmentation augmentation. That is,
we assume SNRR has a speed 𝑎 = 2 processor, meaning it can process
up to aggregate width 𝑎𝑀 during a unit time step, and then compare
the total completion time for SNRR to the optimal completion time
for a speed one processor that process up to aggregate width 𝑀
in a unit time step. The assumption of speed augmentation aids
in keeping both the de"nition of the algorithm, and the analysis,
relatively clean.

Semi-Normal Round Robin (SNRR) Algorithm Descrip-
tion: Let𝑟𝐿 (𝑇) be the aggregate width that SNRR has pro-
cessed on job 𝑂 before time 𝑇 . At each time step 𝑇 , the priority
ordering 𝑈𝑁 is by decreasing order of𝑟𝐿 (𝑇).

Before beginning our analysis we need some de"nitions.

De!nition 3.
• Let𝑠𝑒 (𝑇) be the collection of jobs un!nished by SNRR, with a
speed 𝑎 = 2 processor, at time 𝑇 .

• Let let 𝑗𝑒 (𝑇) = |𝑠𝑒 (𝑇) |.
• Let 𝑠𝑈 (𝑇) be the collection of jobs un!nished in the optimal
schedule for a unit speed processor at time 𝑇 .

• Let 𝑗𝑈 (𝑇) = |𝑠𝑈 (𝑇) |.
Then our main technical lemma is the following.

Lemma 5. Let 𝑡 = 2 and 𝑖 = 9. Then for all 𝑇 , 𝑗𝑒 (𝑇) ↘ 𝑡𝑗𝑈 (𝑖𝑇) for
𝑡 = 2.

P!""#. Assume to reach a contradiction that for some 𝑇 it is the
case that 𝑗𝑒 (𝑇) > 𝑡𝑗𝑈 (𝑖𝑇). We break the proof into cases.

Case 1: Assume 𝑇 ↘ 𝑗/2. Then by the assumption that the
aggregate width of each job is at least 𝑀 , 𝑗𝑈 (𝑇) ≃ 𝑗/2. So the result
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holds (as long as 𝑡 ≃ 2) as clearly 𝑗𝑒 (𝑖𝑇) ↘ 𝑗. So from now on we
assume 𝑇 ≃ 𝑗/2.

Case 2: We de"ne a time 𝑇 to be uncongested if the aggregate
width processed by SNRR at time 𝑇 is at most (𝑎 ↓ 1)𝑀 . Case 2 is
when the number of uncongested times before time 𝑖𝑇 is at least 𝑇 .
Since SNRR processes a chunk from every un"nished job at each
uncongested time, in this case, SNRR has processed every chunk
that the optimal schedule processed by time 𝑇 . Thus𝑗𝑒 (𝑖𝑇) ↘ 𝑗𝑈 (𝑇).

Case 3: This is the interesting case where the number of un-
congested times before time 𝑖𝑇 is at most 𝑇 . Thus the aggregate
width processed by SNRR by time 𝑖𝑇 is at least (𝑖 ↓ 1) (𝑎 ↓ 1)𝑀𝑇 .
The aggregate width of the jobs the optimal schedule completed
by time 𝑇 (the complement set of𝑠𝑈 (𝑇)) can be at most 𝑀𝑇 . Thus by
time 𝑖𝑇 it must be the case that SNRR processed aggregate width
of at least ((𝑖 ↓ 1) (𝑎 ↓ 1) ↓ 1)𝑀𝑇 on jobs in𝑠𝑈 (𝑇).

De"ne another constant 𝑢 = 2 and de"ne time 𝑣 to be the latest
time when it was the case that the aggregate width processed by
SNRR on jobs in𝑠𝑈 (𝑣) is less than 𝑢𝑀𝑇 . So between time𝑣 and time
𝑖𝑇 the aggregate width that SNRR processed from jobs in 𝑠𝑈 (𝑇) is
at least

((𝑖 ↓ 1) (𝑎 ↓ 1) ↓ 1)𝑀𝑇 ↓ 𝑢𝑀𝑇

We now want to argue that most of the processing that SNRR did
during the time interval [𝑣, 𝑇] was on low priority jobs, where a job
𝑂 is low priority at time 𝑤 if𝑟𝐿 (𝑤) ≃ 𝑢𝑀𝑇/𝑗𝑈 . Note that, due to this
de"nition, a job 𝑂 can do at most 𝑢𝑀𝑇/𝑗𝑈 +𝑀 work before it becomes
low priority. Once a job is a low-priority job, it remains low priority
for the purposes of this de"nition. Therefore, in aggregate, over all
jobs in𝑠𝑈 , the total aggregate width processed by these jobs while
they are high priority is at most 𝑗𝑈 · ( 𝑓𝑃𝑁𝑋𝑁

+ 𝑀).
For job 𝑂 ↑ 𝑠𝑈 (𝑇), let 𝑥 ( 𝑂) be the aggregate width SNRR pro-

cesses on this job while it was low priority. Let 𝑥 be the sum of
𝑥 ( 𝑂)’s for all jobs 𝑂 in𝑠𝑈 (𝑇). Therefore

𝑥 ≃ ((𝑖 ↓ 1) (𝑎 ↓ 1) ↓ 1)𝑀𝑇 ↓ 𝑗𝑈 ·
(
𝑢𝑀𝑇

𝑗𝑈
+ 𝑀

)

We now claim that there is at least one job 𝑂⇒ ↑ 𝑠𝑒 (𝑖𝑇) ↓𝑠𝑈 (𝑇)
with aggregate width at most 𝑓𝑃𝑁

𝑋𝑁
. If this were not the case then

the optimal schedule would have had to process (𝑡𝑗𝑈 ↓ 𝑗𝑈 ) 𝑓𝑃𝑁𝑋𝑁
aggregate width by time 𝑇 , which would be a contradiction since
𝑢 > 1 and optimal schedule can only process 𝑀𝑇 aggregate width
by time 𝑇 .

We now want to argue that SNRR processed 𝑂⇒ for at least 𝑇 time
units before time 𝑖𝑇 , which contradicts 𝑂⇒ ↑ 𝑠𝑒 (𝑖𝑇) ↓𝑠𝑈 (𝑇). Since
𝑂⇒’s aggregate width is smaller than the threshold for becoming
low priority, 𝑂⇒ was high priority at all times between time 0 and
time 𝑖𝑇 . Therefore 𝑂⇒ had a chunk processed at each time 𝑤 where
a low priority job was processed since low proiority jobs are only
processed if there is processing capacity left after all high priority
jobs have been allocated. As SNRR has an 𝑎 speed processor, it can
process at most aggregate width 𝑎𝑀 in a time step. Thus SNRR ran
𝑂⇒ for at least 𝑥/(𝑎𝑀) time steps. Now plugging in our prior lower

bound for 𝑥 , and doing some simple algebra, we obtain:

𝑥/(𝑎𝑀) ≃
((𝑖 ↓ 1) (𝑎 ↓ 1) ↓ 1)𝑀𝑇 ↓ 𝑗𝑈 ·

(
𝑓𝑃𝑁
𝑋𝑁

+ 𝑀
)

𝑎𝑀

=
((𝑖 ↓ 1) (𝑎 ↓ 1) ↓ 1 ↓ 𝑢)𝑇 ↓ 𝑗𝑈

𝑎

≃ ((𝑖 ↓ 1) (𝑎 ↓ 1) ↓ 1 ↓ 𝑢)𝑇 ↓ 2𝑇
𝑎

> 𝑇

The second inequality comes from our assumption that 𝑇 ≃ 𝑗/2
this case, and and the obvious fact that 𝑗𝑈 ↘ 𝑗. The last inequality
follows from the fact that 𝑎 = 2, 𝑢 = 2, and 𝑖 = 9. This contradicts
the fact that 𝑂⇒ was "nished by time 𝑇 in the optimal schedule. ↭

Lemma 6. Let 𝑖 = 9. SNRR with a speed 2 processor is an 8𝑖-
competitive algorithm for the objective of total completion time.

P!""#. Let 𝑖 = 9. Let 𝑇𝑀 be time 2𝑀 . Let 𝑗𝑀 be the number of jobs
incomplete in the optimal solution at time 𝑇𝑀 . Let 𝑇𝑒𝑀 = 𝑖2𝑀 and let 𝑗𝑒𝑀
be the number of jobs alive at this time in SNRR’s schedule. In this
proof, we assume that jobs completed by SNRR between 𝑇𝑒𝑀↓1 and 𝑇

𝑒
𝑀

are completed at 𝑇𝑒𝑀 , only increasing SNRR’s total completion time.
Therefore, 𝑗𝑒𝑀↓1 ↓ 𝑗𝑒𝑀 jobs are alive for time 𝑇𝑒𝑀 for all 𝑅 . Similarly,
we assume that jobs completed by the optimal solution during
(𝑇𝑀↓2, 𝑇𝑀↓1] are completed at time 𝑇𝑀↓2 as this only reduces the cost
of the optimal solution.

Therefore, the total completion time of SNRR is at most∑⇑
𝑀=1 (𝑗𝑒𝑀↓1 ↓ 𝑗𝑒𝑀 )𝑇𝑒𝑀 and the total completion time for the optimal

solution is at least
∑⇑
𝑀=1 (𝑗𝑀↓2 ↓ 𝑗𝑀↓1)𝑇𝑀↓2 We will now show that

the former is at worst an 8𝑖 factor larger than the latter.
⇑∑
𝑀=1

(𝑗𝑒𝑀↓1 ↓ 𝑗𝑒𝑀 )𝑇𝑒𝑀 ↘
⇑∑
𝑀=1

(𝑗𝑒𝑀↓1 ↓ 𝑗𝑒𝑀 )𝑖𝑇𝑀

↘ 𝑖
⇑∑
𝑀=1

𝑗𝑒𝑀↓1𝑇𝑀

↘ 2𝑖
⇑∑
𝑀=1

𝑗𝑀↓1𝑇𝑀 [Lemma 5]

↘ 4𝑖
⇑∑
𝑀=1

𝑗𝑀↓1𝑇𝑀↓2

= 4𝑖
⇑∑
𝑀=1

(𝑗𝑀↓2 ↓ 𝑗𝑀↓1)
𝑀↓2∑
𝐿=1

𝑇 𝐿

↘ 8𝑖
⇑∑
𝑀=1

(𝑗𝑀↓2 ↓ 𝑗𝑀↓1)𝑇𝑀↓2

In the equality line we use that
∑⇑
𝑀=1 𝑗𝑀↓1𝑇𝑀↓2 =

∑⇑
𝑀=1 (𝑗𝑀↓2 ↓

𝑗𝑀↓1)
∑𝑀↓2

𝐿=1 𝑇 𝐿 . This follows because on the left hand side, a job
contributes 𝑇𝑀↓2 if the job is alive at time 𝑇𝑀↓1 (i.e. is counted in
𝑗𝑀↓1) for all 𝑅 . The second summation says that a job completed
between times 𝑇𝑀↓2 and 𝑇𝑀↓1 contribute 𝑇 𝐿 for all 𝑂 ↑ [𝑅 ↓ 2], which
is equivalent. ↭

We now explain how to remove the speed 𝑎 augmentation as-
sumption. The speed 1 version SNRR(1) could simulate the speed 𝑎
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version of SNRR(𝑎) in the following way. SNRR(1) will use 2𝑎 time
steps for each step of SNRR(𝑎). Let 𝑈𝑁 be the priority order that
SNRR(𝑎) uses for a time step 𝑇 . Then SNRR(1) will use the same
priority order 𝑈𝑁 for each of these 2𝑎 steps, only removing jobs that
had a chunk processed on earlier one of these 2𝑎 time steps. Then
SNRR(1) will complete all the chunks that SNRR(𝑎) did because
First-Fit is 2-competitive for bin packing [21]. If SNRR(1) happens
to complete some chunks that SNRR(𝑎) didn’t during these time
steps, then will forget that it completed them going forward. Admit-
tedly this de"nition of SNRR(1) is clunky. To see why one can’t keep
the same natural de"nition of SNRR without speed augmentation,
consider a situation where the "rst job in the priority order had
width 1 and the second job had width 𝑀 . Then even though SNRR
has width at least 𝑀 it can process, it will only process width 1. And
if this happened for a long period of time, SNRR would be wasting
most of its processing capability.

6 RELATEDWORK
Most prior work on HBM focuses on empirical analysis of bene"ts
of using HBM by showing improved performance for individual
algorithms [9–11, 14, 15, 28, 32].

Das et. al [17] provide the theoretical model for HBM that we use
in this paper and also provide a constant competitive algorithm for
minimizing makespan as mentioned in Section 1. In later work [20],
this model was experimentally validated using simulations indicat-
ing that the theoretical results hold in experimental settings under
appropriate assumptions.

HBM management problem can be said to be related to paging
since HBMs can be thought of as a form of cache. Paging on sequen-
tial machines has been studied for decades. On parallel machines,
there are many models for caches, both private and shared [1–
3, 6, 7, 12, 13, 16, 18, 26]. These include models where there are
private caches associated with each core [8]. Most relevant to the
HBM model is how to do paging on shared caches where multiple
threads or processes share a single cache. There is signi"cant work
in this area as well [4, 5, 19, 23, 24, 27, 29, 31].

Multi-core paging problems on shared caches are related to HBM
management in that both have to decide what fraction of cache is
allocated to each thread over time. However, paging problems do
not have the far-channel arbitration problem. Interestingly, even for
traditional caches, when we consider parallelism, some researchers
have noticed that it makes sense to consider traditional scheduling
objective such as makespan or sum of completion timees rather
than paging objectives such as number of cache misses [4, 5, 24]. In
particular, some of the recent results on managing a shared cache
also have a distinct $avor of parallel scheduling, albeit this point is
not explicitly made in the papers [4, 5].

In this paper, we have argued that the theory of HBM manage-
ment is closely related to scheduling parallel jobs on a parallel
machine — there is an enormous body of work in this area for
various models of parallelism and for various optimization metrics.
The model of parallelism plays a big role here and the algorithmic
results from some modeles translate to others, but most do not
directly translate. Perhaps the most relevant model is the speedup
curves model [22] where the job’s parallelism and its ability to use
processors changes over time. In particular, on every time step,

the amount of work completed by a job depends on the number
of processors allocated to the job. However, there is a caveat. In
this model, the marginal bene"t of each processor is monotonically
non-decreasing as the number of processors allocated to each job
increases. This is distinct from the semi-normal model since the
work done by the job is 0 unless it receives exactly the number
of processors dictated by the width of the next step. However, we
believe that the results on the speedup curves model are likely to
be closely related to the results of the semi-normal model; whether
one must prove this one algorithm at a time or if there is a black-box
conversion is left to future work.

7 CONCLUSIONS AND FUTUREWORK
Our main contribution is to make an explicit case that managing an
HBM/DRAM memory hierarchy should be thought of as a parallel
scheduling problem by showing how to translate results in a “semi-
normal” scheduling model to the HBM/DRAM management model.
There are several natural directions for future investigation. While,
in this paper, we assumed that all jobs are processes/jobs arrive at
time 0, we observe that there appears to be no great di#culty in
extending the results in this paper to other standard scheduling
objectives and/or allowing processes to arrive over time.

A stronger case could be for thinking of HBM management
as a parallel scheduling problem by showing how to translate re-
sults from a “normal” parallel scheduling model. A challenge with
this approach is that most of the literature on the seemingly best
candidates for the “normal” parallel scheduling model assumes con-
tinuous time and an in"nitely divisible processor, but reasonably
modeling HBM/DRAM management using continuous time and an
in"nitely divisible HBM seems problematic. The use of continuous
time and an in"nitely divisible processor in the normal models
signi"cantly eases the task of algorithm analysis, but it is generally
not known how to translate positive results in the normal models,
under the assumption of continuous time and an in"nitely divis-
ible processor, to a discrete time variant of these models, where
processes have to share via time multiplexing. So this fundamen-
tal scheduling issue needs to be resolved before one can hope to
apply scheduling results in these “normal” models to HBM/DRAM
management.

Presumably the model proposed in Das et al. [17] assumed only
one process per core to avoid considering a policy to also manage
the core to HBM channel. However, the model should ideally be
extended to allow multiple processes per core, which is a common
use case. Similarly, another natural direction is to consider threads,
that share an address space, instead of processes, which do not
share an address space. It seems like managing an HBM/DRAM
memory hierarchy with threads is signi"cantly more challenging
as now the parallelism of a chunk will, in some sense, depend on
which other chunks are in HBM (as the parallelism for a collection
of chunks depends on the aggregate number of distinct pages in
the chunks).

Rather than assuming that each process has at least 𝑀 requests,
one could have shown asymptotic competitiveness instead of abso-
lute competitiveness with an additive factor that depends on 𝑀 . So a
natural research direction is to strengthen the result for makespan
in Das et al. [17], and our result for total completion time, to remove
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the assumption about the processes being long, or equivalently to
give absolute competitiveness results even for short sequences.
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