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Abstract—In many data-driven applications, higher-order re-
lationships among multiple objects are essential in capturing
complex interactions. Hypergraphs, which generalize graphs by
allowing edges to connect any number of nodes, provide a
flexible and powerful framework for modeling such higher-order
relationships. In this work, we introduce hypergraph diffusion
wavelets and describe their favorable spectral and spatial prop-
erties. We demonstrate their utility for biomedical discovery in
spatially resolved transcriptomics by applying the method to
represent disease-relevant cellular niches for Alzheimer’s disease.

Index Terms—hypergraph, hyperedge, spatial transcriptomics,
representation learning, wavelets, Alzheimer’s disease

I. INTRODUCTION

Graph representation learning methods such as graph em-
bedding [1], graph kernel methods [2], and graph neural net-
works [3]–[5] have significantly improved our ability to model
graph-structured data. However, traditional graphs are limited
in that they only capture pairwise interactions which often
fail to model the higher-order relationships inherent in real-
world data. To address this issue, we consider hypergraphs [6]
that generalize graphs by allowing hyperedges to connect
multiple nodes thus allowing a more flexible representation
of complex data. Despite growing interest in hypergraphs,
research efforts have mainly focused on node-level or graph-
level tasks, while hyperedge representation learning remains
comparatively unexplored [7], [8].

Hyperedge representations are critical in scenarios where
interactions involve more than two nodes. In social networks,
hyperedges can model group interactions, such as multi-user
collaborations or events. In recommendation systems, hyper-
edges can represent group preferences, reflecting collective
influences that go beyond individual choices. Similarly, in
biological networks, they capture complex interactions among
multiple proteins or molecules within pathways. These exam-
ples highlight the importance of hyperedge representations for
modeling the nature of interactions in graph-structured data.

The relevance of hyperedges is particularly pronounced in
spatial transcriptomics [9]–[11], which maps cellular gene
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expression within the spatial context of tissues. Traditional
graph representations often treat cells as nodes and their
interactions as edges, overlooking the broader concept of the
cellular niche, i.e., the neighborhoods in which cells exist
and their interactions with one another. Hyperedges provide
a natural way to model these cellular niches and enhance
understanding of cellular behaviors such as cell growth and
disease progression.

In this work, we introduce hypergraph diffusion wavelets
as a framework for hyperedge representation learning. We
will present the framework and describe its favorable spectral,
spatial, and computational properties. Finally, we apply our
approach to spatial transcriptomics data and demonstrate its
potential to capture complex cellular niches and advance
biomedical discovery.

II. HYPERGRAPH PRELIMINARIES

A. Hypergraph representation

A hypergraph G = (V , E) is a generalized graph in which
generalized edges, referred to as hyperedges, can contain more
than two nodes. That is, V = {v1, . . . , vn} is a collection
of nodes (also called vertices) and E = {e1, . . . , em} is a
collection of subsets V referred to as hyperedges. (In the case
where each hyperedge ej contains exactly two vertices, then
G is equivalent to an ordinary graph.)

Each hypergraph G with n vertices and m edges can be
represented by an n×m incidence matrix H defined by

H[i, j] =

{
1 if vi ∈ ej

0 if vi /∈ ej
. (1)

The degree deg(vi) of a vertex vi is defined to be the number
of ej such that vi ∈ ej , and the degree deg(ej) of a hyperedge
ej is the number of vi ∈ ej (i.e., the cardinality of ej). We let
DV be the n×n diagonal vertex-degree matrix with DV [i, i] =
deg(vi) (and DV [i, j] = 0 if i ̸= j) and let DE denote the
m×m diagonal edge-degree matrix defined similarly. In this
work, we consider unweighted hypergraphs but note that our
methods can be readily extended to the weighted case.

B. Bipartite expansion

The bipartite expansion of a hypergraph G = (V , E), with
|V| = n, |E| = m, is a bipartite graph G̃ = (Ṽ, Ẽ), where the
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vertex set Ṽ = V ∪ E consists of both the vertices and the
hyperedges of the original hypergraph G. The edge set Ẽ of
the expanded graph connects the nodes to their corresponding
hyperedges in the original hypergraph. That is each edge ẽ ∈ Ẽ
has the form ẽ = (v, e) where v ∈ V was a vertex and e ∈ E
was a hyperedge in the original hypergraph G.

Fig. 1. Conceptual illustrations. a. Creation of a hypergraph and the bipartite
expansion. b. Diffusion (Lazy Random Walks) on the expanded graph.

We will let Ã and D̃ denote the (n+m)×(n+m) adjacency
and degree matrices of G̃ and observe that by construction

Ã =

[
0 H

H⊤ 0

]
, D̃ =

[
DV 0
0 DE

]
,

where H, DV , and DE are as in Section II-A.
The corresponding symmetrically normalized graph Lapla-

cian is then given by L̃N = I− D̃
−1

2 ÃD̃
−1

2 . It is known [12]
that L̃N is positive semi-definite and can be factorized as
L̃N = VΩV⊤, where V is the unitary matrix whose columns
are the eigenbasis composed of L̃N ’s eigenvectors and Ω is
the diagonal matrix whose entries are L̃N ’s eigenvalues.

III. METHODS

In this section, we describe an established [13] hypergraph
diffusion operator using the bipartite hypergraph expansion.
We then provide some additional characterization of the spec-
tral properties of this diffusion operator and implementation
details that make it feasible to process large hypergraphs.

A. Hypergraph Diffusion

The graph random walk diffusion operator is defined as:

P̃ = ÃD̃
−1

= I− D̃
1
2 L̃ND̃

−1
2 = D̃

1
2

(
I− L̃N

)
D̃

−1
2

= D̃
1
2V (I−Ω)V⊤D̃

−1
2 . (2)

We may also write the diffusion operator:

P̃ = ÃD̃
−1
=

[
0 H

H⊤ 0

][
D

−1

V 0
0 D

−1

E

]
=

[
0 HD

−1

E
H⊤D

−1

V 0

]

which implies

P̃2 =

[
HD

−1

E H⊤D
−1

V 0
0 H⊤D

−1

V HD
−1

E

]
. (3)

We observe that P̃ is a block diagonal matrix, which is a
consequence of G̃ being bipartite, and let

PH := HD
−1

E H⊤D
−1

V (4)

denote the top left block.
To better understand PH , we note that in the case where

the G is a graph (i.e., each hyperedge contains exactly two
vertices), PH coincides with the transition matrix of a lazy
random walk on the vertices of G. That is,

PH =
1

2
(I+AVD

−1

V ), (5)

where DV and AV are the vertex-degree and vertex-adjacency
matrices of G. To verify this, we note that each edge ej ∈ E,
has degree two and thus HH⊤ = DV +AV . Therefore,

PH = H(
1

2
I)H⊤D

−1

V =
1

2
HH⊤D

−1

V =
1

2

(
I+AVD

−1

V

)
.

Thus, as observed in [13], we may interpret PH as a
hypergraph random walk matrix. In particular, PH describes
the transition probabilities of a walker on the vertices V who
at each step first chooses a random edge e which is incident to
the current vertex v and then chooses a random vertex v′ ∈ e.

To further illustrate the connection between PH and random
walk matrices, we establish the following result.

Proposition 1. The eigenvalues of PH are contained in the
interval [0, 1].

Proof. It is known (see e.g., [12]) that the eigenvalues of L̃N

lie in [0, 2], which implies that I − L̃N has eigenvalues in
[−1, 1]. Since similar matrices have the same eigenvalues, (2)
implies that P̃ has eigenvalues in [−1, 1] and thus P̃2 has
eigenvalues in [0, 1]. The result now follows from (3) since
PH is the upper left block of P̃2.

We also note that similar to traditionally random walks,
hypergraph diffusion is spatially localized. A random walker
can travel at most distance d in d steps of diffusion, where
the hypergraph distance between nodes vi, vj is given by
the minimal number of hyperedges in a path p of the form
p = (vp1

, ep1
, vp2

, ep2
, . . . vpd+1

) with vp1
= vi and vp2

= vj
and we assume vi, vi+1 ∈ ei. However, if the hypergraph G̃
is constructed from a k-hop lifting map (see section IV-A)
applied to a non-hyper graph G0, the receptive field of d steps
of hyper-graph diffusion has length kd on the non-hyper graph
G0. Thus, lifting a graph G0 to a hypergraph G allows for
information to spread more rapidly in space.

B. Hypergraph Diffusion Wavelets

We construct a hypergraph diffusion wavelets bank using
the hypergraph diffusion operator PH defined as in (4).
In particular, these wavelets will be constructed using the
differences of various powers of PH . Given a sequence of



increasing integers s0 ≤ s1 ≤ . . . ≤ sJ , with s0 = 0 and
s1 = 1, which are interpreted as diffusion scales, we define a
hypergraph wavelet filter bank WJ = {Ψi}J−1

i=0 ∪ {ΦJ}:

Ψi = Psi
H −P

si+1

H , ΦJ = PsJ
H ,

and for a signal (function) x : V → R, identified with the vec-
tor x with entries xi = x(vi), we will let WJx = {Ψix}J−1

i=0 ∪
{ΦJx}. These wavelets hence can capture local and global
information. The multi-scale nature of these wavelets can be
tuned by choice of the scale sequence s0, s1, . . . , sJ .

C. Complexity

Compared to other hypergraph signal processing methods,
our approach is fast and memory efficient, therefore making
it amenable to large hypergraphs and datasets. Notably, we
compute the vectors Ψix = Psi

Hx − P
si+1

H x through sparse
matrix-vector multiplications and vector-vector subtractions
(see [14], Section V). Therefore, per signal, the wavelet
transform has complexity O((d̄vn+ d̄em)sJ) where d̄v and d̄e
are the average vertex and hyperedge degree respectively. Thus
there are significant computational savings when compared
with hypergraph signal processing methods which rely on
eigendecomposition or tensor decomposition, and can have
complexity O(n2 + n log(d⋆v − 1)) where d⋆e denotes the
maximum edge degree [15].

IV. MODELING SPATIAL TRANSCRIPTOMICS DATA

Spatial transcriptomics has emerged as a powerful tool for
biomedical discovery, enabling the measurement of spatially-
resolved RNA transcript abundances within tissues [9]–[11].
Given the critical role of spatial organization in biological pro-
cesses, mapping molecular pathways within their native spatial
contexts has driven significant research, as well as diagnostic
and therapeutic advances [16]–[18]. Although techniques for
analyzing spatial transcriptomic data have expanded in recent
years, existing methods still lack the capability to generate
unsupervised multiscale representations of tissue contexts [19],
[20]. Such representations are essential for making meaningful
inferences about the biological implications of coordinated
cellular functions in different samples or conditions [21]–[23].

A. Hypergraph Modeling of Spatial Transcriptomic

Existing graph-based methods for analyzing spatial tran-
scriptomics data utilize cell-cell graphs [24]. In tissues, how-
ever, cells frequently interact with a larger functional unit that
contains more than their adjacent cells [25]. We call this unit
the cellular niche.

The spatial transcriptomics data (X,M, y) consists of the
spatial location matrix X =

(
x
(j)
i

)
n×2

, gene expression

matrix M =
(
c
(k)
i

)
n×q

, where c
(k)
i denotes the expression

level of the k-th gene in the i-th cell, n denotes the number
of cells, and q the number of genes. Additionally, cell type
labels y = (y1, . . . , yn)

⊤ are assumed to be given for each
cell. These may be computed from transcriptional data using
a variety of approaches [26]–[29].

Fig. 2. We represent spatial transcriptomics data as a hypergraph. Physically
proximate collections of cells play functional roles, motivating the use of
hyperedges to represent cellular niches.

In a process illustrated in Figure 2, we begin by constructing
a cell-cell graph G0 = (V0, E0), where the vertices V0 are
the cells. Similar to [24], the edge set E0 is constructed by
first considering the Voronoi decomposition about each of the
cells and then placing edges between pairs of cells whose
regions are physically adjacent. (Alternatively, the cell-cell
graph could be constructed as a k-NN graph or via Delaunay
triangulation [30].) G0 is then lifted into a hypergraph G =
(V , E), where the vertex set V = V0 is still the cells and the
edges are defined via k-hop neighborhoods on G0. That is, the
edges e ∈ E are all the sets of the form e = {w : d(v, w) ≤ k}
for some v ∈ V (where d(v, w) denotes the length of the
shortest path between v and w, with d(v, v) = 0). In practice,
we find that k = 3 provides good representations.

B. Hyperedge Features

Features for the hyperedges are created to incorporate the
available transcriptional, spatial, and cell type information.
As is customary for single-cell analysis, transcriptional in-
formation in the form of normalized, log-transformed gene
expression counts are utilized as a starting point. Within each
hyperedge, we compute the following features:

1) The average of each transformed gene count in the
neighborhood.

2) The correlation between pairs of genes in the hyperedge.
3) The correlation between transformed gene counts and

one step of diffusion applied to transformed counts.
4) Cell type count. Here, three granularities of the cell label

are used: cell type, subclass, and supertype. At each level
of granularity, the counts for each type are summed.

These features allow for the natural incorporation of niche
information. Feature 1 directly captures transcriptional infor-
mation, while Features 2 and 3 provide a sense of coexpression
and spatial localization of genes. Feature 4 makes use of
hierarchical cell type knowledge and provides a high-level
view of neighborhood composition. These features are stored
in a matrix denoted z. This approach is generic, and easily
allows for the incorporation of domain specific knowledge.

C. Hyperedge Representations via Hypergraph Wavelets

To make use of the hyperedge features, we consider the
dual of the hypergraph, denoted G⋆, which is attained by
interchanging the nodes and edges of the hypergraph, so
V⋆ = {e1, . . . , em} and E⋆ = {v1, . . . , vn} with incidence
matrix H⋆ = HT . To get representations for hyperedges
belonging to the original graph, the wavelets are computed



based on G⋆, and the wavelet features WJz are computed as
described in section III-B. WJz is used as the representation
of the cellular niches.

V. RESULTS

We apply our method to the Seattle Alzheimer’s Disease
Brain Cell Atlas (SEA-AD) dataset [31] which contains
MERFISH spatial transcriptomic profiling of tissues from the
middle temporal gyrus of donors at different stages (as defined
by neuropathologic Braak stage) of Alzheimer’s disease. We
find that hyperedge wavelets produce a rich representation of
cellular niches that can capture disease progression, thereby
enabling the identification of disease-relevant cellular niches.1

TABLE I
COMPARISON AMONG UNSUPERVISED METHODS. DIVERSITY IS

MEASURED BY THE VENDI SCORE [32], AND REPRESENTATION QUALITY
IS PROBED BY LOGISTIC REGRESSION TO PREDICT THE BRAAK STAGE.

Diversity Linear Probing

Vendi↑ Accuracy↑ F1↑ AUROC↑

Raw node features 7.32±3.23 0.74±0.004 0.74±0.004 0.90±0.003
Graph wavelets [33] 81.13±16.21 0.96±0.002 0.96±0.002 1.00±0.000
Hypergraph diffusion 8.26±2.69 0.90±0.002 0.90±0.002 0.98±0.001
Graph AutoEncoder 4.10±0.53 0.94±0.003 0.94±0.003 0.99±0.001

Hypergraph wavelets (ours) 22.24±4.81 0.97±0.002 0.97±0.001 1.00±0.001

A. Representational Diversity and Organization

It is desirable that representations of cellular niches reflect
the complex nature of the underlying biology and be repre-
sentative of disease stage. To assess these characteristics, we
compute the Vendi score [32], a diversity metric, and fit a
logistic classification model to predict the Braak stage. We
contextualize the performance of hypergraph wavelet repre-
sentations by comparing it with the transcriptional profiles
of individual cells, graph diffusion wavelets, a graph neural
network based autoencoder, and hypergraph diffusion.

As demonstrated in Table I, hypergraph wavelets produce
representations with a higher diversity than the graph autoen-
coder, one step of hypergraph diffusion, and the direct node
features (transcripts at each node). Graph wavelets produce
a representation with the highest Vendi score. The linear
probing demonstrates that the hypergraph wavelet represen-
tations produce a latent space that is well organized by
disease progression, as it achieves the highest accuracy on the
classification task with an accuracy of 0.97. The improvements
of graph wavelets and hypergraph diffusion over the raw
node features demonstrate the utility of wavelets and higher-
order structures respectively. The two experiments lead us to
hypothesize that hypergraph wavelets strike a useful balance
between representational diversity and organization.

B. Visualizing Disease Progression

In Figure 3, it is demonstrated that cellular niches can
be clustered into niche types with distinct cell compositions.
While these clusters are often spatially organized, it is of

1Our code is available at https://github.com/KrishnaswamyLab/
hypergraph-wavelets.

Fig. 3. A. Hypergraphs clustered over tissue sample. B. PHATE [34] space
colored by spectral clustering. C. Distribution of cell types on each cluster

interest that niches belonging to a cluster can exist across
the tissue. Cellular niche representations from pairs of Braak
stages are visualized together in Figure 4. The cellular niche
representations have overlapping and non-overlapping regions,
demonstrating the existence of shared and unshared cellular
niches between Braak stages, thereby helping to identify
niches that typify each individual Braak stage.

Fig. 4. Visualization of pairs of cellular neighborhood representations derived
from hypergraph wavelets at different Braak stages, projected into two
dimensions using PHATE [34]. Blue points represent cellular neighborhoods at
the Braak stage indicated by the column name, while orange points correspond
to the stage indicated by the row name.

VI. CONCLUSION

Spatially resolved transcriptomics data captures cellular
niches which consist of multiple cells in simultaneous inter-
action. To capture these higher order interactions, we model
the spatial transcriptomics data using a hypergraph.

We propose hypergraph diffusion wavelets to perform ef-
ficient and multiscale signal processing on hypergraphs and
demonstrate its utility by generating biologically meaningful
representations of cellular niches in Alzheimer’s patients.

https://github.com/KrishnaswamyLab/hypergraph-wavelets
https://github.com/KrishnaswamyLab/hypergraph-wavelets
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