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Abstract

We consider a family of variable time-stepping Dahlquist-Liniger-Nevanlinna (DLN)
schemes, which is unconditionally non-linear stable and second order accurate, for the
Allen-Cahn equation. The finite element methods are used for the spatial discretization.
For the non-linear term, we combine the DLN scheme with two efficient temporal algo-
rithms: partially implicit modified algorithm and scalar auxiliary variable algorithm. For both
approaches, we prove the unconditional, long-term stability of the model energy under any
arbitrary time step sequence. Moreover, we provide rigorous error analysis for the partially
implicit modified algorithm with variable time-stepping. Efficient time-adaptive algorithms
based on these schemes are also proposed. Several one- and two-dimensional numerical tests
are presented to verify the properties of the proposed time-adaptive DLN methods.

Keywords Allen-Cahn equation - DLN method - G-stability - Time adaptivity - Finite
element method - Error estimate

Mathematics Subject Classification 65M12 - 65M15 - 35K35 - 35K55

1 Introduction

The Allen-Cahn equation was first introduced by Allen and Cahn in [2] to describe the motion
of anti-phase boundaries in crystalline solids. Given the domain £2 C R4 d=1,2,3),
u(x, t) models the difference between the concentrations of two mixtures’ components at
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time ¢, and is governed by

d
u,—ezAu—i——F(u):O, xef2, 0<t<T,
du M
ou
— =0, on 052,
on

where € is the interfacial parameter. The Helmholtz free-energy density F (1) and its derivative
takes the form

_ Lo g2 LR o
F(u) = 4(u -, fu) = duF(u)—u u.

The model energy of the Allen-Cahn equation (1) is

2
._ € 2
£(u) ._/9(2 |Vl —I—F(u))dx,

which satisfies the following energy dissipation law:

i5(u(t)) = —/ w?dx <0 )
dt o Q ! -

Phase field models, including the Allen-Cahn equation, have been widely applied to com-
plex moving interface problems in materials science and fluid dynamics. Over the past forty
years, numerical simulations of phase field models have been extensively studied, leading
to a wide array of spatial discretization techniques including finite element methods, along-
side other approaches such as finite difference, finite volume, and Fourier-spectral methods.
Various splitting techniques and stabilizers, coupled with classical time integrators, have
been proposed to handle the potential functions in phase field models, resulting in numerous
efficient and stable algorithms, as summarized in the recent survey paper [12].

Convex splitting technique is widely employed to ensure the discrete energy dissipation
law [15, 18, 38, 43, 47]. The main idea is to split the potential function into the convex and
concave parts, treated implicitly and explicitly, respectively. Linearly-implicit stabilizers are
another popular way for gradient flows, leading to linear solvers at each time step and ensuring
unconditional energy stability [31, 45, 49, 50]. Exponential integrators, transferring phase
field equations into equivalent integral formulations, also achieve energy stability [3, 14, 25].
Additionally, Lagrange multiplier approach is an alternative way to construct stable numerical
schemes [19], and two new classes of time-stepping schemes, invariant energy quadratization
(IEQ) [34, 51, 52] and scalar auxiliary variable (SAV) schemes [1, 4], have been recently
proposed. The variable step backward differentiation formulation (BDF2) method has been
thoroughly investigated to show energy stability for the Allen-Cahn equation, under the ratio
of successive time steps satisfying 7 < (3 4+ +/17)/2 [33]. Fully discrete interior penalty
discontinuous Galerkin methods for phase field models were developed in [16, 17] to derive
error estimates dependent on the polynomial order of the reciprocal model parameter (1/¢€)
rather than the exponential order. Reduced-order finite element methods, based on the proper
orthogonal decomposition method, can improve efficiency by reducing the dimension of the
solution space while preserving the discrete energy dissipation law [32]. Explicit hybrid finite
difference and operator splitting methods have demonstrated the ability to obtain pointwise
boundedness of the numerical solutions [24].

In this paper, we consider a family of two-step time-stepping schemes proposed by
Dahlquist, Liniger and Nevanlinna (hence the DLN method) which is unconditionally G-
stable (non-linear stable) and second order accurate under non-uniform time grids [8—11]. To
the best of our knowledge, the DLN method is one of the few multi-step schemes possessing
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these two properties and thus provides a great potential in the simulations of differential
equations. Recently the DLN method has been applied to various fluid models and its fine
properties have been confirmed by some benchmark test problems [27, 35-37, 44]. Moreover,
the DLN implementation can be simplified by adding a few lines of code to the commonly-
used backward Euler scheme [28]. To utilize the unconditional G-stability to a large extent,
some adaptive DLN algorithms have been proposed to balance the time accuracy and com-
putational costs [29].
Given the initial value problem:

Vi) =g, y@®), 0<t<T, y©0) =y, 3)

with y: [0, T] — R?, g: [0, T]xR¢ — R and yo € R, the two-step, variable time-stepping
DLN method, with parameter 6 € [0, 1] and starting points yo, y1, takes the form

2 2 2
D eyn-1te zfng(ZﬂE"’tHH, Zﬂé”)ynfue), n=1,...,N—1. (DLN)
=0 =0 =0

Herewedenote {0 =ty <t; <<t <--- < IN-1 <IN = T};lquo as the time grid on the
interval [0, T'], with k,, = 41 —t,, as the time step, k,, = a2k, — ok, —1 as the average time
step, and y, as the discrete DLN solution approximating y(t,). The coefficients in (DLN)
take the form

1 1-62 2 6(1-6%) )
o Lo +1) ﬂ%"; | (1 * T+, +1€n0<21+sne>2 +9
— n _ _
o= 1(9_9 1) ’ ,3}”) B 7(1 T (He0)? - @
@0 50 — 1 1-62 0(1—62
2 Ao Z(l + (1+afe)2 - 85(1(4ran9))2 - 0)

The step variability &, = (k, — k,—1)/(k, + kn—1) represents the variation between two
consecutive step sizes. On uniform time grids, step variability ¢, reduces to 0, and the
coefficients [y, ", BS" ] simplify to 1[2 +6 — 62, 202, 2 — 9 — 62].

Various efficient ways to address the non-linear term of the Allen-Cahn model (1) in
pursuit of unconditional energy stability have been designed. In the paper, we consider the
implicit modified Crank-Nicolson method first, followed by the SAV method, which have
been widely studied in the last decade. The implicit modified Crank-Nicolson scheme has
been shown to provide unconditional energy stability in the Allen-Cahn model [7, 13, 42,
48]. The SAV scheme for gradient flows [39-41] achieves unconditional stability of the
model energy by introducing an auxiliary scalar function, which eliminates the need to solve
non-linear algebraic equations. In this context, we investigate the partially implicit modified
DLN algorithm and the DLN-SAV algorithm, combined with the finite element spatial dis-
cretization, for robust simulations of the Allen-Cahn model (1). The main contributions of
this work are to:

e Construct the variable step modified DLN and DLN-SAV finite element algorithms based
on the DLN refactorization process (simplifying the DLN implementation by adding
filters on the backward Euler scheme);

e Provide unconditional stability of model energy under arbitrary time grids for both mod-
ified DLN and DLN-SAV schemes;

e Present a rigorous proof that the fully discrete modified DLN algorithm is /st order
accurate in time under arbitrary time steps and 2nd order accurate in time under uniform
time grids;
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e Carry out a rigorous error estimate of the fully discrete DLN-SAV algorithm via a novel
way to analyze the nonlinear term;

e Design time adaptive algorithms for both modified DLN and DLN-SAV schemes by the
local truncation error (LTE) criterion: utilizing certain explicit time-stepping methods to
estimate the LTE and adjusting time step size based on the estimator.

The rest of the paper is organized as follows. We provide necessary preliminaries and
notations in Section 2. In Section 3, we study the partially implicit modified DLN scheme.
We prove that the discrete model energy is unconditionally stable under variable time steps.
Error estimate of the resulting fully discrete method is also provided. In Section 4, we
propose the variable time-stepping DLN-SAV scheme. We prove that the corresponding
model energy satisfies the discrete energy dissipation law. Moreover, we discuss how the
DLN-SAV algorithm can be implemented by a simplified refactorization process: adding a
few lines of code on the backward Euler-SAV (BE-SAV) scheme. Optimal error estimate
of the proposed DLN-SAV algorithm in the H' norm is also carried out. In Section 5, the
corresponding time adaptive algorithms (based on LTE criterion) are presented to improve
computational efficiency. We estimate the LTE by the numerical solutions of the explicit
AB2-like method (a revised two-step Adams-Bashforth method) with little or almost no
extra computational costs. Several one- and two-dimensional numerical tests are presented
in Section 6 to confirm the main conclusions of the paper. Conclusion remarks are provided
in Section 7. Proofs of some lemmas in Section 2 are given in the appendices.

2 Preliminaries and Notations

We start by introducing some necessary notations. Let H” (§2) be the usual standard Sobolev
space W"2(£2) with the norm | - ||,. When r = 0, this reduces to the inner product space
L?(£2) with the L? norm || - || and the standard L? inner product (-, -). W7-*°(£2) is the
function spaces containing all functions with essentially bounded weak derivatives up to
order r. When r = 0, the space is reduced to L>°(§2) space with norm || - ||. For spatial
discretization, we denote X i’ C HY(£) as a standard finite element space on §2 with the
highest polynomial degree s and a mesh diameter 4 > 0. Throughout the paper, C denotes
a generic positive constant independent of # and time step size k,. For any given function
u(x,t) on time grids {f;1},1,v:o, u, = u,(x) represents the function u(-, t,,) at time ¢,.
For an arbitrary sequence {z,,}° ,, we define

146 1-6 2 2
n,0 = Tzn + Tznfls in,a = Zalzn*1+l7 in,p = Zﬂén)znfﬂr@s ©)
=0 =0
k k
Znx = /32(")[(1 + " )zw — — Zn—l] + Bz + BV zu1, neN, (©6)
kn—1 kn—]

with oy and B defined in (4).
The following lemmas on stability and consistency of the DLN method (DLN) would play
a key role in the numerical analysis.

Lemma 1 Forany sequence {yn}fyzo in L2(2) overR, n € {1,2,--- ,N—1}and0 € [0, 1],
we have

2 2

Yn
Yn—1

Yt

2
Yn ’

GO

)

2
+ ” Z J/g(”) Vn—1+ ‘
=0

(yn,ou yn,ﬁ) = H
GO
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where the G-norm || - ||g) is defined by

2
u

1 2 1 2 2
v =+ Oull”+ A =O)lvl, - Vu, v e L7($2), ®)

G©®)

and the coefficients yz(") are given by

(n) _

m_ Lt w
m = .

IR U I .
Vves T2 2 1
The derivation of (7) follows from algebraic calculation. We refer to [11, 27] for details,
and omit the derivation here to save space. Following this, the variable time-stepping DLN
method in (DLN) is unconditionally G-stable. (We refer to [8, 9] for the definition of G-
stability for multi-step, time-stepping methods.)

Lemma2 Let u(-,t) be the mapping from [0, T] to L2(£2), and u,, be the function u(-, t,))
in L2(£2). Assuming the mapping u(-, t) is second-order differentiable in time, then for any
0 € [0, 1), we have

212 3 In+1 4
| Guns1.0 = un)?|* < COYWen + ) / lu 14 (10)
th—1
u 1.6 +u X 2 Int1
| —up) | < C(e)(kn+kn71>/ o 12dr. (11)
th—1
When 6 = 1, the DLN method reduces to the midpoint rule, and we have
Intl
2 2
|0 —uno)*|” = || tnn —un)?|” < Ck;, / 3 4dt, (12)
th
+ 2 + tort 1\ |12 ts
|t )| = | ()| <) f Pz, (13)
In

Under uniform time grids with constant time step k, (11) becomes

2 3 Ing1 2
—u(tn,mH < COK / g1 dt. (14)

H Up+1,0 + Un,p
In—1

2

Lemma 3 Let u(-,t) be the mapping from [0, T] to H" ($2), and u,, be the function u(-, t,)
in H" (§2). Assuming the mapping u(-, t) is third-order differentiable in time, then for any
0 € [0, 1), we have

tn+1
lttn, g — utn pIZ < CO)kn + kn—1)? / lluge | 2dt, (15)
In—1
u 2 th+1
| —wtw )| < COG+ k1)’ f oo . 16)
n th—1

When 6 = 1, the DLN method reduces to the midpoint rule, and we have

Up+1 + Uy _ u(tn+l +tn)
2 2

2 3 In41 5
Jun s = w2 = | =k [ hlzaran
tn

Upt1 — Up (tn-H + tn)
kn AN

The proof of these two Lemmas can be found in Appendix A and B.

—= — us(t =
|5 —winp)]

3 tn+1 5
| =< Ck,,/ N |2ds. (18)
tn
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3 The Modified DLN Algorithm

Let uﬁ e X ? be the numerical approximation of u(x, t) in (1) at time #,,. The modified DLN
finite element algorithm for the Allen-Cahn equation (1) is formulated as the following: given
ul_ . ul e X!, findul' | € X! such that

n—1°
(M

holds for all v" € Xf’, where ”’rf,a’ ”Z,ﬂ and uZ,e are defined in (5) and

s>

) (Tl V) (Fy g ). 0) =0 (19)

n

)

T h h
f(un+l,0’ un.G)

1
= Z[[(”Z+1,9)3 + (“ﬁ+1,9)2“z,9 + ”Z+1,9(”Z,9)2 + (”z,9)3] —2(upy 10+ ”2,9)}

h h
F(un+1,0) - F(un,G)

n
= ”hn+1,9 - ”hn,e
f<“n+1,9 + “n,@)
’ 2

: h h
if un+1,6 7& un,G’
e h _ ,h
if Upi1g =Upg-

Remark 1 The function f(u) is approximated by f numerically, which has the following
properties.

° f(u, v) is continuous and 9, f(u, V), Oy f(u, v) exist. Note that the solution u(x, t) of the
Allen-Cahn model (1) satisfies the maximum principle: if the initial value and boundary
conditions are bounded by some constant I, then the solution at a later time is also
bounded by I, i.e.,

Nlu(,Dlloo < I', Vit >0.

Following the maximum principle, there exists L > 0 such that
£ le = L,
therefore, f(u, v) is Lipschitz-continuous for both components.

e For6 €0, 1), f(un“,g, Up,0) is a first order approximation to f (u(#,,g)) in time under
variable time steps and a second order approximation in time under constant time steps.
This can be observed from (11), (14) and

Fns10,tng) — f(W(tn.p))

n n 1 "
= 76 (M ) + 5

Un+1,0 T Un,o
%)(”rﬁlﬁ - ”n,@)z,

(20)

which follolvs from Taylor’s expansion, where &, is between u,, and u, g.
For6 =1, f(un+1,9, un,g) is always a second order approximation to f (u(t,,4)) in time,
which is implied by (13) and (20).

Remark 2 The modified DLN algorithm (19) with 6 = 1 reduces to the modified Crank-
Nicolson algorithm for the Allen-Cahn equation studied in [48].

Remark 3 Based on the modified DLN method, we can formulate the DLN Convex Splitting
scheme (DLN-CSS). As introduced in [48], we split the potential function F into the dif-

. S 4 .
ference between two convex functions: the implicit part F(u) = % and the explicit part
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Fy(u) = % Then we set

h,IM h h,EX h
~ h Fi(u,' [y ) — Fi(u, 9) B Fa(uy, ) — Faluy, ) 1
f(“n+l,97 ”nﬂ) - h,IM h h,EX h ’ 2D
U1 ~Unpg Upt1,0 — Uneg

h,1 h _ 1+9 h ke ok 1-0 9 h
where u +1 9 =Uyi1g and ”n+1 0= [(1 + k )un knf] un_l] + ~5-u,. The DLN-

CSS scheme is obtained by replacing f(unJrl 0> ,1,9) in (19) with f in (21).

We test the DLN-CSS scheme on the 1D traveling wave example in Section 6.1. The
numerical results are similar to those of the modified DLN scheme, and are omitted to save
space.

3.1 Unconditional Stability in Model Energy

We define the corresponding discrete model energy for the modified DLN algorithm (19) at
time 1, as

2

h
Vu + / F(u ;)dx. (22)
G(9) 2

— n
Vu

(C/'MOD R 62

n—1

The following theorem presents the discrete energy dissipation law satisfied by the numerical
solution.

Theorem 1 The model energy of the variable time-stepping modified DLN algorithm (19)
satisfies the discrete energy dissipation law:

e <&, n=12- /N-1, (23)
thus the modified DLN algorithm (19) is unconditionally stable in model energy.

Proof Setting v = u”" (= uQHﬁ —ul' ;) in (19) leads to

n,o

1 h 2
Ligere Tl —ef el L. Hv(z Pul_ )|
ky Uy G(©®) U, G(6)
=oh h h h
+(/ (ng1.0+ Unp)s Uniro — tng) = 0. (24)
following the G-stability identity (7). Then we use the fact
h h
Pty ooy )y g — o) = Flunyy o) = Ful ),
to obtain
2
() h
5314211) gMOD " ”un oz +6 HV(Z ! Uy 1+€>H =0,
which implies (23). ]

3.2 Error Analysis

This subsection is devoted to the error estimate of the fully discrete modified DLN algorithm
(19).
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We remind that {/32") }2_, are uniformly bounded for any fixed 6 € [0, 1], i.e. | ﬁlf”)| <
Cg(0) forall £, n, and define the following discrete Bochner function space for error analysis
€50, N H' ()
N-1
= a0 € B @)l o, e —(annu(rn 0)||2) <o 09

Theorem 2 Let uf; € X? denote numerical solutions of the modified DLN algorithm in (19)
and uy, denote exact solutions of the Allen-Cahn equation in (1) at time t,,. We assume
u(1) e HTY(Q), vt el0,T],
u € Lz0,N; HN (), u, € L*0,T; HT1(2)) N L*0, T; L*(£2)),
uy € L0, T H'(2)), uye € L*(0, T: L2(52)),

there exists L > 0 such that || f'(u)|loo < L forallt € [0, T, and time step sizes and time
step ratios satisfy

kmax = k - 26

mx = o < LG 0
k

Cr<—"2<C,, n=12---,N—1, 27
n—1

or some Cy, C, > 0. Moreover we assume that the initial two solutions ul and u™ satis
0 1
IIMﬁ —up| <OR**YH, n=0,1.
Then we have: for 6 € [0, 1)

max {||u,’1 —ttn |1} < Olkmax, B* T,

0<n<
2 N-1
(5 LRIV~ )" < Otk 1. 28)
and for 6 =1
omax (i — unll} < Ok, hHD,
&2 N—-1
(5 LRV =i ) < 0. 29)

Under uniform time grids with constant time step k, (28) becomes
omax (luy = unll} < OG?,h**1,

2Nl

(5 anvwnﬂ—unﬁ)u) = O, ). (30)

Proof We start by defining the following Ritz projection operator IT: given v € H'(£2),
I1(v) € X? satisfies

(VII(v), Vu') = (Vuo, V"), (T(@w)—v,1)=0, Vu"e X\ (31)
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The following approximation theorem [6, 46] holds for the Ritz projection: for any v €
H' (£2) and its Ritz projection IT(v) € Xf, we have

lv = T @)l + hllv = A1 < CA™™ > o ]mingy 1) (32)
‘We define the error of u at time ¢, to be
en i =up —ul =0y @l = un — M), @ = T(uy) — ul.
The exact solution u at f,, g satisfies
(4 (tn,p), V") + €2 (Vu(tn,p), V") + (f ultn p)), v") =0, " € X" (33)

Subtracting (19) from (33) yields

h
u
(%—“ — s (tn.p). vh) + 62<V(ufi’ﬁ — ultn p)), Vvh)
n

+ (Fulyy g ul ) = flultnp)). v")

Una — €n,a
= (T — ut(tn,ﬂ), vh) + Gz(V(un’ﬁ —énp — u(tn’/g)), Vvh>
+(f@lyy goul ) — Flultnp), ") = 0. (34)

The definition of IT leads to (Vnn,ﬁ, Vvh) = 0, and (34) can be rewritten as

h
(‘%’“ , vh> +E(Vel 5. Vo)

n

= (L%’la —us(tn,p), vh> — (nii—a, vh) + 62<V(l/{nﬁ — u(tn,,g)), Vvh)

n

(Pl o) = f ). 0"). (35)

We set v/ = qbZ’ P in (35) and use the G-stability identity in (7) to obtain

2

2
(L, ety et
= (”kin“ —u;(ta ), ¢f},ﬂ) - (%“ qb,lf,ﬂ) + 52(V(un,,3 —ultnp)). v¢g,ﬁ)
+ (]7(1424.1,9’ “Z,g) — fu(ty,p)), ¢Z,3> (36)

Next, we provide a bound for each term on the right-hand side of (36). Utilizing (16),
Young’s inequality and the fact |,3é")| < Cg(®) (£ =0,1,2)leads to

Una h
(F* -~ wtnp. 91.5)
u 2 SL2(1+6)
<C©.5.1) e — )|+ =5 (10 P + 19512 + ) 1)
n
SL*(1+0)

In+1
< C6,8, Lk}, / llueee |17dt + (IS 12 + gt 1> + ok 1%). (37)
1y

1—1
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where § > 0 will be decided later and C (0, §, L) is a constant only depending on 6, §, L. By
Cauchy-Schwarz inequality, Young’s inequality and the projection error (32)

1 C@®,s, L SL2(1+6
= (e 9 ) < %Hnm ||2+%(||¢Z+1 I+ 10212 + gl 1%)
n n
C(9,8,L)h*+ SL2(1+6
< S 2+ S P+ W0+ 16 )

n
@, 8, L)h*t
==l —un 1201 +ll2en — 10t 134,)
n
SL2(1+6
n (14+6)
3
By HRlder’s inequality, we have

(IS 12+l I+ 11l 17). (38)

2 In+1 2 1 2
s =il = | [ weonar| < [T 2 (39)
In s In

therefore, (38) becomes

1 C(8,0, L)h?st2 (it
L o) < SOLLITT f a2,
krl kn h—1
SL2(1 4 6)
+ f(n@’zﬁuz + M2 + ot 1), (40)

By Cauchy-Schwarz inequality and (15)
(Y (unp — ). Vol ) < |V (unp — it ) [ 1960 41

In+t1 62
< CO [ IVunlPdr + SV, @D
tn

-1

For the non-linear term, utilizing Cauchy Schwarz inequality, triangle inequality and
Young’s inequality leads to

(00 uh o) = £ttt ), 0l )
< CpO)| flyygoul ) — FUutap) | (16811 + 1621+ el 1)

9C2(0) . ~

= m”ﬂ“ﬁﬂe’ uh ) — f(u(tn,ﬂ))”2
SL>(1+6
%)(naz’:ﬂn + ek + el 1)

9C2(0) . ~

fm}lﬂuﬁﬂ,m “fi,e) — fu(tn,p)) H2
SL>(1+6
+ %(ndﬁzﬂnz + 81> + Ir 1) 42)

Considering the first term on the right-hand side, we have

” f(uﬁﬂ,e, ”Z,e) — [u(tn,p)) ”2 = 3||f(”2+1,0» “Z,o) - f(”n+lﬁv uﬁ,o)llz

4 3] Funsro. u? ) = Flunsr o, une)|” + 3] Flunsr o, ung) — futnp)|’. @3)
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By the assumption || f'(u)|lcc < L, f (-, -) are Lipschitz-continuous for both components
[42]. Thus

| Pty oo ul )= Flumer ool )| < L2ty y—ttnr 0l
L6+ Sl = CLA o7 +2L2 11

L ?(Junsro — wltnr |2, Hlulor 101241 ) #2276l |

IA

IA

ey [T e 2
< COLP [ e+ s I )

In
+ A+ 02L2(I¢h I + llot11?), (44)

where the last inequality follows from HRIder’s inequality as in (39). Similarly, we have
= = 2
| f g0, Mﬁyg) — ftns1.6:tnp) |

I
= CO Rk / e gy + et )12 ) + (140 L2 (I 12+ 1911 1),
In—-1
(45)
We use (10)-(11) in Lemma 2 and (20) to obtain

I F ns1.0, n6) — ftn p))?
Upil,0 T Ung

2
5 —u(ty p)||” + Cllins1,6 — tn0)1?

<cw|

1 It
< CO. L)(kn + kn—1) lus|1dt + CO) Kk + kn—1)’ / lucll7adt.  (46)
-1

In—1

Combining (42) - (46), we have
(Pl o) = £t ). 0l )

2542 1 2 2 2
<C@®,8,L)h" (kmax/ Nuellsydt + Nlutarro) sy + ||u(tn,0)||s+1)

th—1
Int1 ) 3 Int1 4
1+ C(0. 5. L)k / e |2dt + C(6. 5, L)k, / it
h—1 In—1

27(1+6)C3(0)
LT

SL2(1+6
N %)

Now, we are ready X derive the error estimate. We combine (36), (37), (40), (41) and (47),
multiply both sides by &, and use the time ratio condition in (27) to obtain

(o 1% + 208 1% + ol 11%)

(I 117 + oI + Np_ 1 11%). (47)

o ¢ |?
o o

2
n ‘

2 2
2 €7~
| A |+ SRl VeI
=0

GO GO

27C5(0) -
= W+ 0) (5 + 3L )R (181117 + 210717 + 191, 1)

4 tn+1 2 5 5 tn+1 5
+C0,8, LIk / g 2dt + C(5, 6, LYK+ / g 12, dt
ty

In—1 1
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tht th+1
+C(9)ezk;‘m/ Vg ||?dt + C(0, 8, L)h25+2kmax/ gl dt
Ih—1 In

-1

+C0, 8, LYW (T llutnsr,0) 1241 + knllu(tno)24)

tnt
+C0.8, L)k2,, /
I

In+1
e 2dt + C (0, 8, LYk / lug |42, (48)

1—1 In—1

We sum (48) over n from 1 to N — 1, use the definition of G (6)-norm in (8), drop the non-

negative term ||¢N 1||2 Il Z[ -0 yZ”)qﬁZ 1+€”2 and use the time ratio condition in (27) to
obtain

1+6 27C5(0) &'
[ — (5 + 8L a0k 17 + 5 7 L Ralvel 07
N—-1
<C0.8,L,C.C 7
( 0 C) Y kallgylI? + €. 8, Dkl 172 7.2,
n=0

+C@, 0, IR0+ k)l 20 . o1y + €O kI Vitai 1720 7.2,
+C(9 8 L C[ Cu)h2s+2||u”£2(0N H:+1)+C(9 6 L)kmdx”ul”iZ(O’T;LZ)

1—
+C 0,8, Lkl 140,714 + TMHZ + T||¢3 II%. (49)
To estimate ||¢£, 12, we need

146 2C50)
-+ 9)( i +8L)kmax>0-

We set § = 3‘[% ©) to relax the upper bound for kpax and obtain the time step restriction

in (26). By the dlscrete GrRnwall inequality [23] and the fact that the maximum time step
kmax < 1, we have

N-—1

2c 0, L
o>+ S S B 12

n=1

< exp (C<9 L, Ce, COT )| €O Dokl 1B 712, + CO LI+ e 7.y,

+ CO kx| Vitse 1720 712y + CO Dkl 720 712,
+CO, L, Ce, COR* 2 ulfa g v oty +CO, Dk ltel40, 719,

+ O] 12 + 19§17 }. (50)
which leads to

h e r no2\?
1041+ (5 2 Rl Vel o)
n=1

2 1 2
<C@O,L,T,Cy, Cu){kmax”ulll 2. 7:02)F0° el 20,70 o1y F€kmax | Vit | 120,712
s+1 2 2
+ kmax el 2200, 7:22) + B el 2 0,v: 541y + Kmax 140170, )

+ 01+ 1941 (51)
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By (51), triangle inequality and (32), we have (28).
Lastly, we comment on the case of uniform time grids with constant time step k. Under
such case, utilizing (10) and (14) in Lemma 2, Eq. (46) becomes
1 F s, n0) = f ltnp)) I

Un+41,0 T Uno

2
= CW)| I )|+ Cllunr0 = 001
3 Int+1 ) 3 In+1 4
=C(, L)k / llusel“dt + C(O)k / el adt.
th—1 th—1
Following similar arguments, we have (30). O

Remark 4 We have proven that the modified DLN algorithm is first-order accurate in time
under arbitrary time step sequences. However, all numerical tests in Section 6 demonstrate
that numerical solutions on both uniform and non-uniform time grids converge at second-
order in time.

4 The DLN-SAV algorithm

In this section, we consider the energy-stable SAV approach, and present the DLN-SAV
algorithm. For the Allen-Cahn model (1), we introduce the scalar auxiliary variable of the
form

r(t) =+ E(u(x, 1)) + Co,

with
E(u(x,t)):/g (F(u(x,t))—%uQ(x,t))dx,

where A > 0 is a small positive number and C¢ > 0 is picked to ensure r(t) > C, > 0 for
some constant C,. Then the Allen-Cahn model in (1) can be equivalently written as

u,—ezAu—l-)»u—i— gu) =0, xef,0<t<T,

r

1
= dx, 0<r<T.
S VR T G Jo S
where g(u) = f(u) — lu.

4.1 The algorithm

Let uZ, r,i‘ be fully-discrete numerical solutions of u(x, t,), r(t,) respectively. The fully-
discrete weak formulation for the DLN-SAV algorithm with the finite element spatial
discretization is: given uzil, uﬁ € Xﬁ’ and r,i'fl, r,’}, we find MZH € Xﬁ' and r,'l’Jrl such
that for all v" € X f

h

h
u r
( e vh)—l—ez(VuZ’ﬁ, Vvh)—l—)x(uz’ﬁ, N WL B (gl ), v") =0,

kn ‘/E(MZ,*)‘FCO (53)
rr}ll,ot _ 1 h ”leﬁa

7{‘ - —(g(un,*)v = )a

e e
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where uﬁ* defined in (6) is the explicit second-order approximation to u(t, g) in time.

The variable time-stepping DLN scheme can be simplified by the refactorization process:
adding a few lines of codes to the backward Euler (BE) scheme to obtain the DLN solutions
(see [28] for details). The DLN-SAV algorithm can be equivalently rewritten as the following
process:

Step 1. Pre-process

krl?E _ b(")?n, Mz,old :ain)uzz +a(()n)uﬁ_1 c Xf, phold _ a(n)rylf +a(n) h

n 1 0 "n—-1
where the coefficients for the pre-process are
afV = " — By Jr, af” = B — oy fer, B = B Jeto.

Step 2. BE solver to solve uZ_fle ™ e X ﬁ' and r:_”_t]emp such that for all v € X ?

h,temp h,0ld

Uy —up® h i 2(V h,temp v h)+k( h,temp h)

BE U eV > VY Upyr UV

. h,temp
1
(g ). v") =0, 54)
E(uﬁ,*)—i-Co

h,temp h,0ld h,temp h,old
rn+1 —Tn _ 1 h urH—l — Yn

L BE = gy ) — )

n 2,/E(u} )+ Co n

Step 3. Post-process

ho _ () htemp , (n) h_ (n) h h _ () htemp (n) h_ (1) h
Uptr1=06 un+1 +C1 un+CO Up—1> Th41=6 rn+1 +Cl Ty +CO 1>

where the coefficients for the post-process are

=18, " ==p"18". g =—B" 18y

In practice, the scalar auxiliary variable r need not be refactorized in Step 3, since its effect
on accuracy can be negligible [53]. The above refactorization process can be applied to the
modified DLN algorithm in (19) as well. However, the refactorization process of the modified
DLN algorithm does not simplify the implementation much since the partially implicit, non-
linear term needs to be refactorized as well, and was omitted in Section 3.

Lemma4 The DLN-SAV algorithm in (53) admits a unique solution.

Proof Since the DLN-SAV algorithm in (53) is equivalent to the above refactorization pro-
cess, it suffices to show that the BE solver in (54) has a unique solution. We denote

N g )
Yp = —fF7—7—7——>
E(uﬁ*) + Co

s h,temp
and eliminate r,, i)

h,temp _h 2, BE h,temp h BE, h,temp _h
(272 ") €7k (Vi 72 VO ) 4 k™ (T, 07

in (54) to obtain

1
ST ) o) = o

1
h _ uZ,old + 7kBE(uh,old

w, Sk (e g ) gn — kot (55)
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Ny

Let {W}?ﬁl be the basis for X”. We have ”Z flemp = Z Ue("ﬂ) Y for some coordinates
=1

{U@("H)}le . We define the matrices M, K € RNaxNa a5
M = [Mij]NdXNd = [(I/f” wi)]NdXNd’ K = [KU]Nded = [(va/, Vl/fi)]NdXNd’

and vectors B, g @+D W) ¢ RNax1 gq

_[p®M [y h +1) _ [r7m+D
BM — [Bin ]Ndxl — [(‘Pn’ Wi)]zvdxl’ yeth — [Uin ]Ndxl’
(n) h
W = [Wi ]Ndx] = [(wn’ wi)]Ndxl'
Then the algebraic structure for (55) is
1
[(1 + kka)M + 62k5’EK + Ekr}?EB(n)(B(n))T]U(nJrl) —wm. (56)

Since the mass matrix M > 0, the stiffness matrix K > 0 and B (B™)T > 0, the linear
system in (56) has a unique solution. In addition, rfl'flemp is uniquely obtained from the
second equation of (54). ]

4.2 Numerical implementation

The left matrix in (56) is far away from a sparse matrix. To efficiently implement the DLN-
SAV scheme, we solve (55) in the following simpler way. We denote A =1 —ezk}fEA >0
and apply integration by parts to (55) to rewrite it as

kBE

h, h,

(A T2 0") 4 == T gD v = (o o), vt e XP o (57)
To solve uZ;rtlemp in (57) efficiently, we first solve for (uZ’_flemp, @). Given any function

G € (H1(£2))?, we define A~1G ¢ Xf.’ to be the unique finite element solution to the
following second-order system

u—€ekPFAu=G, xe,
du on d%2.

am —

Thus A~!'G € X" satisfies the following weak form

—1 hY _ h
[(A<A @) =Gy e, (58)

3 A— h
(57(A716), v"), 0 =0,
We use the definition (58) and integration by parts to obtain

(A 77, A7) = (0, 57 AT D) = (557 01).

(wh, A7y = (A wlh), A7) = (A7 wl, AT o)) = (A7, o) (59)
We use (59) and set v = A1/ in (57) to solve
(A~'w), ol

( h,temp
¥BE — .
L+ 5 (A1gt o)

ul T oy = (60)
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h,temp

wrl  from (57), it suffices to solve

To obtain u

h,temp h,temp h
Au n+1 + ( n+1 "pn)(/)n = Wy,

or equivalently,

BE
h, kn™ h, _ _
T = = T o AT gl AT (61)

We summarize the simplified implementation in the following steps.

(i) Solving for A~ !g! € X" via

(A7 gl v") + EKE (VAT o), V) = (g V), W e X (62)
(ii) Solving for A~! wn € Xﬁ’ via

(ATl V") + ERFE(VAT wh, V') = (w] "), W e X2 (63)
(iii) Computing (uZ_:fle o) by (60).
(iv) Computing uﬁfle ™ from (61) and r:flemp from the second equation of (54).

Remark 5 It is straightforward to verify that the solution pair (uh e fl' “5°") obtained by

the above process is the unique solution to the algorithm in (54), and the details are omitted
here.

Remark 6 Solving two second-order equations in (62) and (63) is much more efficient than
solving (56) directly since the left matrix of the two linear systems in (62) and (63) becomes
a sparse matrix M + €*kZEK.

4.3 Unconditional Stability in Model Energy

We define the discrete model energy for the DLN-SAV algorithm (53) at time ¢, as

2 2
Vu h 1+6 1—6
e I Y I I e e G S )
Vu u 2 2
n—11G@®) n—11G@®)

and have the following theorem on its unconditional stability with respect to £52V.

Theorem 3 The model energy of the variable time-stepping DLN-SAV algorithm (53) satis-

fies:
e <&, n=1,2,- N-1, (65)

thus the DLN-SAV algorithm is unconditionally stable with respect to this model energy.
Proof We set v"' = uﬁ’a in the first equation of the DLN-SAV algorithm (53)

llu 112 a
%ot +e (V iy, ’E Vug’a)—}-)h(uf:”g, uﬁ,a)-i— b (g(un *) ) 0. (66)
" E(ul ,)+Co

We multiply the second equation of the DLN-SAV algorithm (53) by 275,, rn,p and obtain

h
.
2l gl g = (gl ). ). (67)
E(ul )+ Co
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We combine (66) and (67) and use the G-stability identity (7) to obtain

SAV SAV
” na” +5+1 _gn

Te HV(Z (n)“Z 14-@)” ‘H‘HZ ('”ufi 1+€H +2(Z (n)rff—wz)zz()’ (68)

which results in the unconditional stability property (65). O

Remark 7 The inequality in (65) is the discrete version of the energy dissipation law (2) and
the discrete energy £22V in (64) is an approximation of the model energy £.

4.4 Error Analysis

In this subsection, we investigate the error estimate of the fully discrete DLN-SAV algorithm
(53). Let u,, r, be exact solutions u(x, t), r(¢) evaluated at t, respectively. The errors of
numerical solutions of the DLN-SAV algorithm in (53) at time #,, are denoted as

h

ne

u __ _ ro__ _ .k
e, =Uy — U e, =Ty, —1y,.

Introduce the following discrete Bochner function space for error analysis
€30, N: HM(£2))

N—1
= et 0 € L2@): Ml 0. ) = (2 G Hhum ) e, 241) * <.

n=1

(69)

Since t, g is a point between f,_1 and f,, the above discrete norm can be understood as
the Riemann sum of ﬁllulle(oyT;Lz(m).

To carry out the error analysis, one key idea is to use the mathematical induction to prove
the following statement

eIl < Ch, (70)

for any M between 0 and N , under certain time step assumptions. To start, we assume that (70)
holds forn =0, 1, - — 1. Since the exact solution u satisfies the maximum principle
and is bounded, it can be derlved that {||u}, u OO} umformly bounded following the triangle
inequality. Next, we use the Ritz projection operator to decompose the error e}, as

en = (tn — M) + (M (un) — ) = 11n + ¢,
Applying inverse inequality, triangle inequality and approximation theorem in (32) leads to

g oo < CR™Y2 @M < Ch Y2 (I ] + lInall) < Ch'Y2.

Thusforn =0, 1, - M—1,[le*|oc < Ch'/?and /E" ,) + Co > C, /2 if exact solutions

satisfy \/ E(up x) + Co > C, and the diameter 4 is small enough.
Then we combine all these facts to achieve

el + Vel Il < Ok, 1), (71)

@ Springer



67 Page 18 of 44 Journal of Scientific Computing (2025) 104:67

which will be summarized in Theorem 4 below. Therefore, we can verify (70) forn = M
under the time step restriction kpax < C h'/2,
The main error analysis of the DLN-SAV method is summarized as follows.

Theorem 4 We assume
u(- 1) e HY(2),  Vvrel0,T],
u €y, N1 L*(2)), u, € L®(0, T; L*(2)) N L*(0, T; H*(2))
uy € L*(0, T3 H*T'(2)), us € L*(0, T; L*(2)), 1 € L*((0,T)),
the approximations of the DLN-SAV algorithm satisfy
e <Ch, n=0,1,2,---, M —1, (72)
the maximum time step has bound kyax < min{1, h'/?} and the time step ratios satisfy

kn

knfl

Cy < < Cy, n=12,---, M —1, (73)

for some Cy, C,, > 0. Moreover we assume that the initial two DLN-SAV solutions ug and
u}f satisfy

lult —unlly < OG*), n=0,1. (74)
Then we have
e, |l + Ve, || < Oty h*), M =0,1,---,N. (75)

Proof The exact solutions of (52) satisfy

(i, V") +2(u, v)+€*(Vu, Vvh)+< g(u), uh) =0,

)
| VEW+Co v e Xt (76)
"= VEw G fg g (urdyx,

We subtract the first equation of (76) evaluated at #, g from the first equation of DLN-SAV
algorithm (53) and apply integration by parts to obtain

et Lth
( e vh) + eZ(VeZ’ﬁ, Vvh)—i—)»(ezﬁ, ! + ez’ﬁ(M, vh>
k ' E(ul )+ Co

un.a
= ( =~ uiltnp), vh) + €2<v(un,/3 — u(tn,p)), Vvh) + Mn,p — ulty p), V")

n

+rup(GL V") + (rup — r(tn,ﬁ))( §Uny) vh> Frtap (@20, ()
E(un,*) + Co
where
gl _ g(“fal,*) _ g(un,*)
\/E(MZ*) + Co \/E(un*) + Cy
gﬁ gup 4) g(”(tn,ﬂ)) (78)

JE@) + G0 JE@p) + o
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Following the error decomposition e/ = 1, + ¢> Eq. (77) becomes

n’

h
(q;(ri,a i vh)+62(V¢f:’ﬁ, Vvh)"i')‘(‘ﬁr}:,ﬁ, vh)_'_e:l’ﬂ(M’ Uh)
n E(ule*) + CO

= (U2 0. ) (T ). ) ). 7)
ky

7, (Gh V") (g =10, 0)

8(un,+)
E(un,*) +Co

- ('%’“ : vh) — 2 (.o "), (79)

n

vh) + 7 (tnp) (G, V")

forn=1,2,-- — 1, where the fact €2 (V. g, V@ ,) = 0is utilized in (79), due to the
definition of Ritz prOJectlon

We subtract the second equation of (76) evaluated at #, g from the second equation of (53)
and use the notation in (78) to derive

e;;,a N ( 8(’42 *) ¢Z,a> + < g(“ﬁ *) 7711,01) _ (g,], + g,% un,a)

kn 2 /E( n *)+C0 kn 2 /E( n*)+CO kn 2 ’ kn
g(“(tn,ﬂ)) Un,a n,a
+ | —,u ([n ) — + r(tn ) (80)
() = )+ (T = ).

2,/E(un ) + Co y

Setting v = ¢ﬁ’a in (79), multiplying (80) by e, L adding these two equations together and

utilizing the G-stability identity (7) yield

Vi
Vo,

H V!
- h
G(6) Vo1

¢>h2

1
<617+ €]
&

]

.
Cn+1
r
€n

2
2
(n) +h
(X r o]
G©) £=0
2 2
(n) +h
o]
G(©) —

()
+ H Z Ve en 140 H

G(©6)

o

G@©®)

en
r

+

G(®)

= —( 7%"’& : ¢f§,a) —A(nn,ﬂ» bn o)+ (ukfa —uy, ¢f§,a) + 62<A (u(tn,p) —tun,p), ¢f§,a)

n n

(1 p =1t p). B0+ (G W) + (1 _r(tn,ﬁ))(M’ ")

E(un,*) +Co

8y ) G) + G2
+ r(tnﬁ)(grzz’ ¢Z,a) + e;,ﬁ <—n,*’ nn,a) - e;yﬂ( o 2 L, un,a)
2 E(uﬁ!*)—i-Co

gu(tn,p))

+ 62“37(\" <—
2,/E(un,,3) + Co

Now we deal with each term on the right side of (81). By similar argument to (38)-(40)

m i)
(%ol = n [ g+ 1228
1,

kn n—1 n

urltnp) = F°) + e gk (FF ). 8D

2
ol

(82)
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By the approximation theorem in (32), triangle inequality and Lemma 3

i Tk
(nn B> d)n a) <Ch knllun, ﬂ”s‘+1+

8k,1
25427 2 ||¢,}1l,a||2
<Ch kn(”un,ﬂ - M(tn,ﬂ)”s.q.] + ”u(tn,ﬂ)”s+1)+ 876\
n
asiafpa [ 2 ) gk 1%
<O k| N gkl p) 3 )+ =25 (83)
th-1 n
By Cauchy-Schwarz inequality, Young’s inequality and Lemma 3
h 2
Un,q ) H2 6.6l
ur — ——, u —+ —
( S P ' 8k,
fnt ok o112
< Ciy, / a2t + , (84)
th—1 8kn
2 2’ 2 llgn o7
(Aunp = ultn.p). $ha) = | Alunp = uttn,) | + g
s [ 5, ek a||2
< Chinax IIA u "t + = (85)
h—1 n
i - 2 kI
)\(un,ﬂ_u(tn,ﬂ)s ¢n,o¢) < Aky, ”un,ﬂ - M(tn,ﬂ)H 8]{
fnt o o112
< Chipax / o P de + === (86)
-1

n

By algebraic calculation, G! = G!! 4 G12, where

gl — g(uﬁ*) — 8(un %)
n I e
E(u)..) + Co

g2 _ 8ttn ) (E (ttn ) = E ()

n,x
VEGn) + CoJEh,) + Co(E(une) +Co+ \JEG.) +Co) 7

By maximum principle of exact solutions, we have that r(¢) is uniformly bounded for all ¢,
{lltn oo} is uniformly bounded andJE(un ) +Co>Crforl <n<M—1.Mean-

while by assumption, we have { 7% " ||00}n 1 is uniformly bounded and ,/ E (un ) +Co >
Cr/2forl <n <M — 1. Thus

h h
u — u
s(al o) = Wﬂ'/ lg(ul ) — glun )l |
’ 2 E(ul,)+ Co

h h N2 2 h h
= C/ |un,* - u"s*||(un,*) + Uy « + Uy sUnx — - )‘||¢'n,a|dx
2

< cfguqs,’:,*l + 7,5 DIGE 1

dx

- ~ Il o117
< Cha (981> + 1192_ 1 17) + Chipllmn, 11> + 1’;% :
n

(88)
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We apply approximation theorem (32), triangle inequality, Lemma 3 to (88)

rup (G Ol
< Cha (8212160 17) +Ch ey (o — 1 (tn p) |20 + 10 (tn ) 1211 ”?Z%le
DR P &
< Chn(llgy 1"+l 1I7) + 16k,
-F(?h2s+2(kﬁmf)fm+1””n”?+1d1-F(kn4‘kn—1)””(bhﬁ)”§+l)’ )
n—1

where u,_ is the second-order approximation to u(t, g) in time is used in the last inequality.
Similarly,

rup(Ga2 O o) < CIE (uns) — E(ul )| fﬂ B2 o ldx

n,

1 1+A
< Cf i b [ 02 D)= [l
Q 2
< C(Ig] I + I sl Il

% ~ gk, 112
< Cha (6117 + 107 1%) + Chn I > + 2
16k,

|12

~ gk,
< Cha (I 12+ 11900 1%) + o

In41

O (k| W i b0l I ). 90)
In—1

We combine (89) and (90) to obtain

~ Iph 112
rup(GL ol L) < Cha(ld! 12+ 1001 1%) + &
n

In+1
O (k| i G0l I ). D

tn—1

By the uniform boundedness of r(z), ||u(t)]loo for all #, Cauchy-Schwarz inequality and
Lemma 3

h 2
(rn,ﬁ_r(tn,ﬁ))(M, o ) < CRalrng—rln ) + gk I

n,o

E(un,*)-i-Co ’ 8k
Int ol o112

< Chinax / IroelPdt + (92)

th—1 8k”

Similar to (89)-(92)
2 L h 4 fnt 2 ||¢ ||2
r(tn,ﬂ)(gnv ¢n,(x) =< Ckmax/ ” tt” dt + gk (93)
th—1

n

By the assumption in (72), {||ufl"* ||oo},,M: ]l is uniformly bounded and
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JE@! )+ Co> C,/2for1 <n <M — 1. Thus

, gul,)
(2D

2,/E(ul )+ Co

< Cl* ey gl oaungr — un) + ooy — un—1) |

s+1
1
<CcOR* |e;,ﬂ|(|lun+l = tplls41 + lun — un—l”s—H)

I+l 172
= cOn e 41[ (kn / e 2de) 4 (Ko /
tn 1,

n—1

n

5 12
lur1241r) ]

Int1 1/2
< COn + kn)' 20 e 41 / e 1)

th—1
8 ) a5p2 [ 2
< Z(kn +kn—1le, gl” + C(0,8)h lluells, dt, %94)

In—1

where 6 > 0 is a certain constant to be decided later. We use the assumption in (72) again
and the approximation theorem (32) to obtain

1
Eez’ﬂ (grll , un,a)

sC|e;,,3|( / ), — ttn el |t o |dx + / ), — nldx / |u,,,a|dx)
2 2 2
< COlep pl(Immsll + 167 ) (Nttn1 = nll + Ntn — wn—1ll)

tht1 1/2
= CO n + ka0l 51 (CH Nt els1 + N 1) / R

In—1

< CO)kn + kn—1)ley gllluell Lo, 7:12(02)) (Ch M s lls1 + 1) L1 95)

By triangle inequality, Young’s inequality and the fact that u,, . is the second-order approxi-
mation to u(#,, g) in time

CO)(kn + kn—l)hs-H |6’:,,,3 [lu: ||L°C(0,T;L2(.(2)) lletn s lls+1
< €0, 8) kn+kn—0h" s 700 0 1. 1220y (Nt =1 131 + Nt p)1311)

8 ro2
+ R(kn + kn—1)|en,ﬂ|

2642y 12 s [0 2 2
= CO NPl o rop2 o (K | Nt It + R kD p) 1)
2

1—1
3 ro2
+ 3¢ Uon +hnnle, g1 (96)
CO) (kn + kn-1)le) gllluts |l oo 0, 7:12(20) 1D 4

1)
= g+ kn—Dlep gI* + €0, 8) kn+kn-Dlltte 700 g 7. 1220, (16017 + 05— 1%)-
97

We combine (95), (96), (97) to have
1
Ee;,ﬁ (grl“ un,a)
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242y, 112 4 [ 2
5 C(G,(S)h s+ ||ut”L°°(O,T;L2(.Q)) (kmaxf ”utt||s+1dt+(kn+kn—l)”M(tn,ﬂ)”s-l,-])
In—1

)
+ CO, ) onhnDlt 70,7, 2020, (190 12+ 1951 17) + g GonHhn—n) ey .
(98)

By the maximum bound principle for the exact solution and Holder’s inequality

1
Ee:”ﬁ (g;‘;, un,a)
< Cleg pI( [ one = uCp)ltnalds + [ ltn = o plds [ lunald)
2 2 2

< CO)lep pllluns — ultn )| (ltnt1 — nll + ltn — wn—11l)
' 1

< O e =t [ (ko] o)+ (ki [ wmora)’]

< C(Q)(k +kn—Dlluell oo 0,722y l€n, pl 1« — ultn, p) |
< (k +kn—1lep gI? + C 0, )1l ] 0.7 122y Kimax [ 2. (99)
By the maximum bound principle for the exact solution and Lemma 3
eZ,ﬂ;( 8(u(tn,p)) (i) — Un, a)
2,/ E(un ) + Co =
EC n,3|||ut(fnﬂ)—z||

) In+1
< 3 b1+ CO Oy [l ?dr. (100

In—1

.p

Int1
nﬁk ( o —r¢(tn, ﬂ))< (kn + kn—1)ley gl +C(5)kmax/ ro2dt. (101)

n In—1

We combine (81) - (86), (91) - (94), (98) - (101) and drop the numerical dissipation terms

h h h h
2 V¢n 1 _ V¢n ¢n 1 ¢n
€ \V4 ;l— \v/ h +2 h
P NG Pu-tllce) P Nl ~1llge)
2 2
+ e;’t;i—l f;
e lcey l-1lcge

< Chlg7 1P +10 -1 I12)+C O, 8Xkn+Kn— 1)1t 1 e g 7 12 100 1>+ 10— 1)

g1
+8(kn+kn—1)le, 4> +C (0, 5> T2 / ot |13t

-1

n+1
O [ b )l 1)
fh1
tht It In41
+ Ck / e |17dt 4 Ch / | Auy||2dt + C(8)ki o / [re|2dt
h—1 th—1 1y

1—1

C 9 8 h2S+2 2 k4 e+l 2 d k k 2
+CO. N2 12 e 0,120 Ko | Nt 1241+ Genen 1) et )12
In—1
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tnt1
+CO (Il oo 0.7:12¢2y) + 1 kma / luge |21 (102)
In—1

We sum (102) over n from 1 to N — 1 and use time step ratio bounds in (73)

1+6 11— 1+6 1-6
¢ (—ann +—||V¢N P) + (= len 12 + — = lloh 1)
(2 e I? + — Zleh i)
N-1
< CO.kn(lr]1F s .7 1202+ IS0 1P +38CE Ok —1len |
n=0
N—1
+98CE(0)Y knley P +C (O, W72 1. pyosr) +Ch2s+2|||ulllez(0,\, .
n=0

+ O Pl s 120 gty + Chimax (1320 7. 12y + 1401326 7 12))
+ C(O)kax fo Irae 2 dt 4 C (0, 8)kinax (1 + e 7 oo g 7. 120 N 120,712

2542 2 4 2 2
+ C(Q, 8)]’[ S+ ”ul ||L°°(0,T;L2(.(2)) (kmax ”Ml‘l‘ ||L2(0,T;HS+1) + ” |M| ||Z%(O,N;HS+1)>

1+0 1-0 1+0 1-0
+(——IVHIP + — = IVeg 1) + A (—— Il 1P + ——llég 1)

146 1-6
+ (e + e ). (103)

Wesetd = (140)/ (12C§ (0)) and apply the discrete Gronwall inequality [23] with the time
step restriction kmax < 1 to (103)

140 A1 +6
L ivah + 7”“ 1%

< C(T, 9’ ”ut ”%,OO(O,T;LZ(.Q))) {h ”ul ”LZ(O,T;HXJFI) +hx+1” |M| ”Zé(O,N;HHI)
+ Chs-&-lk[anX”u” lz20,7: ms+1y + krznax(||uttt”L2(0,T,L2) + || Ay ”LZ(O,T,LZ))
+ kmax l7eell 20,7y + kmax(l + el pooo.7: L2 e L 20,7 1.2)

st ||Mt||L00(0,T;L2(9))(kmax||”ft||L2(0 rias+y F il g, N‘H»"*l))

ev1+0 h ev1l—10 i «/)L(l +0) VA(

+ D watn+ S van+ YEE D ot + YE =D g
V1+6 V1
+ X e Y], (104)

We use the triangle inequality, approximation theorem in (32), (104) and initial conditions
in (74) to have (75). ]

Remark 8 From (104), we can conclude that [le}, || < (’)(kmax, h5t1y achieves the optimal
error estimate in the L2 norm, if the initial two step solutions match the exact solutions
(leading to zero d){)’ and d){’). This is also verified by Table 4 in the one-dimensional traveling
wave test problem in Subsection 6.1.
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5 Time Adaptivity

In this section, we discuss adaptive DLN algorithms for solving the Allen-Cahn equation, to
better take advantage of this variable time-stepping method. Here we consider adaptive DLN
algorithms by using the LTE criterion, which involve two essential parts:

e the estimator for LTE,
e the time step controller.

An explicit, variable step AB2-like scheme! The deviation of this scheme is similar to two-
step Adam-Bashforth scheme, thus we name it an AB2-like scheme. is adopted to estimate
the LTE of the DLN method. The AB2-like time-stepping scheme, applying to the initial
value problem in (3), takes the form

AB2-like tptl — 1ty

YRR =y (10— 202,608 et Y1)
2(tp1,—1th2,8)

(10 =201, )8 Vo2 p) | (105)
where g™ (1,1 g, yn1,p) and g°™N (1,5 g, yn p) are calculated by the DLN scheme in
(DLN)

Yn—1, Yn-2,
gDLN(tn—l Bs Yn—1, ﬁ) - s DLN(tn—Z B> Yn-2, ﬂ) <
kn 1 kn 2

Thus the AB2-like solution yﬁﬁ2‘like in (105) is just the linear combination of the previous
four DLN solutions {yy, y»—1, Yn—2, Yn—3}, and thus obtained with low computational costs.

We denote time step ratio 7, = k, /k,—1 and utilize the AB2-like scheme (105) to estimate
the LTE of the DLN method via

T -G 2-1ik
Tt = oy e Ont = st ), (106)

where G, R™ are coefficients before the LTEs of the DLN scheme and AB2-like scheme
respectively:

=l ) ()

1 3 - 11
R@=—[2+—(1+(1—/3§" 2)) ﬁM X1+(1 s D) g )
12 1 Tn2 Tn1 Tn-1T,

+t3n(1+ ra-prt L Lygrr L L1 (1= By 1)]

Tn—1 'Cn Tn2Tn—1 Tn Tn—1
(107)

We refer to [29] for the derivation of the explicit AB2-like scheme in (105) and the estimator
of LTE in (106).

For the time step controller, there are many choices and we consider the following one
proposed in [20]

~ 1
ki1 = ky - min {1.5, max {0.2, k(To1/ I Tpiill)? }} (108)

where k € (0, 1] is the safety factor and Tol is the required tolerance for the LTE. We
summarize the adaptive DLN algorithm using the estimator of LTE in (106) and the step
controller in (108) in the following pseudocode.
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Algorithm 1: Adaptive DLN method (LTE estimator by AB2-like scheme)

Input: tolerance Tol, four previous DLN solutions uﬁ, ”Z—l R uﬁ_z, uﬁ_3, current time step kj, three
previous time step k1, k,—2, k;,—3, safety factor « ;

Compute the DLN solution 2™ by (19) or (53) ;

Compute the AB2-like solution 2> 7% by (105) ;

Use kn, kn—1, kn—2, kn—3 to update 7, Tp—1, Ty—2 ;
Compute G R by (107) ;

Tyy1 & %”sz{m - MZle2_1ikel\ ; // absolute estimator
=~ 1G] HuﬁflLN—uﬁleE’like I . )
or Tyt < G TR ||”ﬁf1LN|| ; // relative estimator
if 7,11 < Tol then
”Z-H = MZ’_EILN; // accept the result
kpt1 <ky - min {1.5, max {0.2, K(%)IB}} ; // adjust step by (108)
else
L // adjust current step to recompute k, <=k, -min{1.5, max{0.2, K(%)I/S}}

6 Numerical Tests

In this section, we test the performance of the proposed modified DLN algorithm and DLN-
SAV algorithm on three numerical tests:

e Accuracy test on the 1D traveling wave solution;
e Accuracy test on the 2D test with known solutions;
e Simulation of the 2D test with random initial conditions.

We implement these algorithms with three different values of 6: 2/3,2/ V5, 1. Among these
values, & = 2/3 is proposed in [11] to balance the magnitude of LTE and keep fine stability
properties. The value § = 2/+/5 is suggested in [26] to have the best stability at infinity.
The algorithm with value & = 1 reduces to the classical one-step midpoint rule. In the
implementation, we use MATLAB for the 1D test problem and the software FreeFem-++ [22]
for two 2D test problems. For the modified DLN algorithm (19), we use fixed point iteration
to solve the non-linear system at each time step.

6.1 One-dimensional Traveling Wave Solution

We use the 1D traveling wave problem [5] with the known solution to test the accuracy
of modified DLN and DLN-SAV algorithms. One traveling wave solution of Allen-Cahn
equation (1) in 1D takes the form

1 — st
u(x,r) = 5[1 — tanh (%)] —2<x<4,

where the traveling speed is s = 3¢/+/2. We set the final time as 7 = 2, the model parameter

as € = 0.01, and use the inhomogeneous Dirichlet boundary condition. We use P? finite
element space in the spatial discretization.
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Table 1 LZ-norm of error and rate for 1D modified DLN scheme in time (h :kz)

k le—u"llpoo 2y R lu—u"ll22) R lu—=ull2egry R
=% 004  184es5 - 1.56¢-5 - 1.05¢-3 -
0.02 4.64e-6 1.98 3.92e-6 1.99 1.58e-4 2.73
0.01 1.17e-6 1.99 9.82e-7 2.00 3.74e-5 2.08
0.005 2.92e-7 2.00 2.46e-7 2.00 9.30e-6 2.01
0= % 0.04 1.45e-5 - 1.14e-5 - 9.38e-4 -
0.02 3.68e-6 1.98 2.88e-6 1.99 1.05e-4 3.16
0.01 9.27e-7 1.99 7.23e-7 1.99 2.27e-5 2.21
0.005 2.32e-7 2.00 1.81e-7 2.00 5.6le-6 2.02
=1 0.04 1.27e-5 - 9.58e-6 - 9.19e-4 -
0.02 3.22e-6 1.98 2.42e-6 1.99 9.45e-5 3.28
0.01 8.12e-7 1.99 6.07e-7 2.00 1.97e-5 2.26
0.005 2.04e-7 1.99 1.52e-7 2.00 4.86e-6 2.02

Table 2 LZ-norm of error and rate for 1D modified DLN scheme in space (k :hz)

h lu—ulpoo 2y R lu—ull22) R lu—ull 21y, R
=3 004  217e3 - 2.41e-3 - 4.80e-1 -
0.02  29le-4 290  3.97e-4 260 1321 1.86
0.01 3.69-5 298  5.19¢-5 294 3392 1.97
0.005  4.65¢-6 299 6.57e6 298  8.53¢3 1.99
0= % 0.04 2.17e-3 - 241e-3 - 4.80e-1 -
0.02  29le4 290  3.97e-4 260  1.32e-1 1.86
0.01 3.69-5 298  5.19-5 294 3392 1.97
0.005  4.65¢-6 299 6.57e6 298  8.53¢3 1.99
0=1 0.04  2.17e-3 - 241e3 - 4.80e-1 -
0.02  29le-4 290  3.97e-4 260  1.32e-1 1.86
0.01 3.69%-5 298  5.19e-5 294 3392 1.97
0.005  4.65¢-6 299 6.57e6 298  8.53e3 1.99

6.1.1 Constant Time Step

First, we consider the constant time step k and set 4 = k2 to check the accuracy of both
algorithms in time. From Tables 1 and 3, we observe that both modified DLN and DLN-
SAV algorithms have second-order accuracy in time for the 1D traveling wave problem,
confirming the expected time-stepping accuracy of these algorithms. Next, we set k = h? to
check the accuracy of both algorithms in space. From Tables 2 and 4, we can see that both
algorithms demonstrate third-order spatial convergence for £*°(L?)-norm and second-order
spatial convergence for £2(H')-norm.
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Table 3 LZ-norm of error and rate for 1D DLN-SAV scheme in time (h :k2)

k le—u"llpoo 2y R lu—u"ll22) R lu—=ull2egry R
0= % 0.04 4.94e-5 - 3.82e-5 - 2.09e-3 -
0.02 1.26e-5 1.98 9.64e-6 1.98 4.82e-4 2.12
0.01 3.17e-6 1.99 2.42e-6 1.99 1.20e-4 2.00
0.005 7.94e-7 1.99 6.07e-7 2.00 3.0le-5 2.00
0= % 0.04 6.05e-5 - 4.61e-5 - 2.07e-3 -
0.02 1.54e-5 1.97 1.17e-5 1.98 4.77e-4 2.11
0.01 3.90e-6 1.99 2.94e-6 1.99 1.19e-4 2.00
0.005 9.7%-7 1.99 7.38e-7 2.00 2.99e-5 2.00
=1 0.04 6.61e-5 - 5.03e-5 - 2.05e-3 -
0.02 1.69e-5 1.97 1.28e-5 1.98 4.74e-4 2.11
0.001 4.26e-6 1.99 3.21e-6 1.99 1.18e-4 2.00
0.005 1.07e-6 1.99 8.06e-7 1.99 2.97e-5 2.00

Table 4 LZ-norm of error and rate for 1D DLN-SAV scheme in space (k= hz)

h lu—ulpoo 2y R lu—ull22) R lu—ull 21y, R
=3 004  217e3 - 2.41e-3 - 4.80e-1 -
0.02 291e-4 2.90 3.97e-4 2.60 1.32e-1 1.86
0.01 3.69¢-5 2.98 5.19¢-5 2.94 3.39¢-2 1.97
0.005 4.65¢-6 2.99 6.57¢-6 2.98 8.53e-3 1.99
0= % 0.04 2.17e-3 - 2.41e-3 - 4.80e-1 -
0.02 2.91e-4 2.90 3.97e-4 2.60 1.32e-1 1.86
0.01 3.69¢-5 2.98 5.19¢-5 2.94 3.39¢-2 1.97
0.005 4.65¢-6 2.99 6.57¢-6 2.98 8.53e-3 1.99
0=1 0.04 2.17e-3 - 2.41e-3 - 4.80e-1 -
0.02 291e-4 2.90 3.97e-4 2.60 1.32e-1 1.86
0.01 3.69¢-5 2.98 5.19e-5 2.94 3.39¢-2 1.97
0.005 4.65¢-6 2.99 6.57¢-6 2.98 8.53e-3 1.99

6.1.2 Variable Time Step

We utilize constant time step k as a reference time step and set & = k? to test the accuracy of
the variable time-stepping modified DLN algorithm (19) and DLN-SAV algorithm (53) over
time. Two different time step scenarios are considered:

1. Randomized Time Steps: For each time step, we set k,, = k + k - rand, where rand is a
random number drawn from the uniform distribution in the interval (0,1).

2. Alternating Time Steps: We alternate the time step size as follows: k1 = k, ko = 2k, k3 =
k, kg =2k, ...
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Table 5 L2-norm of error and rate for 1D modified DLN scheme in time (ky =k+k-rand; h :k2)

koo kma =Mooy RO lu—utlpgey RO lu—u"lpgy R
0= % 0.1 0.1919  2.20e-4 - 2.06e-4 - 3.45¢e-2 -
0.05 0.0991 5.98e-5 1.97  5.33e-5 2.04  3.45e-3 3.48
0.04 0.0771  3.36e-5 231 3.02e-5 228  1.80e-3 2.61
0.02 0.0399 1.0le-5 1.82  8.58e-6 191  4.50e-4 2.10
0= % 0.1 0.1995  1.85e-4 - 1.48e-4 - 3.34e-2 -
0.05 0.0992 5.6le-5 1.71  4.57e-5 1.68  2.71e-3 3.60
0.04 0.0789  3.56e-5 1.99  2.72e-5 226  1.32e-3 3.13
0.02 0.0398  8.16e-6 2.15  6.37e-6 2,12 2.37e-4 2.51
=1 0.1 0.1738 1.53e-4 - 1.30e-4 - 3.32e-2 -
0.05 0.0994 4.8le-5 2.07  3.55e-5 232 2.40e-3 4.70
0.04 0.0787  3.0le-5 2.00 2.28e-5 191  1.15e-3 3.22
0.02 0.0391  7.86e-6 1.92  6.03e-6 1.90  2.02e-4 2.47

For both test scenarios, the time steps lie within the range [k, 2k]. The accuracy rate is
calculated using the formula:

_In(Error; /Errory)
- ln(kmax,l/kmax,Z)

where Error; and Error; are the errors corresponding to the maximum time steps kmax,1 and
kmax,2, respectively.

From Tables 5 - 8, our observation indicates that both algorithms with all 6 values achieve
second-order accuracy in time for the 1D traveling wave problem, even under non-uniform
time steps. This is better than the first order convergence in time that we can prove in Theorem
2 for the non-uniform time step case.

To further test the order of accuracy of the modified DLN scheme, we apply the modified
DLN method on the corresponding ODE dy/dt + f(y) = 0, assuming y = y(#) is only time-
dependent. We have carried out extensive numerical investigation of this test with different
ways to determine the non-uniform time step size and different choices of f(u). All of these
tests demonstrate a second-order convergence numerically.

Rate

6.1.3 Comparison of the modified DLN and DLN-CSS algorithms

In this subsection, we compare the modified DLN algorithm with the DLN-CSS algorithm
in (21) in terms of accuracy and efficiency. Both algorithms are implicit and need certain
non-linear solver at each time step. From Tables 9 and 10, both algorithms reach second-order
accuracy in time and take about the same CPU time to complete simulation. However, the
modified DLN algorithm is slightly more accurate than the DLN-CSS algorithm, possibly due
to the fact that the modified DLN algorithm addresses the whole non-linear term implicitly.

6.1.4 Adaptive Algorithms

Next, we test the accuracy and efficiency of the adaptive DLN algorithm in Algorithm 1, by
comparing it with the corresponding constant time step algorithms. For adaptive algorithms,
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Table 6 L2-norm of error and rate for 1D modified DLN scheme in time (kn =k, 2k, k,2k,...; h :k2)

ko kmax lu—uPleogey RO lu—ulll2g2y R lu—utlpgny R
0= % 0.1 0.2 2.32e-4 - 2.51e-4 - 3.56e-2 -
0.05 0.1 6.20e-5 1.90  6.26e-5 2.00  4.04e-3 3.14
0.04 0.08  3.89e-5 2.08  4.00e-5 2.01 2.37e-3 2.40
0.02  0.04 1.0le-5 1.95 1.00e-5 1.99  5.60e-4 2.08
0= % 0.1 0.2 2.28e-4 - 1.96e-4 - 3.37e-2 -
0.05 0.1 5.97e-5 1.93  4.75e-5 2.05  2.76e-3 3.61
0.04 0.08  3.79-5 2.03  3.03e-5 2.01 1.43e-3 2.95
0.02 0.04 9.71le-6 1.97  7.54e-6 2.01 2.86e-4 2.32
=1 0.1 0.2 2.28e-4 - 1.91e-4 - 3.34e-2 -
0.05 0.1 5.95e-5 1.93  4.62e-5 205  2.57e-3 3.70
0.04 0.08  3.80e-5 2.02  2.95e-5 2.02 1.28e-3 3.13
0.02  0.04  9.70e-6 1.97  7.35e-6 200 24le-4 2.41

Table7 L2-norm of error and rate for 1D DLN-SAV scheme in time (kn =k+k-rand; h =k2)

koo kmax o =Pl RO lu—uflpgay RO u—u"lpgn) R
0= % 0.1 0.1885  6.25e-4 - 4.85e-4 - 4.16e-2 -
0.05 0.1000  1.62e-4 213 1.3le-4 207  6.75e-3 2.87
0.04 0.0781  1.20e-4 1.20  9.35e-5 136 4.80e-3 1.37
0.02  0.0399  3.10e-5 202 2.45e-5 1.99  1.22e-3 2.04
0= % 0.1 0.1931  7.12e-4 - 5.64e-4 - 4.10e-2 -
0.05 0.0987  2.20e-4 176 1.66e-4 1.82 7.20e-3 2.59
0.04 0.0744  1.28e-4 1.89  9.68e-5 191  4.05e-3 2.03
0.02  0.0400  3.74e-5 1.98  2.80e-5 2.00 1.15e-3 2.03
0=1 0.1 0.1996  8.19e-4 - 6.41e-4 - 4.13e-2 -
0.05 0.0998  2.58e-4 1.67  2.04e-4 1.65  7.94e-3 2.38
0.04 0.0770  1.38e-4 242 1.05e-4 257  4.04e-3 2.62
0.02  0.0396  3.86e-5 1.91  2.96e-5 1.90  1.11e-3 1.93

the following setup is adopted: the tolerance Tol = 1.e — 6, the minimum time step kpin =
l.e — 5, the maximum time step kmax = 0.1, two initial time steps ko = k; = l.e — 3,
and the safety factor k = 0.8. For constant step algorithms, we set the constant time step as
k = 1.e — 3. From Tables 11 and 12, we observe that both adaptive algorithms outperform
the constant step algorithms. Adaptive algorithms take much fewer time steps to obtain the
same accuracy for all three 6 values, when compared with the corresponding constant step
algorithms.
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Table8 L2-norm of error and rate for 1D DLN-SAV scheme in time (kn =k, 2k, k,2k,...;h :kz)

koo kmax lu—ulgo2y R lu—ullagey R lu—ullpgny R
0= % 0.1 0.2 6.52e-4 - 5.53e-4 - 4.37e-2 -
0.05 0.1 1.76e-4 1.89 l.41e-4 1.97  7.41e-3 2.56
0.04 0.08 1.14e-4 1.96  9.07e-5 1.99  4.64e-3 2.10
0.02  0.04  2.94e-5 195  2.29e-5 1.99 1.15e-3 2.01
0= % 0.1 0.2 7.95e-4 - 6.57e-4 - 4.36e-2 -
0.05 0.1 2.18e-4 1.86 1.71e-4 1.94  7.47e-3 2.55
0.04 0.08 1.40e-4 1.97 1.10e-4 1.98  4.68e-3 2.09
0.02  0.04  3.63e-5 1.95  2.78e-5 1.98 1.16e-3 2.01
=1 0.1 0.2 8.660e-4 - 7.10e-4 - 4.35e-2 -
0.05 0.1 2.38e-4 1.86 1.86e-4 1.93  7.45e-3 2.54
0.04 0.08 1.54e-4 1.97 1.20e-4 1.97  4.67e-3 2.09
0.02  0.04  3.98e-5 1.95  3.04e-5 1.98 1.16e-3 2.01

Table9 LZ-norm and H!-norm of error and rate for 1D DLN-CSS scheme in time (h =k? )

k HufuhHeoo(Lz) R Hufuh”ez(Hl) R CPU Time
0=3% 0.04 5.78¢-5 - 2.85¢-3 - 69.89
0.02 1.46¢-5 1.98 6.89¢-4 2.05 434.90
0.01 3.68¢-6 1.99 1.72e-4 2.00 3419.14
0= % 0.04 6.77¢-05 - 2.96¢-03 - 55.88
0.02 1.72¢-05 1.98 7.12¢-04 2.05 437.49
0.01 4.33e-06 1.99 1.78¢-04 2.00 3464.64
=1 0.04 7.25¢-5 - 2.98¢-3 - 56.17
0.02 1.85¢-5 1.98 7.20e-4 2.05 442.03
0.01 4.65¢-6 1.99 1.80e-4 2.00 3475.37

Table 10 Z2-norm and H!-norm of error and rate for 1D modified DLN scheme in time (h :kz)

k nu—uhn@%z) R Hu—uhHKz(H]) R CPU Time
0=3% 0.04 1.84¢-5 - 1.05¢-3 - 72.18
0.02 4.64¢-6 1.98 1.58¢-4 2.73 431.92
0.01 1.17e-6 1.99 3.74e-5 2.08 3494.29
0= % 0.04 1.45¢-5 - 9.38¢-4 - 61.00
0.02 3.68¢-6 1.98 1.05¢-4 3.16 452.98
0.01 9.27¢-7 1.99 2.27¢-5 221 3506.87
=1 0.04 1.27¢-5 - 9.19¢-4 - 57.17
0.02 3.22e-6 1.98 9.45¢-5 3.28 443.27
0.01 8.12¢-7 1.99 1.97e-5 2.26 3519.10
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Table 11 Errors and number of time steps of the adaptive and constant time-stepping 1D modified DLN
schemes

Adaptive modified DLN schemes

0 ||u—uh|\loo(L2) ||u—uh||£2(L2) ||u—uh||lz(H|) # Steps # Rejections
0=3% 3.69¢-5 3.67¢-5 2.39e-2 653 341
-2 . . :
=" 3.69¢-5 3.67¢-5 2.39e-2 264 93
=1 3.69¢-5 3.67¢-5 2.39e-2 148 43
Constant time-stepping modified DLN schemes
0 Nl =" Il goo 1.2 ="l 212, llw—ull 2 g1, # Steps # Rejections
9=1% 3.69¢-5 3.67¢-5 2.39e-2 1000 -
0= ls 3.69-5 3.67¢-5 2.39e-2 1000 -
=1 3.69-5 3.67¢-5 2.39¢-2 1000 -

Table 12 Errors and number of time steps of the adaptive and constant time-stepping 1D DLN-SAV schemes

Adaptive DLN-SAV schemes

0 ||u—uh|\,_,30(L2) ||u—uh||52(L2) ||u—uh||£2(H1) # Steps # Rejections
9=1% 3.68¢e-5 3.67e-5 2.39¢-2 174 65
o=-2 3.67e-5 3.67e-5 2.39¢-2 146 36
NG
=1 3.67e-5 3.67e-5 2.39¢-2 140 43
Constant time-stepping DLN-SAV schemes
0 ||u—uh|\eoo(L2) ||u—uh||ez(L2) ||u—uh||€2(H|) # Steps # Rejections
0=3% 3.68¢-5 3.67e-5 2.39¢-2 1000 -
_2 . ; . B
="z 3.68¢-5 3.67e-5 2.39¢-2 1000
=1 3.68¢-5 3.67e-5 2.39¢-2 1000 -

6.2 Two-dimensional Example with Known Solution

We consider a two-dimensional example to verify that the proposed DLN algorithms are
accurate and efficient for 2D test problems. As studied in [30], we consider the exact function
of the form

u(x, y, 1) = 0.05¢"% sin(x) sin(y), (x,y) € [0,27] x [0,27], 0<t < T, (109)

with the homogeneous boundary condition. Since this function does not satisfy the Allen-
Cahn equation (1) exactly, we add the extra source term

g(x, v, 1) = 0.052€> — 1.1)e™ %" sin(x) sin(y) + (0.05¢~% sin(x) sin(y))*
such that u(x, y, t) in (109) is the exact solution to the revised Allen-Cahn equation
U; — 2 Au + fu) =g, y,t).

with the model parameter € = 0.01. P? finite element space is again used.
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Table 13 L2-norm of error and rate for 2D modified DLN scheme in time (N = 500)

k lu—u"llgooz2) R le—u"ll22) R lu—=u"ll2 1y R
9=3 04  1.80e3 - 151e-3 - 2.13¢-3 -
0.2 5.25e-4 1.78 4.03e-4 1.90 5.70e-4 1.90
0.1 1.43e-4 1.88 1.05e-4 1.95 1.48e-4 1.95
0.05 3.72e-5 1.94 2.66e-5 1.97 3.79%e-5 1.97
0= % 0.4 1.31e-3 - 1.10e-3 - 1.55e-3 -
0.2 3.90e-4 1.75 3.00e-4 1.87 4.24e-4 1.87
0.1 1.07e-4 1.86 7.87e-5 1.93 1.11e-4 1.93
0.05 2.82e-5 1.93 2.02e-5 1.96 2.87e-5 1.95
=1 0.4 1.06e-3 - 8.84e-4 - 1.25e-3 -
0.2 3.18e-4 1.73 2.44e-4 1.86 3.45e-4 1.86
0.1 8.79%-5 1.85 6.44e-5 1.92 9.12e-5 1.92
0.05 2.31e-5 1.93 1.65e-5 1.96 2.37e-5 1.94

Table 14 LZ-norm of error and rate for 2D modified DLN scheme in space (k = 0.01)

N lu—upoo 2y R lu—ull22) R lu—ull2g1y R
0= % 20 4.98e-5 - 2.57e-5 - 1.48e-3 -
40 6.08¢e-6 3.03 3.18e-6 3.02 3.78e-4 1.97
60 1.51e-6 3.43 8.03e-7 3.39 1.59¢-4 2.14
80 5.74e-7 3.36 3.12e-7 3.29 8.81e-5 2.04
100 2.65¢e-7 3.46 1.46e-7 3.39 5.48e-5 2.13
0= % 20 4.97e-5 - 2.57e-5 - 1.48e-3 -
40 6.07¢e-6 3.03 3.17e-6 3.02 3.78e-4 1.97
60 1.51e-6 3.43 8.02e-7 3.39 1.59¢-4 2.14
80 5.73e-7 3.37 3.11e-7 3.29 8.81e-5 2.04
100 2.63e-7 3.48 1.45e-7 341 5.47e-5 2.13
6=1 20 4.96e-5 - 2.56e-5 - 1.48e-3 -
40 6.06e-6 3.03 3.17e-6 3.02 3.78e-4 1.97
60 1.51e-6 3.43 8.01e-7 3.39 1.59¢-4 2.14
80 5.72e-7 3.37 3.11e-7 3.29 8.81e-5 2.04
100 2.63e-7 3.49 1.45e-7 3.42 5.47e-5 2.13

6.2.1 Constant Time Step

To confirm the time convergence rate, we first set the final time as 7 = 4 and consider a
refined triangular mesh with N = 500 nodes on each side of the boundaries. Tables 13 and 15
show that both modified DLN and DLN-SAV algorithms achieved second-order convergence
in time for the 2D test problem in (109). Then we set the final time 7 = 1 and the constant
time step k = 0.01 to check the spatial convergence. We observe from Tables 14 and 16
that both algorithms have third-order accuracy in L?-norm and second-order accuracy in
H'-norm.
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Table 15 LZ-norm of error and rate for 2D DLN-SAV scheme in time (N = 500)

k le—=u"llpoo 2y R le—u"ll22) R lu—u"ll21y, R
9=3 0.4 1.47¢-3 - 1.25¢-3 - 1.77e-3 -
0.2 5.08e-4 1.53 3.92e-4 1.67 5.55e-4 1.67
0.1 1.45e-4 1.81 1.07e-4 1.88 1.51e-4 1.88
0.05 3.84e-5 1.92 2.75e-5 1.96 391e-5 1.95
0= % 0.4 2.07e-3 - 1.76e-3 - 2.49e-3 -
0.2 7.3%-4 1.49 5.71e-4 1.63 8.07e-4 1.63
0.1 2.15e-4 1.78 1.58e-4 1.86 2.23e-4 1.86
0.05 5.72e-5 1.91 4.09e-5 1.94 5.80e-5 1.94
=1 0.4 2.36e-3 - 2.0le-3 - 2.84e-3 -
0.2 8.53e-4 1.47 6.58e-4 1.61 9.31e-4 1.61
0.1 2.49e-4 1.77 1.83e-4 1.85 2.59¢-4 1.85
0.05 6.67e-5 1.90 4.77e-5 1.94 6.76e-5 1.94

Table 16 L2-norm of error and rate for 2D DLN-SAV scheme in space (k = 0.01)

N o lu—ullo 2y R lu—ull22) R lu—u"ll2cq1y R
0= % 20 4.97e-5 - 2.57e-5 - 1.48e-3 -
40 6.08e-6 3.03 3.18e-6 3.01 3.78e-4 1.97
60 1.52e-6 343 8.07e-7 3.38 1.59%e-4 2.14
80 5.80e-7 3.34 3.15e-7 3.27 8.81e-5 2.04
100 2.71e-7 341 1.49¢-7 3.35 5.48e-5 2.13
6= % 20 4975 - 2.56¢-5 - 1.48¢-3 -
40 6.08e-6 3.03 3.18e-6 3.01 3.78e-4 1.97
60 1.52e-6 342 8.06e-7 3.38 1.59e-4 2.14
80 5.84e-7 3.32 3.16e-7 3.25 8.81e-5 2.04
100 2.78e-7 3.32 1.53e-7 3.27 5.48e-5 2.13
0=1 20 4.96e-5 - 2.56e-5 - 1.48e-3 -
40 6.07e-6 3.03 3.17e-6 3.01 3.78e-4 1.97
60 1.52e-6 3.42 8.06e-7 3.38 1.59¢-4 2.14
80 5.86e-7 3.31 3.17e-7 3.24 8.81e-5 2.04
100 2.83e-7 3.26 1.55e-7 3.22 5.47e-5 2.13

6.2.2 Variable Time Step

Similar to Section 6.1.2, we test the accuracy of the variable time-stepping modified DLN
algorithm (19) and DLN-SAV algorithm (53) over time for the 2D case, utilizing the random-
ized time step k, = k + k - rand. The final time is 7 = 4.0 and the number of nodes N = 500
on each side of the boundaries. The accuracy rate calculated using kmax again demonstrates
second-order temporal convergence rate numerically, as seen in Tables 17 and 18.
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Table 17 L2-norm of error and rate for 2D modified DLN scheme in time (kn =k +k -rand; N = 500)

ko okmax  lu—wllo2y R lu—ullpgey R u—ullpgny R
0= % 04 07818  1.67e-2 - 1.59e-2 - 2.24e-2 -
0.3 05851  8.64e-3 227  7.39e-3 2.63  1.05e-2 2.63
0.2 03683  3.58e-3 190  2.94e-3 1.99  4.16e-3 1.99
0.1  0.1987  9.36e-4 218  7.19e-4 228  1.02e-3 2.28
0= % 04 07818  8.10e-3 - 7.69¢-3 - 1.09e-2 -
0.3 05851  4.26e-3 222 3.64e-3 258  5.15e-3 2.58
0.2 0.3683 1.77e-3 1.89  1.45e-3 1.99  2.05e-3 1.99
0.1  0.1987 4.71le-4 215 3.59e-4 226  5.08e-4 2.26
=1 04 07818 3.6le-3 - 3.41e-3 - 4.83e-3 -
0.3 05851 1.93e-3 2.16  1.64e-3 254 2.32e-3 2.54
0.2 03683  7.94e-4 1.92  6.46e-4 201  9.13e-4 2.01
0.1  0.1987  2.14e-4 212 1.60e-4 226 227e-4 2.26

Table 18 LZ-norm of error and rate for 2D DLN-SAV scheme in time (kn =k +k -rand; N = 500)

ko kmax  lu—u"lpeo2y R le—u"lp22) R lu—ull2cg1y R
0= % 0.4 0.7818 3.37e-3 - 3.27e-3 - 4.63e-3 -

0.3 0.5851 2.17e-3 1.52 1.87e-3 1.94 2.64e-3 1.94

0.2 0.3683 1.10e-3 1.47 9.02e-4 1.57 1.28e-3 1.57

0.1 0.1987 3.10e-4 2.05 2.33e-4 2.20 3.29¢-4 2.20
6= % 0.4 0.7818 4.25e-3 - 4.12e-3 - 5.83e-3 -

0.3 0.5851 2.87¢-3 1.35 2.47e-3 1.76 3.50e-3 1.76

0.2 0.3683 1.52e-3 1.38 1.25¢-3 1.48 1.76e-3 1.48

0.1 0.1987 4.48e-4 1.98 3.36e-4 2.13 4.75e-4 2.13
0=1 0.4 0.7818 4.65e-3 - 4.51e-3 - 6.37e-3 -

0.3 0.5851 3.21e-3 1.28 2.76e-3 1.69 3.90e-3 1.69

0.2 0.3683 1.72¢-3 1.35 1.41e-3 1.45 2.00e-3 1.45

0.1 0.1987 5.16e-4 1.95 3.87e-4 2.10 5.47¢-4 2.10

6.2.3 Adaptive Algorithms

Next, we compare Algorithm 1 and the corresponding constant time-stepping algorithms
to show the accuracy and efficiency of time adaptivity. We set final time 7 = 1, model
parameter € = (.01, the number of nodes N = 50 on each side of the boundaries for both
adaptive and constant algorithms. For adaptive algorithms, we set the maximum time step
kmax = 0.1, the minimum time step kpyin = 1. — 5, two initial time step kg = k; = l.e — 3,
tolerance Tol = 1.e — 8 and safety factor k = 0.8. We use time step k = l.e — 3 for
constant time-stepping algorithms. From Table 19, we can see that adaptive modified DLN
algorithms, especially with 8 = 2/3 or 1, work more efficiently than the corresponding
constant time-stepping algorithms, since the adaptive algorithms take much fewer number
of time steps and obtain errors comparable to those of the constant step algorithms. For
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Table 19 Errors and number of time steps of the adaptive and constant time-stepping 2D modified DLN
schemes

Adaptive modified DLN schemes

0 ||u—uh|\loo(L2) ||u—uh||£2(L2) ||u—uh||lz(H|) # Steps # Rejections
0=3% 3.02¢-6 1.79¢-6 2.37e-4 280 73
_2 g . §
0="2 4.86¢-6 2.96¢-6 2.38¢-4 93 18
=1 2.96¢-6 1.60e-6 2.37e-4 48 18
Constant time-stepping modified DLN schemes
0 Nl =" Il goo 1.2 ="l 212, llw—ull 2 g1, # Steps # Rejections
0=% 2.97e-6 1.56e-6 2.37e-4 1000 -
=-2 2.97¢-6 1.56¢-6 2.37e-4 1000 -
5
=1 2.97¢-6 1.56¢-6 2.37e-4 1000 -

Table 20 Errors and number of time steps of the adaptive and constant time-stepping 2D DLN-SAV schemes

Adaptive DLN-SAV schemes

0 ll =1l goo (1.2 lle—u 2.2, lle—ull 2 g1, # Steps # Rejections
9=3 3.03e-6 1.62e-6 2.37e-4 45
_2 g - §
=7 3.08¢-6 1.65¢-6 2.37e-4 44
=1 3.11e-6 1.66e-6 2.37e-4 44 15
Constant time-stepping DLN-SAV schemes
0 ||u—uh|\,_m(L2) ||u—uh||52(L2) ||u—uh||£2(H1) # Steps # Rejections
9=1% 2.97¢-6 1.56¢-6 2.37e-4 1000 -
o= ls 2.97¢-6 1.56¢-6 2.37e-4 1000 -
=1 2.97e-6 1.56¢-6 2.37e-4 1000 -

DLN-SAV algorithms, we observe from Table 20 that adaptive algorithms have the same
error magnitude as constant time-stepping algorithms. However, adaptive algorithms with all
three 6 values finish the simulation only in 45 time steps while the constant step algorithms
take 1000 time steps.

6.3 Two-dimensional test with random initial value

In this example, we simulate 2D Allen-Cahn equation with random initial condition [21]:
uog(x,y) = 0.1 x rand(x, y) — 0.05, (x,y) € [0, 271%,

where the function rand(x, y) generates value uniformly distributed on [0, 1] at point (x, y).

We set the model parameter € to be 0.1 and number of nodes on each side of the boundaries

to be 100 to generate a triangular mesh. We test the adaptive Algorithm 1 with periodic
boundary condition.
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Fig. 1 2D Adaptive modified DLN algorithm with & = 1 converges to steady state with 5794 time steps
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Fig.2 2D Adaptive DLN-SAV algorithm with 6 = 1 converges to steady state with 5896 time steps

For both adaptive modified DLN and DLN-SAV algorithms, we set two initial time step
ko = k1 = 0.01, the maximum time step kmax = 0.1, the minimum step kpin = 1. — 5, the
tolerance for LTE Tol = 1.e — 6, and safety factor k = 0.8. We use the fixed point iteration
with tolerance 1.e — 8 for non-linear solver in the adaptive modified DLN algorithm. The
results of three 0 values (2/3,2/ V5, 1) are very close, thus we only present the numerical
results for the case of & = 1. From Fig. 1 and Fig. 2, we observe that both modified DLN and
DLN-SAV algorithms converge to the steady state at the time 7 = 320 with around 5800 time
steps. We also test the corresponding constant time-stepping DLN algorithms with constant
step k = 0.01 and observe that the constant time-stepping algorithms converge to the steady
state with more than 30000 time steps. From this test problem, we demonstrate that the
adaptive DLN algorithms are stable and possess superior time efficiency when compared to
the corresponding constant time-stepping algorithms.
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7 Conclusion

In this paper, we propose two time-efficient algorithms for the Allen-Cahn equation: the
modified DLN scheme and the DLN-SAV scheme. We prove that the modified DLN scheme
unconditionally satisfies the discrete energy dissipation law, and its numerical solutions under
uniform time grids are second-order accurate in time. When 6 = 1, the scheme reduces to
the modified midpoint rule, and its numerical solutions are second-order in time on arbitrary
time grids. For the variable step DLN-SAV scheme, we show that the scheme approximately
satisfies the discrete dissipation law. Moreover, its implementation can be simplified equiv-
alently through a refactorization process on the BE-SAV algorithm. To further enhance the
performance of both algorithms, we utilized a time-adaptive mechanism based on the LTE
criterion.

We validate our methods through three main numerical tests. The 1D traveling wave
test and the 2D test with an extra source term show that both algorithms are second-order
accurate under arbitrary time step sizes. The 2D test with random initial conditions also
verifies that the modified DLN scheme and the DLN-SAV scheme are long-time stable under
non-uniform time grids. All three tests demonstrate that the time-adaptive versions of both
algorithms outperform the corresponding constant step algorithms. These adaptive algorithms
achieve the same level of accuracy while requiring significantly fewer time steps. The time-
efficient DLN schemes can be easily applied to other complicated phase field model such as
the Cahn-Hillard equation or Cahn-Hillard-Navier-Stokes model, Which will be left as our
future endeavors.

Appendices
A Proof of Lemma 2

For any 6 € [0, 1), applying fundamental theorem of Calculus leads to

1+6 1-0
Upt1,0(X) — Upp(x) = B (”n+1(x) - un(x)) + T(un(x) - un—l(x))
1+6 [+ 1—6 [
= % u;(x, t)dt + T/ u;(x, t)dre.
In In—1

By Holder’s inequality, we have

1 0\4 In+1 4
| Gunsro — une)?]* < (%) /g(/, s (e, D)l ) dx

n—1

< C(e)/Q (/t't”l ldt)3</t.tn+l Im(x,t)|4dt)dx,

1—1 n—1
which implies (10). Similarly,

Un+1,0 T Un,o
2

146 [+ 1—-6 [ In.p
= % u;(x, t)dt — T/ us(x, t)dt — / u;(x, t)de.
In th—1 th

Un+1,0 + Unp

5 —u(ty) +u(ty) — u(ty,p)

- M(tn,ﬂ) =
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Then Eq. (11) follows by the fact t, g € [t,_1, f,+1] and using Holder’s inequality:

et i < () (oo

1

In+1 th+1 5
< C(O)/ / ldz (/ lu; (x, )| dt)dx.
th—1

For the case of # = 1, the corresponding conclusions for the midpoint rule are easy to
verify and the details are omitted here.

Next, we consider the case of uniform time grids with constant time step k and aim to
prove (14). Applying Taylor’s theorem with integral remainder

In+1
u(x,tn+1)=u(x,tn)+ur(x,tn)k+/ s (x, 1) (ty1 — )dt,
tn

-1
u(x, ty—1) = ulx, ty) — u; (x, )k +/ uy (x, 1) (t,—1 — t)dt,
I

n

g
u(x, tn,ﬂ) =u(x, ty) + u;(x, [n)(tn,ﬂ —ty) + f s (x, [)(tn,,B —)dt
1,

n,g
=u(x, ty) + us(x, tn)(132(n) _ ﬁé"))k +/ u(x, t)(ty, g — dt,  (110)
In

with (under uniform time grids)

B = (2+9 0%, B = (2 6 — %),

gives
W —u(x, ty.p)
1+6 1 1-6
= u(x, tyt1) + iu(x,tn) + u(x, ty—1) —u(x, ty,g)
1 + 9 th+1 1 — 9 th—1
= [ v e a2 0 f ey (v, D) (11 — 1)t
tn th

ln,ﬁ
—/ M"(x,l‘)(tnyﬂ —l)dt
1

Therefore, Eq. (14) follows from

Un+1,0 + Un,0

—uttnp)|

Il 17 In
<c<0>/ ( / e G2t | gpr —0Pdit [ e e )Pt [ 10t
ty

th-1 -1

g t",ﬁ
+/ luge (x, 0)*dt (t,l,ﬂ—t)zdt)dx
I

n

In+1
< C(@)k3/ f g (x, 1) |*dtdx.
2 h—1
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B Proof of Lemma 3

As in the proof of Lemma 2, we only prove the case 6 € [0, 1) below. The case for 6 = 1 can
be shown easily following the same procedure. Also, it suffices to consider the case r = 0
below. Combining Taylor’s theorem with integral remainder (110) (but with variable time

step sizes k,, and k,—1) with the fact that ﬂé”) + ﬂf") + ﬂ(()”) = 1 leads to
Un,p(x) —u(x, tn,p)
) Ing1 ) In—1
= B, / U (x, 1)ty — 0)dt + / uge (x, 1)ty — 1)dt
In In

fn,ﬂ
- / uy (x,1)(ty,p — t)dt. (111)
1n

Utilizing the Holder’s inequality, and bounding " by C(6), we have

”un,ﬂ(') —u(, tn,ﬂ) ”2
th

Int1
= C(Q)/ [/ Iun(x,t)l(tnﬂ—t)dt-i-/ luess (x, )| —tn1)dt
2 In 1y

n—1

g 2
+/ lugs (x, r)||rn,ﬂ—r|dr] dx
1,

' thpl 2 thpl 2 % In 2 n 2 %
fC(G)/ {[/ e e, 0 Palt] (e =02 |4 [ eGPt (0=t
oW,

In -1 1

np ) tn,p ) % 2
+ [/ luge (x, D)7t (tn,p—1) dt] } dx
In 1

n

g1
< CO)(kn + kp—1)* / f | (x, 1) |2 dtdx,
2Jt-1

which implies (15) with r = 0.
Next, we consider Eq. (16). We again consider Taylor’s theorem with integral remainder

k2 it (l ]—t)2
M(X,I,Hl):u(x,tn)—i—u,(x,[n)kn+u”(x,t,,)?n+/ Urrr (X, 1) n+2 -dt,
t

n

kay [ (tn1 —1)?
u(x, ty1) =ux, ty) —ug(x, ty)knp1+ug(x, tn)T“‘ U (X, t)fdt,
In

g
O,y p) =1 (%, t) F 057 (6, 1) (B ki —ﬂé”>k,,4)+/ Uy (X, 1)ty g —1)dt.

In
and combine them with the fact that a» + «; + a9 = 0 to obtain

Up, o (X)
ng - Mt([n,ﬁ)

n

_ [a2ki12 +apky—1 2

h,p
S (B = B3 ) s e 1) = / tane (v, ) (1, g~ 1)t
n th

o oyl 2 o) -1 5
=~ Upre (X, 1)ty —1)"dt + = Ugre (X, 1) (tp—1 —1)"dt.
kn In kn In
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It’s easy to check

kn? kn_12
a2ky +fto n—1 —( én)kn _,B(gn)knfl) —0 (112)
2k,
Therefore,
. 2
H tn () — uy(x, tn,ﬂ)H
kn

Cc(9) Int1 tn
< ?\/ [/ |Mttt(X,t)|(tn+l —[)2dl‘+/ |uttt(xa[)|(tn71 _t)zd[
kn 2 t .

n—1

—~ In.p 2
0 [ el o1t |
tn

c(@ Intl Intl 1 tn I 1
e L I e | ety
n Y2

n In—1 In—1

~ g 2 n,pg 2 % 2
+kn[/ ey e OPdt| (. p—1) dt] ] dx
th

In

k ko 1)2+ k2 tny1
< I k) [ P
2 Jty—

n

Int1
< CO)kn + kn71)3f / lugs (x, ) drdx,
£2 h—1

where the last inequality follows from Tn = %kn + %kn,l. The case with r > 0 can
be proven in the same way.
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