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Abstract. We provide a new, geometric proof of the motivic monodromy conjecture for
non-degenerate hypersurfaces in dimension 3, which has been proven previously by the
work of Lemahieu—Van Proeyen and Bories—Veys. More generally, given a non-degenerate
complex polynomial f in any number of variables and a set B of Bj-facets of the Newton
polyhedron of f with consistent base directions, we construct a stack-theoretic embedded
desingularization of f ~1(0) above the origin, whose set of numerical data excludes any
known candidate pole of the motivic zeta function of f at the origin that arises solely from
facets in IB. We anticipate that the constructions herein might inspire new insights as well
as new possibilities towards a solution of the conjecture.

1. Introduction

Throughout this paper, let k be a subfield of C, and fix 0 #% n € N. For every
a:=(a,...,a,) € N" letx® denote the monomial x{" - - x;" in K[x1, ..., x,].
Let f =) ,cni Ca-X* € K[x1,...,x,] be a non-constant polynomial satisfying
co = f(0) = 0, and let V(f) be the hypersurface defined by f = 0 in A" :=
Spec(k[x1, ..., x,]). Let T'(f) denote the Newton polyhedron of f, defined as the
convex hull in R” of the finite union

U{a—i—R'Z’O: aeN', ¢ #0}.

For every face ¢ of I'(f), we set

fo= ) ca-x™ (1.1)

aeN"N¢

We then say that f is non-degenerate, if for every compact face ¢ of I'(f),
the closed subscheme V(f.) C A" is non-singular in the torus G C A”. This
non-degeneracy condition was first introduced in [16], and it guarantees that the
singularity theory of V(f) C A" at the origin 0 € A" is, to a certain extent,
governed by I'( f). The extent to which the former is governed by the latter is the
main interest of this paper.
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Namely, this paper provides a geometric explanation (Theorem B) for the propo-
sition [13, Proposition 3.8] that any pole of the topological zeta function of f at
0 € A" [11] cannot arise exclusively from a set of B;-facets of I'( f) with consistent
base directions. In the process, we obtain a smaller set of candidate poles for the
motivic zeta function of f at 0 € A" [12] than what was previously known in gen-
eral (Theorem A), and in particular we deduce (via Theorem C) a new, geometric
proof of:

Theorem. (= [7, Theorem 10.3]) The motivic monodromy conjecture holds for
non-degenerate polynomials in n = 3 variables.

1.1. Statement of objectives, motivations, and results

We assume throughout this introduction that f € k[xy, ..., x,] is non-degenerate.

1.1.1. Conventions on the Newton polyhedron of f For m € N, set [m] :=
{1,2,...,m} (i.e. [0] = ©). Let N = Z", with standard basis vectors ¢; (i € [n]),
and for R a subring of R, we set Np = N ®z R with positive half-space
N,‘g = R”, C N (where R-g = RN Rxp). Set M = NV be the dual lat-
tice, with standard dual basis vectors eiV (i € [n]). Likewise for R a subring of R,
we set Mg = M ®z R with positive half-space MI‘; = HomN(Rﬁo, R>0) C Mg.
We also write N for N and M for M. -

For reasons related to toric geometry, we view I'(f) as a polyhedron in M;{
(instead of N;). For a face ¢ of T'(f),

¢ =<c a face ¢’ of ¢.
7 1 _ : : /
we write . facet (= co@mensmn 1 face)s’ of <.
vert(¢) the set of vertices of ¢.
dim(¢) the dimension of the affine span of ¢.

We usually use the letter T instead of ¢ to denote facets of I'( f). If two facets t;
and 75 of I'(f) intersect in a common facet (i.e. 71 N 2 <! 71, 1), we say that 71
and 1, are adjacent, and write

T —~ 1.

Finally, for i € [n], let H; denote the coordinate hyperplane in MR defined by
e; = 0. For t <! T'(f), let H, be its affine span in Mg, with equation {a €
Mgr:a-u; = N; }, where the vector u; := (ur, i)?zl is the unique primitive vector
in N7 that is normal to H;. If N; > 0 (i.e. T is not contained in any coordinate
hyperplane H; in MR), we define the numerical datum of 7 as:

Nr = (Ne, |ug]) = (er Ur1 +uo2+---+ ur,n) (1.2)
and the candidate pole of 7 as the root of the polynomial N;s + |u;|, i.e.

st i= —[ugl/Ny. (1.3)
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Finally, for s, € Qg, we let F(f; s,) := {7 <! I'(f): N; > 0and s; = s,}.
1.1.2. The first main theorem of this paper concerns the naive.! motivic zeta function
of f at 0 € A" (cf. [12, Definition 3.2.1], and [8, Chapter 7, §3.3.1]), which we
shall denote by Zmot,0(f; 5), and is tied to the singularity theory of V(f) C A" at
0 € A" via the motivic monodromy conjecture of Denef—Loeser.

In our setting, their conjecture states that there should exist a set of candidate
poles O for Zmot,0(f; s) (in the sense of [5, Definition 5.4.1]) such thatevery s, € ©
induces a monodromy eigenvalue of f near 0 € C” in the following sense.
Given any neighbourhood U of 0 in f~!1(0) c C”, there exists x € U such that
exp(2m+/—1s,) is an eigenvalue of the monodromy transformation acting on the
singular cohomology P, Hs’ling(Ff,x, Z) of the Milnor fiber Fy,, of f at x, cf.
[21] and [8, Chapter 1, §3.4.1].

1.1.3. To start, it has been established in the literature (cf. [7, Theorem 10.5] or [5,
Theorem 8.3.5]) that

O(f) = {1} U {s¢: v <' T(f) with N; > 0} (1.4)

is a set of candidate poles for Zno,0(f; ). More precisely, the preceding statement
can be explicated as follows:

1

Zmoto(f35) € ML) [W (N,v) € n(f)] (1.5)

where

n(f) = {(1, D} U {ne: v <" T(f) with N; > 0} (1.6)

and .y denotes the localization of the Grothendieck ring Ko (Vark) of k-varieties
(= finite-type k-schemes) with respect to the class L of A!. Note that the letter T
is sometimes used in place of the indeterminate L.™°.

1.1.4. Unfortunately, the main difficulty in establishing the motivic monodromy
conjecture for anon-degenerate polynomial f lies in the fact that not every candidate
pole in O( f) induces a monodromy eigenvalue of f near 0 € A”". Therefore, one
desires for a smaller set of candidate poles for Zny0(f; s). This paper gives a
partial answer to the question of when a strictly smaller set of candidate poles
than ©(f) exists for Zmot,0(f; s), which can be seen as a motivic upgrade of
some existing general results in the literature pertaining to a “close relative” of
Zmot,0(f; 5), namely the topological zeta function Zp o(f; s) of f at0 € A", cf.
[11] and [8, Chapter 1, §3.3.1, equation (3.3.1.3)].

Remark 1.1.5. Indeed Zop 0(f; 5) is a “close relative” of Zyo,0(f; s) in the sense
that Zmo,0(f; ) specializes to Ziyp,0(f; s) via the motivic measure:

Eu: /#4 — 7Z

which sends a k-variety X to the topological Euler characteristic of X ® C, cf. [12,
Section 3.4] for details. In particular, one recovers in this way an analogue of (1.5)

' Our main theorems apply more generally to arefined version of Z ¢ 0(f; 5) [8, Chapter
7, §4.1.3 and Remark 4.2.8] For simplicity, we do not discuss that version here.
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for Ziop,0(f; s) (which was observed earlier in [11, Theorem 5.3(ii)]), namely that
every pole of Zip 0(f; s) lies in @(f).

1.1.6. To segue into our main results, it is useful (as hinted in 1.1.4) to first recall
some existing results in the literature which demonstrate that occasionally some
candidate poles s; in ©(f) . {—1} are not actual poles of Z,p, 0(f; 5). Few of these
results are known for Znet,0(f; s) prior to this paper, especially for general n. We
start with the following definition:

Definition 1.1.7. (B-facets, cf. [13, Definition 3.1], [18, Definition 1.4.1]) A facet
T <! I'(f) is called a B;-facet if there exists v € vert(tr) and i € [n] such that:

(a) The i™™ coordinate of v is 1.
(b) @ # vert(t) \ {v} C H;.
(c) T is compact in the i™" coordinate, i.e. T + R-oe’ ¢ 7 (cf. 2.2.4(iii)).

Note that in particular, (b) and (c) imply that H; Nt <! 7. In this case, we call v
an apex of t with corresponding base direction i € [r]. Note that the apex v and
the base direction i uniquely determine each other.

1.1.8. Fix —1 # s, € Q-p. It is known that if F(f; s,) only consists of one
B -facet, then s, is not a pole of Zp o(f; §), cf. [13, Proposition 3.7]. More gener-
ally one might guess that conclusion is true whenever F(f; s,) comprises of only
Bj-facets. However, this is false, cf. Example 3.2.5 and Remark 3.2.6 for a sim-
ple counterexample. One rectifies that guess (cf. [13, Proposition 3.8]) by further
imposing the following condition on F(f; s,):

Definition 1.1.9. A set B of Bj-facets of I'(f) has consistent base directions
if there exists, for each facet T € B, a choice of a distinguished base direction
b(t) € [n], such that b(t1) = b(12) for every pair of adjacent facets 71, 72 € B. In
this case we call {b(7): T € B} a set of consistent base directions for IB.

The main contribution of this paper can now be stated as follows:

Theorem A. Let B be a set of Bi-facets of T'(f) with consistent base directions.
Then

O"B(f) = {1} U {s;: v <' T(f) with N; > O and t ¢ B}
is a set of candidate poles for Zmot,0(f; $).

1.1.10. We prove Theorem A towards the end of Sect. 4.3. The centerpiece of our
proof (= Theorem B below) is perhaps more satisfying than Theorem A itself,
especially given that previous attempts to understand the topological zeta function
analogue of Theorem A, or even special cases of Theorem A, used roundabout
methods: namely, they typically involve a manipulation of some explicit formula for
Ziop,0(f; 8) OF Zmot,0(f; 5), cf. formulae in [11, Theorem 5.3(iii)], [10, Theorem
4.2], and [7, Theorem 10.5]. In contrast, our proof is geometric in nature, in the
sense that we construct an appropriate embedded desingularization of V (f) C A"
above 0 € A" that bears witness to Theorem A.
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1.1.11. To put our approach to Theorem A into perspective, we shift our attention
to our approach towards its weaker counterpart (1.4), i.e. (1.5). Given that there is
a motivic change of variables formula for Zt,0(f; s) under any proper, birational
morphism 7t: X — A" (cf. [8, Chapter 6, §4.3]), one natural hope towards prov-
ing (1.5) would be to apply the change of variables to an appropriate embedded
desingularization t: X — A" of V(f) C A" above 0 € A”. A natural candidate
for 7t would be the toric modification 7ty : Xy — A" induced by any smooth
subdivision X’ of the normal fan X (f) of I'(f). Indeed, one can show that the
non-degeneracy condition on f implies that 7ty desingularizes V (f) C A" above
0 € A", cf. [26, Sections 9 and 10]. Unfortunately, subdividing X (f) into X’ usu-
ally introduces new rays to X (f). One can show this process of adding new rays
cannot show in general the existence of a set of candidate poles for Zyor,0(f; 5) as
small as O(f).
1.1.12. The above discussion suggests that one should perhaps avoid the process
of adding new rays, and instead work directly on X (f) and its associated toric
modification 7ts(ry: Xx(r) — A", despite the fact that 7ty (s is usually not an
embedded desingularization for V(f) C A" above 0 € A" (as Xxy) is usually
singular).

Nevertheless, this was the approach in a recent paper of Bultot—Nicaise [5],
where they instead showed that if one endows X 5, ) with the divisorial logarithmic
structure M associated to the reduction of

T (V) U VED U V) U - U Vi) C Xs(

the logarithmic scheme (X5 (), M) is logarithmically smooth. They then related
Zmot,0(f; ) to a different motivic zeta function associated to Xx(y) and the
Gelfand-Leray form dx; Adxa A- - - Adxy, /df (cf. Loeser—Sebag [19] and [5, Def-
inition 5.2.2]). Finally, the logarithmic smoothness of (X (), M) enables them to
deduce an explicit formula for the latter zeta function, from which (1.5) follows.
1.1.13. In contrast, our approach towards (1.5) is a stack-theoretic re-interpretation
of Bultot—Nicaise’s approach, and allows one to work directly on X (f) while still
remaining in the realm of smooth ambient spaces. The point here is that one can
associate, to the potentially singular toric variety X5 r), a smooth toric Artin stack
Z's(r) whose good moduli space (in the sense of [2]) is X5(s), cf. Sect. 3.1. One
can then show that the composition

()

M @ 2y — Xz —— A"
desingularizes V() C A" above 0 € A" in the following sense:

Definition 1.1.14. A stack-theoretic embedded desingularization of V(f) C
A" above 0 € A" is a morphism IT: 2~ — A" where:

(1) Z is a smooth Artin stack over k admitting a good moduli space 2~ — X,
and the induced morphism 7t: X — A" is proper and birational.

(i) ! (V( f )) is a simple normal crossings divisor at every point in TT~!(0) (in
the stack-theoretic sense, cf. [6, Definition 3.1]).
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1.1.15. In Sect. 3.1 we also discuss a motivic change of variables for Zyor,0(f; s)
that is applicable to Ty ), although indirectly. By this we mean that one has to first
take a simplicial subdivision X( f) of X (f) without adding new rays. The effect
of doing so is that the corresponding toric stack 2 ) is Deligne-Mumford, and
the morphism TTg(fy: Z5(r) — A" factors through Ig sy : Z%(r) — A" as an
open substack, i.e. TTg () also desingularizes V (f) C A" above 0 € A”. Finally
we compute the set of numerical data associated to (f, ITg(s)) (in the sense of
Definition 1.1.16 below), and show that it is the set n(f) in (1.6). Applying the
aforementioned motivic change of variables to TTs (), the preceding sentence then
implies (1.5).

Definition 1.1.16. Let TT: 2~ — A" be a stack-theoretic embedded desingular-
ization of V(f) C A" above 0 € A", such that 2 is a Deligne-Mumford stack.
Let {E;: i € I} denote the set of irreducible components of TT~! (V( f )). For each
i € I,let N; (resp. v; — 1) denote the multiplicity of E; in the divisor T~ (V (f))
(resp. the relative canonical divisor K77 of TT). Then the set of numerical data
associated to the pair ( f, IT) is:

LT o= {WNi,v):i e 1}

where each (N;, v;) is referred to as the numerical datum of the corresponding
irreducible component E; C TT=1(V(f)).

Similar to how the motivic change of variables in 1.1.15 reduces (1.4) to the
existence of a stack-theoretic desingularization of V(f) C A" above 0 € A" by
a Deligne—Mumford stack, whose set of numerical data equal to n(f), that same
change of variables would also reduce Theorem A to the following:

Theorem B. (<=Theorem 4.3.2) Given a set B of Bj-facets of I'(f) with con-
sistent base directions, there exists a stack-theoretic embedded desingularization
M: 2 — A" of V(f) C A" above 0 € A", such that 2" is a Deligne—Mumford
stack, and whose set of numerical data is:

n" B = {1, D} U {ne: v <" T(f) with Ny > 0and © ¢ B}.

1.1.17. Our proof of Theorem B occupies the entirety of Sect. 4. As one might expect
from the discussion in 1.1.11 and 1.1.13, the proof should involve the construction
of a fan =7 that subdivides Nl'{ and satisfies the following:

(i) The set of rays in £ comprises of rays in X (f) except those that are dual to
facets in IB.

(if) Theinduced toric modificationTTy+: Z5+ — A" isastack-theoretic embedded
desingularization of V() C A" above 0 € A".

In the first two paragraphs of Sect. 3.2, we give a brief sketch as to how one could
accomplish this construction, and in Sects. 4.1 and 4.2, we provide the details of
the construction. In addition, in Sect. 3.2 we also verify our methods for three non-
degenerate polynomials in n = 3 variables. We hope to highlight, through these
examples, various aspects of Theorems A and B.
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1.1.18. Finally, we indicate in Sect. 5 the various aspects in which Theorem A is
incomplete for the motivic monodromy conjecture for non-degenerate polynomials
(1.1.2), most of which we are pursuing separately in a sequel, using methods that
are motivated by and similar to the ones in this paper.

Nevertheless, Theorem A in particular recovers the motivic monodromy con-
jecture for non-degenerate polynomials in n = 3 variables, which was proven
previously by Bories—Veys [7, Theorem 10.3], although (as hinted in 1.1.10) via
an approach different from Theorem B. Indeed, in Sect. 5.1, we first show that
Theorem A implies:

Theorem C. (= Theorem 5.1.9) Letn = 3, and let S, C O(f) ~{—1}. If F(f; s0)
is a set of By-facets of T'(f) with consistent base directions for each s, € S,, then
O(f) \ S, is a set of candidate poles for Zmor0(f; 5).

Note that by specializing Zmot,0(f; 5) t0 Ziop,0(f; s) (cf. Remark 1.1.5), The-
orem C in particular recovers [20, Proposition 14]. Moreover, the authors in loc.
cit. showed that s, € O(f) \ {—1} induces a monodromy eigenvalue of f near
0 € C” (in the sense indicated in 1.1.2) whenever F(f; s,) satisfies either of the
following hypotheses:

(i) F(f; so) contains a non—Bj-facet of I'( ) [20, Theorem 10].
(i) F(f; so) is a set of By-facets of I'(f), but without consistent base directions

[20, Theorem 15].

Therefore, we conclude from Theorem C and the preceding sentence that:

Corollary D. The motivic monodromy conjecture holds for non-degenerate poly-
nomials in n = 3 variables.

2. Nuts and bolts
2.1. Newton Q-polyhedra and piecewise-linear convex Q-functions

We begin by reviewing some fundamentals in convex geometry in Sects. 2.1 and
2.2. A reader who is familiar with convex geometry can skip to Sect. 2.3. Along
the way we also fix conventions and notations for the remainder of the paper.

Definition 2.1.1. (Newron Q-polyhedra) By a rational, positive half-space in
Mﬁ' , we mean any set of the form

Hf, = laeMg:a-u>m} c Mg
forsome 0 #u € N and m € Z-(. We also set:

Hym = faeMg:a-u=m} C Mg.
We call an intersection of finitely many rational, positive half-spaces in M; a
Newton Q-polyhedron (with the empty intersection defined as M;{ ), typically

denoted by the letter I'. Equivalently, a Newton Q-polyhedron is the convex hull in
My of Ufa + Mf{: a € §} for a finite subset of points S C M(“;.

Remark 2.1.2. If the vertices of a Newton Q-polyhedron I' also lie in M ™, then T
is simply referred to as a Newton polyhedron.
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2.1.3. Conventions on Newton Q-polyhedra 1In 1.1.1, we outlined a few conven-
tions on the Newton polyhedron I'(f) of a polynomial f € Kk[xi,...,x,]. The
same conventions make sense for a Newton Q-polyhedron, and moving ahead we
will also adopt them for Newton Q-polyhedra.

2.1.4. Piecewise-linear convex Q-functions To every Newton Q-polyhedron T,
we can associate a piecewise-linear, convex function ¢ : Nl'{ — R as follows:

¢) := infa-u for every u € Nl‘{.
ael

This means that there exists a finite set S C MIJ{ so that ¢(u) = minges a - u for
every u € Nﬁ . Indeed, for the above ¢, we may take S = vert(T"). In fact, since
vert(I") C Mé’ , ¢ is a piecewise-linear, convex Q-function, that is, either of the
following equivalent conditions hold for ¢:

(i) ¢ is a piecewise-linear, convex function such that (N*) C Qxo.

(i) There exists a finite set S C Ma' such that (1) = mingeg a - u.

This sets up a one-to-one correspondence between:

{Newton Q-polyhedra in ME} {plecewme linear, convex, Q— }

functions ¢: Nl'{ — R>o
Indeed, every ¢ in the right hand side arises uniquely from the following Newton
Q-polyhedron:

N=laeMg:a-u>gp@forallue Ng} = m HF

W) 2.1

ueNE
This claim is immediate once we show that I' is a Newton Q-polyhedron. Indeed,
letS=1{ay,...,a,} C Mér be such that ¢(u) = min;¢,ja; - u forevery u € NIJ{.
Then T is the intersection of all rational, positive half-spaces in Ml‘{ containing
S, i.e. I is the convex hull in Mg of | J{a + Ml‘{: a € S}. Since S is finite, so is
vert(l") C S. Thus, I has finitely many faces. For each facet v of T, let u; be the

unique primitive vector in N T that is normal to the affine hyperplane spanned by .
Then T is the following finite intersection of rational, positive half-spaces in Ml‘{ :

_ +
I ﬂ HY (2.2)
=<IT

2.1.5. By (2.2), we obtain the following alternative description of ¢ in terms of
facets of I (as opposed to points in I'):

¢ = min.¥
where

@ {linear functions £: N — R such that }

£(u;) > Ny forevery facet t <! T’

Recall from 2.1.3 that for every t <'r, N: € Q- is defined via the equation
{a € Mgr:a-u; = N} of the affine span H; of T in Mg. Note that since
H; = Hy, y(u,)> W€ have p(u;) = N;.
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2.2. Newton Q-polyhedra and their normal fans

2.2.1. Conventions on fans Let X beafanin Nr.For0 < d < n,let ¥[d] denote
the set of d-dimensional cones o in X. In particular, X[1] is the set of rays in X, and
¥ [n] is the set of full-dimensional cones in X. We also denote by ¥ [max] the set of
maximal cones in X, and denote by | X | the support of ¥, i.e. |X| = | J{o: 0 € T}.
In this paper we usually consider fans X in Ny satisfying |Z| = Ny, in which
case X[max] = X[n].

We also usually use the letter p for rays in X instead of o (akin to how we use a
different letter 7 for facets of I'( f) instead of ¢, cf. 1.1.1), and we letu, = (u, ),
denote the first lattice point on a ray p in ¥, i.e. the unique primitive generator in
N7 of p. In addition, given two convex rational polyhedral cones ¢ and ¢’ in NR,
we write 6’ < o if ¢’ is a face of o. We also write o [d] for the set of d-dimensional
faces o’ < o, and write dim(o) for the dimension of o. Finally, for S C Ng, we
write (S) for the cone in Nﬁ' generated by S.

2.2.2. Normal fans Every Newton Q-polyhedron I" also naturally induces a fan
Y in Nl‘{ , called the normal fan of I', whose cones o correspond in an inclusion-
reversing manner with faces ¢ < I'. Namely, let ¢ be the piecewise linear, convex,
rational function associated to I', and we define:

T = {oa:ae Mg}
where foreacha € T,
oa == {ue Ng: o) =a- u}.

This is a closed convex cone in Nl‘{. Indeed, if u;, up € 0y, thena - (u; +wp) =
a-ujta-u=¢)+e) < e +uy) <a-(u;+uy), which forces equality
throughout, i.e. u; +uy € o,. In particular, we obtain an alternative characterization
of 0;:

Corollary 2.2.3. For a € T, o, is the largest closed convex cone in Nl‘{ on which
@ is the linear function u — a - u. O

2.2.4. Our next goal is to explicate o, further; in particular, we will see that oy is
a convex rational polyhedral cone in Nﬁ' . To do this, let us first introduce a notion
dual to o,. Namely, for each u € Nl‘{, the first meet locus of u is defined as:

cu = {ael:p)=a-u} < T.
Note that ¢y = I'. Here are some other observations about ¢y:

(i) For0 #£Au € Nl‘{, Su = Hy gy NT,i.e. Hygy is a supporting hyperplane of
I". Every proper face of I' is ¢, for some 0 # u € Nl‘{ .
(ii) Every facet T of T" is gy, for a unique primitive vector u; € N, namely the
one that is normal to the affine span H; of T in MR.
(iii) For eachi € [n], the following statements are equivalent:
(a) u; =0.
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(b gy is non-compact in the i'" coordinate, i.e. ¢y + R>0€) = cy.
(c) There exists a € ¢y such that a + eiv € Gu-

In particular, (iii) says that ¢, is compact if and only if all coordinates of u are
non-zero. We will also need the following lemma:

Lemma 2.2.5. (i) Letuj, u; € Nl'{. Then gy, N Gu, C Suj+uy, With equality if and

only if gu; N Gu, # <.
(ii) Leta,a’ € T. Forevery 0 <t < 1, 03 N0y = Orat(1-1)a'-

The next lemma is the key step towards explicating o,:

Lemma 2.2.6. Fora € I'andu € Nl'{, u generates an extremal ray of o, if and
onlyifae ¢y <'T.

Proof. We may assume u # 0. For the reverse implication, let uj, uy € o, such
that u; +up € (u). By Lemma 2.2.5(1), Su; N Su, = Su;+u, = Su. By hypothesis,
Su; = cu fori = 1, 2. Since the affine span of ¢, is an affine hyperplane in NR,
this means that u; € (u) fori = 1, 2, as desired.

Next, we show the forward implication. Since u € g,, a € ¢y. It remains to
show that ¢, is maximal among all proper faces ¢ < I" containing a. To this end,
let ¢ be a proper face of T containing ¢y, and let 0 # u’ € o, such that ¢ = ¢y.
For every i € [n] such that u; = 0, we have

cu+R=0¢/ = cu C gw

which implies u; = 0 (cf. 2.2.4(iii)). Therefore, for N > 0, Nu —u’ € Nl'{ .In
fact, we claim that for N >> 0, we have Nu —u’ € o,. If not, for every N > 0, we
have Nu —u’ € NIJ{ \ 0, i.e. there exists a);, € vert(I") so that

1) u—lu’ = al - u—lu’ < a- u—iu’
N N N N )

Since vert(T") is finite, there exists a constant subsequence (a;vk Yi>1 = (a’,a’,a’, )
of (aly)n0. Forall k > 1, we have

(o) <o (o)
a-lu——u) <a-{u——u). 2.3)
Nk N

Lettingk — o00,a’-u < a-u.Buta € gy,s0a-u = g(u) < a’-u. Thus,a’-u = a-u,
ie. 2’ € ¢y. In addition, ¢y C ¢y, s0a,a € ¢y,ie.a’ -u =) =a-u.
However, botha’-u =a-uanda’-u’ = a-u contradict (2.3). Consequently, our
earlier claim holds, i.e. by replacing u by a sufficiently large multiple of itself, we
may assume u — U’ € o,. Since u generates an extremal ray of o,, w’ and u — v’
both lie in R>ou. In particular, ¢ = gy = gu, as desired. O

Corollary 2.2.7. For a € T, 0, is a convex rational polyhedral cone in Nl'{ . More
precisely,

Oq = (u,:aet<1 r).

In particular, o5 # {0} if and only if a lies on the boundary of T.
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Proof. Since o, is a closed convex cone in Nﬁ , 0a 18 generated by its extremal
rays, cf. [24, Theorem 18.5]. Apply the preceding lemma. O

In what follows, recall that the relative interior relint(o) of a cone o in NR is the
interior of o in its R-span in NR, and the relative interior relint(¢) of a polyhedron
¢ in MR is the interior of ¢ in its affine span in MR.

Corollary 2.2.8. Fora e Nandu € Nﬁ' , the following statements are equivalent:

(i) u € relint(oy).
(i) ca =Nt <'T:a € 1}, where @ :=T.
(iii) a € relint(gy).

Moreover, foru € o, ({{t <! T:a € 1} < cy.

Proof. We may assume u # 0. Note that (ii) <= (iii), since [{r <ITrae T}
is the unique face ¢ of I such that a € relint(¢). For (i) <= (ii), it suffices to
focus on the case u € o, (since otherwise, a ¢ ¢y,), and by the preceding corollary
u= Za€r<1 r Azu; for some A; € R>¢. By Lemma 2.2.5(i), we have

Su = ﬂ{g@rur):aerQ ry = ﬂ{t <'T:aerand; > 0}

which contains (){z <! T': a e r} as a face. It remains to note that we can arrange
for{A;:aet <! '} € R.o if and only if u € relint(oy). O

2.2.9. The preceding corollary sets up a natural correspondence between:

{faces ¢ <T} «— {coneso in X}
s > o

So < o

which is defined as follows. Given ¢ < T, o¢ := 0, for any a € relint(c). We
call o, the cone in ¥ dual to ¢. Conversely, given ¢ in X, ¢, = ¢y for any
u € relint(o). We call ¢, the face of I dual to o. Then:

(i) If faces ¢, ¢’ < T correspond to cones o, ¢’ in X, then ¢ < ¢’ if and only
if o > o’. Corollary 2.2.7 gives the forward implication, and the converse
follows from the preceding corollary.

(ii) If a face ¢ < T corresponds to a cone ¢ in X, then dim(¢) + dim(o) = n.
This follows by induction on dim (o), where the induction step is supplied by
).

(iii) If a facet T <! I corresponds to a ray p in ¥, note that u, = u,.
Corollary 2.2.10. X is a fan in NR whose support |Z| equals Nl'{.

Proof. This follows from Lemma 2.2.5(ii), Corollary 2.2.7, and 2.2.9. O
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2.2.11. Notation For p € X[1], we will denote the facet ¢, = ¢y <! TI"dual to p
by 7, or 7y instead, cf. 1.1.1. Likewise, for = <!I'T, we denote the ray o, € X[1]
dual to t by p; instead, cf. 2.2.1. Then the following corollary is immediate from
Corollary 2.2.7 and Corollary 2.2.8:

Corollary 2.2.12. For a face ¢ < T, we have:
oc = <,ot: c<t<! F).
Dually, for a cone o in X, we have:

G = ﬂ{rp: ,oeo[l]}, where ﬂ@ = T.
The next corollary follows from the preceding corollary, and 2.2.4(iii).

Corollary 2.2.13. Let ¢ be a face of T, and o be the cone in ¥ dual to ¢. For
i € [n], let {€; = 0} denote the coordinate hyperplane in NR defined by e = 0.
Then the following statements are equivalent:

(i) o C {e/ =0}, i.e. forevery p € o[1], up,; = 0.
(ii) ¢ is non-compact in the i™ coordinate, i.e. ¢ + R-oe’ =¢.
(iii) There exists a € ¢ such thata+ e’ € ¢.

In particular, ¢ is compact if and only if o is not contained in any coordinate
hyperplane {e; = 0} in Ng.

2.3. Fantastacks and multi-weighted blow-ups

2.3.1. Let X be a fan in Ngr whose support |X| is NIJ{. Then X is a subdivision
or refinement [9, p. 130] of the standard fan ¥gq in NR generated by the standard
cone ogq = (e,- S [n]). By [9, Theorem 3.4.7], there is a toric, proper, birational
morphism

= A"

US|
Xy — X3y

where X5 (resp. Xx,,) is the toric variety associated to X (resp. Xsq).

2.3.2. While Xy is possibly singular, there is nevertheless a canonical smooth Artin
stack Zx whose good moduli space is X;, which is supplied by Cox’s construction,
cf. [9, §5.1]. To start, we define a Z-lattice homomorphism

No=z20 L,zn N
by mapping the standard basis vector e, indexed by p € X[1] to the first lattice
point u, on p (2.2.1).

Next, let = denote the set of convex rational polyhedral cones o in Nl'{ such
that o[1] C o'[1] for some o’ € X, in which case we say o can be inscribed in
o', and write 0 T o’. We call ¥ the augmentation of X. For each cone ¢ in T,
we associate to it the following smooth cone in ﬁR =N ®z R:

G = (e,: Blep) =u, e0) = (e,: p €a[l]).
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Note that for every o1, 0» € >, we have o C o if and only if 51 < 03.

Finally, let ¥ denote the smooth fan {7 : o € T}, whichis generatedby {0: o €
¥ [max]}. Then (/2\2, B) is the stacky fan associated to T [15, Definitions 2.4 and
4.1]. By definition, 8 is compatible with the fans S and Y3, and thus induces a toric
morphism

Xs — Xs.
Let 8¥: NY — NV denote the dual of B, and let
Gp := Homgrp—sch (Coker(8"), Gm) C HomGrp_SCh(lvv, Gn) =Ty = Gzl

m

which is the kernel of

—~ Tp
Gf,lm =T = HomGrp_sch(Nv, Gp) — HomGrp—Sch(st Gn) =Ty = Glrln'

Then Gg acts on X5 via the torus action Gg C Gflm M X3, and the above toric
morphism Xs — Xy descends to the stack quotient:

I = [Xi/Gﬁ] — X3

which is a good moduli space of the smooth Artin stack 2 [15, Example 6.24].
We denote by Ty the composition

>

Iy Xy

Xzsld = A”

and call 2 the fantastack associated to ¥ [15]. This morphism is birational,
universally closed and surjective, cf. [3, Remark 2.1.8].

Definition 2.3.3. If ¥ is the normal fan of a Newton Q-polyhedron I in Mg, we
call the morphism TTy: 25 — A" (2.3.2) the multi-weighted blow-up of A”
along T". (See the appendix to this section, as well as 2.3.5, for an explanation to
this name.)

Remark 2.3.4. Note that 2, is a smooth toric Artin stack with trivial generic sta-
bilizer. More precisely, it has a dense open that is a torus, namely

T,
Gx" /Gy —— G,

The action Gram ~ X5 descends to an action (GI)I:][” / Gg) ~ Zx, which
extends the multiplicative action of the torus (GEIH] / Gp) onitself.
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2.3.5. Description of the morphism Ty : Xy — A" For the remainder of this
paper, we will make the obvious identification X q4[1] <— [r]. Given a fan &
in NR whose support is N + we have ©[1] D Zqa[l] = [n], and we denote the
complement X[1] \ [n] by X[ex]. We call the rays in X[ex] exceptional rays.

To explicate the morphism Iy : 2% — A", first note that the homomorphism
B: Z**V) — N = 7" fits into the short exact sequence:

0 —s zZlex az—[ﬁ]) z> p=[re] 7" — 0 (2.4)

where I denotes the identity matrix of order #%[ex] and B is the matrix whose pth—
indexed column is u,, for each p € E(a). Using (2.4) and unraveling definitions in
2.3.2 then yields the following description:

Zs = [Xs / Gy = [Spec(klx], ... ,1[x}: p € Slex]]) ~ VUz) / 631

s

A" = Spec(k[x1, ..., x,])
where:
(i) TTy is induced by the k-algebra homomorphism
M ¢ klxn, ..o x] — Kkx{,....x)][x,: p € Z[ex]]

which maps

xioe [T @t = - [T Gt fori e fn]

peX[l] peXex]

where for every p € X[1], u, ; is the i coordinate of u,.
(i1) The ideal Jy is called the irrelevant ideal, and equals to:

Jy == (x,:0€X) = (x,:0 € T[max])

where for every cone o in X, or more generally o in X,
v 1 w=Tlv
peZ(lINo(l] peX(1]
So ZTp
and the open substack of 25 on which x, is invertible:
Dy(0) = [U, / GE*™]
= [Spec(k[xi, cxpl[x pe Slex]][x571]) / Gfl[ex]]

is called the o-chart of Z%. Together the charts in {D4(0): 0 € X[max]}
form an open cover for Zy.
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(iii)

(iv)

v)

For each i € [n], the Z*I*]_weight of xis (up,i)pes[ex], i.€. the i™ row of the
matrix B in (2.4). For each p € X[ex], the Z*[-weight of x/ is —e, € ZElex],

This describes the action Gg = Gﬁ[e"] ~ Xs.
The orbit-cone correspondence for X5 descends to an orbit-cone correspon-

dence for 2. More precisely, for every cone o in X, its corresponding GE][I]-
orbit Oy of Xs5:

closed

Oy = UU\U{UU/:G’EG, o' #£0}) —— Us

descends to its corresponding (G=!"! / GEI*)-orbit O (o) of 2%
0(0) = [05 / Gy]
= Dy(0) \ U{D+(o’): o'Co, o #0}

closed

= V(x;):pea[l]) " D,(0).

Since Uy = |_|{Oy: 0’ C o}, we also have

Dy(o) = I_l{O(O)Z o' Col.
By the description of Ty in (i) and the description of Jyx in (ii), observe that
Ty maps
U := open substack of 2% on which l_[ x; is invertible
peXex]

isomorphically onto the complement of the closed subscheme

Vv 1_[ xi . o € ¥[max] | c A".

ie[n]~\o[l]

We call the divisors in {V(x) C 2%: p € Z[ex]} the irreducible excep-
tional divisors of TTy,.

The next lemma, and more importantly its corollary, will be useful for later

purposes:

Lemma 2.3.6. If a cone o in . satisfies the condition:

Di()NTIZ0) # @

then o is not contained in any coordinate hyperplane {e; = 0} in Ng.

Proof. Indeed, fori € [n], we have:

oClef =0} < u,;=0forevery p € o[l]

= ﬂ% (x;) = 1—[ (x;))”ﬂ-i is invertible on Dy (o)
peS]

= Di(o)NTg' (V(x) =2

— Di(0)NTT5'(0) = @.
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Corollary 2.3.7. We have:

_ O(o) : 0 € > not contained in any
My 0 I—l { coordinate hyperplane in Ny )

2.3.8.If X is the normal fan of a Newton Q-polytope I', note that acone o € X is not
contained in any coordinate hyperplane in Ng if and only if ({7, : p € o[1]} < T'is
compact. Indeed, if o € X, we have ({1,: p € o[1]} = g5 (cf. Corollary 2.2.12),
so the assertion follows from Corollary 2.2.13. Otherwise, let o’ be the smallest
cone in ¥ such that ¢ T o'. Then ({z,: p € o[1]} = ({z1p: p € d'[1]} = ¢
(cf. 2.2.9 and Corollary 2.2.12), so the assertion still follows from Corollary 2.2.13.

Appendix to Sect. 2.3

In this appendix, we sketch (without proof) how the multi-weighted blow-ups in
Definition 2.3.3 can indeed be interpreted as blow-ups on A”. Recall that a Rees
algebra on A" is simply a finitely generated, N-graded Oan-subalgebra a, =
D, ien O - 1™ C Oan[t] such that ag = Oan and a,, D a,,41 for every m € N.
We say a, is monomial if foreach m € N, a,,, is a monomial ideal of k[xy, .. ., x,],
and we also say that a, is integrally closed if it is integrally closed in &'ax[t]. Then:
2.3.9. Definition 2.3.3 should be understood via a correspondence between:

{Newton Q-polyhedra ' in M { integrally closed, monomial } .

Rees algebras a, on A”

to be explicated in 2.3.10. Namely, for a Newton Q-polyhedron I with normal
fan ¥ and corresponding integrally closed, monomial Rees algebra a, on A”, fix
a sufficiently large £ € Z-¢ such that the £ Veronese subalgebra ag, of a, is
generated in degree 1. Then the multi-weighted blow-up TTy: 2%y — A" along
I" is the same as the multi-weighted blow-up of A" along ay, in the sense of [3,
Definition 3.1.1], and the morphism 7ty : Xy — A’ in 2.3.1 is also the schematic
blow-up of A" along ay.

2.3.10. The above correspondence can be sketched as follows. Given a Newton Q-
polyhedron I in M, the corresponding integrally closed, monomial Rees algebra
a, on A” is given by

1
ay = {xa-t[: —aeF}
£

or equivalently, the integral closure in &an[f] of the Oan-subalgebra generated by
the finite set {x‘@2 . 1@ : a ¢ vert(I")}, where £(a) := min{¢ € Z.: La € M}
for every a € vert(I'). Conversely, given an integrally closed, monomial Rees
algebra a, on A", let x% - thifori = 1,2,...,r be generators of a, as a Oan-
algebra, and the corresponding Newton Q-polyhedron I" is

1
M= 1l-a:x*.t‘ea,
{Eax a
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or equivalently, the convex hull in Mg of U{El—l_a,- + Mf{ S [r]}. In particular,

the above correspondence in particular restricts to a correspondence that is perhaps
more familiar to the reader:

{Newton polyhedra in ME} { integrally closed monomial } '

ideals a C K[x1, ..., x,]

Since these claims are not needed for this paper, we omit their proofs.

3. Preliminaries and examples

3.1. A stack-theoretic re-interpretation of a classical embedded desingularization
of non-degenerate polynomials

We return to the setting at the start of Sect. 1.1: namely, let f = )", xnca-X* €
k[x1, ..., x,] be a non-degenerate polynomial, and let I'(f) denote the Newton
polyhedron of f. Let ¥ (f) denote the normal fan of I'(f), cf. Sect. 2.2.

It is known in the literature that one can construct, using X ( f), an embedded
desingularization of V(f) C A" above 0 € A" (in fact, more is true, cf. the next
theorem). This construction manifests in various equivalent forms in the literature,
e.g. in Varchenko [26, §10] and more recently, in Bultot—Nicaise [5, Proposition
8.31] and Abramovich—Quek [3, Theorem 5.1.2]. As motivated in the introduction
(cf. 1.1.11, 1.1.12, 1.1.13), we follow the last approach. Indeed, by following the
description in 2.3.5, the proof of [3, Theorem 5.1.2] shows:

Theorem 3.1.1. The multi-weighted blow-up of A" along T'(f):
Moy 0 2o — A"

is a stack-theoretic embedded desingularization of V(f) U V(x1x2---x,) C A"
above the origin 0 € A",

3.1.2. This means that ﬂg}f) (V(f) UV(xixg-- -x,,)) is a simple normal crossings
divisor at every point in ﬂg% f (0). To explicate this, we note from 2.3.5(i) that:

M) = D@ [ G
aeN” peX(f)lex]

where for each a = (ay, ..., a,) € N*, (x")* := (x])™ --- (x,)%. Setting N,, :=
N., =infacr(s)a-u, for each p € X[1] (cf. 2.1.5, 2.2.11), we define the proper

To
transform of f under ITg (s as:
Mo ()
ro_ 2(f) /na—n /\a-u,—N,
/=g oW = 2 @ [ e an
pEX(NI] Vp aeN” PEX(f)lex]

where n := (N;: i € [n]). In other words, V(f') C 2%y is the proper trans-
form of all irreducible components of V(f) C A” that are not contained in
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V(x1x2---x,) C A”". Note that since f is non-degenerate, V(f') C Zx(y) is
reduced. Then the preceding theorem is asserting that at every point in ﬂg%f) 0 c
Zs(f)» V(f') C Zx(y) is smooth, and intersects the smooth divisors {V (x),) C
Lzt p € T(NI1]} transversely.

3.1.3. We next claim that via an appropriate motivic change of variables formula,
the desingularization ITs sy of V() C A" above 0 € A" supplies a set of candidate
poles for Zmot,0(f; §) given by

O(f) = (=1} U s;: 7 <" T(f) with N; > 0} (cf. (1.3)).

However, asitis, the stack 2’5 ) is typically not Deligne-Mumford, and the change
of variables formula in [27, Theorem 3.41] only applies to ITs(r): Z5(p) — A"
whenever Zx(r) is Deligne-Mumford. Likewise, the good moduli space X5 r) of
Zs(y) typically has worse than finite quotient singularities, so the formula in [17,
Theorem 4] does not apply to sy : Xx(r) — A”.

Nevertheless, there are other formulae in the literature that do apply directly to
our context, e.g. [5, Theorem 5.3.1] or [25, Theorem 1.3], although these either
demand some background on logarithmic geometry, or background on stacks.
Instead, we adopt a more direct and self-contained approach. As already hinted
in 1.1.15, we circumvent the earlier issue by passing to a further modification
that is now a stack-theoretic embedded desingularization of V(f) C A" above
0 € A" by a Deligne—Mumford stack. Namely, this is given by the fantastack
Ms(py: Zx(r) — A" associated to any simplicial subdivision X(f) of the fan
Y (f) that does not involve the addition of new rays.

3.1.4. Frugal simplicial subdivisions From 3.1.4 to 3.1.6, let X be a fan in Ng
whose support | X| is Nl‘{ , and we fix a subdivision £ of X such that:

(1) X is a simplicial fan, i.e. every cone ¢ in X is a simplicial cone.
(i1) Every cone ¢ in X can be inscribed in some cone o in X (in which case one
writes 0 C o), cf. 2.3.2.

Such a X always exists by [10, Lemma 2.8], and we call any such £ a frugal
simplicial subdivision of . Note too that X[1] = X[1].

3.1.5. Let (Z B) denote the stacky fan assoc1ated to X in NR, cf. 2.3.2. Since

I[1] = Z[1], the stacky fan associated to ¥ is of the form (): B) for the same
homomorphlsm g: Z*M =N—->N=27" gppearlng in (E B). Moreover, Tisa
sub-fan of ¥. Indeed, recall from 2.3.2 that I is generated by {G: 0 € X}, where
for every cone ¢ in X,

G = (e,:peofll) c Z*M = N.

Ifo isaconein ¥ suchthato C o, 0 is then a face of the cone & = (e,: p € o[1])
in 3, and hence is in £, as desired. Consequently, the toric morphism induced
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by the inclusion £ C Tisa Gp-equivariant open immersion X3 <> Xs, which
descends to the open immersion of stacks in the following commutative diagram:

open

2y = Xz /Gp] ————— [X5 / Gp] = 2%

T T oy

An

Explicitly, adopting the notations in the description of Ty : 2y — A" in 2.3.5,
the open immersion Zy — 2 identifies the former with the following open
substack of the latter:

Xy = U{D+(0'):Ge):[max]} c Zx

where for each 0 € £[max], we set

ro /
Yo = [T «

peX[l1~o[l]

and

Dy(0) = [Spec(k[xi, . .,x,;][x;): o€ E[ex]][xé;l]) / Gfl[ex]] c 2%
(3.3)

is the o-chart of 25 (2.3.5(ii)). Note too that for every o in ¥ and ¢ in X such that
o C o, we have D (0) C D1 (o), since x, divides x.

3.1.6. Since X is a simplicial fan, 2% has finite stabilizers, i.e. X5 has finite
quotient singularities. While this assertion is classical in toric geometry [9, Theorem
11.4.8], we will need, for each ¢ € L[max], an explicit presentation of the o -chart
D, (o) C Zy as the stack quotient of a smooth k-scheme by an action of a finite
abelian group. This presentation will be used later in 3.1.7.

Let us continue from the expression in (3.3). Firstly, since x;) is invertible on
D, (o) for p € Z[ex] ~ o[1], and their Z*I**]_-weights {—e,: p € Z[ex] N o[1]}
are linearly independent over Z, we observe from [23, Lemma 1.3.1] that by setting

x, =1 for every p € X[ex] \ o[1]

we obtain an isomorphism

D.(0) = [Spec(k[xi, R | E A= o‘[ex]][xé;l]) / Ggl[ex]] (3.4)

where:

(i) olex] := Slex] No[l].
(ii) xg becomes [[;c(uop1] Xi-
(iii) The action GZ ~ Spec(K[x{, ..., x,1[x,: p € olex]][x/ 1) is as follows.

For each i € [n], the Z“[ex]-weight of xlf is (i) peofex]> and for each p €
olex], the ZoI**]_weight of X, is —€p.
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Secondly, since o is simplicial,
{u,: peol]} = {e:i enlnolll} U {u,: p € olex]}

is linearly independent, and hence, so is

(Wp,i)ien]~o[l] = Wp — Z up i€ . p€ofex]y. 3.5
ie[n]No(l]

Moreover, since dim(o) = n, we have #0[1] = n, so that:
#olex] +n = #olex] + #([n]No[1]) + #([n] \ o[1])
= #o[l] + #([n] ~o[l]) = n + #([n] \ o[1])

ie. #([n] ~ o[1]) = #O'[ex];Consequently, the vectors in (3.5) are the columns of
an invertible square matrix B of order #0[ex], which implies that the set of rows of
B:

{wp.)pesiexs: i € [n1~ of11} = {Z°1)-weights of x/: i € [n] \ o1]}

is linearly independent. Together with the fact that x! is invertible on D (o) for
i € [n] ~\ o[1], we observe again from [23, Lemma 1.3.1] that by setting

x; = 1 for every i € [n] \ o[1]
in (3.4), we obtain an isomorphism
Dy(0) = [Spec(k[x,: p € o[1]]) / u] (3.6)
where:
(i) u := Homgrp—sch(A, Gm), where A is the finite abelian group
Z,0lex]

" {wp.)peotent: i € [n] N ol1])’

(ii) Letting (—) denote the quotient Z!1®™ — A, we specify the action u ~
Spec(k[x;): p € o[1]]) as follows. If i € [n] N o[1], the A-weight of x] is
(Up,i) peoiex)- If o € Olex], the A-weight of x;, is —e,,.

Since {D4(0): 0 € X[max]} covers Z5, the expression in (3.6) in particular shows
that Z5 has finite stabilizers.

3.1.7. In this paragraph, we compute the relative canonical divisor Ky, of ITg. For
each 0 € X[max], recall that the composition

Ms(e) : D4(0) €2 [Spec(k[x,: p € o[1]]) / 1] < e s M

is induced by the k-algebra homomorphism

An

Mz (@)" : Klxi,....x,] —> Kk[x}: p € o[l]]
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Xi — 1_[ (xp)'ri =t a.
peo|l]
We then compute, for each i € [n]:
Uy 0
My (0)* (dx;) = Z ’;’/ - dx),. (3.7)
peoll] P

Letting &([n], o[1]) denote the set of bijections 6 : [n] = o[1], we have:

Mz (0)*(dxi Adxa A -+ Adxy)

3.7 Ugiy,idi ’ / 1
= > I ndxpey N dxpg) A A dxgg

x5
0e&(nl,of1]) icn] ~ 00

Hie[n]ai
T TLeomn * Yo TTuew. - dxpay Adxgay A+ Adxg,
peo(l]*p 0e&([n],0[1]) ic[n]

_— 1_[ ()C)/D)‘upl_l : (det(BO') ' /\Pea[l]d'x;))
peo(l]

where:

(1) |up| =Up 1 t+Up2+ -+ Uy,
(i) B¢ denotes the square matrix of order n whose p™ column is the vector u,
for p € o[1], which is invertible since o is simplicial,
(iii) /\peg[]]dx;) = dxé(]) A dxé(z) A A dxé(n) for a fixed 0 € &([n], o[1]).

From the above computation, we obtain
Krzlpoo = Y (lwpl—1)-V(x)).
peol]
Finally, since {D4(0): 0 € X[max]} is an open cover of 2y, we deduce that
Ky = Y (lupl=1)-V(x)). (3.8)
pex[1]

3.1.8. Returning to our claim in 3.1.3, fix a frugal simplicial subdivision Z(f) of
the normal fan X (f). We then have:

open M

zm(V(f)) €O 2y S X —> A

coarse spaceJ; coarse space

2 (V) 82 X1 () D

where:

(i) 7g(y) is proper and birational.
(ii) Xx(y) has finite quotient singularities (3.1.6).
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(>iii) ﬂng)(V(f)) is a Q-simple normal crossings divisor [17, Definition 1.6]

open

at every pomt in 7'[):(;«)(0) C Xs(y)- Indeed, TTg () factors as 2 () —>

My
Iz N the above diagram. We therefore deduce, from (3.1),
that:
Myl (VH) = VUH+ Y N,, V(xy) (3.9)
peZ(NII

where each V(x;)), as well as V(f’), is now regarded as a divisor in
235 5 Zg(p). By Theorem 3.1.1, ﬂ;:zf)(V(f)) is a simple normal
crossings divisor at every point in IT¢ } f (0) C Zx(y). It remains to note that

nz(f)(V(f)) is the coarse space of ﬁz(f)(V(f)) since the coarse space
s () = Xs(r) maps the latter onto the former.

That is, 7t () : X5(r) — A" is an embedded Q-desingularization of V(f) C
A" above the origin 0 € A", in the sense that it satisfies (i), (ii) and (iii) above.

We additionally note that the motivic change of variables formula in [17, The-
orem 4] applies more generally for any embedded Q-desingularization 7t: ¥ — X
of D1 4+ Dy C X above a closed subscheme W C X: the proof in loc. cit. works
verbatim, once one recognizes that:

(a) [17, Theorem 2] is a general change of variables rule for the Q-Gorenstein
motivic zeta function via any proper and birational morphism of pure-
dimensional Q-Gorenstein varieties.

(b) After applying [17, Theorem 2], the remainder of the proof of [17, Theorem 4]
only uses the weaker hypothesis that 7! (D; 4+ D,) C Y is a Q-simple normal
crossings divisor at every point in 7t~ (W).

We can therefore apply [17, Theorem 4] with 7t = Tty (f), D1 = V),
D, := 0, and W = {0}. Together with (3.8) and (3.9), we deduce that O(f) =

{—1}U { l“”l tp € X(fH[1]with N, > O} is indeed a set of candidate poles for
Zmot,0(f S)

3.2. A case study for Theorem A

3.2.1. In Sect. 3.1 we explained why there is a set of candidate poles @(f) for
Zmot,0(f; s) whose elements, with the possible exception of —1, are naturally
indexed by facets T <! T'(f) satisfying N; > 0. Namely, the preimage of V (f) C
A" under the multi-weighted blow-up TTx(r) of A" is a simple normal crossings
divisor at every point above 0 € A", comprising of:

(i) the proper transform of the irreducible components of V(f) C A" that are
not contained in V (x1x2 - - - x,) C A",
(ii) the proper transform of V (x;) C A" for every i € [n] with x; | f,
(iii) and the irreducible exceptional divisors of Tx ),
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where the irreducible components in (ii) and (iii) are naturally indexed by the facets
T <! T(f) satisfying N; > 0.

It is therefore natural to imagine that a proof of Theorem A would involve
showing that V(f) C A" is also desingularized by the multi-weighted blow-up
of A” along some Newton Q-polyhedron I'" obtained from I'(f) by “dropping the
facets in B” (cf. Theorem B). Ideally, one hopes that every supporting hyperplane
of I'(f), except those intersecting I'(f) in a face of some facet in B, should also
be a supporting hyperplane of I'. In this section we show that this idea works for
three non-degenerate polynomials.

Example 3.2.2. Let f = x}+x1x3+x3x3-+x3. On the left side of the diagram below,
we shaded the facets of I'( /) that are not contained in any coordinate hyperplane H;
in MR. For now the red vertex and dashed lines, and the right side of the diagram,
should be ignored.

€;

]

A
@) o)
\

-

Among the shaded facets, we used a darker shade for the non—B1-facet
1 = {ael(f):a-u =18} whereu; := 9e| + 4e; + 6e3
with candidate pole — %, and used a lighter shade for the two Bj-facets

= {ael(f):a-uy =8} whereu, := 4e| + e + 5e3
3= {ael(f):a-uz =1} whereus = e; +e€3

with candidate poles —% and —2 respectively. Together 7o and 73 form a pair B
of adjacent Bj-facets of I'(f) with consistent base direction 3. Then Theorem A
asserts that 8" B(f) = (-1, =12} C {—1, =1, -3, -2} = O(f) is also a set of
candidate poles for Zmo,0(f; 5).
To show that we execute our idea in 3.2.1. Indeed, we first note that
I'if) = Ht,ls N Hlj;,s N HJ;’I (cf. 2.1.1 for notation).

u
Since Hy, 8 and Hy, 1 intersect I'(f) in the two Bj-facets 72 and 13, we “drop”
H: g and H, + | from I'(f) to define the Newton Q-polyhedron:
2 us,

T +
r = Hul,lg
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which we have outlined in red on the left side of the above diagram.

Illustrated on the right side of the diagram is a cross-section of the normal fan
= of I'f, except that the rays (up) and (u3), as well as the 2-dimensional cones
(ay, up), (w2, u3z) and (e3, uy) which are outlined by dotted line segments, are not
in 7 but originally in (f). In comparison, the 2-dimensional cone (e3, u;) in
>, which is outlined by the dashed thick line segment, is originally not in X (f).

Finally, we consider the multi-weighted blow-up of A3 along I'':

Myt + Xy = [Spec(klx], x5, x5, u1l) \ V(x{, x5, x3) / Gm] —> Al
induced by the homomorphism TT# . : k[x{, x2, x3] — k[x{, x5, x5, u1] mapping
x| — xiu?, Xy xéu‘l‘ and x3 — xéu?. We show next that TTy is a stack-

theoretic embedded desingularization of V(f) C A3 above 0 € A3. We first
compute that U*;.;.( f) = u{g - f’, where the proper transform of f under Mg+ is

givenby £’ := x{? +x|x5'u] + x5x4 + x5 Since [TI10)] = |V ()| C | Zgsl. it
suffices to show V(f'lvu,)) = V(¥ +x5x5 +x57) € V(uy) is smooth. Indeed,
if J(f’Iv(,)) denotes the Jacobian ideal of f'|y (), note

VW) + 7 (Fvan) = (5 xfxh o + 332,25 = (], 35.x)

is the unit ideal on 2%+, as desired.

Remark 3.2.3. In the above example, note that unlike I'(f), I'f has a vertex with
non-integer coordinates, namely the red vertex %eg .

Remark 3.2.4. Moreover, the morphism ITs+ is the stack-theoretic weighted blow-
up of A3 along the center ()cll / 9, le/ 4, x3l/ 6), cf. first paragraph of [3, Example
2.2.1]. We also remark V (f) has a semi-quasihomogeneous singularity at 0 € A3
(with the same weights 9 on x1, 4 on x2 and 6 on x3), and the strong monodromy
conjecture is known for semi-quasihomogeneous hypersurfaces, cf. [4]. In fact, the

proof also uses weighted blow-ups.

The next example, together with its remark, shows that the hypothesis in The-
orem A that “IB has consistent base directions” cannot be dropped:

Example 3.2.5. Let f = )cl2 + x2x3. In the diagram below we shaded only the facets
of I'(f) that are not contained in any coordinate hyperplane H; in MR. As with the
previous example we ignore the red/blue vertices and dashed lines for now.
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The two shaded facets of I'( f):

1= fael(fH:a-u; =2} whereu; = e; +2e
= f{ael(fH)ra-up =2} whereu, = e + 2e3

are adjacent Bj-facets with the same candidate pole —%, but together they form a
set of Bi-facets with inconsistent base directions 2 and 3.

Thus, Theorem A does not apply to the set B = {rq, 72}. In fact, our idea in
3.2.1 fails in this scenario. Indeed, “dropping” both Hl:r , and Hl:; o from T'(f) =

1,
H , N Hy , yields TT = Mg, but the multi-weighted blow-up of A* along Mg
is the identity morphism on A3!

Nevertheless, in Theorem A one could take BB to be either {1} or {72}, although
ineithercase @HB(f) = {—1, — %} is the same set as @( f). In spite of that, our idea
in 3.2.1 should still say something of consequence. Namely, for B = {r1} (resp.
B = {1}), we claim that the multi-weighted blow-up of A3 along the Newton
polyhedron

rfmn = H:;,z (resp. TT% = H:l’z)
is a stack-theoretic embedded desingularization of V (f) C A3 above 0 € A3.

To verify this claim, let us first outline, in the diagram above, the Newton
polyhedra T'"" and T in blue and red respectively. On the left (resp. right)
side of the diagram below, we also sketched a cross-section of the normal fan

=17 (resp. £172) of TH71 (resp. I'>72), keeping the same conventions as before in
Example 3.2.2.

€3 €3

From this diagram we see that the multi-weighted blow-up of A3 along I'>%2:
Myt @ Xstn = [Spec(k[x;,xé, X3, ul]) N V(xg,x5h) / Gm] — 5 A3

# .
yhm -

ping x1 = xjui, x2 xéu% and x3 > x3. (This is the stack-theoretic weighted
blow-up of A3 along the center (xl, x21/2).) Thus, ﬂéwz (f) = u% - f', where
f = xiz + x}x3 defines the proper transform of f under TTy+.r,. It remains to
note the Jacobian ideal J (f') of f”is (xi, x5, x3), i.e. the unit ideal on 2 +.r,. The

same can be shown with 7, replaced by 7.

is induced by the homomorphism TT K[x1, x2, x3] — K[x], x5, x3, 1] map-
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Remark 3.2.6. In fact, for f = x12 + x2x3,O(f) = {—1, —%} is the smallest set of

candidate poles for Zmoet,0(f; 5). To see this, it suffices to show that —% is a pole

of Ziop,0(f; s) (cf. Remark 1.1.5), which we compute via the embedded resolution
of V(f) C A3 given by the blow-up of A3 in 0 € A3:

7: BlyA® = Proj,s (ﬁ’As[x{ = X1, X 1= Xal, X} 1= X3, t_lD — A3

Here, t! (V(f)) =2.E|+ E,where E| := V (¢t~ 1) is the exceptional divisor of
m, and Ep = V(xi2 + xéxé) is the proper transform of V (f) under 7t. Moreover,
the relative canonical divisor is K, = 2 - E|. Since 7[‘1(0) = E; ~ P2, we have
by definition [8, Chapter 1, §3.3] that:
Eu(E| \ Ey) Eu(E| N Ey)

25 +3 s+DR2s+3)
Eu(P? \ V(x{? +x5x3))  Eu(V(x + xjx}) C P?)

25 +3 s+ 1)2s+3)

Eu(P? \ V(x2 + x5x}))s + Eu(P?) (14 s+3

(s + D(2s +3) s+ D@2s+3)

Ztop,O(f; §) =

Example 3.2.7. Let f = xpx3 + xlzx% + xlzxg. Depicted on the left side of the
diagram below is I'(f)), where a darker shade is used for the non—B1-facet:

1 = {ael(fH):a-uy =2} whereu; = e;+e3
with candidate pole —1, and a lighter shade is used for the two Bj-facets:

= f{ael(f):a-up =2} whereu, := e +2e;

3 := {ael(f)ra-u3 =2} whereus = e; + 2e3

each with candidate pole —%. Although 1, and 73 have different base directions 2
and 3, they are non-adjacent and hence still form a set B of Bj-facets of I'( f) with
consistent base directions.

Consequently, Theorem A says that @7 B (f) = {—1} C {1, —%} = O(f)isalso
a set of candidate poles for Zno,0(f; ). To see this, we proceed as with previous
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examples: we “drop” HJ;Z and Hli_;,z fromT'(f) = ﬂ{Hl;zz 1 <i < 3}todefine
the Newton polyhedron I'' = Hl: 2> Which we have outlined in red on the left side
of the above diagram.

On the right side we sketched the normal fan £¥ of ', keeping the same
conventions as before in Example 3.2.2. The multi-weighted blow-up of A3 along
I'" is then simply the blow-up of A3 along V (x3, x3) C A3:

Myt © X5t = Projas (ﬁA3[xé = xzt,xé = x3t,uy ;= l‘_lD — A3,

We have ﬂé.‘. (f) =u}- f', where f’ := x5x} + x7x5? + x}x}? defines the proper
transform of f under TTy+. If J(f”) denotes the Jacobian of f', we then have:

VACOR AV

\/(xlxéz + xlxéz, x5+ Zx%xé, x5+ 2x12x§, xéxé)

2 2 / /
= /(4 + 2x2xh xj + 207 xhd xixhxixg) = (3, x))

which is the unit ideal on Z5+, i.e. [Tx+ is a stack-theoretic embedded desingular-
ization for V (f) C A? as desired.

Remark 3.2.8. While O(f) ~ {—%} = {—1} is a set of candidate poles for
Zmot,0(f; s), note that % still induces a monodromy eigenvalue of f near 0.

4. Proof of main theorem
4.1. Dropping a set of facets from a Newton Q-polyhedron

In this section, we fix a Newton Q-polyhedron I', with associated piecewise-linear,
convex Q-function ¢ (Sect. 2.1), and associated normal fan ¥ in Nr (Sect. 2.2).
We first fix the following conventions for the remainder of this paper:

4.1.1. If two rays py, p2 € X[1] satisfy p1 + p2 € X[2], we say that p; and p; are
adjacent in X, and write

pr —~ p2 inX.

Given 7, 7/ <! T, note that  ~ ¢/ (in the sense of 2.1.3) if and only if p; ~ pg/
in X (cf. 2.2.9).

4.1.2. Throughout this section, consider a subset B of facets of I" that are not
contained in any translate me; + H; of any coordinate hyperplane H; in M;{ . For
any such B, we set

LB = {pr € Z[1]: T € B} c Z[1].

As motivated in Sect. 3.2, we study in this section the Newton Q-polyhedron
obtained from I" by “dropping the facets in B”:
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Definition 4.1.3. Recalling from (2.1) that
M=) H
=<IT

we define the B-cut of I to be the following Newton Q-polyhedron:
rtB .— m{HlI NG T <Ir oz ¢IB} o T.

We call its normal fan in N the B-cut of X, and we denote it by » "B, When B
is unambiguous from context, we write I'f for I'"B and o for o 1+B.

Lemma 4.1.4. Let t <! T such that t ¢ B. Then:

(i) There exists a (unique) facet % <! It such that Tt NT = 7.
(i) If moreover t is not adjacent to any facet in B, then t* = 7. In other words, t
remains a facet of T,

Proof. For (i), note that
T = Hy n, N m{HJ/’N/: 7 <! r}.
Set

t' = Ha,w, NT" = Hyn, 0 ({HS y:7' <T. 7' ¢ B}

from which it follows that t T N T = 7. Since T ¢ ' C Hy, N, dim(zH =n —1,
i.e. Hy, v, is a supporting hyperplane for ', and t7 is a facet of T". For (ii), note
that since every face of t is the intersection of a subset of facets of t, we have:

— + AN | /
T = Hy, n, N ﬂ{H“ruNr/' U<, T~ 1)

By hypothesis, {t' < T: v/ ~ t} C {t/ < T, : 7/ ¢ B}. Therefore, T D 7, which
proves (ii). O

4.1.5. A correspondence The preceding lemma sets up an injection

{facets of T} \ B —— {facets of FT}
“.1)

T —> '

which is in fact a bijection, since we have assumed that each facet in B is not
contained in me; + H; for any i € [n] and m € Q-¢. We will freely adopt this
correspondence for the remainder of this paper. Note that in particular, £[1] =
Y[1]\ Z[1]|B. For p € > 1], we may therefore consider p as aray in X[1]—in
that case, we continue to denote by 7, the facet of I' dual to p in X[1]. On the other

hand, we denote by r;)f the facet of I'" dual to pin >T[1]. This does not contradict
the notation in (4.1).
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4.1.6.Leto’: Nﬁ — R be the piecewise-linear, convex Q-function correspond-
ing to the Newton Q-polyhedron I', cf. 2.1.4. By 2.1.5 and 4.1.5, ¢ can be expli-
cated as

9" = min.7"
where

ot linear functions £: Nl'{ — R>p such that
| €(u,) > N, for every facet T <!'TnotinB [~

We also note that for every facet 7 <! I" not in B,
o) = Ne = ¢’ (up). (4.2)

For the remainder of this section, we switch our focus to the cones in X 7. For later
purposes (e.g. in Sect. 4.3), we occasionally state some of our definitions and results

for cones in the augmentation ET of T, ¢f. 2.3.2.

Definition 4.1.7. We say a cone o in T is old if o can be inscribed in some cone
o’ in X (in which case one writes o T o). If not, we say o is new.

Lemma 4.1.8. (i) For any cone o in ¥, the cone o' in Nr generated by rays in
o1\ Z[1]lB

is a cone in ©7 (hence, all its faces are old cones in $7). Moreover, for every
ueo’, o' = p(u).
(ii) For every facet t <' T with t € B, we have:

o' < guy).

Proof. For (i), let a € relint(¢,), so that 0 = 0, = {u € Nﬁ': o) = a-u},
cf. 2.2.9. Let o; = {u e Nl‘{: ¢'(w) = a - u}, which by definition is a cone
in 7. We claim that og[l] = oy[1] ~ 2[1]|B, which would prove (i). Indeed,
given any 7 <! " not in B, we have <p7 (u;) = @(uy), cf. (4.2), and hence we have
goT (u;) = a-u; ifand only if 7 is dual to aray in o, [ 1]\ £[1]|. By Corollary 2.2.7
and 4.1.5, this proves our claim.

For (ii), we apply the above argument to the case where o is the ray p; in X
dual to T < T', and we obtain that for a € relint(t), we have {u € N;{: gﬂ (w) =
a-u} = {0}. Combining that with the fact that a € I' C T, we must have
@T(ur) <a-u; = ¢(ug). (

Lemma 4.1.9. Let o be a cone in X7

(i) If there is an extremal ray p of o that is not adjacent in X to any ray in Z[1]|p,
then o is old.
(ii) If moreover dim(o) = 2, then o is a cone in X.
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Proof. By Lemma 4.1.4(ii), the facet 7, <! " dual to p € £[1] remains a facet
of T'T. Therefore, the face ¢ < I'" dual to o, being a face of 7,, remains a face
of T'T. Consequently, for every T <! T such that T ¢ B, we have the following
equivalences:

§ < T & ¢ C Hy, Ny, & ¢ < A 4.3)

The reverse implication in (4.3) means that o is inscribed in the cone in ¥ dual to
the face ¢ < T, as desired.

If dim(c) = 2, let p and p’ be the extremal rays of o. By Corollary 2.2.12,
¢ = r; ﬂr;,. By (4.3), ¢ isaface of both 7, and 7,,. Since ¢ is a (n —2)-dimensional
face of T, ¢ is a face of exactly two facets of I, which by the preceding sentence
are necessarily 7, and 7,/. This means that the cone in X dual to the face ¢ < I'is
generated by p and p’, i.e. is equal to o . In particular, o is a cone in X. O

By part (i) of the preceding lemma, we see that if o is a new cone in £, then all
its extremal rays must be adjacent in X to some ray in X[1]|g. The next proposition
refines that observation. We first introduce some notation:

4.1.10. An equivalence relation Let ~ denote the equivalence closure of —~ (cf.
2.1.3and4.1.1) oneither B or Z[1]|B. We alsolet B~ denote the set of equivalence
classes of B under ~.

Proposition 4.1.11. Let k := #B,~, and let B/~ = {T1, T2, ..., Tk} be any total
order on B,~. For each € € [k], let T<¢ := | J{1;: j < £}. Then for any new cone
o in SVB, there exists a unique ¢ € [k] such that:

(i) o cannot be inscribed in any cone in £T<t-1 and
(ii) o is a cone in T T=¢,

Moreover, every extremal ray of o is adjacent in X to some ray in X[1]|4,.

Remark 4.1.12. We remind the reader that for any ¢ € [k], > T=t is the T<¢-cut of
¥, as in Definition 4.1.3. Note that if £ > 1, 27 T=¢ is also the T¢-cut of X T=t-1,
This observation will be used for the purposes of induction in the proof below.
Finally, note that £-T= is simply B,

Proof. Proceed by induction on k = #B,~. The base case k = 1 is supplied by
Lemma 4.1.9(1). If k > 1, we consider two cases:

(a) Ifo canbe inscribed in some cone in =7 T=k-1 then let o’ be the smallest cone in
» T T<k-1 such that o C o’. Then we claim o = ¢”. Indeed, by Lemma 4.1.9(i),
all the extremal rays of o’ are adjacent in T to some ray in 2[1]|T5H, and
hence, o’'[1]1N X[1]l, = @. By Lemma 4.1.8(), o' is therefore also a cone in
»TT<t = $1B_ Given that ¢ C o’ are both cones in 7B, and o does not lie
in any proper face of o’ but can be inscribed in ¢/, we must have 0 = o/, as
desired. Therefore, o was already a new cone in ' T=k-1, and the proposition
follows by induction hypothesis.
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(b) Otherwise, we only need to check the last sentence of the proposition. By
Lemma 4.1.9(i), every extremal ray of o is adjacent in X7 T=¢-1 to some ray in
%[1]]y,. Since every ray in X[1]|1, is by definition not adjacent in ¥ to any
ray in X[1]|;_,_,, Lemma 4.1.9(ii) says that every extremal ray of o is in fact
adjacent in ¥ to some ray in X[1]|4,.

This completes the induction. O

Remark 4.1.13. Given that the total order on B/~ plays an auxiliary role in the
above proof, the following stronger assertion should be true. Namely, for any new
cone o in X7, there exists a unique T € B /~ such that o was already a new cone in
» T (so every extremal ray of o is adjacent to some ray in X[T]). However, this
stronger assertion is not needed for this paper.

‘We conclude this section with one more crucial observation:

Lemma 4.1.14. For a cone o in fT, the following statements are equivalent:

(1) o is new.

1) zp: peo[l]} = 2.

Moreover if o is old and not contained in any coordinate hyperplane {e; = 0} in
NR, then (\{z,: p € o[11} is a compact face of T.

Proof. For (i)<=={(ii), suppose o is inscribed in a cone ¢’ in . By Corollary 2.2.12,
the face ¢’ < I'dualto o’ is ¢’ = ({r,: p € o'[1]}. Since o [1] C o”'[1], we have
¢'=N{rp: p €o’[11} CN{z,: p € o[1]}, so that in particular, the latter must
be non-empty.

For (i) = (ii), set ¢ := ({1,: p € o[1]}. If ¢ # @, then ¢ is a (non-empty)
face of . In that case we claim that o is inscribed in the cone @ in £ dualto ¢ < T,
a contradiction. Indeed, letting ¢ denote the face of ' dual to o € =¥, the claim
amounts to the following implication for every 7 <! T":

§<1T = g¢<T

That implication follows from {rF <! TT: ¢ < ) = {r;: p € o[1]} (Corol-
lary 2.2.12) and the definition of ¢. Finally, for the last statement, o is also not
contained in any coordinate hyperplane in Ng. By Corollary 2.2.13, ¢ is therefore
compact. N O

4.2. Dropping a set of B)-facets with consistent base directions

Inthis section, let f € K[x1, ..., x,] beanon-degenerate polynomial. We specialize
the earlier discussion in Sect. 4.1 to the case when I is the Newton polyhedron
I'(f) of f, and BB is a set of Bj-facets of I'(f) with consistent base directions, cf.
Definition 1.1.9. As in 3.1, let £ (f) denote the normal fan of I'(f). Before that,
we state (without proof) some easy observations:

4.2.1. Suppose I'( f) has a By-facet T with apex v and corresponding base direction
i € [n]. Let J(t) := {j € [n]: T is non-compact in the jth coordinate} (cf.
Corollary 2.2.13), so that by definitioni ¢ J(t). Then:
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(i) Let ¢ denote the convex hull of vert(r) = vert(H; N t) U {v} in ME . Then
T=1"42jcimR=08).
(i) Hint <'7.
(iii) 7 is not contained in any translate mey + Hy of any coordinate hyperplane Hy
in MR.
(iv) The facet 7; of I'(f) dual to the ray (e;) in X (f) is H; N T'(f). In other words,
Ny = 0 (recall 2.1.5 for definition of N,).

4.2.2. For a set B of B;-facets of I'(f), the following are equivalent:

(i) Bis aset of Bj-facets of I'( f) with consistent base directions.
(ii) Forevery T € B,~, there exists v € (){vert(r): t € T} and i € [n] such that
every T in T is a Bj-facet with apex v and corresponding base direction i.

In (ii), we call v an apex of T with corresponding base direction i € [n].

4.2.3. Conventions for this section Let T'" denote the B-cut of I'( f), and let ©7
denote its normal fan in Ng. We also fix, for each T € IB,~, an apex v; of T and
denote the corresponding base direction by b(T). For the remainder of this section,
we fix anew cone o in £, and let ¢ denote the face of ' dual to o. With respect to
an auxiliary total order B~ = {T1, T2, ..., T¢} on B,~, let £ be the unique natural

number in [k] for which o satisfies the properties stated in Proposition 4.1.11. We
then set T := T¢.

Proposition 4.2.4. For each p € o[1], T, is adjacent to some facet in T. Moreover:
(i) (ep()) is an extremal ray of o.
(ii) The cone o° in NR generated by the rays in

o[1]~ {(ep(y))}

is a face of o (and hence is a cone in X7) that can be inscribed in the maximal
cone in X(f) dual to the vertex vy of T'(f).
(iii) The face

o

s° = m{tp:peo"[l]} < T(H

has empty intersection with Hp(y). Moreover, for every T € T, ¢° N T is either
{v1} or a non-compact face of t containing v.

Proof. The first statement is a restatement of the last property in Proposition4.1.11.
For p € o[1], let T be a facet in T adjacent to 7,, so T N 7, is a facet of 7. If

P # {epp))» T N T, cannot be equal to Hy() N T, and hence must contain v (cf.
4.2.1(i)). In particular, v; € 7,. Therefore,

vi € [{zo: p €olllN ((enp)}} - (4.4)

If (ep()) ¢ o[1], then (4.4) becomes vy € ({z,: p € o[1]}, which contradicts
Lemma 4.1.14. This proves (i).
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For (i), (4.4) already shows that ¢° can be inscribed in the cone in X ( f) dual
to the vertex v; of I'( f). It remains to show o° is a cone in > T. More precisely, we
show o is dual to the face

¢° = m{r;: peall} < T 4.5)

By Corollary 2.2.12, this amounts to showing that {t;;': p € O’O[l]} are the only

facets 77 <! I'" containing ¢°. Indeed, any facet 77 <! I'" containing ¢° must also
contain the face ¢ < ' dual to 0 € =7, and hence, must be dual to an extremal
ray p in o[1]. It remains to observe that that o cannot be (ey(y)), since vy € ¢°
@44 but vy ¢ Hypy NT(f).

Finally, we prove (iii). By Lemma 4.1.14, we obtain:

g = m{rp: P ea[l]} = (Hb(T)ﬂF(f))ﬁ ﬂ{‘tp: peo°[1]}
= Hpm)Ng®.

In particular, for every v € T, ¢° N 7 is a face of 7 that does not intersect the facet

HypNt <! 7. By (4.4), 6° Nt also contains vy. Since the only compact face of
7 satisfying those two conditions is {v;} (cf. 4.2.1(i)), this proves (iii). O

As an immediate consequence of the preceding proposition, we have:

Corollary 4.2.5. Every a € ¢° has b('|')th coordinate > 1.

Proof. Since SO N Hpp) = 9, all vertices of £° have b(T)th coordinate > 0. On
the other hand, since I'(f) is a Newton polyhedron, all vertices of ¢° have integer

coordinates, and hence, must have b('r)th coordinate > 1. O

For later purposes, the preceding corollary is however not sufficient. We instead
need the following refinement:

Proposition 4.2.6. If the face ¢ < T dual to o is compact, then everya € s\ {vqy}
has b(T)™ coordinate > 1.

4.2.7. We prove the preceding proposition after a few observations and results. For
the remainder of this section, let ¢° denote the face of ' dual to ¢°, cf. 4.5). By
Corollary 2.2.12, we have:

¢ = Mri:pealll} = (HypnT) 0 ({z): 0 e oo}
Hp(q) N g°

(4.6)

and
® = (Nw:peotl} = ({rinT(): peo®ll])
= c°NTf).

From these equalities we deduce the next lemma. In particular, note that part (ii) of
the next lemma refines Proposition 4.2.4(iii).

4.7)
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Lemma 4.2.8. If ¢ is compact, then:
(i) Both ¢° and ¢° are either non-compact in the b(T)™™ coordinate, or compact.

(ii) Forany t € T, we have c° N1 = ¢° N1 = {v.}.
S T

Proof. (i) follows from (4.6) and (4.7), since Hy() is non-compact in the i th coor-
dinate for i € [n] ~\ {b(7)}. For (ii), we note, from (i) and the fact that any 7 € T
cannot be non-compact in the b(T)™ coordinate (Definition 1.1.7(ii)), that ¢° N T
is a compact face of 7, and hence is {v;} by Proposition 4.2.4(iii). Note finally that
g°ﬂr=£°ﬂtby(4.7). O

Proposition 4.2.9. If ¢ is compact, ¢° is {v{} or 1-dimensional. In the latter case,
the affine span of ¢° contains vy, and intersects Hy(y) at a point.

Proof. By Lemma 4.2.8(ii), we have:

N U{r: tet} = {vh (4.8)
To exploit the above equation, we consider the (B \ 1)-cut of I'(f), i.e.

=t Hf, < 4.9)

TET

and let ¥ be its normal fan in Ng. For p € Z¥[1] = Z(N[1] ~ S(HO[1IB1,
we let rg denote the facet of I'* dual to p. We make some crucial observations:

(a) Firstly, by Lemma4.1.4(ii),each t € Tisstillafacetof I'*. Thatis, for p € Z[T],
5 =Tp.

(b) Secondly, recall from 4.2.3 that B/~ = {11, T2, ..., Tt} With T = T for some
¢ € [k]. By replacing B by B ~ ({1, : j > €}, we may assume that o cannot
be inscribed in any cone in ©¥, cf. Proposition 4.1.11. Then:

@ = ({z}: peoll]] byLemma4.l.14
= (HppynTH N ((r}: p € o111}
= (HppynTH N (({r, nT¥: p eo[1]} by Lemma4.1.4()
= TN (Hypy TN (1) : p € 011}
= I (Hyp TN &2 ot
ie. ¢ C ¢°~ T In particular, ¢° ~ I'* % @&. We also note that

¢ &2 conrip) ¢ ot

i.e. in particular, ¢® N ¥ is a (non-empty) face of I'*.
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(c) Thirdly, by (4.9), any line segment connecting a point in I'" ~. T'* to a point in
I must pass through a point in

U{riﬁHu,,N,I TE T} @ U{r: TE T}-

By (4.8), we therefore deduce that any line segment connecting a point in ¢© ~\.T'*#
to a point in ¢® N T# < ¥ must pass through Vr.
We can now conclude the proof by considering two cases.
Case 1: Suppose that v is always one of the two vertices of every line segment
connecting a point in ¢® ~.T# to a pointin ¢®NT'*. Then we claim ¢° NI =
{v:}. If not, choose a point a; € (¢° N ) < {v7}. By (b), we may also
choose a point a in ¢° ~ I'*. By (c), the line segment connecting a; to ap
must contain vy in its relative interior, contradicting the hypothesis of this
case. From our claim we obtain:

(vi) = ¢°NT* o ¢°NT(f) =

which forces ¢° = {v;}.

.7 c°
s° D vy}

Case 2: Suppose there exists a line segment [ connecting some a; € ¢° ~ T to
some a; € ¢° N ¥ that contains v; in its relative interior. In particular,
note a; # vy # az, so that dim(¢°) > dim(g° N ') > 1. We claim that
in fact

dim(¢®) = dim(c°NT¥) = 1.

Indeed, givenany a) € ¢°~ I'#, (c) implies that the line segment connecting
a/1 to a; must contain vy, and thus a’1 must lie on the affine span of [.
Likewise, given any a5, € ¢° N T'#, the line segment connecting a; to a)
must contain v, and thus a’2 must lie on the affine span of .

Finally,by (4.7),5° = ¢c°NI'(f) C ¢ onr# ,s0dim(g°®) < dim(g® nré) =
1. Since ¢° always contains vy, we conclude that ¢° is either {v;} or 1-
dimensional.

Together these two cases prove the first statement of the proposition. For the second
statement, first note that dim( ¢ =1 only occurs in Case 2. In that case, we also
have dim(¢®) = 1 and ¢° N F_(f) = ¢°, so the affine span of ¢° must be equal to
the affine span of ¢°. By (4.6), ¢° has non-empty intersection with Hb(T) (namely,
the face ¢ < I'"). That intersection must be a point since Vi € ¢° C ¢° has b(T)™
coordinate 1. B O

Remark 4.2.10. From the proof above, one may supplement Proposition 4.2.9 as
follows. If dim(¢®) = 1, then dim(¢°) = I and dim(¢) = 0,ie.0 € > [max].
Note however that if ¢° = {v{}, dim(s°) and dim(¢) are arbitrary.

Proof of Proposition 4.2.6. We saw that ¢° is either {vy} or 1-dimensional. There
is nothing to show in the former case. In the latter case, we saw that v is the only
point in ¢° with b(T)™ coordinate 1. Combining this with Corollary 4.2.5 finishes
the proof. i
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4.3. A refined desingularization of all non-degenerate polynomials above the
origin

In this section, let f € Kk[xy, ..., x,] be a non-degenerate polynomial, and we
continue adopting the conventions outlined at the start of Sect. 4.2 and in 4.2.3. We
show next that the multi-weighted blow-up of A” along I'" (cf. Definition 2.3.3):

Myt + Zyr —> A"
supplies a stack-theoretic embedded desingularization of V(f) C A" above the
origin 0 € A" (Definition 1.1.14). Let us first make this goal concrete.

4.3.1. For the remainder of this section, we write

f = an~xa € Kk[xg,...,x,]

aeN”

where co = f(0) = 0, and adopt the notations in 2.3.5 (but with X there replaced
by > here). By 2.3.5(i), the total transform of f under ITy+ is:

M) = Y - [ @

aecN” peXilex]

where for each a = (ay, ..., a,) € N, (x")® := (x])™ - (x,,)*. Next, for each
p€X[1]=[n]u > lex] (cf. conventions at the start of 2.3.5), we set:

N, = N, = inf a-u, = inf a-u, (4.10)

T
P ael(f) aelf

cf. 2.1.5,2.2.11 and 4.1.5. In the same way as 3.1, we define the proper transform
of f under Iy as:

’ ﬂﬁ]‘(f) /ya—n /yau,—N,
e D DS SR | BCAM N
HpeZ"’[]] (xp aeN”" peTiex]
where n := (Ni: i € [n]). We can now state our goal more precisely in the

following theorem:
Theorem 4.3.2. At points in ﬂ; (0) C Zxy+, the divisor
V(f/) C %ET

is smooth and intersects the divisors {V(x;)) C Zsi:p € > 1], N, > 0}
transversely. In other words,

Mo (V) © s

is a simple normal crossings divisor at every point in ﬂgl 0) C Zx+.
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Remark 4.3.3. The theorem says I+ is a stack-theoretic embedded desingulariza-
tion of V(f) above 0 € A". However, unlike Theorem 3.1.1, TTy+ is not going to
be a stack-theoretic embedded desingularization of V(f) U V(x1x2 - - - x,,) above
0 € A”. This will manifest in the proof below.

Proof. We prove this theorem in steps.

4.34. Let fT be the augmentation of »%, ¢f. 2.3.2. For an arbitrary cone o in fi
we will need a simplified presentation for the o-chart D (0) of Z%+. Let us first
recall from 2.3.5(ii) that

Di(o) = [Spec (k[xi, .. .,x,;][x;): o€ ZT[ex]][x(’.;l]) / Gg[ex]]

where x/, = HpeEflll\(rlll x),. Since x/, is invertible on D (o) for p € £ T[ex] \

o [1], and their Z> [*-weights {—e,: p € ZT[ex]~ o[1]} are linearly independent
over Z (2.3.5(iii)), we observe from [23, Lemma 1.3.1] that by setting

x, =1 forevery p € = iex] \ o[1]

we obtain an isomorphism:

Di(o) = [Spec(klaf. ... x;1[x,: p € alex]][x']) / GH] @12)
where:

() olex] := Zf[ex] No[l].
(i) x; becomes [[; ¢y x/.
(iii) The action G ~ Spec(K[x}, ..., x,][x,: p € olex][x1]) is specified as
follows. For each i € [n], the Z°!*™*-weight of x| is (4, ;) pe(ex], and for each
p € olex], the Z°[®*_weight of x;) is —e, € Zolex],

On the right hand side of (4.12), the expression for the proper transform f’ of f
under TTy+ becomes:

= @ [T et (4.13)

aecN” peolex]

4.3.5. For an arbitrary cone o in fT, we deduce from (4.12) an expression for the
Ga' ™M/ GE™) orbit O (o) of Zx+ corresponding to o, cf. 2.3.5(iv):

O(0) = [Spec(k[xii: i €nl~olll])/ Ggl[ex]:l
(4.14)

closed

= V(x;,: p € o[l]) ——— Dy (o).

Foro € ¥ not contained in any coordinate hyperplane {e; = 0} in NR, we claim
that at every point in O (o), the divisor V (f’) C Z%+ is smooth and intersects the
divisors in {V(x;)) C Zsi: p € o[l], N, > 0} transversely. By Corollary 2.3.7,
this claim proves Theorem 4.3.2. We consider two cases.
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4.3.6. Case A Assume that o is old. Using the simplified expression for D (o)
in (4.12) and the corresponding expression for f’ in (4.13), we claim:

f/lV(x;,: peol]) = Z Ca- (x)* "

aeN"n N{z,: peo[l]}

_ Z Ca - 1_[ (xl-/)”iiN"-

aeN"N N{z,: peo[l]} ie[n]~oll]

(4.15)

Indeed, the only a € N", whose corresponding monomial

)a n 1_[ (x )aup— Ny

peolex]
in f/ remains non-zero after setting x;) = 0 for all p € o[1], must satisfy:
(i) a-u, = N, forevery p € olex], i.e.a € 1, forevery p € o[ex];
(i) a-e; =a; = N; foreveryi € [n]No[l],ie.a € 1; foreveryi € [n] No[l].
Next, since o is old, [\{t,: p € o[1]} is a (non-empty) compact face s < I, cf.
2.3.8 and Lemma 4.1.14. Then the expression for f’|v(x;); peal]) in (4.15) matches

the expression for f./x™ (1.1), after replacing x/ in the former with x; for each
i € [n] \ o[l]. By the non-degeneracy assumption on f, f./x™ is smooth on the
torus G, C A", so that N

V(f'lvy: peotin) C O(0)

is smooth, i.e. at every point in O(c) C Zx+, V(f') C Zx+ is smooth and
intersects the divisors in {V(x;)) C Z5t: p € o[l]} transversely.

4.3.7. Case B Assume that o is new. Let ¢’ be the smallest cone in X such that
o C o’. Withrespect to ¢, we fix, as in 4.2.3, a corresponding T € IB,~ with apex
v and base direction b(T), such that all the hypotheses, observations and results
in Sect. 4.2 hold. In particular, R>oep ;) must be an extremal ray of o, or else o is
old by Proposition 4.2.4(ii). Letting o ° be the cone in Nr generated by the rays in
o[1]1~ {(ep(y))}, we consider the following factorization of (4.14):

0(c) = V(x,: peo[l]) = [Spec(k[xii: i €[]~ ol1]]) / Ggl[eX]]
< V(x: peolll) = [Spec(klxy ) I[xF: i € [nl < al11]) / GH]
—> D+(O')

where the expression for V(x;, : p € 0°[1]) is similarly deduced from (4.12). Next,
set g° 1= (t,: p € o°[1]}. Similar to Case A, we have:

f/|V(x;,: peael) = Z Ca- (x)* "

aeN"N g°

= Z Ca (X)) D - l_[ ()i =Ni

aeN"Ng° ie[n]~o[l]

(4.16)
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(Recall that Nppy = 0, cf. 4.2.1(iii).) We now claim that there exists g €
k[xlg(T)][x{: i €[n]~ 0[1]] such that

Ve peoeiy = Cvyp  Xpp) - l_[ YN () g (G17)

i€[n]~o[l]

where each v; is the i™ coordinate of vi.Ifo € T (i.e. 0 = o), then this follows

from (4.16), Proposition 4.2.6, and 2.3.8. The general case can be reduced to the

aforementioned case where ¢ € X T. This reduction is standard (similar to 2.3.8),

so we have chosen to explicate this separately in Remark 4.3.8 below.
Consequently, we deduce from (4.17) that

= cy, - 1_[ (xl{)vi—Ni

i€eln]~o[l]

af/lV(x/’): pea°[l]) ‘
Ixp (1) V()

which is a unit on O (o) = V(x;,: peac°[lh N V(xg(T)), since ¢y, # 0 (vrisa
vertex of I'(f)) and x] is invertible on O(o) for each i € [n] \ o[1] (4.14). Thus,
V(f’|V%: pego[l])) is smooth at every point in O (o) C V(x;): o E oo[l]), ie.at
every pointin O(c) C Zx+, V(f') C Zx+ is smooth and intersects the divisors
in

{V(x)) € Z5i:peoll]l, Ny >0} C {V(x)) C Zx5+: p €0°[1]}
transversely. This completes the proof. O

Remark 4.3.8. In this remark, we prove (4.17) for all cones o € fT. Retain the
notation in the above proof. Letting (¢”)° be the cone in Ng generated by the rays
in o’[1]~ {(ep(7))} (as in Proposition 4.2.4(ii)), we have 6° C (¢”)°. In fact, (6/)°
is also the smallest cone in 7 such that 6° T (¢/)°. If not, o° lies in a proper face
of (6/)°. Since (¢/)° < ¢’ (Proposition 4.2.4(ii)), o0 = o° + (e,(7)) must also lie in
aproper face of o’ = (0/)° 4+ (ep(y)), contradicting our choice of o’. Consequently,

Mzl peotl} = (\{z): p e @)1}

cf. 2.2.9 and Lemma 2.2.12. Intersecting both sides of the above equality by I'( f),
we obtain ¢° = ({z,: p € (0/)°[11}. Then (4.17) follows from the preceding
sentence together with (4.16), Proposition 4.2.6, and 2.3.8.

We conclude this section by proving the main theorems of this paper:

Proof of Theorems A and B. After replacing X (f) with 7, the argument in 3.1.8
works verbatim. Fixing a frugal simplicial subdivision ZT of T (3.1.4), we have:

My
Mo (V) &5 25 &5 25 5 A7
coarse spaceJ; coarse space
_ 1 Tl
e (V) 855 Xy ”

where:
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(i) g+ is proper and birational.
(i) X5+ has finite quotient singularities (3.1.6).
(i) 71)_:} (V( f )) is a Q-simple normal crossings divisor [17, Definition 1.6] at every

S open Mg .
point in 71):;(0) C Xg+. Indeed, TTg+ factors as 25+ —> 25t —> A" in

the above diagram. We therefore deduce, from (4.11), that:

M (V) = V) + D Ny Vix)) (4.18)
pexi(l]
where each V(x;,), as well as V(f7), is now regarded as a divisor in 25+ i
Zs+. By Theorem 4.3.2, ﬂ;:% (V(f)) is a simple normal crossings divisor at
every point in ﬂ;:ll 0) = ﬂ;} (0) N Z5+. It remains to note that 7[;:;1 (V(f))is
the coarse space of I'I)Z_1 (V( f )), since the coarse space 25+ — Xyt maps the
latter onto the former.

That is, g+ : X5+ — A" is an embedded Q-desingularization of V(f) C A"
above the origin 0 € A", in the sense that it satisfies (i), (ii) and (iii) above. As
noted in 3.1.8, [17, Theorem 4] applies more generally to our case of 7t := 75+,
Dy :=V(f), D :==0,and W = {0}. Together with (3.8) and (4.18), we deduce
that Zmot,0(f; s) lies in

1 1 -
ML) [1 — L,(m)] [1 ey 2 € T =TS z(f)[lB]]

ie. @”'*B(f) ={-1} U {—l;\l,—’;‘: p e X(NHIINZ(HIB]with N, > O} is indeed
a set of candidate poles for Zmor,0(f; 5). O

5. Further remarks and future directions
5.1. On a potential refinement of Theorem A in the case of Bi-facets

In this section, we revisit Theorem A and explain why the theorem does not seem
to give a complete answer even in the case of Bi-facets. Recall that Zip 0(f; 5)
denotes the topological zeta function of f at the origin 0 € A", cf. 1.1.4 and
Remark 1.1.5.

5.1.1. Using our conventions, [13, Proposition 3.8] can be stated as follows. Let
So CO(f){—1}.If F(f; so) is a set of Bj-facets with consistent base directions
for every s, € S, then every pole of Zop,0(f; 8) is contained in @(f) ~\ S,. This
can be seen as a consequence of our Theorem A as follows. Indeed, we first note
an immediate consequence of Theorem A:

Corollary 5.1.2. Let s, € O(f) ~{—1}. If F(f; so) is a set of B-facets with con-
sistent base directions, then O(f) \{s,} is a set of candidate poles for Zumor.0(f; $).
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Proof of statement in 5.1.1. In view of Remark 1.1.5, Corollary 5.1.2 in particular
implies that forevery s, € S,, every pole of Zqp,0(f; 5) is contained in @( f) \ {so}.
Thus, every pole of Z, 0(f; s) is contained in @(f) \ S, = ﬂ{@(f) ~{so}: 50 €
S.}. O

5.1.3. Unfortunately, it is not immediate that the motivic analogue of 5.1.1 is true.
Namely, for S, C O(f) \ {—1}, one could pose the following question. If F(f; s,)
is a set of Bj-facets with consistent base directions for every s, € S,, then is
O(f) \ S, a set of candidate poles for Zmye0(f; 5)?

One key difficulty behind this question lies in our current lack of under-
standing of the zero divisors in the localized Grothendieck ring of Kk-varieties
M = Ko(Varg)[L~!]. More precisely, while Corollary 5.1.2 says that @( ) ~ {55}
is a set of candidate poles for Zno,0(f; s) for each s, € S,, it is not clear if that
would imply that @(f) \ S, = ﬂ{@(f) N {so}: 8o € SO} is a set of candidate
poles for Zmot,0(f; $).

5.1.4. Nevertheless, one could try the following different line of attack to the ques-
tion posed in 5.1.3. Namely, for S, C ©(f) \ {—1}, the following would be ideal:
if F(f; so) is a set of By-facets of I'(f) with consistent base directions for each
5o € S, then sois F(f; So) := L{F(f; 50): 5o € So}. If this is true, Theorem A
would give a positive answer to the question in 5.1.3. Unfortunately, in general this
statement is just not true. For that reason among others, we believe that the notion
of “consistent base directions” is still incomplete for the case of B;-facets. In what
follows, we present a broader notion that is motivated by [13, Conjecture 1.3(i)],
although for the case of Bj-facets, ours is slightly broader than theirs.

Definition 5.1.5. A set B of Bj-facets of I'(f) has compatible apices if there
exists, for each facet t € BB, a choice of a distinguished apex v, with corresponding
base direction b(t), such that b(r1) = b(r2) for every pair of adjacent facets
71, 72 € B sharing the same distinguished apex v;, = v,. In this case we call
{v.: t € B} a set of compatible apices for B.

Remark 5.1.6. If B has consistent base directions, then B has compatible apices,
cf. 4.2.2.

In view of 5.1.4, the next lemma supports the narrative that the notion of “com-
patible apices” is possibly the correct notion to consider:

Lemma 5.1.7. Let S, C O(f)~{—1}L. If F(f; so) is a set of By-facets of T (f) with
compatible apices for each s, € S,, thensois F(f; So) := | [{F(f; s0): 50 € So}-

Proof. For every s, € S,, fix a compatible set of apices {v;: 7 € F(f;s,)} for
F(f; o). We claim that {v.: 7 € F(f;So)} is a compatible set of apices for
F(f; So). Suppose not. Then there exists adjacent facets 71, 7o € F(f; S,) such
that v;; = v, =: vbut b(t1) # b(12). Letting ¢ := 71 N 12, observe that:

(i) v € vert(¢), and the b(z;)™ and b(12)™ coordinates of v are both 1.
(ii)) Any w € vert(c) \ {v} lies in Hp(¢) N Hp(q,).
(iii) ¢ is compact in the b(t1)* and b(z2)™ coordinates.
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Together, these imply that ¢ is contained in the hyperplane H in MR defined by
€p(z;) — €p(r) = 0. In fact, since ¢ <! 11, 1o, we have ¢=1NH=1NH.For
i = 1,2, sy is the unique positive rational number for which Sz L (1,1,...,1)lies
on the affine span of 7;, or equivalently, Sz L, (1,1, ..., 1) lies on the affine span
of ¢ = 7; N H. Since that last condition is independent of i, we deduce s;;, = sq,,
a contradiction to the first sentence of this proof. O

Motivated by [13, Conjecture 1.3(i)], one could ask the following:

Question 5.1.8. Are the following statements true?

(1) Let B be a set of By-facets of T'(f) with compatible apices. Then
O"B(f) = {1} U {s;: 7 <' T(f) with N; > 0 and t ¢ B}

is a set of candidate poles for Zmot,0(f; 5).

(ii) Let So C O(f) ~{—=1}. If F(f; so) is a set of By-facets of T'(f) with compat-
ible apices for each s, € S,, then O(f) \ S, is a set of candidate poles for
Zmot,0(f $).

Note (1) is a generalization of Theorem A, (i) implies (ii) by Lemma 5.1.7, and (i1)
in particular gives a positive answer to the question posed in 5.1.3.

Unfortunately, these are false, as indicated by a counterexample [18, Example
2.2.2]. Nevertheless, some refinement should be true, and this is currently being
pursued in a separate sequel. For now, we have:

Theorem 5.1.9. (= Theorem C) If n = 3, Question 5.1.8(i) is positive.
Indeed, this follows from Theorem A and the following lemma:

Lemma 5.1.10. Let n = 3, and let B be a set of Bi-facets of T'(f). Then B has
consistent base directions if and only if B has compatible apices.

Proof. Suppose there exists a compatible set of apices {v;: T € B} for B. We then
claim that whenever two facets 71, 7o € B are adjacent and b(t]) 7# b(12), then
one of t] or 1, say 1y, satisfies the following:

(a) 1 is the only facet in B adjacent to 75.
(b) v, is also an apex for 1, with corresponding base direction b(t1).

Admitting this claim, we re-assign 1 with the base direction b(t1). Repeating
this re-assignment of base direction for all such pairs (1, 72) in B would then
culminate in a set of consistent base directions for IB. To prove the claim, we make
three successive observations:

i) Firstly, every facet of 71, with the exception of Hp ) N 1| <! 7;, contains v,
Yy Ty p (T1) 1
(cf. 4.2.1(1)). Thus, v, is a vertex of 71 N 12 <! 7;. Likewise, Vo, is a vertex of
71 N1 <! 5. We conclude 7 N 13 is the line segment in M;{ connecting the
vertex vy, to the vertex v,.



Around the motivic monodromy conjecture 1057

(i1) Secondly, by re-ordering coordinates if necessary, we may assume b(t1) = 1
and b(12) = 2. Since v, € vert(t) N 12) \ {Vy,} C vert(tz) \ {vg,}, the ond
coordinate of v, is 0. Likewise, the 1% coordinate of Vo, is 0. Summing up, we
have v;; = (1,0, a) and v, = (0, 1, b) for some a, b € N.

(iii) Thirdly, we claim that besides v, and v,, there can only be at most one other
v e vert(l'(f)) satisfying v - (e; + e;) < 1, and moreover such a v must
equal (0,0, c¢) for some ¢ € N. Indeed, if v = (v, v2,v3) € vert(I'(f))
satisfies v - (e; + ep) = v; + vy < 1, then (v, vp) = (0, 0), (1,0) or (0, 1).
The case (vi,v2) = (1,0) cannot happen since otherwise v — v;; € Rey,
but no two distinct vertices of I'(f) can differ by a vector in ) ;_, R>oe, or
in )7 R<oe;’. Likewise, (vi, v2) # (0, 1), or else v — v, € Rey. Thus,
(v1, v2) = (0, 0). Note too that there cannot be two distinct v, v € vert(I'(f))
of the form (0, 0, ¢) for c € N, orelse v — v’ € Rey.

Returning back to the claim, we deduce from (iii) that the hyperplane He,te,,1 =
{a e Mﬁ': a-(e;+ey) = l}intersects I'(f) in (1) ﬂt2)+Rzoe3v. Thus, if He,4e,,1
is a supporting hyperplane for I'( f), either 7| or 12 is (71 N 17) —i—RZoe3v . Otherwise,
by (iii) there must exist a unique v € vert(I'(f)) such that v - (e; + e2) < 1, and
v = (0,0, ¢) for some ¢ € N. Then the convex hull of (71 N ) U {v} in Ml‘{ is
a 2-dimensional face of I'(f) that contains t; N 7, as a face, and hence, must be
either 11 or 1. In either case one verifies from its respective conclusion that our
claim holds. O

5.2. Other remarks and directions

5.2.1. Looking beyond Bi-facets 1t is natural to ask if the consideration of Bi-
facets is sufficient for the monodromy conjecture for non-degenerate polynomials
in n > 4 variables. The answer is no: in [13], the authors described what they
call a By-facet, and showed that for the case n = 4, certain configurations of B
and By-facets of I'(f) contribute to fake poles of Zip (f; s). For general n, the
authors also gave, in [13, Conjecture 1.3(i)], a conjectural description of when a
configuration of facets of I'( f) could culminate in fake poles of Zqp,0(f; 5). There
does not seem to be a clear connection between their conjectural description and
our methods. In fact, Larson—Payne—Stapledon recently supplied a counterexample
to that conjecture [18, Example 2.2.1]. Nevertheless we anticipate the case of B;-
facets, which we are pursuing in a sequel, would demystify matters.

5.2.2. On Corollary D While half of the proof of Corollary D was input from this
paper, the other half uses observations that are proven separately in [20]. Never-
theless, we expect that one can use the stack-theoretic embedded desingularization
Myi: sy — A" of V(f) C A" above 0 € A" in Sect. 4.3 to re-prove the other
half of Corollary D, via a “stack-theoretic analogue” of A’Campo’s formula [1] for
the monodromy zeta function, e.g. [22, Theorem 2.8]. For brevity, we omit pursuing
this here.



1058 M. H. Quek

Acknowledgements This research work was supported in part by funds from BSF Grant
2018193 and NSF grant DMS-2100548. The author first conceived the idea behind this
paper during the final weeks of his time (8th September—6th December 2021) at the Moduli
and Algebraic Cycles program in Institut Mittag-Leffler, where he was also supported by the
Swedish Research Council Grant No. 2016-06596. Therefore he would like to thank John
Christian Ottem, Dan Petersen, and David Rydh for organizing the program and giving him
the opportunity to participate in it, for without the opportunity he would not have the privilege
to meet and discuss mathematics with Johannes Nicaise. He is grateful to the referee, Nero
Budur, Matt Larson, Johannes Nicaise, Sam Payne, Matthew Satriano, Jeremy Usatine and
Willem Veys for their time, suggestions and questions, and his advisor Dan Abramovich
for his guidance, patience and wisdom. Finally, the author also thanks Mihnea Popa for his
course on Hodge ideals in Spring 2021, where the author first learnt about the monodromy
conjecture among other topics.

References

[1] A’Campo, N.: Lafonction zeta d’une monodromie. Comment. Math. Helv. 50,233-248
(1975)

[2] Alper, J.: Good moduli spaces for Artin stacks. Annales de 1’Institut Fourier 63(6),
2349-2402 (2013)

[3] Abramovich, D., Quek, M.H.: Logarithmic resolution via multi-weighted blow-ups.
Preprint (2022) arXiv:2112.06361v2

[4] Blanco, G., Budur, N., van der Veer, R.: Monodromy conjecture for semi-
quasihomogeneous hypersurfaces. Preprint (2021) arXiv:2106.11015v2

[5] Bultot, E., Nicaise, J.: Computing motivic zeta functions on log smooth models. Math.
Z.295, 427-462 (2020)

[6] Bergh, D., Rydh, D.: Functorial destackification and weak factorization of orbifolds.
Preprint (2019) arXiv:1905.00872v1

[7] Bories, B., Veys, W.: Igusa’s p-adic local zeta function and the monodromy conjecture
for non-degenerate surface singularities, vol. 242, Memoirs of the American Mathe-
matical Society, no. 1145. American Mathematical Society, Providence (2016)

[8] Chambert-Loir, A., Nicaise, J., Sebag, J.: Motivic integration, Progress in Mathematics,
vol. 325. Springer, Berlin (2010)

[9] Cox,D.,Little, J., Schenck, H.: Toric Varieties. American Mathematical Society, Prov-
idence (2011)

[10] Denef, J., Hoornaert, K.: Newton polyhedra and Igusa’s local zeta function. J. Number
Theory 89(1), 31-164 (2001)

[11] Denef, J., Loeser, F., d’Euler-Poincaré, C.: fonctions zéta locales et modifications
analytiques. J. Am. Math. Soc. 5(4), 705-720 (1992)

[12] Denef, J., Loeser, F.: Geometry on arc spaces of algebraic varieties. Progr. Math. 201,
327-348 (2001)

[13] Esterov, A., Lemahieu, A., Takeuchi, K.: On the monodromy conjecture for non-
degenerate hypersurfaces. J. Eur. Math. Soc. https://doi.org/10.4171/JEMS/1241
(2022)

[14] Grayson, D., Stillman, M.: Macaulay2, a software system for research in algebraic
geometry. Available at http://www.math.uiuc.edu/Macaulay2/

[15] Geraschenko, A., Satriano, M.: Toric stacks I: the theory of Stacky fans. Trans. Am.
Math. Soc. 367(2), 1033-1071 (2015)

[16] Kouchnirenko, A.: Polyedres de Newton et nombres de Milnor. Invent. Math. 32, 1-31
(1976)


http://arxiv.org/abs/2112.06361v2
http://arxiv.org/abs/2106.11015v2
http://arxiv.org/abs/1905.00872v1
https://doi.org/10.4171/JEMS/1241
http://www.math.uiuc.edu/Macaulay2/

Around the motivic monodromy conjecture 1059

(17]
(18]
[19]
(20]
(21]
(22]
(23]

[24]
(25]

[26]

(27]

Ledén-Cardenal, E., Martin-Morales, J., Veys, W., Viu-Sos, J.: Motivic zeta functions
on Q-Gorenstein varieties. Adv. Math. 370, 107-192 (2020)

Larson, M., Payne, S., Stapledon, A.: The local motivic monodromy conjecture for
simplicial nondegenerate singularities. Preprint, (2022) arXiv:2209.03553v1

Loeser, F., Sebag, J.: Motivic integration on smooth rigid varieties and invariants of
degenerations. Duke Math. J. 119, 315-344 (2003)

Lemahieu, A., Van Proeyen, L.: Monodromy conjecture for non-degenerate surface
singularities. Trans. Am. Math. Soc. 363(9), 4801-4829 (2011)

Milnor, J.: Singular points of complex hypersurfaces, Annals of Math. Studies, vol. 61.
Princeton University Press, Princeton (1968)

Martin-Morales, J.: Monodromy zeta function formula for embedded Q-resolutions.
Rev. Mat. Iberoam. 29(3), 939-967 (2013)

Quek, M.H., Rydh, D.: Weighted blow-ups (in preparation) https://people.kth.se/
~dary/weighted-blowups20220329.pdf (2021)

Rockafellar, R.T.: Convex Analysis. Princeton University Press, Princeton (1970)
Satriano, M., Usatine, J.: A motivic change of variable formula for Artin stacks. Preprint
(2021). arXiv:2109.09800v1

Varchenko, A.: Zeta-function of monodromy and Newton’s diagram. Invent. Math. 37,
253-262 (1976)

Yasuda, T.: Motivic integration over Deligne-Mumford stacks. Adv. Math. 207(2),
707-761 (2006)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in
published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this
article under a publishing agreement with the author(s) or other rightsholder(s); author self-
archiving of the accepted manuscript version of this article is solely governed by the terms
of such publishing agreement and applicable law.


http://arxiv.org/abs/2209.03553v1
https://people.kth.se/~dary/weighted-blowups20220329.pdf
https://people.kth.se/~dary/weighted-blowups20220329.pdf
http://arxiv.org/abs/2109.09800v1

	Around the motivic monodromy conjecture for non-degenerate hypersurfaces
	Abstract.
	1 Introduction
	1.1 Statement of objectives, motivations, and results
	1.1.1 Conventions on the Newton polyhedron of f


	2 Nuts and bolts
	2.1 Newton Q-polyhedra and piecewise-linear convex Q-functions
	2.1.3 Conventions on Newton Q-polyhedra
	2.1.4 Piecewise-linear convex Q-functions

	2.2 Newton Q-polyhedra and their normal fans
	2.2.1 Conventions on fans
	2.2.2 Normal fans
	2.2.11 Notation

	2.3 Fantastacks and multi-weighted blow-ups
	2.3.5 Description of the morphism Σ2mu-:6muplus1muXΣtoAn


	3 Preliminaries and examples
	3.1 A stack-theoretic re-interpretation of a classical embedded desingularization of non-degenerate polynomials
	3.1.4 Frugal simplicial subdivisions

	3.2 A case study for Theorem A

	4 Proof of main theorem
	4.1 Dropping a set of facets from a Newton Q-polyhedron
	4.1.5 A correspondence
	4.1.10 An equivalence relation

	4.2 Dropping a set of B1-facets with consistent base directions
	4.2.3 Conventions for this section

	4.3 A refined desingularization of all non-degenerate polynomials above the origin
	4.3.6 underlineCase A
	4.3.7 underlineCase B


	5 Further remarks and future directions
	5.1 On a potential refinement of Theorem A in the case of B1-facets
	5.2 Other remarks and directions
	5.2.1 Looking beyond B1-facets
	5.2.2 On Corollary D


	Acknowledgements
	References


