Advances in Mathematics 393 (2021) 108054

Contents lists available at ScienceDirect

MATHEMATICS

Advances in Mathematics

www.elsevier.com /locate/aim

Ricci flow and a sphere theorem for L™/ 2-pinched
Yamabe metrics

L))

Check for
updates

Eric Chen *'? Guofang Wei®, Rugang Ye

University of California, Santa Barbara, CA 93106-3080, USA

ARTICLE INFO ABSTRACT
Article history: We obtain a differential sphere and Ricci flow convergence
Received 30 July 2020 theorem for positive scalar curvature Yamabe metrics with

Accepted 11 August 2021
Available online 15 October 2021
Communicated by the Managing

L™/?-pinched curvature in general dimensions n. Previously,
E. Hebey and M. Vaugon obtained in [9] a corresponding
result for LP-pinching with p > n/2.

Edit

Hors © 2021 The Authors. Published by Elsevier Inc. This is an
Keywords: open access article under the CC BY-NC-ND license
Ricci flow (http://creativecommons.org/licenses/by-nc-nd/4.0/).

Sphere theorem
Integral curvature
Curvature pinching
Yamabe metrics

1. Introduction

Let M™ be a compact smooth manifold of dimension n > 3 and g a smooth Rie-
mannian metric on M. Recall that the Yamabe invariant of the conformal class of g,
[9] = {e¥“g,u € C*°(M)}, is defined to be
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where R denotes the scalar curvature. We will also call Y/(M, [g]) the Yamabe invariant
of (M, g) or g and denote it by Y (M, g) or Y (g). Recall also that the o-invariant o (M)
of M is defined to be

o(M) =sup{Y (M, g) : g is a smooth metric on M}.

By the solution of the Yamabe problem [17,16,1,14], we know that the infimum
Y (M,[g]) is achieved in the conformal class [g] for any smooth metric g on M. The
minimizers, i.e. the infimum achieving metrics, have constant scalar curvature of the
same sign as that of Y (M, [g]) and are referred to as Yamabe metrics. (Note that the
corresponding result in dimension 2 is the classical uniformization theorem and Yamabe
metrics there have constant Gauss curvature.) In this paper we will focus on Yamabe
metrics with positive scalar curvature and establish a sphere and Ricci flow convergence
theorem for such metrics (i.e. for Riemannian manifolds whose metrics are Yamabe met-
rics) with L"/2-pinched curvature.

Let

Y1 (M) = {Yamabe metrics g on M : R, >0, vol, (M) = 1}.
Let Rm denote the Riemann curvature tensor and Z the concircular curvature tensor:

R
Z = Rm — In(n—1) gD g.

Note that Z = 0 if and only if the metric g has constant sectional curvature. Employing
the Ricci flow, G. Huisken, C. Margerin and S. Nishikawa obtained differential sphere
theorems for Riemannian manifolds satisfying pointwise pinching conditions of the form
|Z| < ¢(n)R [10,11,13], where the scalar curvature is assumed to be positive and ¢(n) is
a sufficiently small positive constant depending only on the dimension n. Subsequently,
R. Ye obtained a differential sphere and Ricci flow convergence theorem for Riemannian
manifolds satisfying an integral pinching condition in terms of the concircular curvature
tensor Z [19]. In [19], the L?-norm is employed for integral curvature pinching, but a
pointwise upper bound for |Rm/| is assumed. An integral pinching condition allows large
deviation of Z from 0 in some places, and hence is significant geometrically. On the other
hand, although the pointwise upper bound assumed for |[Rm/| in [19] is natural, it is not
an integral condition. It is very desirable to remove this pointwise curvature bound.

In [9] a differential sphere and Ricci flow convergence theorem for LP-integral pinching
with p > n/2 without involving pointwise curvature bounds was obtained for Yamabe
metrics. An L™/?-pinching theorem was also obtained in [9], but it is valid only under
the assumption that the given conformal class is locally conformally flat or contains
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an Einstein metric. Note that the L™/? formulation with the critical exponent n/2 is
most natural from a geometrical point of view, as the integral f ulZ |”/ 2dvol is scaling
invariant. In contrast, the integral [, |Z|Pdvol with p > n/2 needs to be multiplied e.g.
by a power of the volume to become scaling invariant. The work [8] contains a sphere
theorem (Theorem B) for 4-dimensional manifolds with positive Euler characteristic,
where the metric is assumed to have L2?-pinched Weyl curvature tensor W, which is
a part of the concircular curvature tensor Z. Note that this pinching condition is a
conformally invariant one. A Ricci flow convergence result for Yamabe metrics under the
said conditions follows from the proof of Theorem B in [8].

We would also like to mention that A. Chang, M. Gursky and P. Yang obtained a
deep differential sphere theorem for 4-dimensional Riemannian manifolds which have
positive Yamabe invariant and satisfy a sharp L?-pinching condition for the Weyl tensor
[4]. Previously, Margerin obtained a sphere theorem in dimension 4 with a sharp point-
wise pinching condition [12]. Sphere theorems in dimension 4 for [|Rm|?- as well as
J' | Z |*-pinching were obtained in [15] and [2] respectively, in which the gradient flows
of the corresponding functionals were employed. See [3] for a related sphere theorem in
dimension 3.

Our main result is as follows.

Theorem 1.1. For each n > 3 there exists a constant A(n) > 0 depending only on n such
that if (M™, go) is a compact Riemannian manifold of dimension n with go € YT (M)
and

[Z]|2 < A(n)Ry,, (1.1)

then M™ is diffeomorphic to an isometric quotient of S™. Moreover, the volume-
normalized Ricci flow starting from (M™, go) exists for all positive times and converges
smoothly to a spherical space form at the time infinity.

The 4-dimensional case of this theorem can also be derived from Theorem B and its
proof in [8], as the [ |Z|?-pinching implies positivity of the Euler characteristic in this
dimension via Chern-Gauss-Bonnet theorem.

There are several good reasons for considering Yamabe metrics in the set-up. These
metrics are important because of their minimizing and constant scalar curvature prop-
erty. They are also abundant as they exist in every conformal class of metrics. Indeed,
they can be used to represent conformal classes. (In general Yamabe metrics are not
unique in a conformal class. But one can consider all Yamabe metrics in a conformal
class.) In this regard, our main theorem can be reformulated as a differential sphere
theorem about conformal classes, in which the condition is that a given conformal class
contains a Yamabe metric satisfying the conditions of the above main theorem. We would
like to point out that the 4-dimensional hypotheses in [8,4] are formulated for general
metrics in a given conformal class. Note however that in [8] Yamabe metrics or nearly
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Yamabe metrics serve as the key bridge leading to the conclusion about the conformal
class. In [4], instead of Yamabe metrics some other geometrically special metrics are
employed.

Another point about Yamabe metrics is their role in the study of the o-invariant. Thus
our main theorem can also be related to this topic. Furthermore, the limit behavior
of a sequence of Yamabe metrics gr on a manifold M with Y(gx) — o(M) can be
exploited to understand the existence of Einstein metrics (possibly with singularities) on
M. We would also like to note that in dimensions higher than 4 one does not expect the
smallness of [ wlZ |*/2dvol to be sufficient for a sphere theorem to hold true for general
metrics, as this integral condition alone does not imply enough control of geometrical
structures. Finally, the assumption of Yamabe metrics is very natural from the viewpoint
of geometrical analysis, as Yamabe metrics enjoy a natural Sobolev inequality, which
plays a crucial role in our main result.

Recently the first named author [5] showed that the Ricci flow deforms an asymp-
totically flat metric with L™/ 2-pinching of curvature to a Euclidean metric. The present
paper is in part inspired by that work. A key tool is a Sobolev inequality along the Ricci
flow derived from [20], see Theorem 2.2. Along related lines we have obtained in [6] an
extension of Gromov-Ruh almost flat manifold theorem to “L"/?-almost flat manifolds,”
and derived in [7] sphere theorems and other space form theorems under L"/2-pinching.

2. Preliminaries

Our starting point is that if go € YT (M™), then it satisfies the Sobolev inequality

e, < G2 1V av+ [ vy foraliue =), )
n—2 0

where c(n) = 42=3, Ry = Ry, and dVy = dvolg,. This was used in [9], and is an easy

consequence of the minimizing property of go and the elementary formulae

/Rgdvolg = /(c(n)|Vgou|§0 + Ry u?)dvoly,, vol, = /u%dvolg0 (2.2)
M M M

for g = wnz qgo-
We will also use the fact that for any Riemannian metric g,

Y(M",[g) <Y (S") = n(n — Dwy/™, (2.3)
where w,, is the volume of S™, see [1].

Recall that the Ricci flow and normalized Ricci flow starting from (M™, go) are re-
spectively given by
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{%g = —2Ricg, {%g = —2Ricgy + %Rg, (2.4)
9(0) = go, 9(0) = go,

where R is the average of the scalar curvature R.
From the Sobolev inequality (2.1) we can argue as in [20] to deduce the following
log-Sobolev inequality.

Proposition 2.1. Let (M, go) be a compact manifold, and gy € Y+ (M). Then there ezists
d(n) > 0 such that the following log-Sobolev inequality holds for any u € W2 with
Ju? dVy =1 and all ¢ > 0 along the Ricci flow starting from (M™, go):

R
/u2 log u? dVyy < / (|Vu2 u2) dVy) — gloga + —log %0) +d(n).
M M

(2.5)

Proof. In what follows we refer extensively to notations and results of [20]. Since gy €
YT (M™), we have the Sobolev inequality (2.1) which implies that in the notation of
[20], we have C%(M, go) = CI({;) and C2(M, go) =
Yamabe problem we have two cases:

(i) ¢(n) < Ry <Y(S™,[g0]); then Cs(M, go) = 1.
(i) 0 < Ry < ¢(n); then Cs(M, go) = <0

Ro

One may check explicitly that both cases are possible. We will now go through the
log Sobolev inequalities of [20, Theorems 1.1, 1.2], in our particular situation when

go € YT (M).

By [20, Theorem 1.1], in the two cases described above, we have

(i) For each o > 0 and t € [0,T), there holds

R
/u2 logu® dV; < 0’/ (|Vu|2 + Zu2> dv; — glogo

+4%(+

(ii) For each o > 0 and ¢ € [0,T'), there holds

R
/u2 logu? dV; < a/ (Vu|2 + ZUQ) dv; — gloga
M M

+4% (t+ %) —I—glog% + Slogn—1).  (27)

%) + logn —1). (2.6)
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To apply [20, Theorem 1.2], first we note that A\g > 22, where )\ is the first eigenvalue
of —A+ %, and that

L1
1+ X5 = 14 <)’

oo = g [1og <1+ Aoljé’n)) —1} < glog <1+%> —g.

In particular, §; and oy are bounded by dimensional constants. Thus in both cases

5o =

described above we obtain the same statement:

Let t € [0,T) and o > 0 satisfy t + 0 > 2Cs(M, go)?do. Then there holds

R
/u2 logu? dV; < 0/ <|Vu|2 + Zuz) dv; — gloga
M M

—i—glogn—t glog% + 0o. (2.8)

‘We can now conclude Proposition 2.1, which can be considered as a specialized version
of [20, Theorem 1.3] for the case gy € Y (M") and brings out the analytic role of the
scalar curvature Ry. Note that 2Cg(M, go)?dy < ”C(" 8. For any fixed ¢, suppose that
t4+o< "C(” do. Then by putting (2.6) and (2.8) together in the first case, and (2.7) and
(2.8) together in the second case, we obtain the result. Here we are using the fact that

c(") can be bounded from below by the dimensional constant log W in order

log %

to deal with (2.6) where the term 7 log CI(%O) does not appear. O

Now (2.5) combined with the general Sobolev inequality in [20] gives the following
Sobolev inequality along Ricci flow, which is our main analytic tool. Note that the
explicit dependence on the coefficients is very important here. See also [21] for related
more general results.

Theorem 2.2. Let (M™,go) be a compact manifold, and gy € YT (M). Then there exists
C(n) > 0 such that the following Sobolev inequality holds for any v € C°(M) along the
Ricci flow starting from (M™, go):

2n_ e C(n
(/Un—2 dVg(t)) < Rg((Oz </|Vu2 +Rg(t)u2 dVg(t)> (2.9)

Proof of Theorem 2.2. Again we employ the notations and results in [20]. Dimensional

constants below may change in size at different points of the argument. Apply [20,
Theorem 5.5] to the log Sobolev inequality (2.5) of Proposition 2.1 and take ¢* — oo. To
conclude it suffices to check that the constant C(C', x) in [20, (5.18)] becomes C(n) A -
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with = n. From [20, (5.22)] we check that from (2.5), we have C' = C’(n)Ra%. Then

4

from [20, (9.32)], we check that C'(C,n) = K(n)C™, which gives us the conclusion. 0O

We will also use a standard parabolic Moser iteration argument. In particular, we will
use the following formulation due to D. Yang [18], in which the dependence of estimates
on uniform Sobolev constants and integral bounds is made explicit.

Theorem 2.3 ([18, Theorem 4]). Let f,b be smooth nonnegative functions satisfying on
M % [0,T7,

0
51 SAf+0f,

where A is the Laplace-Beltrami operator of the metric g;, and suppose %dVgt = hdVy,.
Let A, B > 0 be such that

lulla. < AIVul + Bllul,
for all uw € C(M) and for allt € [0,T], and assume that for some ¢ > n/2,

< B.
max (Bl + [1l,) < 8

Then given py > 1, there exists a constant C = C(n,q,po) such that for all x € M and
te (0,7],

1

ro

n+2 t
_n_ B n 2q ]. 2p0
f(z,t)] < C A% {Z + Azt gt ;] //fpo vy dt| . (2.10)
0

Finally we will need the following pointwise pinching result.

Theorem 2.4 ([11], see also [10,13]). For a compact Riemannian manifold (M™, g), if

1
1| < \/Qn(n =g ® (2.11)

then the normalized Ricci flow starting from (M™,g) exists for all positive times and
converges to a spherical space form at the time infinity.

3. Proof of Theorem 1.1

The proof of Theorem 1.1 is divided into several steps. The first key step is to establish
that for the Ricci flow starting from (M™, go) with pinching condition (1.1), the pinching
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is controlled for a uniform time whenever Ricci flow exists. Compare to [5, Lemma 4.2],
where it is shown the pinching is non-increasing along the flow, which is not the case
here.

For simplicity we often use subscripts of 0 and ¢ to denote geometric quantities at
certain times along the flow as before; for instance Ry denotes R ). Below, “<” indicates
an inequality which holds when the terms involved are multiplied by appropriate positive
dimensional constants.

Lemma 3.1. There exist A(n) > 0 and 6(n) > 0 such that if (M"™, go) is a compact
manifold satisfying the hypotheses of Theorem 1.1, and the Ricci flow of (M™, go) exists
on [0,Tp), then on [0,Ty) N[0,8(n)Ry "] along the flow we have the bound

I1Z] + (R — Ro)[lz < 2A(n)Ro. (3.1)

Proof. Under the Ricci flow, we have [9)

7]
51121 S AlZ|+ |R||Z] + |21,

)
G i=AR+ 2|Ricl> S AR+ |Z)? + R%

Moreover, the evolution equation for R together with the maximum principle implies
R — Ry > 0, and we have

d
57 (R = Ro) S AR = Ro) + |Z|> + (R — Ry)? + R2.

Let P =|Z| 4+ (R — Ry), then

%P < AP+ P?+ R (3.2)
Since
9 (dVz) = —R; dV,
825 t) — t ty

and R; > 0, we have

d n n
o | P dV;§—/|VPZ

2 av, +/P%+1 + R2P:7 qV,. (3.3)

We have that || Fyl|z < A(n)Rg. Let T' € (0,7p) be such that || P
Then applying (2.9) with u = P%, we have

n < 2A(n)Ro on [0, T7.
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/|VP4|2 4V, > Ry (/P? th) ' —/RtP%th

zRO</P3n"—2dvt)"—/ Pitlay, — /P%dvt.

By Holder’s inequality

/P%+1 <[Pl (/P dvt) "

n—2

< 2A(n)Ro (/P th) '

Plugging this into (3.3) we find that for A(n) > 0 sufficiently small,

d

o Pz dV, < —R (/P dV;) ! +RO/P% dV;+R§/P%—1 dV, (3.4)

n—z
n

< Ro/Pz dV; + R2vol(g,) ™ (/P% dW)

gRo(/P%d‘/}JrRo%),

where we have applied Holder’s and Young’s inequalities in the second and third lines
above, respectively, and used the fact that vol(g;) < vol(gp) = 1. Hence

/P% dVi+ B¢ < (/P% vy +R§> exp (C(n)Rot) (3.5)

for some dimensional constant C(n) > 0. We therefore conclude that there exists a
d(n) > 0 such that [[P||= < 2A(n)Ro on [0,Tp) N [0,6(n)Ry"]. Recall that by (2.3)
Ry = Y(M™,[go]) is bounded above by the dimensional constant Y (S™), hence Ry is
uniformly bounded below by a positive dimensional constant. 0O

Remark. The constant of the Sobolev inequality (2.9) is C;t# and hence becomes large
when Ry is small. On the other hand, the larger the Sobolev constant is, the worse the
estimate in Theorem 2.3 becomes. So the time d(n )Ra in the above lemma seems to be
in conflict with the Sobolev constant (

Ry to allow us to prove Theorem 1.1. (Note that this time leads to a similar consequence

and in fact has exactly the right dependence on

for the existence time of the Ricci flow.) This delicate phenomenon seems to be new and
is very interesting.

With the pinching assumption (3.1) the Sobolev inequality (2.9) immediately gives
a uniform Sobolev inequality without the scalar curvature term by an application of
Holder’s inequality.
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Lemma 3.2. Let (M™, go) be a compact manifold with go € Y+ (M). Suppose that the Ricci
flow starting from (M™, go) exists on [0,T] so that the bound (3.1) holds along [0, T]. Then
the following uniform Sobolev inequality holds along the flow for all u € C*°(M) along
the Ricci flow starting from (M™, go):

(/u dVg(t)> "< %’;)/WUF th+C’(n)/u2 dv;, (3.6)

where C'(n) > 0 is a dimensional constant which is different from the constant of (2.9)

of Theorem 2.2.

With the Sobolev inequality (3.6) and the L™/? smallness of P = |Z|+ (R — Ry), since
P satisfies the nonlinear evolution equation (3.2) it is known that we can improve the
estimate and get an L"/?*! (higher power) bound of P, in fact also small.

Lemma 3.3. Let (M™, go) be a compact manifold with go € Y (M), and the bound (3.1)
holds along the Ricci flow starting from (M™, go) in the interval [0, T]. Then fort € [0,T],

n n ]. n
/P?“ dVy < A(n)2 (Rot + 1) (Ro + ¥> RE. (3.7)

As mentioned before the bootstrap to get some bound is standard. But since we need
an explicit dependence of the bound on Ry later, which is not in the literature, we present
a proof. Compare [8, Lemma 4.2].

Proof. By Lemma 3.2, Sobolev inequality (3.6) holds.
From (3.2) we have (see (3.3))

1d
qdt

4(g—1)
q2

/Pq dV; < —Cy /|VP%|2 dVi + 02/P<1+1 + RZPT qV,

where C7,C2 > 0 are dimensional constants independent of ¢. Using this for ¢ = § as
before as well as for ¢ = § + 1, we find as for (3.4) by using (3.6) that for A(n) > 0

sufficiently small,

d n n n " n n
E/P? dV, + Ry (/Pznz th) §/R0P? + R2P=1 v,

n—2
d " T n n
%/Piﬂ dV; + Ry (/P(z“)nz th) < /ROPEH + R2P% dV,.

Thus, if we take 0 < 7 < 7/ < T, and define 1) by
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0, 0<t<r,
Y(t) =9 L%, T<t<7,
1, T <t<T.

Multiply above inequalities by v (t) and integrate from 7 to to € [7/, T'], we have

t n—2

/P% v, +R0/ (/Pﬁnﬁz th) ' (3.8)

T

t

0
1 n n
< (RO+T’—T>//PE+ROP7_1 dVy dt,

T

to

/P%H vy, +RO/ (/P(%“)ﬁ th> ' (3.9)

T/

to
1 n n
5( : >//P5+1+R0P7 dV, dt.
T =T

Let to=t,and 7= %, 7/ = 3¢ in (3.9) and 7 = £,7/ = L in (3.8), we obtain

/P%H v, < (R0+ %) ( sup (/PZ dVS) ) / (/P dVS> Tods
se[L,t]
1 t
+ (Ro + t) //ROP% dV, ds

S A(n) <Ro+ > //P2+R0P2 dVy ds

—HR@+DA()R’H

n

n 1 =
< A(n)7 (Rot + 1) <R0 + -+ Ro) R02

~

which is the desired estimate. O

With this L™/2*! bound we can use Theorem 2.3 to get an L™ bound of |Z|+ (R — Ry)

and a uniform lower bound on the time of existence of the Ricci flow.
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Proposition 3.4. Let (M™, go) be as in the hypotheses of Theorem 1.1. Then the Ricci
flow starting from (M",go) exists on the interval of time [0,5(n)Ry"], where 5(n) > 0
is as in Lemma 3.1.

Proof. Let (M™, go) be as in the hypotheses of Theorem 1.1, and suppose the Ricci flow
starting from (M™, go) exists on [0, Tp). We first claim that in the notation of Lemma 3.1,
§(n)Ry* < Tp. Suppose not; then Ty < 6(n)Ry*, so on [0, Tp),

I1Z] + (R — Ro)|[= < 2A(n)Ro. (3.10)

Therefore by Lemma 3.3, we see that [||Z] + (R — Ro)||= 41 is uniformly bounded (by
some constant depending on n, Ry and Tp) on [£2,T;). Thus, [Rm| =41 is uniformly
bounded on [£,7j). Also by Lemma 3.2 we have the uniform Sobolev inequality (3.6).

Recall that under the Ricci flow, |Rm| satisfies

%\Rm\ < A|Rm| + D(n)|Rm|?

for some D(n) > 0. Therefore we can apply Moser’s weak maximum principle as stated in
Theorem 2.3: let f = |E{m|, b= D(n)[Rm|, hy = —Ry, and take ¢ = 5 + 1, po = 5. Since
( T [ [Rm|% aV; dt)
unigorm constant in [%, TO), and hence does not blow up as t — Ty, which contradicts

the maximality of Ty. Hence §(n)Ry' < Ty and the Ricci flow of (M™,gg) exists as
claimed on the uniform time interval [0,5(n)Ry"]. O

n

< oo by (3.10), we conclude that |Rm| must be bounded by a

We can now use Theorem 2.3 a second time to control |Z| uniformly along the Ricci
flow starting from (M™, go) and thus prove Theorem 1.1.

Proof of Theorem 1.1. Let f = |Z]; then we have %f < Af+|Rm|f, and by Lemma 3.3
we have that |[Rml|, < 8 for ¢ = § + 1, where 8 = ¢(n)Ry for some c¢(n) > 0, on the
interval %, §(n)Ry'| along the Ricci flow starting from (M", go). We also have

the uniform Sobolev inequality of Lemma 3.2 in this interval, so that in the notation of
Theorem 2.3, A = %Z) and B = C(n).

—1
We now apply Theorem 2.3 to estimate |Z| on the time interval {%, 6(n)R61]

n42
with ¢ = §+1 and py = 5. Note that the factor {% + A?qinﬁ%ﬁ” + %} o

the right-hand side of (2.10) involves a sum of three different terms, and this complication

appearing in

may appear to make troubles for our scheme. However, applying our earlier estimates
established on this particular time interval we can readily bound each of these terms
by a constant multiple of Ry. Putting everything together we obtain exactly the correct
power of Ry on the right needed to apply pointwise pinching results:
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t n

2| < R} //|Z|% av, dt

0

A

Ré(AunR;”%)%
2

< A(n)* Ry.

If we assume that A(n) is sufficiently small, then since the scalar curvature of (M, g;)
is everywhere greater than Ry, we have at the time ¢t = §(n)R, ! the pinching

1
2n(n —1)(n —2) R

1Z] < (3.11)

By Theorem 2.4, we may therefore conclude that the normalized Ricci flow starting from
(M™, go) exists for all times and converges to a spherical space form. O
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