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A Lyapunov-Based Cooperative Adaptive Cruise Control Improving
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Abstract— As the transportation industry increasingly shifts
towards electric vehicles (EVs), optimizing energy efficiency
becomes crucial due to EVs’ ongoing range limitations. Adap-
tive Cruise Control (ACC) improves driver comfort and safety
by maintaining a preset speed and adjusting it to keep safe
following distances between EVs. However, ACC tends to be less
efficient and slower to react in traffic compared to Cooperative
Adaptive Cruise Control (CACC), which leverages vehicle-
to-vehicle (V2V) communication for quicker and smoother
traffic flow. Therefore, this paper introduces a novel, prac-
tical, and energy-efficient Lyapunov-based CACC approach
that guarantees safe following distances and facilitates smooth
vehicle platooning for EVs. To address the absence of an
accurate EV model, we initially performed experimental tests
to derive a third-order differential equation representing EV
acceleration dynamics and defined a novel controller for it. The
proposed controller’s performance was then assessed, with an
emphasis on energy efficiency and string stability, through both
simulations and experimental validation.

I. INTRODUCTION

Adaptive cruise control (ACC) known as a key features
of advanced driver assistance systems (ADAS), designed
to automatically adjust the speed of a vehicle to ensure a
safe distance between vehicles. Cooperative adaptive cruise
control (CACC), known as the extension of ACC is made
possible through vehicle-to-vehicle (V2V) communication,
forming a fundamental part of Connected and Autonomous
Vehicles (CAVs) [1]. CACC allows a string of vehicles to fol-
low the lead vehicle with better precision, reduced spacing,
and shorter headway times [2], enabling quicker response
times and fewer speed fluctuations. These improvements in
CACC contribute to enhanced road safety, smoother traffic
flow, and lower energy consumption [3]. These features are
brought to CACC by transmitting data between vehicles.

Various methodologies employed in the literature to design
CACC systems [4-7]. For instance, authors in [4, 5] em-
ployed fractional-order adaptive controllers To design CACC.
In [8], a set of stochastic linear model predictive control
strategies was utilized for CACC. Authors in [7], introduced
a Lyapunov-based controller to mitigate the adverse impacts
of attacks, external disturbances, and measurement noise in
CACC. A critical consideration in CACC design is string sta-
bility, which ensures improved distance attenuation, energy
efficiency, and safety in a vehicle platoon. However, none
of the techniques mentioned above incorporated the analysis
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of string stability as a crucial factor in ensuring both energy
efficiency and robustness.

A string of vehicles is stable if disturbances and fluc-
tuations do not propagate or amplify among downstream
vehicles [9, 10]. Consideration of string stability in CACC
design studied in the literature [11-13]. For example, [11]
proposed a controller design to ensure stability despite
time delays. The work reported in [12] used a dynamic
information-follow topology to address string stability, The
authors in [13] analyzed string stability under potential
jamming attacks. While safety and automation are the main
goals of CACC, energy efficiency is also crucial. However,
none of these designs take energy efficiency into account,
and they also aren’t specifically developed for EVs.

The impact of CACC on increasing energy efficiency or
reducing fuel consumption has been investigated in several
studies [14—17]. For instance, [15] shows that CACC can
lower fuel consumption by minimizing acceleration and
deceleration variations. The effectiveness of CACC in a
mixed traffic scenario with both ACC and CACC-equipped
vehicles is demonstrated in [18], where the authors show
that connectivity-enabled controllers can achieve up to 30%
energy savings. Similarly, [14] introduces a real-time, robust
eco-CACC system that improves fuel efficiency by up to
23.5%, underscoring its potential to enhance energy effi-
ciency. However, while these studies address various aspects
of CACC and string stability, they do not explore how string
stability measures affect energy efficiency in CACC systems,
particularly for EVs.

Since EVs can utilize regenerative braking for increasing
energy efficiency [19], it is necessary to model them differ-
ently from vehicles with internal combustion engines when
designing an energy-efficient controller. In a recent study
[20], an EV model was utilized to ensure string stability,
safety, and energy efficiency in CACC. However, the impact
of string stability on energy efficiency was not thoroughly
analyzed, and a third-order vehicle model was not employed.
Using a third-order vehicle model offers a more accurate
representation of vehicle dynamics in CACC. Although [21]
conducted its analysis using a third-order model, it did not
address energy efficiency. Similarly, while the experimental
study in [22] used a third-order EV model to assess CACC
performance and string stability, energy efficiency was not
considered. None of the aforementioned studies explored the
integration of a practical EV model in system modeling,
nor did they provide a Lyapunov-based CACC approach.
Furthermore, the effect of string stability on energy efficiency
remains unexamined in the literature.
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In this work, we designed a novel Lyapunov-based CACC
system to ensure safety, string stability, and energy efficiency
for EVs, considering disturbances and noise. We evaluated
the system’s performance in both simulations and real-world
tests, demonstrating its effectiveness in reducing energy
consumption compared to other controllers.

In this paper, the following key contributions presented: (i)
Proposing a realistic third-order differential equation model
for an EV based on experimental data; (ii) Designing a
Lyapunov-based CACC that is easy to implement, robust to
external noise and disturbances, enhances energy efficiency,
and operates with lower controller gains; (iii) Analyzing the
time-domain string stability of the proposed CACC and ver-
ifying its advantages through simulations and experiments;
(iv) Demonstrating improved energy efficiency by evaluating
the impact of string stability on energy consumption.

The layout of this paper structured as: Section II introduces
the mathematical model of CACC. Section III outlines the
problem statement. The proposed solution is detailed in Sec-
tion IV and the stability analysis of the proposed controller
in Section V. Section VI delivers the results, starting with the
experimental analysis for identifying the EV model, followed
by evaluations of the proposed CACC’s ability to maintain
safe and stable distances. Then we presented string stability
measure analysis and analysis of total energy consumption.
Finally, Section VII provides the conclusion.

II. MATHEMATICAL MODEL OF CACC

The schematic of a string of vehicles in a CACC string is
shown in Figure 1. For simplicity in the analysis, all vehicles
are assumed to be homogeneous. The i*" vehicle dynamic
model, which came from experimental analysis, modeled as

(t) = i),

i(t) = ai(t), (1
ai(t) = —pia;i(t) + giwi(t) + di(t) + 65(t),
where i € {1,...,n} represents the follower vehicle number,

in which n representing the total number of vehicles in the
string, and the ¢ — 1 denoting the lead vehicle. Additionally,
x;, Vi, a;, u; € R represent the position, speed, acceleration,
and control input, respectively. Furthermore, d;(t) € R is the
external disturbance, and 6;(t) € R represents measurement
noise. The parameters p;, ¢; € RT, with RT defined as R >
0, are constants identified through experimental analysis, as
explained in Section VI

Assumption 1. We are assuming that the disturbance is
continuous and bounded within a known range. Therefore,
we can expect ||d;(t)|| < du, ||di—1(t)|| < dz, and ||d;(2)|] <
d},, where d}ﬂjg, (i3 € RT.

Assumption 2. We are assuming that the measurement noise
is continuous and bounded within a known range that we can
expect that [|0;(¢)|| < 01, [[0;—1(t)|| < 02 and [[0;(2)]] < 05
where 91,92, 05 € Rt [23].
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Fig. 1: Illustration of a string of vehicles equipped with
CACC.

III. PROBLEM STATEMENT

The CACC platoon, as shown in Figure 1, is assumed to
use V2V communication to transmit each vehicle’s accelera-
tion command, u;(t), to its follower, which may be affected
by measurement noise, 6;(¢). The transmission of the accel-
eration command has been shown to improve both the energy
efficiency and the safety of CACC [3]. The vehicle onboard
sensors can measure each vehicle acceleration, velocity error,
and acceleration error between vehicles. In this section, we
are proposing three main objectives for the proposed CACC.

A. Safety

The key objective of the controller design is to maintain
a safe distance between vehicles, even in the presence of
measurement noise and disturbances. Therefore, the error
between desired spacing and actual spacing should remain
within a safe range.

B. String Stability

An ideal CACC is responsible for string stability, par-
ticularly focusing on the amplification of oscillations down
to the string of following vehicles. These oscillations can
arise in various contexts, including speed or acceleration
errors. According to [24, 25], speed error is a more relevant
criterion for assessing string stability. We discuss a method
for evaluating the string stability of the proposed CACC and
assess its performance through simulation.

C. Energy Efficiency

The CACC must be designed to minimize total energy
consumption. Although no direct relationship exists between
controller parameters and energy efficiency [19], the de-
signed controller should be verified in terms of its energy
performance. Energy efficiency can be evaluated based on the
total energy expenditure of each EV in a scenario involving
a string of vehicles. Therefore, the third objective is to
demonstrate that the proposed method can decrease energy
consumption.

IV. PROPOSED SOLUTION

To quantify the performance of the proposed CACC, we
propose the following error signals, auxiliary error signals,
and their derivatives.
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A. Error Signals
The distance error as the first error signal, defined as

5i(t) eR as
(52(t) = xi,l(t) — xl(t) —

where L; € R is the length of the i‘" vehicle. Additionally,
the desired distance between the i*" follower and its leader
is defined as

L, 2

84, (t) & K1 + Kavi(t), 3)

where dg4,(t) € R represents the desired distance between
vehicles, «;1 is the standstill distance (a constant), and Ko
is the headway time. Therefore, the distance error e;
[to,00) — R is defined as

ei(t) £ i(t) — da, (1). S

The following error signals are introduced to facilitate
stability analysis

e (1) £ ei(t),
€iy (t) £ €4y (t)’ o)
Cig (t) = éiz (t)a
considering (5) and (4), and since ¥; = a;, therefore
€ig (t) = 1’7_1(t) - I’v(t) - /ﬁlgal(t) (6)
Using (4), (5) we can write
Cig(t) = &1 (t) — T5(t) — k2 V74(1), (7N

using (1) and noting that v’; = a;, we obtain
€iy(t) = — pic1ai—1(t) + Pi—1ui—1(t)
+ piai(t) — diui(t)
— Ka(—piai(t) + giti(t)) ®)
+di—1(t) +0;i-1(2)
— (K2(di(t> + 91(25)) +d;(t) + ei(t)).
By defining
Ql(t) édi_l(t) =+ Gi_l(t)
— (H2(Czi(t) + 91(1?)) +d;(t) + Qi(t)),
we can rewrite (8) as
€is(t) =¢i—1ui—1(t) — di(rati(t) + u;(t))

— pi-1ai—1(t) — ai(t)

+ Kapiai(t) — radsu;(t)] + Qi(t),
with further simplifications and considering (1), a;,—1 =
T;—1, and a; = &;, we can write (10) as

€iy (1) =¢i—1ui—1(t) — di(kawi(t) + ui(t))
= pi—1(Fi—1(t) — #(t) — K2(asi(t)))
+ Qi (t)’
using (6), yields (11) as
€ig(t) =Pi—1ui—1(t) — @i(k21i(t) + ui(t))
— pic1ei, () + Qi(t),

©))

(10)

(1)

12)

with defining P; £ kot; + u;, wWe can write
€iy(t) = — pi—1€i5(t) — $i P5(2)
+ di—1ui—1(t) + Qi(2).
Remark 1. Using Assumptions 1, and 2, we can demonstrate

that [[€2;(t)]| bounded and we can show that ||Q;(¢)|] < €,
where €; € R is a positive known constant.

13)

To facilitate the design process and stability analysis, two
auxiliary error signals ;, € R and r;, € R are defined as

{nxwéaxw+mmhm,

ran(6) £ 4, (1) + vy, (1), (1

where o;,, o4, € R* are known gains, and the method
for selecting these gains is introduced in the next section.
Additionally, for simplicity of notation, ¢ is omitted in the
equations of the following sections.

B. Control Design

Using the defined error signals,we proposed a nonlinear
CACC framework based on Lyapunov stability theory. There-
fore, the control signal for P; is derived through the stability
analysis outlined in Section V as

oz?l G, + ozil]
®i
oy, o, + 1]
bi

P, = €, [Kiailaiz +

+ €, [Kiail + K,a;, + (15)

Qi O, + 1]

b ’
where K; € R is a user-specified gain. Deriving the control
signal, u;, from the definition of P; and considering (15) as
the method for calculating P;, we can derive the closed loop
system which will be used in the stability analysis. To do
this, by taking the time derivative of the position error in
(14) we can write

+ 61‘3 [Kl +

(16)

Ciy = Tip = Q4 €4y,

time derivative of auxiliary errors from (14) are obtained as

Tiy = Tiy = Qi Ty, (17
Tiy = T4, + Qy T4,
using (14) and (5) in (17) yields
Tiy = (€iy + Qi €iy) + iy (€4, + 0 €5)), (18)

and substituting (17), yields
. . 2
Tiy = €5 T Qi €45 + Qp€iy + Quy 0, Ty — iy €515 (19)

substituting é;, from (13) and further simplification yields

iy =iz (—pic1 + iy + iy) — Qi Py + di1ui

(20)
+ iy — aad e + (),
with using P; from (15) we can write
Tiy, = —Kigiriy, — iy + Qi(t). 20
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The proposed controller ensures a safe distance between
vehicles by selecting appropriate gains. Using a third-order
model, we directly control acceleration, expecting to result
in improved energy efficiency.

C. String Stability Analysis

To address the string stability objective and quantify it,
the system is considered string stable if and only if

1Gillm < [1Gi=1llm;

where (;,(;—1 € R represents the evaluation signal which
can be distance error, speed, or acceleration, for the i-th
vehicle and its leader, with ||.||,, denoting the m-th norm of
the signal. As discussed in Section III, the evaluation signal
in this study is based on speed. Therefore, the Ho norm of
the string stability criterion, ||A;||2 € R, is defined as:

(22)

[[vill2

Aillo = ———.
H Z||2 ||(Ui71||2

(23)
Considering inequality (22), we can write string stability
condition as

[|[Ail]2 <1, (24)

where 2 < ¢ < n. Thus, to ensure string stability, it is
sufficient to verify this condition for all vehicles in the string,
ensuring that fluctuations in upstream traffic do not propagate
through the string, which benefits both energy efficiency and
traffic flow.

V. STABILITY ANALYSIS
let z; € R3 be

A

2 2 el T

T
il’ril’

i2

]. (25)

Let the following be the sufficient conditions for the
stability analysis

[e e

1
251 ’

i

€1,

(i, > 5t > (26)

;> ——
YT 2e9,;
where €1, € R* denotes a positive known constant. Also,
let consider v; £ min {oy,, as,, ;i }.

Theorem 1. For the dynamic system introduced in (1),
the controller given in (15) ensures semi-globally uniformly
ultimately bounded (UUB) of the tracking error such that

£2;
2

Proof: Let V; € R? be a positive definite, continuously
differentiable Lyapunov function defined as

Q.

Jim sup||=:(1)]| < @)

1 1 1
Vi = 56?1 + §r§1 + 57«?2, (28)
Defining A;,, Aj, € R as
iy =
€1 1 1
—ai, + 5 gy + o, o— — Kigi ¢, (29
max{ o, + 5 « +251i 2%, QS} (29)
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E9. —

The function V; in (28) is a bounded Lyapunov candidate
function, such that

A (30)

12

Xil S ‘/Z S Xi27

i A 22X
where, x;, Ail ,and xg, =

To prove Theorem 1, we first take the time derivative of
the Lyapunov function, (28), which gives

€1y

L

Vi = €, i, + Ty Ty + TiyTiy, (32)

using time derivatives of all errors in (16), (17), and (21) we
have
‘./i =€j, (ril - Qg eil) + 7y (Ti2 - aizrh)
+ 13y (= Kigiri, — iy + ),

simplification of (33) gives

(33)

Vi = —ai,rf, — Koiry, — i€}, + eqriy ++73,%, (34)
the following inequality can be held for (34) as
: 2 2 2
Vi < = aiy |Iri, [I7 = Kidhi [|riz |” — iy [le, ||
+ Nl [Hlri Il 4 {7y [ 16211 -

Young’s Inequality is employed to handle specific terms in
(35), and by using Remark 1 we can conclude

(35)

1 2, €y 2
llea o |l < 5— llea|I” + Tl
261, 2
. i ) s (36)
([, [ 11€2:]] < EH%II + 5,
using (36), the inequality in (35) can be written as
. 2 2 2
Vi < =, [|ri |7 = Kidbi i, |7 — iy lles, ||

1 2 €1, 2 1 2 €2, 72

— lle =i 5— i €27

g e+ e P gl + 15
(37)

Simplifying (37) results
y €1, 2 1 2
V <(=ai, + 55) Ira 17 + (—au, + o—) [lea ||
2 2¢eq,
1 2 €2 mp ‘ (38)
(g~ K60 Il + 50
Satisfying the sufficient conditions in (26) yields

Vi < =, Izl + A, (39)

Given that the Lyapunov candidate function in (28) is
bounded according to the inequality in (31), the inequality in
(39) is upper-bounded and can be used to calculate the upper
bound expressed in (27). Based on this, we can show By
designing the controller is derived from (15), z; is bounded,
which ultimately leads to e;,,r;,,7;, belong to the space
Lo, which means they remain bounded for all time.

VI. RESULTS

In the results section, we first present the EV model
derivation, followed by simulation and experimental results
assessing CACC performance. We then evaluate the string
stability and energy efficiency of the proposed controller.
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Fig. 2: The EV is used for experimental analysis.

A. Vehicle Model Through Experimental Analysis

To provide an accurate and realistic EV model, the transfer
function obtained through experiments using the a Mustang
Mach-E (Figure 2). The desired acceleration sent as com-
mand, and the actual acceleration measured with the vehicle
on-board sensors.

Therefore, considering the vehicle’s longitudinal dynamics
as a first-order system, the transfer function is

Ti(s) = %7 (40)

where p; £ L, with 7, € R as the vehicle time constant,

and ¢; € R can be found as

(41)

where a;,, € R is the steady-state measured acceleration,
and u;,, € R is the steady-state desired acceleration. We
repeated the test 25 times with varying acceleration com-
mands ranging from 0.1 m/s? to 1 m/s?. The average of
all measured accelerations, scaled to unit acceleration for
averaging, shown in Figure 3. Based on Figure 3, the first-
order transfer function model of the vehicle is

0.73779

Ti(s) = — 209 42
(%) = $770.6008 (42)

1.2
1
<
2 el
é .
[
L2 o6}
©
o
8 o04r
Qo -
< — Step input
o2rf === Mean value from experiment
- = = Smooth data with small window
oLt — Smooth data with large window

10
Time (Sec)

15 20

Fig. 3: Obtained experimental step response for acceleration.
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Fig. 4: Desired acceleration input for the lead vehicle in the
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Speed (m/s)

Leader

- = —First Follower
Second Follower
Third Follower

—Fourth Follower

- - -Leader
——Follower

80

40
Time (Sec) Time (Sec)

(@ (b)

Fig. 5: Speed profiles for CACC evaluation: (a) Simulation
with 4 followers, (b) Experimental result for leader and first
follower.
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B. CACC Performance Evaluation

The controller was tested in both simulations and ex-
periments. To assess its safety measures, the vehicle string
subjected to a sudden acceleration command change of the
lead vehicle from 0 to 1.5 m/s?, followed by a rapid
decrease to zero within 5 seconds, as shown in Figure 4.

Testing different headway times showed that 0.5 seconds
is the minimum needed to ensure minimal fluctuation among
followers. The speed profile of the leader and all four
followers in the simulation environment shown in figure 5.a.
As depicted, The designed controller compensates for speed
and acceleration changes without introducing fluctuations
within five vehicles. To verify, we conducted an experimental
test using the same EV introduced in Section VI-A as the first
follower. The speed comparison between the first follower
and the leader is shown in Figure 5.b, with experimental re-
sults consistent with simulations. The root mean square error
(RMSE) for the position is provided in Table I. However, the
RMSE presented in Table I demonstrates the effectiveness
of the designed controller in the experiment. The difference
between simulation and experimental RMSE arises from

TABLE I: Average of position RMSE in CACC performance
evaluation.

Configuration Position RMSE
Simulation, 0.0632
Experiment, 0.8545
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Fig. 6: Desired acceleration of the lead vehicle for energy
efficiency and string stability tests.
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Fig. 8: Comparison of time-domain string stability criteria
between the proposed and baseline controllers.
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Fig. 7: Simulation results of speed profiles for a string of five
vehicles with (a) The baseline controller. (b) The proposed
controller.

limitations in practical implementation and measurement
constraints, yet it remains within an acceptable range for
experiments.

C. Energy Efficiency and String Stability Evaluation

A drive cycle for the lead vehicle, shown in Figure 6, was
used to evaluate the proposed controller’s impact on energy
efficiency and string stability. The cycle is based on the
ECE-15 drive cycle, known for assessing energy efficiency
under demanding conditions [26]. The standard drive cycle is
modified to test both high- and low-speed segments, making
it suitable for CACC testing, especially for EVs benefiting
from regenerative braking systems. This setup allows for a
comprehensive assessment of energy efficiency and string
stability under varied driving conditions.

A baseline PID-based CACC was used to compare the
designed controller’s effects on string stability and energy
efficiency. A combination of simulations and experiments
was employed to assess both metrics. The comparison of the
speed profiles of five vehicles in the simulation environment
is shown in Figure 7, demonstrating how the proposed
controller can reduce speed fluctuations.

String stability was analyzed for both controllers, as shown
in Figure 8. In the proposed controller, the string stability
criteria decrease along the vehicle string, while the baseline
controller shows an increase, demonstrating that a controller
designed to minimize all errors (e;,, €;,, €;,) is more effec-
tive in enhancing string stability than one focused only on
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Fig. 9: Results of speed profiles for a string of five vehicles
in the experiment with (a) The baseline controller. (b) The
proposed controller.

eliminating distance error, e;;, .

In the experimental setup, the first four vehicles modeled
in the simulated environment, while the the fifth vehicle in
the string was the experimental EV described in Section
VI-A, which shaped the vehicle-in-the-loop setup. The com-
parison of speed profiles for five vehicles in the combined
simulation and experimental environment is shown in Figure
9, demonstrating how the proposed controller reduces speed
fluctuations, as verified by experimental results for the last
vehicle in the string.

Power data was collected in experiments to evaluate
energy consumption where the real EV was used as the
last vehicle in a string of five, with both the proposed and
baseline controllers. Figure 10 shows this comparison.

Baseline Controller
10 —The proposed Controller

Power (kW)

0 50 100 150
Time (Sec)

Fig. 10: Comparison of power EV power data between the
proposed controller and the baseline controller.
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The comparison between total energy consumption and
time-domain string stability criteria for both controllers is
shown in Table II. The results demonstrate how our con-
troller’s improved string stability reduces energy consump-
tion by up to 39%.

TABLE II: Comparison of average time-domain string sta-
bility criteria and total energy consumption between the
proposed and baseline controllers

Average time-domain
string stability criteria
0.9921
0.9925

Overall energy
consumed (KJ)
403.03
671.17

Controller

Proposed controller
Baseline controller

VII. CONCLUSION

In this paper, we proposed a practical Lyapunov-based
control method to increase the energy efficiency of the CACC
algorithm. We demonstrated that the controller effectively
stabilized a string of vehicles in both simulations and experi-
ments. This work presented a practical approach to designing
a CACC.

We showed that employing Lyapunov stability to ensure
that distance, velocity, and acceleration errors converged to
zero together, even in the presence of noise and disturbances,
improved string stability, enabled smoother speed transitions,
and increased energy efficiency. These benefits are partic-
ularly important for EVs, where smooth driving improves
the effectiveness of regenerative braking, leading to higher
energy efficiency.
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