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Existence and structure of solutions for general P -area
minimizing surfaces

Amir Moradifam ∗ Alexander Rowell †

October 7, 2024

Abstract

We study existence and structure of solutions to the Dirichlet and Neumann bound-
ary problems associated with minimizers of the functional I(u) =

∫
Ω(ϕ(x,Du + F ) +

Hu) dx, where ϕ(x, ξ), among other properties, is convex and homogeneous of degree
1 with respect to ξ. We show that there exists an underlying vector field N that char-
acterizes the existence and structure of all minimizers. We also investigate existence
of solutions under the barrier condition on ∂Ω. The results in this paper generalize
and unify many results in the literature about existence of minimizers of least gradient
problems and P2area minimizing surfaces.

1 Introduction and Statement of Results

In the last two decades, numerous interesting work have been published on existence, unique-
ness and regularity of minimizers of functionals of the form

∫

Ω

g(x,Du(x)) + k(x, u) dx,

where g is convex and k is locally Lipschitz or identically zero. For background, we encourage
the reader to explore the tree of references stemming from [7, 8, 12, 13, 16, 23, 33, 24, 25,
26, 39]. This paper is a continuation of the authors’ work in [33], where the authors proved
existence and structure of minimizers of P-area minimizing surfaces in the Heisenberg group
(see also [12, 33, 39] for background literature on P-minmal surfaces in the Heisenberg group).
Let Ω be a bounded open set in R

2n, and

X = (x1, x
2
1, x2, x

2
2, . . . , xn, x

2
n) * Ω.
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Let u : R2n ³ R, and consider the graph (X, u(X)) in the Heisenberg group of dimension
2n+ 1 with prescribed p-mean curvature H(X). Then u satisfies the equation

' ·

(
'u2X7

|'u2X7|

)
= H, (1)

where X7 = (x21,2x1, x
2
2,2x2, . . . , x

2
n,2xn). Equation (1) is the Euler-Lagrange equation

associated to the energy functional

E(u) =

∫

Ω

(|'u2X7|+Hu) dx1 ' dx
2
1 ' · · · ' dxn ' dx

2
n. (2)

In [33] the authors investigated existence and structure of minimizers of the more general
energy functional

I(u) =

∫

Ω

(a|'u+ F |+Hu) dx, (3)

under Dirichlet and Neumann boundary conditions and showed that there always exists a
vector field N that determines existence and structure of minimizers. Here a * L>(Ω) is a
positive function and F * (L>(Ω))n.

In this paper, we study a more general class of functionals which includes (3) as a special
case, namely

I(u) =

∫

Ω

×(x,Du+ F ) +Hu, (4)

where × : Ω × R
n ³ R is convex, continuous, and homogeneous function of degree 1 with

respect the the second argument. Unless otherwise stated, we assume that Ω is a bounded
open set in R

n with Lipschitz boundary, F * (L2(Ω))n, H * L2(Ω), and × is assumed to
satisfy the following conditions

(C1) There exists ³ > 0 such that 0 f ×(x, ¿) f ³ |¿| for all ¿ * R
n.

(C2) ¿ 7³ ×(x, ¿) is a norm for every x.

While it not generally required, for some of our results we will also assume that

(C3) There exists ³ > 0 such that 0 f ³ |¿| f ×(x, ¿) for all ¿ * R
n.

This problem is of particular interest since the energy functional I(u) is not strictly convex
which makes analysis of existence and uniqueness of minimizers a highly non-trivial problem.
The Rockafellar-Fenchel duality shall play a key role in our study of this problem.

A broad and active area of research is weighted least gradient problems, a special case
of (4) in which F c 0, H c 0, and ×(x, ¿) = a|¿|, where a * L>(Ω) is a positive function.
This class of sub-class of problems have applications in conductivity imaging and have been
extensively studied by many authors, see [21, 22, 29, 30, 31, 32, 34, 35, 36, 37, 40, 41, 42, 43].
Another interesting special case of (4) is when F c 0, H c 0, and × is given by

×(x, ¿) = a(x)

(
n∑

i,j=1

Ãij0 (x)¿i¿j

)1/2

,
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where Ã0 = (Ãij)n×n with Ãij * C³(Ω). This problem has applications in imaging of
anisotropic conductivity from the knowledge of the interior measurements of current density
vector field (see [21]). In [14], the authors study the case with H c 0 and show that, under
the so called bounded slope condition, the minimizers are Lipschitz continuous.

Next we present few preliminaries which are required to understand and the energy
functional (4). For an arbitrary u * BVloc(R

n), an associated measure ×(x,Du + F ) is
defined by

∫

A

×(x,Du+ F ) =

∫

A

×(x, vu(x))|Du+ F | for each bounded Borel set A, (5)

with the vector-valued measure Du + F having a corresponding total variation measure
|Du + F |, and vu(x) = dDu+F

d|Du+F |
is the Radon-Nikodym derivative. We use standard facts

about functions of bounded variation as in [2], [22], and [29]. For any open set U , we also
have
∫

U

×(x,Du+ F ) = sup

{∫

U

(u' · Y 2 Y · F )dx : Y * C>
c (U ;Rn), sup×0(x, Y (x)) f 1

}
,

(6)
where ×(x, ¿) has a dual norm on R

n, ×0(x, ¿), defined by

×0(x, ¿) := sup {¿ · p : ×(x, p) f 1} .

As a consequence of condition (C1), the dual norm ×0(x, ·) has the equivalent definition

×0(x, ¿) = sup

{
¿ · p

×(x, p)
: p * R

n

}
. (7)

Remark 1.1 The definition in (6) allows to define
∫
Ω
×(x,Du+F ) for functions u * BV (Ω)

with 'u 6* W 1,1(Ω). Indeed the right hand side of (6) is well-defined for any integrable
function u. To see the motivation behind the definition (6), suppose u * W 1,1(Ω) and
×0(x, Y ) f 1. For p = Du+F

|Du+F |
and ¿ = 2Y it follows from (7) that

2Y ·
Du+ F

|Du+ F |
f ×

(
x,

Du+ F

|Du+ F |

)
.

This implies
∫

Ω

×(x,Du+ F ) =

∫

Ω

×

(
x,

Du+ F

|Du+ F |

)
|Du+ F |

g

∫

Ω

2Y ·
Du+ F

|Du+ F |
|Du+ F |

=

∫

Ω

2Y ·Du2 Y · F

=

∫

Ω

(u' · Y 2 Y · F ), " Y * C>
c (U ;Rn).

It is also easy to see that that the inequality above would become an equality in the limit for
a sequence of functions Yn * C>

c (U ;Rn).
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This paper is outlined as follows. In Section 2, we prove existence results under the
Neumann boundary condition. In Section 3, we study existence of minimizers with Dirichlet
boundary condition. Finally, in Section 4 we provide existence of P-area minimizing surfaces
under a so called barrier condition on the boundary "Ω.

2 Existence of minimizers with Neumann boundary

condition

In this section we study the minimization problem

inf
u*B̊V (Ω)

I(u) :=

∫

Ω

× (x,Du+ F ) +Hu, (8)

where

B̊V (Ω) =

{
u * BV (Ω) :

∫

Ω

u = 0

}
.

We commence our study of minimizers of (8) by applying the Rockefeller-Fenchel duality
to the problem. Consider the functions E : (L2(Ω))n ³ R and G : H̊1(Ω) ³ R defined as

E(b) =

∫

Ω

× (x, b+ F ) and G(u) =

∫

Ω

Hu,

where H̊(Ω) = {u * H1(Ω) :
∫
Ω
u = 0}. Then (8) can be equivalently written as

(P ) inf
u*H̊1(Ω)

{E('u) +G(u)}. (9)

The dual problem corresponding to (9), as defined by Rockafellar-Fenchel duality [15], is

(D) max
b*(L2(Ω))n

{2E7(b)2G7(2'7b)}. (10)

Note that convex functions E and G have convex conjugates E7 and G7. Furthermore, gra-
dient operator ' : H̊1(Ω) ³ L2(Ω) has a corresponding adjoint operator '7. As computed
in [33], we have

G7(2'7b) = sup
u*H̊1(Ω)

{
2

∫

Ω

'u · b2

∫

Ω

Hu

}
.

This can be more explicitly calculated by noting that for all real numbers c, cu * H̊1(Ω)
whenever u * H̊1(Ω). Thus,

G7(2'7b) =

{
0 if u * D0,

> if u 6* D0

(11)

where

D0 :=

{
b * (L2(Ω))n :

∫

Ω

'u · b+Hu = 0, for all u * H̊1(Ω)

}
. (12)
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The computation of E7(b) is done in Lemma 2.1 of [29], which yields

E7(b) =

{
2〈F, b〉 if ×0(x, b(x)) f 1 in Ω

> otherwise .
(13)

Thus the dual problem can be rewritten as

(D) sup{〈F, b〉 : b * D0 and ×0(x, b(x)) f 1 in Ω}. (14)

Let the outer unit normal vector to "Ω be denoted by ¿Ω. There is a unique function
[b, ¿Ω] * L>

Hn−1("Ω), whenever ' · b * Ln(Ω) for every b * (L>(Ω))n, such that

∫

"Ω

[b, ¿Ω]u dH
n21 =

∫

Ω

u' · b dx+

∫

Ω

b ·Dudx, u * C1(Ω̄). (15)

Indeed in [1, 3] it was proved that the integration by parts formula (15) holds for every
u * BV (Ω), as u 7³ (b·Du) gives rise to a Radon measure on Ω for u * BV (Ω), b * (L>(Ω))n,
and ' · b * Ln(Ω).

Lemma 2.1 Let b * (L>(Ω))n + D0. Then

' · b = H 2

∫

Ω

Hdx a.e. in Ω,

and
[b, ¿Ω] = 0 Hn21 2 a.e. on "Ω.

The above lemma follows directly from equation (15) and the definition of D0. It also
provides the insight that every solution N to the dual problem (D) satisfies equation '·N =
H2

∫
Ω
Hdx a.e. in Ω. Moreover, at every point on "Ω, the unit normal vector is orthogonal

to N in a weak sense.

Theorem 2.2 Let Ω be a bounded domain in R
n with Lipschitz boundary, F * (L2(Ω))n,

H * L2(Ω), and × : Ω × R
n ³ R be a convex function satisfying (C1) and (C2). Then the

duality gap is zero and the dual problem (D) has a solution, i.e. there exists a vector field
N * D0 with ×0(x,N) f 1 such that

inf
u*H̊1(Ω)

∫

Ω

(× (x,Du+ F ) +Hu) dx = 〈F,N〉. (16)

Moreover

×

(
x,

Du+ F

|Du+ F |

)
= N ·

Du+ F

|Du+ F |
, |Du+ F | 2 a.e. in Ω, (17)

for any minimizer u of (9).
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Proof. It is easy to see that I(v) =
∫
Ω
(×(x,Dv+F )+Hv) is convex, and J : (L2(Ω))n ³ R

with J(p) =
∫
Ω
(×(x, p + F ) + Hu0)dx is continuous at p = 0, for a fixed u0, due to (C2).

Thus, the conditions of Theorem III.4.1 in [15] are satisfied. We infer that the optimization
problems (D) and (P) have the same optimum value, and the dual problem has a solution
N such that the duality gap is zero, i.e., (16) holds.

Now let u * H̊1(Ω) be a minimizer of (9). Since N * D0, we have

〈N,F 〉 =

∫

Ω

×(x,Du+ F ) +Hu

=

∫

Ω

×

(
x,

Du+ F

|Du+ F |

)
|Du+ F |+

∫

Ω

Hu

g

∫

Ω

N ·
Du+ F

|Du+ F |
|Du+ F |+

∫

Ω

Hu

=

∫

Ω

N · (Du+ F ) +Hu

=

∫

Ω

N · F +

∫

Ω

N ·Du+Hu.

= 〈N,F 〉

Hence, the inequality above becomes an equality and (17) holds. �

Remark 2.3 The primal problem (P ) may not have a minimizer in u * H̊1(Ω), but the dual
problem (D) always has a solution N * (L2(Ω))n. Note also that the functional I(u) is not
strictly convex, and it may have multiple minimizers (see [22]). Furthermore, Theorem 2.2
asserts that N determines Du+F

|Du+F |
, |Du+ F |2a.e. in Ω, for all minimizers u of (P ). More

precisely, since almost everywhere in Ω we have

×0(x,N) f 1 =ó ×(x, p) g N · p

for every p * Sn21. Therefore, the equality in (17) indicates that

N · p

×(x, p)

is maximized by p = Du+F
|Du+F |

, |Du + F |2a.e. In the case that F c 0, N determines the

direction of the gradient of u ( Du
|Du|

) and hence the structure of the level sets of minimizers

to (P ).

We proceed to show that a solution to primal problem (P ) exists in BV (Ω) provided that it
is bounded below. The proof that relies on standard facts about BV functions.

Proposition 2.1 Let × : Ω×R
n ³ R be a convex function satisfying (C1), (C2), and (C3).

If there exists a constant C, depending on Ω, such that

max
x*Ω

|H(x)| < C, (18)

then the primal problem (P) has a minimizer.

6



Proof. Consider the minimizing sequence un of functional I(u). By condition (C3) we have

∫

Ω

³|'un + F |+Hun f

∫

Ω

×(x,'un + F ) +Hun < c,

for some constant c independent of n. Moreover, the triangle inquality implies

∫
³|'un|2

∫
³|F |2

∫
|H||un| f

∫
³|'un|2

∫
³|F |+

∫
Hun f

∫
³|'un+F |+Hun < c

and ∫
³|'un| f C +

∫
|H||un|+

∫
³|F |.

Applying Poincaré’s inequality implies that there exists a constant CΩ, independent of n,
where ∫

³|'un| f C + ||H||L∞(Ω)CΩ

∫
|'un|+

∫
³|F |

ó
(
³ 2 CΩ||H||L∞(Ω)

) ∫
|'un| f C +

∫
³|F |.

Finally, ∫
|'un| f C 2 =

C +
∫
³|F |(

³ 2 CΩ||H||L∞(Ω)

)

provided that ³ 2 CΩ||H||L∞(Ω) > 0 or equivalently

||H||L∞(Ω) f C :=
³

CΩ
.

It follows from standard compactness results for BV functions that un has a subsequence,
denoted by un again, such that un converges strongly in L1 to a function û * BV , and Dun
converges to Dû in the sense of measures. Since the functional I(u) is lower semicontinuous,
û is a solution of the primal problem (8). �

3 Existence of minimizers with Dirichlet boundary con-

dition

Now, let us consider minimizers of the main functional with a given Dirichlet boundary
condition on "Ω. Let Ω be a bounded region in R

n with Lipschitz boundary, F * (L2(Ω))n,
H * L2(Ω), f * L1("Ω), × : Ω × R

n ³ R a convex function satisfying (C1) and (C2), and
the minimization problem becomes

inf
u*BVf (Ω)

I(u) :=

∫

Ω

× (x,Du+ F ) +Hu, (19)

where
BVf(Ω) = {u * BV (Ω) : u|"Ω = f}.

7



We perform the substitution F̃ = F +'f to rewrite (19) in terms of BV functions that are
zero on "Ω. Since there always exists a function f * W 1,1(Ω) that is an extension of any
function in L1(Ω), we have.

inf
u*BV0(Ω)

I(u) :=

∫

Ω

×
(
x,Du+ F̃

)
+Hu+

∫

Ω

Hfdx.

Note that
∫
Ω
Hfdx is a constant, which implies (19) can be represented by the minimization

problem

inf
u*BV0(Ω)

I(u) :=

∫

Ω

× (x,Du+ F ) +Hu. (20)

In Section 2 boundedness from below of functional I(u) was sufficient to provide existence
of minimizers in B̊V (Ω). This is not the case for (19), nor (20). The main reason for
nonexistence of minimizers is that for a given minimizing sequence such that un ³ û in
L1(Ω) and û * BV (Ω), we have

I(û) f inf
u*BV0(Ω)

I(u),

by the lower semicontinuity of I(u). However, since "Ω is a set of measure zero, the trace of
û is not guaranteed to be zero. One of our main goals in this section is to prove existence of
minimizers for the highly nontrivial problem (20), and in turn for (19).

3.1 The Dual Problem

The setup of the dual problem here is identical to that of Section 2, with the exception of
the function space of potential solutions. Let E : (L2(Ω))n ³ R and G : H1

0 (Ω) ³ R be
defined as

E(b) =

∫

Ω

× (x, b+ F ) and G(u) =

∫

Ω

Hu.

Then (29) can be equivalently written as

(P 2) inf
u*H1

0
(Ω)

{E('u) +G(u)}. (21)

The dual problem corresponding to (21), as defined by Rockafellar-Fenchel duality [15], is

(D2) sup
b*(L2(Ω))n

{2E7(b)2G7(2'7b)}. (22)

Then G7(2'7b) is given by

G7(2'7b) = sup
u*H1

0
(Ω)

{
2

∫

Ω

'u · b2

∫

Ω

Hu

}
,

and more explicitly

G7(2'7b) =

{
0 if u * D̃0

> if u 6* D̃0(Ω),
(23)
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where

D̃0 :=

{
b * (L2(Ω))n :

∫

Ω

'u · b+Hu = 0, for all u * H1
0(Ω)

}
¦ D0. (24)

Finally, we use Lemma 2.1 in [29] to get

E7(b) =

{
2〈F, b〉 if ×0(x, b(x)) f 1 in Ω

> otherwise .
(25)

We can therefore rewrite the dual problem as

(D2) sup{〈F, b〉 : b * D̃0 and ×0(x, b(x)) f 1 in Ω}. (26)

A direct application of the integration by parts formula (15) implies that b * (L>(Ω))n+

D̃0 if and only if
' · b = H a.e. in Ω.

Next we proceed to prove the analog of Theorem 2.2.

Theorem 3.1 Let Ω be a bounded domain in R
n with Lipschitz boundary, F * (L2(Ω))n,

H * L2(Ω), × : Ω × R
n ³ R a convex function satisfying (C1), (C2), and assume (P 2) is

bounded below. Then the duality gap is zero and the dual problem (D2) has a solution, i.e.

there exists a vector field N * D̃0 with ×0(x,N) f 1 such that

inf
u*H1

0
(Ω)

∫

Ω

(× (x,Du+ F ) +Hu) dx = 〈F,N〉. (27)

Moreover

×

(
x,

Du+ F

|Du+ F |

)
= N ·

Du+ F

|Du+ F |
, |Du+ F | 2 a.e. in Ω, (28)

for any minimizer u of (21).

Proof. It is easy to show that I(v) =
∫
Ω
(×(x,Dv+F )+Hv) is convex, and J : (L2(Ω))n ³ R

with J(p) =
∫
Ω
(×(x, p + F ) + Hu0)dx is continuous at p = 0, for a fixed u0, due to (C2).

Thus, the conditions of Theorem III.4.1 in [15] are satisfied. We infer that the optimal values
of (D) and (P) are equal, and the dual problem has a solution N such that the duality gap
is zero, i.e. (27) holds.

9



Now let u * A0 be a minimizer of (21). Since N * D̃0

〈N,F 〉 =

∫

Ω

×(x,Du+ F ) +Hu

=

∫

Ω

×

(
x,

Du+ F

|Du+ F |

)
|Du+ F |+

∫

Ω

Hu

g

∫

Ω

N ·
Du+ F

|Du+ F |
|Du+ F |+

∫

Ω

Hu

=

∫

Ω

N · (Du+ F ) +Hu

=

∫

Ω

N · F +

∫

Ω

N ·Du+Hu.

= 〈N,F 〉

Hence the inequality becomes an equality and (28) holds. �

Remark 3.2 Similar to the comments we made in Remark 3.1., the primal problem (P 2)
may not have a minimizer in H1

0 (Ω), but the dual problem (D2) always has a solution N *
(L2(Ω))n. Note also that the functional I(u) is not strictly convex, and it may have multiple
minimizers (see [22]). Furthermore, Theorem 3.1 asserts that N determines Du+F

|Du+F |
, |Du+

F |2a.e. in Ω, for all minimizers u of (P 2). See Remark 3.1 for more details.

3.2 The relaxed problem

Now we investigate the existence of minimizier for the relaxed problem associated to (20),
namely

inf
u*A0

I(u) = inf
u*A0

∫

Ω

(×(x,Du+ F ) +Hu)dx+

∫

"Ω

×(x, ¿Ω)|u|ds, (29)

where
A0 :=

{
u * H1(Rn) : u = 0 in Ωc

}
.

The benefit of considering the relaxed problem above is that any minimizing sequence of
(29) converges to a minimizer in A0. This convergence result is not guaranteed for (20). It
can be easily verified that Proposition 2.1 can be adapted to the relaxed problem, and (20)
has a solution in A0 when bounded below.

Proposition 3.1 Let × : Ω×R
n ³ R be a convex function satisfying (C1), (C2), and (C3).

If there exists a constant C, depending on Ω, such that

max
x*Ω

|H(x)| < C, (30)

then the primal problem (20) has a minimizer in A0.

Proof. Note that û * A0 whenever un * A0 converges to û in L1(Ω). Then the proof follows
as outlined in Proposition 2.1. �
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The stage is now set for the major result of this section. While proving existence of
minimizers to (20) is very difficult, the following theorem demonstrates how problems (20)
and (29) are related.

Theorem 3.3 Let Ω ¢ R
n be a bounded open set with Lipschitz boundary, F * (L2(Ω))n,

H * L2(Ω), and × : Ω × R
n ³ R a convex function satisfying (C1), (C2), and (C3). If the

minimization problem (20) is bounded below, then

min
u*A0

(∫

Ω

(×(x,Du+ F ) +Hu)dx+

∫

"Ω

×(x, ¿Ω)|u|ds

)
= inf

u*BV0(Ω)

∫

Ω

×(x,Du+ F ) +Hu

(31)
Moreover, if u is a minimizer of (29), then

×(x, ¿Ω) = [N, sign(2u)¿Ω] Hn21 2 a.e. on "Ω. (32)

Proof. It can be easily shown that BV0(Ω) has a continuous embedding into A0, which
implies

min
u*A0

(∫

Ω

(×(x,Du+ F ) +Hu)dx+

∫

"Ω

×(x, ¿Ω)|u|ds

)
f inf

u*BV0(Ω)

∫

Ω

×(x,Du+ F ) +Hu.

It follows from Theorem 3.1 that there exists a vector field N * D̃0 with

×

(
x,

Du+ F

|Du+ F |

)
= N ·

Du+ F

|Du+ F |
, |Du+ F | 2 a.e. in Ω.

Consider minimizer u of the relaxed problem with u|"Ω = h|"Ω, where h * W 1,1(Ω). Since

11



u2 h * D̃0, we have

min
u*A0

(

∫

Ω

(×(x,Du+ F ) +Hu)dx+

∫

"Ω

×(x, ¿Ω)|u|ds) =

∫

Ω

×(x,Du+ F ) +Hu+

∫

"Ω

×(x, ¿Ω)|u|

=

∫

Ω

×

(
x,

Du+ F

|Du+ F |

)
|Du+ F |+

∫

Ω

Hu+

∫

"Ω

×(x, ¿Ω)|u|

g

∫

Ω

N ·
Du+ F

|Du+ F |
|Du+ F |+

∫

Ω

Hu+

∫

"Ω

×(x, ¿Ω)|u|

=

∫

Ω

N · (Du+ F ) +Hu+

∫

"Ω

×(x, ¿Ω)|u|

=

∫

Ω

N · F +

∫

Ω

N ·Du+Hu+

∫

"Ω

×(x, ¿Ω)|u|

= 〈N,F 〉+

∫

Ω

N ·D(u2 h) +H(u2 h)

+

∫

Ω

N ·Dh+Hh+

∫

"Ω

×(x, ¿Ω)|h|

= 〈N,F 〉+

∫

Ω

N ·Dh+Hh+

∫

"Ω

×(x, ¿Ω)|h|

= 〈N,F 〉+

∫

"Ω

[N, ¿Ω]h+

∫

"Ω

×(x, ¿Ω)|h|

g 〈N,F 〉

= inf
u*BV0(Ω)

∫

Ω

×(x,Du+ F ) +Hu.

The last inequality was achieved using integration by parts and the fact that ×0(x,N) f
1 =ó [N, ¿Ω] f ×(x, ¿Ω). Therefore, (31) holds and all the inequalities in the above compu-
tation are equalities. This provides the relationship

∫
"Ω
[N, ¿Ω]h+

∫
"Ω
×(x, ¿Ω)|h| = 0, which

implies that (32) holds. �

The next theorem follows directly from Theorem 3.1 and Theorem 3.3.

Theorem 3.4 Let Ω ¢ R
n be a bounded open set with Lipschitz boundary, F * (L2(Ω))n,

H * L2(Ω), × : Ω×R
n ³ R a convex function satisfying (C1), (C2), (C3), and assume (P 2)

is bounded below. Then there exists a vector field N * D̃0 with ×0(x,N) f 1 such that

×

(
x,

Du+ F

|Du+ F |

)
= N ·

Du+ F

|Du+ F |
, |Du+ F | 2 a.e. in Ω, (33)

for any minimizer u of (20). Moreover, every minimizer of (20) is a minimizer of (29),
and if u is a minimizer of (29), then

×(x, ¿Ω) = [N, sign(2u)¿Ω] Hn21 2 a.e. on "Ω. (34)
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4 Existence of minimizers under the Barrier condition

Consider F * (L1(Ω)n), H * L>(Ω), and Ë : Rn ×BV0(Ω) given to be

Ë(x, u) := ×(x,Du+ FÇEu
) +Hu, (35)

with Eu representing the closure of the support of u in Ω. We also define the Ë-perimeter of
E in A by

PË(E;A) :=

∫

A

× (x,DÇE + FÇE) +HÇE .

Definition 1 A function u * BV (Rn) is Ë-total variation minimizing in Ω ¢ R
n if

∫

Ω

Ë(x, u) f

∫

Ω

Ë(x, v) for all v * BV (Rn) such that u = v a.e. in Ωc.

Also a set E ¢ R
n of finite perimeter is Ë-area minimizing in Ω if

PË(E; Ω) f PË(Ẽ)

for all Ẽ ¢ R
n such that Ẽ + Ωc = E + Ωc a.e..

In order to state the two major results of this section, Theorems 4.3 and 4.5, we need
the following preliminary lemmas. The argument is this section are inspired by and similar
to those in [33]. For a given function u * BV (Ω), define functions

u1 = max(u2 », 0) and u2 = u2 u1, (36)

for an arbitrary » * R. Moving forward we shall use the function

Çë,» := min

(
1,

1

ë
u1

)
=

ù
üú
üû

0 if u f »,
1
ë
(u2 ») if » < u f »+ ë,

1 if u > »+ ë.

(37)

which is shown to be Ë-total variation minimizing in Theorem 4.3.

Lemma 4.1 For Çë,» as defined in (37),

PË(E,Ω) f lim inf
ë³0

∫

Ω

×(x,DÇë,» + FÇë,») +HÇë,».

13



Proof. Due to condition (C2) we have

∫

Ω

×(x,DÇë,» + FÇë,») +HÇë,» 2

∫

Ω

×(x,DÇE + FÇE) +HÇE

=

∫

Ω+{»2ë<u<»+ë}

×(x,DÇë,» + FÇë,») +HÇë,» 2 ×(x,DÇE + FÇE)2HÇE

g

∫

Ω+{»2ë<u<»+ë}

×(x,DÇë,»)2 ×(x, FÇë,») +HÇë,» 2 ×(x,DÇE)2 ×(x, FÇE)2HÇE

=

∫

Ω+{»2ë<u<»+ë}

×(x,DÇë,»)2 ×(x,DÇE) +HÇë,» 2HÇE 2 ×(x, FÇë,»)2 ×(x, FÇE)

=

∫

Ω

×(x,DÇë,»)2

∫

Ω

×(x,DÇE) +

∫

Ω

(HÇë,» 2HÇE)

2

∫

Ω+{»2ë<u<»+ë}

×(x, FÇë,») + ×(x, FÇE).

Since the last two integrals converge to zero as ë ³ 0,

lim inf
ë³0

∫

Ω

×(x,DÇë,» + FÇë,») +HÇë,» 2 PË(E,Ω)

= lim inf
ë³0

∫

Ω

×(x,DÇë,» + FÇë,») +HÇë,» 2

∫

Ω

×(x,DÇE + FÇE) +HÇE

g lim inf
ë³0

∫

Ω

×(x,DÇë,»)2

∫

Ω

×(x,DÇE) g 0,

where the lower semi-continuity of
∫
Ω
×(x,Dv) justifies the last inequality (see [22]). �

The outer and inner trace of w on "Ω are denoted by w+ and w2 respectively, under the
assumptions that Ω is an open set with Lipschitz boundary and w * BV (Rn).

Lemma 4.2 Suppose Ω ¢ R
n is a bounded open region with Lipschitz boundary, g *

L1("Ω;Hn21), and define

IË(v; Ω, g) :=

∫

"Ω

×(x, g 2 v2 + FÇv
)dHn21 +

∫

Ω

Ë(x,Dv).

Then u * BV (Rn) is Ë-total variation minimizing in Ω if and only if u|Ω minimizes
IË( · ; Ω, g) for some g, and moreover g = u+.

Proof: Note that v+, v2 * L1("Ω;Hn21) whenever v * BV (Rn). Conversely, there is a
v * BV (Rn) with g = v+ for each g * L1("Ω;Hn21). Additionally

∫

"Ω

Ë(x,Dv) =

∫

"Ω

×(x,Dv + FÇv
)dHn21 =

∫

"Ω

×(x, v+ 2 v2 + FÇv
)dHn21. (38)
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To see this, note that |Dv| can only concentrate on a set of dimension n2 1 if that set is a
subset of the jump set of v, so (38) follows from standard descriptions of the jump part of
Dv.

Now if u, v * BV (Rn) satisfy u = v a.e. in Ωc, then
∫
Ω̄c ×(x,Du) =

∫
Ω̄c ×(x,Dv). In

addition, u+ = v+, so using (38) we deduce that

∫

Rn

Ë(x,Du)2

∫

Rn

Ë(x,Dv) = I×(u; Ω, u
+)2 I×(v; Ω, u

+).

The lemma easily follows from the above equality. �

The next theorem shows super level sets of Ë-total variation minimizing functions in Ω
are Ë-area minimizing in Ω.

Theorem 4.3 Let Ω ¢ R
n be a bounded Lipschitz domain and u * BV (Rn) a Ë-total

variation minimizing function in Ω. The super level sets of u are written as

E» := {x * R
n : u(x) g »} . (39)

Then E» is Ë-area minimizing in Ω.

Proof. For a fixed » * R, let u1 and u2 be as defined in (36). Consider g * BV (Rn)
with supp(g) ¢ Ω. Then

∫

Ω

×
(
x,Du1 + FÇ{ug»}

)
+Hu1 +

∫

Ω

×
(
x,Du2 + FÇ{u<»}

)
+Hu2 =

∫

Ω

× (x,Du+ F ) +Hu

f

∫

Ω

× (x,D(u+ g) + F ) +H(u+ g)

=

∫

Ω

×
(
x,Du1 +D(gÇ{ug»}) + FÇ{ug»}

)
+H(u1 + g)

+

∫

Ω

×
(
x,Du2 +D(gÇ{u<»}) + FÇ{u<»}

)
+Hu2

f

∫

Ω

×
(
x,Du1 +D(gÇ{ug»}) + FÇ{ug»}

)
+H(u1 + g)

+

∫

Ω

×
(
x,D(gÇ{u<»})

)
+

∫

Ω

×
(
x,Du2 + FÇ{u<»}

)
+Hu2

=

∫

Ω

×
(
x,D(u1 + g) + FÇ{ug»}

)
+H(u1 + g)

+

∫

Ω

×
(
x,Du2 + FÇ{u<»}

)
+Hu2.

This implies

∫

Ω

× (x,Du1 + FÇu1) +Hu1 f

∫

Ω

× (x,D(u1 + g) + FÇu1) +H(u1 + g),
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for any g * BV (Rn) such that supp(g) ¢ Ω. By definition, u1 is Ë-total variation mini-
mizing. Using the argument outlined above Çë,», as defined in (37), is also Ë-total variation
minimizing.

The boundary of E» has measure zero for a.e. » * R, which is represented by

Ln ({x * Ω : u(x) = »}) = Hn21
(
{x * "Ω : u±(x) = »}

)
= 0. (40)

Thus
Çë,» ³ Ç» := ÇEλ

in L1
loc(R

n), Ç±
ë,» ³ Ç±

» in L1("Ω;Hn21),

as ë³ 0.
We apply Lemma 4.1 to get

PË(Ç»,Ω) f lim inf
ë³0

PË(Çë,»,Ω). (41)

It follows from the L1 convergence of the traces that

I×(Ç»; Ω, Ç
+
» ) f lim inf

k³>
I×(Çë,»; Ω, Ç

+
»,ë). (42)

For an arbitrary F ¢ R
n with Ç» = ÇF a.e. in Ωc,

I×(Çë,»; Ω, Ç
+
ë,») f I×(ÇF ; Ω, Ç

+
ë,»)

f I×(ÇF ; Ω, Ç
+
» ) +

∫

"Ω

×(x, Ç+
» 2 Ç+

ë,») dH
n21

f I×(ÇF ; Ω, Ç
+
» ) +

∫

"Ω

³|Ç+
» 2 Ç+

ë,»| dH
n21

f I×(ÇF ; Ω, Ç»
+) + C

∫

"Ω

|Ç+
» 2 Ç+

ë,»| dH
n21.

The inequality that follows is justified by the above, (42), and Ç+
ë,» ³ Ç+

» in L1("Ω;Hn21),

I×(Ç»; Ω, Ç
+
» ) f I×(ÇF ; Ω, Ç

+
» ).

This establishes that E» is ×-area minimizing in Ω.
If » does not satisfy (40), then there exists an increasing sequence »k that converges to

» and satisfies (40) for each k. In which case,

Ç»k ³ Ç» in L1
loc(R

n), Ç±
»k

³ Ç±
» in L1("Ω;Hn21).

Thus, by Lemma 4.2, E» is Ë-area minimizing in Ω. �

It remains to lay out a few more definitions which would play a key role in the proof of
our main result in this section. Let

BVf(Ω) :=

{
u * BV (Ω) : lim

r³0
ess sup

y*Ω,|x2y|<r

|u(y)2 f(y)| = 0 for x * "Ω

}
.

For any measurable set E, consider

E(1) := {x * R
n : lim

r³0

Hn(B(r, x) + E)

Hn(B(r))
= 1}.
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Definition 2 Let Ω ¢ R
n be a bounded Lipschitz domain. We say that Ω satisfied the

barrier condition if for every x0 * "Ω and ë > 0 sufficiently small, V minimizes PË(·;R
n) in

{W ¢ Ω :W \B(ë, x0) = Ω \B(ë, x0)}, (43)

implies
"V (1) + "Ω + B(ë, x0) = '.

Intuitively speaking, (43) means that at any point x0 * "Ω one can decrease the Ë-
perimeter of Ω by pushing the boundary inwards,

Lemma 4.4 Suppose Ω ¢ R
n is a bounded Lipschitz domain satisfying the barrier condition,

and E ¢ R
n minimizes PË(·; Ω). Then

{
x * "Ω + "E(1) : B(ë, x) + "E(1) ¢ Ω for some ë > 0

}
= '.

Proof. We proceed by contradiction. Suppose there exists x0 * "Ω + "E(1) such that
B(ë, x0) + "E

(1) ¢ Ω̄ for some ë > 0. Then Ṽ = E + Ω is a minimizer of PË( · ;R
n) in (43),

and
x0 * "Ṽ (1) + "Ω + B(ë, x0) 6= '.

This is inconsistent with the barrier condition (43). �

Finally, we are ready to prove the main existence results of the this section.

Theorem 4.5 Consider Ë : Rn×R
n ³ R as defined in (35) and a bounded Lipschitz domain

Ω ¢ R
n. Let ||H||L∞(Ω) be small enough that Proposition 3.1 holds. If Ω satisfies the barrier

condition with respect to Ë, then for every f * C("Ω) the minimization problem (19) has a
minimizer u in BV (Ω) with u|"Ω f f .

Proof. For a given f * C("Ω), it can be extended to f * C(Ωc). Furthermore, we
can assume f * BV (Rn) since every Hn21 integrable function on Ω is the trace of some
(continuous) function in BV (Ωc). Let

Af := {v * BV (Rn) : v = f on Ωc},

where any element v of BVf (Ω) is the restriction to Ω of a unique element of Af . Then∫
Rn Ë(x, v) has as a minimizer u * Af , in view of Proposition 3.1.
Next we prove that u|"Ω f f . Suppose this is not the case, then there is an x * "Ω and

· > 0 such that
ess sup

y*Ω,|x2y|<r

(
u(y)2 f(x)) g · (44)

for every r > 0. First, suppose that the latter condition holds. For E := Ef(x)+·/2 we have
that x * "E(1), justified by the second alternative of (44) and the continuity of f . Note
that Theorem 4.3 implies E is Ë-area minimizing in Ω. This there exists ë > 0 such that
u < f(x) + ·/2 in B(·, x) \Ω, since u * Af and f is continuous in Ωc. However, Lemma 4.4
shows that this is impossible. �
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Basel, 2004.

[5] Z.M. Balogh, Size of characteristic sets and functions with prescribed gradient. J.
Reine Angew. Math. 564 (2003), 63-83.

[6] P. Bousquet, Boundary continuity of solutions to a basic problem in the calculus of
variations, Adv. Calc. Var. 3 (2010), 1-27.

[7] P. Bousquet, F. Clarke, Local Lipschitz continuity of solutions to a problem in the
calculus of variations, J. Differential Equations 243 (2007), 489–503.

[8] A. Cellina, On the bounded slope condition and the validity of the Euler Lagrange
equation, SIAM J. Control Optim. 40 (2001/02), 1270–1279 (electronic).

[9] J.-H. Cheng, J.-F. Hwang, Properly embedded and immersed minimal surfaces in
the Heisenberg group. Bull. Aus. Math. Soc. 70 (2004), 507-520.

[10] J.-H. Cheng, J.-F. Hwang, Uniqueness of generalized p-area minimizers and inte-
grability of a horizontal normal in the Heisenberg group. Calc. Var. Partial Differential
Equations 50 (2014), no. 3-4, 579-597.

[11] J.-H. Cheng, J.-F. Hwang, A. Malchiodi, P. Yang, Minimal surfaces in pseudo-
hermitian geometry. Annali della Scuola Normale Superiore di Pisa, Classe di Scienze
4(5) (2005), 129-177.

[12] J.-H. Cheng, J.-F. Hwang, A. Malchiodi, P. Yang, Existence and uniqueness
for p-area minimizers in the Heisenberg group. Math. Ann. 337 (2007), no. 2, 253-293.

[13] F. Clarke, Continuity of solutions to a basic problem in the calculus of variations,
Ann. Sc. Norm. Super. Pisa Cl. Sci. (5), 4 (2005), 511–530.

[14] S. Don, L. Lussardi, A. Pinamonti, G. Treu, Lipschitz minimizers for a class
of integral functionals under the bounded slope condition. Nonlinear Analysis, Theory,
Methods and Applications, 216 (2022), 112689.

18



[15] I. Ekeland, R. Témam, Convex analysis and variational problems, North-Holland-
Elsevier, 1976.

[16] A. Fiaschi, G. Treu, The bounded slope condition for functionals depending on x, u,
and 'u, SIAM J. Control Optim., 50 (2012), 991–1011.

[17] B. Franchi, R. Serapioni, F. Serra Cassano, Rectifiability and perimeter in the
Heisenberg group. Math. Ann. 321, 479-531 (2001).

[18] N. Garofalo, D.-M Nhie, Isoperimetric and Sobolev inequalities for Carnot-Caratheodory
spaces and the existence of minimal surfaces. Comm. Pure Appl. Math. 49, 1081-1144
(1996).

[19] E. Giusti,Minimal Surfaces and Functions of Bounded Variations, Birkhäuser, Boston,
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