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ENUMERATIVE GEOMETRY OF DEL PEZZO SURFACES

YU-SHEN LIN

Abstract. We prove an equivalence between the superpotential defined via

tropical geometry and Lagrangian Floer theory for special Lagrangian torus

fibres in del Pezzo surfaces constructed by Collins-Jacob-Lin [20]. We also
include some explicit calculations for the projective plane, which confirm some

folklore conjectures in this case.

1. Introduction

Started from the celebrated work of Candelas-de la Ossa-Green-Parkes [14] com-
puting the number of rational curves of a given degree in a generic quintic, mirror
symmetry is believed to provide a new efficient way of computing enumerative
invariants for Calabi-Yau manifolds. The mirror symmetry conjecture is further
extended to Fano manifolds [58]. When Y is a Fano manifold, its mirror is called
the Landau-Ginzburg model W : (C∗)n → C, where the superpotential W is some
holomorphic function and n = dimCY . The superpotential W is expected to recover
the enumerative geometry of Y . For instance, the quantum cohomology QH(Y ) is
isomorphic to the Jacobian ring Jac(W ) [5][31] in the case of toric manifolds. In
addition, the periods of eW with respect to suitable cycles recover the descendant
Gromov-Witten invariants [6][39][13] in the case of toric Fanos and thus known as
the quantum periods. Due to the motivation from mirror symmetry, one would want
to have a systematic way to write down the superpotential. In the toric Fano case,
the superpotential is determined combinatorially by the toric polytope [38][55]. It
is further discovered by Cho-Oh [18] there are only positive Maslov index discs with
boundaries on the moment map fibres and the superpotentials can be derived by
the weighted count of Maslov index two discs with boundary on the moment map
fibres and weighted by the symplectic area of holomorphic discs.

In the pioneering work of Auroux [2], he studied the holomorphic discs with
boundary on non-toric Lagrangian fibration constructed by Gross [35] outside of a
singular anti-canonical divisor D of some toric Fano manifold Y . In the presence
of Maslov index zero discs, the superpotential is no longer constant with respect to
the Lagrangian fibres. The loci in the base of Lagrangian fibration such that the
corresponding fibres bound holomorphic discs of Maslov index zero form walls in
the base. The superpotentials may jump when the Lagrangian boundary conditions
vary across the walls, since Maslov index zero disc may glue together with a Maslov
index two disc to a different Maslov index two discs on one side of the wall but
not the other. This is further generalized to the case when the geometry has an

2020 Mathematics Subject Classification. Primary 53D37.
Y.-S. L. is supported by Simons collaboration grant # 635846 and NSF grant DMS2204109.

©XXXX American Mathematical Society

1



2 Y.-S. LIN

equivariant S1-action [3][16]. When the anti-canonical divisor D is smooth, which
can be viewed as the deformations of the above results [79]. Auroux conjectured
the existence of the special Lagrangians in the complement of the smooth anti-
canonical divisor X = Y \D and had predictions on the SYZ mirror. The existence
of the special Lagrangian was confirmed by Collins-Jacob-Lin [20] in the case Y is a
del Pezzo surface. Furthermore, we will confirm the other half of in [2, Conjecture
7.3]:

Theorem 1.1. (=Theorem 5.5) There exists an open neighborhood U such that the
special Lagrangian torus fibre contained in U bounds a unique holomorphic disc of
Maslov index two disc contained in U .

Inspired by the Strominger-Yau-Zaslow conjecture [80] and the related heuristic
in symplectic geometry, Gross-Hacking-Keel [40] constructed the mirrors for the pair
(Y,D), where Y is a projective surface with D ∈ | −KY | wheel of rational curves.
One first construct an affine manifold with a single singularity from the intersection
matrix of D. This can be viewed as the limit of the base of the special Lagrangian
fibration onX = Y \D. Gross-Hacking-Keel further introduced the notion of broken
lines and theta functions as the weighted count of broken lines. The mirror can then
can be realized as the spectrum of the algebra generated by the theta functions.
The construction is extended to the case when D is smooth by Carl-Pumperla-
Siebert [19]. In this paper, we adapt the definition of the broken lines to the
setting B is the affine manifold from the special Lagrangian fibration constructed
in [20] and with the complex affine structure. The efforts are particularly made
to prove that there is finitely many broken lines representing a fixed relative class.
Therefore, one can define the weighted counts of the broken lines. Moreover, we
provide the geometric meaning for the weight of broken lines that confirms the
original symplectic heuristic.

Theorem 1.2. (=Theorem 5.6) The weighted counts of the broken lines coincide
with the countings of the Maslov index two discs, serve as the coefficients of the
superpotential in Lagrangian Floer theory.

In the standard toric case, the naive SYZ mirror of the moment toric fibration
only gives an bounded open subset of the Landau-Ginzburg mirror. Hori-Vafa
explained that there is a renormalization procedure to obtain the LG mirror. Au-
roux predicted that the renormalization corresponds to scaling the symplectic form
kc1(Y ), k → ∞. This is indeed hidden in the proof of Theorem 1.2: the special La-
grangian torus with respect to the Tian-Yau metric ωTY in X are not Lagrangian
with respect to arbitrary symplectic form on Y . To make sense of the superpo-
tential, we proved that there exists a sequence of Kähler forms ωi on Y such that
[ωi] = kic1(Y ) with ki → ∞ and every special Lagrangian fibre with respect to
the Tian-Yau metric in X is Lagrangian with respect to ωi for i ≫ 1. Moreover,
the coefficients of the superpotential is well-defined and stabilized. In other words,
Theorem 1.2 provides a rigorous mathematical realization of the renormalization
procedure of Hori-Vafa. See [32, Remark 5.11] for another treatment of renormal-
ization.

A priori, the integral affine manifold used in the Gross-Siebert program is unclear
to be the same as the one from the base of special Lagrangian fibration. In the case



ENUMERATIVE GEOMETRY OF DEL PEZZO SURFACES 3

of Y = P2, Lau-Lee-Lin [68] prove that the affine structure used in Carl-Pumperla-
Siebert coincides with the complex affine structure of the special Lagrangian fi-
bration constructed by Collins-Jacob-Lin. With the explicit affine structure, we
provide some explicit calculation of the enumerative invariants and explains the
relation with the previous works of Bousseau [8], Vianna [86], Graefnitz [36]. In
particular, the interaction of the results in the current paper with the previous
works confirm several folklore conjectures in this setting.

The arrangement of the paper is as follows: In Section 2, we review the special
Lagrangian fibration constructed in [20] and its properties. We review the tropical
geometry on the base of the special Lagrangian with the complex affine structure in
Section 3. Then in Section 4 we establish the tropical/holomorphic correspondence
for Maslov index zero discs with boundary on special Lagrangian fibres. Then
we prove the equivalence of counting of Maslov index two discs with the same
boundary conditions with the weighted count of broken lines in Section 5. This
includes an explanation of the renormalization process of Hori-Vafa [55]. In Section
6, we speculate the relation of certain open Gromov-Witten invariants of Maslov
index zero discs with relative Gromov-Witten invariant with maximal tangency. In
Section 7, we provide some explicit calculation in the case of P2 and connect to
other people’s work.
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2. Special Lagrangian Fibration on Del Pezzo Surfaces

Let Y be a del Pezzo surface or a rational elliptic surface and D = s−1(0) be a
smooth anti-canonical divisor, where s ∈ H0(Y,KY (D)). By adjunction formula,
D is an elliptic curve and there exists a hermitian metric h of ND/Y with Chern
class c1(Y ) ·D. Tian-Yau constructed a Ricci-flat metric ωTY on the complement
X = Y \D [83]. Moreover, together with the results of Hein [49], one has the
asymptotic of the Tian-Yau metric near D:

ωTY ∼ i∂∂̄(log |s|2h)
3
2 .(1)

Locally, we write h = e−ϕ and w a complex coordinate defining D = {w = 0}.
Then explicitly we have the following asymptotic:

ωTY ∼ 1

2
(− log |w|2e−ϕ)− 1

2

(dw
w

+ ∂ϕ
)
∧
(dw̄
w̄

+ ∂̄ϕ
)
+ (log |w|2e−ϕ) 1

2π∗ωD,(2)

where ωD is the unique Ricci-flat metric on D with Kähler class c1(ND/Y ). We
will refer the reader to [20, Section 4.1] for explicit calculation and more details
about the geometry of Calabi model. The asymptotics of the Tian-Yau metric is
important for the later studies of the holomorphic discs near D and also the the
affine structures.

Auroux [2] conjectured the existence of special Lagrangian fibration on X when
Y = P2 or Y is a rational elliptic surface. The conjecture is proved generally for
del Pezzo surfaces by Collins-Jacob-Lin.
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Theorem 2.1. [20] Let Y be a del Pezzo surface or rational elliptic surface and
D ∈ | − KY | be a smooth anti-canonical divisor. Then there exists a special La-
grangian fibration on X = Y \D with a special Lagrangian section and the base is

diffeomorphic to R2. Moreover, the monodromy at infinity is conjugate to

(
1 d
0 1

)
.

We will use B to denote the base of the fibration and the fibration to be π : X →
B.

Theorem 2.2. [20] Let X̌ be the same underlying manifold of X with Kähler form
ω̌ and holomorphic volume form Ω̌ given by

ω̌ = ReΩ,

Ω̌ = ω − iImΩ.(3)

This can be compactified to a rational elliptic surface Y̌ by adding an Id fibre Ď,
where d = (−KY )

2.

We now sketch the idea of the proof of Theorem 2.1 since that will help to un-
derstand the geometry needed for later sections. Let YC be a small neighborhood
of zero section of the total space of the normal bundle ND/Y and XC be the com-
plement of the zero section in YC . There exists a natural holomorphic volume form
ΩC and Ricci-flat metric ωC invariant under the S1-action along the fibres on XC .
Choose a special Lagrangian l on D and it is straight-forward to check that the
constant norm S1-bundle over l is a special Lagrangian torus in XC . In particular,
a choice of special Lagrangian fibration in D can be lifted to a special Lagrangian
fibration on XC . These are the model special Lagrangian fibration near infinity.
The difficulty is to prove the convergence of Lagrangian mean curvature flow under
this setting with degenerate geometry. Then one can use hyperKähler rotation and
the theory of J-holomorphic curves to prove that the deformation of the limiting
special Lagrangian tori from Lagrangian mean curvature flow sweep out X and thus
form a special Lagrangian fibration on X.

2.1. Affine Structures on the Base of SYZ Fibrations. It is a standard fact
by Hitchin [50] that the base B of the special Lagrangian fibration naturally admits
structures of affine manifold with singularities , i.e., the transition functions away
from the discriminant locus fall in GL(n,Z) ⋊ Rn. The base is where tropical
curves/discs live and we will discuss later.

The affine structures are defined as follows: assume that X is a complex n-fold
admitting a nowhere vanishing holomorphic n-form Ω. We will denote Lu the fi-
bre over u ∈ B. Let B0 be the complement of the discriminant of the fibration.
Then ∪u∈B0H2(X,Lu;Z) forms a local system of lattices over B0. By choosing
relative classes γ1, · · · , γn as flat local sections in an open neighborhood on B0

such that their boundaries generate the first homology of fibres, then the functions
Im

∫
γi
Ω give the integral affine coordinates on the neighborhood. This is known as

the complex affine structure when X → B is a special Lagrangian fibration from
the aspects of mirror symmetry. In particular, this gives a natural identification
of H1(Lu,R) ∼= TuB0. Notice that this identification gives the opposite orienta-
tion of TuB0. Due to the natural pairing on H1(Lu,R) induces an isomorphism
H1(Lu,R) ∼= H1(Lu,R), we will use the identifications freely later.

The following observation reduces the complication of tropical geometry dis-
cussed in the next section.
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Lemma 2.3. For a generic choice of (Y,D), the singular fibres of the special La-
grangian fibration of X = Y \D in Theorem 2.1 are either simple nodal curves or
cusp curves.

Proof. From Theorem 2.2, it suffices to prove that the corresponding rational el-
liptic surface Y̌ has only irreducible singular fibres from Kodaira’s classification
of singular fibres of minimal elliptic fibration. In particular, these components of
reducible fibres have self-intersection −2. We will first briefly recall the Torelli the-
orem for rational elliptic surfaces [71][51]. Let Ďi be the irreducible components of
Ď and

Q = {α ∈ Pic(Y̌ )|α · Ďi = 0}.

Consider the long exact sequence of pairs with coefficients in Z.

0 = H3(Y ) → H3(Y̌ , X̌) → H2(X̌) → H2(Y̌ ) → H2(Y̌ , X̌).

From Poincare duality Hk(Y̌ , X̌) ∼= H4−k(Ď), one has the short exact sequence

0 → H1(Ď) → H2(X̌) → Q → 0.

Denote the image of the generator of H1(Ď) by δ and normalize
∫
δ
Ω̌ = 1. Then

the period domain of rational elliptic surface Hom(Q,C∗) can be interpreted as the
periods exp

(
2πi

∫
Ω̌
)
: H2(X̌) → C∗ [67][41] (or the rational elliptic surface case

[7]). Similarly, the periods of Ω integrating over cycles in H2(X) describe the moduli
space of (Y,D) . Therefore, it suffices to prove that for the generic choice of (Y,D),
the period

∫
α
Ω̌ is non-zero on any (−2)-class α ∈ H2(X̌). Since Ω̌ = ImΩ+ iω and

ω is exact on X, it is equivalent to
∫
α
ImΩ = 0 under the normalization

∫
[L]

Ω ∈ R,
where [L] ∈ H2(X) is the fibre class. In other words,

∫
α
Ω and

∫
[L]

Ω have the same

phase. The later is the zero locus of a non-zero harmonic function and thus analytic
Zariski closed inside the moduli space of pairs of del Pezzo surface with a smooth
anti-canonical divsior. □

2.2. Some Useful Consequence of the Asymptotics. Here we collect some
implications of the asymptotics of the Tian-Yau metric in (1).

The first lemma has its own interest in differential geometry: this interprets
the Tian-Yau metric as the large volume limit of Kähler forms of classes along the
multiple of c1(Y ).

Lemma 2.4. There exist a sequence of increasing open subsets Uk of Y \D and
Kähler forms ωk of Y such that

(1) Uk ⊆ Uk+1 and ∪kUk = X,
(2) ωk|Uk = ωTY coincides with the Tian-Yau metric.
(3) [ωk] is a multiple of c1(Y ) ∈ H2(Y,R).

In particular, the Tian-Yau metric can be viewed as of class ”∞[c1(Y )]”. More
precisely,

lim
i→∞

ωi|X = ωTY .

Proof. Take any Kähler form ωY on Y in the cohomology class c1(Y ), then from
the long exact sequence of relative pairs

H2(X) → H2(Y ) → H2(Y,X) ∼= H2(D),(4)
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we have ωY |H2(X,Z) = 0. Since the de Rham cohomology and singular cohomol-
ogy of X coincide, ωY is exact. From vanishing of Dolbeault cohomology of Stein
manifolds, ωY = i∂∂̄ϕ for some real-valued function ϕ globally defined on X. In
particular, ϕ is strictly plurisubharmonic. Since OY (D) is trivial on X, one can
interpret e−ϕ as a hermitian metric of the bundle. There is a unique nowhere van-
ishing section of OY (D) over X, up to a C∗-scaling. By choosing the trivialization
OY (D)|X ∼= X×C sending that section to 1, one has the asymptotic ϕ ∼ O(log |w|),
where D = {w = 0} locally. In particular, on has limx→D ϕ = ∞. This implies that
each level set ϕ−1(c) is compact and thus ϕ is an exhaustive function. Now since ϕ
is an exhaustive function, one can take Uk = ϕ−1((−∞, k)) relatively compact and
∪kUk = X.

Let χk : R → R be a convex function such that χk(x) = 0 if x ≤ k − 1 and
χk(x) = x if x ≥ k. Then χk ◦ ϕ is again plurisubharmonic. Therefore, βk =
i∂∂̄(χk ◦ ϕ) is semi-positive and coincides with ωY on X\Uk. In particular, βk can
be extended over D and defined on Y . Since βk is exact on X, one has [βk] is a
multiple of c1(Y ) from (4).

Choose a cut-off function ηk such that ηk(x) = 0 for x ∈ X\Uk+1 and ηk(x) = 1
for x ∈ Uk. Then set

ωk = i∂∂̄(ηkϕTY ) + tkβk,

where ϕTY is the potential function of Tian-Yau metric. Then ωk = ωTY on Uk−1
and ωk = ωY on X\Uk+1. One can choose large enough tk to secure the positivity
on Uk+1\Uk−1 and the lemma is proved. From the above proof, We will take Uk

be of the form Uk = π−1(Uk) for some open subset Uk ⊂ B such that Uk ↗ B and
Uk ⊇ {|w| > ϵk}. □

The next lemma is helpful when study the behaviors of the Maslov index two
discs.

Lemma 2.5. Fix a Kähler form ωY on Y . The sequence of Kähler form ωi can be
taken such that there exists C1, C2 > independent of i with

gi ≤ C1ϵ
−20
i gY on Y , and

C2ϵ
−20
i gY ≤ gi on Uk, k ≫ 1.

Here gY , gi are the Riemannian metric associate to ωY , ωi. Moreover, [ωi] =
kic1(Y ) with ki = O(ϵ−20i ).

Proof. Since gY is defined on Y , there exists a constant C3, C4 such that on U ∩X
we have

C3(− log |w|) 1
2 gY ≤ gTY ≤ C4(− log |w|) 1

2 |w|−2gY(5)

on Uc
k0
, for some fixed k0 ≫ 1, from the asymptotic of the Tian-Yau metric. Since Uk

is relative compact, there exists a constant C5 > 0 such that C−15 gY ≤ gTY ≤ C5gY
on Uk0

. It suffices to take tk = |ϵk|−20 in Lemma 2.4. The last statement follows
from the construction in Lemma 2.4. □

3. Tropical Geometry

The modified SYZ conjecture [61][45] expects the collapsing of the Calabi-Yau
manifolds near large complex structure limit to affine manifolds with singularities.
In particular, the holomorphic curves collapse to certain 1-skeletons known as the
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tropical curves. It is proved in the case of toric manifolds, the tropical curves
countings recover the log Gromov-Witten invariants [70][74].

Through out the paper, we will assume that B is the base of the special La-
grangian fibration, the discriminant locus ∆ ⊆ B are isolated points and B0 = B\∆
equipped with the complex affine coordinates. Then there is a natural short exact
sequence of lattices over B0.

0 → H2(X) → Λc =
⋃

u∈B0

H2(X,Lu) → Λg =
⋃

u∈B0

H1(Lu) → 0

The intersection pairing on H1(Lu) lifts naturally to H2(X,Lu) and Λc is called
the charge lattice. We now recall the notion of scattering diagrams on B. We
will assume that around each singularity of the affine structure the monodromy is
conjugate to

(
1 1
0 1

)
or

(
0 1
−1 1

)
which is the generic case due to Lemma 2.3. For our

purpose to compare to Floer theory, we will first introduce Novikov field and the
modification of the language of scattering diagram for our setting.

Recall that the Novikov field is

Λ := {
∑
i∈N

ciT
λi |λi ∈ R, lim

i→∞
λi = ∞, ci ∈ C}.

We denote its maximal ideal by Λ+, the ring of units by UΛ = val−1(0), and
Λ∗ = Λ\{0}. There is a natural discrete valuation on Λ∗

val : Λ∗ −→R∑
i∈N

ciT
λi 7→λi0 ,

where i0 is the smallest i with λi ̸= 0. We formally extend the domain of val to Λ
by setting val(0) = ∞.

Definition 3.1. A scattering diagram D on B is a set of 3-tuples {(ld, γd, fd)}d∈I ,
where

(1) ld is an affine ray emanating from a point od ∈ B.
(2) γd ∈ Γ(ld,Λ) flat section with γd is positively proportional to the tangent of

ld.
(3) For u ∈ ld, the slab function fd(u) is a power series in TωTY (γd)zγd with 1

as its constant term.

such that given any λ > 0, there are only finitely many d with fd ̸= 0( mod Λ+). We
define the support of the scattering diagram Supp(D) =

⋃
d∈I ld, and the singularity

of the scattering diagram Sing(D) to be the union of the staring points of ld.

It worth mentioned that the second assumption of a ray ld in the scattering
diagram implies that ld is oriented such that ωTY (γd) is strictly increasing along
ld. It is proved by the author that there are five families of holomorphic discs with
non-trivial local open Gromov-Witten invariants near a type II singular fibre [66].
This motivates the following definition of the initial scattering diagram canonically
associated to B below.

Definition 3.2. The initial scattering diagram Din = {(ld, γd, fd)} consisting of

(1) (l±, γ±, f±) for each singularity with monodromy conjugate to
(
1 1
0 1

)
such

that
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• l± are affine rays emanating from the singularity with tangents in the
monodromy invariant direction.

• γ± are the Lefschetz thimbles such that
∫
γ±

ωTY > 0 along l±.

• The slab functions are f± = 1 + TωTY (γ±)zγ± .
(2) (li, γi, fi), i = 1, · · · , 5 for each singularity with monodromy conjugate to(

0 1
−1 1

)
such that

• After choosing a branch cut and γ′1, γ
′
2 ∈ H2(X,Lu) such that the

counterclockwise monodromy is

qγ′1 7→ −γ′2

γ′2 7→ γ′1 + γ′2.

• γ1 = −γ′1, γ2 = γ′2, γ3 = γ′1 + γ′2, γ4 = γ′1, γ5 = −γ′2.
• li is the affine line defined by γi.
• The slab functions are fi(u) = 1 + TωTY (γi)zγi .

Given a scattering diagram D on B, u ∈ B0 and λ > 0. For a generic counter-
clockwise ϕ : S1 → B in a small enough neighborhood of u such that it intersects
every ray ld starting from u (or passing through u) transversally and exactly once
(or twice respectively) if u ∈ ld and fd(u) ̸≡ 0( mod Tλ). Assume the intersection
order is d1, · · · ds, then we form an ordered product as follows :

θu,λϕ,D = Kd1
(u)ϵ1 ◦ · · · ◦ Kds

(u)ϵs (mod Tλ),(6)

where each d = di on right hand side of (6) are transformations of the form

Kd(u) : Λ[[H2(X,Lu;Z)]] → Λ[[H2(X,Lu;Z)]]

zγ 7→ zγfd(u)
⟨γ,γd⟩.(7)

and ϵi = sgn⟨ϕ′(pi), γd(pi)⟩, for pi ∈ Imϕ ∩ di and with the identification TuB0
∼=

H1(Lu,R). Recall that the definition of the complex affine structure allows one to
have the natural identification ϕ′(pi) ∈ TpiB0

∼= H1(Lpi ,R). One then defines

θD,u = lim
←

θu,λϕ,D,

where ϕ falls in a nested sequence of neighborhood of u converging to u and λ → ∞.
The following is the key observation of Kontsevich-Soibelman [59] that one can

reconstruct mirror via Din which is expected to capture the information of holo-
morphic discs with special Lagrangian boundary conditions.

Theorem 3.3. [59, Theorem 6] Given the initial scattering diagram Din, there
exists a unique complete scattering diagram D such that θD,u = id for every u ∈ B0

and ld ̸= ld′ if d ̸= d′.

The complete scattering diagram D is closely related to tropical discs on B.

Definition 3.4. A tropical curve (with stop) on B is a 3-tuple (ϕ, T, w) where T
is a rooted connected tree (with a root x). We denote the set of vertices and edges
by C0(T ) and C1(T ) respectively. Then the weight function w : C1(T ) → N and the
continuous map ϕ : T → B satisfy the following:

(1) For any vertex v ∈ C0(T ), the unique edge ev closest to the stop is called
the outgoing edge of v and wv := w(ev).
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(2) For each e ∈ C1(T ), ϕ|e is either an embedding of affine segment on B0 or
ϕ|e is a constant map. In the later case, e is associated with an integral
primitive tangent vector at ϕ(e) (up to sign) if ϕ(e) /∈ ∆. The edge adjacent
to x is not contracted by ϕ. See (3), (4) for the case when ϕ(e) ∈ ∆.

(3) For each v ∈ C0(T ), v ̸= x and val(v) = 1 if and only if ϕ(v) ∈ ∆.
Moreover,
(a) If ϕ|ev is an embedding, then ϕ(ev) falls in one of lγi

in Definition
3.17.

(b) If ϕ(ev) ∈ ∆ is contracted, then the integral primitive tangent vector
ve associate to e is in the monodromy invariant direction in TyB,
y = Expϕ(ev)(ϵve) for some small ϵ > 0.

(4) For each v ∈ C0(T ), v ̸= x and val(v) = 2, we have ϕ(v) ∈ ∆. Moreover,
(a) the edges e+v , e

−
v adjacent to v are not contracted by ϕ.

(b) ϕ(e±v ) is in the monodromy invariant direction.
(c) w(e+v ) = w(e−v ).

(5) For each v ∈ C0(T ), val(v) ≥ 2, we have the following assumption:
(balancing condition) Each outgoing tangent at u along the image of each

edge adjacent to v is rational with respect to the above integral structure
on Tϕ(v)B. Denote the outgoing primitive tangent vectors by vi and the
corresponding weight by wi, then∑

i

wivi = 0.(8)

(6) For each unbounded edge e ∈ C1(T ), the tangent of ϕ(e) is in the mon-
odromy invariant direction.

(7) The Maslov index of (h,w, T ) is defined to be

µ(h) = 2(#unbounded edges).

We will identify the two tropical discs (ϕ, T, w) and (ϕ′, T ′, w′) if there exists
a homeomorphism f : T → T ′ such that ϕ′ ◦ f = ϕ and w′ ◦ f = w. It worth
mentioned that here we allow tropical discs/curves with contracted edges due to
the presence of the singularity which is different from the usual definition.

Before we define the tropical disc counting invariants, we need to associate each
tropical disc (ϕ, T, w) with stop at u ∈ B0 a relative class in H2(X,Lu)/H2(X).
Let h(e) be the edge adjacent to u and u′ is the image of another vertex. Extend
the affine segment in the side of u and one obtains an affine ray emanating from u′

which is a ray ld in the scattering diagram D. We then define

[h] := γd(u) ∈ H2(X,Lu)

to be the relative class associate to the tropical disc (h, T, w). Then for the purpose
of comparing to open Gromov-Witten invariants, one naturally has the following
definition:

Definition 3.5. Given u ∈ B0 and γ ∈ H2(X,Lu) primitive, define

Ω̃trop(dγ;u) ∈ Q and l(γ;u) ∈ N via the equation∑
d:γd(u)=γ,ld∋u

log fd(u) =
∑
d≥1

dΩ̃trop(dγ;u)(TωTY (γ)zγ)d,
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and

l(γ;u) = max
(h,T,w):[h]=γ

#{e ∈ C1(T )|h(e) not contracted}.

Remark 3.6. Although here we define the invariants Ω̃trop(γ;u) through the scat-
tering diagram, they coincide with the weighted counts of admissible tropical discs
representing γ ∈ H2(X,Lu) (see Section 4 [65]). See also the refined version [64][72]
and its interpretation [62] [17].

3.1. Broken Lines and Tropical Superpotential. For the comparison of the
counting of Maslov index two holomorphic discs later, we will review the definition
of broken lines that introduced in [40].

Definition 3.7. Let B0 be the base of the special Lagrangian fibration in Theorem
2.1 equipped with the complex affine structure. A broken line is a continuous map

b : (−∞, 0] → B0

with stop b(0) = u with the below properties: there exist

−∞ = t0 < t1 < · · · < tn = 0

such that b|[ti−1,ti] is affine. For each i = 1, · · · , n, there is an associate flat section

ciz
mb

i (t) ∈ H2(X,Lβ(t)) (after the identification of relative classes via parallel trans-
port, we may omit the dependence of t for simplicity when there is no confusion)
such that

(1) For each i, ∂(mb
i ) is positively proportional to β′(t) under the identification

TuB ∼= H1(Lu,R).
(2) mb

1 = β0 and c1 = 1. Here β0 ∈ H2(X,Lβ(0)) is defined as follows: re-
call that Uk, k ≫ 1 (in Lemma 2.4) is a neighborhood of infinity. One
has H2(Uk, Lβ(t)) ∼= Z, t ≪ 0 and there is a unique generator has positive
pairing with the Kähler form ω. Define β0 (up to parallel transport) be the
image H2(Uk, Lβ(t)) → H2(X,Lβ(t)), t ≪ 0.

(3) b(ti) ∈ Supp(D)\Sing(D).

(4) If b(ti) ∈ ∩ildi
(of 1-dimensional intersection), then ci+1z

mb
i+1(ti+1) is a

term in (∏
i

Kdi(b(ti)
ϵi
)
(ciz

mb
i (ti)),(9)

where ϵi = sgn⟨mb
i (ti), γdi

⟩.

Definition 3.8. Given a broken line b, we say that n is the length of the broken line
b and it has the homology [b] := mb

n(u) ∈ H2(X,Lu) and weight Mono(b) := cn.

The following is the simplest example of the broken line.

Example 3.9. Given u close enough to infinity and there exists a unique affine
line from u to infinity with tangent in the monodromy invariant direction. This
gives rise to a broken line b : (−∞, 0] → B0 such that its image is the above affine
line and n = 1 with the associate flat section zβ0 . The weight of this broken line is
1.

Remark 3.10. We say b is a degenerate broken line if it is a limit of broken lines
bn. Notice that the compatibility of the scattering diagram implies that Mono(b) is
well-defined.
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We will denote li to be the affine segment b([ti−1, ti]). Recall that for each u ∈ ld,
there exists a tropical disc of Maslov index zero ending at u with the edge adjacent
to u contained in ld. Such tropical disc is not unique but represents a fixed relative
class. We will denote ϕi the tropical disc of Maslov index zero associate to the
bending point b(ti).

Remark 3.11. The data for a broken line is equivalent to a Maslov index two
tropical disc and the corresponding weighted counts coincide [37]. This indicates
why later we will compare the weighted count of the broken lines and the counting
of Maslov index two holomorphic discs.

For the purpose of induction process later, we have the following definition:

Definition 3.12. We denote l(β;u) be the largest possible length of broken lines
representing β ∈ H2(X,Lu).

A priori, it is not clear if l(β;u) is finite. To prove that it is finite, we will first
need to understand the behavior of affine rays near infinity.

By [20, Theorem 1.5], the special Lagrangian fibration near D after hyperKähler
rotation via (3) is a germ of elliptic fibration over U ′∞ and can be partially com-
pactified by adding an Id fibre at infinity. After a suitable change of coordinate,
it can be realized as U ′∞ ×C/Z⟨1, d

2πi log u⟩ where u is the holomorphic coordinate
of the base with u = 0 corresponds to the infinity, x is that of the fibre after a
suitable coordinate change and d is the degree of the del Pezzo surface [21]. More-
over, the restriction of the holomorphic volume form with suitable normalization
from (3) is given by k(u)duu ∧ dx, k(0) = 1 for some holomorphic function k(u),
since any holomorphic function is constant on the elliptic fibres. In general, k(u)

is not necessarily constant 1. Notice that h(u) = k(u)−1
u extends over infinity as

a holomorphic function. Let H(u) be the anti-derivative of h(u) with vanishing
constant term, then ũ = eH(u)u. Then dũ = eH(u)k(u) and ũ defines a holomorphic
coordinate near u = 0 and Ω = dũ

ũ ∧dx. The periods of the elliptic fibration is then

1, 1
2πi log ũ+ f(ũ), for some holomorphic function f with f(0) = 0. Since later we

will not use the coordinate u anymore, we will abuse the notation and still use u to
denote the new coordinates ũ and set u = er+iθ. With the above understanding,
we will first study the behaviors of the affine rays near infinity.

Lemma 3.13. There exists an open neighborhoods U∞ ⊆ V∞ ⊆ B of infinity such
that the follow is true: Let l be an affine ray in U ′∞ labeled by γ with respect to
the above affine structure and starting from u0 ∈ V∞ such that |u| is decreasing at
u0. Then |u| is strictly decreasing and unbounded along the affine ray l ∩ U∞. In
particular, the affine ray l converges to the infinity.

Proof. Assume that ∂γ is represented by the loop from 0 tom+n· d
2πi log u. Then by

straight-forward calculation, the affine ray emanating from u0 satisfies the equation

m
[
log u− log u0

]
+ n

[ d

2πi

( (log u)2
2

− (log u0)
2

2

)]
+ nϵ(u) ∈ R,(10)

where |ϵ(u)| < C|u| with C independent of (m,n). When n = 0, i.e., ∂γ is mon-
odromy invariant, then solution to (10) is given by u = u0R>0 and u is decreasing
along the affine ray. Now for the case n ̸= 0, the affine ray passing through u0
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satisfies the equation

m(θ − θ0) +
nd

4π
(r2 − θ2 − r20 + θ20) + nImϵ(u) = 0, or

r2 − (θ − 2mπ

nd
)2 = r20 − (

2mπ

nd
− θ0)

2 +
4π

d
Imϵ(u).(11)

Let Cu0,l be the parabola on the (r, θ)-plane defined by (11) except the last term,
which spirals into the infinity from both ends. The affine ray l is a small C1

deformation of Cu0,l. It suffices to choose V∞ = {u : log |u| < −R} for R ≫ 0 and
U∞ = {u : log |u| < −2R}.

□

Remark 3.14. From the proof of the lemma, for every affine ray l starting from
u0 ∈ V∞, there is an associate parabola C as described in (11) which is asymptotic
to the affine ray l. Moreover, the vertex of C is outside of U∞.

Next, we have the following consequence of Lemma 3.13:

Lemma 3.15. There exists an open neighborhood W∞ ⊆ U∞ of infinity such that
if there is a tropical disc ϕ of Maslov index zero with end at u0 ∈ W∞, then |u| is
strictly decreasing and unbounded along the affine ray extending the edge adjacent
to u0.

Proof. Since the singularities of the affine structures are outside of U∞, if a Maslov
index zero disc (ϕ, T, w) has its stop u0 ∈ V∞ then some of the edges will have
to enter V∞. From Remark 3.14, any affine line l entering V∞ the corresponding
parabola will have vertex outside of U∞. If li are such affine edges of ϕ intersecting
at a point u0 ∈ V∞, then the corresponding parabola of the outgoing edge from
u0 has its vertex outside of U∞. Take W∞ = {log |u| > 4R}. Let l be an affine
ray from u0 and the associate vertex with vertex outside U∞, then |u| is strictly
decreasing along l∩W∞. The lemma follows from induction on edges of ϕ(T )∩V∞.

□

Then we reach the key lemma to deduce the finiteness of l(β;u).

Lemma 3.16. If the broken line b has a bending point b(ti) ∈ W∞, then |u| is
strictly decreasing along b([ti, 0]). In particular, there exists a sequence of nested
open neighborhood Un

∞ ↘ {∞} of ∞ ∈ B such that if a broken line b has bending
point in Un

∞, then its end falls in Un
∞.

Proof. Assume that the first bending point b(t1) of the broken line b is outside
W∞. If there is a bending point b(tj) inside W∞, then there is an edge li of b
entering W∞ with i ≤ j. Then by Lemma 3.13, one has b(ti) ∈ U∞. From Lemma
3.15, one has |u| is strictly decreasing and converging to u = 0 along the affine ray
extending the edge of ϕi adjacent to b(ti). Then |u| is strictly decreasing along li+1

by the same argument of Lemma 3.15. By induction, one shows that |u| is strictly
decreasing and along b([ti, 0]).

Now we are back to the situation that the first bending point of the broken line
u0 = b(t1) = er0+iθ0 ∈ W∞. There is an associate Maslov index zero tropical
disc and tropical disc of Maslov index two described in Example 3.9 with end at
b(t1). Let l be the affine ray containing edge adjacent to the stop. The former
corresponds to a parabola Cu0,l with equation given by (11) and the later is given
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by θ = 2mπ
nd . Then the other affine segment l′ adjacent to b(t1) corresponds to the

parabola Cu0,l′ given by

r2 − (θ − 2(m+ 1)π

nd
)2 = r20 − (

2(m+ 1)π

nd
− θ0)

2 +
4π

d
Imϵ′(u),(12)

for some |ϵ′(u)| < C|u|. From the above claim, Cu0,l′ has its peak outside of U∞.
To finish the proof of the lemma, we need to show that the l is above the symmetry
axis of Cu0,l if and only if l′ is above the symmetry axis of Cu0,l′ . Assume that l is
the symmetry axis of Cu0,l. From the above claim, the r-coordinate of the vertex
of Cu0,l is larger than −2R. Since r0 < −4R, we have

|θ0 −
2mπ

nd
|2 = |r0 − r′0| · |r0 + r′0| > 3R · 4R ≫ 1,

where r′0 is the r-coordinate of the vertex of C, from the equation (11). Since the
symmetry axes of C,C ′ has distance

|2mπ

nd
− 2(m+ 1)π

nd
| < π,

l, l′ always appear in the same side with respect to their symmetry axes. The |u| is
decreasing along l implies that it is decreasing along l′ and the lemma if proved by
induction and Lemma 3.15. □

Lemma 3.17. For u close enough to infinity, there exists a unique broken line
representing β0.

Proof. It suffices to show that the broken line in Example 3.9 is the only one broken
line representing β0. The lemma is then is a direct consequence of Lemma 3.16.

□

Lemma 3.18. Let A,B be two disjoint compact sets and l is an affine line segment
connecting A,B. Then there exists a constant C > 0 independent of l such that∫
[l]
ωTY > C.

Proof. First observe that
∫
[l]
ωTY = |

∫
[l]
Ω̌| from (3). After hyperKähler rotation,

we may identify the elliptic fibration locally as U × C/Z⊕ Zτ . Under the identifi-
cation, we have Ω̌ = f(u)du∧ dx with f(u) ̸= 0. We may assume that Ω̌ = du∧ dx
up to a suitable change of coordinate.

First assume that l ⊆ U . Let u0, u1 be the end points of l. Assume that l is
labeled by the m+ nτ(u) ∈ H1(Lu,Z). Choose a Riemannian metric on B0. lu be
the sub affine segment from u0 to u ∈ l. Recall that d

du

∫
[lu]

Ω̌ =
∫
m+nτ(u)

ιvΩ̌ > 0,

where v is a lifting of a unit tangent vector of l′ from u0 to u. Then∫
[l]

Ω̌ =

∫ u1

u0

( ∫
m+nτ(u)

ιvΩ̌
)
du

>

∫ u1

u0

|m+ nτ(u)|min ∥ Ω̌ ∥du

> C1(m
2 + n2)

1
2 length(l)

> C1 · 1 · dist(A,B)

where C1 > 0 is a constant depending on the metric, τ , norm of Ω̌ over U .
□
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We will further need the following lemma to make sense of the weighted count
of broken lines. Recall that l(β;u) be the largest possible length of broken lines
representing β ∈ H2(X,Lu).

Lemma 3.19. Given β ∈ H2(X,Lu), then

• l(β;u) < ∞, and
• there are only finitely many broken lines representing β.

Proof. Given a broken line b with [b] = β. Assume that u /∈ Un
∞ for some n ∈ N,

then all bending of b is out side of Un
∞ by Lemma 3.16. Choose ωi, i ≫ 1 such

that π(Ui)
c ⊆ Un

∞. Then Lu is a Lagrangian with respect to ωi. In particular, the
integral

∫
β
ωi is well-defined and independent of the representative of β.

Now for each singularity p of B, there exist disjoint pairs of neighborhoods
Up ⊆ U ′p disjoint from Uc

i such that any affine line segment connecting ∂Up, ∂U
′
p

has area greater than C2 again from Lemma 3.18. For each bending of b in Ui, the
corresponding tropical disc of Maslov index zero either contains in Up or connecting
∂Up and p for some singularity p. In the former case, either the tropical disc of
Maslov index zero is in the above second case or the edge connecting the two
bending point connects ∂Up, ∂Up′ for some singularities p, p′ and contributes more
than C3 by Lemma 3.18. To sum up, the number of bending of b is bounded by
2λ/max {Ci}. This implies the first part of the lemma that l(β, u) is finite.

Assume that there is a sequence of broken lines bn with [bn] = β. Let Ui ∈ l
be the last bending point of bi. Thus, there exists broken lines b′i and tropical disc
ϕi of Maslov index zero with ends at Ui such that [b′i] + [ϕi] = β. By definition of
the broken line and the correspondence theorem, there exists a holomorphic disc
with boundary on Ui with relative class [ϕi]. Notice that

∫
[ϕi]

ωi <
∫
β
ωi < ∞ for

a fixed i ≫ 1. By compactness theorem, the above sequence of Maslov index zero
discs has a convergent subsequence. In particular, [ϕi] converges after passing to a
subsequence.

Since Maslov index zero tropical discs are rigid and there are only finitely many
tropical tropical discs of Maslov index zero of a given homology class, we have
Ui is constant (after passing to a subsequence). In particular, (after passing to a
subsequence) [bn] has the same last edge and bending. By induction on the maximal
number of bending points, the sequence stabilizes and there is only finitely many
broken lines with class β. □

Here the proof of Lemma 3.19 does largely rely on the correspondence theorem
for discs of Maslov zero. However, the author would expect a purely tropical proof.
The direct consequence of Theorem 3.19 is the definition of the weighted count of
degenerate broken lines.

Definition 3.20. (1) Given a homology class β ∈ H2(X,Lu), define ntrop(u)
to be the weighted count of the degenerate broken lines

ntrop
β (u) =

∑
b:[b]=β

Mono(b),

where the sum is over all possible degenerate broken lines representing β.
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(2) Fix a symplectic form ω on Y compatible with the standard complex struc-
ture J and Lu is a Lagrangian with respect to ω. Denote the tropical su-
perpotential W trop(u) to be

W trop(u) :=
∑

β∈H2(X,Lu)

ntrop
β (u)Tω(β)zβ .

The proposition below follows from Lemma 3.17 directly.

Proposition 3.21. ntrop
β0

(u) = 1 for u close enough to the infinity.

The dependence of ntrop
β (u) on u ∈ B0 is discussed in [37, Theorem 4.12]. We

briefly recall the wall-crossing of ntrop
β (u) below to make the paper self-contained:

Fix u0 ∈ B0 and β ∈ H2(X,Lu0
). Choose the Kähler form to be ωi, i ≫ 1 such

that all the possible bendings of broken lines representing β is contained in π(Ui) by
Lemma 3.16. Then each possible associated tropical discs of Maslov index zero has
area less than ωi(β). Then by the compactness theorem and the correspondence
theorem (Theorem 4.8), there exist only finitely many sets {ldi} of rays in the
scattering diagram D satisfying the below properties:

(1) ldi
passes through u0.

(2) there exists a broken line end at u0 representing β′ ∈ H2(X,Lu0) and
(3) β = β′ +

∑
i γdi .

Assume that there is no set of rays ldi
with the property above. Then same is

true for an open neighborhood of u0. The counting of broken lines ntrop
β (u) is then

constant when u is in a neighborhood of u0 after we identify β via parallel transport
from the definition.

In general, ldi
s divide a neighborhood of u0 into finitely many chambers by

Lemma 3.19. For u1, u2 near u0, one has ntrop
β (u1) = ntrop

β (u2) if they are in the
same chamber from the discussion above. Otherwise, one can reach u2 from u1 via
passing through finitely many ldi

s. Notice that if ⟨γd, γd′⟩ = 0 and ld, ld′ intersect
at u0, then ld = ld′ locally near u0. In this case, it straight-forward to check that
Kd(u),Kd′(u) commute with each other and the order in the product doesn’t matter.

It suffices to understand how ntrop
β (u) varies when u move across a ray ldi . Notice

that from the previous discussion, one may assume that ntrop
β′ (u) is constant in each

chamber for all possible β′ associate to such sets. Under the above assumption, the
additional broken lines only appear in one side of ldi -where γdi is larger if one
identify a neighborhood u0 ∈ ldi

with a neighborhood of 0 ∈ H1(Lu0
,R) via the

developing map. Assume that (γdi
, u1) > (γdi

, u2), where (, ) is the natural pairing
between homology and cohomology. Then one has

ntrop
β (u1)− ntrop

β (u2) =
∑
β′

nβ′(u)c
(
f
⟨β′,γdi

⟩
di

zβ
′
, zβ

)
,

where c(f, zβ) denotes the coefficient of zβ in f from (9). Equivalently, one can

derived ntrop
β (u2) from the coefficient of zβ via the relation

W trop(u1) = Kdi
W trop(u2).
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4. Floer Theory of Special Lagrangian Fibration on HyperKähler
Surfaces

This section is adapted from the earlier work in [63][65], which establish the
correspondence theorem of holomorphic discs and tropical discs of Maslov index
zero.

4.1. A∞ Structures from Lagrangian Floer Theory. In this section, we have a
brief review of some general results of A∞-structures from Lagrangian Floer theory
developed by Fukaya-Oh-Ohta-Ono [29] and Fukaya [25]. For the convergence issue,
we first introduce the Novikov field Λ,

Λ := C((TR)) = {
∞∑
i≥0

aiT
λi |ai ∈ C, λi ↗ ∞}.

Here T is a formal variable. For the later purpose, we will also use the notation

Λ+ = {
∑
i

aiT
λi ∈ Λ|λi > 0}.

Now let (X,ω) be a compact symplectic manifold and L ⊆ X be a relatively
spin Lagrangian. Let Mk,β(X,L) (or Mβ(X,L)) denote the moduli space of stable
discs in X with boundaries on L and relative class β ∈ H2(X,L) and k (or without)
boundary marked points. Then via the boundary relations of Mk,β(X,L) for all
k, β, Fukaya-Oh-Ohta-Ono [29] and Fukaya [25] constructed an A∞-structure on
H∗(L,Λ).

Theorem 4.1. [25, Corollary 12.1] There exits operators mk,β : H∗(L,R)⊗k →
H∗(L,R), k ≥ 0 such that the operators

mk =
∑
β

mk,βT
ω(β) : H∗(L,Λ)⊗k → H∗(L,Λ)

satisfy the A∞-relations∑
i,k1+k2=k+1

(−1)∗mk1(x1, · · ·mk2(xi · · ·xi+k2−1), xi+k2 · · ·xk) = 0,

for any xi ∈ Hni(L,Λ), where ∗ =
∑

i(ni − 1).

We will particular use the following version which is proved via the so-called de
Rham model such that the divisor axiom [25, Lemma 13.2] holds.

4.2. Fukaya’s Trick and Open Gromov-Witten Invariants. Now let Y be a
del Pezzo surface, D be a smooth anti-canonical divisor andX = Y \D. AlthoughX
is non-compact, the moduli space of holomorphic discs Mγ(X,Lu) is still compact
by Proposition 5.3 [20] together with the usual Gromov compactness theorem (see
also Theorem 4.10 [34]) and the Floer theory still applies. The virtual dimension of
Mγ(X,Lu) is negative one and thus Lu does not bound any holomorphic discs for a
generic almost complex structures. Indeed, we first recall the following well-known
observation:

Lemma 4.2. If Lu(t) bounds a holomorphic disc in X of relative class γ for every
t, then u(t) fall in an affine hypersurface of B0.
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Proof. Assume that Lu(t) bounds a holomorphic disc in the relative class γ. Write
γ = aγ1 + bγ2 + γ0, where γ0 ∈ H2(X,Z). Then we have

0 =

∫
γu(t)

ImΩ

=

∫
aγ1,u(t)+bγ2,u(t)+γ0

ImΩ

= af1(u(t)) + bf2(u(t)) +

∫
γ0

ImΩ.

The last term is a constant and thus the proposition follows. □

To detect the holomorphic discs bounded by the torus fibre above lγ , we use
the so-called Fukaya’s trick which we now explain below: Fix a reference special
Lagrangian Lp and a path ϕ from u− to u+ near p on B. There exists a 1-parameter
family of diffeomorphisms ϕt : X → X such that ϕ(Lp) = Lϕ(t). We will consider
the 1-parameter family of almost (actually integrable) complex structures Jt =
(ϕt)

−1
∗ J on X induced by the locally indecomposable 2-form ϕ∗tΩ. When ϕ is close

enough to p, the almost complex structures are tamed by ω and the compactness
still applies. Moreover, the moduli spaces of stable discs

Mγ(X, Jt, Lp) and M(ϕt)
−1
∗ γ(X, J, Lϕ(t))

are naturally identified and their corresponding Kuranishi structures agree. From
[26, Theorem 11.1], the 1-parameter family of tamed almost complex structures
induces a pseudo-isotopy between two A∞ structures on H∗(Lp). One comes from
the holomorphic discs with boundaries on Lu+

and another comes from the holo-
morphic discs with boundaries on Lu− . In particular, the Maurer-Cartan moduli
spaces associated to these two moduli spaces are isomorphic.

F(ϕ,p) : H
1(Lp,Λ+) ∼= H1(Lp,Λ+).

In general, F(ϕ,p) may not be the identity but records the information from the
holomorphic discs with boundaries on Lϕ(t). Recall that homotopic paths induce
homotopic A∞ homomorphisms by [85, Theorem 2.7]. Together with [29, Lemma
4.3.15] which proves that the homotopic A∞-homomorphisms induced by the same
map on the Maurer-Cartan spaces, we have

Theorem 4.3. Assume that ϕ is a loop homotopic to a constant loop on B0 such
that

(1) the homotopy is contained in a small enough open subset of p and
(2) for all u swept by the homotopy, Lu does not bound any holomorphic discs

of negative Maslov index.

Then F(ϕ,p) = Id.

Due to the degree reason, only Maslov index zero discs will contribute to F(ϕ,p).
To define the open Gromov-Witten invariants of Maslov index zero for the relative
class γ, we may want to avoid certain real codimension one boundary of the moduli
space. From Lemma 4.2, this only happens on an intersection of lγ1 and lγ2 with
γ = γ1+γ2. By Gromov compactness theorem, locally there are only finitely many
ways of such decomposition. Assume that ⟨γ1, γ2⟩ ̸= 0, then such intersections
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are isolated points on lγ by maximum principle. Indeed, those intersection points
satisfy

ArgZγ1
(u) = ArgZγ2

(u),(13)

where Zγ =
∫
γ
ω− iImΩ. Thanks to the fact that Z is a holomorphic function, the

locus defined by equation (13) is a real codimension one submanifold on lγ . Now
let u0 ∈ lγ and u /∈ Wγ , where

Wγ =
⋃

γ1+γ2=γ
⟨γ1,γ2⟩̸=0

Wγ1,γ2
, Wγ1,γ2

= {u ∈ B|Mγi
(X,Lu) ̸= ∅}.

Let u± be in a small neighborhood of u such that

ArgZγ(u+) > ArgZγ(u) > ArgZγ(u−).(14)

From the above discussion, there exists an isomorphism

F(ϕ,u) : H
1(Lu,Λ+) ∼= H1(Lu,Λ+).

Let e1, e2 be an integral basis of H1(Lu,Z) and write b = x1e1+x2e2 ∈ H1(Lu,Λ+).
Motivated by the SYZ mirror symmetry, it is natural to consider zk = expxk and
the induced algebra homomorphism 1

Λ[[H1(Lu)]] → Λ[[H1(Lu)]]

F(ϕ,u) : zk 7→ exp
(
F(ϕ,u)(b)k

)
,

where F(ϕ,u)(b) = F(ϕ,u)(b)1e1 + F(ϕ,u)(b)2e2 and z∂γ := z
⟨∂γ,e1⟩
1 z

⟨∂γ,e2⟩
2 .

There is no affine line lγ = lγ′ unless γ is a multiple of γ′. We would choose as
the sequence λi → ∞, pairs of points ui

+, u
i
− and paths ϕi connecting ui

± as above
such that

(1) limi→∞ ui
± = u.

(2) |Zγ | is increasing along ϕi.
(3) There exists no γ′ ∈ H2(X,Lϕi(t)) such that |Zγ(u)| < λi and there exists

a holomorphic disc with boundary on Lϕi(t) in the relative class γ′.

Then by [65, Theorem 6.13], the transformation F(ϕi,u) is of the form

F(ϕi,u) : z
∂γ′

7→ z∂γ
′
f i
γ(u)

⟨γ′,γ⟩
(mod Tλi),

where ⟨γ′, γ⟩ is the intersection pairing of the corresponding boundary classes
in H1(Lu,Z) and f i

γ(u) ∈ 1 + Λ+[z
∂γ ]. From Theorem 4.3, we have fγ(u) :=

limi→∞ f i
γ(u) exists. Now we will define the open Gromov-Witten invariants as

follows:

Definition 4.4. Given γ ∈ H2(X,Lu) and u /∈ W ′γ . Then the open Gromov-Witten

invariants Ω̃(γ;u) are defined by

log fγ(u) =
∑
d≥1

dΩ̃(dγ;u)(TZγ(u)z∂γ)d.(15)

and we define the algebra isomorphism

Kγ(u) : Λ[[H1(Lu)]] → Λ[[H1(Lu)]]

z∂γ
′
7→ z∂γ

′
fγ(u)

⟨γ′,γ⟩,(16)

1It is actually an isomorphism [85].
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which is of the same form of (7).

Remark 4.5. Here we defined the open Gromov-Witten invariants via the wall-
crossing properties but we refer the readers to [65, Theorem 6.29] for the comparison
with the reduced counting of Maslov index zero discs.

Motivated by the Gopakumar-Vafa conjecture [48][56], one can formulate the
follow open analogue of the Gopakumar-Vafa conjecture2:

Conjecture 4.6. There exist integers Ω(γ;u) such that

Ω̃(dγ;u) = −
∑
k|d

c(γ)d
Ω( dkγ;u)

k2
,(17)

where c = ±1 is a quadratic refinement. Here we use the convention that Ω( dk ;u) =
0 if γ is not divisible by k.

Via Möbius transformation, one can rewrite (17) and the conjecture becomes

Ω(dγ;u) = −
∑
k|d

c(γ;u)
d
kµ(k)

Ω̃( dkγ;u)

k2
∈ Z,(18)

where µ(k) is the Möbius function.

4.3. Correspondence Theorem. It is a folklore statement that near a focus-focus
singularity there are two parameter families of holomorphic discs. Each of them is
regular in a 1-parameter family. It is proved for the case when locally the fibration
and the almost complex structures are modeled by C2 [30] or the Ooguri-Vafa space
[11].

Lemma 4.7. Let X → U be a germ of elliptic fibration with a holomorphic volume
form Ω. Then

Ω̃(γ;u) =

{
(−1)d−1

d2 if γ = dγe

0 otherwise.

Here u ∈ U and γe is the class of Lefschetz thimble with
∫
γe

ωTY > 0.

Proof. Given two Kähler forms ω1 and ω2 and set ωt = tω1 + (1 − t)ω2. Then
dωt = 0 and ωt(·, J ·) > 0, where J is the complex structure of the elliptic fibration.
In particular, ωt are non-degenerate and thus symplectic forms. We will recall the
following modification of the hyperKähler rotation [52][33]: Given a Kähler form ω
onX, one has ω∧Ω = 0 for type reason. There exists a positive function h such that
(hω)2 = (ImΩ)2. Set ω′ = hω and Ωθ = ω′ − iIm(e−iθΩ), then Ω2

θ = 0. Thus, Ωθ

is decomposable and defines an almost complex structure Jθ, which is integrable
if and only if ω is Ricci-flat. Let ωθ = −Re(e−iθΩ) is a symplectic form on X
and it is straight-forward to check pointwisely that Jθ is a tamed almost complex
structure. Without loss of generality, we may assume that Ωθ is positive on the
fibres by exchanging ωθ ↔ −ωθ and Jθ ↔ −Jθ. The original fibration is ”special
Lagrangian” in the sense that the new symplectic form ωθ and pseudo-holomorphic
volume form Ωθ restricted to zero on the fibres.

2See also the corresponding integrality of log Gromov-Witten invariants for log Calabi-Yau
surfaces [15]
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Thus, ωt induces the interpolation of S1-families of almost complex structures
induced from ω1, ω2. Then similar argument in [65, Corollary 4.23] shows that the
invariant does not depends on the t. By choosing ω1 to be the Ricci-flat metric on
the rational elliptic surface and ω2 to be the Ooguri-Vafa metric, then the lemma
follows from [65, Theorem 4.44]. The proof is motivated from the split attractor
flows of counting of black holes [23]. □

Now we are ready to have the tropical/holomorphic correspondence of discs for
the log Calabi-Yau surfaces with the proof slightly adapted from [65].

Theorem 4.8. Let u ∈ B0 and γ ∈ H2(X,Lu) such that Ω̃(u, γ) is well-defined,

then Ω̃trop(γ;u) is well-defined and

Ω̃(γ;u) = Ω̃trop(γ;u).

Proof. We will prove by induction on l(γ;u). Assume that l(γ;u) = 1, then there
exists a unique tropical disc (h, T, w) with end on u and [h] = γ. Moreover, h(T ) is
an affine line segment between a singularity and u described in Definition 3.17. The

assumption l(γ;u) = 1 implies that Ω̃trop(γ;u) = (−1)d−1

d2 , where d is the divisibility
of γ. In these cases, the theorem reduces to Lemma 4.7 and [66, Theorem 4.11]
when u is close enough to a singularity. Now we will have the idea from split
attractor flows

Lemma 4.9. Assume that Ω̃(γ;u) ̸= 0, then there exists a tropical disc ending at
u.

Proof. Let l be the affine ray emanating from u defined by γ such that
∫
γ
ωTY is

decreasing along l. First observe that there exists λ > 0 such that if
∫
γ
ωTY < λ,

then γ is one of the relative classes (or their multiple) described in Definition 3.17
by the monotonicity of holomorphic discs. In particular, the lemma holds when∫
γ
ωTY < λ.

Assume that Ω̃(γ;u) is invariant when u moves along l and γ is the parallel
transport. Then

∫
γ
ωTY decreases to zero at some point and γ is one of those discs

(or the multiple of them) described in Definition 3.17. Otherwise, notice that those
jumps happen discretely by Gromov compactness theorem. Thus one may assume
that Ω̃(γ;u) first jumps at u′. Then by Theorem 4.3, there exist γi such that

(1)
∑

i γi = γ,

(2) Ω̃(γi;u
′) ̸= 0,

(3) ⟨γi1 , γi2⟩ ̸= 0, and
(4)

∫
γi,u′ ω <

∫
γ,u

ωTY .

By induction on the real number
∫
γ,u

ωTY , we may assume that there exist tropical

discs representing γi and end at u′. The gluing of these tropical discs and the union
of the part of l from u′ to u is a tropical disc with end at u, where the balancing
condition at u′ follows from

∑
i γi = γ.

□

Similar to the above proof of Lemma 4.9, there exists a tropical disc with end

at u and relative class γ with more than two vertices unless Ω̃(γ;u) = (−1)d−1

d2

and γ = dγe. In particular, this implies that l(γ;u) > 1. Therefore, we have

Ω̃(γ;u) = (−1)d−1

d2 = Ω̃trop(γ;u) if l(γ;u) = 1.
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Assume that Ω̃(γ;u) = Ω̃trop(γ;u) is true for l(γ;u) ≤ k. Let (u, γ ∈ H2(X,Lu))
be a pair with l(γ;u) = k+1. Again let l be the affine ray emanating from u defined
by γ such that

∫
γ
ωTY is decreasing along l and assume that u′ ∈ l is the first place

where Ω̃(γ) jumps. Apply Lemma 4.3 to a small loop around u′ then the theorem
follows from the Kontsevich-Soibelman lemma [59, Theorem 6] and the induction
hypothesis. □

Remark 4.10. One can generalize the definition of initial scattering diagram to
the case when there are singular fibres of the type II, III, IV according to the lo-
cal open Gromov-Witten invariants computed in [66] and the tropical/holomorphic
correspondence still holds.

Remark 4.11. From Perrson’s list of singular configurations of rational elliptic
surfaces [76], a rational elliptic surface cannot contain one of a I∗n, IV

∗, III∗, II∗

together with an In singular fibre for n ≥ 5. In particular, the tropical/holomorphic
correspondence holds when Y is a del Pezzo surface of degree ≥ 5.

5. Superpotential Functions and Tropical/Holomorphic
Correspondence

5.1. Definition of the Floer theoretic Superpotential. Before studying the
superpotential of the del Pezzo surface Y , we will first construct a sequence of
Kähler forms which are compatible with the special Lagrangian fibration con-
structed in [20].

Remark 5.1. This can be viewed as the mathematical realization of the Hori-
Vafa renormalization. We will refer the readers to in [2, Conjecture 4.4] and the
discussion below.

First observe that Lu are special Lagrangians with respect to ωTY and Ω. In
particular, Lu are totally real with respect to the standard complex structure J and
the compactness theorem holds [28]. From Lemma 2.4, the torus Lu is Lagrangian
with respect to ωi for i ≫ 1. Therefore, it make sense to consider the superpotential
of Lu. Given a relative class β ∈ H2(X,Lu) of Maslov index two. Assume that
Lu does not bound any Maslov index zero holomorphic discs, then the moduli
space M1,β(X,Lu) is compact without boundary. Define the open Gromov-Witten
invariant of class β by

nβ(u) := m0,β ,

where m0,β is part of the A∞-operators of the A∞-structure on H∗(Lu,Λ). Intu-
itively, it counts the number of Maslov index two discs with boundary on Lu and
in relative homology class β passing through a generic point on Lu. Intuitively,
nβ counts the number of holomorphic discs of class β with the boundary passing
through a generic point in Lu. Notice that the moduli space M1,β(Lu) is indepen-
dent of the choice of the symplectic form ωi and thus so is the open Gromov-Witten
invariants nβ(u). On the other hand, fix a symplectic form ω such that Lu is a
Lagrangian and let {mk}k≥0 be the A∞ structure on H∗(Lu,Λ) constructed by
Fukaya-Oh-Ohta-Ono [29]. Take b = x1e1 + x2e2 ∈ H1(Lu,Λ+) with ei basis in
H1(Lu,Z). Recall that Lu bounds no Maslov index zero holomorphic discs for
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generic u ∈ B0. In this case, one has

m(eb) : =
∑
k≥0

mk(b, · · · , b)

=
∑

β:µ(β)=2

exp ⟨∂β, b⟩m0,βT
ω(β)

=
∑

β:µ(β)=2

m0,βz
⟨∂β,e1⟩
1 z

⟨∂β,e2⟩
2 Tω(β)

=
∑

β:µ(β)=2

nβ(u)T
ω(β)z∂β .(19)

Here the second equality is from the divisor axiom (see [25, Lemma 13.2]). The
compactness theorem guarantees that the right hand side of (19) is well-defined as
a convergent in T -adic sense. Recall that m(eb) is a multiple of 1Lu by the degree
reason, where 1Lu

is the unit of the A∞-algebra H∗(Lu,Λ). Thus, we will define
the superpotential W (u) ∈ Λ+[[H1(Lu,Z)]] by

m(eb) = W (u)1Lu .(20)

to emphasize its dependence on u ∈ B0.
Given u ∈ B0 and assume that Lu′ Lagrangian with respect to ω for u′ ∈ U ,

where U is a small enough contractible neighborhood of u. It is natural to compare
nβ(u) and nβ(u

′). We may assume that at least one of Lu or Lu′ bound holomorphic
discs in the relative class β, otherwise nβ(u) = nβ(u

′) = 0. Then take λ > ω(β) > 0
over U . Now fixed u′ ∈ U and a path ϕ from u to u′ contained in U and apply the
Fukaya’s trick and we have an A∞-homomorphism F(ϕ,u). Then

m(eb) ≡ m(eF(ϕ,u)(b))( mod Tλ),(21)

for any Maurer-Cartan element b ∈ H1(Lu,Λ+) and λ > 0 by [29, Lemma 4.2.23].
There are only finitely many relative classes of holomorphic discs with boundaries
on Lu′ , u′ ∈ U . In particular, ϕ intersects finitely many lγs. It suffices to understand
the case when ϕ intersects exactly one lγ transversally and (14) holds. Then from
(21), we have

W (u′)1Lu = m(eF(ϕ,u)(b))

=
∑

β:µ(β)=2

nβ(u) exp ⟨∂β, F(ϕ,u)(b)⟩Tω(β)

=
∑

β:µ(β)=2

nβ(u) exp ⟨∂β, F(ϕ,u)(b)1e1 + Fϕ,u(b)2e2⟩Tω(β)

=
∑

β:µ(β)=2

nβ(u) exp
(
F(ϕ,u)(b)1

)⟨∂β,e1⟩
exp

(
F(ϕ,u)(b)2

)⟨∂β,e2⟩
Tω(β)

=
∑

β:µ(β)=2

nβ(u)Fϕ,u(z1)
⟨∂β,e1⟩Fϕ,u(z2)

⟨∂β,e2⟩Tω(β)

=
∑

β:µ(β)=2

nβ(u)F(ϕ,u)(z
⟨β,e1⟩
1 z

⟨∂β,e2⟩
2 )Tω(β)

=
∑

β:µ(β)=2

nβ(u)F(ϕ,u)(z
∂β)Tω(β) = F(ϕ,u)W (u)1Lu

.



ENUMERATIVE GEOMETRY OF DEL PEZZO SURFACES 23

Here the second equality is coming from the similar calculation in (19), the fifth
equality comes the definition of F(ϕ,u), the sixth equality comes from the fact that

F(ϕ,u) is a homomorphism and the last equality comes from the definition of z∂β .
In particular, we end up with the wall-crossing formula of the superpotential with
(16):

Lemma 5.2. W (u′) = KγW (u).

In general, the torus fibre Lu may bound holomorphic discs of Maslov index zero
and the associate A∞ structure is only defined up to pseudo-isotopy [26]. Assume
that {m′k}k≥0 is another A∞ structure due to different choices in the construction
and {fk}k≥0 is the induced A∞-homomorphism. Let W ′(u) = m′(eb) and one has
W (u) = KW ′(u), where K is a product of transformations of the form (16) and
Kγ appears in the product only if Lu bounds a holomorphic disc of relative γ.

Notice that the coefficient of Tω(β)z∂β in W (u),W ′(u) is the same unless Lu bound
holomorphic discs β′, γi, where β is of Maslov index two and γi of Maslov index
zero such that β = β′ +

∑
i γi. To sum up, nβ(u) is the coefficient of Tω(β)z∂β in

W (u) if M1,β(Lu) admits no real codimension one boundary.
The following lemma is the symplectic analogue of Lemma 3.18.

Lemma 5.3. Given C1 > 0, there exists a compact set K such that if Lu is a special
Lagrangian torus in Theorem 2.1 contained in X\K and bound a holomorphic discs

of Maslov index zero in relative class γ ∈ H2(X,L) with Ω̃(γ;u) ̸= 0 then ωTY (γ) >
C1.

Proof. This is a direct consequence of monotonicity of holomorphic curves [20][34].
Notice that the geometry is not bounded but only degenerate mildly. □

Fix a Kähler form ωY on Y (with respect to the standard complex structure J).
Let Ui = {|w| ≤ ϵi}c near D in Lemma 2.4 and ϵi → 0 as i → ∞.

Lemma 5.4. Fix a symplectic form ωY on Y . Let J ′ be an almost complex structure
tamed uniformly by ωY and ωi for i ≫ 1 with

C−11 |X|2gY ≥ ωY (X, J ′X) ≥ C1|X|2gY
C−12 |X|2gi ≥ ωi(X, J ′X) ≥ C2|X|2gi ,

where gi and gY is the Riemannian metric associate to ωi and ωY . Let u ∈ Ui.
There exist a compact subsets K ⊆ X and constants C,C ′ > 0 both independent of
i such that if Lu ⊆ X\K and Lu bounds a stable J ′-holomorphic disc then

(1) if the relative class is β0, then the symplectic area with respect to ωY is
bounded above by Cϵi.

(2) There exists C ′ > 0 such that if the symplectic area (with respect to ωY )
≤ C ′ and the Maslov index is 0 or 2. Then its relative class is a multiple
of β0. In other words, all J ′-holomorphic discs (of Maslov index 2) with
boundary on Lu of class other than a multiple of β0 have symplectic area
≥ C ′.
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Proof. Now assume that Lu ∈ Ui, i ≫ 1. Let f : (D2, ∂D2) → (X,Lu) be a
J ′-holomorphic disc of class β0.∫

β0

ωi =

∫
D2

f∗ωi ≥ C2

∫
D2

|df |2gidvol ≥ C2C2ϵ
−20
i

∫
D2

|df |2gY dvol

= C2C2C
−1
1 ϵ−20i

∫
D2

f∗ωY .(22)

The first equality is because that Lu is a Lagrangian with respect to ωi. The
first inequality is because that J ′ is tamed and the second inequality follows from
Lemma 2.5. Since Lu is Lagrangian, the first term in (22) can be computed via any
representative, say {|w| ≤ ϵ < ϵi} such that (5) holds. Straight-forward calculation
shows that

|
∫
β0

ωi| ≤ Cϵ−20i ϵi,(23)

for some C. Then combining (22)(23) together, we have the symplectic area of f
with respect to ωY is bounded by Cϵi, where C = CC1C

−1
2 C−12 > 0 independent

of i. This proves the first part of the lemma. Choose the compact set K ′ ⊂ X
such that Y \K ′ is diffeomorphic to YC . Then H2(Y \K ′, Lu) ∼= Z⟨β0, D⟩ and thus
any holomorphic disc of class other than nβ0 + mD with boundary on Lu would
intersect K ′. From the monotonicity of holomorphic discs (say [77, Proposition
4.4.1]), the symplectic area with respect to ωY of a holomorphic disc of class other
than nβ0+mD will be bounded below by some constant C ′′. Now assume that the
holomorphic disc is of relative class nβ0 +mD and is contained in Y \K ′. First we
assume that it is of Maslov index zero, then n = −2md. Then the symplectic area
with respect to ωi is given by −2md

∫
β0

ωi +m
∫
D
ωi = m(

∫
D
ωi − 2d

∫
β0

ωi) > 0.

From (23), m > 0 if i is chosen large enough such that ϵi <
∫
D
ωY /2dC from (23).

Moreover, we have that
∫
D2 f

∗ωY > 1
2

∫
D
ωY if ϵi <

∫
D
ωY /4dC. The case of Maslov

index zero is similar. Then one can take C ′ = max{ 1
2

∫
D
ωY , C

′′} and K = Ūi, i

large enough such that ϵi < min{C ′/C,
∫
D
/4dC}. This finishes the proof of the

lemma. □

The following is part of [2, Conjecture 7.3]. It is expected to be achieved via the
technique of neck-stretching while here we give a rather elementary proof.

Theorem 5.5. There exists I > 0 such that nβ0
(u) = 1 for Lu ∈ Uc

i , i > I.

Proof. From [54, Theorem 3.3], the complex structure J and JC are asymptotic to
each other and thus coincide on D. Therefore, there exists a 1-parameter family of
almost complex structures Jt, t ∈ [0, 1] on Y such that

(1) Jt tamed with ωY , for all t.
(2) Jt = J the standard complex structure on the compact set K (in Lemma

5.4).
(3) J0 = J and J1 = JC on Uc

i for i ≫ 1.

From Lemma 5.4, any J1-holomorphic discs in class β0 has small symplectic area
if the boundary condition is close enough to D. From the monotonicity, one can
assume that all such discs falls in Uc

i and can compute nβ0(u) with respect to J1
simply via the Calabi model. By maximal principle, the model special Lagrangian
(see Section 2) bound exactly one simple holomorphic disc, which is the disc along
the fibre XC → D with boundary on the unit norm circle along the fibre. This
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holomorphic disc is regular by [53, Theorem 2]. Thus, nβ0
(u) = 1 if computed with

respect to JC .
From [54, Theorem 3.3], the complex structure J and JC are asymptotic to each

other and thus coincide on D. Therefore, there exists a 1-parameter family of
almost complex structures Jt, t ∈ [0, 1] on Y such that

(1) Jt tamed with ωY , for all t.
(2) Jt = J the standard complex structure on the compact set K (in Lemma

5.4).
(3) J0 = J and J1 = JC on Uc

i for i ≫ 1.

Next we want to understand how nβ0
(u) varies with respect to the Jt. Assume

that it is not constant with respect to t, there exists Jt0 -holomorphic discs fi :
(Σi, ∂Σi) → (X,Lu), i = 1, 2 for the same t0 of relative class β′, α ∈ H2(Y, Lu) of
Maslov index two and zero such that β0 = β1 + α. This leads to a contradiction
since

Cϵi >

∫
Σ1

f∗1ωY +

∫
Σ2

f∗2ωY > C2 + 0 ≥ Cϵi.

Here the first inequality follows from the first part of the Lemma 5.4 the second
inequality follows from the second part of the Lemma 5.4.

□

Now we are ready to prove the tropical/holomorphic correspondence of super-
potentials. Similar results of counting holomorphic cylinders in rigid analytic ge-
ometry was established by Yue Yu [87].

Theorem 5.6. Let u ∈ B0 generic and β ∈ H2(X,Lu) with β ·D = 1, then

nβ(u) = ntrop
β (u).

Proof. For β ∈ H2(X,Lu), recall that l(β;u) < ∞ from Lemma 3.19. We will prove
the theorem by induction on l(β;u). For l(β;u) = 1, then β = β0 and only one

tropical disc contributes to ntop
β0

(u) = 1. Thus, the theorem follows from Theorem

5.5. Assume that the theorem holds for l(β;u) ≤ k. Now let β ∈ H2(X,Lu) and
nβ(u) ̸= 0. Let (h,w, T ) be a tropical disc of Maslov index two ending at u such
that [h] = β. Let v is the vertex of the unique unbounded edge of T and T ′ is the
complement of the unbounded edge. Then (h|T ′ , w|T ′ , T ′) is a union of admissible
tropical discs ending at ϕ(v), say (h0, w0, T1), (h1, w1, T1) · · · (hl, wl, Tl). Exactly
one of them has Maslov index two say h0 and rest of them are of Maslov index
zero. Since every tropical disc of Maslov index two ending at h(v) can enlongate
the edge adjacent to h(v) to u and get a tropical disc of Maslov index two ending at
u. Thus α([h0], h(v)) ≤ k and the induction hypothesis implies that n[h0](ϕ(v)) =

ntrop
[h0]

(ϕ(v)). Then the theorem follows from Theorem 4.8 and the fact that the wall-

crossing formula for tropical superpotential (see [37]) and wall-crossing formula for
Floer theoretic superpotential (see Lemma 5.2) coincide. □

Remark 5.7. For a toric Fano surface, there are mirrors constructed by Carl-
Pumperla-Siebert [19] and family Floer mirror [24][85][1] of the special Lagrangian
fibration. Theorem 4.8, Theorem 5.6 lay out the foundation for the equivalence of
the mirrors.
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The mirror of (Y,D) constructed in [19] is the fibrewise compactification of the
Hori-Vafa superpotential. Recall that the Hori-Vafa superpotential WHV coincides
with the superpotential of the Lagrangian torus fibres [18]. This motivates the
following conjecture:

Conjecture 5.8. When Y is a toric Fano surface, there exists a special Lagrangian
torus fibre Lu Hamiltonian isotopic to a moment torus fibre. In particular, W (u) =
WHV .

6. On the Relative Gromov-Witten Invariants

The theory of symplectic relative Gromov-Witten invariants are developed by
Ionel-Parker [57], Tehrani-Zinger [82] and the subsequent works. The definitions
are technical and a priori it is hard to establish the equivalence with the relative
Gromov-Witten invariants defined in algebraic geometry. Under the setting of del
Pezzo surfaces with special Lagrangian fibration, we here propose another approach
below and the tropical analogue.

Recall that the monodromy of the special Lagrangian fibration around ∞ is

conjugate to

(
1 d
0 1

)
. This motivates the following definition:

Definition 6.1. An affine ray l labeled by ∂γ is called admissible if the tangent of l
is monodromy invariant around the infinity. We say a tropical disc of Maslov index
zero is admissible if the corresponding ray in the scattering diagram is admissible.
A tropical curve is admissible if it has a unique unbounded edge and the unbounded
edge is admissible.

Let C∂γ be the parallel transport of the Lefschetz thimble of infinity to u. Set
γ̄ = γ + C∂γ ∈ H2(Y,Z)/Im(H2(Lu,Z) → H2(Y,Z)), where we abuse the notation
and denote γ its image under H2(X,Lu) → H2(Y,Lu). Since Lu is contractible in
Y , γ̄ provides a well-defined curve class of Y .

Lemma 6.2. Let ld be a ray in the scattering diagram D such that fd ̸= 1 and
admissible. Fixed a Kähler form ωY and f : (D2, ∂D2) → (X,Lu) representing
γd for u ∈ ld. Then

∫
D2 |df |2gY dvol < C for some constant C > 0 independent of

u ∈ ld.

Proof. Choose ωi, i ≫ 1 such that Lu is Lagrangian with respect to ωi. In partic-
ular,

∫
β0

ωi and
∫
γd

ωi is independent of the representative of β0 and γd. Then one

has ∫
γ̄d

ωi = k

∫
β0

ωi +

∫
γd

ωi >

∫
γd

ωi.

Here k ∈ N is the divisibility of ∂γ and u close enough to D. The last inequality
is because there exists a holomorphic discs representing β0 by Theorem 5.5. Then
from Lemma 2.5, one has

kϵ−20i =

∫
γ̄d

ωi >

∫
γd

ωi ≥ C2ϵ
−20
i

∫
D2

f∗ωY .

Here the first equality comes from [ωi] = kic1(Y ), D · γ̄d = k and the lemma
follows. □
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Let l be an admissible affine ray. Assume that ut ∈ l, t ∈ [0,∞) be a parametriza-

tion of l and assume that Ω̃(γ;ut) ̸= 0 along l, for some γ and ∂γ is monodromy
invariant. We will first have a compactification of the 1-parameter family of the
moduli spaces of holomorphic discs in relative class γ,⋃

t∈[0,∞)

Mγ(X,Lut
).

Let p : Y = Y × P1 → P1 and identify L′ut
= Lut × {t−1} ⊆ Y × {t−1}. Consider

L be the closure of ∪t∈[0,∞)L
′
ut

⊆ Y , which is a 3-manifold by adding an S1 in

D × {0}, denoted by S1
l , to ∪t∈[0,∞)L

′
ut
. We will identify S1

l as a subset of D.

Lemma 6.3. The 3-manifold L is totally real in Y.

Proof. Let J be the product (almost) complex structure of Y, it suffices to prove
that JTL ∩ TL = {0} for every p ∈ L. If p ∈ ∪t∈[0,∞)L

′
ut
, we may assume

there are v1, v2 ∈ TpL
′
ut

and v3, v4 ∈ TpL which project to non-zero vectors in

TP1 ⊆ T (B × P1) such that

J(v1 + v3) = v2 + v4 or Jv3 − v4 = v2 − Jv1.

Notice that on one hand v2 − Jv1 ∈ TXt and projects to zero vector in TP1. On
the other hand, the second assumption of vi guarantees that p∗v3 ∥ p∗v4 ∈ TP1.
Therefore, we have p∗Jv3 ⊥ p∗v4 ∈ TP1. In particular, p∗(Jv3 − v4) ̸= 0 ∈ TP1

and leads to a contradiction.
Now let x ∈ L\ ∪t∈[0,∞) L

′
ut
. Set v1, v2, v3 ∈ TxL basis. One may assume that

v3 ∈ TxD. p∗v1 ̸= 0, p∗v2 = p∗v3 = 0, where π : X → B. If v ∈ JTxL ∩ TxL\{0},
then p∗Jv1 = Jp∗v1 ̸= 0 and not linear combination of p∗vi which leading to a
contradiction.

□

In particular, one can study the holomorphic discs with boundary on L and the
associate Cauchy-Riemann operator is Fredholm. Given uti ∈ ld, ti → ∞. There
exist holomorphic maps representing kγ, say

fi : (Σi, ∂Σi) → (X,Luti
) ∼= (X × {t−1i }, L′uti

) ⊆ (Y,L),

where Σi are bordered Riemann surface of genus zero by the correspondence theo-
rem (Theorem 4.8). Moreover, we have the uniform energy bound for

∫
Σi

f∗i ωY by

Lemma 6.2. Therefore, the compactness theorem still applies [27] and fi converge
to a holomorphic map f∞ : (Σ∞, ∂Σ∞) → (Y,L) representing γ̄. Conversely, given
a stable holomorphic disc f : (Σ, ∂Σ) → (Y,L). The composition with the projec-
tion to the C-factor gives a holomorphic map f ′ : (Σ, ∂Σ) → (C,R≥0). By maximal
principle, the image f ′(∂Σ) is a point. In other words, every such holomorphic disc
is contains in a fibre of projection p and

Mγ̃(Y,L)\
⋃

t∈[0,∞)

Mγ(X × {t−1}, L′ut
) ̸= ∅.(24)

Next we want to know the shape of the curves in the (24).

Lemma 6.4. The curves in (24) compose with the projection p are rational curves
with maximal tangency w with D, where w = γ̄ ·D.
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Proof. Let f : (Σ, ∂Σ) → (Y,L) is an element in (24). Since it falls in a fi-
bre of p, we will not distinguish f and p ◦ f : (Σ, ∂Σ) → (Y, S1

d). We will
prove that f(∂Σ) is a point and f(Σ) ∩ D is a point. Assume fi : (Σi, ∂Σi) ∈⋃

t∈[0,∞) Mγ(Lut
) is a sequence converging to f . From the continuity, the bound-

ary f(∂Σ) ⊆ L\
⋃

t∈[0,∞) L
′
ut

⊆ D, which is complex. This implies that f(Σ) is

tangent to D along its boundary. The unique continuation theorem implies that a
component of f(Σ) coincides with D if f(∂Σ) is not a point. Since Σ is a union of
rational curve and a disc, f(∂Σ) is a point. By maximum principle, the disc compo-
nent is a constant and f(Σ) is an image of tree of rational curve(s). Notice that fi
are of Maslov index zero, so fi(Σi) avoids D. Due the convexity in a neighborhood
of D and maximum principle, f(Σ) can only intersect D along S1

l and no bubbling
occurs in a collar neighborhood of f(Σ). In particular, f(Σ) is irreducible. fi(∂Σi)
converging to a point implies that f(Σ) intersect D at a unique point. In other
words, the f(Σ) is a rational curve with maximal tangency. □

The following lemma is the first step to make sense of the weighted count of
admissible tropical curves.

Lemma 6.5. Given a fixed w ∈ N, there are only finitely many disjoint admissible
affine rays l such that

(1) Ω̃(γ, u) ̸= 0 for some γ ∈ H2(X,Lu) along l.
(2) ∂γ = −w∂β0.

Proof. From Lemma 6.4, every such admissible ray l gives rise to a rational curve
intersecting D at a single point in S1

l with tangency w. Then such point is a
w-torsion point of D and there is only w2 of such points. It is a classical fact
in algebraic geometry that there are only finitely many such rational curves with
tangency condition w. Indeed, there only finitely many effective curve classes of
Y which intersection number with D is w since D is ample. If there are infinitely
many rational curves with tangency condition w (notice that Y has an integral
almost complex structure), there exists a positive family of such rational curves
g : P1 × C ↠ Y with g−1(D) ⊆ {∞} × C. Then g∗Ω is a non-zero holomorphic
2-form on (P1\{∞})×C with a simple pole along {∞}×C. Contracting the pull-
back of a non-zero vector field on an open subset of C gives a non-zero meromorphic
1-form on P1 with only a simple pole at infinity, which leads to a contradiction.
Since S1

l ∩S1
l′ = ∅ if l, l′ disjoint in a neighborhood of infinity, there are only finitely

many such admissible affine rays. □

The following theorem is to make sense of weighted count of admissible tropical
curves.

Theorem 6.6. There are only finitely many admissible tropical curves representing
β ∈ H2(X,Z) with β ·D ≤ w, for a fixed w ∈ N.

Proof. Given an admissible affine ray l in Lemma 6.5, it suffices to prove that there
are finitely many admissible tropical curves

(1) with the image of the unique unbounded edges intersect l.
(2) representing a curve class with intersection number w with D.

We will use the notation in the proof of Lemma 3.16. Let u = er+iθ with θ ∈ [0, 2π)
and r < −kR0. Assume that there are two affine rays l, l′ such that
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(1) intersect at u and labeled bym+n d
2πi log u andm′+n′ d

2πi log u form,n,m′, n′ ∈
Z,

(2) the corresponding parabolas have their vertices (r0,
2mπ
nd ) and (r′0,

2m′π
n′d )

with r0, r
′
0 > −R0 and n = −n′.

We claim that m + m′ > kR0. Without loss of generality, we may assume that
2m′π
n′d < θ < 2mπ

nd . This implies that l spirals into the infinity (a.k.a u = 0) clock-
wisely and l′ spirals into the infinity counter-clockwisely. This implies that m,n
have the same sign and m′, n′ have opposite signs. Assume that l is the tropical
disc representing γ then∫

γ

−du

u
∧ dx = −m(r − r0)−

nd

4π
(2rθ − 2r0θ0)

is increasing along l or −rm(1 + nd
2mπ θ) > 0. Thus m > 0 and n > 0 since mn > 0.

Since m′, n′ = −n < 0 have different signs, we have m′ > 0 as well. From equation
(11), one has

|θ − 2mπ

nd
| = (r2 − r20)

1
2 > (k2 − 1)

1
2R0

and similar one for m′, n′. Therefore,

2π

nd
(m+m′) =

2πmπ

nd
− 2m′π

n′d
= (

2πmπ

nd
− θ) + (θ − 2m′π

n′d
) > 2(k2 − 1)

1
2R0

and the claim is proved since n, d ∈ N.
Now assume (h, T, w) is an admissible tropical curve such that the image of

unbounded edge intersect l and the unique vertex v adjacent to the unbounded
edge falls in U∞. If we write h(v) = er+iθ, then r < −R0. Let e, e

′ be the other two
edges of T adjacent to v and l, l′ be the affine rays extending the image h(e), h(e′).
Then l, l′ satisfies the second assumption in the claim by claim in Lemma 3.16.
Thus, the claim implies that [h] ·D = m+m′ > kR0 if r < −kR0. In other words,
h(v) falls outside a neighborhood of infinity depending on w.

Now assume that there are infinitely many distinct admissible tropical curves
(hi, Ti, wi) representing β with β ·D = w and the unique unbounded edges coincide
in a neighborhood of the infinity. Choose u∞ ∈ l close to D enough such that
nβ0(u∞) = 1 by Theorem 5.5. In particular, there exists a holomorphic disc rep-
resenting β0 ending on Lu∞ . Choose ωi such that Lu∞ is a Lagrangian and then∫
β0

ωi > 0. Chopping off the unbounded edges at u∞ from (hi, Ti, wi) and give rise

to infinitely many distinct tropical discs (h′j , T
′
j , w

′
j) ending at u∞ such that∫

[h′
j ]

ωTY =

∫
[h′

j ]

ωi =

∫
β

ωi −
∫
β0

ωi <

∫
β

ωi,

bounded by a fixed number. However, there are only finitely many tropical discs
(up to enlongation of the edge adjacent to the root) and leads to a contradiction.
This finishes the proof of the theorem. □

The following is a combination of Theorem 6.6 with the correspondence theorem
(see Theorem 4.8):

Corollary 6.7. Let l be an admissible ray and γ ∈ H2(X,Lu), for u ∈ l with ∂γ
monodromy invariant around the infinity. Then

Ω̃(γ; l) := lim
u→∞,u∈l

Ω̃(γ;u)
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exists.

With the above theorem, we can have the following definition:

Definition 6.8. Given a curve class β ∈ H2(Y,Z), define the tropical relative
Gromov-Witten invariant of genus zero

N
Y/D,trop
0,β =

∑
(γ;l):γ̄=β

Ω̃(γ; l).

Remark 6.9. One would expect that there are w such admissible affine lines and
each corresponds to w of the w-torsion points. In particular, the dependence of l

We expect that all the rational curves with maximal tangency condition are
limiting of holomorphic discs, i.e. elements in (24). Therefore, the compactification
of the family of moduli spaces ⋃

t∈[0,∞)

Mγ(X,Lϕ(t))

gives a cobordism between the moduli spaces of holomorphic discs Mγ(Lu) and
the moduli space of holomorphic curves with maximal tangency. This leads to the
following conjecture

Conjecture 6.10. The symplectic count of holomorphic curves with maximal tan-
gency is the sum of limit of certain open Gromov-Witten invariants.

This is the long-term conjectural relation from open to relative Gromov-Witten
invariants, which motivated the earlier work of Li-Song [69]. If one can further
identify the tropical geometry on the base of the special Lagrangian fibration in-
troduced here with the one developed in the Gross-Siebert program. Via the trop-
ical/holomorphic correspondence, it also implies the equivalence of the symplectic
relative Gromov-Witten invariants with the algebraic relative Gromov-Witten in-
variants. We will see it is indeed the case for Y = P2 in the next section. Although
the result is more restrictive and not applies to all projective manifold, the us-
age of tropical/holomorphic correspondence avoids the difficulty of comparing the
fundamental cycles directly. We will explore in the direction in the future.

7. Tropical Geometry of P2

7.1. Complex Affine Structure of P2. Strominger-Yau-Zaslow conjecture sug-
gests that the mirror is given by the dual torus fibration of the special Lagrangian
fibration. Due to the difficulty in analysis of the existence of special Lagrangian
fibration, Kontsevich-Soibelman [59], Gross-Siebert [42] proposed an algebraic al-
ternative approach to construct the mirror. In the algebraic construction, one starts
with a toric degeneration and there is a natural affine manifold with singularities
BGS induced from the dual intersection complex. The affine manifold BGS is the
algebraic analogue of the base for special Lagrangian fibration. From the scatter-
ing diagram on BGS , which is the algebraic analogue of information of holomorphic
discs with boundary on special Lagrangian torus fibres, one can reconstruct the
mirror.

The case of the pairs (Y,D), where Y is a toric del Pezzo surface and D is a
smooth anti-canonical divisor is considered by Carl-Pumperla-Siebert [19]. Below
we will describe the affine manifold for P2 in [19]. The underlying space is R2.
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There are three singularities with local monodromy conjugate to

(
1 1
0 1

)
locating

at u1 = ( 12 ,
1
2 ), u2 = (0,− 1

2 ) and u3(− 1
2 , 0). To cooperate with the standard affine

structure of R2 for computation convenience, they introduce cuts and the affine
transformation as follows: let

l+1 = {(1
2
, y)|y ≥ 1

2
}

l−1 = {(x, 1
2
)|x ≥ 1

2
}

l+2 = {(x,−1

2
)|x ≥ 0}

l−2 = {(−t,−1

2
− t)|t ≤ −1

2
|t ≥ 0}

l+3 = {(−1

2
− t,−t)|t ≥ 0}

l−3 = {(−1

2
, y)|y ≥ 0}

Discard the sector bounded by l+i , l
−
i , then glue the cuts by the affine transforma-

tions

(
2 1
−1 0

)
,

(
−1 4
−1 3

)
,

(
−1 1
−4 3

)
and one gets the affine manifold in [19]. See

Figure 13 below.

Definition 7.1. We will call the region bounded by l−1 , l
+
2 and the affine segments

connecting ( 12 ,
1
2 ), (0,−

1
2 ) and the origin the x-region. Similar for y-region and

1/xy-region.

Definition 7.2. Let u ∈ B and v ∈ TuBZ. Assume that u falls in x-region, then
scale of v is defined to be the x-component of v, i.e. v · (1, 0). We define the scale
for u falls in y-region or 1/xy-region similarly.

Lemma 7.3. Let (h,w, T ) be a tropical disc of Maslov index zero with stop at u.
Assume that e is the edge adjacent to u and u′ is the other end point of h(e). Let
v ∈ Tu′BZ be the primitive tangent vector of h(e). Then

(1) the scale of v positive and
(2) the parallel transport of v along h(e) has non-decreasing scale.

Proof. We will prove the lemma by induction on the number of non-contracted
edges. If h has only one non-contracted edge, then it is the (multiple of the) initial
disc and the first part of lemma follows from direct computation. Assume that h(e)
stay in the same region, then the scale of v is invariant under the parallel transport.
To prove the second part of the lemma, it suffices to consider the case when h(e)
go through the cut once. We will prove the case that it goes from 1/xy-region to
x-region and the other cases follow from the similar calculation. Let v = (a, b),
then one has 0 < −a < −b. Then after parallel transport to the x-region, one has

v 7→
(
3 −4
1 −1

)(
a
b

)
=

(
3a− 4b
a− b

)
and the later has scale 3(a − b) − b ≥ 4 > 0. Now assume the lemma holds for
all tropical discs of Maslov index zero with at most k non-contracted edges. Let

3The picture credit is due to Tsung-Ju Lee.
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Figure 1. The integral affine structure in Carl-Pumperla-Siebert

(h,w, T ) be a tropical disc of Maslov index zero with k + 1 non-contracted edges.
Then the first part of the lemma follows from the induction hypothesis. The second
part of the lemma follows from the same calculation above.

□

Generally the complex/symplectic affine structure associate to a special La-
grangian fibration is hard to compute due to various difficulties in analysis. One
important feature of the special Lagrangian fibrations constructed in [20] is that the
equation for X and X̌ can be both explicit. This is used to compute the complex
affine structure.

Theorem 7.4. [68] [8] Let Y = P2. The complex affine structure on B induced
from the special Lagrangian fibration on X coincides with the the affine structure
from Carl-Pumperla-Siebert [19].

The above theorem together with the tropical/holomorphic correspondence makes
the computation of the open Gromov-Witten invariants more explicitly in the next
section.
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7.2. Explicit Examples of Lower Degree for P2. In this section, we will com-
pute the some of the open Gromov-Witten invariants of Maslov index zero and
Maslov index two.

First we consider the open Gromov-Witten invariants for the Maslov index zero
discs.

Example 7.5. Given a rational curve C of degree d with maximal tangency to the
elliptic curve D. Let p = C∩D, then p is a 3d-torsion point of the elliptic curve D.
which are expected to recover the log Gromov-Witten invariants defined in Section
6 in degree d = 1, 2 explicitly via the tropical/holomorphic correspondence. For
d = 1, there are three tropical log curves and each with multiplicity three. Indeed,
there nine 3-torsion points and the tangent line at these 3-torsion points are the
only rational curves of degree one with maximal tangency. For d = 2, there are
three affine rays corresponding to 6-torsion but not 3-torsion. Three exists one
tropical log curve in each direction with multiplicity 6. There are three affine rays
corresponding to 3-torsion points. There are four tropical log curves with the only
unbounded edges mapped to each of the affine ray (see Figure 7.2), with weights
3/4,−9/2,−9/2, 21/4 respectively. From the multiple cover formula (18), we have
(21/4+3/4) = −6 (up to sign), which correspond to the 6 rational curves of degree
with maximal tangency and matches with the calculation by Takahashi [81].

Proposition 7.6. Assume that u0 is the origin in Figure 1, then the superpotential
W (u0) = x+ y + 1

xy .

Proof. One can scale the affine structure such that the three singular fibres are
in a small neighborhood of infinity. Then the boundary divisor falls in a tubular
neighborhood of degeneration of three hyperplanes. Up to a coordinate change,
one can identify the three hyperplanes as the standard coordinate planes {x =
0}, {y = 0}, {z = 0}. Under the identification, L0 is isotopic to the moment torus
fibre. The obviously three tropical discs of Maslov index two have homology classes
corresponds to the homology of Maslov index two discs of moment torus fibre via
the isotopy.

To prove the theorem, it suffices to prove that there are no other tropical discs of
Maslov index two. edge adjacent to u0. Since every Maslov index zero has its scale
equals or larger than one and scale is additive with respect to gluing of tropical
trees, (h,w, T ) contains no sub-tropical discs of Maslov index zero. Following the
same argument of Lemma 7.3, any affine ray leaving the original basic region the
scale is positive and non-decreasing. Therefore, the above three tropical discs are
the only tropical discs of Maslov index two.

□

Proposition 7.7. Lu0
is a monotone Lagrangian torus in P2 for a suitable choice

of ωi.

Proof. Notice that there is a Z3-action on the extremal rational elliptic surface
permuting the three singular fibres fixing the unique meromorphic volume form with
simple pole along the I9 fibre. From (3), this translates to a symplectomorphism
of order three of (X,ω). Notice that we don’t a priori assume that the equation of
D has an Z3-symmetry. Let σ be a such symplectomorphism.
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Figure 2. All the admissible tropical discs contribute to the cal-
culation of Example 7.5. The bounded edges are contracted to a
point and all the tropical discs have the same image.

To see that L0 is a monotone Lagrangian torus, recall that one has the short
exact sequence

0 → H2(P2,Z) → H2(P2, L0;Z) → H1(L0,Z) → 0.

Denote β0, β1, β2 ∈ H2(P2, L0;Z) representing the relative class representing the
three tropical discs of Maslov index two in Proposition 7.6. Then µ(βi) = 2 and βi

generates H2(P2, L0;Z). Notice that Lu0
is the fixed locus of σ and the action of σ

permutes β0, β1, β2, we have ω(β0) = ω(β1) = ω(β2) > 0. Since β0 + β1 + β2 = H,
where H is the generator of H2(P2,Z). Thus, L0 is a monotone Lagrangian torus
with respect to ω. □

Together with Proposition 7.6, it is natural to expect the following statement:

Conjecture 7.8. Lu0
is Hamiltonian isotopic to the monotone moment map torus

of P2.

Here we provide a heuristic argument why the conjecture is expected to be
true: There are three tropical curves of multiplicity 3 in Figure 1. As explained
in Example 7.5. these correspond to the tangent of the nine 3-torsion points of D.
As D is close enough to a nodal curve, the special Lagrangian fibration on X is
collapsing [21]. For each above tropical curve, one can reconstruct the holomorphic
curves by gluing three cylinders with a pair-of-pants as in [75] to get three rational
curve avoiding Lu0 . Let H is one of them and H is of degree one since H.D =
3. Then Lu0

⊆ P2\(H ∪ σH ∪ σ2H) ∼= (C∗)2. With a suitable Moser’s trick,
then Lu0

is Hamiltonian isotopy to a monotone torus in (C∗)2 ∼= T ∗T 2 with the
standard symplectic form. The nearby Lagrangian conjecture for 2-tori [22] states
that every exact Lagrangian in T ∗T 2 is Hamiltonian isotopic to the zero section
which corresponds to the unique monotone moment fibre of P2.

7.3. Connection to other works.

7.3.1. From open to Relative Gromov-Witten Invariants of P2. Consider the wall-
structure constructed by Carl-Siebert-Pumperla in the case of (Y = P2, D), where
D is a smooth cubic curve. Let fout be the product of all slab functions associated to
walls with tangent monodromy invariant near infinity. Then fout ∈ C[[t]][x], where
x = z(−mout,1), t = z0,1 ∈ C[Λ ⊕ Z]. Here mout is the primitive vector pointing
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toward infinity and monodromy invariant around infinity. Tim Graefnitz proved
the enumerative interpretation of the coefficients of fout:

Theorem 7.9. [36] With the above notation, then

log fout =
∞∑
d≥0

3d ·NP2/D
0,d · t3dx3d.

Here N
P2/D
0,d is the relative Gromov-Witten invariant of 1-marked stable maps to P2

of genus zero, degree d and maximal tangency with D at a single unspecified point.

This can also interpreted as a tropical correspondence theorem of (P2, D). Recall
that Theorem 7.4 identify the complex affine structure of the special Lagrangian
fibration on P2\D and the affine structure in Carl-Pumperla-Siebert. In particular,
this identifies the scattering diagram discussed in Section 3 and the one in [19]
and also the corresponding slab functions in the case of P2. Then Theorem 4.8,
Theorem 7.4 and Theorem 7.9 together implies the following folklore conjecture
between open and closed invariants which echos the expectation in the work of
Gross-Siebert [43][44]:

Theorem 7.10. The algebraic relative Gromov-Witten invariant N
P2/D
0,d can be

computed via open Gromov-Witten invariants

N
P2/D
0,d =

∑
(γ;l):∂γ=−d∂β0

Ω̃(γ; l).

The first of this kind of results was due to Chan [12] by direct comparison of the
Kuranishi structures of the relevant moduli spaces for Here, we outline a complete
new methodology. Indeed the idea here is also carried out such correspondence for
all Looijenga pairs [10]. It worth mentioned that recently Garrel-Ruddat-Siebert
[46] proved that the period integral of the (SYZ-fiber-normalized) volume form
over the SYZ section in the Carl-Pumperla-Siebert mirror of P2 yields precisely the
expression given in Theorem 7.9.

When ∂γ = −d∂β0, one can compute the quadratic refinement c(γ;u) = (−1)d

via induction and relation

c(γ1, γ2;u) = (−1)⟨γ1,γ2⟩c(γ1;u)(̧γ2;u).

Together with [8, Proposition 2.3.2, Lemma 1.2.2 ], one has the some partial result
on the open version of the Gopakumar-Vafa conjecture

Proposition 7.11. Conjecture 4.6 holds for u near infinity and ∂γ = −d∂β0.

7.3.2. Special Lagrangian as stable objects. It is generally a hard question to con-
struct the stability conditions for Fukaya type categories and analyze the stable
objects. A well-known (and vague) folklore conjecture motivated by the work of
Thomas-Yau [84] is the following:

Conjecture 7.12. The complex structures are stability conditions for Fukaya cat-
egories and special Lagrangians are stable.

Remark 7.13. This conjecture is not always true, for instance, it does not hold
on some non-algebraic K3 surfaces [73]. However, it is still interesting to ask when
the conjecture will hold.



36 Y.-S. LIN

Let Stab denote stability manifold of DbCoh(P2), the derived category of co-
herent sheaves of P2. Bousseau showed that there exists a 1-dimensional complex
submanifold U ⊆ Stab with a diffeomorphism ϕ : U ∼= B0, to the base of the special
Lagrangian of the complement of a smooth cubic in P2 as affine manifolds [9]. The
affine lines of the former are the loci of the form ReZσ

γ = c ∈ R and the affine lines
of the later is also in the similar form. Moreover, the charge lattices are isomorphic.
Here Zσ

γ is the central charge of some charge γ in the charge lattice with respect
to the stability condition σ ∈ Stab. There are natural scattering diagrams on U
and B0: the former is from the counting of semi-stable sheaves of phase zero and
the later is the relative Gromov-Witten invariants in Theorem 7.9. One interesting
result proved by Bousseau is the following:

Theorem 7.14. [9] The two scattering diagrams above coincide.

Recall that Stab admits a natural complex structure and thus U inherits one.
On the other hand, B0 is the complement of the discriminant locus of base of
the elliptic fibration after hyperKähler rotation. Thus, B0 also admits a natural
complex structure. Bousseau showed that ϕ : U ∼= B0 is actually a biholomorphism
with respect the above complex structures [9, Proposition 2.2.11]. We may consider
the other affine structures on U with affine lines of the form Re(eiϑZσ

γ ) = c ∈
R. We expect that it coincide with the corresponding affine structures of special
Lagrangian fibration on B0 of different phase ϑ ∈ S1.

It is well-known that the mirror of P2 is the Landau-Ginzburg superpotential
W = x+ y+1/xy : (C∗)2 → C. In particular, Auroux-Katzarkov-Orlov proved the
homological mirror symmetry DbCoh(P2) ∼= FS(W ), the equivalence between the
derived category of coherent sheaves of P2 with the Fukaya-Seidel category of W [4].
Let W̄ : X̌ → C denote the fibrewise compactification of W . It is again a Lefschetz
fibration and its Fukaya-Seidel category FS(W̄ ) is a deformation of FS(W ). Seidel
proved that it is actually a trivial deformation, i.e. FS(W̄ ) ∼= FS(W )⊗C[[q]] [78].
Therefore, one can construct the stability conditions on FS(W̄ ) via the homological
mirror symmetry. From the work of Bousseau, one can identify the base of the
Lefschetz fibration as a subset of stability condition of FS(W̄ ). In other words,
each fibre of the Lefschetz fibration corresponds to a stability condition of FS(W̄ ).

From the the attractor flow mechanism [60] of generalized Donaldson invari-
ants and open Gromov-Witten invariants (the proof of Theorem 4.8, see also [65])
and the identification of initial data will leads to the identification of the general-
ized Donaldson invariants and the open Gromov-Witten invariants. In particular,
the classes supporting semi-stable sheaves with non-trivial countings are exactly
corresponding to the relative classes that support special Lagrangian discs with
non-trivial counting as holomorphic discs after hyperKähler rotation. This gives
some evidence to the Conjecture 7.12.

Remark 7.15. Recently, Graefnitz-Ruddat-Zaslow [47] computed the superpoten-
tials of toric Fano surfaces via the log Gromov-Witten invariants.

7.3.3. Superpotentials of P2. Vianna use the technique of pushing in corners to
construct monotone Lagrangians with different superpotentials [86]. Since the su-
perpotential is invariant under Hamiltonian isotopies, this proved the existence of
infinitely many non-Hamiltonian isotopic monotone Lagrangians in P2. The follow-
ing is a direct consequence of Theorem 5.6 and Theorem 7.4.
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Theorem 7.16. Let Y = P2. The superpotential W (u) appear in Theorem 5.6 are
those appeared in the work of Vianna [86]. In particular, all nβ(u) ≥ 0.

This natural inspires the following conjecture.

Conjecture 7.17. Given ωi, i ≫ 1. There exits a unique monotone special La-
grangian torus fibre in each chamber in Ui ⊆ B0.
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