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Energy levels of hydrogen are calculated as one-loop matrix elements of the QED energy-momentum
tensor trace in the external field approximation. An explicit connection established between the one-loop
trace diagrams and the standard Lamb shift one-loop diagrams. Our calculations provide an argument
against inclusion of the anomalous trace contribution as a separate term in the decomposition of the
QED quantum field Hamiltonian and serve as an illustration how the trace anomaly is realized in the bound
state QED.
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I. INTRODUCTION

Energy-momentum tensor (EMT) Tμν describes inter-
action of fundamental particles and bound states with
weak external gravitational field and was first discussed
long time ago [1,2]. Hadron EMT attracted a lot of
attention and became an active field of experimental and
theoretical research after it was discovered that, due to their
connection with the generalized parton distribution func-
tions, EMT form factors can be measured in deeply virtual
Compton scattering and other hard exclusive reactions, see,
e.g., [3–8]. Low-energy QCD is nonperturbative, so, by
necessity, nonperturbative methods and models are used in
theoretical research on hadron EMT, see [9–19] and
references therein.
A new perspective on the EMTand its form factors could

arise from consideration of the fundamental and bound
states in quantum electrodynamics, where perturbative
calculations are reliable. One can hope that comparison
of the perturbative QED EMT with nonperturbative QCD
EMTwould lead to a deeper insight in both theories and the
EMT properties. Perturbative EMT calculations were
initiated in [20–23] and were further developed in recent
papers [24–36], where a number of one-loop corrections to
form factors, matrix elements, and EMT trace for a free and
bound electron were calculated.
We will discuss perturbative calculations of bound-state

EMT trace below. It is well known that mass (rest energy)
of any particle can be calculated as a diagonal matrix
element of the EMT trace Tμ

μ at rest, see, e.g., [29,37] and

references therein. Really, Hamiltonian is a three-dimen-
sional integral of T00ðxÞ, H ¼ R

d3xT00ðxÞ, and then
Z

d3xhpjT00ðxÞjpi ¼ Ephpjpi; ð1Þ

where jpi is a state with momentum p and Ep is the
respective energy.
Due to translational invariance hpjTμνðxÞjpi ¼

hpjTμνð0Þjpi, and hence

hpjT00ð0Þjpi ¼ Ep
hpjpi
V

; ð2Þ

where V is the space volume.
In covariant normalization hpjpi ¼ 2EpV and

hpjT00ð0Þjpi ¼ 2E2
p. Due to Lorentz invariance

hpjTμνð0Þjpi ¼ 2pμpν and the relationship
R
d3x×

hpjTμ
μðxÞjpi ¼ 2m2V holds for the EMT trace. In the rest

frame
R
d3xh0jTμ

μðxÞj0i ¼ mh0j0i, and a normalization
independent expression for the energy of any particle or
system of particles with zero total momentum has the
form [37].

E ¼
R
d3xh0jTμ

μðxÞj0i
h0j0i : ð3Þ

This is a universal formula valid in any quantum field
theory both perturbatively andnonperturbatively.Wewill use
it in perturbation theory with nonrelativistic normalization.
Let us recall basics on EMT in gauge theories. EMT is a

conserved operator and Tμν
0 written in terms of bare fields

(from which the bare or total Lagrangian is constructed)
coincides with the renormalized EMT ½Tμν�R,1 which
generates renormalized (UV finite) Green functions with
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1We label renormalized local composite operators by the
subscript R below.
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renormalized fields ϕr. Due to the scale anomaly trace of
EMT is nonzero even in QED and QCD with massless
electrons (quarks) [38–46]. In a massive theory

Tμ
0μ ¼ ½Tμ

μ�R ¼ ð1þ γmÞ½ψ̄mψ �R þ βðgÞ
2g

½F2�R; ð4Þ

where m is the mass of the fundamental fermion field in a
theory under consideration, not the mass of a particle or
bound state discussed above. The only difference between
traces in an Abelian and non-Abelian (QED and QCD)
theories is in the set of fermion fields and the form of the
gauge field strengths. The left-hand side of the trace
equation is renorminvariant and then the sum of the
operators on the right-hand side is also renorminvariant.
The operator ψ̄0m0ψ0 ¼ m½ψ̄ψ �R is renorminvariant as a
vertex in the Lagrangian. The sum of the remaining terms
on the rhs, γmm½ψ̄ψ �R þ ðβðgÞ=ð2gÞ½F2�R, is also renor-
minvariant, see, e.g., [42].
One can use perturbation theory and the explicit expres-

sion for the EMT trace in Eq. (4) to calculate the matrix
element Eq. (3) in QED. The diagrams for the matrix
element in Eq. (3) do not coincide with the diagrams, which
arise in perturbative calculations of the same rest energy
(mass) by more standard methods. While the anomaly
theorem guarantees that both sets of diagrams lead to the
same results, it could be interesting to check this coinci-
dence by direct calculations and figure out which features
of the two different sets of diagrams are responsible for this.
We implemented this program in [34], where we applied
Eq. (3) to the one-loop mass renormalization of a free
electron. We have calculated the sum of one-loop diagrams
for the matrix element in Eq. (3) and have shown that the
standard one-loop mass renormalization is reproduced in
this way. We have also obtained an explicit analytic and
diagrammatic relationships between two sets of diagrams,
which explain why their sums are equal.
Below we will calculate energy levels of an electron

bound in an external Coulomb field (hydrogen in the
external field approximation) as matrix elements of the
QED EMT trace in Eq. (3). We will use QED in the Furry
picture [47–49] and demonstrate how the Dirac-Coulomb
energy levels together with the one-loop corrections arise as
matrix elements of the EMT trace. These one-loop correc-
tions are just the well-known contributions of order
αðZαÞ4m to the Lamb shift (to make the origin of the
corrections more transparent we assume that the nucleus
charge is Ze). Our goal is to trace out how and why two
different sets of one-loop Feynman diagrams, one which
arises in the classical Lamb shift calculations, and another,
which contributes to the matrix element of the anomalous
EMT trace, produce coinciding results. In conclusion we
will summarize the obtained results, compare them with the
results of other authors and discuss further perspectives.

II. LAMB SHIFT IN THE FURRY PICTURE:
STANDARD CONSIDERATION

A. Furry picture

The Furry picture [47–49] is the most convenient
framework for the discussion below. QED in the Furry
picture is quantized in the external Coulomb field, so the
free electron field is expanded not in the plane waves, but in
the eigenstates of the Dirac Hamiltonian in the external
Coulomb field. One can use the ordinary Feynman diagram
technique in the Furry picture, the only difference is that
instead of the free electron propagator we should use the
Dirac-Coulomb Green function

G ¼ i
p0 − α · p − βðm − iϵÞ − V

γ0 ¼
i

E −H
γ0; ð5Þ

where V ¼ −Zα=r is the Coulomb potential and i in the
numerator is included for consistency with the free
Feynman propagator.
In terms of eigenfunctions the propagator has the form

GðE; r; r0Þ ¼
D
rj i
E−H

γ0jr0
E

¼ i
�X

n

ψ ðþÞ
n ðrÞψ̄ ðþÞ

n ðr0Þ
E−En þ iϵ

þ
X
n

ψ ð−Þ
n ðrÞψ̄ ð−Þ

n ðr0Þ
EþEn − iϵ

�
;

ð6Þ

where summation goes over all states of discrete and

continuous spectrum, ψ ðþÞ
n ðrÞ and ψ ð−Þ

n ðrÞ are eigenfunc-
tions of the Dirac Hamiltonian in the external Coulomb
field with positive and negative energies, respectively.
These eigenfunctions are normalized to one with the
integration measure

R
d3r.

In this normalization Eq. (3) in the Furry picture turns
into

En ¼
Z

d3rhnjTμ
μð0; rÞjni; ð7Þ

where En is the energy of the electron in the bound state
characterized by the multiindex jni and normalized by the
condition hn0jni ¼ δn0n.
We start with the standard approach to the Lamb shift.

Only two diagrams (and two counterterm diagrams) in
Fig. 1 contribute to the one-loop Lamb shift of order
αðZαÞ4m if Zα ≪ 1 in the Furry picture. Notice that it is
sufficient to use the free electron propagator in the
polarization loop, account for the binding effects in this
loop generates contributions of higher orders in Zα.
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B. Self-energy diagrams for the Lamb shift
in the Furry picture

The field theory matrix element of the leading self-
energy (SE) contribution to the energy shift in Fig. 2 has the
form (diagrammatically Σ ¼ i × diagram)

ΔESE
n ¼

Z
d3rd3r0hnjψ̄ðrÞ½Σregðr; r0; EnÞ − δð3Þðr − r0Þδm�

× ψðr0Þjni; ð8Þ

where Σregðr; r0; EnÞ is the regularized self-energy operator

in the external Coulomb field, δm ¼ Σð0Þ
regð=p ¼ mÞ and

Σð0Þ
regð=p ¼ mÞ is the unrenormalized but regularized SE

without external field.2 The ultraviolet (UV) divergences
connected with the renormalization constant Z2 are absent
in the matrix element above, see, e.g., [48].
Calculating the QFT matrix elements above we obtain

ΔESE
n ¼

Z
d3rd3r0ψ†

nðrÞγ0Σregðr; r0; EnÞψnðr0Þ

− δm
Z

d3rψ†
nðrÞγ0ψnðrÞ; ð9Þ

where ψnðrÞ are Dirac-Coulomb eigenfunctions normalized
to one,

R
d3rψ†

nðrÞψmðrÞ ¼ δnm.
After direct calculations the leading contribution to the

Lamb shift due to the diagrams in Fig. 2 [48–50] can be
represented as

ΔESEðn; 0Þ ¼
Z

d3rψ†
n0ðrÞψn0ðrÞVeff;seðrÞ; ð10Þ

where

Veff;se ¼
4

3

αðZαÞ
m2

�
ln

1

ðZαÞ2 þ
5

6
− ln k0ðn; 0Þ

�
δð3ÞðrÞ; ð11Þ

where ln k0ðn; 0Þ is the Bethe logarithm, n is the principal
quantum number, and l ¼ 0 is the orbital momentum.

Respectively, the leading self-energy contribution to the
Lamb shift is

ΔESEðn;0Þ¼
4

3

αðZαÞ
m2

�
ln

1

ðZαÞ2þ
5

6
− lnk0ðn;0Þ

�
jψn0ð0Þj2;

¼4

3

αðZαÞ4m
πn3

�
ln

1

ðZαÞ2þ
5

6
− lnk0ðn;0Þ

�
: ð12Þ

C. External field diagrams for the Lamb shift

The field Hamiltonian Hint ¼
R
d3xHint ¼ e

R
d3x×

ψ̄γ0ψA0
extðxÞ describes interaction of the static external

Coulomb field with the electron. One-loop corrected static
Coulomb field in Fig. 3 has the form

A0
ext;one loopðrÞ ¼ −Ze

Z
d3q
ð2πÞ3 e

iq·rΠRð−q2Þ
q2

; ð13Þ

where ΠRð−q2Þ ¼ Πregð−q2Þ − Πregð0Þ, Πregð0Þ ¼ δZ3,
see explicit expressions in Appendix A.
The leading contribution to the Lamb shift arises from

the low-q2 expansion of the renormalized polarization
operator

FIG. 2. Self-energy Lamb shift diagrams.

FIG. 1. Classical Lamb shift diagrams.

FIG. 3. External field Lamb shift diagrams.

2We use dimensional regularization and mass shell renormal-
ization, respective formulas are collected in Appendix A.
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Πð2Þ
R ð−q2Þ¼−

2α

π

Z
1

0

dxxð1−xÞ ln m2

xð1−xÞq2þm2jq2=m2→0

→
α

15π

q2

m2
: ð14Þ

Then the external field in Eq. (13) turns into

eA0
ext;one loopðrÞ ¼ −

4αðZαÞ
15m2

δð3ÞðrÞ≡ Veff;polðrÞ; ð15Þ

and the leading external field (polarization loop) contribu-
tion to the Lamb shift is (see, e.g., [48,50])

ΔEVPðn;lÞ ¼ hnljHintjnli

¼ e
Z

d3rhnljψ̄ðrÞγ0ψðrÞA0
ext;one loopðrÞjnli

¼
Z

d3rψ†
nlðrÞψnlðrÞVeff;polðrÞ

¼ −
4αðZαÞ
15m2

jψnlð0Þj2

¼ −
4αðZαÞ4m
15πn3

δl0: ð16Þ

III. HYDROGEN ENERGY LEVELS AS MATRIX
ELEMENTS OF THE EMT TRACE

A. EMT trace in one-loop approximation

We are going to calculate one-loop matrix element of the
EMT trace in Eq. (7)

T ¼
Z

d3rhejm0ð1þ γmðe0ÞÞψ̄0ðrÞψ0ðrÞ

þ βðe0Þ
2e0

F2
0ðrÞjei ð17Þ

in the Furry picture for an electron in the external Coulomb
field (hydrogen in the nonrecoil approximation).
This matrix element in terms of renormalized fields in

the one-loop approximation has the form

T ≈
Z

d3rhej½m − δmþmγmðeÞ þmδZ2�ψ̄ðrÞψðrÞ

þ βðeÞ
2e

F2ðrÞjei: ð18Þ

1. Tree contribution

In the leading approximation only the operator mψ̄ψ in
the trace in Eq. (18) gives contribution to the matrix
element in the hydrogen state. Consider eigenstate jnji,
which describes the Dirac-Coulomb energy level nj. Then

Z
d3rhnjjmψ̄ðrÞψðrÞjnji ¼ m

Z
d3rψ†

njðrÞγ0ψnjðrÞ

¼ Enj; ð19Þ

where Enj is the exact eigenvalue of the Dirac Hamiltonian
with the Coulomb external field

Enj ¼ m

�
1þ

�
Zα

n − ðjþ 1
2
Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðjþ 1

2
Þ2 − ðZαÞ2

q
�

2
�
−1
2

:

ð20Þ

The relationship in Eq. (19) holds due to a relativistic
virial theorem derived by V. A. Fock at the dawn of
quantummechanics in 1930 [51], for a later discussion, see,
e.g., [52,53]. We present a short derivation in Appendix B.

2. One-loop diagrams

Radiative corrections to the energy levels corrections
arise when we calculate matrix elements of the EMT trace
in Eq. (18) beyond the tree approximation. Like in the
standard calculation of the Lamb shift above all diagrams
for the matrix element of the EMT trace in the one-loop
approximation naturally split in two sets: self-energy type
diagrams in Fig. 43 and vacuum polarization type diagrams
Fig. 5. Our first goal is to calculate all one-loop diagrams in
Figs. 4 and 5 and show that they reproduce the standard
αðZαÞ4m results in Eqs. (12) and (16).
The diagrams in Figs. 4 and 5 do not coincide with the

diagrams in Figs. 2 and 3 and it is not obvious that they
produce the same results for the Lamb shift. Similar sets of
different diagrams arise in the case of a free electron in [34],
where the one-loop mass renormalization of a free electron
was considered. The sum of the last three diagrams in the
first row and the first diagram in the second row in Fig. 4 is
zero for a free electron. The last two diagrams in the second
row turn into zero on the mass shell for a free electron in the
mass shell renormalization scheme. Therefore, the sum of
all diagrams in Fig. 4 in the free case ism on the mass shell,
as it should be. There were no diagrams with an external
field for a free electron.
We observed in [34] that in the free case logarithmic

derivatives of the standard self-energy diagrams generate
the diagrams for the trace. Due to linearity of the self-
energy in mass both sets of diagrams lead to the same
results. We expect that a similar mechanism will be at work
for bound states.
We divided all one-loop diagrams for the matrix element

of the EMT trace in Eq. (18) in two classes: diagrams with

3We included in this set the tree diagram with the scalar vertex
m, which generates the Dirac energy level. Notice also that the
self-energy loops in this figure are subtracted, Σsub ¼ Σreg − δm,
because the counterterm contributions should be included.
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radiative insertions in the electron line (self-energy type
diagrams) in Fig. 4 and diagrams with radiative insertions
in the external field (vacuum polarization type diagrams)
in Fig. 5. We will consider these gauge invariant sets of
diagrams separately.

B. External field diagrams for the EMT trace

Let us calculate six external field diagrams in Fig. 5. The
first four diagrams arise as radiative corrections to the
matrix element ofmψ̄ψ in Eq. (19). Two diagrams with δZ3

are due to the Lagrangian counterterm. Then the first four
diagrams in Fig. 5 combine into two diagrams with the
renormalized vacuum polarization operator, and we will
use the standard one-loop expression for the renormalized
polarization loop for their calculation. Thus we need
to calculate the diagrams with external field in Fig. 6:
Figs. 6(a) and 6(b) with the renormalized one-loop inser-
tion in the Coulomb photon and insertion of the scalar
vertex mψ̄ψ in the electron line, Fig. 6(c) with insertion of
the scalar vertexmψ̄ψ in the polarization loop and Fig. 6(d)
with ðβ=2eÞF2 insertion in the Coulomb photon.

1. Matrix element of mψ̄ψ with sidewise insertion
of the polarization loop

Figures 6(a) and 6(b) arise as one-loop perturbation
theory corrections to the matrix element of the scalar vertex
mψ̄ψ in Eq. (19). Contributions of these diagrams to the
energy shift are equal and in the leading approximation can
be written in the form

ΔEa ¼ ΔEb

¼
Z

d3rd3r0ψnðrÞVeff;polðrÞ½−iGrðr; r0; EnÞ�

×mγ0ψnðr0Þ; ð21Þ

where GrðE; r; r0Þ is the reduced Dirac-Coulomb Green
function [compare Eq. (6)]

GrðE; r; r0Þ ¼
�
rj
�

i
E −H

�0
γ0jr0

�

¼
�
rj
X
k≠n

ijkihkj
E − Ek

γ0jr0
�
; ð22Þ

and Veff;polðrÞ is defined in Eq. (15).
The contributions in Eq. (21) can be calculated with the

help of the virial relationships derived in [52,53].
Respective calculations are rather cumbersome and we
relegate their details to Appendix C. After tedious calcu-
lations we obtain [see Eq. (C26)]

ΔEa ¼ ΔEb ¼ −
3

2

4αðZαÞ
15m2

jψnlð0Þj2 ¼ −
3

2

4αðZαÞ4m
15πn3

δl0

¼ 3

2
ΔEVPðn;lÞ; ð23Þ

where ΔEVPðn;lÞ is the total polarization contribution
in Eq. (16).

2. Matrix element with the scalar vertex mψ̄ψ insertion
in the polarization loop

Contribution to the energy shift from the two identical
diagrams in Fig. 6(c) has the form (nonrelativistic
Schrödinger-Coulomb eigenfunctions are used below)

FIG. 4. Self-energy type trace Lamb shift diagrams.

FIG. 5. Vacuum polarization type trace Lamb shift diagrams.

FIG. 6. External field trace Lamb shift diagrams.
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ΔEc ¼ i4πZα
Z

d3rψ†
nlðrÞψnlðrÞ

Z
d3q
ð2πÞ3 e

iq·r 2π1ð−q2Þ
q2

;

ð24Þ

where the polarization loop with mass insertion iπμν1 ðqÞ in
Fig. 7 is defined by the Feynman integral

iπμν1 ðqÞ ¼ ð−ieÞ2ð−1Þm
Z

d4k
ð2πÞ4 Tr

×

�
γμ
�

i
k −mþ iϵ

�
2

γν
i

k − =q −mþ iϵ

�
: ð25Þ

Naively this integral is linearly divergent, but due to
gauge invariance iπμν1 ðqÞ ¼ iðgμνq2 − qμqνÞπ1ðq2Þ and the
remaining integral is convergent and does not require any
new counterterm. This is unlike the case of the standard
polarization loop, where even after account for gauge
invariance the logarithmic divergence survives and requires
a counterterm. Calculating π1ðq2Þ we obtain

π1ðq2Þ ¼
e2m2i
π2

1 −
4m2tanh−1

	 ffiffiffiffiffiffiffiffiffi
−q2

4m2−q2

q 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−q2ð4m2−q2Þ

p
−2q2 jq2¼−q2;q2=m2→0

→
2αi
π

�
1

6
−

q2

30m2
þ q4

140m4
þ…

�
: ð26Þ

Next we plug this expansion in Eq. (24), and arrive at the
contribution to the energy level

ΔEc ¼ −
2αðZαÞ2m

3πn2
þ 8αðZαÞ4m

15πn3
δl0

¼ −
2αðZαÞ2m

3πn2
− 2ΔEVPðn;lÞ: ð27Þ

The first term on the rhs arises after substitution of the
first term in the low-momentum expansion in Eqs. (26)
and (24)

−
2αðZαÞ
3π

Z
d3rψ†

nlðrÞ
1

r
ψnlðrÞ ¼ −

2αðZαÞ2m
3πn2

: ð28Þ

This term is of lower order in Zα than the leading
contribution to the Lamb shift of order αðZαÞ4m, which we
are calculating. Hence, corrections of higher order in Zα to
this term should be taken into account. We missed these
corrections when we approximated Dirac-Coulomb wave
functions by the Schrödinger-Coulomb wave functions in
Eq. (24) (compare [28,29]). Restoring the Dirac-Coulomb
wave functions we obtain instead of Eq. (28) an exact in Zα
result (see, e.g., [53])

ΔEc1 ¼ −
2αðZαÞ
3π

Z
d3rψ†

njmðrÞ
1

r
ψnjmðrÞ;

¼ −
2αðZαÞ2m

3π

n − ðjþ 1
2
Þ þ ðjþ1

2
Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðjþ1
2
Þ2−ðZαÞ2

p
	h ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðjþ 1
2
Þ2 − ðZαÞ2

q
þ n − ðjþ 1

2
Þ
i
2 þ ðZαÞ2



3=2

≈ −
2αðZαÞ2m

3πn2
þ αðZαÞ4m

πn4

�
1 −

4n
3ðjþ 1

2
Þ
�
þ…:; ð29Þ

We will discuss ΔEc1 below in connection with the
anomaly term in Fig. 6(d).
Finally, the contribution to the energy shift from the two

identical diagrams in Fig. 6(c) has the form

ΔEc ¼ ΔEc1 − 2ΔEVPðn;lÞ: ð30Þ

Notice that the second term on the rhs in Eq. (30) is two
times larger and has opposite sign to the total polarization
contribution ΔEVPðn;lÞ in Eq. (16).

3. Matrix element of the anomalous term ðβ=2eÞF2

insertion in the Coulomb photon

Figure 6(d) arises as matrix element of the anomalous
EMT term ðβðeÞ=2eÞF2 in Eq. (18). This diagram is similar
to Fig. 6(c), the only difference is that instead of insertion of
the term 2iπμν1 in the external Coulomb propagator in
Eq. (24), we now insert the two-prong vertex ðβ=2eÞF2. In
momentum space it has the form 4ðβ=ð2eÞÞðgμνq2 − qμqνÞ,
which reduces to insertion of 4ðβ=ð2eÞÞ in the Coulomb
line. We use 4βðeÞ=2e ¼ 2α=3π and Dirac-Coulomb wave

FIG. 7. Polarization loop with scalar vertex insertion.
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functions to calculate the respective matrix element and
obtain the result, which differs from the one in Eq. (29)
only by sign4

ΔEd ¼ −ΔEc1: ð31Þ

Therefore, the contribution of the anomalous term in
Fig. 6(d) exactly cancels with the one in Eq. (29). We will
explain the reason for this cancellation below.

4. Sum of all EMT trace polarization diagrams

To calculate total contribution to the Lamb shift from the
polarization type trace diagrams in Fig. 6 we collect
contributions from the two diagrams with the sidewise
insertions of the polarization perturbation to the scalar
vertex in Eq. (23), two diagrams with the mass insertion in
the polarization loop in Eq. (30), and the diagram with the
matrix element of the anomalous ðβ=2eÞF2 term in Eq. (31)

ΔE ¼ ΔEa þ ΔEb þ ΔEc þ ΔEd ¼ ΔEVPðn;lÞ: ð32Þ

This is just the standard polarization contribution to the
Lamb shift from Eq. (16).

C. EMT trace polarization type diagrams as derivatives
of classical polarization diagrams

1. Heuristic considerations

All contributions to the Lamb shift are linear in the
electron mass m and then ΔESE in Eq. (12) and ΔEVP in
Eq. (16) satisfy the relationship

ΔEnðmÞ ¼ m
dΔEnðmÞ

dm
: ð33Þ

So we expect (compare [34]) that the diagrams in Figs. 4
and 5 originate as logarithmic mass derivatives md=dm of
the diagrams in Figs. 2 and 3, respectively.

First we consider the one-loop polarization contribution
to the Lamb shift in Eqs. (16) and (32), which we calculated
from the diagrams in Fig. 3 and from a different set of
diagrams in Fig. 6. Of course, this is exactly what we had to
expect from the trace anomaly, see Eqs. (3) and (4). Let us
figure out analytically and diagrammatically what features
of the two sets of diagrams are responsible for equality of
their matrix elements. We return to Eq. (16) and notice that
the logarithmic mass derivative of

ΔEVPðn;lÞ ¼ −
4

15

αðZαÞ
m2

jψnlð0Þj2 ð34Þ

can be written as

ΔEVPðn;lÞ ¼ m
ΔEVPðn;lÞ

dm

¼ 2
4

15

αðZαÞ
m2

jψnlð0Þj2

− 3
4

15

αðZαÞ
m2

jψnlð0Þj2; ð35Þ

where the two terms on the rhs arise from the 1=m2

prefactor and the wave function squared, respectively.
The first term on the rhs in Eq. (35) is equal to the sum of

Figs. 6(c) and 6(d) [see Eqs. (30) and (31)], and the second
term is equal to the sum of Figs. 6(a) and 6(b) with the
sidewise mass insertions in the fermion line [see Eq. (23)].
It remains to demonstrate that the diagrams in Fig. 6 arise as
logarithmic mass derivatives of the diagrams in Fig. 3.
Calculating this derivative we need to remember about the
bra and ket vectors in Eq. (16), which are not shown
explicitly in Fig. 3.

2. Logarithmic derivative of the polarization
loop in Fig. 3

The first term on the rhs in Eq. (35) is a logarithmic
derivative of the effective potential in Eq. (16) and we
expect that it arises as the logarithmic derivativemd=dm of
the polarization loop in Fig. 3. Let us check this by direct
calculation. Logarithmic derivative of the polarization loop
reduces to insertion of the scalar vertex m in the propa-
gators in the polarization loop and generates two identical
diagrams in Fig. 6(c). Notice that we differentiate regular-
ized but not renormalized polarization operator. As we have
seen considering the diagram in Fig. 7, this last diagram is
UV convergent and does not require substraction. Hence, it
should include a finite contribution from the finite loga-
rithmic derivative of the logarithmically divergent polari-
zation loop.
In dimensional regularization [see Eq. (A4)]

Πð2Þ
regð−q2Þ ¼ −

α

3π

�
1

ϵ̃
þ ln

�
μ2

m2

��

−
2α

π

Z
1

0

dxxð1 − xÞ ln m2

xð1 − xÞq2 þm2
;

¼ Πð2Þ
regð0Þ þ Πð2Þ

R ð−q2Þ; ð36Þ

where in the mass shell renormalization scheme

Πð2Þ
regð0Þ¼ δZ3¼−

α

3π

�
1

ϵ̃
þ ln

�
μ2

m2

��
; Πð2Þ

R ð0Þ¼ 0: ð37Þ

Respectively, the logarithmic mass derivative of the
regularized polarization operator

4This contribution was first calculated in Eq. (7) in [28] with
two times larger numerical factor and a wrong sign. The result
above agrees with the one in [29].
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m
d
dm

Πð2Þ
regð−q2Þ≡m

d
dm

Πð2Þ
regð0Þ þm

d
dm

Πð2Þ
R ð−q2Þ

→
2α

3π
−

2α

15π

q2

m2
: ð38Þ

Next we substitute ΠRð−q2Þ → ðm∂=∂mÞΠð2Þ
regð−q2Þ in

Eq. (16) and obtain

ΔEderðnlÞ≡ −4πðZαÞ
Z

d3rψ†
nlðrÞψnlðrÞ

×
Z

d3q
ð2πÞ3 e

iq·r m
∂Πð2Þ

regð−q2Þ
∂m

q2
;

¼ −
2αðZαÞ2m

3πn2
− 2ΔEVP: ð39Þ

As expected, this result coincides with the result of the
direct calculation of the two diagrams in Fig. 6(c) with
mass insertions in the polarization loop in Eq. (27). The
first term on the rhs is due to dΠð2Þ

regð0Þ=d lnm in Eq. (38).
Like in the discussion after Eq. (28) in order to account for
contributions of order αðZαÞ4m and higher we need to
restore the Dirac-Coulomb eigenfunctions in calculation of
this term. Respective calculation reduces to the substitution
of ΔEc1 from Eq. (29) instead of the first term on the rhs
in Eq. (39).

3. Logarithmic derivative of the counterterm in Fig. 3

This time we apply the logarithmic derivative md=dm to
the counterterm δZ3 in the second diagram in Fig. 3

m
dδZ3

dm
¼ −μ

dδZ3

dμ
¼ 2βðeÞ

e
≈
2α

3π
: ð40Þ

The first equality on the rhs holds because the counter-

term δZ3 ¼ Πð2Þ
regð0Þ is linear in lnðμ=mÞ, see Eq. (37).

Now it is obvious that after differentiation of δZ3 the
second diagram in Fig. 3 turns into Fig. 6(d) with the matrix
element of the anomalous term ðβ=2eÞF2 in the EMT trace
and generates the ΔEd contribution in Eq. (31).
The first term on the rhs in Eq. (39) [and therefore in

Eq. (30)] arises from the insertion of mdδZ3=dm in the
external photon line. The respective diagram differs from
the result of substitution δZ3 → dδZ3=d lnm in the second
diagram in Fig. 3 only by sign. We see that cancellation of
ΔEd contribution in Eq. (31) and ΔEc1 in Eq. (30) [and in
Eq. (39)], which we observed above,5 is not accidental. At
the end of the day it is due to the definition of the β
function.

4. Logarithmic derivative of state vectors

Contribution of the sum of the diagrams in Fig. 3 in
Eq. (16) has the form of a mass-dependent matrix element

ΔEnðmÞ ¼ hnjQðmÞjni; ð41Þ
where matrix element ΔEnðmÞ is a linear function of mass,
and the Furry picture Dirac Hamiltonian eigenstates jni and
operator QðmÞ ¼ Hint are some functions of the electron
mass m. Then

ΔEnðmÞ ¼ m
dΔEnðmÞ

dm
;

¼ hnj
�
m
dQðmÞ
dm

�
jni þ

�
m

d
dm

hnj
�
QðmÞjni

þ hnjQðmÞ
�
m

d
dm

jni
�
: ð42Þ

We have already calculated contribution of the first term
on the rhs diagrammatically and analytically. It remains to
consider the sum of two other terms. To calculate deriv-
atives of state vectors we insert complete sets of states in the
matrix elements

�
m

d
dm

hnj
�
QðmÞjni þ hnjQðmÞ

�
m

d
dm

jni
�

¼
X
k

�
m

d
dm

hnj
�
jkihkjQðmÞjni

þ
X
k

hnjQðmÞjkihkj
�
m

d
dm

jni
�
: ð43Þ

The term with k ¼ n does not contribute to the sums
above
�
m

d
dm

hnj
�
jnihnjQðmÞjni þ hnjQðmÞjnihnj

�
m

d
dm

jni
�

¼ hnjQðmÞjni
��

m
d
dm

hnj
�
jni þ hnj

�
m

d
dm

jni
��

;

¼ hnjQðmÞjnimdhnjni
dm

¼ 0; ð44Þ

since hnjni ¼ 1 is just the normalization condition. Then
�
m

d
dm

hnj
�
QðmÞjni þ hnjQðmÞ

�
m

d
dm

jni
�

¼
X
k≠n

�
m

d
dm

hnj
�
jkihkjQðmÞjni

þ
X
k≠n

hnjQðmÞjkihkj
�
m

d
dm

jni
�
: ð45Þ

We use the Furry picture eigenvalue equation
Hjni ¼ Enjni, where H is the Dirac Hamiltonian5This cancellation was also observed in [28].
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H ¼ α · pþ βmþ V, to calculate the sums above. Matrix
element hkjHjnik≠n ¼ 0 and hence at k ≠ n

m
d
dm

hkjHjni ¼ En

�
m

d
dm

hkj
�
jni þ hkjβmjni

þ Ekhkj
�
m

d
dm

jni
�

¼ 0 ð46Þ

and

m
d
dm

hkjni¼
�
m

d
dm

hkj
�
jniþhkj

�
m

d
dm

jni
�
¼ 0: ð47Þ

Combining these two equations we see that at k ≠ n

hkj
�
m

d
dm

jni
�

¼ hkjβmjni
En − Ek

ð48Þ

and

X
k≠n

jkihkj
�
m

d
dm

jni
�

¼
X
k≠n

jki hkjβmjni
En − Ek

: ð49Þ

The reduced Green function in Eq. (22) can be written as

GrðEnÞ ¼
�

i
En −H

�0
γ0 ¼

X
k≠n

ijkihkj
En − Ek

γ0; ð50Þ

and the second sum on the rhs in Eq. (45) has the form

X
k≠n

hnjQðmÞjkihkj
�
m

d
dm

jni
�

¼ hnjQðmÞð−iGrðEnÞÞmjni: ð51Þ

Comparing this expressionwith Eq. (21)we see thatwhen
QðmÞ ¼ Veff;pol this is exactlymatrix element of the diagram
(b) in Fig. 6 with the sidewise insertion of the scalar vertex.
Respectively, the first sum inEq. (45) describes Fig. 6(a).We
have already calculated matrix elements of these two
diagrams in Eq. (23) [see also Eq. (C26)] and observed
that each of these diagrams contributes ð3=2ÞΔEVP.
Thus Figs. 6(a) and 6(b) arise as logarithmic derivatives

of state vectors in the matrix elements of the Lamb shift
polarization diagrams in Fig. 3. Together with the results
above this means that all polarization type trace diagrams in
Fig. 6 arise as logarithmic derivatives of the Lamb shift
polarization diagrams in Fig. 3. This concludes our con-
sideration of the trace diagrams in Fig. 6. We have shown
that their contribution to the energy of a bound state
coincides with the contribution of the standard Lamb shift
polarization diagrams in Fig. 3 and explained diagram-
matically and analytically why contributions of these two
different sets of diagrams coincide.

D. EMT trace self-energy type diagrams as logarithmic
derivatives of classical self-energy diagrams

Tree and one-loop self-energy type diagrams for the
EMT trace in Fig. 4 arise from the matrix element [compare
Eq. (18)]

T ≈
Z

d3rhej½m − δmþmγmðeÞ þmδZ2�

× ψ̄ðrÞψðrÞjei: ð52Þ

Similar diagrams were relevant for the discussion of
a free electron mass renormalization in [34]. The only
modification is that the role of the propagator plays now
the Dirac-Coulomb Green function in Eq. (6). Notice that
the δm counterterm is included in the self-energy loops
in the sidewise diagrams, which contain the subtracted
Dirac-Coulomb Green function.
One-loop self-energy type trace diagrams in Fig. 2

generate contributions to the Lamb shift. We are going
to establish connection between the standard self-energy
Lamb shift diagrams in Fig. 2 and the self-energy type trace
diagrams in Fig. 8 and explain why they generate identical
contributions.

1. Cancellation of UV divergences

To use some results from [34] we consider external field
expansions of the diagram with the scalar vertex in Fig. 9
and the self-energy diagram in Fig. 10. It was shown in [34]
that the one-loop self-energy Σð0Þð=pÞ (without external
field) and the respective mass renormalization term δmð2Þ ¼
Σð0Þð=p ¼ mÞ satisfy the relationships

m
dΣð0Þ

regð=p ¼ mÞ
dm

¼ Γð0Þð=p ¼ mÞ þmδZ2;

m
dδmð2Þ

dm
¼ δmð2Þ −mγm; ð53Þ

where Γð0Þ
m ðmÞ is the one-loop scalar vertex in Fig. 9,

calculated with the free Feynman propagator instead of the
Dirac-Coulomb propagator.

FIG. 8. One-loop self-energy trace diagrams.

FIG. 9. External field expansion of one-loop scalar vertex.
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We see that the logarithmic mass derivative of the
leading term in the external field and on-mass-shell
expansion of ðΣð0Þ

reg − δmð2ÞÞ in Fig. 2 [the expression in
the square brackets Eq. (8)]

m
dΣð0Þ

regð=p ¼ mÞ
dm

−m
dðδmð2ÞÞ

dm

¼ Γð0Þ
m ðmÞ þmδZ2 − ðδmð2Þ − γmmÞ ð54Þ

generates the first three diagrams in Fig. 8 and the leading
term in the external field expansion of the fourth diagram
calculated on shell.
For a bound electron we consider matrix elements of the

diagrams Fig. 8 between the Dirac-Coulomb eigenfunc-
tions. All effective vertices in Eq. (54) are linear in the
electron mass. We have seen in Eq. (19) that the leading
contribution of the scalar vertex m to the energy level
reduces to multiplication by the eigenvalue Enj. Hence, the
contribution to the energy level from the first four diagrams
in Fig. 9 (with fourth diagram calculated on shell and
without external field) is obtained from Eq. (54) by
multiplication by Enj.
On the other hand δmð2Þ ¼ Σð0Þ

regð=p ¼ mÞ and the first
three diagrams and the leading term in the external field
expansion of the fourth diagram for the trace in Fig. 8
cancel each other

−δmþmγm þmδZ2 ¼ −Γð0Þ
m ðmÞ: ð55Þ

Hence, contribution to the energy shift from the first
three diagrams in Fig. 9 plus the leading term in the external
field expansion of the fourth diagram on shell is not only
ultraviolet finite, but is equal zero.6 The contribution of the
remaining diagrams in Fig. 8 is ultraviolet finite. As we will
see below the contribution of the fourth diagram in Fig. 8
after subtraction of the first term in its external field
expansion (see Fig. 9) is just ð−2ΔESEÞ.

2. Calculation of the fourth diagram
for the EMT trace in Fig. 9

Expansion in the external field of the one-loop scalar
vertex diagram in Fig. 9 (fourth diagram in Fig. 8) starts
with the diagram without external field. We just discussed
that diagram and discovered that the UV divergent con-
tribution cancels with the first three diagrams in Fig. 9.
Consider now next diagrams in the expansion of this

diagram in the external field Fig. 9. All these diagrams with
one scalar vertex and any number of external field vertices
arise from the first nontrivial diagram for the Lamb shift in
Fig. 2 after application of the mass logarithmic derivative.
Calculating this logarithmic derivative we differentiate the
operator in Eq. (8) and not the state vectors. Using mass
dependence of the explicit expression for the effective
potential in Eq. (11) we see that the subtracted fourth
diagram in Fig. 8 contributes ð−2ΔESEÞ to the Lamb shift.
This is the same mechanism as in the case of polarization
operator, compare discussion in Sec. III C 2 and Eq. (15).

3. Calculation of sidewise diagrams
for the EMT trace in Fig. 8

Like in the case of polarization operator sidewise
diagrams in Fig. 8 arise as derivatives of the state vectors
and analytically the contribution to the Lamb shift of each
of these diagrams has the form [compare Eq. (21)]

ΔE ¼
Z

d3rd3r0ψnðrÞVeff;seðrÞ½−iGrðr; r0; EnÞ�mγ0ψnðr0Þ:

ð57Þ

This contribution can be calculated analytically exactly
like in Appendix C. It is simpler to notice that the form of
the polarization contribution to the Lamb shift in Eq. (34) is
similar to the self-energy contribution in Eq. (12). Then we
immediately conclude [compare Eq. (35)] that each of the
sidewise diagrams in Fig. 8 contributes ð3=2ÞΔESE to the
Lamb shift.
Finally, we have shown that the diagrams in Fig. 8 arise

as logarithmic derivatives of the self-energy Lamb shift
diagrams in Fig. 2 and the total leading order contribution
of these diagrams, −2ΔESE þ 3ΔESE ¼ ΔESE, is the same.

IV. SUMMARY

We calculated the EMT trace contribution to the
energy levels of hydrogen in the one-loop approximation.
Graphically this contribution is represented by the diagrams
in Figs. 4 and 5. The tree contribution of the scalar vertexm
is just the Dirac energy level in Coulomb field Enj, see
Eq. (19). The self-energy type trace diagrams in Fig. 4 and
the polarization type trace diagrams in Fig. 5 in the leading
one-loop approximation generate the well known self-
energy and the polarization contributions to the Lamb shift
in Eqs. (12) and (16), respectively. In other words matrix

FIG. 10. External field expansion of one-loop self-energy.

6We can look at Eq. (55) from a slightly different perspective if
we write it in the form

Γð0Þ
m ðmÞ þmδZ2 ¼ δm −mγm: ð56Þ

In this form it emphasizes that the last term on the rhs cancels
contribution of the first diagram in Fig. 8. We again observe
cancellation of the anomalous contribution similar to the one in
the case of the anomalous term ðβ=2eÞF2.
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element of the anomalous QED EMT trace in Eq. (3)
reproduces, as expected, hydrogen energy levels with
account for the Lamb shift. Technically, the one-loop
diagrams for the EMT trace arise as logarithmic mass
derivatives of the standard Lamb shift diagrams in Fig. 1.
The only subtlety is that one needs to remember to
differentiate state vectors in the matrix elements.
Equality of the contributions of the two sets of diagrams
arises as a result of linearity in the electron mass of the
hydrogen energy levels in the nonrecoil approximation.
Calculation of one-loop radiative corrections to the EMT

trace for an electron in the Coulomb field was also
addressed by other authors [17,28,29]. The derivative
relationship between the diagrams in Fig. 1 and the
EMT trace diagrams in Figs. 4 and 5 was observed earlier
from another perspective in [29]. The diagrams in Figs. 4
and 5 with sidewise insertions of one-loop self-energy and
polarization loop were missing in [28]. The contributions of
the diagrams calculated there were obtained with wrong
coefficients and signs. As a result, the matrix element of the
EMT trace calculated in [28] did not reproduce the classic
expressions for the Lamb shift in Eqs. (12) and (16).
Thematrix element of the anomalous part of theEMT trace

Ta ¼
R
d3r½γmm0ψ̄0ψ0 þ ðβ=2e0ÞF2

0� (sum of the second
diagram in Fig. 4 and the last diagram in Fig. 5) was
calculated earlier in [17,29] is another way. In numerous
works Ha ¼ Ta=4 was included as a separate term in the
QED and QCD quantum field Hamiltonians and the respec-
tive contribution to the quantum state energy was called
quantum anomalous energy, see, e.g., [18] and references
therein. However, as we have seen above, dependence of the
one-loop matrix elements of Ha on the principal quantum
number n and the total electron angular momentum j [see
Eq. (29), the paragraph after Eq. (54), and also [17,29] ]
differs from the dependence of the one-loop Lamb shift
contributions on these parameters. Moreover, the sum of the
second diagram in Fig. 4 and the last diagram in Fig. 5
identically cancelswith the contributions of other diagrams in
these figures, and, hence, Ha does not contribute to the one-
loop shift of energy levels. Inclusion of Ha in the decom-
position of the quantum field Hamiltonian and, respectively,
the proton mass, was a subject of active discussion in the
literature, see, e.g., [15,18,19,29,46] and references therein.
Wrong parametric dependence and complete cancellation of
the quantum anomalous energy contribution to the hydrogen
energy levels in the one-loop approximation indicate that
decomposition of the QED Hamiltonian, which containsHa
as a separate term is unwarranted. On the other hand, we
expect that the QCD anomalous term ðβðgÞ=2gÞF2 does not
cancel and dominates in the chiral limit for light hadrons.
Respectively, this could justify decomposition of the QCD
Hamiltonian, which includes Ha, the anomalous part of the
EMT trace, as a separate term.
We believe that we presented above the first complete

calculation of the energy levels of hydrogen with account

for one-loop corrections (Lamb shift) as matrix element of
the EMT trace. We also explained diagrammatically and
analytically why two different sets of perturbation theory
diagrams generate identical results.
There remains a number of open questions on the matrix

element of the EMT trace as energy of a bound state at rest.
It would be interesting to see how such matrix element
reproduces hydrogen energy levels with account for hyper-
fine splitting and recoil, when there is a second mass
parameter and as a result the energy levels are not linear in
the electron mass any more.
With minor alterations the results above hold also for

positronium. In both cases energy levels of a bound state
are linear in the electron mass. The case of QCD is radically
different. The chiral limit is a good approximation for the
light hadrons, and the light quark masses give small
contributions to their masses. The dominant contribution
to the light hadrons masses is determined by ΛQCD. The
EMT trace in QCD is similar to the one in QED [see
Eq. (4)] and its matrix element at rest is also equal to the
mass of a bound state. Then we conclude that the dominant
contribution to the light hadron masses is provided by the
anomalous QCD EMT trace term ðβðgÞ=2gÞF2, which
canceled in the QED calculation above. On the other hand,
in the case of a heavy quarkonium the dominant contri-
bution to the quarkonium mass is supplied by the fermion
contribution to the trace, proportional to the heavy quark
mass. It would be interesting to trace out how relative
weights of the fermion and gluon contributions to the mass
of quarkonium change with decreasing quark mass, in other
words the evolution from “bottomonium to ρ-meson.” Of
course, this cannot be done perturbatively, but the lattice
gauge theory is probably an appropriate tool for this
problem, see calculations in [54]. One could also try to
make such calculations in QCD inspired strong interactions
models, e.g., in the instanton liquid model [55]. We hope to
address these open problems in the future.
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APPENDIX A: ONE-LOOP RENORMALIZATION
CONSTANTS

We use dimensional regularization (d ¼ 4 − 2ϵ) and
mass-shell renormalization scheme. QED Lagrangian in
this scheme is
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L0 ¼ Lþ δL

¼ −
1

4
F2
0 þ ψ̄0ði∂ −m0Þψ0 − e0ψ̄0A0ψ0; ðA1Þ

where

L ¼ −
1

4
F2 þ ψ̄ði∂ −mÞψ − μϵeψ̄Aψ ;

δL ¼ −
1

4
δZ3F2 þ ψ̄ðiδZ2∂ − δmÞψ − μϵeδZ1ψ̄Aψ : ðA2Þ

The renormalization constants are defined as

Z1 ¼ 1þ δZ1; Z2 ¼ 1þ δZ2;

Z3 ¼ 1þ δZ3; e0 ¼ μϵZ
−1
2

3 e;

m0 ¼ mZmZ−1
2 ; mZm ¼ mð1þ δZmÞ ¼ mþ δm;

δm ¼ m −m0 ¼ m −mZmZ−1
2 : ðA3Þ

In the one-loop approximation

Πregðq2Þ ¼ −
2α

π

Z
1

0

dxxð1 − xÞ
�
1

ϵ̃
þ ln

μ2

−xð1 − xÞq2 þm2

�
;

ΣregðpÞ ¼
α

2π

Z
1

0

dx

�
ð2m − x=pÞ

�
1

ϵ̃
þ ln

μ2

−xð1 − xÞp2 þ xλ2 þ ð1 − xÞm2

�
− ðm − x=pÞ

�
; ðA4Þ

where μ is the auxiliary dimensional regularization mass, λ
is the IR photon mass, and 1=ϵ̃ ¼ 1=ϵ − γ þ lnð4πÞ.
The one-loop counterterms in the mass shell renormal-

ization scheme are

δZ3¼Πregð0Þ¼−
α

3π

�
1

ϵ̃
þ ln

μ2

m2

�
;

mδZ2−δm¼ΣregðmÞ¼3α

4π
m

�
1

ϵ̃
þ ln

μ2

m2
þ4

3

�
≡δm;

δZ2¼Σ0
regð=p¼mÞ¼−

α

4π

�
1

ϵ̃
þ ln

μ2

m2
þ2ln

λ2

m2
þ4

�
;

δZ1¼−Λregð0Þ¼−
α

4π

�
1

ϵ̃
þ ln

μ2

m2
þ2ln

λ2

m2
þ4

�
;

δm≡δZmm¼mδZ2−ΣregðmÞ

¼ α

4π
m

�
−
4

ϵ̃
−2ln

�
λ2

m2

�
−4ln

�
μ2

m2

�
−8

�
: ðA5Þ

APPENDIX B: RELATIVISTIC VIRIAL
THEOREM IN QUANTUM MECHANICS

Let us prove that [51]

ðnjjβmjnjÞ≡m
Z

d3xψ†
njðxÞγ0ψnjðxÞ ¼ Enj; ðB1Þ

where we use quantum mechanical notation for the state
vectors, jnjÞ is a Dirac-Coulomb eigenvector, ψnjðxÞ and
Enj are the respective eigenfunctions and eigenvalues.
This relationship follows from a relativistic virial

theorem for the Dirac-Coulomb Hamiltonian H ¼
α · pþ βmþ VðrÞ, where VðrÞ ¼ −Zα=r.

We use the commutator relationships

½ri;H� ¼ ½ri;α ·p� ¼ iαi;

½pi;H� ¼ ½pi;VðrÞ� ¼−i∂iVðrÞjV¼−Zα=r ¼−iZα
ri
r3
; ðB2Þ

to calculate the commutator ½r · p; H�.
Matrix element of this last commutator in an eigenstate

of the Hamiltonian is zero, and we obtain

0¼ ðnjj½r · p;H�jnjÞ ¼ ðnjjr · ½p;H�jnjÞþ ðnjj½r;H� · pjnjÞ
¼ i½ðnjjVðrÞjnjÞþ ðnjjα · pjnjÞ�: ðB3Þ

Then

Enj ¼ ðnjjHjnjÞ ¼ ðnjjα · pþ βmþ VjnjÞ
¼ ðnjjβmjnjÞ; ðB4Þ

Q.E.D.
In the nonrelativistic limit the relationship hVðrÞi þ

hα · pi ¼ 0 reduces to the classical virial theorem
hVi ¼ −2hTi, compare [29].

APPENDIX C: CALCULATION OF THE
SIDEWISE DIAGRAMS IN FIG. 6

We use virial relationships derived in [52,53] to calcu-
late contribution of the diagrams with the sidewise insertion
of the polarization leg. In the notation of [52,53] (see
also [56–58]) the eigenfunctions ψμ

nκðrÞ of the Dirac-
Coulomb equation

½α · pþ βmþ VðrÞ�ψμ
nκðrÞ ¼ Enκψ

μ
nκðrÞ ðC1Þ

have the form
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ψμ
nκðrÞ ¼

�
gnκðrÞχμκðnÞ
ifnκðrÞχμ−κðnÞ

�
; ðC2Þ

where

χμκðnÞ ¼
X
m¼�1

2

�
l;

1

2
; jjμ −m;m

�
Yμ−m
l ðnÞχm;

χ
1
2 ¼

�
1

0

�
; χ−

1
2 ¼

�
0

1

�
: ðC3Þ

Here μ is the projection of the total angular momentum j,
l is the orbital momentum, m ¼ �1=2 is the projection
of spin one half, integer κ ¼ ð−1Þjþlþ1=2ðjþ 1=2Þ ¼
�ðjþ 1=2Þ ≠ 0. For κ > 0 ⇒ l ¼ κ and for κ < 0 ⇒
l ¼ −κ − 1. Integer κ determines l ¼ jκ þ 1=2j − 1=2,
and j ¼ jκj − 1=2. In other words knowledge of κ is
equivalent to knowledge of j and l, κ ⇔ ðj;lÞ. The
Clebsch-Gordan coefficient ðl; 1

2
; jjμ −m;mÞ above in

more standard notation is ðl; μ −m; 1
2
; mjj; μÞ.

Shabaev [52] gets rid of angular dependence and works
in terms of two-component “spinors” (radial functions)
which turn into zero at r ¼ 0 and r ¼ ∞

ϕnκðrÞ ¼
�
GnκðrÞ
FnκðrÞ

�
; ðC4Þ

where GnκðrÞ ¼ rgnκðrÞ, FnκðrÞ ¼ rfnκðrÞ. The functions
GnκðrÞ ¼ rgnκðrÞ and FnκðrÞ ¼ rfnκðrÞ are solutions of the
system of two radial equations [52]

dGnκ

dr
þ κ

r
Gnκ − ðEnκ þm − VÞFnκ ¼ 0;

dFnκ

dr
þ κ

r
Fnκ − ðEnκ −m − VÞFnκ ¼ 0: ðC5Þ

The scalar product in the space of two-component
functions ϕaðrÞ is defined as

hϕajϕbi ¼
Z

∞

0

drðGaGb þ FaFbÞ: ðC6Þ

Following [52] we will use below two-component radial
states

jnκi ¼
�
gnκðrÞ
fnκðrÞ

�
ðC7Þ

instead of four-component states jnlmi.
We will also use special notation ji; s; κ0; nκi introduced

in [52] for certain sums of matrix elements and states which
resemble typical first order perturbation theory corrections

ji; s; κ0; nκi ¼
XEn0κ0≠Enκ

n0

jn0κ0ihn0κ0jRs
i jnκi

Enκ − En0κ0
; ðC8Þ

where Rs
1 ¼ rs, Rs

2 ¼ σzrs, Rs
3 ¼ σxrs, Rs

4 ¼ iσyrs.
The basic virial theorem in Eq. (19) in this two-

component notation has the form (γ0 → σ3)

Enj ¼ m
Z

d3xψ†
njlðxÞγ0ψnjlðxÞ;

¼ m
Z

d3r
	
gnκðrÞχμ†κ ðnÞ;−ifnκðrÞχμ†−κðnÞ




×

�
1 0

0 −1

��
gnκðrÞχμκðnÞ
ifnκðrÞχμ−κðnÞ

�
;

¼ m
Z

∞

0

drr2ðg2nκðrÞ − f2nκðrÞÞ

¼ m
Z

∞

0

drðG2
nκðrÞ − F2

nκðrÞÞ;

¼ mhnκjσ3jnκi ¼ mB0
nκ;nκ; ðC9Þ

where (see [52]) B0
nκ;nκ ¼ Enκ=m.

To calculate the matrix element corresponding to one of
the first two diagrams in Fig. 6 we use perturbation theory
expression in Eq. (21). The matrix element in this diagram
is obviously symmetric with respect to the two-prong
vertex mγ0 and the perturbed Coulomb potential. We start
considering mγ0 as a perturbation. Then correction to the
Dirac-Coulomb state vector has the form

jnκið1Þ ¼
X
n0≠n

jn0κihn0κjγ0jnκi
Enκ − En0κ

: ðC10Þ

Notice that [see Eq. (C9)]

hn0jlmjγ0jnjlmi¼
Z

d3r
	
g†n0κðrÞχμ†κ ðnÞ− if†n0κðrÞχμ†−κðnÞ




×

�
1 0

0 −1

��
gnκðrÞχμκðnÞ
ifnκðrÞχμ−κðnÞ

�
;

¼
Z

∞

0

r2drðgn0κgnκ−fn0κfnκÞ

¼ hn0κjσ3jnκi: ðC11Þ

Then jnκið1Þ in Eq. (C10) in two-dimensional notation
has the form

jnκið1Þ ¼
X
n0≠n

jn0κihn0κjσ3jnκi
Enκ − En0κ

¼ j2; 0; κ; nκi; ðC12Þ

where at the last step we used Eq. (C8).
Next we use the expression for j2; 0; κ; nκi in Eq. (54)

from [53]
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j2; 0; κ; nκi ¼ 1

m
ðI − jnκihnκjÞðEnκiσ2rþmσ1rþ αZiσ2 − κσ3Þjnκi;

¼ 1

m
½ðEnκiσ2rþmσ1rþ αZiσ2 − κσ3Þjnκi − jnκihnκjðEnκiσ2rþmσ1rþ αZiσ2 − κσ3Þjnκi�: ðC13Þ

Explicitly in the matrix form

ðEnκiσ2rþmσ1rþ αZiσ2 − κσ3Þ ¼
� −κ Erþmrþ Zα

−Erþmr − Zα κ

�
: ðC14Þ

The second term on the right-hand side in Eq. (C13) is
proportional to the expectation value

hnκjðEnκiσ2rþmσ1rþ αZiσ2 − κσ3Þjnκi: ðC15Þ

Expectation values of the terms proportional to σ2 turn
into zero

hnκjðErþZαÞiσ2jnκi¼
Z

drr2ðErþZαÞðgnκfnκ−gnκfnκÞ

¼0; ðC16Þ

and the contribution of the other terms in Eq. (C14) is

hnκjðmσ1r − κσ3Þjnκi ¼ C1
nκ;nκ − κB0

nκ;nκ; ðC17Þ

where [53]

Cs
nκ;nκ ¼ 2

Z
∞

0

drrsGnκFnκ;

Bs
nκ;nκ ¼

Z
∞

0

drrsðG2
nκ − F2

nκÞ: ðC18Þ

Explicitly (see [53]) C1
nκ;nκ ¼ ð2κEnκ −mÞ=2m2 and

B0
nκ;nκ ¼ Enκ=m, and then

hnκjðEnκiσyrþmσxrþαZiσy− κσzÞjnκi

¼C1− κB0¼B0¼ 2κEnκ−m
2m2

−
κEnκ

m
¼−

1

2m
: ðC19Þ

Then j2; 0; κ; nκi in Eq. (C13) simplifies and in the
matrix notation with account for Eq. (C14) has the form

mj2; 0; κ; nκi ¼ ðEnκiσyrþmσxrþ αZiσy − κσzÞjnκi þ
1

2
jnκi;

¼
� −κ þ 1

2
Enκrþmrþ Zα

−Enκrþmr − Zα κ þ 1
2

�
jnκi;

¼
� −κ þ 1

2
ðEnκ þmÞrþ Zα

−ðEnκ −mÞr − Zα κ þ 1
2

�
jnκi ¼

�
g̃nκ
f̃nκ

�
; ðC20Þ

where

�
g̃nκ
f̃nκ

�
¼
�ð−κþ 1

2
Þgnκþ½ðEnκþmÞrþZα�fnκ

ðκþ 1
2
Þfnκ− ½ðEnκ−mÞr−Zα�gnκ

�
: ðC21Þ

In the four-component notation mj2; 0; κ; nκi the last
two-component state has the form

�
g̃nκχ

μ
κ

f̃nκχ
μ
−κ

�
: ðC22Þ

We are calculating matrix element

ΔEm;pol ¼ hnκjVeff;polmj2; 0; κ; nκi; ðC23Þ

where the radiatively corrected Coulomb potential in the
nonrelativistic approximation has the form [see Eq. (15)]

Veff;polðrÞ ¼ −
4αðZαÞ
15m2

δð3ÞðrÞ: ðC24Þ

In the nonrelativistic approximation and in the lead-
ing order in Zα we preserve only the large component
gnκ which turns into the Schrodinger-Coulomb wave
function gnκΩκm→ψnlm and calculating the matrix element
obtain

ΔEm;pol ¼ −
�
−κ þ 1

2

�
4αðZαÞ
15m2

jψnlð0Þj2: ðC25Þ
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This contribution is nonzero only for s states and κ ¼ −1 for all s states. Finally, we obtain contributions of each of the
first two diagrams in Fig. 6

ΔEa ¼ ΔEb ¼ −
3

2

4αðZαÞ4m
15πn3

δl0 ¼
3

2
ΔEVPðn;lÞ; ðC26Þ

where ΔEVPðn;lÞ is the total polarization contribution in Eq. (16).
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