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The ionization potential of molecular chains is well-known to be a tunable nano-scale property
that exhibits clear quantum confinement effects. State-of-the-art methods can accurately predict
the ionization potential in the small molecule limit and in the solid-state limit, but for intermediate,
nano-sized systems prediction of the evolution of the electronic structure between the two limits
is more difficult. Recently, optimal tuning of range-separated hybrid functionals has emerged as a
highly accurate method for predicting ionization potentials. This was first achieved for molecules us-
ing the ionization potential theorem (IPT) and more recently extended to solid-state systems, based
on an ansatz that generalizes the IPT to the removal of charge from a localized Wannier function.
Here, we study one-dimensional molecular chains of increasing size, from the monomer limit to the
infinite polymer limit using this approach. By comparing our results with other localization-based
methods and where available with experiment, we demonstrate that Wannier-localization-based op-
timal tuning is highly accurate in predicting ionization potentials for any chain length, including
the nano-scale regime.

I. INTRODUCTION

Accurate prediction of the electronic properties of
molecular and solid-state systems is of crucial impor-
tance in electronics and optoelectronics. In particular,
the ionization potential (IP), electron affinity (EA) and
therefore the fundamental gap, defined as the difference
between the IP and EA, are key quantities in understand-
ing materials and device properties. Ab initio many-body
perturbation theory, typically within the GW approxi-
mation [1–7], can be a highly accurate method for pre-
dicting these quantities. But owing to its relatively high
computational cost, there is an ongoing interest in de-
veloping accurate enough approximations within density
functional theory (DFT) (see, e.g., Refs. [4, 8–14]), that
can serve as an inexpensive yet potentially still accurate
alternative for computing these important properties.

Within the framework of DFT, we focus on optimal
tuning (OT) [15] of (screened) [16] range-separated hy-
brid ((S)RSH) functionals, where screening is included
for the case of bulk solids. OT-(S)RSH has been shown
to be a highly accurate, non-empirical method for pre-
dicting electron removal/addition energies and therefore
fundamental gaps for a variety of molecular systems (see,
e.g., Refs. [15, 17–24]) and molecular solids (see, e.g.,
Refs [16, 25–30]). Generally, RSH functionals allow for
a different combination of exchange and correlation ap-
proximations at different ranges of electron-electron in-
teractions and therefore offer flexibility in choosing ap-
propriate functional parameters [31–34]. OT-(S)RSH al-
lows one to choose such parameters non-empirically by
enforcing two conditions: the correct asymptotic be-
haviour of long-range interactions [35–37] and the ion-

ization potential theorem (IPT) [35, 36, 38, 39]. The
latter has been shown to be particularly crucial not only
for IP predictions, but also for accurate EA and therefore
gap predictions [40].
Unfortunately, optimal tuning based on straightfor-

ward application of the IPT fails in the solid-state limit.
This is because, owing to the natural delocalization of
electronic orbitals in this limit, the IPT is trivially sat-
isfied for any choice of functional parameters, regardless
of the accuracy (or lack thereof) of the obtained elec-
tronic structure [41–44]. To overcome this significant
limitation, a Wannier-localization-based optimal tuning
of SRSH (WOT-SRSH) has been proposed [45]. This ap-
proach enforces a generalized IPT ansatz [46], based on a
constrained removal of charge from a localized Wannier
function [47]. WOT-SRSH has recently been shown to
be highly successful in predicting band gaps and optical
spectra of solids, both alone [45, 48, 49] and as an opti-
mal starting point to GW calculations [49, 50], without
any empiricism.
The success of OT-RSH in the molecular limit and

WOT-SRSH in the solid-state limit immediately raises
important questions as to the utilization of (W)OT ap-
proaches for intermediate-size systems. Specifically, for
systems of increasing size, at which point does localiza-
tion become necessary for optimal tuning? How do OT
and WOT calculations compare with one another and
how well do they predict the evolution of electronic prop-
erties with system size, compared to experiment and/or
other benchmark calculations?
A class of systems where such questions arise nat-

urally and can be examined systematically is that of
linear oligomers, i.e., linear molecular chains composed
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of a variable number of repeating units of a given
monomer. Indeed, such systems have been previously
used to test the accuracy of various approaches within
DFT [13, 17, 51–57].

Here, we use these benchmark systems to answer the
above questions by employing OT- and WOT-RSH to
compute the IPs of three different one-dimensional molec-
ular chains of increasing length, from the monomer limit
to the infinite polymer limit. By comparing our results
to other methods and to experiment where available, we
show that OT- and WOT-RSH yield essentially identical
results for shorter chains, but deviate from each other for
larger chains, with WOT-RSH yielding a correct conver-
gence to the infinite polymer limit and providing consis-
tently more accurate results than OT-RSH, as compared
to reference theoretical results.

II. METHODS

A. Benchmark systems

We study three types of one-dimensional molecular
chains: Linear alkanes, trans-oligoacetylenes (tOAs) and
oligothiophenes (OLTs), the chemical formulas of which
are C2nH4n+2, C2nH2n+2, and C8nH4n+2S2n, respec-
tively (see inset of Fig. 1). For clarity, throughout we use
the term “polymer” to refer only to the limit of n → ∞,
namely polyethylene, trans-polyacetylene and polythio-
phene, respectively. See the Supporting Information (SI)
[58] for more details.

B. Range-separated hybrid functionals

In RSH functionals [59, 60], the Coulomb operator is
partitioned into two terms, typically by exploiting the
error function, erf, in the form

1

r
=

α+ βerf(γr)

r︸ ︷︷ ︸
xx

+
1− [α+ βerf(γr)]

r︸ ︷︷ ︸
SLx

, (1)

where r is the interelectronic distance and α, β, γ are free
parameters. While Eq. (1) represents a trivial identity,
this split of the Coulomb repulsion allows for use of differ-
ent approximations for the electron exchange associated
with each term. For the first term, we use Fock (exact)
exchange (xx), whereas for the second we use semilocal
exchange (SLx). This leads to two limiting-case frac-
tions of exact exchange: α for short-range (SR) interac-
tions (r → 0) and α+ β for long-range (LR) interactions
(r → ∞). These two limits are interpolated smoothly
via the error function, with the transition governed by
the range-separation parameter, γ. Accordingly, the ex-
change energy of RSH is expressed as

ERSH
x = αESR

xx +(1−α)ESR
SLx+(α+β)ELR

xx +(1−α−β)ELR
SLx.
(2)

In this work, we choose α as 0.25 throughout, as in
global and short-range hybrid functionals [61–63], in or-
der to retain a useful balance between exchange and cor-
relation in the short range [64]. The correct asymptotic
limit of the potential is attained by setting α+ β = 1/ε,
where ε is the scalar dielectric constant [25]. In this
work we set ε = 1, the appropriate choice for an isolated
molecule in vacuum [35–37], which is correct also for the
polymers, where asymptotic screening vanishes owing to
the low dimensionality (see, e.g., Ref. [65], for two di-
mensions). We use the range-separated version [66, 67]
of the Perdew–Burke–Ernzerhof (PBE) exchange func-
tional [68] to treat the semilocal exchange components in
the RSH, along with full PBE semilocal correlation. Non-
empirical methods employed to select γ are discussed be-
low.
Once the three parameters are selected, one can com-

pute any property of interest. In this work, we focus
on the eigenvalue corresponding to the highest occupied
molecular orbital (HOMO), the negative of which pro-
vides a prediction for the IP in an optimally-tuned func-
tional.

C. Optimal tuning of RSH

As mentioned in the introduction, in the OT-RSH ap-
proach γ is selected to enforce the IPT, which is an exact
physical condition in DFT. Here, we enforce the IPT for
the neutral system, namely we seek γ such that

∆Jγ ≡ Eγ(N − 1)− Eγ(N) + ϵγH = 0, (3)

where Eγ(N) and Eγ(N − 1) are the total ground-state
energies for the neutral system with N electrons and the
singly ionized cation, respectively, and ϵγH is the HOMO
eigenvalue for the N -electron system. See the SI [58] for
more computational details.

D. Wannier-localization-based optimal tuning of
RSH

As mentioned above, in the bulk limit the IPT is triv-
ially satisfied for any choice of γ, which precludes the
predictive selection of a unique range-separation value
based on Eq. (3). Many authors have explored localized
orbitals as a means of circumventing this limitation of the
IPT, in the context of different approaches within DFT
[11, 13, 45, 46, 56, 69, 80–92]. In the context of SRSH
functionals, Wing et al. [45] adopted an ansatz [46] that
generalizes the IPT to the removal of an electron from a
state that corresponds to a localized Wannier function,
namely

∆Iγ ≡ Eγ [ϕ](N − 1)− Eγ(N) + ⟨ϕ| Ĥγ
N |ϕ⟩ = 0, (4)

where ϕ is the Wannier function for which the expec-
tation energy with respect to the DFT Hamiltonian
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FIG. 1: Ionization potential, as a function of the inverse of n, the number of repeating units for (a) alkanes, (b)
trans-oligoacetylenes (tOAs), and (c) oligothiophenes (OLTs). Computed results are given by the negative of the

HOMO energy based on OT-RSH (red circles), WOT-RSH (green triangles), KIPZ (magenta squares, from
Ref. [69]), and LOSC (cyan plus signs, from Ref. [13]). Experimental results (black stars) are taken from the

following sources: For alkanes: n = 0.5: Ref. [70], n = 1: Ref. [71], n = 1.5, 2, 2.5: Ref. [72], n → ∞: Refs. [73–75].
For tOAs: n = 1, 2: Ref. [72], n = 3: Ref. [76], n = 4: Ref. [77], n → ∞: Ref. [78]. For OLTs: Refs. [51, 79]. Inset:
schematic view of the repeating unit of each chain, showing carbon atoms in black, hydrogen atoms in grey, and

sulfur atoms in yellow.

of the N -electron system, ⟨ϕ| Ĥγ
N |ϕ⟩, is the largest.

Eγ [ϕ](N − 1) is the total energy of the constrained
N − 1-electron system, which differs from the ground-
state N − 1-electron system in that an electron has been
removed from the Wannier function [45]. This constraint
is imposed via a Lagrange multiplier that controls the oc-
cupancy of the Wannier function, which is constructed of
the occupied-orbital manifold using the PBE functional.
Additional computational details are given in the SI [58].

III. RESULTS AND DISCUSSION

Fig. 1 shows the computed IP, based on the negative
of both the OT-RSH and WOT-RSH HOMO energy, as
a function of the inverse of n, the number of repeating
units, for each of the three systems studied in this work.
These results are compared with those obtained from two
other localization-based methods: the integer Koopmans
plus Perdew-Zunger correction (KIPZ) method for the
alkanes, taken from Ref. [69], and the localized orbital
scaling correction (LOSC) approach for the tOAs, taken
from Ref. [13]. The computational results are further
compared with experiment where available.
First, we compare the OT-RSH and WOT-RSH re-
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FIG. 2: HOMO (top row) and highest expectation energy Wannier function (bottom row) for selected alkanes: (a)
ethane (n = 1), (b) propane (n = 1.5), (c) butane (n = 2), and (d) polyethylene (n → ∞). Carbon and hydrogen

atoms are shown in black and grey, respectively. The wavefunction isosurface is shown in light blue and yellow for a
value of 2.0.

sults. We observe two trends that are common to all
three systems. First, the two methods predict essentially
identical IPs for the shorter chains, where the HOMOs
are “naturally” localized owing to the small system size.
This is a significant observation, because it demonstrates
the validity and generality of the IPT ansatz used in
WOT-RSH, even in a realm for which it was not designed
and in which it is not strictly necessary. Second, the de-
viation between the two methods increases with chain
length and becomes as large as ∼0.8 eV for the case of
alkanes with n = 7. We attribute this to the delocaliza-
tion of the HOMO in the longer chains, shown in Fig. 2
for selected alkanes and in the SI for selected tOAs and
OLTs. This delocalization ultimately prevents the use of
OT-RSH altogether for large enough chains, as the IPT
is approaching the point where it is trivially obeyed and a
numerically stable determination of the range-separation
parameter is no longer possible. In contrast, the WOT-
RSH relies on a Wannier function that is localized by
construction and changes little with n, as also shown in
Fig. 2 for selected alkanes and in the SI for selected tOAs
and OLTs. As a result, the WOT-RSH procedure is nu-
merically stable and physically meaningful for any n, in-
cluding n → ∞, i.e., the polymer limit.

Interestingly, while the trend of OT- and WOT-RSH
results deviating from one another is common to the
three systems, it appears to be more abrupt for the alka-
nes, where the deviation starts already at relatively short
chains, but more gradual and at larger n for the two
other systems. We note that the abrupt deviation in the

alkanes occurs between n = 1.5 and n = 2. This can be
associated with an abrupt change in the symmetry of the
HOMO, owing to orbital reordering, between these two
chains, as demonstrated in Fig. 2 (b) and (c). The same
symmetry as in n = 2 is then maintained for all n > 2.
The symmetry of the HOMO for the tOAs and OLTs, on
the other hand, is unchanged for all n, as demonstrated
in the SI.
Next, we compare our results to benchmark compu-

tational data. As shown in Fig. 1, the general trend
of the IP saturating with increasing chain length, up
to the polymer limit, is clearly captured. This trend is
less observed in the tOAs, in agreement with the results
of Ref. [55], which showed that the saturation occurs in
longer chain lengths that are outside the range studied
in this work. Furthermore, the WOT-RSH results agree
very well quantitatively with previous localization-based
schemes - to ∼0.1 eV with KIPZ results and ∼0.2 eV
with LOSC, on average. Conversely, and as expected
based on the above discussion, the OT-RSH results do
not extrapolate to the correct polymer limit.
Finally, we compare the computational results to ex-

perimental ones. For alkanes, the experimental results
agree well with all computational methods for n = 0.5
and n = 1. For n = 1.5, all computational methods ap-
pear to agree, but predict a value larger than experiment
by ∼0.5 eV. For n = 2 and n = 2.5, WOT-RSH and KIPZ
overestimate experiment by a similar amount, while OT-
RSH is in better agreement with it. This, however, may
be accidental, given the fact that the n = 1.5 result of
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OT-RSH overestimates experiment. The IP for n → ∞,
polyethylene, agrees well with several experimental esti-
mations [73–75].

For the tOAs, agreement with existing experimental
values for finite chains is consistently good for all com-
putational methods. The experimental value for trans-
polyacetylene is taken from solid-state measurements,
where the IP can be smaller by hundreds of meV from the
gas-phase IP [78], possibly explaining the deviation from
theWOT-RSH prediction. For the OLTs, with the excep-
tion of the n = 0.5 monomer, our results underestimate
experimental ones by more than 0.3 eV. Whether this
discrepancy is related to structural differences, thermal
effects, experimental uncertainties, or theoretical limita-
tions is at present unknown. Even so, the WOT-RSH re-
sults agree qualitatively and semi-quantitatively with the
experimental ones, whereas the OT-RSH results do not.
Overall, then, the WOT-RSH results provide good agree-
ment with experimental trends, where available, through-
out.

IV. CONCLUSIONS

We have compared two optimal tuning methods of
RSH, namely OT-RSH and WOT-RSH, for the computa-
tion of the IP of one-dimensional molecular chains of in-

creasing length. We have demonstrated the known failure
of OT-RSH for long chains, owing to orbital delocaliza-
tion. We found, however, that WOT-RSH is successful in
predicting accurate IPs throughout the evolution of the
chain length, not only in the polymer limit for which it
was originally designed, but throughout the entire range
of oligomers, from monomer to polymer. Specifically,
WOT-RSH results agree with both experimental trends
and past localization-based computational schemes. This
provides a first step in the application of optimal tuning
to nano-sized objects where neither the molecular nor the
bulk limits apply.
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X̃2Bg, and by photoelect, Int. J. Mass Spectrom. Ion
Phys. 31, 287 (1979).

[78] J. Frommer and R. Chance, Encyclopedia of polymer sci-
ence and engineering (John Wiley & Sons, 1986) pp. 462–
507.

[79] D. Jones, M. Guerra, L. Favaretto, A. Modelli, M. Fab-
rizio, and G. Distefano, Determination of the electronic
structure of thiophene oligomers and extrapolation to
polythiophene, J. Phys. Chem. 94, 5761 (1990).

[80] V. I. Anisimov and A. V. Kozhevnikov, Transition state
method and Wannier functions, Phys. Rev. B 72, 075125
(2005).

[81] M. Cococcioni and S. de Gironcoli, Linear response ap-
proach to the calculation of the effective interaction pa-
rameters in the LDA + U method, Phys. Rev. B 71,
035105 (2005).

[82] M. Weng, S. Li, J. Ma, J. Zheng, F. Pan, and L.-W.
Wang, Wannier Koopman method calculations of the
band gaps of alkali halides, Appl. Phys. Lett. 111, 054101
(2017).

7

https://doi.org/10.1063/1.4892937
https://doi.org/10.1016/j.cplett.2004.06.011
https://doi.org/10.1016/j.cplett.2004.06.011


[83] T. Bischoff, I. Reshetnyak, and A. Pasquarello, Ad-
justable potential probes for band-gap predictions of ex-
tended systems through nonempirical hybrid functionals,
Phys. Rev. B 99, 201114 (2019).

[84] T. Bischoff, J. Wiktor, W. Chen, and A. Pasquarello,
Nonempirical hybrid functionals for band gaps of in-
organic metal-halide perovskites, Phys. Rev. Mater. 3,
123802 (2019).

[85] J. D. Elliott, N. Colonna, M. Marsili, N. Marzari, and
P. Umari, Koopmans meets Bethe–Salpeter: Excitonic
optical spectra without GW, J. Chem. Theory Comput.
15, 3710 (2019).

[86] M. Weng, F. Pan, and L.-W. Wang, Wannier–Koopmans
method calculations for transition metal oxide band gaps,
NPJ Comput. Mater. 6, 1 (2020).

[87] T. Bischoff, I. Reshetnyak, and A. Pasquarello, Band
gaps of liquid water and hexagonal ice through ad-
vanced electronic-structure calculations, Phys. Rev. Res.
3, 023182 (2021).

[88] N. Colonna, R. De Gennaro, E. Linscott, and N. Marzari,
Koopmans spectral functionals in periodic boundary con-
ditions, J. Chem. Theory Comput. 18, 5435 (2022).

[89] A. Mahler, J. Williams, N. Q. Su, andW. Yang, Localized
orbital scaling correction for periodic systems, Phys. Rev.
B 106, 035147 (2022).

[90] J. Yang, S. Falletta, and A. Pasquarello, One-shot ap-
proach for enforcing piecewise linearity on hybrid func-
tionals: Application to band gap predictions, J. Phys.
Chem. Lett. 13, 3066 (2022).

[91] R. De Gennaro, N. Colonna, E. Linscott, and N. Marzari,
Bloch’s theorem in orbital-density-dependent function-
als: Band structures from Koopmans spectral function-
als, Phys. Rev. B 106, 035106 (2022).

[92] E. B. Linscott, N. Colonna, R. De Gennaro, N. L.
Nguyen, G. Borghi, A. Ferretti, I. Dabo, and N. Marzari,
Koopmans: An open-source package for accurately and
efficiently predicting spectral properties with Koopmans
functionals, J. Chem. Theory Comput. 19, 7079 (2023).

8


	Non-empirical prediction of the length-dependent ionization potential  in molecular chains
	Abstract
	Introduction
	Methods
	Benchmark systems
	Range-separated hybrid functionals
	Optimal tuning of RSH
	Wannier-localization-based optimal tuning of RSH

	Results and Discussion
	Conclusions
	Acknowledgments
	References


