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SUPERCONGRUENCES ARISING FROM RAMANUJAN-SATO SERIES

ANGELICA BABEI, MANAMI ROY, HOLLY SWISHER, BELLA TOBIN, AND FANG-TING TU

ABSTRACT. Recently, the authors with Lea Beneish established a recipe for constructing Ramanujan-
Sato series for 1/, and used this to construct 11 explicit examples of Ramanujan-Sato series aris-
ing from modular forms for arithmetic triangle groups of non-compact type. Here, we use work
of Chisholm, Deines, Long, Nebe and the third author to prove a general p-adic supercongruence
theorem through an explicit connection to CM hypergeometric elliptic curves that provides p-adic
analogues of these Ramanujan-Sato series. We further use this theorem to construct explicit exam-
ples related to each of our explicit Ramanujan-Sato series examples.

1. INTRODUCTION AND STATEMENT OF RESULTS

Using infinite series to approximate 7 dates back to Madhava of Sangamagrama circa 1400, and
was revolutionized by Ramanujan in 1914 [51] when he stated several rapidly converging series
formulas for 1/7 of the form

i (%)k(é)k(%)k(ak L) = %

k'3
k=0

for d € {2,3,4,6}, where \; are singular values that correspond to elliptic curves with complex
multiplication (CM), a,d are explicit algebraic numbers, and (a); denotes the rising factorial
(a)r = ala +1)---(a + k — 1)/'} Ramanujan’s formulas are all examples of special evaluations
of hypergeometric functions. They were proved in 1987 by brothers J. and P. Borwein [11] as well
as D. and G. Chudnovsky [17], and both approaches rely on the arithmetic of elliptic integrals of
the first and second kind, including the Legendre relation at singular values. Since the 1980’s series
of this type have been at the forefront of algorithms to compute decimal approximations of 7. In
particular, D. and G. Chudnovsky [17] established the record winning series

(@ (3)r (8)x (B)e (=1 \* _ 4268801/10005
(1) ng(;,k“) (1)3 53360 ) 135914097

where a = 545140134, b = 13591409. To date the current record of computing 10 digits of 7
was set by Emma Haruka Iwao on June 8, 2022 [27] using . Generalized series of this form,
in which the parameters are related to modular forms, are now called Ramanujan-Sato series after
Sato [55], whose formulation in 2002 of a new example of this type renewed interest in the area.
In 1997, Van Hamme [62| developed p-adic analogs of several Ramanujan type series for 1/m.
Analogs of this type are called Ramanujan type supercongruences, and relate truncated sums of
hypergeometric series to values of the p-adic gamma function. Ramanujan type supercongruences
have been a rich area of study, see for example [68| 24] [41] [60] (50, [9]. In 2013, Chisholm, Deines,
Long, Nebe, and the third author [16] prove a general p-adic analog of Ramanujan type supercon-
gruences modulo p? for suitable truncated hypergeometric series arising from CM elliptic curves.
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IWe note that in fact, a similar identity was given even earlier by Bauer [§].
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Recently, the authors with Lea Beneish [6] established a recipe for constructing Ramanujan-Sato
series for 1/m, and used this to construct 11 explicit examples of Ramanujan-Sato series arising
from modular forms for arithmetic triangle groups of non-compact type. In this article, we establish
supercongruences related to Ramanujan-Sato series given in [6] motivated by the work of Chisholm
et al. [16].

For series of 1/7 that arise via modular forms for a group I' such as in [13] [15] (6], there is a
connection between the series and known p-adic analogs through families of elliptic curves whose
monodromy group is I'. Inspired by Chisholm et al. [16], we make this connection explicit through
hypergeometric evaluations. In fact, it motivated us to revisit [16, Theorem 2] using arithmetic
properties of elliptic families.

1.1. Notations for main results. We use the following notation for the hypergeometric functions
appearing in this work. Given « € C, n € N, b = (by,...,b,) € (C*)", define

Lo 0 py oo by, b)) - -+ (by,
(1.2) Fap(2) = npiFu| @ | 7 2| = (ak+ 1)Mzk7
ES 1 e 1 >0 (1)2

(0%
where the 41 F), is taken to be the limit as & — 0 when « = 0 (yielding an ,,F},—1). We further
write [F,p]n(2) to denote the truncation of the series (1.2)) at 2.
When we evaluate this truncation [F, p|ny for some A, i.e., the function F' written as a series,
truncated at the zV term, and then evaluated at \, we write
N
b))k - (bn)k
Fasly() = 3 (b + 1) nk

n
k=0 (Di
For d € {2,3,4,6} let Ed(t) denote the following families of elliptic curve parameterized by t,
Ey(t): v = a(l—2)(x — 1),

A\

g ¢
Es(t): y* +ay+ =y = 2°,

2
~ t
Bi(t): v =a(e® +a+ ),
3 t

Es(t): v’ +ay=x -~ B

a-1,(t) is a fundamental period for Eq(t)

7 d

We note that with this notation we have that 7 - F|, (
for d € {2,3,4,6}.
A curve E over a number field K has CM if its geometric endomorphism ring End@(E) is an

=

order of an imaginary quadratic field. For ¢ such that Eg(t) has CM, set A = —4t(t — 1) and assume
|A| < 1 for any embedding. Then as discussed in Chisholm et al. [16], there exists unique algebraic
numbers «, é depending on d and A such that

d—
(1.3) kgo(ak‘ + 1)(5”(5]2;“3(611)’“% - g

Moreover, specific CM values of A\ as well as the corresponding «, d can be computed from data of
the Borweins [11]. Using the notation introduced above, (1.3 can also be rewritten as the following

product (see Lemma|2.7)),
1)

Fo 250 (®) Fop 3,021 (8) =

2We note that our definition for Eg(t) differs by a sign from that in [16]. This choice makes some of our results
cleaner and more consistent with other d values, and does not affect the results in [16].
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where t = 1= V21_>‘7 ag = 20{(_12_;), and ¢ is a unique algebraic number depending on t.

Additionally, the Ramanujan-Sato series constructed in [6] can be written in the form

(1.4) g =3 (ak + 1) 4N = Fop(A) - Frap(N),

k>0

for parameters §, a, b, A, where Ay, is defined by >, Apz* = Fyp(2)? (see (2.11)). The 11 explicit
examples of Ramanujan-Sato series given in [6], rewritten from this perspective, are described by
the data in Table which uses some notation from Corollary below.

Ex. in |6] o N an b A 1 d
4.2 2V/3 3] 3vV2+4 53 | §3-2v2) | t3-2V2) |4
4.3 V2 5 11204+9vE)| 12 | L(9-4V5) | £(9-4V5) |4

13 1 1
4.4 V3 3 4 3 -3 -3 4
45 8 5 13(10+4vE) | 4.3 | $(2—V56) | 1(2—+5) |4
4.6 33 2 | 3(v2+1) | 32 | 22-Vv2) | {2-V2) |3
47 2v2+3 2 | 4+2V2 33 3-2V2 3-2v2 |2
5°T(5)°T(§) 14 115 27 1 7
5.2 39/2573 2 3 2156 25 2 5v0 | O
2 1\6
53 e 3] % 3ed| d | b |6
1 5 7 11
R e U et 2 IS 0 SN S N S L
5 | TGDMGRGUNAD o | 3 443 4 | d-gg |3
T Y ) 2v/2
56 325 (F)T(F)T ()T (%) 5 33 11 2 4 111 3
) 2873 3 27373 125 2 10v/5

TABLE 1.1. Ramanujan-Sato Example Data

Corollary 1.1 (Corollary of [6] Theorem 1.1]). Let I' be a discrete subgroup of SLa(R) commen-
surable with SLo(Z) such that (§1) € T, and let X(7) be a Hauptmodul of T. Let Z(1) be a

weight k modular form for I' such that %m.% =U(1)X(7)Z(T) and when T € D, a domain of H,
Z(1) = Fon(X(1))? for b € Q. Further assume there exists v = (2 %) = ———A, € SLy(R)

\/det Ay
for some A, € My(Z) such that

(Z]k) (1) = £Z(7).
Set M (1) := Z(1)/Z(NT) for N € N satisfying (1 —N) € Z, and let o = ¢ + C\}N. Set v(1y) as
the special value v(To) = U(70) X (70) (%) ‘X:X(m)-
Then if y10 = ¢ + @ €D, we h(w

C

%N = Fyp(X(770)) - Faayb(X(v70)),

where Oy = ;ﬁﬂ, and any = %%m).

3For the case where 7o € D a similar result can be stated, but we omit this here.
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Remark 1.2. We note that the form given in [6] Ex. 4.2 - 4.6] is different than (1.4), but using
Comllary we can rewrite them in the form of (1.4). For instance for [6, Ex. 4.2] we do this by

setting Z(1) = Fop(t2(1)/(t2(7) — 1))% with b = (1/4,3/4) and X (1) = to(r) using the notation

tQ(T)—l ’
in [6], which yields that U(1) = 1_t12(7) =1-X(7) and

dMN:N<d(§§§) Y1-Y) (1-2Y) dX Y(1—Y)(1—2X)>

dx dX X1-X) X1-X) dY  X2(1-X)?

This works similarly for [6 Ex. 4.6] with b = (1/3,2/3) and t3(T) in the place of ta(7). The form
gwen in |6, Ex. 4.7] matches (1.4), so we apply C’orollary with X(7) = teo(7) and U(T) =
1—X(7).

1.2. Statement of main results. We can now state our main theorem.

Theorem 1.3. Let d € {2,3,4,6} and set b = (3, d%dl), orb= (31 d%dl). Suppose X () and

Z(1) = Fon(X(7))? satisfy all of the conditions in Corollary with v = (¢2%,) and 7o =

C a

¢+ C\}N’ and furthermore if X = X (y7), then Fyp(N\) = Fo,(é,%)('“)rf where r =1, = \ when
b= (3%, andr=2, p= 7&517/\ when b = (3,1 421y,

Assume that Q()\) is a totally real field, |\, |u| < 1, and Eq4(p) has CM (equivalently o is a CM

point). Let p be a prime such that X (79), A\, an can be embedded into Ly, and p is unramified in

Q(u). Suppose that Ed(u) has good reduction modulo p. We then obtain the following congruences.
Ifb=(3,%2), then

P if Ed(,u) s ordinary at p 9
1, - F 1y p—1(X = ~ od p“),
0,(1,41) 204N,($»d71)]p 1(X(y70)) {—p if Eq(p) is supersingular at p (mod )

-

where if pt 2N, this simplifies to

Dy, if Eq(p) is ordinary at p and (1=2) =1
- (%d) puy if Eq(p) is ordinary at p and (=2) = —1 (mod %),
0 otherwise

where uy 15 a fived p-adic unit root of the geometric Frobenius at p acting on the first cohomology
of the elliptic curve Eq(u), and ko = —1, ks = =3, ky = —2.

Remark 1.4. We note that work of Beukers (see Theorem as well as computational observa-
tions indicate that the series obtained from Theorem holds modulo p> in some cases but not for
others. See Section[6] for further discussion.

In addition to Theorem which is a general statement, in Section [4] we provide specific
examples using the Ramanujan-Sato series given in [6] (as in Table [L.1).

Hypergeometric functions, such as those appearing in Ramanujan-Sato series as well as their
p-adic truncations and also those over finite fields, encode abundant information on the arithmetic
invariants of hypergeometric motives such as their periods, Galois representations, and the p-adic
unit roots of the local L-functions due to Dwork’s unit roots theory. They are also closely connected
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to modular forms through the modularity theorem and the differential equations satisfied by certain
modular forms (see [14} 22} [52] 64} [15], for example).

Using Theorem we prove a few results in Section [5] connecting the hypergeometric functions
appearing in the series in [6] Ex. 5.2 - 5.6] with Galois representations and special L-values of
modular forms of weight 3. For instance, specific examples of Corollary [5.1] give us the following
result.

Corollary 1.5. For primes p > 7,

= ap(fs0039a) (mod p?)

= a,(f300395) (mod p?)

= ap(faazns) (mod p?)

= ap(fiz3.ap) (mod p?),

)
)
> = ap(f2a3ha) (mod p?)
)
)

where the subscripts on the modular forms f above are their LMFDB labels [39] and a,(f) is the
pth Fourier coefficient of f.

Corollary which is proved in Section uses modularity of CM elliptic curves and L-functions
to give values of truncated hypergeometric functions in terms of Fourier coefficients of modular
forms. We also obtain in values of the corresponding untruncated hypergeometric functions
both in terms of periods Qg , and conjecturally special L-values of these same modular forms.

1.3. Outline of the paper. The rest of this paper is organized as follows. In Section we describe
the connection between the hypergeometric evaluations for 1/7 given by Beneish and the authors
in [6] and their p-adic counterparts provided in Theorem through the study of hypergeometric
elliptic curves and modular forms associated to certain triangle groups. We also provide several
lemmas needed for the proof of Theorem In Section (3| we prove Theorem In Section
we give 11 examples of Theorem which stem from applications of [6f Thm. 2|, as well as 4
different examples of supercongruences obtained by directly applying Theorem to the series in
6l Ex. 4.2 - 4.5]. In Sectionwe describe connections between hypergeometric functions of the
form Fo,( 11 d-1) and weight 3 modular forms, modular Galois representations, and special L-values

of weight 3 modular forms. We further discuss modulo p? supercongruence conjectures and results
in Section@ In the Section Appendix, we provide an explanation of Theorem through the
arithmetic properties of hypergeometric elliptic families, and further record some parallel results
in terms of finite hypergeometric functions introduced by Beukers, Cohen, and Mellit [10], which
allow us to see the supercongrunce in Theorem from a character sum perspective.

1.4. Acknowledgements. This material is based upon work supported by the National Science
Foundation grant DMS-1928930 while the authors were in residence at the Simons Laufer Mathe-
matical Sciences Research Institute in Berkeley, California, during the summer of 2023. The third
author is further supported by NSF grant DMS-2101906, the fifth author by NSF grant DMS-
230253, and the fourth author by an AMS-Simons travel grant. The fifth author was hosted at
Oregon State University during the fall of 2023 while working on this project. The authors would
also like to thank Michael Allen, Frits Beukers, and Ling Long for their helpful discussions, as well
as the referees for their comments which improved the paper.
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2. HYPERGEOMETRIC ELLIPTIC CURVES AND TRIANGLE MODULAR CURVES

The connection between the hypergeometric evaluations for 1/7 in [6] and their p-adic version
in this paper arises from the moduli interpretation of such hypergeometric elliptic curves.

In particular, a group I" € {I'(2),T¢(3),I'0(2)} is a monodromy group for a family of elliptic
curves as given in Table where t is the Hauptmodul of I" taking values at 0, 1 at two of the
cusps and having a pole at the elliptic point of the other cusp, and Ejy4(t) is a family of elliptic
curves over points in Xp for ¢t # 0,1, 00. In Table We also provide the element W lying in the
normalizer of the group I' that switches the elements ¢ and 1 —¢. For the d = 6 case, the function

TABLE 2.1. Families of hypergeometric elliptic curves

Eq(t) b r w
By(t):t =z —a)z—t) | 5, H| 1@ | (93)
Es(t): g +ay+ gy =2* | (5,3) | To®) | F5 (57
Eit): = +a+d) | (19| T | 5 (37)
Eo(t): P +ay=2°— 45 [ (53| - -

t is related to the modular group PSLo(Z) by 4¢(1 —t) = 1728 /4, where j is the usual j-invariant,
the Hauptmodul on PSLy(Z) with j(i) = 1728, j(¢3) = 0, and j(ico) = oco.

2.1. Hypergeometric CM Elliptic Curves. The main result of Chisholm, et al. in [16] is as
follows.

Theorem 2.1 (Chisholm, et al. [16] Theorem 1]). For d € {2,3,4,6}, let A\ € Q such that Q()\) is
totally real, the elliptic curve Eg(B=2 VQI_)‘) has CM, and |\| < 1 for any embedding of X to C. For

each prime p that is unramified in Q(\/1 — X) and coprime to the discriminant of Ed(ki Vzlf)‘) such
that o, X give a series of the form (1.3) and can be embedded in Ly (and we fix such embeddings),

then
1—-A

[Fa,(%7i7ﬂ)]p—l<)\) =sgn - (

d

) -p (mod p?),

where <%> is interpreted as a Legendre symbol over Z,, which is possible since X can be embedded

in Zyp, and sgn = %1, equaling 1 (or —1) if and only if Ed(lii Vzl_)‘) is ordinary (or supersingular)
at p.
As discussed in [16] Remarks 1 and 2|, this congruence also holds when |A| > 1 and has been

conjectured by Zudilin to hold modulo p? [24] [26] [68]. See, for example, [9] [47] [68][25] for some
confirmed cases. The following is a companion to Theorem

Theorem 2.2. (Revision of |16l Theorem 2]) Assume the notation and assumptions in Theorem

Then,
[Fo a1 an)lp1i() = L (mod p?),

where -
0 if Eq(= 21_)‘) is supersingular at p
L= u]% if Ed(l— 21_)‘) s ordinary at p and % =1,
(%) ul if Eq(*= 21_)‘) is ordinary at p and 1;% =1,
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and in the ordinary case, u, is a fized p-adic um’t root of the geometric Frobenius at p actz’ng on
the first cohomology of the elliptic curve Ed(l v ) and ke = kg = —1, ks = =3, kg =

We note that the statement of [I6] Thm. 2] is missing the case when (%) = —1. A proof of this

missing case is supplied in the Appendix We further note that computationally Theorem
appears to hold modulo p? for ordinary primes, however for supersingular primes the result only
holds modulo p? generically. This is discussed further in Section

The proofs of Theorems and given by Chisholm, et al. in [16] utilize the connection
between periods of elliptic curves and formulas for 1/7 and their p-adic versions. We summarize
these ideas here. B

Recall that the de Rham space H}p(FE4(t)/C[[t]]) is 2-dimensional, where one of its spanning
vectors is given by the class w; of the standard invariant holomorphic differential 1-form (modulo
exact forms). Another spanning vector can be obtained via the Gauss-Manin connection. For
the families of elliptic curves Ed(t), such a vector is given by 0wy, where J; denotes the partial
derivative with respect to ¢ [59][29] [30] (31} 43} [65].

On the other hand, if Ed(t) has CM, then its endomorphism ring R corresponds to an order
in an imaginary quadratic field K = Q(v/—D) with —D a fundamental discriminant. Moreover,
R induces an action on H}, R(E'd(t); C|[[t]]) for which w; is a common eigenvector. By Chowla and

Selberg [56], for any C € Hj(Eq4(t),Z), the period Jo we satisfies

(21) / thWQK,
C

where ~ denotes equivalence up to multiplication by an algebraic number. Here, Qi € C* is
uniquely determined by K provided by the so-called Chowla-Selberg formula (see for example [56]
or [12] §6.3]),

D—-1 . i),
o 1 j x(7) ih
(2.2) Q= 7 IIr <D> ,

where n is the order of the unit group in K, y is the quadratic Dirichlet character modulo D for
K, and h is the class number of K.
There is another common eigenvector 14 for the action of R on

Hpp(Ea(t); Cl[t]]) = Spang ({[w], [0r]}),
which is coming from a differential of the second kind. From the Legendre relation as well as work
of both Masser and Chowla—Selberg [56],

(2.3) /wt /l/t~7r,

and there is a unique algebraic number ¢; such that v, = wy + ¢t - tOpws.

The p-adic analog of follows from the formal group of the elliptic curve. See [58] Ch. IV]
for background on formal groups, and |37} (59| for details on the role formal group laws play in the
existence of congruences. Expand

(2.4) = ar(n)g"d¢ and = b(n)g"de,
n>0 n>0
where £ = —% is a local uniformizer of Ed(t) at infinity over Z,. For a fixed algebraic integer ¢ of
degree n over F,,, we denote by
(2.5) A= W(F, (1)),
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the ring of Witt vectors of Fp,(t), which is isomorphic to Zy[(yn—1], the ring of integers of the unique
unramified extension of degree n over QQ,. For the cases explored in this paper, we either have
A = Zjp, or A is the maximal order in the quadratic unramified extension of Q.

When the parameter ¢ is specified at values u, the elliptic curve E‘d(u) has eigenvectors for the
action of R given by w := w, and v := v,. In this setting we drop the subscripts to simplify the
notation. Moreover, via the isomorphism in [32] Lem. 5.1.2], we can identify w and v via their
formal integrals by

(2.6) w= Z a(nnl)gn and v= Z b(nnl)ﬁn.

n>1 n>1

Following [16, Prop. 16] and [32] Thm. 6.1], we obtain the following p-adic version of (2.3).

Lemma 2.3. Suppose b = (é, d%dl), and Ed()\) satisfies the conditions of Theorem Then,

if ]?d()\) is ordinary at p (mod p?)

a@—nwp—wz{p

—p if Eq(X) is supersingular at p
Proof. We observe that using the notation of Chisholm et al. [16], A = Z,, w, v are eigenfunctions
of the endomorphism ring R of the elliptic curve, and from the proof of [16, Thms.1,2], there exists
a degree p (resp. p?) Frobenius lifting ® that commutes with the induced action of R on the de

Rham coholomogy in the ordinary (resp. supersingular) case. Thus, we can apply Katz [32] Thm.
6.1] to obtain

a(p® —1) —tr(®)alp—1) +p=0 (mod p?),

Here this corresponds with [16] (5.1)] with o the identity map, r = 2, n = 1 and furthermore, w

is annihilated by ®2 — tr(®)® + p. As this is the same setting as [16, Prop. 16], this time Ez(\)
being defined over Q(A) and p > 3 such that Q,(\) = Q,, following the proof directly yields that

if E4(\) is ordinary at p

~ mod p?).
—p if E4(X) is supersingular at p ( P

a@—lw@—d)z{p
]

2.2. Implications of modularity. The modularity of the functions Z(7) in Corollary allows
us to obtain information related to the elliptic curves in Table In , we write 7 in terms
of periods of elliptic curves. We can make this connection explicit via modular forms expressed
as hypergeometric series. The Picard-Fuchs equation of E4(t) has holomorphic solution around
t =0 given by F(t) := Fo,(é,%)(t) (see [5]). Suppose we choose a Hauptmodul #(7) of T such that
F(t(7)) is a weight 1 modular form, and consider the elliptic curve Eg((z)) for a fixed CM point
2o € H. It follows from and the definition of Qx that we can choose a suitable 1-cycle (path)
C such that given w, i.e. the standard invariant holomorphic differential 1-form on Ed(t(zo)), then

Lo~ P,

where ~ denotes equivalence up to multiplication by an algebraic number. One can restate (2.3)
by considering the quasi-period

for= (o fevmfe)

8

t:t(zo)



for a specific algebraic number B 6@. Thus with zp as above such that F(¢(zg)) # 0, there exists
a unique algebraic number B(zp) € Q such that

dF 1
(2.7 Flatao) (#5 ey + BGo)F(t0) ) ~ 2.

™

From the proof of [16} Lemma 9], the specific value of B(zp) is given by
dr 1 dF 1

2.8 B(zy) =—-tlz0)— | =————— - .

(28) (20) = ~t(z0) (F(t(zo)) dt |_y(zy) 4771111(20))

By the uniqueness of B(zp), (2.7) is the hypergeometric analog of (2.3) and we can explicitly
write the quasi-period fc v as

™ Jo v “0 dt
with B(z) as above.

We further obtain the following lemma to certify that our hypergeometric evaluations are the
periods and quasi-periods coming from the eigenvectors of the endomorphism ring of the associated
CM elliptic curve E4(X (zp)) given in Corollary

» )+ B(20) F(t(20)),

Lemma 2.4. Suppose X(7) and Z(1) = Fy @)(X(T))2 satisfy all of the conditions in Corol-
a4
s

lary|1. 1{ with v = (¢ 2 ), and 70 = ¢ + —— is a CM point with yro € D. Then,
c —a c C\/ﬁ

2oy = X X (7).
N = Bl € Q(X(y70), X(70))
Proof. Recall we define f' = z=9. Set F(X) := F, 1 a-1)(X), and Z(X) = F(X)%. Then
Nd’ d

% = %%Z Since y79 € D, we have from (2.8), that

X(ym0) <1Z/(770) 1 ) '

—Blym) = X' (v10) \2 Z(v70) B 4 Im(y7)

Thus using [6, (17)], we obtain

o= 305 (o av (57 o) 52

)
X(vymp) 1 e dM X'(r9) 1 € dM
_ ,7 0) & N X/(T()) _ X(’YTO) , ( 0) Lo AN
X'(y70) 4N N dX | x_x(ry) X'(y10) AN N dX | x_x(r)

XUZ(T()) 1 EdMN —NZ(TO)XU(TO) 1 EdMN

= X)X 20 INN dx XX (m) = Xm0 XU () INN dX X—X(m)
_ _ZSV[S'](TO) X(T())dMN _ ()
(v70) dX X=X(70) ANU (v70)
B 1
=~ Zan’
As in Remark we have in these cases that U = 1 — X, and thus the value aj is indeed in the
field Q(X (y70), X (70))- O

We next observe the following useful lemma.
9



— 2 o4 PES
Lemma 2.5. Suppose X (1) and Z(7) = F07(%’é’%)(X(T)) satisfy the conditions in Corollary

) a
with v = (a ,ba), and 1o = ¢ + C\}N is a CM point with yr9 € D. Then

)
N c®

i (X(m0))

Proof. Recall that from the classical result of modular forms with CM-values (see |16} Proposition
5], [18] §5.10], or |66} Proposition 26] for example), if f is a meromorphic modular form of weight
k with algebraic Fourier coefficients at a CM point zg € K N H, then

f(z0) ~ Q.
In the cases under consideration, the modular form Z(7) is a weight 4 modular form whose Fourier

expansion has integer coefficients. Therefore Z(y1y) ~ Q‘}(, where K = Q(c¢v/—N). Also, from the
expression of dy in Corollarywe have

F
0,(3,%,

dM.
U(T(])X(T()) <CLX{V> ’ ( )6N ~ 1,
X=X (19

where X (79), (dM—N) ‘X—X(To) are algebraic numbers, and UZ(7) = % o dX Since UZ(7) =

27 dt
% 2}” CCIZ)T( is a meromorphic modular form of weight 2 and has integer Fourier coefficients, we have

UZ(TO) ~ QK
Together with the fact Z(7p) ~ QJ, the identity tells us that U (o) ~ Q%> and hence

(L 14
2°d’ d

0

We now state the following crucial result which is an analogue of [16l Prop. 16] and is used in
the proof of Theorem

Proposition 2.6. Suppose X(7) and Z(1) = Fyp(X(7))? satisfy all of the conditions in Corollary

with'y:(f:‘_ba),andm:% Al P

satisfy all of the conditions of Theorem Let a(n) and b(n) be defined by . Then, we have
that

0,(%, dT)] 1(#)  (mod pr[,u])a
Byt s (1) [FCM,@,%LH(/J) = a(p—1b(p—1) (mod p*Z,[u),
where
) 2an if p= A
Cu 40111\;_(;;“) 405]\](11;_1,2\(1—2/0 zf,uz 1+ 17/\.

Before we prove this proposition, we need a couple facts about power series and derivatives. For
a power series f(2) =) ;5 ex2® € C[2]),

(2.9) S (ak + D et = £(2) +az-L 1 (2),

dz
k>0
and thus for the hypergeometric functions defined in (1.2)),

d
(2.10) Fap(2) = Fop(2) +az—Fop(2).
10



If Fop(2)? = Y ps0 Ax2", then from (2.9) and (2.10) we have

d
(2.11) Z (ak: + 1) Akzk = F07b(z)2 + 2azF07b(z)%F0,b(z) = F07b(z) . F2a,b(z)-
k>0
In [16} (3.5)], the authors show that for A such that both sides converge,
2
1+v1-=A
(212) FO,(%,C,l—C)(A) = FO,(C,]_—C) (2) :

This enables us to show the following.
Lemma 2.7. Set t = 1=v1=2 V21_A, so that A = —4t(t — 1). Then, when both sides converge,
Fm,(%,c,l—c) ()\) = FO,(CJ*C) (t) ’ Fa27(071*6) (t)’

2a1 (171‘/)
1-2t

Proof. Using and , we obtain

where ag =

d
Foy (210N = Foci-o) () + alAaFO,(c,l—c)(t)Q
) dt d
= FO,(C,I—C) (t) + 2a1FO,(c,1—c) (t) ’ )‘a ’ aFO,(C,l—c) (t)
2a1(1 —t) d
2 1
= Fy(e1-0) ()" + 97 Folei-o (t) t@FO,(c,lfc) (t).
Thus applying (2.9) gives the desired result. O

We now prove Proposition [2.6]

Proof of Prop. As in §2.1|and (2.4), consider the differentials w; = >, g a:(n)€"d¢ and vy =
wi + ¢t - 0w = ano bi(n)&"d¢. By |16, Lemma 12],

(2.13) a(p—1) = [Fo,(
On the other hand,

a=1)]p-1(t) (mod p).

1
d’ d

d
(2.14) bilp—1)=a(p—1)+c - tﬂat(p -1)
d
= [FO’(é7d;dl) +c - t%F&(%?%)}p_l(t) (mod p)

Next, we show the congruence relations at fixed ¢ = y where Ed(u) has CM. The differentials
wi=wy, = Z a(n —1)§"d¢, and v:i=v, = Z b(n —1)£"d¢

n>0 n>0

are non-parallel common eigenvectors for the action of End(Ed(u)) on the first de Rham cohomology
group HJp(E4(p)/A). Here A is the ring of Witt vectors W (F,(x)) as defined in (2.5), which is
isomorphic to the ring of integers Zy[u] of Qp(u).

The first congruence relation then follows immediately from (2.13), and we obtain
(2.15) a(p 1) = [Fy 1 )] 1) (mod pA),

d

where A = 7Z,[u] and we note that A = Z, when p = \.
11



To show the second congruence relation, we examine the unique value ¢, = ﬁ, where Ed(u)
has CM by zp = y79 and B(zp) is as in . In order to write ¢, as a function of ay, note that
since the value ay depends on Z(7) (see Corollary , and therefore on b, then the expression
of ¢, as a function of oy will depend on whether ;1 = X or p = @ When p = A, the value
Cp = % = 2ay is given by Lemma and . When p = &\éﬂ, from we have that

¢y is the unique algebraic number such that

1
— o~ Fyo ey F o e (n)
Lem
= )
where ¢}, = ng:i’; ). From Corollary , we obtain
1 ON
(2.16) T F e e
0,(3,3, 7%

By Lemma , F(S—N(/\) is algebraic, and the uniqueness of ¢, gives that cL = 2ay, and thus
)

04447+
Cp = %. Therefore, |2.15|together with the specific expression of ¢, gives
(o1, a=nylp1() - [F, (1 a=1y]p-1(p) = alp = 1)b(p = 1) (mod pA).

In order to show the second congruence relation modulo p?, we consider separately the cases
when Ed(#) is supersingular or ordinary at p. When Ed(,u) is supersingular, the congruence follows
as in [16} Proof of Proposition 16] by using the action of the multiplication by —p on Ed(y). When
E’d(,u) is ordinary at p we use the action of the multiplication by w, (the unit root given in Theorem
i on E’d(u) as in Remark H Then the congruence follows from Case 1 of the proof of Theorem

when p can be embedded in Z,, and from Case 2 of the proof of Theoremwhen 14 can not
be embedded in Z,. In each case, we obtain

[Fo,(1,a=0)p1 (1) [F, (1 ao1)]p1(p) = a(p— Db(p— 1) =sgn-eup  (mod p*A),

C,U«’ a’

where sgn = 1 (or —1) if and only if E’d(,u) is ordinary (or supersingular) at p, and ¢, = =1 if i
can not be embedded in Z, and €, = 1 otherwise.
O

3. PROOF OF THEOREM [L.3]

Before we prove Theorem we need a few results about p-divisibility of our hypergeometric
coefficients and truncating hypergeometric products modulo p? and p3. We use the following
notation. For d € {2,3,4,6}, and p > 3 prime, define positive integers r4 and sq by

p—1 ifp=1 (mod d)
3.1 =1
(3.1) rd {p(gl) ifp=-1 (mod d)
% ifp=1 (mod d)
Sd *= \ (d—1)p—1 i =
==t ifp=-1 (mod d).

12



We first note that for p an odd prime and k a nonnegative integer such that Z%l <k<p-1,
1
(2)
(1

Chisholm, et al. [16} Lemma 17] further give that for d € {2, 3,4,6} and p an odd prime coprime

(3.2) =0 (mod p).

to d,
(3.3) (2)i (“ZH)x _ [0 (mod p), but £0 (mod p?) if rg <k < sa,
‘ (1)2 ~ 10 (mod p?) ifsgy<k<p-—1.
Considering > 7%, cx2® = (372, akzk)(zzo_o br2*), we observe that truncating at p — 1 gives
p—1 k
chz = Z Za]bk ]z
k=0 j=0

whereas truncating individually and taklng the product gives

p—1 p—1 p—1 &k
(3.4) (Zakzk> (Zbkzk> Z Z a;by_;z —ZZajbk Jz + Z Z a;by— ]z
k=0

k=0 k=0 0<j<p—1 k=0 j=0 k=p j=k—(p—1)
0<k—j<p—1
p—1p—1 p—1 p—1p—1—k
_ D4k _ D+k
Zw +D > abp-1--02 "= et 1Y Y kb2
k=1 j=k k=0 k=1 j=0

These observations allow us to prove the following lemma which is necessary for our proof of
Theorem [L.3]

Lemma 3.1. If p > 3 is prime and o € Q such that a can be embedded into Zy (and fizing such
an embedding),

(mod p?) if b = (
(mod p?) if b= (

3 dT)
1d
@ T
Setting o = 2ay and p = H[V A using the notation of Theorem. it then follows from
Lemmas [2.7] n 7|and Proposition m that
[FQQN,(%,é,d%‘ll)]pfl(A) = [Fo,(; d— 1)]p 1(p) - [ch(é,d%dl)}pfl(ﬂ) =sgn-e,p (mod p*A).
Thus, since [F. %)]p,l(k) and sgn - €, p are both in Z,, we have from Propositionthat

11
20‘N7(§7E?

[Fob - Faplp-1(2) = [Foplp-1(2) - [Faplp-1(2) {

NOI—= Q=

[Foa,(2,,41)lp-1(X) =sgn-eup  (mod p?).
Proof of Lemmal[3.1] Let d € {2,3,4,6} and set b (%, dd ), or b= (3,1, d%dl). Write Fyp(z) =

Zkzzo apz* and Fop(z) = Ekzo biz". Then by (3.4), we have

[Fob - Faplp—1(2) = [Foplp—1(2) - [Fanlpi( Z Z g jbp—1y—32 P,

It follows from that by, = (ak + 1)ag. Since a can be embedded into Z, it suffices to show for
1<k<p—land0<j<p—1—kFkthat Aot O is congruent to 0 modulo our desired power
of p.

Using the notation in , we consider when p — 1 — j is in the intervals (0,74], (74, Sq], and
(s4, p — 1] separately.

p—1)—j

13



1\ (d—1
First, we consider the case when b = (é, d%dl), so that aj, = % When p—1—j € (sq,p—1],
k

(3.3) directly gives that a,—1—; =0 (mod p*). Whenp—1—j € (0,rq], then sg =p—1—ry < j <
p — 1, which implies that sq < j+k < p—1, so (3.3) gives that aj4; =0 (mod p?). Now suppose
p—1—7 € (rqg,sq]. Then, we have

rq=p—1—83<j<p—1—1rg=s54

Thus, we have that p—1—j € (rg4, sq] and also that j+k € (rq,p—1], so (3.3 gives that a,—1_; =0
(mod p) and ag4; =0 (mod p).

1y (1) (d=1
Next, we consider the case when b = (1,1, 41 so that a, = M. From the previous
27 d’ d (1)
k
1 d—1
case, we have seen that % = 0 (mod p?) for p—1—j € (0,p — 1]. Thus it suffices to
_ W), 4
show that when p — 1 — j € (0,p — 1], either % = 0 (mod p) or é)):g = 0 (mod p). If
1
p—1—j¢€ (E,p— 1], then from (3.2) we have ((i))”% =0 (modp). lfp—1—j¢€ (0,%],
J
1 (3)isy _
then 251 < j < p— 1, so we have that 251 < k+ j < p— 1, and so from (3.2) we have (i)::j =
(mod p). O

We now prove our main theorem.

Proof of Theorem. Let d € {2,3,4,6} and set b = (,%£2), or b = (3,3, %2). Suppose

q

Z(1) = Fyun(X(7))? satisfies all of the conditions in Corollary [1.1] and that if A = X (y79), then
Fap(N) = Fy s sy (1) where (7, € {(1,X), (2, )}

Assume that Q(x) € Q(v/1 — X) is a totally real field, [A|,|x| < 1, and that Eg(p) has CM. Let p
be an odd prime such that X (), A, u can be embedded into Zj, and p is unramified in Q(v/1 — X).

Suppose that E4(u) has good reduction modulo p.

First, we consider the case when b = (3, %1) and u = A = X(y7), so that Fyp(X(y79)) =

F07(é’d%i1)(lu,>. Then by Lemma and Proposition ,

[Fo * Faaplp-1 (X (770)) = [Fy (3 a1y * Fyg 1 a1 p1(1)
= [Fo,(é, )]p () - [FQQN,(l77)]p 1(p)  (mod p?)

d
=a(p—1)b(p—1) (mod p°).
Applying Lemma [2.3| we thus obtain

{ P if E4()\) is ordinary at p

[Fo.b - Faay blp—1(X (y70)) (mod p?).

—p if Ed()\) is supersingular at p

Since p is a prime for which Ed()\) has good reduction at p, applying a theorem of Deuring |35,
Ch. 13 Thm. 12] gives that Ed(é) is supersingular at p if and only if p either ramifies or is inert
in k = Q(10) = Q(cv/—N), i.e., E4()) is ordinary modulo p if and only if p splits in k. Moreover
when p 2N we obtain that Eg()) is ordinary if and only if <%) = 1 by the splitting of primes
in imaginary quadratic fields (see [44] Thm. 25]).

Next, we consider the case when b = (3,3, d%dl) and p =

Fop(X(ym0)) = F, @ %)(&%X(Wo))z. Then by Lemma
14

— 144/1-X
1i\/21 A 1+ - (wro)7 <o that



[Eob - Foan blp-1(X(v70)) = [Fy 1 1 a1y Fop 11 a1y p-1(A)
= [Fy 11 aon)]p1(0)  [Fyy 11 a-yylp-1(A) - (mod p°).

From (2.16) we know that o, A\ admit a series of the form (1.3) which satisfies the conditions of
Theorems |2.1] and Thus we have that

[Fhoy (2.2 =1y ]p-1(A) = N 7 ~
2an:(302 5 )P — (%) -p if E4(u) is supersingular at p

1—\ P . .
=4 .y if E4(p) is ordinary at p
_ ( ) (mod p?),

and that

if Eg(p) is ordinary at p and (=2) =1
[F()’(%%’%)]p—l()\) = (%) u if Eq(p) is ordinary at p and (1=2) = -1 (mod %)
0 if Ed(,u) is supersingular at p

Putting these together and again applying [35, Ch. 13 Thm. 12] gives the desired result. O

4. EXAMPLES

Below we give 11 examples of Theorem [I.3]and 4 examples of Theorem [2.1] each of which stems
from series evaluations in [6, Thm. 2]. While each example is unique, we note that those in
arise from the same series as some of those in

As each of the following examples stem from [6, Thm. 2|, it is clear that Corollary will
hold. However, in an effort to keep this paper self-contained we will provide the data required to

demonstrate that the conditions of Corollary are satisfied for each example, giving that

1)
- = Fob(A) - Faap(A),

where §,a, A are given in Table This table also lists the values of N, A, u,d necessary for
Theorem from which we can see that for each example Q(\) is totally real and |A|,|p| < 1.
We then determine primes p for which Theorem holds. In particular, we ensure that X (7o)
and A can be embedded into Z,, that p is unramified in Q(p) and determine the primes of good
reduction for the corresponding elliptic curve Ey(y). Data for the elliptic curves Ed(u) is obtained
using Sagemath [53]. We note that each elliptic curve Ey(u) has CM.

The Hauptmoduln are written as in |6] in terms of the j-function and Dedekind’s 7-function,

For a discussion regarding our choice of Hauptmoduln, see [6].
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4.1. Examples from [6] §4]. In —, we list examples of Theorem stemming from from [6),
§4]. For each, we have that Z(7) = FO,(57%)(X(T))2 where d is listed in Table and X is given
in Table|4.1] so we have that u = .

In Table|4.1] we list the label from [6] associated to each example, the data required to construct
the Ramanujan-Sato series in Corollary and d such that b = (é, d%‘ll). Note that for each of
these examples, U(1) = 1 — X(7), the accompanying N can be found in Table and one can
determine the value of 79 using Corollary

Example | Reference from [6] vy r X(r) | €
B 43 Vo ta(r)
© 44 Pl | at
: (271) !
(D) 4.5
0 —J5 t3(7)
4.6 <ﬁ 0@) Lo3) | s | L
() 47 (g 3 ) To(4) | to(r) | —1

TABLE 4.1. Data required for examples -

Note that for each of these examples, we have that either Q(\) = Q or Q()\) = Q(v/D) for some
non-square D € Z. In the case where Q()) is quadratic, requiring that A can be embedded into

Zy, gives that (%) = 1, which in turn implies that p splits in Q(\). Thus, requiring that A can be

embedded into Z, is a stronger condition than requiring that p is unramified in Q(X). We obtain
the following examples. For p = +1 (mod 8),
—6
= () p (mod p?).

b

3-2v2
(A) [FD,(%,%) : F6\/§+87(i7%):|p_1 (6)

For p = £1 (mod 5),

] 9-4V5\ _[-10 )

(B) [Fo,(}l,i) F20+29\/5,(i’%)_p71 <18> = <p)p (Hlodp )
For p > 5,
For p = +1 (mod 5),

2—-+5\ _ [—20 5
(D) [FO,(i,%) ’ F§(10+4\/5),(i%)}p_1 ( 4 ) - (p) p (mod p7).
For p = £1 (mod 8),

2—-v2\ _ (- 5
(E) [Fo,(%é)'Fe<\/i+1>,(é%>}p 1< 4 ) - (p)p (mod p7).



For p = £1 (mod 8),
<3 - 2\@) = <_p8> p (mod p?).

Remark 4.1. Ezxamples —@ arise from series that are also of the form % = Fyp(A) and thus
one could also obtain a supercongruence by applying Theorem directly. We do this in which
yields distinct examples.

4.2. Examples from [6] §5]. In — we list examples of Theorem stemming from [0,

Ex. 5.2-5.6]. For each example, we have Z(1) = F (111 l+i)(X(T))2 where X (1) = to,, for
'N2’2 m’2 ' m

m € {3,4,6}. Therefore we have b = (%, é, d%.ll) for d = % € {3,4,6}, and so u = %(1 —V1=2)

as in Table Additionally, we have A = X (y719) = X (70), which is given in Table as is the
value for N. The value for each 7y can be determined from Corollary [1.1] In Table [4.2|we provide

the label for the associated example from [6] as well as the remaining data required to construct
the Ramanujan-Sato series in Corollary Further, we have that 514X = Z(7) X (7)U(7) where
U(r) is given in [6 §5, (42)-(44)] and we consider vy = ﬁ (93')- In each case, (Z|,)(r) = Z(7).
We note that by applying [16] (34)]) and [16] (31)],

(F) |:F07(%7%) ’ F2(4+2\/§)7(%7%)i|p—1

Z(r)=Fyr1 11,y (X(M) = Fy 111, 1) (1 + 12— X(T))

m

For each example, we ensure that X (79) (and A) can be embedded into Z,, that p is unramified in
Q(p), and that Eq(p) has good reduction at p. Below u,, is the unit root of the geometric Frobenius

at p acting on the first cohomology of the elliptic curve Ed(u) as defined in Theorem We note
that in and we were able to collapse the conditions on the congruence by using properties
of the Legendre relation.

Example | Reference from 6] r m|s
(G) 5.2
c PSLy(Z) | 3 |1
(H) 5.3
(T) 5.4 Ii2) | 4|2
(J 5.5
J Iy(3) |63
(K) 5.6

TABLE 4.2. Data required for examples —

We obtain the following examples. For p # 2,5,
27
) 'F%,@%%)L,l (125)
_9 1—
puf, if (> =1, <)\> =1
p p
= —1 —2 11—\ %).
R R
p p p

0 otherwise

(G) [Fo,(

oo

11
PRGH
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For p > 7,

(H)

-3
2 .
Py (%)

I

=
7\
T | ot
N———

I

—_

4\ 2
F(),(%%’%) 'FlL(%,%,g)]p_l <125> =) _ <1) puz% if <3> =1, (5> _— (mod p?).
b b b
0 otherwise
For p > 5,
puz if <_6> =1, <2> =1
1 p b
. — = [— [— 2
O [Fgrn Bl (5)=1 (Z)mz it (22) =1 (3) =1 Coedr
b b b
0 otherwise
For p > 5,
—6
1 2ot (— ) =1
() [Fo 312 Fod s 2)] () = < p > (mod p?).
39373 1233/ p—1 \ 2 .
0 otherwise
For p # 3,5,
—15
4 2o — ) =1
(K) [Fo 112y Fs 112 } )= < p ) (mod p?).
(3:3,3) 1:(3:33) p—1 \ 125 .
0 otherwise

Remark notes that certain supercongruences arising from Theoremhold modulo p?. Exam-
ples[Gland [H] are of this type. See Section [6] for details and discussion.

4.3. Examples of Theorem As described in Remark the examples in [6] Ex. 4.2-4.5],
which are obtained from applying [6] Cor. 4.1], differ in form from their counterparts in Table
which are obtained by applying Corollary although only by an algebraic constant scaling factor.
However, as mentioned in Remark we can directly apply Theorem to the series in [6] Ex.
4.2-4.5] to obtain supercongruences that are genuinely different from those obtained from Theorem
We note that this produces (finitely) more restrictions on the allowable primes, however the
result is also expected to be stronger as Theorern is conjectured to hold modulo p3.

To explain this difference in outcomes, when applying Corollary We obtain a series of the
form Fc,f)(j\) that is also a product Fyp(A) - Fyb(A) with a quadratic relationship between A and

A (obtained through quadratic hypergeometric formulas) as in Lemma There is an algebraic
number ¢ such that

~

FC,B()\) = CFO,b . Fa’b(A).
However, as the series have different coefficients the evaluations of their truncations are not equal,

[F. plp—1(A) # [Fop - Faplp-1(N),
and due to the quadratic relationship between A and )\ these evaluations are not always congruent
modulo p?, as the truncated series [F.p],—1(A) yields a higher exponent of A for the n'® term.

~

Moreover, the truncations [F.plp—1(A) and [Fyp - Foblp—1(A) are related to periods of isogenous,
yet distinct, elliptic curves.
18



In the following examples, recall that sgn = +1, equaling 1 (or —1) if and only if Ez(\) =
Ed(%) is ordinary (or supersingular) at p. Since d = 2 for each case, we write b = (3,3,3).
For each example one can verify that the conditions of Theorem hold. Namely, the values of
a and A are obtained directly from the series, and we ensure that Q()\) is totally real, |A| < 1,
and Fy(A) has CM. Further, we restrict to primes p that are coprime to the discriminant of Ed(/\),

unramified in Q(v/1 — A), and such that a, A can be embedded in Z; . As in and data for

each elliptic curve E5()) is found using Sagemath [53].
The series in [6, Exs. 4.2-4.5] can be written as
2

. —— 12v/2 — 17),
71_(4\/57 5) 37122\/§,b( )

2

= F 725 — 161),
(23 10vE) s :
4 1
Z_F -
T 6,b (4) )
10(v/5 + 1
005+D (9 — 4V5).

- \/S — 5 5+/5,b

Applying Theoremto these gives the following. For p > 11 with (%) =1,

(L) |:F12 b} (12v2 — 17) = sgn - <1812\/§> -p (mod p?).
i p
For p > 5,
(M) |:F12(15+4\/§) b:| (72\/5 —161) = sgn - <_10(162p_ 72\/5)) p  (mod p2)'
29 Plp-1
For p # 29 with p = £1 (mod 5),
(N) [Fopl, 4 <i> = sgn - <3]/f> -p  (mod p?).
For p > 11 with (%) =1,
44/5 —8
(O) [F5+\/5,b} - (9 —4v5) =sgn- (C) -p (mod p?).

5. CONNECTIONS WITH MODULAR FORMS

By work of Freitas, Hung, and Siksek [21], elliptic curves over real quadratic fields are modular.
The tensor product py := pg_ ® pg, of the compatible family of Galois representations pg_, and
PE, ¢, attached to E_ := Ed (177 V217>‘> and £ = Ed <177 VQH)‘), respectively are also “modular” in
the sense that the L-function of py can be expressed in terms of the corresponding Hilbert modular
forms. In fact, we can derive that when E, has CM, p,; corresponds to a weight 3 CM cusp form
with Fourier coefficients in Q (see [35] [57][63] [48]).

The following is a corollary to Theorem using the theory of CM elliptic curves.
19



Corollary 5.1. Assume the notation and assumptions in Theorem with A € Q. Then there
exists a weight 3 Hecke eigenform f such that for primes p where pt2d and X\ and 1 — X\ are p-adic
units,

By 240 p-1(0) = ap(f)  (mod p?),

N27d’ d

where ap(f) is the pth Fourier coefficient of f.

We note that the case when A\ = 1 is given by Mortenson [46].

Proof. Since 2d and A\,1 — X\ € Z;, we have that p is a good prime for Ed LEvI=A) and
p , p good p 5
Fooia =1 |p—1 M) is defined p-adically. By the modularity of CM elliptic curves over real quadratic
0,(% yip—
27d’

fields, there exist Grossencharacters ¥, and ¢_ for a field K such that the L-functions of ¥, and
E, = Ey (HV ), and respectively ¢_ and E_ := S (1_7 Vzl_/\), coincide. If £y has CM by

Q(v/—D), then K = Q(v/—D,+/1 — X). Namely, we have
L(¢y,s) = L(E+ /Q(V1 = A), 5),
L(v-.5) = L(E_/Q(/T—X),5).

Let 1y, be the character of Q induced by the quadratic character (@> Then, by Weil’s Converse

Theorem [63][48] there exists a weight 3 CM modular form f with an imprimitive Dirichlet character
X determined by the CM discriminant corresponding to the character vy,9_1 of K taking values
in Q(v/—D). Hence, by Theorem [2.2| .one has for supersingular primes (x(p) = —1) that

Fot 1l 1(0) =0 =ay(f)  (mod p?),

ERS
and for ordinary primes (x(p) = 1),

u if % =1,

Fo 38,89 lp-1(0) = (& E) if (122) =

p p ’
() mEue) i () -1
% up(E_Jup(Ey) if (22) = -1,

= up(f) + 1 up(f)  (mod 7).

where u,(f) and p?/u,(f) are the roots of the Hecke polynomial T2 — a,(f)T + p? attached to f
at p. O

By the above discussion, we have modularity for the Galois representations of Gal(@/ Q) attached

to Fy (1 )()\) arising from the tensor product of the Galois representations of Gal(Q/Q(v/1 — X))
27 d d
attached to the CM curves £ and E. In particular, denote p; := pp_ ®pg,. Then p, decomposes
as
pe =00D e D ey,

where ¢, is the cyclotomic character tensored by the CM quadratic character and oy is a 2-
dimensional representation satisfying Tr(o,(Frob,)) = a,(g) for a weight 3 form g with CM arising
from the character ¥_1, of K defined in the proof of Corollary. The relationship between g
and the cusp form f in the proof of Corollaryn is

f= <kd> ® g,
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which follows from Theorem In particular, if p is supersingular, since g has CM it follows that
ap(g) = 0. If p is ordinary, then since the eigenvalues of pp_, are e u,(E_) and e,p/up(E-), with

6]2, =1, it follows that the eigenvalues of oy are u,(E_)uy(E+) and p?/u,(E-)u,(E;). Thus,

p2

(9) = Tr(oe(Froby)) = tp(E-up(Ex) + -

5.1. Special values and L-values. In [6, Exs. 5.2-5.6], some special values of the weight 4

modular form Z(7) = Fy 11 aa )(X (7))? are computed in terms of Gamma functions. Here we
’ d

11
274
interpret these in terms of Q, defined in (2.2)). As discussed in the proof of Lemma
Fout a1y (X (y70)? ~ O,

0,(3,%,

1-X (v70)
2

where K is the CM-field of the elliptic curve Ed <1_ ) In particular, the evaluations of

Fyi1aa )(X (770))? given in [6, Exs. 5.2-5.6] yield the following equalities,
\2:4:7 4

(5-1) Fos.) (12275>2 =iy (12275) - \f%w—*&
(5:2) Fos. ) (é})z =foddd (125) - 3% o)
(5:3) f%x;;><§>2-f%«;1a>(é> —24Qéuﬂaa
(5-4) Fh@é)<;>2—Ph@§§>(;>“ZFQ@¢4m
> ot (&)2 = Fosap (1) = 5

We expect that the special values in (5.1)-(5.5) are each related to the L-value of a weight 3 CM
modular form through the modularity of CM elliptic curves. For example, by [38] Theorem 2] we
have

4
™ Fy 19 <125> = 6V/5 - L(n(27)*n(67)%,2) = 9v/5 - L(n(67)",1)?,
where for the elliptic curve E : y? = 23 + 1,

™
Ln(6r)",1) = L(B, 1) = 39395 WD)

In particular, the following relation between weight 3 cusp forms, f300.3.9.6 = (é) ® n(27)3n(67)3,
provides the algebraic relation

L(f300.3.9.6, 2) ~ VBL(n(27)*n(67)*,2),

where f300.3.4.5 is the weight 3 cusp form identified in Corollary We expect that the methods
in |38 could be used to show that

4 25
™ Fogd8) <125> = 7 Hs030,2)

In light of this, we make the following observation based on numeric evidence.
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Observation 5.2. For modular forms f labeled with their LMFDB labels [39)],

- F, 0,(1,1,5) <125> L(f300.3.9.a5 2),
7. F, 0,(1,1.5) <125> = —L(f300.3.9.6» 2)
9 1
L WER Y <9> = 12L(f213h.a 2),
9 1
L TS <2> L(f21.3.1.8) 2),

45
7r2~F0’(%’%’§) <125> " L( fi53.d852)-

We note that for some hypergeometric evaluations at A\ = 41, special L-values of the correspond-
ing cusp forms at 1 and 2 are obtained in work of Zagier [66], Osburn and Straub [49], as well as
Allen, Grove, Long, and the fifth author [3] Appendix].

6. RESULTS AND CONJECTURES MODULO p°

Here we discuss what is known and conjectured modulo p?. As described in Zudilin conjec-
tured that Theorem holds modulo p3. Some cases of this have been confirmed, for example in
works of Beukers [9] using modular forms, Mortenson [47] using a hypergeometric transformation of
Whipple, Zudilin [68] using WZ machinery, as well as Guo and Zudilin [25] using ¢-hypergeometric
analogues. Computationally Theorem appears to hold modulo p? for ordinary primes, but not
for supersingular primes in general. Some progress on this has been made, including by Long and
Ramakrishna [41] as well as Beukers [9]. In particular, Beukers [9] Thm. 1.27] gives the cases when
d = 6 through properties of corresponding modular forms which yields the result modulo p? given
below.

Let D be a positive integer with D =0 or 3 (mod 4), and define

6.1) op — {V2D if D=0 (mod 4),

LVQ_D if D=3 (mod 4).

Theorem 6.1. (T heorems and |9] Theorem 1.27]) Assume the notation and assumptions
in Theorem and (6.1). Suppose A = 1728/j(wp). Then, for an ordinary prime p,

1—A
Fusaph = (552) 2 o)
and
u? if (£2)=1,
[Foc2.1,3)lp-1(A) p71 ‘ 1i\ (mod p?),
27676 (7>u§ if = =1,

where uy is a fived p-adic um’t root of the geometric Frobenius at p acting on the first cohomology

of the elliptic curve Ed(1 1=y

One may notice that the left-hand sides of the congruences in Theorem are similar to the
left-hand sides of (G) and . In fact, as we will demonstrate, (G) and |-b can be partially
extended to hold modulo p3, and We conjecture that a special case of all supercongruences arising
from Theorem. hold modulo p3.
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Conjecture 6.2. Assume the hypotheses in Theorem for b = (%, é, d%dl). Then for primes
p =9,

[FO,b ) FQaN,b}p—l()‘) =

0 if Ed 1= 217)‘ s supersingular at p

u?,p if E, (= 21_)‘ is ordinary at p and 1;% =1 (mod p?),
k 2 - Th 1—v1=X . : 1-A\ _

— (ﬁ) uyp if By 5 1 ordinary at p and =)= -1

where uy, s the unit root of the geometric Frobenius at p acting on the first cohomology of the elliptic
curve Ed(lfi ‘217)‘) and ko = k¢ = —1, ks = =3, ky = —2.

The cases of Conjecture arising from and have been verified using Theorem In
particular, can be extended to obtain for A = 12775 and primes p # 2,5,

27
) 'Fee,é,zﬂp,l <125>

_9 1
pug if (p> =1 and <p)\) =1
-1 -2 1—A
— <> pui if () =1 and <> =-1
p p p

Similarly, we can extend (H) to obtain for primes p > 7,

(P) [Fo,(

oot

11
2767

4
Q) [Fo115 'FlL(%,%v%)]p_l <125>
D D
= -1 -3 5 (mOd p3)'
_ <> pus if <> = Land <> -
p p P

We now show that Zudilin’s conjecture implies Conjecture

Proposition 6.3. If Theorem holds modulo p3, then C’onjecture 18 true.

Proof. If Theorem holds modulo p3, then using Lemma we have

[Fob * Foay blp-1(A) =
_ (@) [Foplpo1(N) -p if By (4=2) is supersingular at p

P 2
[Foblp—1(A) - p if By (1= 217’\ is ordinary at p and 1;% =1 (mod p?).
—[Foplp—1(A) - p if By (1= 21_)‘ is ordinary at p and 1;% =-1

Thus applying Theorem to [Foblp—1(A) - p to obtain congruences modulo p3, we obtain the
result. O
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We numerically verified for applicable primes p < 150 that Zudulin’s conjecture |[67] extending
Theorem to hold modulo p? holds for the following congruences stemming from —,

1\ 1- A ;
(6.7) [F&(%,%,%)]p_l <9> =sgn - <p) -p (mod p?),

1
for A = g and primes 5 < p < 150;

1\ _ 1\ 5
(6.8) |:F67(%’é%)]p71 <2> = sgn - (p) “p (modp ),

1
for A = 3 and primes 5 < p < 150;

4\ 1— A 5
(6.9) Vﬁ@mﬂH(mQZ%”<]a>W (med 77,

4
for A = To5 and primes 7 < p < 150, p # 11.

By Proposition if , , or (6.9) hold, then , , and (K), respectively hold modulo
p>. However, we note that Theorem only seems to hold modulo p? for ordinary primes. For
supersingular primes, the result only holds modulo p?. We have checked this for the Fop(z) term
corresponding to , , and , for the appropriate primes p < 150.

Finally, when b = (g, dgl) in Theorem , the congruences do not seem to generally extend to
a higher power of p. For instance, , (B), , @), do not hold modulo p? for appropriate
primes p < 150. However, for appropriate primes p < 150 Example does hold modulo p?.

We next make the following conjecture modulo p? related to Corollary

Conjecture 6.4. Assume the hypotheses in C’omllary For each [F, (11 d71)]p,1()\) appearing
b 27d7 d
n Corollary such that the corresponding ay(f) # 0,

Foaa s lp10) = up(f) (mod p?),

2'd’

where u,(f) is the unit root of the Hecke polynomial T2 — ap(f)T + p? associated to f.

7. APPENDIX — PROOF OF THEOREM [2.2] AND HYPERGEOEMTRIC CHARACTER SUMS

In this appendix, we provide an explanation of Theorem through the arithmetic properties
of the hypergeometric elliptic families, and further record some parallel results in terms of finite
hypergeometric functions introduced by Beukers, Cohen, and Mellit in [10], which allow us to see
the supercongrunce in Theorem from the character sum perspective.

7.1. Proof of Theorem When E is an elliptic curve defined over a finite field F, containing
q elements, define

aq(E) :=q+1—#E(F,).
Proposition 7.1. Let d € {2,3,4,6}, p > 5 prime, and F, a finite field with ¢ = p" elements. For
t € F, such that both E4(t) and E4(1 —t) are elliptic curves defined over Fy, one has

aq(Ea(t) = dy(ka)aq(Ea(l = 1)),
where ¢q4 is the quadratic character of Fy, and ke = ke = —1, k3 = =3, kg = —2.

We believe this proposition has been documented in literature, however we find the following
approach enlightening as we provide a detailed description of isogenies among the elliptic curves.
One may see [28] Lemma 4] for a hypergeometric approach. The way we approach this proposition
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is through the moduli interpretation of elliptic curves as complex tori, and the action of W provided
in Table[2.1] The action of the normalizer

W:t(Wr)=1-—1t(r)

gives an isogeny from the complex torus C/Z + Zt to C/Z + Z(Wt) and the composition of this
isogeny and its dual gives W? = —kg-multiplication. These isogenies induce the isogenies on the
reduction of the given elliptic curves. For each case, the isogeny is a composition of a isogeny
defined over F, and a quadratic twist. In the proof of Proposition below, we provide the
explicit isogenies and quadratic twists.

Proof of Prop. - Fix t € Fq, d € {2,3,4,6} such that E4(t) and Eq(1 — t) are defined over F,.
When d = 2, E(t) is isomorphic to Ej(t) : —y? = (1 — z)(z — (1 —t)) by the map

(:):,y) = (_x+ 1>y) :

Therefore,
aq(Ea(t)) =aq(E5(t)) = g+ 1 - #(Eé(t)(F )
= G-zl —z)(z - (1-1))) —1) ) dgla(l —z)(z — (1-1)))
z€F, z€F,

=¢q(=1)aq(Ez(1 = 1)).
When d = 6, Ey(t) is isomorphic to E('i(t) : y? =23 — 272 + 54(1 — 2t) by the map
(z,y) — (6% +3,6°y + 3 - 6°x) ,
and the curve —y? = 23 — 27z + 54(1 — 2t) is isomorphic to E&(l —t) 1 y? = 2% — 27x — 54(1 — 2t)
via (z,y) — (—x,—y). This gives
aq(Eo(t) = ¢g(—1)ag(Es(1 — t)).
When d = 4, E4(t) is 2-isogenous to the curve Efl(t) cy? = x(2? — 2z + (1 — t)) by the map

t t
— 1+ —,y(1— —
(z,9) <x+ + 4ol 4:52))’

and the quadratic twist of the curve E/j(t) by —2 is isomorphic to E4(1 — t) by the isomorphism
from E: —2y? = x(2? — 20+ (1 —t)) — E4(1 —t) given by

Putting this all together, we get
aq(Ea(t)) =ag(E(t)) = g+ 1 — #(Ej(t)(Fy))
= Z qﬁq(m(xQ =2+ (1 1)) = ¢g(—2) Z ¢q(—2x(w2 —2z+(1-1)))

z€F, z€Fy
=hg(—2)ag(Eg(1 —t)).

Similarly, in the case of d = 3, the curve Eg,(t) has a Weierstrass equation y? = 3 + i (a: + 2%)2
through the map (z,y) — (2,y + 3(z + £)), which is 3-isogenous to E4(t) : y? =2’ — 3(z—151)2
The curve E3(1 — t) is isomorphic to the quadratic twist of E4(t) by —3 via the isomorphism from
E:-3y*=2%-3(z— %)2 — E5(1 —t) given by

(:U> y) = (—.%'/3, y/3) :
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This gives the desired identity

aq(E3(t)) = dg(—3)aq(E3(1 —1)).
g

For our next lemma, we p-adically relate the evaluations of the truncation of Fj (1 d=1y at A and
k) d?

1 — A, respectively. ’
Lemma 7.2. Let d € {2,3,4,6}, p > 5 prime, and ky = k¢ = —1, ks = =3, ka = —2. Then for
A € Q such that A can be embedded in Z,,

e = (2 15y

1
d’ d p

E

0,( @)]pﬂ(l —A) (mod p2).

1
d’ d

Furthermore, as polynomials in t,
kq

[Fo,(%,%)]p—l(t) - < D

Fo g4l (0= <p> P, <2) [Fage), <2> Pl

) B s loa (1= 1) € 222,

Proof. Trivially, [Fo,(%,%)]pfl(o) = 1. Moreover, one can show [Fo,(
by first using and the Chu-Vandermonde identity to obtain
(@)1,
(1),
where ry = —1/d (mod p) is defined in , then interpreting the right hand side in terms of p-adic

Gamma functions and [41] Thm. 14|, then using quadratic reciprocity. From counting points on
classical hypergeometric elliptic families (see [28] (40} [59] for example) it follows from Proposition

that as polynomials in Z,[t],

1
d’ d

%)]p—l(l) = [FO,( @)]m(l) = (mOd p)7

1 1
Nd? d’ d

_ (Fa
(71) [FO,(§7%)]p—1(t) = (p) [FO,(é,%)]p—l(l — t) (mod p).
Thus there exists n(t) € Zy[t] such that
kq
(7.2) [Fo,(é,‘{%l)]pfl(t) = (p) [Fo,(é,djTl)]pfl(l —t) +pn(t),

and squaring both sides shows that

@)]2,1(1 —1)+2p <kpd> n(t)[Fy

1
dd

(7.3)  [Fy 1 .a-yp1(t) = [Fy

1
dd

%,d%l)]p—l(l —t) (mod p?).
From [16] Lemma 18] and the fact that 4¢(1—t) is invariant under the change of variable t — 1—t,
it follows that

(7.4) [Fo,(%,%,d%l))]p—l(llt(l —1)) = [F(),(i%)]?;—l(t) = [F07($7d%1)]129—1(1 —t) (mod p?).

We conclude from (7.4) and (7.3) that as polynomials in ¢, n(t)[F, E %)]p,l(l —t) =0 (mod p).
However, clearly [F, (L @)]p,l(t) # 0 (mod p) as it has constant term 1. Thus, n(t) =0 (mod p),
) d

a’

so (7.2) gives that

75) By a0 = (22) 15,

lpi(1=) (mod p?),

=



which yields the first and second statements. Furthermore, (7.5) and (7.4) give that

kq

1) gy b= 0) = () g a0 g s loa(t =0 (mod 12)
From here it remains to substitute 1=t V217t
in only ¢. This follows from the fact that

F(Uﬂ)) = [Fo(ld 1)]23 1(u ) [ 03,45 1)]1) 1( )

d’

for ¢, but we need to establish that we obtain a polynomial

is a symmetric polynomial in Z,[u, v], and hence it can be ertten as a polynomial in the elementary
symmetric polynomials u + v, uv. Thus setting v = 1+ 5 1= V , there exists G(z,y) €

Zplz,y] such that F(u,v) = G(u+v,uwv) = G(1,t/4) € Zp[ ]. Thus we can substitute XY= — for t
in (7.6 to conclude

tand v =

kg 1+vI—1 1—VI—t
[Eo, (1,1 a=1)[p-1(8) = <p> [ (1, 8=1)]p-1 (2) [Fo 1,211 <2> € p°Zylt).

O

We now give a proof of Theorem for the ordinary cases. Some useful information and
terminology can be found in [57] Chapter 2] and [32] Chapter 6] for example.

Proof of Theorem|2.2 for ordinary primes p. Let A be a totally real number satlsfylng the assump-
tions of Theorem Set p = v_ = 1= ‘/7 , Ut 1= H\/i, as well as E_ := Eg(v_) = Eq(p)
and F, := Ed(v+). For a given prime p such that Ed( ) has good reduction and is ordinary at p,
let p be a prime ideal in the ring of integers of Q(u) lying above p, and Q,(x) be the completion
of Q(u) at the place p. The ring of integers of Q,(u) is isomorphic to the ring A of Witt vectors of
F,(v/1 — ). In this proof, we view E_ and E, as elliptic curves over A.

We examine cases based on whether the prime p splits in Q(u), i.e. when (%) =1, or pis

inert in Q(u), i.e. when (%) =—1

Case 1: (%) = 1. In this case Qp(p) = Qp(v1 — ) ~ Q, and we consider E_ as an elliptic
curve over A = W (F,) ~ Z,. Recall that u, and p/u, are roots of T2 — a,(E_)T + p, where a,(E_)
is defined in Proposition The endomorphism ring End(E_) embeds in in Z,, and since p splits

in this case, v/1 — X is also embedded in Z,. We set 7* to represent the image of p/u, in Z,.
Multiplication on E_ by 7* is a rational function of the local uniformizer £ := —%, and there is

an algebraic number A := A« with A2 =1 (mod pA) such that [7*](£) = AP (mod pA). This
gives rise to a degree-p Frobenius map ® on A, which induces a morphism

®*: Hhp(E-/A, (p)) — Hbp(E-/A, (p))

n>1 n>1 n>1
where E_ is defined as in Katz [32).
The characteristic polynomial of ®* is 7% — a,(E_)T + p which has 7* as a root, and thus 7*
is one of the eigenvalues of ®*. Analogous to the construction in Section the induced action

of End(E_) on the de Rham space H},n(E_/A, (p)) has two common eigenvectors, one of which
corresponds to the class of the standard invariant holomorphic differential one form w, which as in

(2.6) can be represented via w = > w&n. By the Cayley-Hamilton Theorem, 6*(w) = rw.
27
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Comparing the coefficients of &P from the left and the right hand sides of ) @A”{pn =
™y, %g”, we get

A W*w (mod pA),
p

which gives
a(p—1) = Au, (mod pA)
According to [19]16} [59], we have

(7.7) [F(]’é’%]p_l('l)_) = Au, (mod p?).

Since we are assuming (1;%) =1, we get from Lemma and that
(7.8) [Fo 1,1, 421)lp-1(3) = [F%%]I%_l(v_) = A’up, =) (mod p?),
which proves the claim in this case.

Case 2: (%) = —1. In this case Qu(p) = Qp(v1—A) ~ Qp({p2—_1), which is the unique
unramified quadratic extension of Q,, and we view E_ and E as elliptic curves over A = W (F),) ~
Zp[V/1 — A]. As before, the endomorphism ring End(E_) is embedded in Z, C Z,[v/1 — A], however
in this case, v/1 — X can not be embedded in Z,,. Let 0 € Aut(A) be the automorphism of A lifted
from the Frobenius automorphism z + 2P on F,,. Then, a? := o(a) = a? (mod pA) for all a € A.

Analogous to Case 1, u2 and p?/u2 are roots of T2 — a,2(E_)T + p? and belong to the CM field
K, whose completion at p is Q,. Denoting from now on u, and p/u, as the embedding of these
elements in @,(v/1— A), we have u € Z, and moreover, u2 = a,2(E_) (mod pZ,). Furthermore,
since p is inert in this case, u, is a p-adic unit root of the geometric Frobenius associated to both
E_ as well as E.

Note that the multiplication map [p?/ uf,] on E_ or E gives rise to a degree-p? Frobenius map
for which there exists a degree-p map [r*] satisfying [7*]? = [p?/ ug] Then [7*], which is an isogeny
from L — E_ and from E_ — E., serves as a rational function of £ as stated in |16 (see §4.2
and §5). Moreover, associated to each of the curves E; and E_ there is an algebraic number
Ay == Ay with AL =1 (mod pA) and A_A; =1 (mod pA) such that on E_, [7*](§) = A_¢P
(mod pA) and on E, [7*](§) = A+&P (mod pA). This gives rise to a degree-p map ® on A that
induces morphisms

Hhp(B_JA, (0) 25 Hhp(By /A, (0) 25 Hhp(B_ /A, (0),

defined by
C(n — 1) n C(n — 1)0 n __ C(n — 1)0 n ¢&pn C(TL B 1) n AN ¢p3n
Do Y (O =) AT s Y S ATARET
n>1 n>1 n>1 n>1
Let w_ = >, @f" represent the class of the standard invariant holomorphic differen-

tial one form on E_/A . Then ®*(w_) belongs to the subspace of the holomorphic 1-forms in
H}p(Ey/A, (p)) generated by wy =3, w&n. In particular, for some ¢ € {£1},

=, Ep ep a(n—1)°
O v Dl
P I

Hence, by comparing the p-th power coefficients, we get

alp—1)7 =eA_u, (mod pA).
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Further by |41} [16], one has

(7.9) (1Fy s atlpa (o)) = [F,

Hbr(By /A, () 2> Hbp(B_/A, (p)) 25 Hhr(By /A, (1)
give that
(7.10) [F0%7%]p_1(v_) =cA,u, (modp?A).

Combining (7.9) and (7.10), we obtain

[Fo 1 d;]p—l(“-i—)[FQ

1
vd’ T d

Since uf, € Zy, and using Lemma [7.2{ it follows that

(o1 azi]p1(v4)[Fy 1 aci]p-1(v-) € Zp[A] = Zp.

1
dd vd>

Thus,
(7.11) [Fo,1,9=1]p-1(v4) [Fy,

Finally, from Lemma and ([7.11),
kq

_ kq _ 2 2
[Focg.a.850) 1 (V) = (p> Foam ], ) [Fagg o] (o) = <p) Uy (mod p7),

which completes the proof. (|

-
Y
m‘l
"TI_‘
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%:w
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(o
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o
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Remark 7.3. We note that a second common eigenvector v of the action of End(E_) on H})R(E_ /A, (p))

corresponds to the class of a differential of the second kind, and similarly, ®*(v) = euyv for
e € {£1}. One can then use similar steps as in the proof above to show the claims in Propo-

sition[2.0.
We note that the following arises as a corollary of Lemma [7.2]

Corollary 7.4. Fixz a prime p > 5. As a polynomial in t,

b (250) ()i (4

1
dd

d p Td

VI—t-p*Z[t), if ’%d =1,
P*Zy[t], if (%) =-1.
In particular, for 1 #t € Zj, in the case when (%‘”) =1,
k—1
@ () (1Y 5=k
d)k\d Jk (1 1) = 2
ST (5) X (5 )a-wr=0 moar),



Proof. Set s =+/1 —tand u = % so that 1 —u = 12;3 From the second statement of Lemma
we have

g(s) = [Fo,(é,%)]pfl (u) — (ij) [Fo,(é,d%l)]pfl (1-u)e pQZpM = p2Zp[5]-

On the other hand, expanding ¢(s) as a series in s yields

o(5) = Z ()1 k(') <u B (@) Q- u)k>

k=0 p
::Z_é ((li)kk(;:d)k <;)kz’“% <(1—|—s)k B <lzi> (1_S)k>
SO () 2 () (v (3)

Observe that

X k
j=0 E\ . k )
2 Z <,>3922 < ,>52j if (Ba) =1
= 7 = 27 (p>
j even
Hence,
L (@), (1, 1V o k
2Tty ks <2> 3 <2j+1>(1—t) eVI—t-p?Z,[] i (?d):L
g(S) = 1 k=t LkJ 7=0
p—1 (1 d—1 kL2
=) (55 1 k .
2y (d)kk(!;l )i <2) <2 )(1 —t)Y € p*Zy[t] if (%d) =1,
k=1 §=0
and the result follows. O

7.2. A quick survey on corresponding hypergeometric character sums and supercon-
grunces. In this section, we summarize the relationship between hypergeometric character sums
and truncated hypergeometric functions, and the modularity of hypergeometric Galois representa-
tions (see |36/128] 52} et al.] for example) attached to the data provided in this paper. We will use
the H,-character sums described in the work of Beukers, Cohen, and Mellit [10].

Let F, be a finite field of odd characteristic and use Fj to denote the group of multiplicative
characters of Fy\. For a given pair of multisets a = {a1, -+ ,a,} and 8 = {1,ba,--- ,b,} with
entries in Q*, we denote the positive least common denominator of all a;,b; by M :=led(a U j).
For a finite field F,, we fix w a generator of Fy . Following [10], for ¢ =1 (mod M) and any ¢ € F,,
define

wl@1 a7+k) g(w(q—l)b.7+k))

( ﬁ t; w Zw nt ]:[ q 1)aJ g(w(q_l)bﬂ')

where w = w™! and g(x) := erFq \P(m)x(az) is the Gauss sum of x with respect to a fixed choice

of nontrivial additive character ¥ of F,.
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We say that the datum HD = {«, 8} is defined over Q if both J[}_, (X — €245} and [l (X —

e?™®i) are in Z[X]. In such a special situation, one can rewrite H,(«, 3;t;w) by using the reflec-
tion and multiplication formulas of Gauss sums [10, Theorem 1.3] and drop the condition ¢ = 1
(mod M). Based on results of Katz and Beukers-Cohen-Mellit, there exist explicit algebraic vari-
eties attached to such data and their corresponding Galois representations can be determined by
H,(HD;t). For simplicity, we state these results for 5 = {1,...,1} below.

Theorem 7.5 (See [311[33][101[36]). Let ¢ be a prime. Given a datum HD :={a ={a1,--- ,an}, B =
{1,...,1}} with a; # 1, M = led(«), for any X\ € Z[Cp, 1/M]\{0}, there exists an (-adic Galois
representation

prpye: G(M) := Gal(Q/Q(Cur)) — GL(W)),
unramified almost everywhere, such that at each prime ideal p of Z[(ar, 1/(MEN)] with norm N (),
Trpppe(Froby) = Hy(p)(a, 85 1/A;wy),
where Froby, stands for the geometric Frobenius conjugacy class of G(M) at p. Moreover,
(1) When \ # 1, dim@eW)\ = n and all roots of the characteristic polynomial of prp ¢(Froby,)
are algebraic with the same absolute value N (p)"~Y/2 under all Archimedean embeddings.
(2) When A =1, dimg Wx =n — 1.

Furthermore, if HD is defined over Q and A € Q, then there exists an {-adic representation pﬁ%]‘g

of Gg := Gal(Q/Q) such that

BCM ~
PHD¢ |G’(M)— PHD ¢

and for each prime p{ M,
Trpg%{\g(Frobp) = Hy(a, B51/X).

We now summarize the relations among the hypergeometric functions in different settings based
on works including [2] [10] [16] 28] [46] and Propositionfor the specific data in this paper. Letting
¢q be the quadratic character on F,, we rewrite the relevant H, as

iy ({35} sn0) = DS ot @

q(1 —q) &=

0
q—2
H, <{; : ;} L1, 1};t;w> = qf(é%)l) 3 g Pg(@) (1),

and for d € {3,4,6},

({5355 ) ) = 1iq§g<w’“>2sd<w’f)wk<t>,
i, ({5555 b ) o= 202000 § (19 @Sl (1),

n (d/n)
sa00 = [T (20 v )

wia \ 90

and p(-) is the Mobius p-function. Precisely, we obtain the values in Table
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d 3 4 6

4
Salv) || X3 | (270 | Sk (28 )

TABLE 7.1. Sy(x) for d € {3,4,6}

Theorem 7.6. (|10} 28] [69] and Pmposition For q = p* with p > 5 prime, let t € F, and
t # 0,1 such that E4(t) in Table is an elliptic curve defined over F,. Then

#E0E) =a+1-1, ({0 0 L k).

H, ({d, d_l} 1, 1};t> — by (ko) H, ({d, dgl} L1 - t> ,
iy ({07 ) o) = (%),

where ¢q4 is the quadratic character of Fy, and ko = ke = —1, k3 = =3, ky = —

Furthermore,

Building on the work of Evans-Greene [20] and Theorem|7.6, we have the following H,-version
of Clausen’s formula. The Galois interpretation can be found in [36].

Theorem 7.7 (H,-Clausen formula [20}(28]). Let p > 3 be a prime and t € F, \ {0,1}. Let /1 —t
be a fized element of Fp2 such that v/1 — #*=1—t. Then

(SR A (5 R

Ford=2, 3, 4, 6, we have

H, ({;,2,1— ;},{1,1,1};0
H, ({3:1-4},
)

i ({pp-af o) = (G-} 0mg) - (04 (5))

where ko = kg = —1, kg = =3, kg = —2.

Combining the previous information gives the following.

Theorem 7.8. Assume the notation and assumptions in Theorem and that A € Q is a CM-
value. Further let Koy be the discriminant of the corresponding CM field. Then for primes p > 7
such that A € Z,,

Ho <{;’61i’1 B ;}’{1’171}3)‘> - <K;M> <1;)\>p

- D, if 1 =t is a square in IFp,

- 3}7 {17 1}; - V21_t) - p, if 1 —t is not a square in IF),

0 if Ed(u) is supersingular at p
= ug —i—pQ/u}Q7 if Ed(u) s ordinary at p and % =1,
(%) (ug +p*/u2) if Eq(u) is ordinary at p and l;f’\ = -1,
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11 1 Koy 1—A
0’(%757%)]1)—1()\) = Hp ({2’ Ev 1— d} 7{17 17 1}7 A) - < p > <p> b (mOd p2)7

1—vV/1-X
2

cohomology of the elliptic curve Ed(u), and ko = k¢ = —1, ks = =3, ky = —2.

where u =

, Up 15 a fized unit root of the geometric Frobenius at p acting on the first

Remark 7.9. In general, one has

Fy gl = 1, ({30 b 0ne) o)

11 1
0,(%7%7%)]12—1@) = H, ({27 R 1- d} 7{17 1, 1};t> (mod p),

fort e Q* witht € Z

o5 see 40, 52] for example.

Corollary 7.10. Assume the notation and assumptions as above. Then, for primes p 1 2d such
that \ € Z,;, there exists a weight 3 Hecke eigenform f depending on d and A such that

({34 002) - (522) (54) i

where a,(f) is the p-th Fourier coefficient of f.

The modularity of the corresponding Galois representations in this corollary is essentially coming
from the modularity of CM hypergeometric elliptic curves (or K3 surfaces [34]) in the background.
The modularity of the hypergeometric representations arising from datum defined over Q has been
developed by numerous researchers (see [1} [7}123} 136} 42/ 45} 161}, 147/ 52} [54]). In recent work, Allen,
Grove, Long, and the fifth author |[4] establish the modularity of a certain type of representations,
those that can be lifted to Gal(Q/Q), from the commutative formal group law and an explicit
construction of the corresponding cusp forms via the modular forms on arithmetic triangle groups
as discussed in this paper and for example in [9] [6] [28].
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