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:arspVbs
Vd oqnud knvdq antmcr nm sgd cdmrhsx ne qdftk]q lhmhl]k bnmdr ne chldmrhnm kdrr sg]m rdudm oqnuhcdc sgd
bnlokdldmsr ne sgd bnmdr ]qd snonknfhb]kkx mnmsqhuh]k-

Anmsdmsr
0 Hmspnctbshnm 0
1 Lnmnsnmd dwoVmcdp finvr 3
2 SnonknfhbVk bgVmfd ne lnmnsnmd dwoVmcdp finvr Vmc dmspnox 5
3 Cdmrhsx ne lhmhlVk bnmdr 02
: Dwokhbhs cdmrhshdr Vmc dmspnohdr 05
Pdedpdmbdr 06

0 Hmspnctbshnm
Hm sghr o]odq+ vd oqnud md]qkx rg]qo knvdq antmcr nm sgd cdmrhsx ne bdqs]hm lhmhl]k bnmdr ne chldmrhnm
kdrr sg]m 6- Qdb]kk+ ] qdftkWq lhmhlWk bnmd hm �!/0 hr ] bnmd+ A+ vhsg udqsdw ]s sgd nqhfhm . rtbg sg]s
A | !.{ hr ] mnmdlosx rlnnsg lhmhl]k gxodqrtqe]bd ’ sg]s hr+ hsr ld]m btqu]stqd hr dpt]k sn / ]s ]kk
onhmsr- Vgdm ! ≤ 1+ ] qdftk]q bnmd hr lhmhl]k he ]mc nmkx he hsr ]rrnbh]sdc u]qhenkc hr rs]shnm]qx enq ]qd]
ats sghr hr mns mdbdrr]qhkx sgd b]rd vgdm ! ≠ 0- Sgd cdmrhsx+ �+A(+ ne A ]s . hr cd~mdc sn ad

�+A( ≠
E! +A ∪ "!/0

0 +.((
#!

≠
E! +A ∪ "!/0

" +.((
#!$!

. $ < /. %0-0(

vgdqd "!/0
" +.( hr sgd nodm a]kk hm �!/0 bdmsdqdc ]s . vhsg q]chtr Q+ #! ≠ }"!

0 +.( } hr sgd unktld ne
sgd tmhs m,a]kk hm �!+ ]mc E! hr sgd m,chldmrhnm]k G]trcnq¯ ld]rtqd- Sgd toodq rdlh,bnmshmthsx ne
cdmrhsx enq rs]shnm]qx u]qhenkcr hlokhdr sg]s vgdm A hr ]rrnbh]sdc sn ] rs]shnm]qx u]qhenkc %d-f-+ ! ≤ 1(+
�+A( ≤ 0 ]mc rs]mc]qc chldmrhnm qdctbshnm ]qftldmsr dmrtqd dpt]khsx nbbtqr nmkx vgdm A hr sqhuh]k
%h-d-+ ] gxodqok]md(- @kk]qc‘r qdftk]qhsx sgdnqdl Z0[ hlokhdr sg]s sgdqd dwhrs bnmrs]msr % +!( < / rn sg]s he

§ Sgd @tsgnq%r(+ 1/14- Otakhrgdc ax B]laqhcfd Tmhudqrhsx Oqdrr- Sghr hr ]m Nodm @bbdrr ]qshbkd+ chrsqhatsdc tmcdq sgd sdqlr ne sgd Bqd]shud
Bnllnmr @ssqhatshnm khbdmbd %gssor9..bqd]shudbnllnmr-nqf.khbdmrdr.ax.3-/(+ vghbg odqlhsr tmqdrsqhbsdc qd,trd+ chrsqhatshnm ]mc qdoqnctbshnm+
oqnuhcdc sgd nqhfhm]k ]qshbkd hr oqnodqkx bhsdc-
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1 I- Adqmrsdhm Wmc K- VWmf

A hr ] mnm,fi]s qdftk]q lhmhl]k bnmd+ sgdm �+A( ≤ 0 / % +!(- Hm Z04[+ Bgdmf’Kh’W]t fhud ]m dwokhbhs+ ats
udqx qntfg+ knvdq antmc enq % +!( ’ rdd @oodmchw @-
Enkknvhmf Bnkchmf’Lhmhbnyyh Z05[+ sgd dmsqnox ne ] gxodqrtqe]bd Π ≈ �!/0 hr

&+Π( ≠ rto
w/∞�!/0 .#/</

+3'(/(] !
1

!
Π

)
] }w]w/ }1

3"/ *E!+ %0-1(

Adb]trd ] qdftk]q rs]shnm]qx bnmd+ A+ l]x ad sgntfgs ne ]r ]m dsdqm]k vd]j ld]m btqu]stqd finv+
Gthrjdm‘r lnmnsnmhbhsx enqltk] Z13+ 2/[ hlokhdr sg]s &+A( ≠ �+A(- Khjdvhrd+ sgd dmsqnox ne ] qntmc
j,rogdqd+ R$ ≈ �$/0 dpt]kr sgd F]trrh]m cdmrhsx ne sgd rdke,rhlhk]qkx rgqhmjhmf R$ ]s hsr bdmsdq Z05[-
Sgtr+ ax Rsnmd‘r bnlots]shnm Z26+ @oodmchw @[+

1 ≠ &+R/( < &+R0( < &+R1( < &+R2( < � � � ⊂
\
1+ %0-2(

Hm Z21+ Sgdnqdl 0×[+ Hkl]mdm’Vghsd trdc ld]m btqu]stqd finv ]mc sgd dwhrsdmbd ne sgd G]qcs’Rhlnm
enkh]shnm Z08[ sn rgnv sg]s he A hr ] qdftk]q ]qd],lhmhlhyhmf bnmd sg]s hr snonknfhb]kkx mnmsqhuh]k+ sgdm
�+A( ≤ &+R!]0( <

\
1- Sgdqd ]qd mn mnm,fi]s ]qd],lhmhlhyhmf bnmdr vgdm ! ⊆ 5+ ]mc rn sgdhq sgdnqdl

cndr mns ]ookx hm sgdrd chldmrhnmr- Gnvdudq+ trhmf ] ch¯dqdms ]qftldms hmrohqdc ax Z8[+ vd nas]hm
sgd r]ld knvdq antmc enq ]mx snonknfhb]kkx mnmsqhuh]k qdftk]q lhmhl]k bnmdr hm oqdbhrdkx sghr q]mfd ne
chldmrhnmr-

Sgdnpdl 0 0 Enq ! ⊆ 5) kds A ad W qdftkWq lhmhlWk bnmd hm �!/0- Ge Ws kdWrs nmd ne sgd bnlonmdmsr ne
�!/0 | A hr mns bnmsqWbshakd) sgdm

�+A( ≤ &+R!]0( <
\
1+

Sghr o]qsh]kkx ]mrvdqr ] ptdrshnm q]hrdc hm Z21+ –4+ Oqnakdl 0[- Trhmf sgd r]ld ldsgnc snfdsgdq vhsg
vnqj ne Vghsd Z30[+ vd ]krn rgnv sg]s tmcdq rsqnmfdq snonknfhb]k gxonsgdrdr nmd nas]hmr ] adssdq knvdq
antmc-

Sgdnpdl 0 1 Enq 1 ⊆ ! ⊆ 5) kds A ad W qdftkWq lhmhlWk bnmd hm �!/0- Ge Ws kdWrs nmd ne sgd bnlonmdmsr
ne �!/0 | A hr mns W gnlnknfx aWkk) sgdm

�+A( ≤ &+R!]1( <
\
1+

Hm udqx knv chldmrhnmr+ sgdrd antmcr ]qd sqhuh]k- Hmcddc+ ] qdftk]q lhmhl]k bnmd hm �1 hr sgd tmhnm
ne � ne q]xr a]rdc ]s . ]mc g]r cdmrhsx �

1 : gnvdudq+ sgd ]rrnbh]sdc u]qhenkc hr mns rs]shnm]qx tmkdrr ]
a]k]mbhmf bnmchshnm hr r]shr~dc- Hm o]qshbtk]q+ dudqx bnlonmdms ne sgd bnlokdldms ne ] qdftk]q lhmhl]k
bnmd hr bnmsq]bshakd+ ]mc rn Sgdnqdl 0-0 hr u]btntr- Vd nardqud sg]s vgdm rtbg ] bnmd hr rs]shnm]qx
hsr dmsqnox hr �

1 + ats l]x ad ghfgdq hm fdmdq]k- Hm o]qshbtk]q+ sgd knvdrs cdmrhsx ne ] mnmsqhuh]k rs]shnm]qx
bnmd hm �1 hr 21 - Lnqdnudq+ � hr dudm he ]mc nmkx he sgd ]rrnbh]sdc u]qhenkc hr bxbkhb lnc 1 ’ ] bnmchshnm
]tsnl]shb]kkx r]shr~dc ax ]mx qdftk]q lhmhl]k bnmd hm ghfgdq chldmrhnmr- Gdmbd+ sgd knvdrs dmsqnox ne
] mnmsqhuh]k rs]shnm]qx ]mc bxbkhb lnc 1 bnmd hm �1 hr &+R/( ≠ 1-
Khjdvhrd+ hm �2+ sgd nmkx qdftk]q lhmhl]k bnmdr ]qd ok]mdr adb]trd fqd]s bhqbkdr ]qd sgd nmkx bknrdc

fdncdrhbr hm R1- Sgtr+ Sgdnqdlr 0-0 ]mc 0-1 ]qd ]f]hm ansg u]btntr- Vhsghm sgd k]qfdq bk]rr ne mnmsqhuh]k
rs]shnm]qx bnmdr hm �2+ nmd qd]chkx rddr sg]s sgd cdmrhsx hr antmcdc adknv ax 21 + vghbg hr fhudm ax sgd
tmhnm ne sgqdd g]ke,ok]mdr ]mc ax 1 vgdm sgd bnmdr ]qd ]krn bxbkhb lnc 1- Hm ]cchshnm+ sgd bnmd nudq
sgd dcfdr ne ] qdftk]q sdsq]gdcqnm hr ] rs]shnm]qx bnmd vhsg cdmrhsx kxhmf hm + 21 . 1(- Hm e]bs+ sgdqd ]qd mn
nsgdq mnmsqhuh]k rs]shnm]qx bnmdr vhsg cdmrhsx adknv 1 ’ rdd Z24+ Kdll] @-1[ vgdqd sgd ]tsgnqr ]krn
bnlotsd sgd cdmrhshdr ne sgd bnmdr nudq ]kk sgd fdncdrhb mdsr hm R1 ’ rdd Z10+ 27[-
Hm sgd ~qrs mnmsqhuh]k chldmrhnm+ �3+ sgd bk]rrh~b]shnm ne rtqe]bdr ]mc @kdw]mcdq‘r sgdnqdl dmrtqd

sg]s sgd gxonsgdrdr ne Sgdnqdlr 0-0 ]mc 0-1 ]qd ansg dpthu]kdms sn sgd gxonsgdrhr sg]s sgd khmj ne sgd
bnmd g]r onrhshud fdmtr+ ]mc rn+ hm sghr chldmrhnm+ Sgdnqdl 0-1 hlokhdr Sgdnqdl 0-0- Vgdm ! ≤ 3+
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Enqtl ne LWsgdlWshbr) RhflW 2

sgdqd dwhrs gnlnknfx a]kkr sg]s ]qd mns bnmsq]bshakd+ ]mc rn sgd gxonsgdrdr ne Sgdnqdl 0-0 ]qd fdmthmdkx
vd]jdq sg]m sgnrd ne Sgdnqdl 0-1- Hm Z14+ 15+ 16+ 17[+ sgdqd ]qd l]mx dw]lokdr ne mnmsqhuh]k qdftk]q
lhmhl]k bnmdr vgnrd khmjr ]qd snonknfhb]k rogdqdr- Gnvdudq+ sgd ]tsgnqr ]qd tm]v]qd ne ]mx dw]lokd
ne ] qdftk]q lhmhl]k bnmd vgnrd khmj antmcr ] gnlnknfx a]kk ats mns ] gnlnsnox a]kk-
Hkl]mdm’Vghsd Z21+ Sgdnqdl 1[ ]krn oqnudc sg]s fhudm ] qdftk]q ]qd],lhmhlhyhmf bnmd+ he nmd ne sgd

bnlonmdmsr ne sgd bnlokdldms ne sgd bnmd g]r mnmsqhuh]k j,sg gnlnsnox fqnto+ sgdm sgd cdmrhsx ne sgd
bnmd ]s . hr fqd]sdq sg]m nq dpt]k sn &+R$ (- Ax Sgdnqdl 0-1+ sghr qdrtks hr ]krn sqtd enq qdftk]q lhmhl]k
bnmdr hm �3+ ats hr rsqnmfdq sg]m vg]s vd ]qd ]akd sn rgnv vgdm 3 ⊆ ! ⊆ 5+ ]mc hs rddlr sg]s dwsdmchmf
sghr qdrtks sn mnm,]qd] lhmhlhyhmf bnmdr qdl]hmr ]m nodm oqnakdl- Vd qdl]qj sg]s+ hm ghr sgdrhr Z32[+
Ygt v]r ]akd sn nas]hm mnmsqhuh]k antmcr tmcdq sgd vd]jdrs onrrhakd snonknfhb]k gxonsgdrdr- M]ldkx+
hs hr ] rhlokd bnmrdptdmbd ne Z32+ Bnqnkk]qx 1-1[ sg]s he A hr ] m,chldmrhnm]k qdftk]q lhmhl]k bnmd
vgnrd khmj hr mns hrnsnohb sn sgd rs]mc]qc rogdqd+ sgdm �+A( ≤ %+R!]1(

%+R!]0( < 0- Vgdm ! ≤ 3+ sgd snonknfhb]k
gxonsgdrdr ne Sgdnqdl 0-1 ]qd nmkx dmntfg sn dmrtqd sgd khmj hr mns ] gnlnknfx rogdqd- Gnvdudq+ sgd
vd]jdq snonknfhb]k gxonsgdrhr hm Ygt‘r vnqj kd]cr sn ] vnqrd knvdq antmc nm cdmrhsx ’ rdd @oodmchw @-
Sgd cdmrhsx antmcr ne Sgdnqdlr 0-0 ]mc 0-1 ]qd oqna]akx mns rg]qo enq bnmdr ne ] fhudm chldmrhnm

ats b]mmns ad hloqnudc ax ltbg- Enq onrhshud hmsdfdqr k ]mc l+ kds

A&.' ≠
)

+x. y( ∞ �&/0 · �'/0 9 , }x}1 ≠ - }y}1
{
≈ �&/'/1

ad sgd e]lhkx ne fdmdq]khydc Rhlnmr‘ bnmdr- Nmd qd]chkx bnlotsdr ’ rdd @oodmchw @ ’ sg]s �+A0.0( ≠
'∇1 * 0+46- Hm e]bs+ ax L]qptdr’Mdudr‘ oqnne ne sgd Vhkklnqd bnmidbstqd+ sg]s hr+ Z22+ Sgdnqdl A[+
]mc @klfqdm‘r sgdnqdl Z1[ sghr hr sgd rg]qo knvdq antmc enq ]mx mnm,fi]s qdftk]q lhmhl]k bnmdr hm �3-
Ax bnlo]qhrnm+ sgd antmc bnlhmf eqnl Sgdnqdl 0-1 hr &+R0( ≠

\
1'∇) * 0+41- Sgtr+ sgd knvdq antmc

eqnl Sgdnqdl 0-1 hr nmkx ]ants 2 knvdq sg]m sgd rg]qo antmc- Khjdvhrd+ enq 3 ⊆ ! ⊆ 5 ]mc . ≠ !]0
1 +

sgd bnmd A ∩(,. -(. l]whlhydr cdmrhsx ]lnmf sgd A&.' vhsg , / - ≠ ! ] 0+ ]mc hsr bnlokdldms bnms]hmr ]
bnlonmdms sg]s hr mns ] gnlnknfx a]kk ]mc rn ]krn mns bnmsq]bshakd- Hs hr qd]chkx bgdbjdc sg]s sgd cdmrhsx
ne A ∩(,. -(. ]s . hr ]ants 2 ’4 ghfgdq sg]m sgd knvdq antmcr eqnl Sgdnqdlr 0-0 ]mc 0-1- Hmcddc+
rhmbd �+A&.'( ⊂ &+R&( ]r , ⊂ ′+ sgd antmcr &+R!]0( ]mc &+R!]1( ne Sgdnqdlr 0-0 ]mc 0-1 l]x ad
sgd adrs onrrhakd sg]s ]qd hmcdodmcdms ne chldmrhnm- Rhlhk]qkx+ �+A&.'( ⊂

\
1 ]r ,. - ⊂ ′- @bbnqchmf

sn Z21[+
\
1 v]r bnmidbstqdc ax A- Rnknlnm sn ad sgd noshl]k knvdq antmc nm sgd cdmrhsx ne mnmsqhuh]k

qdftk]q ]qd],lhmhlhyhmf bnmdr- Hm Z31+ of- 177[+ R- S- W]t ]rjdc sgd lnqd ]lahshntr ptdrshnm ne vgdsgdq
]ooqnoqh]sd A&.' lhmhlhyd ]qd] ]lnmf mnm,sns]kkx fdncdrhb lhmhl]k gxodqrtqe]bdr hm sgd rogdqd ’
hm Z31[+ sghr ptdrshnm hr ]ssqhatsdc sn A- Rnknlnm ]r ] bnmidbstqd: rdd ]krn Z21+ Rdbshnm 4[- Hm Z03[+ sghr
rsqnmfdq ptdrshnm hr ]mrvdqdc hm sgd ]ffql]shud ]lnmf ghfgkx rxlldsqhb lhmhl]k gxodqrtqe]bdr-
Sn oqnud Sgdnqdlr 0-0 ]mc 0-1+ vd trd oqnodqshdr ne rdke,dwo]mcdqr ’ sg]s hr+ rnktshnmr sn %1-0(- Sghr

hr adb]trd sgd dwhrsdmbd ne sgd G]qcs’Rhlnm enkh]shnm Z08[+ nmd ne sgd jdx hmfqdchdmsr hm sgd ]ooqn]bg
ne Z21[+ qdpthqdr sgd bnmd sn ad ]qd],lhmhlhyhmf ]mc mns itrs lhmhl]k- Hmrsd]c+ enq ] qdftk]q lhmhl]k bnmd
sg]s hr mns ]qd],lhmhlhyhmf+ hs enkknvr eqnl Z8[ ]mc Z06[ sg]s sgdqd ]qd svn rdke,dwo]mcdqr ]rxlosnshb sn
sgd bnmd vhsg sgd oqnodqsx sg]s ]mx nsgdq rdke,dwo]mcdq ]rxlosnshb sn sgd bnmd hr sq]oodc adsvddm sgdl-
Etqsgdqlnqd+ sgd bnlokdldms ne d]bg ne sgdrd rdke,dwo]mcdqr hr sgd tmhnm ne svn bnlonmdmsr+ nmd rs]q,
rg]odc qdk]shud sn . ]mc sgd nsgdq gnlnsnox dpthu]kdms sn ] bnlonmdms ne sgd bnlokdldms ne sgd khmj-
Ax bnlahmhmf hcd]r eqnl Z8[ ]mc Z4[+ vd b]m sgdm rgnv+ hm knv chldmrhnmr ]mc hm ] bdqs]hm fdmdqhb
rdmrd+ sg]s sgdqd hr ] ~mhsd bnkkdbshnm ne fq]chdms finvr enq sgd dwo]mcdq etmbshnm]k %rdd %1-2(( vgnrd
tmhnm drrdmsh]kkx bnmmdbsr sgd svn rdke,dwo]mcdqr ]anud ’ gdqd+ sgd chldmrhnm qdrsqhbshnm hr qdk]sdc sn
qdftk]qhsx oqnodqshdr ne lhmhlhyhmf gxodqrtqe]bdr sg]s rhlokhex sghmfr ats cn mns rddl sn ad drrdmsh]k
sn sgd ]qftldms- Sgdrd finvr dunkud hm ] lnmnsnmd l]mmdq ]mc dwghahs fnnc qdftk]qhsx oqnodqshdr-
Sghr ]kknvr tr sn trd vnqj ne Vghsd Z30[ sn drs]akhrg ] qdk]shnmrgho adsvddm sgd snonknfhdr ne sgd rdke,
dwo]mcdqr ]mc sgd dmsqnox ne sgd bnmd- Sn bnlokdsd sgd oqnne+ vd rgnv hs hr onrrhakd sn qdctbd sn sgd
fdmdqhb rhst]shnm ax ] rths]akd odqstqa]shnm ne sgd svn rdke,dwo]mcdqr ]mc sgdhq ]rxlosnshb bnmdr-
Vd onhms nts sg]s vghkd Hkl]mdm’Vghsd‘r ]qftldms trdr oqnodqshdr rodbh]k sn ]qd],lhmhlhyhmf bnmdr+

ntq ]qftldms trdr oqnodqshdr sg]s ]qd rodbh]k sn qdftk]q lhmhl]k bnmdr sg]s ]qd mns ]qd],lhmhlhyhmf-
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3 I- Adqmrsdhm Wmc K- VWmf

@mnsgdq jdx ch¯dqdmbd adsvddm ntq ]qftldms ]mc sg]s ne Z21[+ ]mc nmd sg]s dwok]hmr vgx vd b]mmns
oqnud ]r rsqnmf ] qdrtks ]r Z21+ Sgdnqdl 1[+ hr sg]s hm sgdhq o]odq+ sgd ]tsgnqr ]qd ]akd sn ]ookx Z30[ sn ]
rhmfkd lnmnsnmd finv+ vghkd hm ntq o]odq+ vd ]ookx hs sn ] rdptdmbd ne lnmnsnmd finvr vgnrd chqdbshnmr
]ksdqm]sd-
Sghr o]odq hr nqf]mhydc ]r enkknvr- Hm Rdbshnm 1+ vd fhud mdbdrr]qx a]bjfqntmc nm lnmnsnmd fq]chdms

finv enq sgd dwo]mcdq etmbshnm]k- Hm Rdbshnm 2+ vd trd sgd qdrtksr ne Vghsd Z30[ sn rstcx sgd qdk]shnmrgho
adsvddm snonknfhdr ne rdke,dwo]mcdqr ]rxlosnshb sn ] fhudm bnmd ne knv dmsqnox- Hm Rdbshnm 3+ vd oqnud
snonknfhb]k oqnodqshdr enq rdke,dwo]mcdqr ]rxlosnshb sn ] qdftk]q lhmhl]k bnmd ne knv dmsqnox- Sgd l]hm
qdrtksr ]ants cdmrhshdr ne lhmhl]k bnmdr sgdm enkknv eqnl sghr-

FnsTsgnl Tlc bnludlsgnlr
Sgqntfgnts sgd o]odq+ "$

) +/( ]mc "̃$
) +/( ]qd qdrodbshudkx sgd nodm ]mc bknrdc a]kk ne bdmsdq o ]mc q]chtr

q hm �$ - Vd nlhs sgd rtodqrbqhos j vgdm hsr u]ktd hr bkd]q eqnl bnmsdws- Vd ]krn nlhs sgd bdmsdq vgdm hs
hr sgd nqhfhm- Cdmnsd ax hms+ℓ(. bk+ℓ(+ ]mc 1ℓ+ qdrodbshudkx+ sgd hmsdqhnq+ bknrtqd+ ]mc antmc]qx ne ] rds
ℓ ◦ �$ -
Tmkdrr nsgdqvhrd rodbh~dc+ sgd udqsdw ne ] bnmd vhkk ]kv]xr ad ]rrtldc sn ad sgd nqhfhm- @ bnmd

A ≈ �!/0 hr 2*,qdftkWq he sgd khmj K+A( ne A hr ]m +! ] 0(,chldmrhnm]k dladccdc 2*,rtal]mhenkc ne
R!- Gdqd+ vgdm 3 hr mns ]m hmsdfdq+ 2* hr tmcdqrsnnc ]r sgd trt]k Gékcdq qdftk]qhsx 2 ∩*,. !* {-
@ gxodqrtqe]bd Π ≈ �!/0 hr 2*,WrxlosnshbWkkx bnmhbWk he sgdqd hr ] 2*,qdftk]q bnmd A ≈ �!/0 rtbg

sg]s khl+⊂// 4Π ≠ A hm 2*
',- +�!/0 | !.{(: sg]s hr+ sgdqd hr ] rlnnsg gxodqrtqe]bd # ≈ �!/0 | !.{ rn

sg]s hm d]bg ]mmtktr "" | "̃"]0 + enq rtffbhdmskx rl]kk 4 < /+ sgd 4Π ]mc A b]m ad vqhssdm ]r sgd mnql]k
fq]ogr ne etmbshnmr 5. ]mc t+ qdrodbshudkx+ nudq # rn 5. ⊂ 5 hm sgd 2* snonknfx- Hm sghr b]rd+ A hr b]kkdc
sgd Wrxlosnshb bnmd ne Π ]mc hr cdmnsdc ax A +Π(-

1 Lnmnsnmd dwoVmcdp finvr
Hm sghr rdbshnm+ vd fhud a]bjfqntmc nm lnmnsnmd dwo]mcdq finvr sg]s ]qd ]rxlosnshb sn ] bnmd- Sgdrd
ok]x ]m hlonqs]ms sdbgmhb]k qnkd hm sgd oqnne ne sgd l]hm qdrtksr-
@ gxodqrtqe]bd Π ≈ �!/0 hr ] rdke,dwoWmcdq he hs r]shr~dr sgd dpt]shnm

FΠ ] w∅
1 ≠ .. %1-0(

vgdqd w hr sgd onrhshnm udbsnq+ sgd rtodqrbqhos ∅ cdmnsdr sgd oqnidbshnm sn sgd tmhs mnql]k mΠ ne Π+ ]mc
FΠ hr sgd ld]m btqu]stqd fhudm ax

FΠ ≠ ]6ΠmΠ ≠ ]chuΠ +mΠ(mΠ +

@ gxodqrtqe]bd Π hr ] rdke,dwo]mcdq he ]mc nmkx he sgd e]lhkx ne gnlnsgdshb gxodqrtqe]bdr+ !Π# {#</ ≠
!
\

(Π{#</+ hr ] ldWm btquWstqd znv ’ sg]s hr+ ] rnktshnm sn sgd dpt]shnm
)
1w
1(

(∅
≠ FΠ" + %1-1(

Rdke,dwo]mcdqr lncdk sgd adg]uhnq ne ] ld]m btqu]stqd finv vgdm hs dldqfdr eqnl ] bnmhb]k rhmftk]qhsx
%rdd Z2[ ]mc Z0/[(+ rn hs hr m]stq]k sn rstcx rdke,dwo]mcdqr Π ]rxlosnshb sn bnmdr A hm sgd rdmrd sg]s
khl#⊂/E!!

\
(Π ≠ E!!A- Ax Z7+ Oqnonrhshnm 2-2[+ he sgd bnmd A hr 2*,qdftk]q enq rnld 3 ≤ 1+ sgdm Π

g]r pt]cq]shb btqu]stqd cdb]x ]mc hr 2*→,]rxlosnshb sn A enq ]mx 3→ ∞ +/. 3(-
U]qh]shnm]kkx+ rdke,dwo]mcdqr ]qd bqhshb]k onhmsr enq sgd etmbshnm]k

7 +Π( ≠
!
Π

)
}w}1
3 *E!+ %1-2(
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Sgd ]rrnbh]sdc mdf]shud fq]chdms finv hr sgdm b]kkdc ]m dwoWmcdq znv ’ sg]s hr+ ] e]lhkx !Π# { ne
gxodqrtqe]bdr hm �!/0 r]shrexhmf sgd dpt]shnm

)
1w
1(

(∅
≠ FΠ" ] w∅

1 + %1-3(

Hm fdmdq]k+ ]m dwo]mcdq finv l]x adbnld rhmftk]q hm ~mhsd shld- Gnvdudq+ u]qhntr mnshnmr ne vd]j
rnktshnmr sn %1-3( ]qd ]s ntq chronr]k vghbg ]kknv tr sn bnmshmtd sgd finv sgqntfg rhmftk]qhshdr- Enq
sgd otqonrdr ne sghr o]odq+ vd ldmshnm svn ne sgdl9 dwoWmcdq vdWj znv ne bknrdc rdsr hm �!/0 ’ rdd
Z11+ –00[ enq udbsnq ~dkc ] w

1 : dwoWmcdq AqWjjd znv ne Q]cnm ld]rtqdr ]rrnbh]sdc sn m,chldmrhnm]k
u]qhenkcr hm �!/0 ’ rdd Z11+ –02[- Vd nlhs sgd oqdbhrd cd~mhshnmr enq sgdrd vd]j finvr adb]trd sgdx ]qd
mns mddcdc hm vg]s enkknvr-
Ne o]qshbtk]q hmsdqdrs hr sgd enkknvhmf rodbh]k bk]rr ne vd]j dwo]mcdq finvr vgnrd dwhrsdmbd v]r

rgnvm hm Z4[9

Cdzmhshnm 1 0 Fhudm 8 ∞ � ]mc ] 22,qdftk]q bnmd A ≈ �!/0+ ] rsqnmfkx qdftkWq rsqhbskx lnmnsnmd
dwoWmcdq vdWj znv Wrxlosnshb sn A vhsg rsWqshmf shld S hr ] e]lhkx M ≠ !Υ# {#≤/ ne bknrdc rdsr hm �!/0

vhsg 9# ≠ 1Υ# r]shrexhmf sgd enkknvhmf9

0- Sgd ro]bdshld sq]bj ne M +
∫

#≤/ Υ# · !({ hr ]m dwo]mcdq vd]j finv vhsg rs]qshmf shld S:
1- Υ#1 ◦ hms+Υ#0 ( enq (1 < (0 ≤ 8 :
2- Fhudm % < /+ sgdqd hr ] q]chtr $/ < 0 rn sg]s enq ( ∞ )8 .′(+ sgdqd hr ]21 etmbshnm 5+�. (( 9 A|""/ ⊂ �
r]shrexhmf

rto
0∞�|ℓℓ/

1⋂
.≠/

}w+/( }.]0 }√.
�5+/. (( } ⊆ %

]mc

9# | "1"/ ≈
)
w+/( / 5+/. ((m� +/( 9 / ∞ A | ""/

{
≈ 9# :

3- Enq ):. ;[ ≈ )8 .′(+ !9# {# ∞ )2.3[ hr ] o]qshshnm ne Υ2 | hms+Υ3(:
4- !E!!9# {#≤/ hr ] tmhs,qdftk]q dwo]mcdq Aq]jjd finv:
5- He M. hr ] aknv,to rdptdmbd sn M ]s ] onhms </ ∞ �!/0 · +8 .′(1 sg]s bnmudqfdr sn ] khlhs finv

M → ≠ !Υ→
# {# ∞�+ sgdm Υ→

# hr bnmudw enq d]bg s+ ]mc sgdqd hr ] 8 → ∞ )]′.′[ rn sg]s
%]( hms+Υ→

# ( Ω ↦ he ( , 8 →+ vghkd hms+Υ→
# ( ≠ ↦ he ( ≠ 8 →:

%a( Sgd ro]bdshld sq]bjr ne sgd M. bnmudqfd+ hm 2′
',- +�!/0 · +]′.8 →((+ sn sgd ro]bdshld sq]bj ne M →+

]mc !1Υ→
# {#,/ → hr ] rlnnsg ld]m btqu]stqd finv:

%b( Υ→
# ≠ ↦ enq ( < 8 →-

Etqsgdqlnqd+ he M → hr ] s]mfdms finv %h-d-+ sgd aknv,tor ne M ]qd ]kk bdmsdqdc ]s </(+ sgdm !1Υ→
# {# ∞�

hr dhsgdq ] rs]shb �! nq ] rdke,rhlhk]qkx rgqhmjhmf R� · �!]� enq rnld 0 ⊆ � ⊆ !-

Vd vhkk mddc sgd enkknvhmf qdrtks ne Z4[-

Mpnonrhshnm 1 1 Enq ! ⊆ 5) kdsΥ ad W bknrdc rtards ne�!/0 rtbg sgWs 1Υ hr W 22,WrxlosnshbWkkx bnmhbWk
gxodqrtqeWbd vhsg Wrxlosnshb bnmd A- ;rrtld sgWs Υ hr rsqhbskx dwoWmcdq ldWm bnmudw: sgWs hr)

164Υ +/( / w+/( � m4Υ +/( < / enq/ ∞ 1Υ.

 Vd r]x ] finv hr tmhs,qdftkWq he md]q dudqx ro]bdshld onhms ne F]trrh]m cdmrhsx 0+ sgd finv hr qdftk]q hm ] a]kk hm ro]bdshld ’
rdd Z3/[-

1Sgd C$ ]qd nas]hmdc ax sq]mrk]shmf C ax ]5$ ]mc sgdm o]q]ankhb]kkx chk]shmf ax +$ : sg]s hr+ +w. #( ∈⊂ ++$w. +1$ #( enq 5$ ⊂ 5/
hm ro]bdshld ]mc +$ ⊂ ′-
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vgdqd m4Υ hr sgd ntsvWqc tmhs mnqlWk sn Υ- Sgdm sgdqd dwhrsr W rsqnmfkx qdftkWq rsqhbskx lnmnsnmd
dwoWmcdq vdWj znv M ≠ !Υ# {#≤/ Wrxlosnshb sn A vghbg rsWqsr vhsg Υ/ ≠ Υ) Wmc rtbg sgWs sgd Υ#

bnmudqfd) hm 2′
',- +�!/0() sn Υ→ ≠

⋃
#≤/Υ# Wmc 1Υ→ hr W rsWakd rdke,dwoWmcdq Wrxlosnshb sn A-

Gm Wcchshnm) he sgdqd hr W bknrdc rds Υ→→ ◦ Υ rtbg sgWs 1Υ→→ hr W rlnnsg rdke,dwoWmcdq Wrxlosnshb sn A)
sgdm nmd bWm dmrtqd sgWs Υ→→ ◦ Υ→-

2 SnonknfhbVk bgVmfd ne lnmnsnmd dwoVmcdp finvr Vmc dmspnox
Hm sghr rdbshnm+ vd nardqud gnv sgd qdrtksr ne Vghsd Z30[ b]m ad trdc sn tmcdqrs]mc sgd qdk]shnmrgho ad,
svddm sgd snonknfhdr ne ]rxlosnshb]kkx bnmhb]k rdke,dwo]mcdqr vgdm sgd ]rxlosnshb bnmd g]r rtffbhdmskx
rl]kk dmsqnox-
Sgqntfgnts sghr rdbshnm+ A ≈ �!/0 vhkk ad ] bnmd ne ]s kd]rs 22 qdftk]qhsx- Cdmnsd hsr khmj ax K+A(-

Hs hr ]kv]xr onrrhakd sn ~mc ]m nodm rtards #/ ≈ R! | K+A( vhsg antmc]qx K+A( ’ rdd Z8+ Rdbshnm 3[
vgdqd sgd o]hq +#/.K+A(( hr b]kkdc ] antmc]qx khmj- Sgdqd hr sgdm ] tmhptd bgnhbd ne tmhs mnql]k+ =+
nm K+A( ≈ R! rn sg]s = hr sgd ntsv]qc mnql]k sn #/- Vd qdl]qj sg]s ]= hr sgd ntsv]qc mnql]k sn
#] ≠ R! | bk+#/( ]mc +#].K+A(( hr sgd nmkx nsgdq antmc]qx khmj ]rrnbh]sdc sn K+A(-
Fhudm ] 22,]rxlosnshb]kkx bnmhb]k gxodqrtqe]bd Π ≈ �!/0 vhsg A +Π( ≠ A+ cd~md Υ/+Π( ≈ �!/0 sn

ad sgd bknrdc rds vhsg antmc]qx Π rtbg sg]s ]r 4 ⊂ //+ sgd 4Υ/+Π( ∪ R! bnmudqfd ]r bknrdc rdsr sn
bk+#/(- Hm sghr b]rd+ nmd l]x nqhdms Π rn sg]s sgd ntsv]qc mnql]k onhmsr nts ne Υ/+Π(+ ]mc sghr bgnhbd
hr bnlo]shakd vhsg sgd bgnhbd ne = hm sgd nauhntr l]mmdq- Khjdvhrd+ kds Υ]+Π( ≠ �!/0 | hms+Υ/+Π((-
Enq svn 22,]rxlosnshb]kkx bnmhb]k gxodqrtqe]bdr Π/. Π0 ≈ �!/0 vhsg sgd r]ld ]rxlosnshb bnmd A+

vd r]x Π/ ≥ Π0 he Υ/+Π0( ◦ Υ/+Π/(- Kds C +A( ad sgd rds ne rdke,dwo]mcdqr ]rxlosnshb sn A+ ]mc
sgtr+ +C +A(. ≥( hr ] o]qsh]kkx nqcdqdc rds- Nardqud sg]s ax rv]oohmf #/ vhsg #]+ vghbg hr sgd r]ld ]r
rv]oohmf = vhsg ]=+ nmd qdudqrdr sgd qnkd ne Υ/+Π( ]mc Υ]+Π( ]mc qdudqrdr sgd o]qsh]k nqcdq-
Vd ~qrs rstcx sgd b]rd ne ] mnmcdfdmdqWsd bnmd ’ sg]s hr+ ] bnmd+ A enq vghbg sgdqd ]qd mn mnmsqhuh]k

I]bnah ~dkcr sg]s ~w hm~mhsx nm ]mx dkdldms ne C +A(- Enq rtbg A+ ]kk rs]akd rdke,dwo]mcdqr hm C +A( ]qd
rsqhbskx rs]akd-
Sgdnpdl 2 0 Enq 1 ⊆ ! ⊆ 5) kds A ad W mnmcdfdmdqWsd 23,qdftkWq bnmd hm �!/0 rtbg sgWs K+A( hr
bnmmdbsdc Wmc) enq rnld - ∞ )0. ! ] 0[)

&+A( , &+R& · �!]&(+

Ge #/ Wmc #] Wqd svn dkdldmsr ne C +A( vhsg #] ≥ #/) sgdm sgd hmbktrhnmr =∗ 9 Υ∗ +#∗( ⊂ Υ∗ +#±( hmctbd
gnlnlnqoghrlr

=∗× 9 6$ +Υ∗ +#∗(( ⊂ 6$ +Υ∗ +#±((

rtbg sgWs
0- Vgdm ! ] - ⊆ > ⊆ -) sgd lWor =∗× Wqd ahidbshud:
1- Vgdm ! ] - ] 0 ≠ > ⊆ -) sgd lWor =∗× Wqd hmidbshud:
2- Vgdm ! ] - ⊆ > ≠ - / 0) sgd lWor =∗× Wqd rtqidbshud-
PdlVpj 2 1 Hs hr ]m hlldch]sd bnmrdptdmbd ne sgd l]hm qdrtks ne Z8[ sg]s+ enq 1 ⊆ ! ⊆ 5+ he A hr ]mx
22,qdftk]q bnmd hm �!/0 vhsg &+A( , &+R!]0 · �(+ sgdm fhudm #/. #] ∞ C +A( vhsg #] ≥ #/+ sgd
hmbktrhnmr =∗ 9 Υ∗ +#∗( ⊂ Υ∗ +#±( ]qd gnlnsnox dpthu]kdmbdr+ ]mc rn =∗× ]qd ]kk hrnlnqoghrlr-
Sn oqnud Sgdnqdl 2-0+ vd mddc rdudq]k ]twhkh]qx kdll]r.oqnonrhshnmr- HeL ≠ !?# {#≤/ hr ] e]lhkx

ne Q]cnm ld]rtqdr nm �!/0 ]mc </ ≠ +w/. (/( hr ] ro]bdshld onhms+ sgdm sgd FWtrrhWm cdmrhsx ne L
Ws </+ cdmnsdc @ +L. </(+ hr cd~mdc sn ad

@ +L. </( ≠ khl
#⊂#]

/

!
+3'+(/ ] (((] !

1 )
] }w]w/ }1
3+"/]" ( *?# %2-0(

vgdmdudq sgd khlhs dwhrsr ]mc hr ~mhsd- Nsgdqvhrd+ vd rds @ +L. </( ≠ ′-
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IdllV 2 2 Fhudm 8 ∞ � Wmc W 22,qdftkWq bnmd A ≈ �!/0) kds M ≠ !Υ# {#≤/ ad W rsqnmfkx qdftkWq
rsqhbskx lnmnsnmd dwoWmcdq vdWj znv Wrxlosnshb sn A vhsg rsWqshmf shld S- Ge 9# ≠ 1Υ# Wmc enq rnld
- ∞ )0. ! ] 0[)

&+9/ ( , &+R& · �!]&(

sgdm enq L ≠ !E!!9# {#≤/ Wmc dudqx onhms </ ∞ �!/0 · +8 .′()

@ +L. </( ⊆ &+R&/0 · �!]&]0(+

Oqnne- Ehqrs+ vhsgnts knrr ne fdmdq]khsx+ vd l]x ]rrtld 8 ≠ /- Nardqud sg]s he A6 ≠ )#∇19# vhsg B ≠ )# +
sgdm &+A6( ≠ &+9knf 6( enq B ≤ 0 ]mc !E!!A6{6≤0 hr ]m hmsdfq]k Aq]jjd finv- Sgtr+ ax sgd Gthrjdm
lnmnsnmhbhsx %rdd Z13[ ]mc Z2/[(+ nmd g]r sg]s &+9# ( hr cdbqd]rhmf hm s- Hm o]qshbtk]q+ &+9# ( ⊆ &+9/( enq
]kk ( ≤ /- Ax ] u]qh]ms ne Gthrjdm‘r lnmnsnmhbhsx enqltk] %rdd Z28+ –00[(+ ]r ntq gxonsgdrdr dmrtqd sg]s
dudqx s]mfdms finv snL ]s ] onhms </ ∞ �!/0 · +/.′( hr mtkk+ ] rs]shb �! nq ] rdke,rhlhk]qkx rgqhmjhmf
R� · �!]� + nmd g]r dhsgdq @ +L. </( ≠ /+ @ +L. </( ≠ 0+ nq

&+R� · �!]� ( ≠ @ +L. </( ⊆ &+9/( , &+R& · �!]&(+

Bnlahmdc vhsg %0-2(+ hs enkknvr sg]s @ +L. </( ⊆ &+R&/0 · �!]&]0(- �

KdsΥ ad ] bknrdc rtards ne �!/0 vhsg rlnnsg antmc]qx+ ]mc kds J ad ] bknrdc rtards neΥ- Enkknvhmf
Vghsd Z30+ Cd~mhshnm 4-0[+ ] onhms / ∞ C hr ] qdftkWq onhms neJ oqnuhcdc sg]s dhsgdq o hr ]m hmsdqhnq onhms
ne J: nq / ∞ Υ | 1Υ ]mc Υ g]r ] mdhfganqgnnc+ T+ ne o rtbg sg]s C ∪ D hr ch¯dnlnqoghb sn ] bknrdc
g]ke,ro]bd hm �!/0: nq / ∞ 1Υ ]mc Υ g]r ] mdhfganqgnnc T ne o enq vghbg sgdqd hr ] ch¯dnlnqoghrl
sg]s l]or T nmsn sgd bknrdc g]ke,ro]bd !E0 ≤ /{ ≈ �!/0 ]mc sg]s l]or C ∪ D nmsn !E0 ≤ /. E1 ≤ /{-
Onhmsr hm J sg]s ]qd mns qdftk]q onhmsr ]qd rhmftkWq onhmsr ne J- Vd r]x J g]r rlnnsg antmc]qx he dudqx
onhms hm sgd antmc]qx 1C ne C ◦ Υ hr ] qdftk]q onhms ne J-
Sgd enkknvhmf pt]mshsx hr hmsqnctbdc ax Vghsd Z30+ Cd~mhshnm 3-1[-

Cdzmhshnm 2 3 Kds Υ ad ] bknrdc rtards ne �!/0 vhsg rlnnsg antmc]qx- Enq ] bknrdc rds C ◦ Υ+ vd
cd~md F +C( sn ad sgd k]qfdrs hmsdfdq k vhsg sgd enkknvhmf oqnodqshdr9
0- Sgd rhmftk]q rds rhmf+C( g]r G]trcnq¯ chldmrhnm ⊆ ! ] ,:
1- Kds /. ad ] rdptdmbd ne onhmsr hm sgd hmsdqhnq ne J bnmudqfhmf sn ] onhms o hm 1C - Sq]mrk]sd J ax ]/.

]mc chk]sd ax 0∇chrs+/. . 1C( sn fds C. - Sgdm ] rtardptdmbd ne sgd C. bnmudqfdr sn ] bnmudw rds C →

%hm �!/0 nq hm ] bknrdc g]ke,ro]bd hm �!/0( vhsg rlnnsg antmc]qx+ ]mc sgd bnmudqfdmbd hr rlnnsg nm
antmcdc rdsr:

2- He C → hr ]r hm %1(+ sgdm 1C → g]r sqhuh]k i,sg gnlnsnox fqnto enq dudqx G , ,-

He mn rtbg hmsdfdq dwhrsr+ kds F +C( ≠ ]′-
Hs hr rgnvm hm Z30+ Oqnonrhshnm 3-2[ sg]s enq ld]m bnmudw ld]m btqu]stqd finv ne bnlo]bs gxodqrtq,

e]bdr+ knvdq antmcr nm sgd pt]mshsx P ]qd bknrdkx qdk]sdc sn toodq antmcr nm sgd F]trrh]m cdmrhsx- Vd
]c]os sgd ]qftldmsr ne Z30[ sn drs]akhrg ]m ]m]knfntr qdk]shnmrgho adsvddm sgdrd antmcr enq rsqnmfkx
qdftk]q rsqhbskx lnmnsnmd dwo]mcdq vd]j finvr ]rxlosnshb sn ] bnmd-

IdllV 2 4 Fhudm 8 ∞ � Wmc W 22,qdftkWq bnmd A ≈ �!/0) kds M ≠ !Υ# {#≤/ ad W rsqnmfkx qdf,
tkWq rsqhbskx lnmnsnmd dwoWmcdq vdWj znv Wrxlosnshb sn A vhsg rsWqshmf shld S- ;rrtld sgWs enq
L ≠ !E!!1Υ# {#≤/ Wmc rnld - ∞ )0. ! ] 0[)

@ +L. </( ⊆ &+R&/0 · �!]&]0(

Ws dudqx onhms </ ∞ �!/0· +8 .′(- Sgdqd hr Wm $0 < 0 rn sgWs enq dWbg $ < $0) he nmd rdsr C# ≠ Υ# ∪ "̃")
sgdm F +C# ( ≤ - / 0 enq dWbg ( < 8 -
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Oqnne- Ehw % ≠ 0/]0/ ]mc kds $/ ad sgd q]chtr fhudm ax Cd~mhshnm 1-0- Vd bgnnrd $0 ≠ 3$/ ]mc rn+
enq $ < $0+ sgd bknrdc a]kk "̃" g]r ] bnkk]qdc mdhfganqgnnc T ne 1"" rn sg]s sgd qdrsqhbshnm !C# {#≤/
ne M sn "̃" hr qdftk]q hm T- Ax ntq gxonsgdrdr ]mc %0-2(+ dudqx s]mfdms finv ]s ] fhudm rhmftk]qhsx hr ]
rdke,rhlhk]qkx rgqhmjhmf R� ·�!]� vhsg � ≤ - / 0- Hs enkknvr eqnl ] chldmrhnm qdctbshnm ]qftldms %rdd
Z28+ –00[( sg]s+ enq ( < 8 + sgd rhmftk]q rds ne C# g]r G]trcnq¯ chldmrhnm ]s lnrs ! ] - ] 0-
Enq ( < 8 ~wdc+ kds /. ad ] rdptdmbd ne onhmsr hm sgd hmsdqhnq ne C# bnmudqfhmf sn ] onhms / ∞ 1C# + ]mc

kds 4. ≠ 0∇chrs+/. . 1C# ( rn 4. ⊂ ′- Sq]mrk]sd C# ax ]/. ]mc chk]sd ax 4. sn fds C .
# - Sgdm ] rtardptdmbd

ne sgd C .
# bnmudqfdr sn ] rds C →- He / ∞ 1""+ sgdm o hr ] qdftk]q onhms ne C# - Sgtr+ lnctkn ] qhfhc lnshnm+

C → ≠ !E0 ≤ /{ ≈ �!/0 nq C → ≠ !w � u ≤ /. E0 ≤ /{ ≈ !E0 ≤ /{ enq rnld u ∞ R!+ ]mc sgd bnmudqfdmbd
hr rlnnsg nm antmcdc rdsr- Hm o]qshbtk]q+ C → g]r sqhuh]k gnlnsnox fqntor- Rn vd l]x ]rrtld / ∞ ""-
Rhmbd sgd C .

# ]qd o]qs ne ] aknv,to rdptdmbd ne M ]mc bnms]hm "0+ ntq gxonsgdrdr dmrtqd C → hr ] bnmudw
rtards ne �!/0 vhsg rlnnsg antmc]qx ]mc sgd bnmudqfdmbd hr rlnnsg nm antmcdc rdsr-
Hs qdl]hmr nmkx sn rgnv sg]s 1C → g]r sqhuh]k i,sg gnlnsnox fqnto enq G , - / 0- Ax bnmudwhsx+ dhsgdq

1C → hr gnldnlnqoghb sn �!+ sgtr g]uhmf sqhuh]k gnlnsnox fqntor+ nq 1C → hr hrnldsqhb sn 1C · �!](

enq rnld bnlo]bs+ bnmudw rds C ≈ �(/0 ’ rdd Z02+ o- 2[- @r 1C → hr o]qs ne ] khlhs finv ]s H ≠ +/. ((+ nmd
]ood]kr sn ] u]qh]ms ne Gthrjdm‘r lnmnsnmhbhsx enqltk] %rdd Z28+ –00[( ]mc sgd F]trrh]m cdmrhsx antmc
sn fds

&+1C →( ⊆ @ +L. H( ⊆ &+R&/0 · �!]&]0( , 1+ %2-1(

Hm o]qshbtk]q+ sghr fhudr . ≤ 0+ ]r nsgdqvhrd+ 1C → hr sgd tmhnm ne svn o]q]kkdk ok]mdr vhsg dmsqnox 1-
Sgtr+ ax qdrtksr ne Gthrjdm Z12[+ sgd ld]m btqu]stqd finv rs]qshmf eqnl 1C → hr fhudm ax sgd oqnctbs ne
�!]( ]mc sgd finv H rs]qshmf eqnl 1C ≈ �(/0+ vgdqd H hr rlnnsg tmshk hs chr]ood]qr hm ] qntmc onhms-
Sgtr+ 1C → hr ch¯dnlnqoghb sn R( · �!]( + ]mc rn+ ax Gthrjdm lnmnsnmhbhsx %rdd Z13[( ]mc %2-1(+

&+R( · �!](( ⊆ &+1C →( ⊆ &+R&/0 · �!]&]0(+

Bnlahmdc vhsg %0-2(+ hs enkknvr sg]s . ≤ - / 0 ]mc rn ' 7 +1C →( ≠ !/{ enq G , - / 0- �

Mdws+ vd trd qdrtksr ne Vghsd Z30[ snfdsgdq vhsg e]bsr ]ants ]kfdaq]hb snonknfx sn rstcx snonknfhb]k
oqnodqshdr ne sgd dwo]mcdq finv ]r hm Kdll] 2-4-
Mpnonrhshnm 2 5 Fhudm 8 ∞ � Wmc W 22,qdftkWq bnmd A ≈ �!/0) kds M ≠ !Υ# {#≤/ ad W rsqnmfkx
qdftkWq rsqhbskx lnmnsnmd dwoWmcdq vdWj znv Wrxlosnshb sn A vhsg rsWqshmf shld S- ;rrtld sgWs enq
L ≠ !E!!1Υ# {#≤/ Wmc rnld - ∞ )0. ! ] 0[)

@ +L. </( ⊆ &+R&/0 · �!]&]0(

Ws dudqx onhms </ ∞ �!/0 · +8 .′(- Ge ):. ;[ ≈ +8 .′( Wmc ansg Υ-
2 Wmc Υ-

3 Wqd oWsg,bnmmdbsdc) sgdm
sgd hmbktrhnm & 9 Υ-

2 ⊂ Υ-
3 hmctbdr gnlnlnqoghrlr

&× 9 6$ +Υ-
2( ⊂ 6$ +Υ-

3(

vghbg Wqd ahidbshud vgdm > , - / 0 Wmc rtqidbshud vgdm > ≠ - / 0-
Ge) hm Wcchshnm) ansg 1Υ2 Wmc 1Υ3 Wqd rlnnsg gxodqrtqeWbdr) sgdm sgd Wanud qdlWhmr sqtd enq sgd

bknrtqdr ne Υ-
2 Wmc Υ-

3 ) Wmc sgd hmbktrhnm = 9 Υ3 ⊂ Υ2 hmctbdr gnlnlnqoghrlr

=× 9 6$ +Υ3( ⊂ 6$ +Υ2(

vghbg Wqd ahidbshud vgdm > < ! ] - ] 0 Wmc hmidbshud vgdm > ≠ ! ] - ] 0-
Oqnne- Ehw % ≠ 0/]0/ ]mc kds $/ ad sgd q]chtr fhudm ax Cd~mhshnm 1-0- Kds $0 ad sgd bnmrs]ms fhudm ax
Kdll] 2-4- Enq $ < 3l]w!$/. $0{ ~wdc+ vd sghmj ne "̃" ]r ] l]mhenkc vhsg antmc]qx I"- Enq ( ≤ 8 +
kds C# ≠ Υ# ∪ "̃"- Hm vg]s enkknvr+ cdmnsd ax

C-
# . hms+C# (. ]mc 1C#
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sgd qdk]shud %hm "̃"( bnlokdldms+ hmsdqhnq+ ]mc antmc]qx+ qdrodbshudkx+ ne C# - Nardqud C# ]mc C-
#

]qd cdenql]shnm qdsq]bsr ne Υ# ]mc Υ-
# + qdrodbshudkx- Sgtr+ ax gnlnsnox dpthu]kdmbd+ he sgd l]or

&→ 9 C-
2 ⊂ C-

3 ]mc =
→ 9 C3 ⊂ C2 ]qd sgd hmbktrhnm l]or+ sgdm hs rtffbdr sn rgnv sgd enkknvhmf9

%h( Sgd hmctbdc gnlnlnqoghrlr &→× 9 6$ +C-
2( ⊂ 6$ +C-

3( ]qd ahidbshud vgdm > , - / 0 ]mc rtqidbshud
vgdm > ≠ - / 0: ]mc:

%hh( Rtoonrd ansg 1C2 ]mc 1C3 ]qd rlnnsg+ dladccdc l]mhenkcr vhsg antmc]qx ]mc sgdhq antmc]qhdr
ldds I" sq]mrudqr]kkx ’ sghr k]rs bnmchshnm ld]mr 1C2 ]mc 1C3 ]qd l]mhenkcr vhsg antmc]qx hm sgd
rdmrd ne Z1/+ of- 141[- Sgdm sgd rs]sdldms ne %h( hr rshkk sqtd enq sgd qdk]shud %hm "̃"( bknrtqdr ne C-

2
]mc C-

3 + ]mc sgd hmctbdc gnlnlnqoghrlr =
→
× 9 6$ +C3( ⊂ 6$ +C2( ]qd ahidbshud vgdm > < ! ] - ]0

]mc hmidbshud vgdm > ≠ ! ] - ] 0-
Sn rdd %h(+ nardqud sg]s+ ax Kdll] 2-4+F +C# ( ≤ - /0 enq ( ∞ ):. ;(- Bnlahmdc vhsg ntq gxonsgdrdr+

hs enkknvr eqnl Z30+ Sgdnqdl 4-1[ sg]s +C-
3 . C

-
2( hr +- / 0(,bnmmdbsdc- Sgtr+ ax sgd qdk]shud Gtqdvhby

sgdnqdl %d-f-+ Z1/+ Sgdnqdl 3-26[(+ ]r C-
3 ]mc C-

2 ]qd ansg o]sg,bnmmdbsdc+

6� +C-
3 . C

-
2( ≠ !/{ enq � ⊆ - / 0+ %2-2(

Sgd bk]hl enkknvr eqnl sgd knmf dw]bs rdptdmbd enq 6× +C-
3 . C

-
2( ’ rdd Z1/+ oo- 004’006[-

Sn rdd %hh(+ ]r 1C2 ]mc 1C3 ]qd rlnnsg+ dladccdc l]mhenkcr vhsg antmc]qx sg]s ldds I" sq]mrudq,
r]kkx+ hs enkknvr eqnl gnlnsnox dpthu]kdmbd sg]s %h( gnkcr enq sgd qdk]shud %hm "̃"( bknrtqdr ne C-

2 ]mc
C-
3 - @r ]qfthmf hm Z30+ Sgdnqdl 5-1[+ ax sgd dwbhrhnm sgdnqdl %rdd Z1/+ Sgdnqdl 1-1/[( ]mc %2-2(+ he

� ⊆ - / 0+ sgdm

6� +C2 | hms+C3(. 1C2( � 6� +C-
3 . C

-
2( � !/{+

Bnlahmdc vhsg sgd tmhudqr]k bndffbhdmsr sgdnqdl %rdd Z1/+ Sgdnqdl 2-1[(+ nmd g]r

6� +C2 | hms+C3(. 1C2( ≠ !/{+

Sgd gxonsgdrdr nm C2 ]mc C3 dmrtqd sg]s C2 | hms+C3( hr ]m nqhdms]akd bnlo]bs l]mhenkc vhsg antmc]qx
ne chldmrhnm ! / 0 hm sgd rdmrd ne Z1/+ of- 141[ ’ vd dlog]rhyd sghr hr hm ] snonknfhb]k rdmrd ]mc mns ]
rlnnsg rdmrd- Lnqdnudq+ sgd antmc]qx hr 9 ⊥ A vgdqd

9 ≠ 1C2 ]mc A ≠ 1C3 ⊥ )*
+

∑
# ∞ )2.3(

1C# ∪ I"
-.
/
+

Sgtr+ ax Onhmb]qä’Kderbgdsy ct]khsx %rdd Z1/+ Sgdnqdl 2-32[(+ hs enkknvr sg]s

6!/0]� +C2 | hms+C3(. A( � 6� +C2 | hms+C3(. 9( � !/{+

@r +C2 | hms+C3(. A( hr gnlnsnox dpthu]kdms sn +C2 | hms+C3(. 1C3(+ hs enkknvr sg]s

6!/0]� +C2 | C3 . 1C3( ≠ !/{+

Gdmbd+ nmd l]x trd sgd dwbhrhnm sgdnqdl ]mc sgd knmf dw]bs rdptdmbd enq 6× +C2. C3( ]r adenqd sn fds
sgd bk]hl- �

Vd ]qd mnv qd]cx sn oqnud Sgdnqdl 2-0-

Oqnne ne Sgdnqdl 2-.- Rtoonrd vhsgnts knrr ne fdmdq]khsx+ #] Ω #/+ ]r nsgdqvhrd+ sgd hmbktrhnm ne
Υ∗ +#∗( hm Υ∗ +#±( hr dpt]k sn sgd hcdmshsx l]o ]mc rn hmctbdr hrnlnqoghrlr nm sgd gnlnknfhdr %sg]s
hr+ sgd sgdnqdl hr sqhuh]kkx sqtd(- Vd ~qrs rgnv sgdqd hr ] ~mhsd mtladq ne dkdldmsr #0. #1. + + + . #8 ne
C +A( rtbg sg]s
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 #] ≠ #0 ≥ #1 ≥ � � � ≥ #8 ≠ #/:
 Sgd #� ]ksdqm]sd adsvddm adhmf %rsqhbskx( rs]akd ]mc tmrs]akd:
 He #� hr tmrs]akd+ sgdm sgdqd dwhrs svn odqstqa]shnmr ax mnql]k fq]ogr ne #� sn hsr dhsgdq rhcd+

#]
� ≥ #� ≥ #/

� rtbg sg]s Υ∗ +#∗
� ( hr rsqhbskx dwo]mcdq ld]m bnmudw+ ]mc sgdqd hr ] rsqnmfkx qdftk]q

rsqhbskx lnmnsnmd dwo]mcdq vd]j finv M� ]rxlosnshb sn A sg]s rs]qsr eqnl Υ∗ +#∗
� ( ]mc bnmudqfdr+ hm

2′
',- +�!/0(+ sn Υ∗ +#�∗0( ]r ( ⊂ ′ oqnuhcdc 0 ⊆ � ∗ 0 ⊆ J-

Sn rdd sghr+ ~qrs nardqud sg]s dudqx dkdldms ne C +A( hr bnmmdbsdc adb]trd K+A( hr bnmmdbsdc ]mc
sgdqd ]qd mn bknrdc dwo]mcdqr- Ax Z8+ Oqnonrhshnm 5-2[ ]mc Z00+ Oqnonrhshnm 2-1[+ he #∗ hr tmrs]akd+ sgdm
sgdqd hr ] 22,]rxlosnshb]kkx bnmhb]k gxodqrtqe]bd #→

∗ fhudm ax ] mnql]k fq]og ne #∗ sg]s hr sq]oodc
adsvddm #] ]mc #/+ ]mc rn sg]s Υ±+#→

∗( hr rsqhbskx dwo]mcdq ld]m bnmudw- Sgtr+ ax Oqnonrhshnm 1-1+
sgdqd hr ] rsqnmfkx qdftk]q rsqhbskx lnmnsnmd dwo]mcdq vd]j finv ]rxlosnshb sn A sg]s rs]qsr eqnlΥ±+#→

∗(
]mc+ ]r ( ⊂ ′+ bnmudqfdr rlnnsgkx sn Υ±+ ö#∗( enq rs]akd ö#∗ ∞ C +A(- @mc sgd bnmrsqtbshnm dmrtqdr
#] ≥ ö#∗ ≥ #/- Sgtr+ vd l]x ]rrtld ansg #/ ]mc #] ]qd rs]akd- Hm vg]s enkknvr+ vd oqnud sgd bk]hl ax
dwsdmchmf sgd ]qftldmsr ne Z8[ enq - ≠ 0 sn fdmdq]k l-
Kds C9 +#]. #/( ad sgd rds ne dkdldmsr # ne C +A( sg]s ]qd rs]akd ]mc rtbg sg]s #] ≥ # ≥ #/- Sgd

bnlo]bsmdrr oqnodqshdr ne sgd ro]bd ne rs]akd dwo]mcdqr ’ sg]s hr+ Z8+ Oqnonrhshnm 3-3 ]mc Oqnonrhshnm 6-1[
’ hlokx sgdqd ]qd ~mhsdkx l]mx snonknfhb]k sxodr enq sgd dkdldmsr ne C9 +#]. #/(- Sgd mnmcdfdmdq]bx
gxonsgdrhr nm A hlokhdr dudqx dkdldms ne C9 +#]. #/( hr rsqhbskx rs]akd- Bnlahmhmf sghr vhsg oqnodqshdr ne
sgd l]mhenkc rsqtbstqd ne sgd ro]bd ne dwo]mcdqr eqnl Z6[+ nmd bnmbktcdr sg]s C9 +#]. #/( hr ] ~mhsd rds ’
rdd Z8+ Kdll] 7-0[-Vd trd hmctbshnm nm sgd mtladq ne dkdldmsr K ≠ }C9 +#]. #/( }- Sgdqd ]qd ]s kd]rs svn
dkdldmsr ax gxonsgdrhr ]mc+ vgdm K ≠ 1+ ]r #/. #] ∞ C +A( ]qd %rsqhbskx( rs]akd ]mc #] ≥ #/+ ] lhm,l]w
bnmrsqtbshnm %rdd Z00[( xhdkcr ] #̂ ∞ C +A( | !#/. #]{ vhsg #] ≥ #̂ ≥ #/- Hmcddc+ ntq gxonsgdrdr dmrtqd
sg]s #̂ hr bnmmdbsdc ]mc tmrs]akd+ ]mc rn ] rsq]hfgsenqv]qc lnch~b]shnm ne sgd ]qftldmsr hm sgd oqduhntr
o]q]fq]og fhudr sgd bk]hl enq K ≠ 1- Mdws+ rtoonrd #̂/ hr ] l]whl]k dkdldms ne C9 +#]. #/( | !#/{: sg]s
hr+ sgdqd ]qd mn # ∞ C9 +#]. #/( | !#/. #̂/{ rtbg sg]s #̂/ ≥ # ≥ #/: rtbg ]m dkdldms dwhrsr ]r vd ]qd
bnmrhcdqhmf ] ~mhsd nqcdqdc rds- Enq K ≤ 2+ nmd g]r }C9 +#̂/. #/( } ≠ 1 ]mc }C9 +#]. #̂/( } ⊆ K ] 0- Sgd
bk]hl enkknvr eqnl sgd hmctbshnm gxonsgdrhr-
Enq 0 ⊆ � ⊆ J ] 0+ kds =/� ad sgd hmbktrhnm ne Υ/+#�/0( hm Υ/+#� ( ]mc =]� sgd hmbktrhnm ne Υ]+#� ( hm

Υ]+#�/0(- He #� hr tmrs]akd+ nmd b]m dmrtqd+ ax Z7+ Kdll] 2-4[+

&+#∗
� ( , &+#�( / % ≠ &+A( / % , &+R& · �!]&(+

Ax Kdll] 2-2+ heL� hr sgd ld]rtqd finv ]rrnbh]sdc vhsg M� ’ rdd Hsdl %4( ne Cd~mhshnm 1-0 ’ nmd
g]r @ +L� . </( ⊆ &+R&/0 · �!]&]0( ]s dudqx ro]bdshld onhms </- Sgtr+ Oqnonrhshnm 2-5 snfdsgdq vhsg
gnlnsnox dpthu]kdmbd hlokhdr sg]s sgd hmctbdc gnlnlnqoghrlr +=/� (× 9 6$ +Υ/+#�/0(( ⊂ 6$ +Υ/+#� ((
]qd ahidbshud vgdm ! ] - ⊆ > ⊆ -+ ]qd hmidbshud vgdm ! ] - ] 0 ≠ > ⊆ -+ ]mc ]qd rtqidbshud vgdm
! ] - ⊆ > ≠ - / 0- Sgd r]ld hr sqtd enq sgd hmctbdc l]or +=]� (× 9 6$ +Υ]+#�(( ⊂ 6$ +Υ]+#�/0((- @r
=/ ≠ =/0 ∓ � � � ∓ =/8]0 ]mc =

] ≠ =]8]0 ∓ � � � ∓ =]0 + sgd bk]hl enkknvr- �

Mdws+ vd ]hl sn dwsdmc Sgdnqdl 2-0 ax cqnoohmf sgd mnmcdfdmdq]bx gxonsgdrhr- Adb]trd mnmcdfdm,
dq]sd bnmdr ]qd fdmdqhb hm ]m ]ooqnoqh]sd ro]bd ne bnmdr+ nmd vntkc khjd sn odqstqa sgd o]hq #/. #] ∞ C +A(
vhsg #] ≥ #/ ]mc bnmd A hm nqcdq sn rdke,dwo]mcdqr #→

/. #
→
] ]rxlosnshb sn A → vgdqd A → hr mnmcdfdmdq]sd

’ rdd Z6+ Bnqnkk]qx 0-1[ ’ ]mc sgdm ]ookx Sgdnqdl 2-0 sn sgd odqstqadc o]hq-
Hm fdmdq]k+ hs l]x mns ad onrrhakd sn odqstqa ansg dkdldmsr hm sgd o]hq sn rdke,dwo]mcdqr ’ rdd Ehftqd 0

enq ]m hkktrsq]shnm- Gnvdudq+ nmd b]m ]kv]xr dmrtqd sg]s #→
/. #

→
] ]qd dhsgdq rdke,dwo]mcdqr nq dwo]mcdq

ld]m bnmudw gxodqrtqe]bdr- Enq dw]omcdq ld]m bnmudw odqstqa]shnmr+ hmunjhmf Oqnonrhshnmr 1-1 ]mc
2-5 xhdkcr rdke,dwo]mcdqr ö#/. ö#] ∞ C +A →( ]knmf vhsg qdk]shnmrghor adsvddm sgd snonknfhdr ne #→

∗ ]mc ö#∗-
Gnvdudq+ sn bnlokdsd sghr ]qftldms+ nmd ltrs ad ]akd sn bnmsqnk sgd qdk]shnmrgho adsvddm sgd o]qsh]k
nqcdqr ]mc chqdbshnm ne sgd dwo]mcdq ld]m btqu]stqd udbsnqr ne sgd hmhsh]k odqstqa]shnmr vghbg hr ] rtaskd
hrrtd- Rodbh~b]kkx+ nmd ltrs jmnv sg]s ö#/ ≥ #→

/+ #→
] ≥ ö#]+ ]mc ö#] ≥ ö#/+ vghbg cn mns+ hm fdmdq]k+ gnkc-
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2getod . ; rbgdlWshb hkktrsqWshnm ne sgd rhstWshnm hm bWrd  1( snfdsgdq vhsg bWrd  b(- Sgd gnqhynmsWk Wwhr
hr roWbd ne bnmdr) sgd udqshbWk Wwhr sgd roWbd ne gxodqrtqeWbdr Wrxlosnshb sn sgd fhudm bnmd vgdqd gdhfgs
bnqqdronmcr sn sgd nqcdq) ≥- Sgd Wqqnvr qdoqdrdms chqdbshnmr ne znv khmdr-

Sn nudqbnld sghr+ vd oqnud ] qdrsqhbsdc qdrtks ax qdpthqhmf #/ ]mc #] sn ad sgd fqd]sdrs ]mc kd]rs dkdldms
ne C +A( ’ vgnrd dwhrsdmbd hr rgnvm hm Z8+ Sgdnqdl 3-0[-

Mpnonrhshnm 2 6 Enq 1 ⊆ ! ⊆ 5) kds A ad W cdfdmdqWsd 24,qdftkWq bnmd hm �!/0 rtbg sgWs K+A( hr
bnmmdbsdc Wmc) enq rnld - ∞ )0. ! ] 0[)

&+A( , &+R& · �!]&(+

Ge #/ Wmc #] Wqd qdrodbshudkx sgd fqdWsdrs Wmc kdWrs dkdldms ne C +A() sgWs hr) #] ≥ # ≥ #/ enq # ∞ C +A()
sgdm sgd hmbktrhnmr =∗ 9 Υ∗ +#∗( ⊂ Υ∗ +#±( hmctbd gnlnlnqoghrlr

=∗× 9 6$ +Υ∗ +#∗(( ⊂ 6$ +Υ∗ +#±((

rtbg sgWs

0- Vgdm ! ] - ⊆ > ⊆ -) sgd lWor =∗× Wqd ahidbshud:
1- Vgdm ! ] - ] 0 ≠ > ⊆ -) sgd lWor =∗× Wqd hmidbshud:
2- Vgdm ! ] - ⊆ > ≠ - / 0) sgd lWor =∗× Wqd rtqidbshud-

Oqnne- Ehqrs vd rgnv sgdqd hr ] rdptdmbd ne mnmcdfdmdq]sd 23,qdftk]q bnmdr A� ≈ �!/0 vhsg khmj K+A� (
rn sg]s K+A� ( ⊂ K+A( hm 23 +R!( ]mc #�

/ ⊂ #/ hm 2′
',- +�!/0(+ vgdqd #�

/ hr sgd fqd]sdrs dkdldms ne
C +A� (- Hm o]qshbtk]q+ enq rtffbhdmskx k]qfd �+

&+A�( , &+A( / % , &+R& · �!]&(+ %2-3(
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Sn rdd sghr+ ~qrs nardqud ax Z8+ Sgdnqdl 3-0[+ nmd g]r #/ hr ] rs]akd rdke,dwo]mcdq- Kds H cdmnsd sgd
ro]bd ne I]bnah ~dkcr nm #/ sg]s ~w sgd hm~mhsx- Trhmf rs]mc]qc rodbsq]k sgdnqx ]mc sgd qdrtksr ne Z3[ ’
rdd ]krn Z6+ Kdll] 5-0[ ]mc Z00+ Oqnonrhshnm 2-1[ ’ snfdsgdq vhsg sgd bnmmdbsdcmdrr ne #/+ hs enkknvr
sg]s chlH ⊆ 0 ]mc dudqx dkdldms ne H dhsgdq hr hcdmshb]kkx . nq g]r ] rhfm ]mc ]m ]rxlosnshb dwo]mrhnm
vhsg kd]chmf nqcdq sdql ne sgd enql LM]!]0)])1∇3+ vgdqd M ≠ }w} ]mc L hr ] etmbshnm nm K+A(-
Vd mnv ]ood]k sn qdrtksr ne Z6[ sn odqstqa sgd ]rxlosnshb bnmd ]mc sgd rdke,dwo]mcdq #/- Ehqrs+ qdb]kk

sg]s �AE3! +#/( cdmnsdr sgd ro]bd ne 23,]rxlosnshb]kkx bnmhb]k dladcchmfr ne #/ hmsn �!/0+ dpthoodc
vhsg sgd vdhfgsdc 23 mnql vhsg vdhfgs q ’ rdd Z6+ –2-1[ enq sgd oqdbhrd cd~mhshnm- Enkknvhmf Z6[+ r]x ]
22,qdftk]q bnmd A → hr mnmcdfdmdq]sd he mn rdke,dwo]mcdq ]rxlosnshb sn A → ]clhsr ] mnmsqhuh]k I]bnah ~dkc
’ ]r rgnvm hm Z6[+ rtbg bnmdr ]qd fdmdqhb hm ] rths]akd rdmrd- Vhsg sghr hm lhmc+ vd trd Z6+ Sgdnqdl 6-0[
sn bgnnrd ] rdptdmbd ne 23,qdftk]q bnmdr A� ]knmf vhsg 23,]rxlosnshb]kkx bnmhb]k gxodqrtqe]bdr #�

vhsg mnmcdfdmdq]sd ]rxlosnshb bnmd rn sg]s sgd A� bnmudqfd sn A ]mc sgd #� bnmudqfd #/ hm�AE3! +#/(-
Gdqd+ vd tmcdqrs]mc sgd bnmudqfdmbd ax hcdmshexhmf sgd #� vhsg sgd o]q]ldsdqhy]shnmr fhudm ax sgd
hmudqrd ne sgd md]qdrs onhms oqnidbshnmr nmsn #/ vghbg ]qd dkdldmsr ne �AE3! +#/(-
Hs enkknvr eqnl Z6+ Sgdnqdl 6-0[ sg]s sgd bnmdr A� ]mc gxodqrtqe]bdr #� b]m ad bgnrdm rn sg]s dhsgdq9

0- He H ≠ !.{+ sgdm #� ∞ C +A� ( enq d]bg �: nq:
1- He H Ω !.{+ sgdm 1F#� ] w∅ hr mnvgdqd u]mhrghmf ]mc sgd otrgenqv]qc ne hs ax sgd md]qdrs oqnidbshnm
nmsn #/ hr ] mnmydqn dkdldms ne H-

He b]rd %1( nbbtqr+ sgdm nmd b]m lnchex sgd bgnhbd ne bnmdr hm nqcdq sn dmrtqd sg]s 1F#� ] w∅ onhmsr
hmsn Υ/+#� ( ’ gdqd+ nmd bgnnrdr sgd antmc]qx khmj ne K+A� ( hm sgd nauhntr v]x bnlo]shakd vhsg sg]s
ne K+A(- Sghr dmrtqdr sg]s enq sgd bgnhbd ne tmhs mnql]k m#� nm #� sg]s hr bnlo]shakd vhsg sgd antmc]qx
khmj ’ sg]s hr+ sg]s onhmsr nts ne Υ/+#� ( ’ nmd g]r 16#� / w � m#� < /- Sg]s hr+ vd l]x dhsgdq bgnnrd
sgd #� sn ]kk ad rdke,dwo]mcdqr nq sn ]kk ad dwo]mcdq ld]m bnmudw vhsg dwo]mcdq ld]m btqu]stqd udbsnq
onhmshmf hmsn Υ/+#�(-
Hm b]rd %0(+ hs hr qd]chkx rddm sg]s sgd bnmrsqtbshnm ]mc sgd bnlo]bsmdrr oqnodqshdr ne ro]bdr ne

dwo]mcdqr Z8+ Oqnonrhshnm 3-3[ dmrtqd sg]s sgd #�
/ bnmudqfd rlnnsgkx nm bnlo]bs rdsr sn #/- Hm b]rd %1(+

ax Oqnonrhshnm 1-1+ sgd dwo]mcdq finv rs]qshmf eqnl #� hr bnms]hmdc hm Υ/+#� ( ]mc hr ]rxlosnshb ]s shld
′ sn ] rs]akd rdke,dwo]mcdq ö#� ∞ C +A� (- @r #� ≥ ö#� ]mc #� ⊂ #/+ hmunjhmf bnlo]bsmdrr ]f]hm fhudr
sg]s sgd ö#� bnmudqfd+ hm 2′

',- +�!/0(+ sn ] khlhs dwo]mcdq ö# ∞ C +A( sg]s r]shr~dr #/ ≥ ö#- @r #/ hr sgd
fqd]sdrs dkdldms nmd ltrs g]ud #/ ≠ ö#- Sgd r]ld qd]rnmhmf dmrtqdr sg]s+ to sn o]rrhmf sn ] etqsgdq
rtardptdmbd+ sgd fqd]sdrs dkdldmsr+ #�

/+ ne C +A� ( ]krn bnmudqfd sn #/- Sghr udqh~dr sgd hmhsh]k bk]hl sg]s
vd l]x ~mc ] rdptdmbd ne bnmdr A� rn sg]s sgd fqd]sdrs dkdldmsr+ #�

/+ ne C +A� ( bnmudqfd sn #/-
Trhmf sgd rdptdmbd ne bnmdr+ A� + eqnl sgd oqduhntr rsdo ]mc l]jhmf sgd r]ld ]qftldms vhsg #] hm

ok]bd ne #/ xhdkcr ] rdptdmbd ne 23,]rxlosnshb]kkx bnmhb]k gxodqrtqe]bdr Σ� vhsg ]rxlosnshb bnmd A�
sg]s bnmudqfdr sn #] hm �AE3! +#]( ]mc rtbg sg]s+ to sn o]rrhmf sn ] rtardptdmbd+ nmd ne sgd enkknvhmf
gnkcr9

%]( Σ� ∞ C +A� ( enq d]bg �:
%a( 16Σ� / w � mΣ� , / enq d]bg �:
%b( 16Σ� / w � mΣ� < / enq d]bg �-

Gdqd+ mΣ� hr sgd ntsv]qc mnql]k sn Υ/+Σ� (- B]rd %a( ld]mr sgd dwo]mcdq ld]m btqu]stqd udbsnq onhmsr
hmsn Υ/+Σ� ( ]mc nts ne Υ]+Σ�( ]mc b]rd %b( ld]mr hs onhmsr nts ne Υ/+Σ� ( ]mc hmsn Υ]+Σ� (- Nardqud
sg]s sgqdd b]rdr l]x nbbtq q]sgdq sg]m svn ]r hm sgd oqduhntr rsdo+ ]r vd g]ud ]kqd]cx ~wdc sgd rdptdmbd
ne bnmdr rn vd b]mmns rodbhex vgdsgdq sgd mnvgdqd ydqn dwo]mcdq ld]m btqu]stqd udbsnq onhmsr nts ne
nq hmsn Υ/+Σ� ( nmkx sg]s nmd ne sgd svn rhst]shnmr gnkcr enq ]kk �-
Vgdm b]rd %]( nq %a( nbbtqr+ nmd ]qftdr ]r adenqd sn rdd sgd kd]rs dkdldmsr #�

] ne C +A� ( bnmudqfd
rlnnsgkx nm bnlo]bs rdsr sn #]- Ax Z7+ Oqnonrhshnm 2-2[+ sgdqd hr ] q]chtr $ < 0 rn sg]s Υ∗ +#�

]( ∪ "̃" hr
] cdenql]shnm qdsq]bs neΥ∗ +#�

]( enq d]bg �- Sgd m]stqd ne bnmudqfdmbd dmrtqdr sg]sΥ∗ +#�
]( hr gnlnsnox

dpthu]kdms sn Υ∗ +#]( enq rtffbhdmskx k]qfd �- Khjdvhrd+ Υ∗ +#�
/( hr gnlnsnox dpthu]kdms sn Υ∗ +#/( enq

k]qfd �- Sgd bk]hl enkknvr eqnl sghr ]mc Sgdnqdl 2-0 enq #�
] ≥ #�

/ %hm uhdv ne %2-3((-
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Hs qdl]hmr nmkx sn cd]k vhsg b]rd %b(- Vd qdedq sn Ehftqd 0- Ehw ] k]qfd � rn sg]s Υ∗ +#�
/( ]mc

Υ∗ +Σ� ( ]qd gnlnsnox dpthu]kdms sn Υ∗ +#/( ]mc Υ∗ +#](+ qdrodbshudkx- Nardquhmf Σ� ≥ #�
/+ vd sgdm

kds =/� 9 Υ/+#�
/( ⊂ Υ/+Σ� ( ]mc =]� 9 Υ]+Σ� ( ⊂ Υ]+#�

/( ad sgd hmbktrhnm l]or- Gdmbd+ hs rtffbdr sn
rgnv sgd hmctbdc l]or +=/� (× 9 6$ +Υ/+#�

/(( ⊂ 6$ +Υ/+Σ� (( ]mc +=]� (× 9 6$ +Υ]+Σ� (( ⊂ 6$ +Υ]+#�
/((

]qd ahidbshud vgdm ! ] - ⊆ > ⊆ -+ ]qd hmidbshud vgdm ! ] - ] 0 ≠ > ⊆ -+ ]mc ]qd rtqidbshud vgdm
! ] - ⊆ > ≠ - / 0-
Ax Oqnonrhshnm 1-1+ sgdqd hr ] rsqnmfkx qdftk]q rsqhbskx lnmnsnmd dwo]mcdq vd]j finv M� ]rxlosnshb

sn A� vhsg hmhsh]k c]s] Υ/+Σ� (+ ]mc sgd finv bnmudqfdr rlnnsgkx sn ] bknrdc rds vhsg rlnnsg antmc]qx
öΣ� ∞ C +A� ( r]shrexhmf Σ� ≥ öΣ� ≥ #�

/- Hm o]qshbtk]q+ enq k]qfd s+ sgd shld,s rkhbd ne sgd finv khmd hr
rlnnsgkx hrnsnohb sn öΣ� - Ax bnmrsqtbshnm+

&+Σ�( , &+#]( / % ≠ &+A( / % , &+R& · �!]&(.

]mc rn sgd Gthrjdm lnmnsnmhbhsx Z13[ hlokhdr+ enq </ ∞ �!/0 · +/.′(+ sg]s

@ +L� . </( ⊆ &+R&/0 · �!]&]0(.

vgdqdL� hr sgd ld]rtqd finv ]rrnbh]sdc vhsg M� ’ rdd Hsdl %4( ne Cd~mhshnm 1-0- Sgd qdrtks enkknvr
ax bnlahmhmf Oqnonrhshnm 2-5 ]ookhdc sn M� vghbg xhdkcr qdk]shnmr adsvddm sgd snonknfhdr ne Σ� ≥ öΣ�

snfdsgdq vhsg Sgdnqdl 2-0 vghbg fhudr qdk]shnmrghor adsvddm sgd snonknfhdr ne öΣ� ≥ #�
/- Nardqud sg]s

Sgdnqdl 2-0 ]ookhdr sn öΣ� ≥ #/
� adb]trd ne %2-3( ]mc adb]trd sgd A� vdqd bgnrdm sn ad mnmcdfdmdq]sd-

�

3 Cdmrhsx ne lhmhlVk bnmdr
Hm sghr rdbshnm+ vd oqnud sgd l]hm qdrtksr ]ants cdmrhshdr ne lhmhl]k bnmdr- Vd bnmshmtd sn trd sgd
bnmudmshnmr ne Rdbshnm 2- Vd vhkk qdod]sdckx hmunjd sgd enkknvhmf ]twhkh]qx kdll] ]ants oqnodqshdr ne
sgd fqd]sdrs ]mc kd]rs dkdldms ne C +A( enq ] lhmhl]k bnmd A ’ rdd Z8+ Sgdnqdl 3-0[ enq sgd dwhrsdmbd ne
sgnrd dkdldmsr-
IdllV 3 0 Enq 2 ⊆ ! ⊆ 5) kds A ≈ �!/0 ad W mnm,zWs qdftkWq lhmhlWk bnmd- Ge Π/ Wmc Π] Wqd
qdrodbshudkx sgd fqdWsdrs Wmc kdWrs dkdldms ne C +A() sgdm sgd enkknvhmf hr sqtd5
0- K+A( hr bnmmdbsdc:
1- Π∗ ≈ hms+Υ∗ +A((:
2- Sgd oqnidbshnmr Θ∗ 9 Π∗ ⊂ R! fhudm ax

Θ∗ +/( ≠ w+/(
}w+/( }

Wqd chödnlnqoghrlr nmsn sgdhq hlWfdr hms+Υ∗ +A(( ∪ R!:
3- Sgd rdsr Υ±+Π∗( Wqd rsWq,rgWodc qdkWshud sn .:
4- Sgd hmbktrhnmr ne Π∗ hmsn hms+Υ∗ +A(( Wqd cdenqlWshnm qdsqWbsr-
Oqnne- Ehqrs ne ]kk+ adb]trd K+A( hr ] rlnnsg lhmhl]k gxodqrtqe]bd hm R!+ sgd Eq]mjdk sgdnqdl Z07[
dmrtqdr hs g]r nmkx nmd bnmmdbsdc bnlonmdms-
@r A hr ] mnm,fi]s qdftk]q lhmhl]k bnmd+ hs hr D,rs]shnm]qx ]mc rhmftk]q- Hs enkknvr eqnl sgd qdftk]qhsx

sgdnqx enq ]qd],lhmhlhyhmf gxodqrtqe]bdr sg]s A b]mmns ad D,lhmhlhyhmf- Sgtr+ Π∗ ≈ hms+Υ∗ +A((+ ]r
nsgdqvhrd+ nmd l]x trd ] lhmhlhy]shnm oqnbdctqd %rdd Z20+ oo- 02’03[ ]mc Z06+ –5[ nq Z8+ –3[( sn
bnmrsqtbs ] Π→

∗ ∞ C +A( rn sg]s Π→
∗ hr bnms]hmdc hm sgd hmsdqhnq ne Υ∗ +Π∗( ∪ Υ∗ +A(+ dhsgdq bnmsq]chbshmf

Π/ adhmf sgd fqd]sdrs dkdldms nq Π] adhmf sgd kd]rs-
Mdws+ vd rgnv

\
(0Π/ ≥ \

(1Π/ enq / , (0 , (1+ vghbg hlokhdr FΠ/ u]mhrgdr mnvgdqd ]mc onhmsr
hmsn Υ/+Π/(- Sn rdd sghr+ vd kds N ≠ (1 ] (0 ]mc bnmrhcdq svn ld]m btqu]stqd finvrL ≠ !

\
(Π/{#</

]mcL→ ≠ !
\

( / NΠ/{#</- @r Υ/+
\

NΠ/( ≈ hms+Υ/+A((+ sgd bnmshmthsx ne finvr dmrtqdr sg]s+ enq ( < /

!""#$%&&'()*(+,&-.*-.-/&01$*2.23*-..4. 5678)$!9' (:8):9 7; <=17+)',9 >:)?9+$)"; 5+9$$
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rl]kk+ Υ/+
\

( / NΠ/( ∪ 1"1" hr bnms]hmdc hm sgd hmsdqhnq ne Υ/+
\

(Π/( ∪ 1"1"- Rtoonrd r hr sgd ~qrs
shld hm +/. (0[ rtbg sg]s sghr e]hkr- @r Π/ hr 21,]rxlosnshb sn A+ sgdqd hr ] q]chtr $ < 0 rn sg]s\

( / NΠ/ | "1" b]m ad vqhssdm ]r ]m ]klnrs fi]s mnql]k fq]og ne ] etmbshnm 5+(. �( nudq %] rtards ne(
\

(Π/
enq / ⊆ ( ⊆ (0- @ rsq]hfgsenqv]qc+ ats sdchntr+ bnlots]shnm fhudr sg]s t r]shr~dr ] tmhenqlkx o]q]ankhb
dpt]shnm vhsg antmcdc bndffbhdmsr- @r 5 ⊆ / nm sgd o]q]ankhb antmc]qx+ sgd rsqhbs l]whltl oqhmbhokd
nm mnmbnlo]bs qdfhnmr ’ enq dw]lokd+ Sgdnqdl 0/ ]mc Sgdnqdl 6 hm Z23+ Bg]osdq 2[2 ’ hlokhdr 5 , /
hm sgd hmsdqhnq- Sg]s hr+ sgd qdrsqhbshnm neL sn +�!/0 | "̃1"( · +/. O[ hr chrinhms eqnlL→- Sgtr+ sgdqd
hr ] shld O→ ∞ +/. O[ rn sg]s sgd qdrsqhbshnm neL sn +/. O→( khdr nm nmd rhcd neL→ ]mcL sntbgdrL→

]s ] onhms hm "̃1" ]s shld O→+ vghbg uhnk]sdr sgd rsqhbs l]whltl oqhmbhokd nm bnlo]bs qdfhnmr- Sg]s hr+\
( / NΠ/ ∪

\
(Π/ ∪ 1"1" ≠ ↦ enq ( ∞ +/. (0[- Sgd bk]hl enkknvr eqnl sgd rsqhbs l]whltl oqhmbhokd-

Rv]oohmf sgd nqhdms]shnm+ sgd ]qftldmsr ]anud hlokxFΠ] u]mhrgdr mnvgdqd ]mc onhmsr hmsnΥ]+Π](-
Sgd dwo]mcdq dpt]shnm %1-0( hlokhdr w � mΠ/ < / ]mc w � mΠ] , /+ vgdqd mΠ∗ hr sgd ntsv]qc mnql]k sn
Υ/+Π∗(- Hs enkknvr eqnl Z5+ Oqnonrhshnm 4-0[ sg]s sgd oqnidbshnm Θ∗ 9 Π∗ ⊂ R! hr ] ch¯dnlnqoghrl nmsn
hsr hl]fd+ ]mc sgd hl]fd hr hms+Υ∗ +A(( ∪ R!- Sghr ]krn hlokhdr sg]s Υ±+Π∗( hr rs]q,rg]odc qdk]shud sn .
]mc sg]s sgd hmbktrhnmr ne Π∗ hmsn hms+Υ∗ +A(( ]qd cdenql]shnm qdsq]bsr ]mc rn bnlokdsdr sgd oqnne- �

Sgdnqdl 0-0 enkknvr eqnl sgd oqnonrhshnm adknv-

Mpnonrhshnm 3 1 Enq 2 ⊆ ! ⊆ 5) kds A ad W qdftkWq lhmhlWk bnmd hm �!/0 vhsg

&+A( , &+R!]0 · �(+

Sgdm) enq Π ∞ C +A() ansg Υ/+Π( Wmc Υ]+Π( Wqd bnmsqWbshakd- Sghr ldWmr Π Wmc ansg bnlonmdmsr ne
R! | K+A( Wqd bnmsqWbshakd-

PdlVpj 3 2 Sgd e]bs sg]s sgd svn bnlonmdmsr ne R! |K+A( ]qd bnmsq]bshakd hlokhdrK+A( hr ] gnlnknfx
rogdqd+ ats b]mmns qtkd nts sgd oqdrdmbd ne snqrhnm dkdldmsr hm sgd etmc]ldms]k fqnto vgdm ! ≤ 3-
Oqnne ne Oqnonrhshnm 3-1- Ax sgd l]whltl oqhmbhokd+ he A hr fi]s+ sgdm sgd nmkx rdke,dwo]mcdq ]rxlosnshb
sn A hr ] gxodqok]md ]mc sgd bk]hl gnkcr sqhuh]kkx- Nsgdqvhrd+ kdsΠ/ ]mcΠ] ad qdrodbshudkx sgd fqd]sdrs ]mc
kd]rs dkdldms ne C +A(- Ax Kdll] 3-0+ K+A( hr bnmmdbsdc+ ]mc ansgΥ]+Π/( ]mcΥ/+Π]( ]qd rs]q,rg]odc
qdk]shud sn . ]mc rn ]qd bnmsq]bshakd- Bnlahmdc vhsg Z8+ Sgdnqdl 0-0[+ hs enkknvr sg]s+ enq Π ∞ C +A(+ ansg
Υ]+Π( ]mc Υ/+Π( ]qd bnmsq]bshakd- Etqsgdqlnqd+ ax Kdll] 3-0+ he #∗ ≠ hms+Υ∗ +A(( ∪ R!+ sgdm ansg
Π∗ ]mc #∗ ]qd gnlnsnox dpthu]kdms sn Υ∗ +Π∗(+ ]mc sgtr+ ansg Π∗ ]mc #∗ ]qd bnmsq]bshakd- Ehm]kkx+ ax
Z8+ Sgdnqdl 0-0[+ dudqx Π ∞ C +A( hr ch¯dnlnqoghb sn Π/ ]mc rn hr bnmsq]bshakd- �

Sgdnqdl 0-1 enkknvr eqnl sgd oqnonrhshnm adknv-

Mpnonrhshnm 3 3 Enq 2 ⊆ ! ⊆ 5) kds A ad W qdftkWq lhmhlWk bnmd hm �!/0 vhsg

&+A( , &+R!]1 · �1(+

Ge Π/ Wmc Π] Wqd qdrodbshudkx sgd fqdWsdrs Wmc kdWrs dkdldms ne C +A() sgdm) enq > ≤ /)

6̂$ +Υ±+Π∗(( ≠ 6̂$ +Υ∗ +Π∗(( ≠ !/{+

Sghr ldWmr Π/) Π]) Wmc sgd svn bnlonmdmsr ne R! | K+A( Wqd Wkk gnlnknfx aWkkr- Gm oWqshbtkWq) K+A( hr
W gnlnknfx rogdqd) Wmc vgdm ! ≠ 2) sgd bnmd A hr zWs-

Oqnne- He A hr fi]s+ sgdm rn hr Π∗- Nsgdqvhrd+ ax Kdll] 3-0+ K+A( hr bnmmdbsdc ]mc Υ±+Π∗( ]qd rs]q,
rg]odc qdk]shud sn .- Hm o]qshbtk]q+ hs enkknvr sg]s Υ±+Π∗( ]qd gnlnsnox dpthu]kdms sn "!/0

0 ]mc rn g]ud
sqhuh]k qdctbdc gnlnknfx fqntor-

2Nardqud sgd cnl]hmr ne : +# . �( l]x ad o]q]ldsqhydc ]r ] ch¯dqdmsh]akd e]lhkx ne dladcchmfr eqnl � | ℓ1ℓ hmsn �!/0- Nmd
sgdm ]ookhdr sgd qdedqdmbdc qdrtksr sn sgd bnlonrhshnm ne t vhsg sgd o]q]ldsqhy]shnm-
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Khjdvhrd+ he #∗ ≠ hms+Υ∗ +A(( ∪ R!+ sgdm Υ∗ +Π∗( hr gnlnsnox dpthu]kdms sn #∗+ ]mc rn+ enq > ≤ /+

6$ +Υ∗ +Π∗(( � 6$ +#∗(+

Hm o]qshbtk]q+ ax sgd @kdw]mcdq ct]khsx sgdnqdl ’ enq dw]lokd+ Z1/+ Sgdnqdl 2-33[ ’ nmd hlldch]sdkx g]r

6!/0 +Υ∗ +Π∗(( � 6! +Υ∗ +Π∗(( � 6!]0 +Υ∗ +Π∗(( � !/{+

Ax Sgdnqdl 2-0 ]mc Oqnonrhshnm 2-6+ enq 1 ⊆ > ⊆ ! ] 1+ nmd g]r 6$ +Υ∗ +Π∗(( hr hrnlnqoghb
sn 6$ +Υ∗ +Π±(( ]mc rn hr sqhuh]k %sghr hr u]btntr enq ! ≠ 2(- Lnqdnudq+ enq 0 ≠ > ⊆ ! ] 1+ nmd g]r
60 +Υ∗ +Π∗(( hr hrnlnqoghb sn ] rtafqnto ne 60 +Υ∗ +Π±((- @r 60 +Υ∗ +Π±(( hr sqhuh]k+ rn hr 60 +Υ∗ +Π∗((-
Hs enkknvr sg]s Υ∗ +Π∗( hr ] gnlnknfx a]kk- Etqsgdqlnqd+ ax Kdll] 3-0+ ansg Π∗ ]mc #∗ ]qd gnlnsnox
dpthu]kdms sn Υ∗ +Π∗( ]mc rn ]qd gnlnknfx a]kkr-
Sn bnlokdsd sgd oqnne+ nardqud sg]s+ ax sgd L]xdq’Uhdsnqhr rdptdmbd %d-f-+ Z1/+ o- 038[(+ ]r ansg #/

]mc #] ]qd gnlnknfx a]kkr+ K+A( hr ] gnlnknfx rogdqd- Vgdm ! ≠ 2+ sgd khmj K+A( hr ] rtqe]bd sg]s hr
] gnlnknfx rogdqd ]mc rn+ ax sgd bk]rrh~b]shnm ne rtqe]bdr+ ltrs ad ] snonknfhb]k R1- Sg]s hr+ K+A( hr ]
lhmhl]k svn,rogdqd hm R2 ]mc rn+ ax qdrtksr ne @klfqdm Z1[+ ltrs ad sns]kkx fdncdrhb: hm sghr b]rd+ A hr
fi]s- �

Vd ]krn nas]hm ] vd]jdq snonknfhb]k qdrsqhbshnm tmcdq vd]jdq dmsqnox antmcr-

Mpnonrhshnm 3 4 Enq 4 ⊆ ! ⊆ 5) kds A ad W qdftkWq lhmhlWk bnmd hm �!/0 vhsg

&+A( , &+R!]2 · �2(+

Ge Π/ Wmc Π] Wqd qdrodbshudkx sgd fqdWsdrs Wmc kdWrs dkdldmsr ne C +A() sgdm sgd enkknvhmf hr sqtd5

0- Υ±+Π∗( hr W gnlnknfx aWkk:
1- Vgdm > Ω 0. ! ] 1) nmd gWr 6̂$ +Υ∗ +Π∗(( ≠ !/{- Nsgdqvhrd) 6̂$ +Υ∗ +Π∗(( hr W snqrhnm,eqdd fqnto-

Sghr ldWmr sgWs vgdm > Ω 0. ! ] 1) nmd gWr 6̂$ +Π∗( ≠ !/{) Wmc nsgdqvhrd) 6̂$ +Π∗( hr W snqrhnm,eqdd
fqnto- Sgd rWld hr sqtd enq sgd svn bnlonmdmsr ne R! | K+A(- Gm oWqshbtkWq) 6$ +K+A(( ≠ !/{ vgdm
1 ⊆ > ⊆ ! ] 2 Wmc ansg 60 +K+A(( Wmc 6!]1 +K+A(( Wqd snqrhnm,eqdd fqntor-

PdlVpj 3 5 Nardqud sg]s sghr qdrtks ]ookhdr sn A1.1 ≈ �5 ]mc fhudr sgd md]qkx noshl]k knvdq antmc
�+A1.1( ≤ &+R1(- Hmcddc+ sghr drshl]sd hr rg]qo enq ]mx ldsgnc sg]s bnlo]qdr sn sgd dmsqnox ne rogdqdr
adb]trd�+A1.1( , &+R0( ’ rdd @oodmchw @- Gnvdudq+ hs cndr mns fhud ]mx hmenql]shnm ]ants sgd cdmrhsx
ne A0.2 ≈ �5 dudm sgntfg chqdbs bnlots]shnmr fhud �+A0.2( < &+R0( < �+A1.1(- Lnqdnudq+ dudm he nmd
vdqd ]akd sn rsqdmfsgdm sgd snonknfhb]k bnmbktrhnmr rn sg]s hs f]ud hmenql]shnm ]ants A0.2+ sgd qdrtks
vntkc rshkk mns qdbnudq sgd antmc &+R0( ]mc rn vntkc mns ad rg]qo hm sg]s qdf]qc- Sghr hr hm bnmsq]rs sn
Oqnonrhshnm 3-3 vghbg ]ookhdr sn ]kk fdmdq]khydc Rhlnmr‘ bnmdr-

Oqnne ne Oqnonrhshnm 3-4- @qfthmf ]r hm sgd oqnne ne Oqnonrhshnm 3-3 fhudr sg]s Υ±+Π∗( g]r sqhuh]k
qdctbdc gnlnknfx fqntor ]mc vgdm 1 ⊆ > ⊆ ! ] 2+ 6$ +Υ∗ +Π∗(( hr sqhuh]k- Ax Kdll] 3-0+ he
#∗ ≠ hms+Υ∗ +A(( ∪ R!+ sgdm Υ∗ +Π∗( ]mc #∗ ]qd gnlnsnox dpthu]kdms ]mc rn g]ud sgd r]ld gnlnk,
nfx fqntor- Sgtr+ bnlahmdc vhsg sgd @kdw]mcdq ct]khsx %rdd Z1/+ Sgdnqdl 2-33[(+ hs enkknvr sg]s+ enq
> ≤ ! ] 0+ ]kk 6$ +Υ∗ +Π∗(( ]qd sqhuh]k- Khjdvhrd+ ax sgd tmhudqr]k bndffbhdms sgdnqdl ’ enq dw]l,
okd+ Z1/+ Sgdnqdl 2-1[ ’ ansg 60 +Υ∗ +Π∗(( ]mc 6!]1 +Υ∗ +Π∗(( ]qd snqrhnm,eqdd- Gdmbd+ sgd bk]hl nm
sgd gnlnknfx ne Υ∗ +Π∗( gnkcr- Sn bnlokdsd sgd oqnne+ nardqud sg]s ax Kdll] 3-0+ ansg Π∗ ]mc #∗
]qd gnlnsnox dpthu]kdms sn Υ∗ +Π∗( ]mc rn g]ud sgd r]ld gnlnknfx fqntor ]r Υ∗ +Π∗(- Sgd cdrbqho,
shnm ne sgd gnlnknfx ne K+A( enkknvr hlldch]sdkx eqnl sghr ]mc sgd L]xdq’Uhdsnqhr rdptdmbd %rdd
Z1/+ o- 038[(- �
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: Dwokhbhs cdmrhshdr Vmc dmspnohdr
Vd fhud sgd dwokhbhs u]ktd ne sgd cdmrhshdr ne sgd fdmdq]khydc Rhlnmr‘ bnmdr ]r vdkk ]r sgd dmsqnohdr ne
rogdqdr- Vd ~qrs qdl]qj sg]s hs enkknvr eqnl ] bnlots]shnm ne Rsnmd Z26+ @oodmchw @[ sg]s

&+R!( ≠ 1
\

'
} !

1)

( !
1 0

#
}
!/0
1

( ≠
} !

1')

( !
1
P!.

vgdqd P! hr sgd ]qd] ne R! ]mc hr fhudm ax

P! ≠ +! / 0(#!/0 ≠ +! / 0( '
!/0
1

#+ !/2
1 (

+

Khjdvhrd+ Hkl]mdm’Vghsd Z21[ bnlotsd sg]s enq A&.' ≈ �&/'/1 ≠ �!/0+

�+A&.'( ≠ &+A&.'( ≠
P&P'

P&/'

} -

- / ,

( %
1
)

,

- / ,

( &
1
+

@r nardqudc hm Z21[+

khl
'⊂′

�+A&.'( ≠ &+R&(. khl
&⊂′

≠ �+A&.'( ≠ &+R'(

]mc

khl
&.'⊂′

�+A&.'( ≠ khl
$⊂′

&+R$ ( ≠
\
1+

Sgd cdmrhshdr ne fdmdq]khydc Rhlnmr‘ bnmdr hm knv chldmrhnmr hr qdbnqcdc hm S]akd 0-
Hs hr ]krn bnmudmhdms sn rds

Q +!( ≠ &+R!]1(
&+R!]0( .

vghbg hr sgd cdmrhsx knvdq antmcr oqnudc ax Ygt hm Z32[- Vd bnlo]qd sgd cdmrhshdr ne fdmdq]khydc
Rhlnmr‘ bnmdr+ A$ .!]$]0 ≈ �!/0 enq 2 ⊆ ! ⊆ 6 ]mc 0 ⊆ > ⊆ ∩ !1 , vhsg sgd antmcr oqnuhcdc ax
Oqnonrhshnmr 3-1+ 3-3 ]mc 3-4 ]mc Q +!( hm S]akd 1-
Ehm]kkx+ vd bnlo]qd sgd antmcr trhmf dmsqnox ne rogdqdr vhsg sgd tmhudqr]k antmcr oqnuhcdc ax Z04[-

NTaid . Cdmrhshdr ne fdmdqWkhydc Rhlnmrfl bnmdr--

�+�%'&( & ≠ 0 & ≠ 1 & ≠ 2 & ≠ 3 � � �
khl
%⊂′

�+�%'&(
≠ %+R&(

' ≠ 0 * 0;46 * 0;43 * 0;42/ * 0;415 � � � * 0;41
' ≠ 1 * 0;43 0;4 * 0;376 * 0;370 � � � * 0;36
' ≠ 2 * 0;42/ * 0;376 * 0;362 * 0;355 � � � * 0;342
' ≠ 3 * 0;415 * 0;370 * 0;355 24

13 * 0;35 � � � * 0;333
;;;

;;;
;;;

;;;
;;;

; ; ;
;;;

khl
&⊂′

�+�%'&(
≠ %+R%(

* 0;41 * 0;36 * 0;342 * 0;333 � � �
\
1 * 0;303
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NTaid 1 Cdmrhshdr ne fdmdqWkhydc Rhlnmrfl bnmdr Wmc sgdnqdshbWk antmcr--

�+�('!](]0( ! ≠ 2 ! ≠ 3 ! ≠ 4 ! ≠ 5 � � � ! ⊂ ′

$ ≠ 0 * 0;46 * 0;43 * 0;42/ * 0;415 � � � * 0;41
$ ≠ 1 ) ) 0;4 * 0;376 � � � * 0;36
;;; ) ) ) )

; ; ;
;;;

$ ⊂ ′ ) ) ) ) � � �
\
1 * 0;303

%+R!]2( ) ) * 0;36 * 0;342 � � �
\
1 * 0;303

%+R!]1( * 0;41 * 0;36 * 0;342 * 0;333 � � �
\
1 * 0;303

%+R!]0( * 0;36 * 0;342 * 0;333 * 0;327 � � �
\
1 * 0;303

< +!( * 0;/2 * 0;/0 * 0;//6 * 0;//3 � � � 0

Kds

2 →
! ≠

!
!
1 )#

⋃ !
1 . 0

�
1 .

vgdqd #+O. E( hr sgd hmbnlokdsd F]ll] etmbshnm ]mc bnmrhcdq sgd dwokhbhs bnmrs]msr

%=8> +!( ≠ 0
1! / 2 / 1 dwo+1!2 →

!( < /+

Bgdmf’Kh’W]t Z04[ rgnv sg]s he A ≈ �!/0 hr ] mnm,fi]s qdftk]q lhmhl]k bnmd+ sgdm

�+A( ≤ 0 / %=8> +!(+

Sgdrd mtladqr ]qd udqx rl]kk- Hmcddc+ enq ! ≤ 2+

1+2 · 0/]0/ * %=8> +2( < %=8> +!(+

Etmchmf rsVsdldms Sgd ~qrs ]tsgnq v]r o]qsh]kkx rtoonqsdc ax fq]msr eqnl sgd M]shnm]k Rbhdmbd Entmc]shnm %CLR,08/3563 ]mc
CLR,11/2021(- Sgd rdbnmc ]tsgnq v]r o]qsh]kkx rtoonqsdc ax ] fq]ms eqnl sgd M]shnm]k Rbhdmbd Entmc]shnm %CLR,1035886(-

Anlodshmf hmsdpdrs Sgd ]tsgnqr g]ud mn bnlodshmf hmsdqdrsr sn cdbk]qd-

Pdedpdmbdr

Z0[ V- J- @kk]qc+ flNm sgd ~qrs u]qh]shnm ne ] u]qhenkc‘+ ;mm- ne LWsg-  1( 84 %0861(+ 306’380-
Z1[ E- I- @klfqdm Iq-+ flRnld hmsdqhnq qdftk]qhsx sgdnqdlr enq lhmhl]k rtqe]bdr ]mc ]m dwsdmrhnm ne Adqmrsdhm‘r sgdnqdl‘+ ;mm- ne

LWsg-  1( 73 %0855(+ 166’181-
Z2[ R- A- @mfdmdms+ C- K- Bgnoo ]mc S- Hkl]mdm+ fl@ bnlotsdc dw]lokd ne mnm,tmhptdmdrr ne ld]m btqu]stqd finv hm �2‘+

Bnlltm- hm OWqshWk ChödqdmshWk DptWshnmr 1.%00’01( %0884(+ 0826’0847-
Z3[ I- Adqmrsdhm+ fl@rxlosnshb rsqtbstqd ne ]klnrs dhfdmetmbshnmr ne cqhes K]ok]bh]mr nm bnmhb]k dmcr‘+ ;ldq- I- LWsg- 031%5(

%1/1/(+ 0786’0818-
Z4[ I- Adqmrsdhm+ K- Bgdm ]mc K- V]mf+ flDwhrsdmbd ne lnmnsnmd Lnqrd finv khmdr ne sgd dwo]mcdq etmbshnm]k‘+ Oqdoqhms+ 1/13+

gssor9..]qwhu-nqf.]ar.13/3-/7430-
Z5[ I- Adqmrsdhm ]mc K- V]mf+ fl@ snonknfhb]k oqnodqsx ne ]rxlosnshb]kkx bnmhb]k rdke,rgqhmjdqr ne rl]kk dmsqnox‘+ Ctjd LWsg- I-

055%2( %1/06(+ 3/2’324-
Z6[ I- Adqmrsdhm ]mc K-V]mf+ flSgd ro]bd ne ]rxlosnshb]kkx bnmhb]k rdke,dwo]mcdqr ne ld]m btqu]stqd finv‘+LWsg- ;mm- 27.%0’1(

%1/10(+ 064’12/-
Z7[ I- Adqmrsdhm ]mc K- V]mf+ flRlnnsg bnlo]bsmdrr enq ro]bdr ne ]rxlosnshb]kkx bnmhb]k rdke,dwo]mcdqr ne ld]m btqu]stqd

finv‘+ Gms- LWsg- Qdr- Mns- GLQM 1/10%01(+ 8/05’8/33-
Z8[ I- Adqmrsdhm ]mc K- V]mf+ flSnonknfhb]k tmhptdmdrr enq rdke,dwo]mcdqr ne rl]kk dmsqnox‘+ BWla- I- LWsg- 0.%3( %1/11(+

674’722-
Z0/[ I- Adqmrsdhm ]mc K- V]mf+ flQdk]shud dwo]mcdq dmsqnox hm sgd oqdrdmbd ne ] svn,rhcdc nars]bkd ]mc ]ookhb]shnmr‘+ ;cu- LWsg-

288 %1/11(+ 0/7173+ 37 oo-
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07 I- Adqmrsdhm Wmc K- VWmf

Z00[ I- Adqmrsdhm ]mc K-V]mf+ fl@ lntms]hm,o]rr sgdnqdl enq ]rxlosnshb]kkx bnmhb]k rdke,dwo]mcdqr‘+ Odjhmf LWsg- I- 4%1( %1/11(+
102’167-

Z01[ J- Aq]jjd+ Sgd Lnshnm ne W RtqeWbd ax Gsr LdWm BtquWstqd %L]sgdl]shb]k Mnsdr( unk- 1/ %Oqhmbdsnm Tmhudqrhsx Oqdrr+
Oqhmbdsnm+ MI+ 0867(-

Z02[ G- Atrdl]mm+ Bnmudw RtqeWbdr %Hmsdqrbhdmbd Sq]bsr hm Otqd ]mc @ookhdc L]sgdl]shbr( mn- 5 %Hmsdqrbhdmbd Otakhrgdqr+ Hmb-+
Mdv Wnqj: Hmsdqrbhdmbd Otakhrgdqr Ksc-+ Knmcnm+ 0847(-

Z03[ P- L- Bgdmf+ F- Vdh ]mc W- Ydmf+ fl@qd] ne lhmhl]k gxodqrtqe]bdr hm sgd tmhs rogdqd‘+ ;rhWm I- LWsg- 14%1( %1/10(+ 072’083-
Z04[ R- W- Bgdmf+ O- Kh ]mc R- S- W]t+ flGd]s dpt]shnmr nm lhmhl]k rtal]mhenkcr ]mc sgdhq ]ookhb]shnmr‘+ ;ldq- I- LWsg- 0.5%54

%0873(+ 0/22’0/54-
Z05[ S- G- Bnkchmf ]mcV- O- Lhmhbnyyh HH+ flFdmdqhb ld]m btqu]stqd finv H: fdmdqhb rhmftk]qhshdr‘+ ;mm- ne LWsg-  1( 064%1( %1/01(+

644’722-
Z06[ P- Chmf+ flLhmhl]k bnmdr ]mc rdke,dwo]mchmf rnktshnmr enq ld]m btqu]stqd finvr‘+ LWsg- ;mm- 265%0’1( %1/1/(+ 248’3/4-
Z07[ S- Eq]mjdk+ flNm sgd etmc]ldms]k fqnto ne ] bnlo]bs lhmhl]k rtal]mhenkc‘+ ;mm- ne LWsg-  1( 72%0( %0855(+ 57’62-
Z08[ Q- G]qcs ]mc K- Rhlnm+ fl@qd] lhmhlhyhmf gxodqrtqe]bdr vhsg hrnk]sdc rhmftk]qhshdr‘+ I- Qdhmd ;mfdv- LWsg- 251 %0874(+

0/1’018-
Z1/[ @- G]sbgdq+ ;kfdaqWhb Snonknfx %B]laqhcfd Tmhudqrhsx Oqdrr+ B]laqhcfd+ 1//1(-
Z10[ @- Gdoodr+ flHrnfnm]kd rog©qhrbgd mdsyd‘+ ;mm- Tmhu- Rbh- AtcWodrs- DÉsuÉr Rdbs- LWsg- 6 %0853(+ 30’37-
Z11[ N- Gdqrgjnuhsr ]mc A- Vghsd+ fl@unhc]mbd enq rds,sgdnqdshb rnktshnmr ne ld]m,btqu]stqd,sxod finvr‘+ Bnll- ;mWk- Fdnl-

20%0( %1/12(+ 20’56-
Z12[ F- Gthrjdm+ flEknv ax ld]m btqu]stqd ne bnmudw rtqe]bdr hmsn rogdqdr‘+ I- ChödqdmshWk Fdnl- 1.%0( %0873(+ 126’155-
Z13[ F- Gthrjdm+ fl@rxlosnshb adg]uhntq enq rhmftk]qhshdr ne sgd ld]m btqu]stqd finv‘+ I- ChödqdmshWk Fdnl- 20%0( %088/(+

174’188-
Z14[ V- S- Grh]mf+ flLhmhl]k bnmdr ]mc sgd rogdqhb]k Adqmrsdhm oqnakdl H‘+ ;mm- ne LWsg-  1( 007%0( %0872(+ 50’62-
Z15[ V- S- Grh]mf+ flLhmhl]k bnmdr ]mc sgd rogdqhb]k Adqmrsdhm oqnakdl HH‘+ Gmudms- LWsg- 63%2( %0872(+ 240’258-
Z16[ V- S- Grh]mf ]mc H- Rsdqkhmf+ flLhmhl]k bnmdr ]mc sgd rogdqhb]k Adqmrsdhm oqnakdl HHH‘+ Gmudms- LWsg- 74%1( %0875(+ 112’136-
Z17[ V- S- Grh]mf ]mc O- Snlsdq+ flNm lhmhl]k hlldqrhnm ne R!]0 hmsn 9! +0( + ! ≤ 3‘+ ;mm- rbhdms- –b- Mnql- Rto- 1.%1( %0876(+

1/0’103-
Z18[ S- Hkl]mdm+ flDkkhoshb qdftk]qhy]shnm ]mc o]qsh]k qdftk]qhsx enq lnshnm ax ld]m btqu]stqd‘+ Ldl- ;ldq- LWsg- Rnb- 0.7%41/(

%0883(+ w*8/ oo-
Z2/[ S- Hkl]mdm+ flRhmftk]qhshdr neld]m btqu]stqd finv ne rtqe]bdr‘+ Oqdoqhms+ gssor9..odnokd-l]sg-dsgy-bg.zhkl]mdm.o]odqr.rhmf-or-
Z20[ S- Hkl]mdm+ flKdbstqdr nm ld]m btqu]stqd finv ]mc qdk]sdc dpt]shnmr‘+ Oqdoqhms+ gssor9..cnh-nqf.0/-2818.dsgy,],//3201/46-
Z21[ S- Hkl]mdm ]mc A- Vghsd+ flRg]qo knvdq antmcr nm cdmrhsx enq ]qd],lhmhlhyhmf bnmdr‘+ BWla- I- LWsg- 2%0’1( %1/04(+ 0’07-
Z22[ E- B- L]qptdr ]mc @- Mdudr+ flLhm,l]w sgdnqx ]mc sgd Vhkklnqd bnmidbstqd‘+ ;mm- ne LWsg-  1( 068%1( %1/03(+ 572’671-
Z23[ L- G- Oqnssdq ]mc G- E- Vdhmadqfdq+ LWwhltl Oqhmbhokdr hm ChödqdmshWk DptWshnmr %Roqhmfdq,Udqk]f+ Mdv Wnqj+ 0873(-
Z24[ E- Qtoo ]mc B- Rbg]qqdq+ flFkna]k qdftk]qhsx ne hmsdfq]k 1,u]qhenkcr vhsg rpt]qd hmsdfq]akd ld]m btqu]stqd‘+ Oqdoqhms+ 1/13+

gssor9..]qwhu-nqf.]ar.13/3-01025-
Z25[ K- Rhlnm+ Kdbstqdr nm Fdnldsqhb LdWrtqd Sgdnqx %Oqnbddchmfr ne sgd Bdmsqd enqL]sgdl]shb]k @m]kxrhr+ @trsq]kh]m M]shnm]k

Tmhudqrhsx( unk- 2 %@trsq]kh]m M]shnm]k Tmhudqrhsx+ Bdmsqd enq L]sgdl]shb]k @m]kxrhr+ B]madqq]+ 0872(-
Z26[ @- Rsnmd+ fl@ cdmrhsx etmbshnm ]mc sgd rsqtbstqd ne rhmftk]qhshdr ne sgd ld]m btqu]stqd finv‘+ BWkb- UWq- OWqshWk ChödqdmshWk

DptWshnmr 1%3( %0883(+ 332’37/-
Z27[ I- D- S]xknq+ flSgd rsqtbstqd ne rhmftk]qhshdr hm rn]o,ataakd,khjd ]mc rn]o,~kl,khjd lhmhl]k rtqe]bdr‘+ ;mm- ne LWsg-  1(

0.2%2( %0865(+ 378’428-
Z28[ A- Vghsd+ flRsq]sh~b]shnm ne lhmhl]k rtqe]bdr+ ld]m btqu]stqd finvr+ ]mc g]qlnmhb l]or‘+ I- Qdhmd ;mfdv- LWsg- 377 %0886(+

0’24-
Z3/[ A- Vghsd+ fl@ knb]k qdftk]qhsx sgdnqdl enq ld]m btqu]stqd finv‘+ ;mm- ne LWsg-  1( 050%2( %1//4(+ 0376’0408-
Z30[ A- Vghsd+ flSnonknfhb]k bg]mfd hm ld]m bnmudw ld]m btqu]stqd finv‘+ Gmudms- LWsg- 080%2( %1/02(+ 4/0’414-
Z31[ R- S- W]t+ flNodm oqnakdlr hm fdnldsqx‘+ hm Bgdqm ’ ; FqdWs Fdnldsdq ne sgd Svdmshdsg Bdmstqx %Hmsdqm]shnm]k Oqdrr Bn-

Ksc- Gnmf Jnmf+ 0881(+ 164’210-
Z32[ I- Ygt+ Fdnldsqhb UWqhWshnmWk Oqnakdlr enq LdWm BtquWstqd+ OgC sgdrhr+ G]qu]qc Tmhudqrhsx %OqnPtdrs KKB+ @mm @qanq+

LH+ 1/07(-
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