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1 INTRODUCTION

Geometry-Driven Design of
Morphable Surface Structures
Using Topology Optimization
and Circle Packing

This paper introduces a new computational framework for modeling and designing mor-
phable surface structures based on an integrated approach that leverages circle packing
for surface representation, conformal mapping to link local and global kinematics, and
topology optimization for actuator design. The framework utilizes a unique strategy of
employing optimized compliant actuators as the basic building blocks of the morphable
surface. These actuators, designed as circular elements capable of modifying their ra-
dius and curvature, are optimized using level-set topology optimization, considering both
kinematic performance and structural stiffness. Circle packing is employed to represent
the surface geometry, while conformal mapping guides the kinematic analysis, ensuring
alignment between local actuator motions and desired global surface transformations.
The design process involves mapping optimized component designs back onto the circle
packing representation, facilitating coordinated control and achieving harmony between
local and global geometries. This leads to efficient actuation and enables precise control
over the surface morphology. The effectiveness of the proposed framework is demonstrated
through two numerical examples, showcasing its capability to design complex, morphable
surfaces with potential applications in fields requiring dynamic shape adaptation.

Keywords: Morphable Structures. Circle Packing. Conformal Mapping. Compliant
Mechanisms. Topology Optimization. Level Set Method. Differential Geometry.

bution to achieve desired performance objectives [6,7], enabling

Morphable structures capable of transforming into various
shapes on demand have garnered significant attention in recent
years due to their wide-ranging applications in fields such as soft
robotics [1-3], deployable structures in aerospace engineering [4],
and adaptive automotive systems [5]. The ability to design struc-
tures that morph predictably and controllably between target ge-
ometries enables novel functionalities and enhances system versa-
tility. However, the rational design and precise control of mor-
phable structures pose significant challenges due to the complex
interplay between material properties, structural mechanics, and
desired shape transformations.

To address these challenges, researchers have increasingly
turned to computational methods for the systematic design of these
complex systems. Topology optimization has emerged as a pow-
erful tool for designing structures with optimized material distri-
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the creation of lightweight, high-performance, and multifunctional
structures [8,9]. In the context of morphable structures, topol-
ogy optimization has been leveraged to design compliant mech-
anisms and shape-morphing systems. Contemporary design ap-
proaches for mechanical compliant mechanisms can be broadly
classified into two categories: kinematics-based methods and struc-
tural optimization-based methods. The kinematics-based approach,
as represented by Howell [10] and Smith [11], is rooted in the
concept of flexible linkages [12—14]. In this framework, compli-
ant mechanisms are modeled using pseudo-rigid bodies connected
by notched flexible hinges, where motion is achieved through the
bending deformation of these notched regions. The second cat-
egory, structural optimization-based methods, leverages advanced
computational techniques to achieve optimal designs. These in-
clude the ground structure method[15], the homogenization method
[16], the solid isotropic material with penalization (SIMP) method
[17], and level-set-based methods[18,19]. Recent advancements
in this category include innovative approaches such as the flexible
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Fig. 1 PROPERTIES OF CONFORMAL MAPPING: LO-
CAL SHAPES (SQUARES AND CIRCLES) ARE PRE-
SERVED IN THE TRANSFORMATION FROM THE PLANE
TO THE SURFACE [34,35].

building block method [20], the unit cell approach [21], the radial
basis function (RBF) level set method [22], and the cardinal basis
function (CBF) level set method [23].

Designing and modeling shape-morphing structures pose sig-
nificant challenges due to complex morphing modes, scalability,
and conformal geometries. Predicting deformation at both the unit
cell and surface levels is often uncertain, with additional difficul-
ties in controlling target geometries, ensuring path dependence,
and achieving reversibility. Approaches such as auxetic morphing
structures for mechanical metamaterials [24] and shape memory
polymers as smart materials [25] have been explored. However,
auxetic structures face limitations, including difficulties in morph-
ing control, pattern design, and integration across scales. However,
existing approaches often struggle to simultaneously maintain pre-
cise local geometries and overall shape integrity during the mor-
phing process, limiting their applicability to more complex target
geometries [26-29].

To address these challenges, we intorduce a new approach
that seamlessly integrates computational conformal geometry with
topology optimization, resulting in an effective framework for de-
signing morphable surface structures. Our approach leverages cir-
cle packing, a technique for discretely representing surfaces using
tangent circles, to model the target morphing behavior. Confor-
mal mapping is then employed to transform the circle-packed sur-
face between 2D and 3D configurations while preserving angle
measurements [30,31]. This mapping technique ensures that lo-
cal geometries are preserved, guaranteeing the integrity of local
geometries even during significant global shape changes. By re-
casting the morphable surface design problem as the design of an
interconnected network of circular compliant mechanisms, we can
apply topology optimization to generate realistic structures capable
of morphing into the desired geometries [32,33].

This work makes two main contributions:

First, we introduce a conformal geometry-driven approach for
modeling and designing the morphing of surface structures. This
approach uses circle packing to represent the surface and uses
discrete Ricci flow to guide its transformation. This mathematical
framework provides a reliable way to define and achieve desired
morphing behaviors while preserving the shape integrity of the
structure.

The use of circle packing offers several advantages for the kine-
matic modeling of morphable surface structures. It enables an
accurate representation of the surface geometry, which is crucial
for shape modeling. Conformal mapping, used in conjunction with
circle packing, preserves angles between curves on the surface, en-
suring that the overall shape is maintained throughout the morphing
process.  Additionally, Ricci flow refines the surface shape and
simulates its temporal evolution, facilitating the creation of highly
realistic and dynamic models of morphable surface structures. This
methodology proves particularly beneficial for the physical realiza-
tion of morphable structures using topology optimization, where
maintaining both local and overall shape integrity during morphing
is imperative for correct structural functionality.

Second, we develop a pipeline for integrating this conformal
geometric modeling with topology optimization to automatically
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generate designs for morphable surface structures that can be fab-
ricated as single-piece compliant mechanisms. The coupling of
conformal geometry and topology optimization opens up new pos-
sibilities for designing complex and precise morphable structures.

By using circle packing, we can translate the overall morphing
of the surface into local changes in the radii of the circles. This
transforms the complex problem of morphing surface design into
a simpler problem of designing circular actuators that can expand
and contract to change the shape of the surface. After optimizing
the design of a single-piece compliant mechanism using topology
optimization, we assemble a circular actuator by revolving this
mechanism around its central axis. This circular actuator is then
mapped to a circle packing pattern, allowing us to adjust the radii
of the circles and morph the overall surface shape. This approach,
using circular actuators to modify the circle packing pattern, makes
the surface structure more adaptable and deformable. We have per-
formed two numerical simulations to demonstrate the effectiveness
of our method.

The rest of the paper is organized as follows: Section 2 pro-
vides the necessary mathematical background on circle packing
and conformal geometry. Section 3 explains how we combine
conformal geometry with topology optimization and formulate the
design problem. Section 4 describes our topology optimization
method and sensitivity analysis. Section 5 presents numerical ex-
amples that demonstrate the effectiveness of our approach. Finally,
Section 6 discusses the implications of our work and suggest di-
rections for future research.

2 CIRCLE PACKING THEORY

Circle packing is a technique used in computational conformal
geometry to represent surfaces using a collection of circles that
touch each other in a specific way. The way these circles touch,
or their tangency relationships, is determined by the shape of the
surface being represented ??[36,37]. Circle packing’s ability to
capture detailed geometric information and maintain its structure
under conformal transformations makes it a valuable tool for mod-
eling surface morphing. By leveraging the properties of circle
packing, we can develop effective methods for modeling and con-
trolling the morphing of surface structures. In this section, we
introduce the mathematical foundations of circle packing and its
application in representing and manipulating surfaces.

2.1 Koebe-Andreev-Thurston = Theorem. The  Koebe-
Andreev-Thurston Theorem (KAT Theorem) [38] is the funda-
mental theorem in the circle packing theory. It states that for a
finite maximal planar graph , there exists a circle packing whose
tangency graph is isomorphic to  and is unique, up to Mdbius
transformations and reflections in lines. As shown in Fig. 2,
given a planar graph, one can compute a circle packing, which
associates each vertex with a circle (vertex circle), and each face
with a circle (face circle), such that

1. For every edge, the two vertex circles associated with the end
vertices are tangential to each other;

2. For every edge, the two face circles associated with the adja-
cent faces are tangential to each other;

3. For every edge, the two face circles and the two vertex circles
intersect at the same point.

4. Within each face, the face circle is tangential to the edges,
and orthogonal to all the vertex circles;

The KAT Theorem established a connection between a finite
graph’s topology and geometric realization. Furthermore, it is
closely related to the conformal mapping between planar domains.
The Riemann mapping theorem states that there is a conformal
map from one disk to the other for any two topological disks in the
plane. However, it is not easy to construct an explicit conformal
mapping between two given domains.
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Fig. 3 DISCRETE CONFORMAL MAPPINGS.

In 1985, Thurston proposed using circle packings to approxi-
mate conformal mappings. He suggested filling a domain ~ with a
hexagonal tessellation of circles, each of small radius A, and form-
ing a planar graph  from the intersection graph of those circles.
The KAT theorem guarantees a circle packing, with the outermost
circle as the unit circle, whose tangency graph is isomorphic to
The resulting discrete conformal mapping is the piecewise linear
mapping that preserves the combinatorial structure of

As shown in Figure 3, we compute a triangulation of the domain

with a circle packing in the left frame, then deform the circle
packing to fill the unit disk in the right frame, this gives a piecewise
linear mapping 5. By subdividing the triangulation and repeating
the process, we get 5;. In the same way, we can get a sequence
of those discrete conformal mappings 5= sending the interior of a
region to the unit disk . Thurston conjectured that as the radius
of the tessellation goes to zero, the discrete conformal mappings
5= will converge to the Riemann mapping. This conjecture was
confirmed by Rodin and Sullivan in 1987 [39].

2.2 Discrete Ricci Flow and Circle Packing. However, there
is no natural analogy for the circle packings on general curved
surfaces. Ricci flow on surfaces was first introduced by Hamil-
ton in [40]. Chow and Luo discovered the relations between the
Ricci flow and the circle packings and established the theoretical
foundation for discrete Ricci flow in [41] , where the existence and
convergence of the discrete Ricci flow were established.

Consider "" as a two-dimensional, connected, orientable
surface, and ) is a simplicial triangulation of "". Let
+,)" )" 0=3 )" be the set of vertices, edges, and triangles
of ), respectively. Furthermore, when "" is equipped with a Rie-
mannian metric, ) is called a geodesic triangulation if every edge
in) is a geodesic arc.

Given a triangulation ), if an edge length ; 2 R _6) satisfies
the triangle inequalities, we can construct a Euclidedn polyhedral
surface ,) ;” by isometrically gluing the Euclidean triangles with
the edge lengths defined by ; along the pairs of edges. Notice
that a Euclidean polyhedral surface exhibits a piecewise Euclidean
metric, for a vertex in +,)" could be a singular cone point, and
the Gaussian curvature is constant O at any point not in +,)".

Given ,) ;" , let \g. be the inner angle at the vertex § in the
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triangle 489 :. The discrete curvature
defined as

g at the vertex 8 2 +,)" is

§=2¢C \d. (1)

9:2 :489:2

A piecewise Euclidean metric is globally flat if and only if § =
0 for every vertex § 2 +,)".

In practice, the objects we study are polyhedral surfaces. Figure
4 shows how the polyhedral surfaces relate to circle packings.

Fig. 4 CIRCLE PACKING FOR A METRIC: Triangle
[v1,v2, v3] has vertices vq,vs,v3, and edges eqs, €23, €31-
Three circles centered at vq,v,, and v5, with radii rq, ro
and r3 intersect one another, with intersection angles of
49, Pog and 3¢, Which are the weights associated with
the edges. The edge lengths of the triangle are deter-
mined by r; and ®;; by the cosine law.

Change infinitesimal circles to circles with finite radii, and each
circle is centered at a vertex like a cone, the radius is denoted as Wg
at vertex {g, and an edge has two vertices, the two circles intersect
each other with an intersection angle, the angle is denoted as gy
for edge 449, and called the weight.

Definition 1. A mesh with circle packing ,"" , Where " is
the topological triangulation (connectivity), = fWg {s 2 +g are
the vertex radii, =f g9 489 2 @ are the angles associated
with each edge. A discrete conformal mapping g : ,"" !
o " only changes the vertex radii , but preserves the inter-

section angles

In geometric modeling applications, meshes are typically em-
bedded in R? with the metrics induced from the embedding. We
can find the optimal weight  with initial circle radii , such that
the circle packing metric ,"" " is as close as possible to the
Euclidean metric in the least square sense. Namely, we want to

Fig. 5 CIRCLE PACKING AND CURVATURE: For a
canonical tetrahedron, the edges lengths are all / = 1.0,
and the radius at each vertex is r = 0.5. The curvature on
each vertex equals to K; = n. The weights on all edges
are & = 0.

PREPRINT FOR REVIEW / 3






	1 INTRODUCTION
	2 CIRCLE PACKING THEORY
	2.1 Koebe-Andreev-Thurston Theorem
	2.2 Discrete Ricci Flow and Circle Packing
	2.3 Isometric Embedding
	2.4 Deformation for Surfaces via Circle Packings

	3 DESIGN OF MORPHABLE SURFACES STRUCTURE
	3.1 Idea of Design Morphable Surfaces Structure
	3.2 Rigid Body Mechanism v.s. Compliant Mechanism
	3.3 Designing the Morphable Surface Structure Using Circle Packing and Topology Optimization

	4 SHAPE AND TOPOLOGY OPTIMIZATION OF COMPLIANT MECHANISM
	4.1 Conventional Level Set Method
	4.2 Problem Formulation
	4.3 Shape Sensitivity Analysis
	4.3.1 Derivation of Adjoint Equation:
	4.3.2 Construction of Design Velocity:


	5 NUMERICAL EXAMPLES
	5.1 Numerical Example I: Topology Optimization of Single-piece compliant actuator
	5.2 System Analysis of The Entire Circular Packing System in Example I
	5.3 Numerical Example II: Stretch From a Unit Cube To A Trapezohedron
	5.4 System Analysis of the Transformation from a Unit Cube to a Trapezohedron

	6 DISCUSSIONS AND CONCLUSIONS
	7 ACKNOWLEDGEMENT
	References

