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Abstract. Recently, the authors with Lea Beneish established a recipe for constructing Ramanujan-
Sato series for 1/ω, and used this to construct 11 explicit examples of Ramanujan-Sato series aris-
ing from modular forms for arithmetic triangle groups of non-compact type. Here, we use work
of Chisholm, Deines, Long, Nebe and the third author to prove a general p-adic supercongruence
theorem through an explicit connection to CM hypergeometric elliptic curves that provides p-adic
analogues of these Ramanujan-Sato series. We further use this theorem to construct explicit exam-
ples related to each of our explicit Ramanujan-Sato series examples.

1. Introduction and Statement of Results

Using infinite series to approximate ω dates back to Madhava of Sangamagrama circa 1400, and
was revolutionized by Ramanujan in 1914 [51] when he stated several rapidly converging series
formulas for 1/ω of the form

→∑
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for d → {2, 3, 4, 6}, where εd are singular values that correspond to elliptic curves with complex
multiplication (CM), a, ϑ are explicit algebraic numbers, and (a)k denotes the rising factorial
(a)k = a(a + 1) · · · (a + k ↑ 1).1 Ramanujan’s formulas are all examples of special evaluations
of hypergeometric functions. They were proved in 1987 by brothers J. and P. Borwein [11] as well
as D. and G. Chudnovsky [17], and both approaches rely on the arithmetic of elliptic integrals of
the first and second kind, including the Legendre relation at singular values. Since the 1980’s series
of this type have been at the forefront of algorithms to compute decimal approximations of ω. In
particular, D. and G. Chudnovsky [17] established the record winning series
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where a = 545140134, b = 13591409. To date the current record of computing 1014 digits of ω
was set by Emma Haruka Iwao on June 8, 2022 [27] using (1.1). Generalized series of this form,
in which the parameters are related to modular forms, are now called Ramanujan-Sato series after
Sato [55], whose formulation in 2002 of a new example of this type renewed interest in the area.

In 1997, Van Hamme [62] developed p-adic analogs of several Ramanujan type series for 1/ω.
Analogs of this type are called Ramanujan type supercongruences, and relate truncated sums of
hypergeometric series to values of the p-adic gamma function. Ramanujan type supercongruences
have been a rich area of study, see for example [68, 24, 41, 60, 50, 9]. In 2013, Chisholm, Deines,
Long, Nebe, and the third author [16] prove a general p-adic analog of Ramanujan type supercon-
gruences modulo p

2 for suitable truncated hypergeometric series arising from CM elliptic curves.
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1We note that in fact, a similar identity was given even earlier by Bauer [8].
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Recently, the authors with Lea Beneish [6] established a recipe for constructing Ramanujan-Sato
series for 1/ω, and used this to construct 11 explicit examples of Ramanujan-Sato series arising
from modular forms for arithmetic triangle groups of non-compact type. In this article, we establish
supercongruences related to Ramanujan-Sato series given in [6] motivated by the work of Chisholm
et al. [16].

For series of 1/ω that arise via modular forms for a group ! such as in [13, 15, 6], there is a
connection between the series and known p-adic analogs through families of elliptic curves whose
monodromy group is !. Inspired by Chisholm et al. [16], we make this connection explicit through
hypergeometric evaluations. In fact, it motivated us to revisit [16, Theorem 2] using arithmetic
properties of elliptic families.

1.1. Notations for main results. We use the following notation for the hypergeometric functions
appearing in this work. Given ϖ → C, n → N, b = (b1, . . . , bn) → (C↓)n, define

(1.2) Fω,b(z) = n+1Fn

[1+ω

ω
b1 b2 · · · bn

1
ω

1 · · · 1
; z

]
=

∑

k↔0

(ϖk + 1)
(b1)k · · · (bn)k

(1)n
k

z
k
,

where the n+1Fn is taken to be the limit as ϖ ↔ 0 when ϖ = 0 (yielding an nFn↑1). We further
write [Fω,b]N (z) to denote the truncation of the series (1.2) at zN .

When we evaluate this truncation [Fω,b]N for some ε, i.e., the function F written as a series,
truncated at the z

N term, and then evaluated at ε, we write

[Fω,b]N (ε) =
N∑

k=0

(ϖk + 1)
(b1)k · · · (bn)k

(1)n
k

ε
k
.

For d → {2, 3, 4, 6} let Ẽd(t) denote the following families of elliptic curves2 parameterized by t,

Ẽ2(t) : y
2 = x(1↑ x)(x↑ t),

Ẽ3(t) : y
2 + xy +

t

27
y = x

3
,

Ẽ4(t) : y
2 = x(x2 + x+

t

4
),

Ẽ6(t) : y
2 + xy = x

3 ↑ t

432
.

We note that with this notation we have that ω · F0,( 1d ,
d→1
d )(t) is a fundamental period for Ẽd(t)

for d → {2, 3, 4, 6}.
A curve E over a number field K has CM if its geometric endomorphism ring End

Q
(E) is an

order of an imaginary quadratic field. For t such that Ẽd(t) has CM, set ε = ↑4t(t↑1) and assume
|ε| < 1 for any embedding. Then as discussed in Chisholm et al. [16], there exists unique algebraic
numbers ϖ, ϑ depending on d and ε such that

(1.3)
∑
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k!3

ε
k =

ϑ

ω
.

Moreover, specific CM values of ε as well as the corresponding ϖ, ϑ can be computed from data of
the Borweins [11]. Using the notation introduced above, (1.3) can also be rewritten as the following
product (see Lemma 2.7),

F0,( 1d ,
d→1
d )(t) · Fa2,(

1
d ,

d→1
d )(t) =

ϑ

ω
,

2We note that our definition for Ẽ2(t) di!ers by a sign from that in [16]. This choice makes some of our results
cleaner and more consistent with other d values, and does not a!ect the results in [16].
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where t = 1↑
↗
1↑ε

2 , a2 =
2ω(1↑t)
1↑2t , and ϑ is a unique algebraic number depending on t.

Additionally, the Ramanujan-Sato series constructed in [6] can be written in the form

(1.4)
ϑ

ω
=

∑

k↔0

(ϖk + 1)Akε
k = F0,b(ε) · F2ω,b(ε),

for parameters ϑ,ϖ,b,ε, where Ak is defined by
∑

k↔0Akz
k = F0,b(z)2 (see (2.11)). The 11 explicit

examples of Ramanujan-Sato series given in [6], rewritten from this perspective, are described by
the data in Table 1.1, which uses some notation from Corollary 1.1 below.

Ex. in [6] ϑ N ϖN b ε µ d

4.2 2
↓
3 3 3

↓
2 + 4 1

4 ,
3
4

1
6(3↑ 2

↓
2) 1

6(3↑ 2
↓
2) 4

4.3 9
4

↓
2 5 1

4(20 + 9
↓
5) 1

4 ,
3
4

1
18(9↑ 4

↓
5) 1

18(9↑ 4
↓
5) 4

4.4
↓
3 3 4 1

4 ,
3
4 ↑1

3 ↑1
3 4

4.5 8
3 5 1

3(10 + 4
↓
5) 1

4 ,
3
4

1
4(2↑

↓
5) 1

4(2↑
↓
5) 4

4.6 3
↓
3 2 3(

↓
2 + 1) 1

3 ,
2
3

1
4(2↑

↓
2) 1

4(2↑
↓
2) 3

4.7 2
↓
2 + 3 2 4 + 2

↓
2 1

2 ,
1
2 3↑ 2

↓
2 3↑ 2

↓
2 2

5.2
52!( 18 )

2!( 38 )
2

29/2·3ϑ3 2 14
3

1
2 ,

1
6 ,

5
6

27
125

1
2 ↑ 7

5
↗
10

6

5.3
52

↗
3!( 13 )

6

217/3ϑ4 3 11
2

1
2 ,

1
6 ,

5
6

4
125

1
2 ↑ 11

10
↗
5

6

5.4
!( 1

24 )!(
5
24 )!(

7
24 )!(

11
24 )

25/2ϑ3 3 4 1
2 ,

1
4 ,

3
4

1
9

1
2 ↑

↗
2
3 4

5.5
32!( 1

24 )!(
5
24 )!(

7
24 )!(

11
24 )

25ϑ3 2 3 1
2 ,

1
3 ,

2
3

1
2

1
2 ↑ 1

2
↗
2

3

5.6
32·5!( 1

15 )!(
2
15 )!(

4
15 )!(

8
15 )

28ϑ3 5 33
8

1
2 ,

1
3 ,

2
3

4
125

1
2 ↑ 11

10
↗
5

3

Table 1.1. Ramanujan-Sato Example Data

Corollary 1.1 (Corollary of [6, Theorem 1.1]). Let ! be a discrete subgroup of SL2(R) commen-
surable with SL2(Z) such that ( 1 1

0 1 ) → !, and let X(ϱ) be a Hauptmodul of !. Let Z(ϱ) be a
weight k modular form for ! such that 1

2ϑi
dX

dϖ
= U(ϱ)X(ϱ)Z(ϱ) and when ϱ → D, a domain of H,

Z(ϱ) = F0,b(X(ϱ))2 for b → Q
n. Further assume there exists ς =

(
a b
c ↑a

)
= 1↓

detAω
Aϱ → SL2(R)

for some Aϱ → M2(Z) such that
(Z|kς) (ϱ) = ±Z(ϱ).

Set MN (ϱ) := Z(ϱ)/Z(Nϱ) for N → N satisfying a

c
(1↑N) → Z, and let ϱ0 =

a

c
+ i

c
↗
N
. Set v(ϱ0) as

the special value v(ϱ0) = U(ϱ0)X(ϱ0)
(
dMN
dX

) ∣∣
X=X(ϖ0) .

Then if ςϱ0 =
a

c
+ i

↗
N

c
→ D, we have3

ϑN

ω
= F0,b(X(ςϱ0)) · F2ωN ,b(X(ςϱ0)),

where ϑN = ck
↗
N

2v(ϖ0)
, and ϖN = 2NU(ϱϖ0)

v(ϖ0)
.

3For the case where ε0 → D a similar result can be stated, but we omit this here.
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Remark 1.2. We note that the form given in [6, Ex. 4.2 - 4.6] is di!erent than (1.4), but using
Corollary 1.1 we can rewrite them in the form of (1.4). For instance for [6, Ex. 4.2] we do this by

setting Z(ϱ) = F0,b(t2(ϱ)/(t2(ϱ)↑ 1))2 with b = (1/4, 3/4) and X(ϱ) = t2(ϖ)
t2(ϖ)↑1 , using the notation

in [6], which yields that U(ϱ) = 1
1↑t2(ϖ)

= 1↑X(ϱ) and

dMN

dX
= N

(
d
(
dX

dY

)

dX
· Y (1↑ Y )

X(1↑X)
+

(1↑ 2Y )

X(1↑X)
↑ dX

dY
· Y (1↑ Y )(1↑ 2X)

X2(1↑X)2

)
.

This works similarly for [6, Ex. 4.6] with b = (1/3, 2/3) and t3(ϱ) in the place of t2(ϱ). The form
given in [6, Ex. 4.7] matches (1.4), so we apply Corollary 1.1 with X(ϱ) = t→(ϱ) and U(ϱ) =
1↑X(ϱ).

1.2. Statement of main results. We can now state our main theorem.

Theorem 1.3. Let d → {2, 3, 4, 6} and set b = (1
d
,
d↑1
d

), or b = (12 ,
1
d
,
d↑1
d

). Suppose X(ϱ) and
Z(ϱ) = F0,b(X(ϱ))2 satisfy all of the conditions in Corollary 1.1 with ς =

(
a b
c ↑a

)
and ϱ0 =

a

c
+ i

c
↗
N
, and furthermore if ε = X(ςϱ0), then F0,b(ε) = F0,( 1d ,

d→1
d )(µ)

r, where r = 1, µ = ε when

b = (1
d
,
d↑1
d

), and r = 2, µ = 1±
↗
1↑ε

2 when b = (12 ,
1
d
,
d↑1
d

).

Assume that Q(ε) is a totally real field, |ε|, |µ| < 1, and Ẽd(µ) has CM (equivalently ϱ0 is a CM
point). Let p be a prime such that X(ϱ0),ε, ϖN can be embedded into Z

↓
p , and p is unramified in

Q(µ). Suppose that Ẽd(µ) has good reduction modulo p. We then obtain the following congruences.
If b = (1

d
,
d↑1
d

), then

[F0,( 1d ,
d→1
d ) · F2ωN ,( 1d ,

d→1
d )]p↑1(X(ςϱ0)) ↗

{
p if Ẽd(µ) is ordinary at p

↑p if Ẽd(µ) is supersingular at p
(mod p

2),

where if p ⊋ c
2
N , this simplifies to

[F0,( 1d ,
d→1
d ) · F2ωN ,( 1d ,

d→1
d )]p↑1(X(ςϱ0)) ↗

(
↑c

2
N

p

)
p (mod p

2).

If b = (12 ,
1
d
,
d↑1
d

), then

[F0,( 12 ,
1
d ,

d→1
d ) · F2ωN ,( 12 ,

1
d ,

d→1
d )]p↑1(X(ςϱ0)) ↗






pu
2
p if Ẽd(µ) is ordinary at p and

(
1↑ε

p

)
= 1

↑
(
kd
p

)
pu

2
p if Ẽd(µ) is ordinary at p and

(
1↑ε

p

)
= ↑1

0 otherwise

(mod p
2),

where up is a fixed p-adic unit root of the geometric Frobenius at p acting on the first cohomology

of the elliptic curve Ẽd(µ), and k2 = ↑1, k3 = ↑3, k4 = ↑2.

Remark 1.4. We note that work of Beukers (see Theorem 6.1) as well as computational observa-
tions indicate that the series obtained from Theorem 1.3 holds modulo p

3 in some cases but not for
others. See Section 6 for further discussion.

In addition to Theorem 1.3, which is a general statement, in Section 4 we provide specific
examples using the Ramanujan-Sato series given in [6] (as in Table 1.1).

Hypergeometric functions, such as those appearing in Ramanujan-Sato series as well as their
p-adic truncations and also those over finite fields, encode abundant information on the arithmetic
invariants of hypergeometric motives such as their periods, Galois representations, and the p-adic
unit roots of the local L-functions due to Dwork’s unit roots theory. They are also closely connected

4



to modular forms through the modularity theorem and the di”erential equations satisfied by certain
modular forms (see [14, 22, 52, 64, 15], for example).

Using Theorem 1.3, we prove a few results in Section 5 connecting the hypergeometric functions
appearing in the series in [6, Ex. 5.2 - 5.6] with Galois representations and special L-values of
modular forms of weight 3. For instance, specific examples of Corollary 5.1 give us the following
result.

Corollary 1.5. For primes p ↘ 7,

F0,( 12 ,

1
6 ,

5
6 )



p↑1

(
27

125

)
↗ ap(f800.3.g.a) (mod p

2)


F0,( 12 ,

1
6 ,

5
6 )



p↑1

(
4

125

)
↗ ap(f300.3.g.b) (mod p

2)


F0,( 12 ,

1
4 ,

3
4 )



p↑1

(
1

9

)
↗ ap(f24.3.h.a) (mod p

2)


F0,( 12 ,

1
3 ,

2
3 )



p↑1

(
1

2

)
↗ ap(f24.3.h.b) (mod p

2)


F0,( 12 ,

1
3 ,

2
3 )



p↑1

(
4

125

)
↗ ap(f15.3.d.b) (mod p

2),

where the subscripts on the modular forms f above are their LMFDB labels [39] and ap(f) is the
pth Fourier coe”cient of f .

Corollary 5.1, which is proved in Section 5, uses modularity of CM elliptic curves and L-functions
to give values of truncated hypergeometric functions in terms of Fourier coe#cients of modular
forms. We also obtain in §5.1 values of the corresponding untruncated hypergeometric functions
both in terms of periods $K , and conjecturally special L-values of these same modular forms.

1.3. Outline of the paper. The rest of this paper is organized as follows. In Section 2, we describe
the connection between the hypergeometric evaluations for 1/ω given by Beneish and the authors
in [6] and their p-adic counterparts provided in Theorem 1.3 through the study of hypergeometric
elliptic curves and modular forms associated to certain triangle groups. We also provide several
lemmas needed for the proof of Theorem 1.3. In Section 3, we prove Theorem 1.3. In Section 4,
we give 11 examples of Theorem 1.3, which stem from applications of [6, Thm. 2], as well as 4
di”erent examples of supercongruences obtained by directly applying Theorem 2.1 to the series in
[6, Ex. 4.2 - 4.5]. In Section 5 we describe connections between hypergeometric functions of the
form F0,( 12 ,

1
d ,

d→1
d ) and weight 3 modular forms, modular Galois representations, and special L-values

of weight 3 modular forms. We further discuss modulo p
3 supercongruence conjectures and results

in Section 6. In the Section 7 Appendix, we provide an explanation of Theorem 2.2 through the
arithmetic properties of hypergeometric elliptic families, and further record some parallel results
in terms of finite hypergeometric functions introduced by Beukers, Cohen, and Mellit [10], which
allow us to see the supercongrunce in Theorem 2.2 from a character sum perspective.

1.4. Acknowledgements. This material is based upon work supported by the National Science
Foundation grant DMS-1928930 while the authors were in residence at the Simons Laufer Mathe-
matical Sciences Research Institute in Berkeley, California, during the summer of 2023. The third
author is further supported by NSF grant DMS-2101906, the fifth author by NSF grant DMS-
230253, and the fourth author by an AMS-Simons travel grant. The fifth author was hosted at
Oregon State University during the fall of 2023 while working on this project. The authors would
also like to thank Michael Allen, Frits Beukers, and Ling Long for their helpful discussions, as well
as the referees for their comments which improved the paper.
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2. Hypergeometric Elliptic Curves and Triangle Modular Curves

The connection between the hypergeometric evaluations for 1/ω in [6] and their p-adic version
in this paper arises from the moduli interpretation of such hypergeometric elliptic curves.

In particular, a group ! → {!(2),!0(3),!0(2)} is a monodromy group for a family of elliptic
curves as given in Table 2.1, where t is the Hauptmodul of ! taking values at 0, 1 at two of the
cusps and having a pole at the elliptic point of the other cusp, and Ẽd(t) is a family of elliptic
curves over points in X! for t ≃= 0, 1,⇐. In Table 2.1 we also provide the element W lying in the
normalizer of the group ! that switches the elements t and 1↑ t. For the d = 6 case, the function

Table 2.1. Families of hypergeometric elliptic curves

Ẽd(t) b ! W

Ẽ2(t) : y2 = x(1↑ x)(x↑ t) (12 ,
1
2) !(2)

(
0 ↑1
1 0

)

Ẽ3(t) : y2 + xy + t

27y = x
3 (13 ,

2
3) !0(3)

1↗
3

(
0 ↑1
3 0

)

Ẽ4(t) : y2 = x(x2 + x+ t

4) (14 ,
3
4) !0(2)

1↗
2

(
0 ↑1
2 0

)

Ẽ6(t) : y2 + xy = x
3 ↑ t

432 (16 ,
5
6) – –

t is related to the modular group PSL2(Z) by 4t(1↑ t) = 1728/j, where j is the usual j-invariant,
the Hauptmodul on PSL2(Z) with j(i) = 1728, j(φ3) = 0, and j(i⇐) = ⇐.

2.1. Hypergeometric CM Elliptic Curves. The main result of Chisholm, et al. in [16] is as
follows.

Theorem 2.1 (Chisholm, et al. [16, Theorem 1]). For d → {2, 3, 4, 6}, let ε → Q such that Q(ε) is

totally real, the elliptic curve Ẽd(
1±

↗
1↑ε

2 ) has CM, and |ε| < 1 for any embedding of ε to C. For

each prime p that is unramified in Q(


1↑ ε) and coprime to the discriminant of Ẽd(
1↑

↗
1↑ε

2 ) such
that ϖ, ε give a series of the form (1.3) and can be embedded in Z

↓
p (and we fix such embeddings),

then

[F
ω,( 1

2 ,
1
d ,

d→1
d )]p↑1(ε) ↗ sgn ·

(
1↑ ε

p

)
· p (mod p

2),

where
(
1↑ε

p

)
is interpreted as a Legendre symbol over Zp, which is possible since ε can be embedded

in Zp, and sgn = ±1, equaling 1 (or ↑1) if and only if Ẽd(
1±

↗
1↑ε

2 ) is ordinary (or supersingular)
at p.

As discussed in [16, Remarks 1 and 2], this congruence also holds when |ε| ↘ 1 and has been
conjectured by Zudilin to hold modulo p

3 [24, 26, 68]. See, for example, [9, 47, 68, 25] for some
confirmed cases. The following is a companion to Theorem 2.1.

Theorem 2.2. (Revision of [16, Theorem 2]) Assume the notation and assumptions in Theorem
2.1. Then,

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ L (mod p

2),

where

L =






0 if Ẽd(
1↑

↗
1↑ε

2 ) is supersingular at p

u
2
p if Ẽd(

1↑
↗
1↑ε

2 ) is ordinary at p and
(
1↑ε

p

)
= 1,

(
kd
p

)
u
2
p if Ẽd(

1↑
↗
1↑ε

2 ) is ordinary at p and
(
1↑ε

p

)
= ↑1,
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and in the ordinary case, up is a fixed p-adic unit root of the geometric Frobenius at p acting on

the first cohomology of the elliptic curve Ẽd(
1↑

↗
1↑ε

2 ) and k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2.

We note that the statement of [16, Thm. 2] is missing the case when
(
1↑ε

p

)
= ↑1. A proof of this

missing case is supplied in the Appendix §7.1. We further note that computationally Theorem 2.2
appears to hold modulo p

3 for ordinary primes, however for supersingular primes the result only
holds modulo p

2 generically. This is discussed further in Section 6.
The proofs of Theorems 2.1 and 2.2 given by Chisholm, et al. in [16] utilize the connection

between periods of elliptic curves and formulas for 1/ω and their p-adic versions. We summarize
these ideas here.

Recall that the de Rham space H
1
DR

(Ẽd(t)/C[[t]]) is 2-dimensional, where one of its spanning
vectors is given by the class ↼t of the standard invariant holomorphic di”erential 1-form (modulo
exact forms). Another spanning vector can be obtained via the Gauss-Manin connection. For
the families of elliptic curves Ẽd(t), such a vector is given by ↽t↼t, where ↽t denotes the partial
derivative with respect to t [59, 29, 30, 31, 43, 65].

On the other hand, if Ẽd(t) has CM, then its endomorphism ring R corresponds to an order
in an imaginary quadratic field K = Q(

↓
↑D) with ↑D a fundamental discriminant. Moreover,

R induces an action on H
1
DR

(Ẽd(t);C[[t]]) for which ↼t is a common eigenvector. By Chowla and

Selberg [56], for any C → H1(Ẽd(t),Z), the period

C
↼t satisfies

(2.1)



C

↼t ⇒ ω$K ,

where ⇒ denotes equivalence up to multiplication by an algebraic number. Here, $K → C
↓ is

uniquely determined by K provided by the so-called Chowla-Selberg formula (see for example [56]
or [12, §6.3]),

(2.2) $K :=
1↓
ω

D↑1

j=1

!

(
j

D

)
ς(j)· n

4h

,

where n is the order of the unit group in K, ⇀ is the quadratic Dirichlet character modulo D for
K, and h is the class number of K.

There is another common eigenvector ⇁t for the action of R on

H
1
DR(Ẽd(t);C[[t]]) = SpanC({[↼t], [↽t↼t]}),

which is coming from a di”erential of the second kind. From the Legendre relation as well as work
of both Masser and Chowla–Selberg [56],

(2.3)



C

↼t ·


C

⇁t ⇒ ω,

and there is a unique algebraic number ct such that ⇁t = ↼t + ct · t↽t↼t.
The p-adic analog of (2.3) follows from the formal group of the elliptic curve. See [58, Ch. IV]

for background on formal groups, and [37, 59] for details on the role formal group laws play in the
existence of congruences. Expand

(2.4) ↼t =
∑

n↔0

at(n)ξ
n
dξ and ⇁t =

∑

n↔0

bt(n)ξ
n
dξ,

where ξ = ↑x

y
is a local uniformizer of Ẽd(t) at infinity over Zp. For a fixed algebraic integer t of

degree n over Fp, we denote by

(2.5) A := W (Fp(t)),
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the ring of Witt vectors of Fp(t), which is isomorphic to Zp[φpn↑1], the ring of integers of the unique
unramified extension of degree n over Qp. For the cases explored in this paper, we either have
A = Zp, or A is the maximal order in the quadratic unramified extension of Qp.

When the parameter t is specified at values µ, the elliptic curve Ẽd(µ) has eigenvectors for the
action of R given by ↼ := ↼µ and ⇁ := ⇁µ. In this setting we drop the subscripts to simplify the
notation. Moreover, via the isomorphism in [32, Lem. 5.1.2], we can identify ↼ and ⇁ via their
formal integrals by

(2.6) ↼ =
∑

n↔1

a(n↑ 1)

n
ξ
n and ⇁ =

∑

n↔1

b(n↑ 1)

n
ξ
n
.

Following [16, Prop. 16] and [32, Thm. 6.1], we obtain the following p-adic version of (2.3).

Lemma 2.3. Suppose b = (1
d
,
d↑1
d

), and Ẽd(ε) satisfies the conditions of Theorem 1.3. Then,

a(p↑ 1)b(p↑ 1) ↗
{
p if Ẽd(ε) is ordinary at p

↑p if Ẽd(ε) is supersingular at p
(mod p

2).

Proof. We observe that using the notation of Chisholm et al. [16], A = Zp, ↼, ⇁ are eigenfunctions
of the endomorphism ring R of the elliptic curve, and from the proof of [16, Thms.1,2], there exists
a degree p (resp. p

2) Frobenius lifting % that commutes with the induced action of R on the de
Rham coholomogy in the ordinary (resp. supersingular) case. Thus, we can apply Katz [32, Thm.
6.1] to obtain

a(p2 ↑ 1)↑ tr(%)a(p↑ 1) + p ↗ 0 (mod p
2),

Here this corresponds with [16, (5.1)] with σ the identity map, r = 2, n = 1 and furthermore, ↼
is annihilated by %2 ↑ tr(%)% + p. As this is the same setting as [16, Prop. 16], this time Ẽd(ε)
being defined over Q(ε) and p > 3 such that Qp(ε) ⇒= Qp, following the proof directly yields that

a(p↑ 1)b(p↑ 1) ↗
{
p if Ẽd(ε) is ordinary at p

↑p if Ẽd(ε) is supersingular at p
(mod p

2).

↭

2.2. Implications of modularity. The modularity of the functions Z(ϱ) in Corollary 1.1 allows
us to obtain information related to the elliptic curves in Table 2.1. In (2.3), we write ω in terms
of periods of elliptic curves. We can make this connection explicit via modular forms expressed
as hypergeometric series. The Picard-Fuchs equation of Ẽd(t) has holomorphic solution around
t = 0 given by F (t) := F0,( 1d ,

d→1
d )(t) (see [5]). Suppose we choose a Hauptmodul t(ϱ) of ! such that

F (t(ϱ)) is a weight 1 modular form, and consider the elliptic curve Ẽd(t(z0)) for a fixed CM point
z0 → H. It follows from (2.1) and the definition of $K that we can choose a suitable 1-cycle (path)
C such that given ↼, i.e. the standard invariant holomorphic di”erential 1-form on Ẽd(t(z0)), then



C

↼ ⇒ ω · F (t(z0)),

where ⇒ denotes equivalence up to multiplication by an algebraic number. One can restate (2.3)
by considering the quasi-period



C

v =

(
B



C

↼ + t↽t



C

↼

) ∣∣∣∣
t=t(z0)
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for a specific algebraic number B → Q. Thus with z0 as above such that F (t(z0)) ≃= 0, there exists
a unique algebraic number B(z0) → Q such that

(2.7) F (t(z0))

(
t
dF

dt
|t=t(z0) +B(z0)F (t(z0))

)
⇒ 1

ω
.

From the proof of [16, Lemma 9], the specific value of B(z0) is given by

(2.8) B(z0) = ↑t(z0)
dϱ

dt

(
1

F (t(z0))

dF

dt

∣∣∣∣
t=t(z0)

↑ 1

4ωIm(z0)

)
.

By the uniqueness of B(z0), (2.7) is the hypergeometric analog of (2.3) and we can explicitly
write the quasi-period


C
⇁ as

1

ω



C

⇁ ⇒ t(z0)
dF

dt

∣∣∣∣
t=t(z0)

+B(z0)F (t(z0)),

with B(z0) as above.
We further obtain the following lemma to certify that our hypergeometric evaluations are the

periods and quasi-periods coming from the eigenvectors of the endomorphism ring of the associated
CM elliptic curve Ẽd(X(z0)) given in Corollary 1.1.

Lemma 2.4. Suppose X(ϱ) and Z(ϱ) = F0,( 1d ,
d→1
d )(X(ϱ))2 satisfy all of the conditions in Corol-

lary 1.1 with ς =
(
a b
c ↑a

)
, and ϱ0 =

a

c
+ i

c
↗
N

is a CM point with ςϱ0 → D. Then,

2ϖN =
1

B(ςϱ0)
→ Q(X(ςϱ0), X(ϱ0)).

Proof. Recall we define f
↘ := 1

2ϑi
df

dϖ
. Set F (X) := F0,( 1d ,

d→1
d )(X), and Z(X) = F (X)2. Then

dF

F
= 1

2
dZ

Z
. Since ςϱ0 → D, we have from (2.8), that

↑B(ςϱ0) =
X(ςϱ0)

X ↘(ςϱ0)

(
1

2

Z
↘(ςϱ0)

Z(ςϱ0)
↑ 1

4ωIm(ςϱ0)

)
.

Thus using [6, (17)], we obtain

↑B(ςϱ0) =
X(ςϱ0)

X ↘(ςϱ0)

(
1

2
· 1

2N

(
c
↓
N

ω
+ ▷

1

N
M

↘
N (ϱ0)

)
↑ c

4ω
↓
N

)

=
X(ςϱ0)

X ↘(ςϱ0)

1

4N

▷

N

dMN

dX

∣∣∣∣
X=X(ϖ0)

X
↘(ϱ0) = X(ςϱ0)

X
↘(ϱ0)

X ↘(ςϱ0)

1

4N

▷

N

dMN

dX

∣∣∣∣
X=X(ϖ0)

= X(ςϱ0)
XUZ(ϱ0)

XUZ(ςϱ0)

1

4N

▷

N

dMN

dX

∣∣∣∣
X=X(ϖ0)

= X(ςϱ0)
↑NZ(ϱ0)XU(ϱ0)

▷Z(ϱ0)XU(ςϱ0)

1

4N

▷

N

dMN

dX

∣∣∣∣
X=X(ϖ0)

= ↑ 1

4N

U(ϱ0)

U(ςϱ0)
X(ϱ0)

dMN

dX

∣∣∣∣
X=X(ϖ0)

= ↑ v(ϱ0)

4NU(ςϱ0)

= ↑ 1

2ϖN

.

As in Remark 1.2, we have in these cases that U = 1↑X, and thus the value ϖN is indeed in the
field Q(X(ςϱ0), X(ϱ0)). ↭

We next observe the following useful lemma.
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Lemma 2.5. Suppose X(ϱ) and Z(ϱ) = F0,( 12 ,
1
d ,

d→1
d )(X(ϱ))2 satisfy the conditions in Corollary 1.1

with ς =
(
a b
c ↑a

)
, and ϱ0 =

a

c
+ i

c
↗
N

is a CM point with ςϱ0 → D. Then

ϑN

F0,( 12 ,
1
d ,

d→1
d )(X(ςϱ0))

→ Q.

Proof. Recall that from the classical result of modular forms with CM-values (see [16, Proposition
5], [18, §5.10], or [66, Proposition 26] for example), if f is a meromorphic modular form of weight
k with algebraic Fourier coe#cients at a CM point z0 → K ⇑H, then

f(z0) ⇒ $k

K .

In the cases under consideration, the modular form Z(ϱ) is a weight 4 modular form whose Fourier
expansion has integer coe#cients. Therefore Z(ςϱ0) ⇒ $4

K
, where K = Q(c

↓
↑N). Also, from the

expression of ϑN in Corollary 1.1 we have

U(ϱ0)X(ϱ0)

(
dMN

dX

) ∣∣∣∣
X=X(ϖ0)

· ϑN ⇒ 1,

where X(ϱ0),
(
dMN
dX

) ∣∣
X=X(ϖ0) are algebraic numbers, and UZ(ϱ) = 1

X
· 1
2ϑi

dX

dϖ
. Since UZ(ϱ) =

1
X
· 1
2ϑi

dX

dϖ
is a meromorphic modular form of weight 2 and has integer Fourier coe#cients, we have

UZ(ϱ0) ⇒ $2
K .

Together with the fact Z(ϱ0) ⇒ $4
K
, the identity tells us that U(ϱ0) ⇒ $↑2

K
and hence

ϑN ⇒ $2
K ⇒ F0,( 12 ,

1
d ,

d→1
d )(X(ςϱ0)).

↭
We now state the following crucial result which is an analogue of [16, Prop. 16] and is used in

the proof of Theorem 1.3.

Proposition 2.6. Suppose X(ϱ) and Z(ϱ) = F0,b(X(ϱ))2 satisfy all of the conditions in Corollary
1.1 with ς =

(
a b
c ↑a

)
, and ϱ0 =

a

c
+ i

c
↗
N

is a CM point with ςϱ0 → D. Suppose further that ϱ0,ε, µ, p

satisfy all of the conditions of Theorem 1.3. Let a(n) and b(n) be defined by (2.6). Then, we have
that

a(p↑ 1) ↗ [F0,( 1d ,
d→1
d )]p↑1(µ) (mod pZp[µ]),

[F0,( 1d ,
d→1
d )]p↑1(µ) · [Fcµ,(

1
d ,

d→1
d )]p↑1(µ) ↗ a(p↑ 1)b(p↑ 1) (mod p

2
Zp[µ]),

where

cµ =

{
2ϖN if µ = ε

4ωN (1↑µ)
1↑2µ = 4ωN (1↑µ)(1↑2µ)

1↑ε
if µ = 1±

↗
1↑ε

2 .

Before we prove this proposition, we need a couple facts about power series and derivatives. For
a power series f(z) =

∑
k↔0 ckz

k → C[[z]],

(2.9)
∑

k↔0

(ak + 1) ckz
k = f(z) + az

d

dz
f(z),

and thus for the hypergeometric functions defined in (1.2),

(2.10) Fa,b(z) = F0,b(z) + az
d

dz
F0,b(z).
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If F0,b(z)2 =
∑

k↔0Akz
k, then from (2.9) and (2.10) we have

(2.11)
∑

k↔0

(ak + 1)Akz
k = F0,b(z)

2 + 2azF0,b(z)
d

dz
F0,b(z) = F0,b(z) · F2a,b(z).

In [16, (3.5)], the authors show that for ε such that both sides converge,

(2.12) F0,( 12 ,c,1↑c)(ε) = F0,(c,1↑c)

(
1±

↓
1↑ ε

2

)2

.

This enables us to show the following.

Lemma 2.7. Set t = 1↑
↗
1↑ε

2 , so that ε = ↑4t(t↑ 1). Then, when both sides converge,

F
a1,(

1
2 ,c,1↑c)(ε) = F0,(c,1↑c)(t) · Fa2,(c,1↑c)(t),

where a2 =
2a1(1↑t)
1↑2t .

Proof. Using (2.10) and (2.12), we obtain

F
a1,(

1
2 ,c,1↑c)(ε) = F0,(c,1↑c)(t)

2 + a1ε
d

dε
F0,(c,1↑c)(t)

2

= F0,(c,1↑c)(t)
2 + 2a1F0,(c,1↑c)(t) · ε

dt

dε
· d

dt
F0,(c,1↑c)(t)

= F0,(c,1↑c)(t)
2 +

2a1(1↑ t)

1↑ 2t
F0,(c,1↑c)(t) · t

d

dt
F0,(c,1↑c)(t).

Thus applying (2.9) gives the desired result. ↭
We now prove Proposition 2.6.

Proof of Prop. 2.6. As in §2.1 and (2.4), consider the di”erentials ↼t =
∑

n↔0 at(n)ξ
n
dξ and ⇁t =

↼t + ct · t↽t↼t =
∑

n↔0 bt(n)ξ
n
dξ. By [16, Lemma 12],

(2.13) at(p↑ 1) ↗ [F0,( 1d ,
d→1
d )]p↑1(t) (mod p).

On the other hand,

bt(p↑ 1) = at(p↑ 1) + ct · t
d

dt
at(p↑ 1)(2.14)

↗ [F0,( 1d ,
d→1
d ) + ct · t

d

dt
F0,( 1d ,

d→1
d )]p↑1(t) (mod p)

(2.10)
↗ [F

ct,(
1
d ,

d→1
d )]p↑1(t) (mod p).

Next, we show the congruence relations at fixed t = µ where Ẽd(µ) has CM. The di”erentials

↼ := ↼µ =
∑

n↔0

a(n↑ 1)ξndξ, and ⇁ := ⇁µ =
∑

n↔0

b(n↑ 1)ξndξ

are non-parallel common eigenvectors for the action of End(Ẽd(µ)) on the first de Rham cohomology
group H

1
dR(Ẽd(µ)/A). Here A is the ring of Witt vectors W (Fp(µ)) as defined in (2.5), which is

isomorphic to the ring of integers Zp[µ] of Qp(µ).
The first congruence relation then follows immediately from (2.13), and we obtain

(2.15) a(p↑ 1) ↗ [F0,( 1d ,
d→1
d )]p↑1(µ) (mod pA),

where A = Zp[µ] and we note that A = Zp when µ = ε.
11



To show the second congruence relation, we examine the unique value cµ = 1
B(z0)

, where Ẽd(µ)

has CM by z0 = ςϱ0 and B(z0) is as in (2.7). In order to write cµ as a function of ϖN , note that
since the value ϖN depends on Z(ϱ) (see Corollary 1.1), and therefore on b, then the expression

of cµ as a function of ϖN will depend on whether µ = ε or µ = 1±
↗
1↑ε

2 . When µ = ε, the value

cµ = 1
B(z0)

= 2ϖN is given by Lemma 2.4 and (2.8). When µ = 1±
↗
1↑ε

2 , from (2.7) we have that
cµ is the unique algebraic number such that

1

ω
⇒ F0,( 1d ,

d→1
d )(µ) · Fcµ,(

1
d ,

d→1
d )(µ)

Lem.2.7
= F

c↑µ,(
1
2 ,

1
d ,

d→1
d )(ε),

where c
↘
µ = cµ(1↑2µ)

2(1↑µ) . From Corollary 1.1, we obtain

(2.16)
1

ω
· ϑN

F0,( 12 ,
1
d ,

d→1
d )(ε)

= F2ωN ,( 12 ,
1
d ,

d→1
d )(ε).

By Lemma 2.5, φN
F
0,( 12 , 1d , d→1

d )
(ε) is algebraic, and the uniqueness of cµ gives that c↘µ = 2ϖN , and thus

cµ = 4ωN (1↑µ)
1↑2µ . Therefore, 2.15 together with the specific expression of cµ gives

[F0,( 1d ,
d→1
d )]p↑1(µ) · [Fcµ,(

1
d ,

d→1
d )]p↑1(µ) ↗ a(p↑ 1)b(p↑ 1) (mod pA).

In order to show the second congruence relation modulo p
2, we consider separately the cases

when Ẽd(µ) is supersingular or ordinary at p. When Ẽd(µ) is supersingular, the congruence follows
as in [16, Proof of Proposition 16] by using the action of the multiplication by ↑p on Ẽd(µ). When
Ẽd(µ) is ordinary at p we use the action of the multiplication by up (the unit root given in Theorem

1.3) on Ẽd(µ) as in Remark 7.3. Then the congruence follows from Case 1 of the proof of Theorem
2.2 when µ can be embedded in Zp, and from Case 2 of the proof of Theorem 2.2 when µ can not
be embedded in Zp. In each case, we obtain

[F0,( 1d ,
d→1
d )]p↑1(µ) · [Fcµ,(

1
d ,

d→1
d )]p↑1(µ) ↗ a(p↑ 1)b(p↑ 1) ↗ sgn · ▷µ p (mod p

2
A),

where sgn = 1 (or ↑1) if and only if Ẽd(µ) is ordinary (or supersingular) at p, and ▷µ = ↑1 if µ
can not be embedded in Zp and ▷µ = 1 otherwise.

↭

3. Proof of Theorem 1.3

Before we prove Theorem 1.3 we need a few results about p-divisibility of our hypergeometric
coe#cients and truncating hypergeometric products modulo p

2 and p
3. We use the following

notation. For d → {2, 3, 4, 6}, and p ↘ 3 prime, define positive integers rd and sd by

rd :=

{
p↑1
d

if p ↗ 1 (mod d)
p↑(d↑1)

d
if p ↗ ↑1 (mod d)

(3.1)

sd :=

{
(d↑1)p↑(d↑1)

d
if p ↗ 1 (mod d)

(d↑1)p↑1
d

if p ↗ ↑1 (mod d).
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We first note that for p an odd prime and k a nonnegative integer such that p+1
2 ⇓ k ⇓ p↑ 1,

(3.2)

(
1
2

)
k

(1)k
↗ 0 (mod p).

Chisholm, et al. [16, Lemma 17] further give that for d → {2, 3, 4, 6} and p an odd prime coprime
to d,

(3.3)

(
1
d

)
k

(
d↑1
d

)
k

(1)2
k

↗
{
0 (mod p), but ≃↗ 0 (mod p

2) if rd < k ⇓ sd,

0 (mod p
2) if sd < k ⇓ p↑ 1.

Considering
∑→

k=0 ckz
k = (

∑→
k=0 akz

k)(
∑→

k=0 bkz
k), we observe that truncating at p↑ 1 gives

p↑1∑

k=0

ckz
k =

p↑1∑

k=0

k∑

j=0

ajbk↑jz
k
,

whereas truncating individually and taking the product gives

(3.4)

(
p↑1∑

k=0

akz
k

)(
p↑1∑

k=0

bkz
k

)
=

2(p↑1)∑

k=0

∑

0≃j≃p↑1
0≃k↑j≃p↑1

ajbk↑jz
k =

p↑1∑

k=0

k∑

j=0

ajbk↑jz
k +

2(p↑1)∑

k=p

p↑1∑

j=k↑(p↑1)

ajbk↑jz
k

=
p↑1∑

k=0

ckz
k +

p↑1∑

k=1

p↑1∑

j=k

ajb(p↑1)↑(j↑k)z
(p↑1)+k =

p↑1∑

k=0

ckz
k +

p↑1∑

k=1

p↑1↑k∑

j=0

ak+jb(p↑1)↑jz
(p↑1)+k

.

These observations allow us to prove the following lemma which is necessary for our proof of
Theorem 1.3.

Lemma 3.1. If p ↘ 3 is prime and ϖ → Q such that ϖ can be embedded into Zp (and fixing such
an embedding),

[F0,b · Fω,b]p↑1(z) ↗ [F0,b]p↑1(z) · [Fω,b]p↑1(z)

{
(mod p

2) if b = (1
d
,
d↑1
d

),

(mod p
3) if b = (12 ,

1
d
,
d↑1
d

).

Setting ϖ = 2ϖN and µ = 1±
↗
1↑ε

2 using the notation of Theorem 1.3, it then follows from
Lemmas 2.7 and Proposition 2.6 that

[F2ωN ,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ [F0,( 1d ,

d→1
d )]p↑1(µ) · [Fcµ,(

1
d ,

d→1
d )]p↑1(µ) ↗ sgn · ▷µ p (mod p

2
A).

Thus, since [F2ωN ,( 12 ,
1
d ,

d→1
d )]p↑1(ε) and sgn · ▷µ p are both in Zp, we have from Proposition 2.6 that

[F2ωN ,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ sgn · ▷µ p (mod p

2).

Proof of Lemma 3.1. Let d → {2, 3, 4, 6} and set b = (1
d
,
d↑1
d

), or b = (12 ,
1
d
,
d↑1
d

). Write F0,b(z) =∑
k↔0 akz

k and Fω,b(z) =
∑

k↔0 bkz
k. Then by (3.4), we have

[F0,b · Fω,b]p↑1(z) = [F0,b]p↑1(z) · [Fω,b]p↑1(z)↑
p↑1∑

k=1

p↑1↑k∑

j=0

ak+jb(p↑1)↑jz
(p↑1)+k

.

It follows from (1.2) that bk = (ϖk+ 1)ak. Since ϖ can be embedded into Zp it su#ces to show for
1 ⇓ k ⇓ p↑ 1 and 0 ⇓ j ⇓ p↑ 1↑ k that ak+ja(p↑1)↑j is congruent to 0 modulo our desired power
of p.

Using the notation in (3.3), we consider when p ↑ 1 ↑ j is in the intervals (0, rd], (rd, sd], and
(sd, p↑ 1] separately.
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First, we consider the case when b = (1
d
,
d↑1
d

), so that ak =
( 1
d)k(

d→1
d )

k
(1)2k

. When p↑1↑j → (sd, p↑1],

(3.3) directly gives that ap↑1↑j ↗ 0 (mod p
2). When p↑ 1↑ j → (0, rd], then sd = p↑ 1↑ rd ⇓ j <

p↑ 1, which implies that sd < j + k ⇓ p↑ 1, so (3.3) gives that ak+j ↗ 0 (mod p
2). Now suppose

p↑ 1↑ j → (rd, sd]. Then, we have

rd = p↑ 1↑ sd ⇓ j < p↑ 1↑ rd = sd.

Thus, we have that p↑1↑j → (rd, sd] and also that j+k → (rd, p↑1], so (3.3) gives that ap↑1↑j ↗ 0
(mod p) and ak+j ↗ 0 (mod p).

Next, we consider the case when b = (12 ,
1
d
,
d↑1
d

), so that ak =
( 1
2)k(

1
d)k(

d→1
d )

k
(1)3k

. From the previous

case, we have seen that
( 1
d)k(

d→1
d )

k
(1)2k

↗ 0 (mod p
2) for p ↑ 1 ↑ j → (0, p ↑ 1]. Thus it su#ces to

show that when p ↑ 1 ↑ j → (0, p ↑ 1], either
( 1
2)p→1→j

(1)p→1→j
↗ 0 (mod p) or

( 1
2)k+j

(1)k+j
↗ 0 (mod p). If

p ↑ 1 ↑ j → (p↑1
2 , p ↑ 1], then from (3.2) we have

( 1
2)p→1→j

(1)p→1→j
↗ 0 (mod p). If p ↑ 1 ↑ j → (0, p↑1

2 ],

then p↑1
2 ⇓ j < p↑ 1, so we have that p↑1

2 < k + j ⇓ p↑ 1, and so from (3.2) we have
( 1
2)k+j

(1)k+j
↗ 0

(mod p). ↭
We now prove our main theorem.

Proof of Theorem 1.3. Let d → {2, 3, 4, 6} and set b = (1
d
,
d↑1
d

), or b = (12 ,
1
d
,
d↑1
d

). Suppose
Z(ϱ) = F0,b(X(ϱ))2 satisfies all of the conditions in Corollary 1.1, and that if ε = X(ςϱ0), then

F0,b(ε) = F0,( 1d ,
d→1
d )(µ)

r where (r, µ) → {(1,ε), (2, 1±
↗
1↑ε

2 )}.
Assume that Q(µ) ⇔ Q(

↓
1↑ ε) is a totally real field, |ε|, |µ| < 1, and that Ẽd(µ) has CM. Let p

be an odd prime such that X(ϱ0),ε, µ can be embedded into Zp, and p is unramified in Q(
↓
1↑ ε).

Suppose that Ẽd(µ) has good reduction modulo p.
First, we consider the case when b = (1

d
,
d↑1
d

) and µ = ε = X(ςϱ0), so that F0,b(X(ςϱ0)) =
F0,( 1d ,

d→1
d )(µ). Then by Lemma 3.1 and Proposition 2.6,

[F0,b · F2ωN ,b]p↑1(X(ςϱ0)) = [F0,( 1d ,
d→1
d ) · F2ωN ,( 1d ,

d→1
d )]p↑1(µ)

↗ [F0,( 1d ,
d→1
d )]p↑1(µ) · [F2ωN ,( 1d ,

d→1
d )]p↑1(µ) (mod p

2)

↗ a(p↑ 1)b(p↑ 1) (mod p
2).

Applying Lemma 2.3, we thus obtain

[F0,b · F2ωN ,b]p↑1(X(ςϱ0)) ↗
{
p if Ẽd(ε) is ordinary at p

↑p if Ẽd(ε) is supersingular at p
(mod p

2).

Since p is a prime for which Ẽd(ε) has good reduction at p, applying a theorem of Deuring [35,
Ch. 13 Thm. 12] gives that Ẽd(ε) is supersingular at p if and only if p either ramifies or is inert
in k = Q(ϱ0) = Q(c

↓
↑N), i.e., Ẽd(ε) is ordinary modulo p if and only if p splits in k. Moreover

when p ⊋ c
2
N we obtain that Ẽd(ε) is ordinary if and only if

(
↑c

2
N

p

)
= 1 by the splitting of primes

in imaginary quadratic fields (see [44, Thm. 25]).

Next, we consider the case when b = (12 ,
1
d
,
d↑1
d

) and µ = 1±
↗
1↑ε

2 =
1±
↓

1↑X(ϱϖ0)
2 , so that

F0,b(X(ςϱ0)) = F0,( 1d ,
d→1
d )(

1±
↓

1↑X(ϱϖ0)
2 )2. Then by Lemma 3.1,
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[F0,b · F2ωN ,b]p↑1(X(ςϱ0)) = [F0,( 12 ,
1
d ,

d→1
d ) · F2ωN ,( 12 ,

1
d ,

d→1
d )]p↑1(ε)

↗ [F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) · [F2ωN ,( 12 ,

1
d ,

d→1
d )]p↑1(ε) (mod p

3).

From (2.16) we know that ϖ,ε admit a series of the form (1.3) which satisfies the conditions of
Theorems 2.1 and 2.2. Thus we have that

[F2ωN ,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗






(
1↑ε

p

)
· p if Ẽd(µ) is ordinary at p

↑
(
1↑ε

p

)
· p if Ẽd(µ) is supersingular at p

(mod p
2),

and that

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗






u
2
p if Ẽd(µ) is ordinary at p and

(
1↑ε

p

)
= 1

(
kd
p

)
u
2
p if Ẽd(µ) is ordinary at p and

(
1↑ε

p

)
= ↑1

0 if Ẽd(µ) is supersingular at p

(mod p
2).

Putting these together and again applying [35, Ch. 13 Thm. 12] gives the desired result. ↭

4. Examples

Below we give 11 examples of Theorem 1.3 and 4 examples of Theorem 2.1, each of which stems
from series evaluations in [6, Thm. 2]. While each example is unique, we note that those in §4.3
arise from the same series as some of those in §4.1.

As each of the following examples stem from [6, Thm. 2], it is clear that Corollary 1.1 will
hold. However, in an e”ort to keep this paper self-contained we will provide the data required to
demonstrate that the conditions of Corollary 1.1 are satisfied for each example, giving that

ϑ

ω
= F0,b(ε) · F2ω,b(ε),

where ϑ,ϖ,ε are given in Table 1.1. This table also lists the values of N,ε, µ, d necessary for
Theorem 1.3 from which we can see that for each example Q(ε) is totally real and |ε|, |µ| < 1.
We then determine primes p for which Theorem 1.3 holds. In particular, we ensure that X(ϱ0)
and ε can be embedded into Zp, that p is unramified in Q(µ) and determine the primes of good

reduction for the corresponding elliptic curve Ẽd(µ). Data for the elliptic curves Ẽd(µ) is obtained
using Sagemath [53]. We note that each elliptic curve Ẽd(µ) has CM.

The Hauptmoduln are written as in [6] in terms of the j-function and Dedekind’s ◁-function,

t2(ϱ) = ↑64◁(2ϱ)24/◁(ϱ)24

t3(ϱ) = ↑27◁(3ϱ)12/◁(ϱ)12

t→(ϱ) = 16◁(ϱ)8◁(4ϱ)16/◁(2ϱ)24

t2,3(ϱ) = 1728/j(ϱ)

t2,4(ϱ) = 256◁(ϱ)24◁(2ϱ)24/(◁(ϱ)24 + 64◁(2ϱ)24)2

t2,6(ϱ) = 108◁(ϱ)12◁(3ϱ)12/(◁(ϱ)12 + 27◁(3ϱ)12)2.

For a discussion regarding our choice of Hauptmoduln, see [6].
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4.1. Examples from [6, §4]. In (A)-(F), we list examples of Theorem 1.3 stemming from from [6,
§4]. For each, we have that Z(ϱ) = F0,( 1d ,

d→1
d )(X(ϱ))2 where d is listed in Table 1.1 and X is given

in Table 4.1, so we have that µ = ε.
In Table 4.1, we list the label from [6] associated to each example, the data required to construct

the Ramanujan-Sato series in Corollary 1.1, and d such that b =
(
1
d
,
d↑1
d

)
. Note that for each of

these examples, U(ϱ) = 1 ↑ X(ϱ), the accompanying N can be found in Table 1.1, and one can
determine the value of ϱ0 using Corollary 1.1.

Example Reference from [6] ς ! X(ϱ) ▷

(A) 4.2
(

0 ↑ 1↓
2↗

2 0

)

!0(2)
t2(ϖ)

t2(ϖ)↑1

↑1
(B) 4.3

(C) 4.4 (
1 ↑1
2 ↑1

)
1

(D) 4.5

(E) 4.6

(
0 ↑ 1↓

3↗
3 0

)
!0(3)

t3(ϖ)
t3(ϖ)↑1 1

(F) 4.7
(

0 ↑ 1
2

2 0

)
!0(4) t→(ϱ) ↑1

Table 4.1. Data required for examples (A)-(F)

Note that for each of these examples, we have that either Q(ε) = Q or Q(ε) = Q(
↓
D) for some

non-square D → Z. In the case where Q(ε) is quadratic, requiring that ε can be embedded into

Zp gives that
(
D

p

)
= 1, which in turn implies that p splits in Q(ε). Thus, requiring that ε can be

embedded into Zp is a stronger condition than requiring that p is unramified in Q(ε). We obtain
the following examples. For p ↗ ±1 (mod 8),

(A)

F0,( 14 ,

3
4 )

· F6
↗
2+8,( 14 ,

3
4 )



p↑1

(
3↑ 2

↓
2

6

)
↗

(
↑6

p

)
p (mod p

2).

For p ↗ ±1 (mod 5),

(B)

[
F0,( 14 ,

3
4 )

· F 20+9
↓
5

2 ,( 14 ,
3
4 )

]

p↑1

(
9↑ 4

↓
5

18

)
↗

(
↑10

p

)
p (mod p

2).

For p ↘ 5,

(C)

F0,( 14 ,

3
4 )

· F8,( 14 ,
3
4 )



p↑1

(
↑1

3

)
↗

(
↑12

p

)
p (mod p

2).

For p ↗ ±1 (mod 5),

(D)

F0,( 14 ,

3
4 )

· F 2
3 (10+4

↗
5),( 14 ,

3
4 )



p↑1

(
2↑

↓
5

4

)
↗

(
↑20

p

)
p (mod p

2).

For p ↗ ±1 (mod 8),

(E)

F0,( 13 ,

2
3 )

· F6(
↗
2+1),( 13 ,

2
3 )



p↑1

(
2↑

↓
2

4

)
↗

(
↑6

p

)
p (mod p

2).
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For p ↗ ±1 (mod 8),

(F)

F0,( 12 ,

1
2 )

· F2(4+2
↗
2),( 12 ,

1
2 )



p↑1

(
3↑ 2

↓
2
)
↗

(
↑8

p

)
p (mod p

2).

Remark 4.1. Examples (A)-(D) arise from series that are also of the form φ

ϑ
= Fω,b(ε) and thus

one could also obtain a supercongruence by applying Theorem 2.1 directly. We do this in §4.3 which
yields distinct examples.

4.2. Examples from [6, §5]. In (G)-(K) we list examples of Theorem 1.3 stemming from [6,
Ex. 5.2-5.6]. For each example, we have Z(ϱ) = F0,( 1

2 ,
1
2↑

1
m ,

1
2+

1
m)(X(ϱ))2 where X(ϱ) = t2,m for

m → {3, 4, 6}. Therefore we have b = (12 ,
1
d
,
d↑1
d

) for d = 2m
m↑2 → {3, 4, 6}, and so µ = 1

2(1↑
↓
1↑ ε)

as in Table 1.1. Additionally, we have ε = X(ςϱ0) = X(ϱ0), which is given in Table 1.1, as is the
value for N . The value for each ϱ0 can be determined from Corollary 1.1. In Table 4.2 we provide
the label for the associated example from [6] as well as the remaining data required to construct
the Ramanujan-Sato series in Corollary 1.1. Further, we have that 1

2ϑi
dX

dϖ
= Z(ϱ)X(ϱ)U(ϱ) where

U(ϱ) is given in [6, §5, (42)-(44)] and we consider ς = 1↗
s

(
0 ↑1
s 0

)
. In each case, (Z|ϱ)(ϱ) = Z(ϱ).

We note that by applying [16, (34)]) and [16, (31)],

Z(ϱ) = F0,( 1
2 ,

1
2↑

1
m ,

1
2+

1
m)(X(ϱ))2 = F0,( 1

2↑
1
m ,

1
2+

1
m)

(
1±


1↑X(ϱ)

2

)4

.

For each example, we ensure that X(ϱ0) (and ε) can be embedded into Zp, that p is unramified in

Q(µ), and that Ẽd(µ) has good reduction at p. Below up is the unit root of the geometric Frobenius

at p acting on the first cohomology of the elliptic curve Ẽd(µ) as defined in Theorem 1.3. We note
that in (J) and (K) we were able to collapse the conditions on the congruence by using properties
of the Legendre relation.

Example Reference from [6] ! m s

(G) 5.2
PSL2(Z) 3 1

(H) 5.3

(I) 5.4 !+
0 (2) 4 2

(J) 5.5
!+
0 (3) 6 3

(K) 5.6

Table 4.2. Data required for examples (G)-(K)

We obtain the following examples. For p ≃= 2, 5,

(G)

F0,( 12 ,

1
6 ,

5
6 )

· F 28
3 ,( 12 ,

1
6 ,

5
6 )



p↑1

(
27

125

)

↗






pu
2
p if

(
↑2

p

)
= 1,

(
1↑ ε

p

)
= 1

↑
(
↑1

p

)
pu

2
p if

(
↑2

p

)
= 1,

(
1↑ ε

p

)
= ↑1

0 otherwise

(mod p
2).
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For p ↘ 7,
(H)


F0,( 12 ,

1
6 ,

5
6 )

· F11,( 12 ,
1
6 ,

5
6 )



p↑1

(
4

125

)
↗






pu
2
p if

(
↑3

p

)
= 1,

(
5

p

)
= 1

↑
(
↑1

p

)
pu

2
p if

(
↑3

p

)
= 1,

(
5

p

)
= ↑1

0 otherwise

(mod p
2).

For p ↘ 5,

(I)

F0,( 12 ,

1
4 ,

3
4 )

· F8,( 12 ,
1
4 ,

3
4 )



p↑1

(
1

9

)
↗






pu
2
p if

(
↑6

p

)
= 1,

(
2

p

)
= 1

↑
(
↑2

p

)
pu

2
p if

(
↑6

p

)
= 1,

(
2

p

)
= ↑1

0 otherwise

(mod p
2).

For p ↘ 5,

(J)

F0,( 12 ,

1
3 ,

2
3 )

· F6,( 12 ,
1
3 ,

2
3 )



p↑1

(
1

2

)
↗





pu

2
p if

(
↑6

p

)
= 1

0 otherwise
(mod p

2).

For p ≃= 3, 5,

(K)

F0,( 12 ,

1
3 ,

2
3 )

· F 33
4 ,( 12 ,

1
3 ,

2
3 )



p↑1

(
4

125

)
↗





pu

2
p if

(
↑15

p

)
= 1

0 otherwise
(mod p

2).

Remark 7.3 notes that certain supercongruences arising from Theorem 1.3 hold modulo p
3. Exam-

ples G and H are of this type. See Section 6 for details and discussion.

4.3. Examples of Theorem 2.1. As described in Remark 1.2, the examples in [6, Ex. 4.2-4.5],
which are obtained from applying [6, Cor. 4.1], di”er in form from their counterparts in Table 1.1,
which are obtained by applying Corollary 1.1, although only by an algebraic constant scaling factor.
However, as mentioned in Remark 4.1 we can directly apply Theorem 2.1 to the series in [6, Ex.
4.2-4.5] to obtain supercongruences that are genuinely di”erent from those obtained from Theorem
1.3. We note that this produces (finitely) more restrictions on the allowable primes, however the
result is also expected to be stronger as Theorem 2.1 is conjectured to hold modulo p

3.
To explain this di”erence in outcomes, when applying Corollary 1.1 we obtain a series of the

form F
c,b̂(ε̂) that is also a product F0,b(ε) · Fa,b(ε) with a quadratic relationship between ε̂ and

ε (obtained through quadratic hypergeometric formulas) as in Lemma 2.7. There is an algebraic
number c such that

F
c,b̂(ε̂) = cF0,b · Fa,b(ε).

However, as the series have di”erent coe#cients the evaluations of their truncations are not equal,

[F
c,b̂]p↑1(ε̂) ≃= [F0,b · Fa,b]p↑1(ε),

and due to the quadratic relationship between ε and ε̂ these evaluations are not always congruent
modulo p

2, as the truncated series [Fc,b]p↑1(ε̂) yields a higher exponent of ε for the n
th term.

Moreover, the truncations [Fc,b]p↑1(ε̂) and [F0,b · Fa,b]p↑1(ε) are related to periods of isogenous,
yet distinct, elliptic curves.
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In the following examples, recall that sgn = ±1, equaling 1 (or ↑1) if and only if Ed(ε) =

Ẽd(
1±

↗
1↑ε

2 ) is ordinary (or supersingular) at p. Since d = 2 for each case, we write b = (12 ,
1
2 ,

1
2).

For each example one can verify that the conditions of Theorem 2.1 hold. Namely, the values of
a and ε are obtained directly from the series, and we ensure that Q(ε) is totally real, |ε| < 1,
and E2(ε) has CM. Further, we restrict to primes p that are coprime to the discriminant of Ẽd(ε),
unramified in Q(

↓
1↑ ε), and such that a,ε can be embedded in Z

↓
p . As in §4.1 and §4.2, data for

each elliptic curve Ẽ2(ε) is found using Sagemath [53].
The series in [6, Exs. 4.2-4.5] can be written as

2

ω(4
↓
2↑ 5)

= F 12
3→2

↓
2
,b(12

↓
2↑ 17),

2

ω(23↑ 10
↓
5)

= F 12(15+4
↓
5)

29 ,b
(72

↓
5↑ 161),

4

ω
= F6,b

(
1

4

)
,

10(
↓
5 + 1)

ω

↓
5↑ 2

= F5+
↗
5,b(9↑ 4

↓
5).

Applying Theorem 2.1 to these gives the following. For p ↘ 11 with
(
2
p

)
= 1,

(L)

[
F 12

3→
↓
2
,b

]

p↑1

(12
↓
2↑ 17) ↗ sgn ·

(
18↑ 12

↓
2

p

)
· p (mod p

2).

For p ↘ 5,

(M)

[
F 12(15+4

↓
5)

29 ,b

]

p↑1

(72
↓
5↑ 161) ↗ sgn ·

(
↑10(162↑ 72

↓
5)

p

)
· p (mod p

2).

For p ≃= 29 with p ↗ ±1 (mod 5),

(N) [F6,b]p↑1

(
1

4

)
↗ sgn ·

(
3/4

p

)
· p (mod p

2).

For p ↘ 11 with
(
5
p

)
= 1,

(O)

F5+

↗
5,b



p↑1
(9↑ 4

↓
5) ↗ sgn ·

(
4
↓
5↑ 8

p

)
· p (mod p

2).

5. Connections with modular forms

By work of Freitas, Hung, and Siksek [21], elliptic curves over real quadratic fields are modular.
The tensor product 0↼ := 0E→ ↖ 0E+ of the compatible family of Galois representations 0E→,↼ and

0E+,↼, attached to E↑ := Ẽd

(
1↑

↗
1↑ε

2

)
and E+ := Ẽd

(
1↑

↗
1+ε

2

)
, respectively are also “modular” in

the sense that the L-function of 0↼ can be expressed in terms of the corresponding Hilbert modular
forms. In fact, we can derive that when E+ has CM, 0↼ corresponds to a weight 3 CM cusp form
with Fourier coe#cients in Q (see [35, 57, 63, 48]).

The following is a corollary to Theorem 2.2 using the theory of CM elliptic curves.
19



Corollary 5.1. Assume the notation and assumptions in Theorem 2.2 with ε → Q. Then there
exists a weight 3 Hecke eigenform f such that for primes p where p ⊋ 2d and ε and 1↑ε are p-adic
units,

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ ap(f) (mod p

2),

where ap(f) is the pth Fourier coe”cient of f .

We note that the case when ε = 1 is given by Mortenson [46].

Proof. Since p ⊋ 2d and ε, 1 ↑ ε → Z
↓
p , we have that p is a good prime for Ẽd

(
1+

↗
1↑ε

2

)
and

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) is defined p-adically. By the modularity of CM elliptic curves over real quadratic

fields, there exist Grossencharacters 1+ and 1↑ for a field K such that the L-functions of 1+ and

E+ := Ẽd

(
1+

↗
1↑ε

2

)
, and respectively 1↑ and E↑ := Ẽd

(
1↑

↗
1↑ε

2

)
, coincide. If E+ has CM by

Q(
↓
↑D), then K = Q(

↓
↑D,

↓
1↑ ε). Namely, we have

L(1+, s) = L(E+/Q(
↓
1↑ ε), s),

L(1↑, s) = L(E↑/Q(
↓
1↑ ε), s).

Let 1kd
be the character of Q induced by the quadratic character

(
kd
·

)
. Then, by Weil’s Converse

Theorem [63, 48] there exists a weight 3 CM modular form f with an imprimitive Dirichlet character
⇀ determined by the CM discriminant corresponding to the character 1kd

1↑1+ of K taking values
in Q(

↓
↑D). Hence, by Theorem 2.2 one has for supersingular primes (⇀(p) = ↑1) that

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ 0 = ap(f) (mod p

2),

and for ordinary primes (⇀(p) = 1),

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗





u
2
p(E↑) if

(
1↑ε

p

)
= 1,

(
kd
p

)
u
2
p(E↑) if

(
1↑ε

p

)
= ↑1,

↗






(
kd
p

)
up(E↑)up(E+) if

(
1↑ε

p

)
= 1,

(
kd
p

)
up(E↑)up(E+) if

(
1↑ε

p

)
= ↑1,

↗ up(f) + p
2
/up(f) (mod p

2),

where up(f) and p
2
/up(f) are the roots of the Hecke polynomial T 2 ↑ ap(f)T + p

2 attached to f

at p. ↭

By the above discussion, we have modularity for the Galois representations of Gal(Q/Q) attached
to F0,( 12 ,

1
d ,

d→1
d )(ε) arising from the tensor product of the Galois representations of Gal(Q/Q(

↓
1↑ ε))

attached to the CM curves E↑ and E+. In particular, denote 0↼ := 0E→↖0E+ . Then 0↼ decomposes
as

0↼ = σ↼ ↙ 2↼ ↙ 2↼,

where 2↼ is the cyclotomic character tensored by the CM quadratic character and σ↼ is a 2-
dimensional representation satisfying Tr(σ↼(Frobp)) = ap(g) for a weight 3 form g with CM arising
from the character 1↑1+ of K defined in the proof of Corollary 5.1. The relationship between g

and the cusp form f in the proof of Corollary 5.1 is

f =

(
kd

·

)
↖ g,
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which follows from Theorem 2.2. In particular, if p is supersingular, since g has CM it follows that
ap(g) = 0. If p is ordinary, then since the eigenvalues of 0E→,↼ are ▷pup(E↑) and ▷pp/up(E↑), with
▷
2
p = 1 , it follows that the eigenvalues of σ↼ are up(E↑)up(E+) and p

2
/up(E↑)up(E+). Thus,

ap(g) = Tr(σ↼(Frobp)) = up(E↑)up(E+) +
p
2

up(E↑)up(E+)
.

5.1. Special values and L-values. In [6, Exs. 5.2-5.6], some special values of the weight 4
modular form Z(ϱ) = F0,( 12 ,

1
d ,

d→1
d )(X(ϱ))2 are computed in terms of Gamma functions. Here we

interpret these in terms of $K , defined in (2.2). As discussed in the proof of Lemma 2.5,

F0,( 12 ,
1
d ,

d→1
d )(X(ςϱ0))

2 ⇒ $4
K ,

where K is the CM-field of the elliptic curve Ẽd

(
1↑
↓

1↑X(ϱϖ0)
2

)
. In particular, the evaluations of

F0,( 12 ,
1
d ,

d→1
d )(X(ςϱ0))2 given in [6, Exs. 5.2-5.6] yield the following equalities,

F0,( 1
12 ,

5
12 )

(
27

125

)2

= F0,( 12 ,
1
6 ,

5
6 )

(
27

125

)
=

↓
5

8
$2
Q(

↗
↑8)(5.1)

F0,( 1
12 ,

5
12 )

(
4

125

)2

= F0,( 12 ,
1
6 ,

5
6 )

(
4

125

)
=

↓
15

3 · 3
↓
32

$2
Q(

↗
↑3)(5.2)

F0,( 18 ,
3
8 )

(
1

9

)2

= F0,( 12 ,
1
4 ,

3
4 )

(
1

9

)
=

1↓
24

$2
Q(

↗
↑24)(5.3)

F0,( 13 ,
1
6 )

(
1

2

)2

= F0,( 12 ,
1
3 ,

2
3 )

(
1

2

)
=

↓
3

8
$2
Q(

↗
↑24)(5.4)

F0,( 13 ,
1
6 )

(
4

125

)2

= F0,( 12 ,
1
3 ,

2
3 )

(
4

125

)
=

↓
3

8
$2
Q(

↗
↑15).(5.5)

We expect that the special values in (5.1)-(5.5) are each related to the L-value of a weight 3 CM
modular form through the modularity of CM elliptic curves. For example, by [38, Theorem 2] we
have

ω
2 · F0,( 12 ,

1
6 ,

5
6 )

(
4

125

)
= 6

↓
5 · L(◁(2ϱ)3◁(6ϱ)3, 2) = 9

↓
5 · L(◁(6ϱ)4, 1)2,

where for the elliptic curve E : y2 = x
3 + 1,

L(◁(6ϱ)4, 1) = L(E, 1) =
ω

3 4
↓
3 6
↓
32

$
Q(

↗
↑3).

In particular, the following relation between weight 3 cusp forms, f300.3.g.b =
(
5
·
)
↖ ◁(2ϱ)3◁(6ϱ)3,

provides the algebraic relation

L(f300.3.g.b, 2) ⇒
↓
5L(◁(2ϱ)3◁(6ϱ)3, 2),

where f300.3.g.b is the weight 3 cusp form identified in Corollary 5.1. We expect that the methods
in [38] could be used to show that

ω
2 · F0,( 12 ,

1
6 ,

5
6 )

(
4

125

)
=

25

4
L(f300.3.g.b, 2).

In light of this, we make the following observation based on numeric evidence.
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Observation 5.2. For modular forms f labeled with their LMFDB labels [39],

ω
2 · F0,( 12 ,

1
6 ,

5
6 )

(
27

125

)
=

25

2
L(f800.3.g.a, 2),

ω
2 · F0,( 12 ,

1
6 ,

5
6 )

(
4

125

)
=

25

4
L(f300.3.g.b, 2),

ω
2 · F0,( 12 ,

1
4 ,

3
4 )

(
1

9

)
= 12L(f24.3.h.a, 2),

ω
2 · F0,( 12 ,

1
3 ,

2
3 )

(
1

2

)
= 9L(f24.3.h.b, 2),

ω
2 · F0,( 12 ,

1
3 ,

2
3 )

(
4

125

)
=

45

4
L(f15.3.d.b, 2).

We note that for some hypergeometric evaluations at ε = ±1, special L-values of the correspond-
ing cusp forms at 1 and 2 are obtained in work of Zagier [66], Osburn and Straub [49], as well as
Allen, Grove, Long, and the fifth author [3, Appendix].

6. Results and conjectures modulo p
3

Here we discuss what is known and conjectured modulo p
3. As described in §2.1, Zudilin conjec-

tured that Theorem 2.1 holds modulo p
3. Some cases of this have been confirmed, for example in

works of Beukers [9] using modular forms, Mortenson [47] using a hypergeometric transformation of
Whipple, Zudilin [68] using WZ machinery, as well as Guo and Zudilin [25] using q-hypergeometric
analogues. Computationally Theorem 2.2 appears to hold modulo p

3 for ordinary primes, but not
for supersingular primes in general. Some progress on this has been made, including by Long and
Ramakrishna [41] as well as Beukers [9]. In particular, Beukers [9, Thm. 1.27] gives the cases when
d = 6 through properties of corresponding modular forms which yields the result modulo p

3 given
below.

Let D be a positive integer with D ↗ 0 or 3 (mod 4), and define

(6.1) ↼D =

{↗
↑D

2 if D ↗ 0 (mod 4),
1+

↗
↑D

2 if D ↗ 3 (mod 4).

Theorem 6.1. (Theorems 2.1, 2.2, and [9, Theorem 1.27]) Assume the notation and assumptions
in Theorem 2.1 and (6.1). Suppose ε = 1728/j(↼D). Then, for an ordinary prime p,

[F
ω,( 1

2 ,
1
6 ,

5
6)
]p↑1(ε) ↗

(
1↑ ε

p

)
· p (mod p

3),

and

[F0,( 12 ,
1
6 ,

5
6 )
]p↑1(ε) ↗





u
2
p if

(
1↑ε

p

)
= 1,

(
↑1
p

)
u
2
p if

(
1↑ε

p

)
= ↑1,

(mod p
3),

where up is a fixed p-adic unit root of the geometric Frobenius at p acting on the first cohomology

of the elliptic curve Ẽd(
1↑

↗
1↑ε

2 ).

One may notice that the left-hand sides of the congruences in Theorem 6.1 are similar to the
left-hand sides of (G) and (H). In fact, as we will demonstrate, (G) and (H) can be partially
extended to hold modulo p

3, and we conjecture that a special case of all supercongruences arising
from Theorem 1.3 hold modulo p

3.
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Conjecture 6.2. Assume the hypotheses in Theorem 1.3 for b = (12 ,
1
d
,
d↑1
d

). Then for primes
p ↘ 5,

[F0,b · F2ωN ,b]p↑1(ε) ↗




0 if Ẽd

(
1↑

↗
1↑ε

2

)
is supersingular at p

u
2
p p if Ẽd

(
1↑

↗
1↑ε

2

)
is ordinary at p and

(
1↑ε

p

)
= 1

↑
(
kd
p

)
u
2
p p if Ẽd

(
1↑

↗
1↑ε

2

)
is ordinary at p and

(
1↑ε

p

)
= ↑1

(mod p
3),

where up is the unit root of the geometric Frobenius at p acting on the first cohomology of the elliptic

curve Ẽd(
1↑

↗
1↑ε

2 ) and k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2.

The cases of Conjecture 6.2 arising from (G) and (H) have been verified using Theorem 6.1. In
particular, (G) can be extended to obtain for ε = 27

125 and primes p ≃= 2, 5,

(P)

F0,( 12 ,

1
6 ,

5
6 )

· F 28
3 ,( 12 ,

1
6 ,

5
6 )



p↑1

(
27

125

)

↗






pu
2
p if

(
↑2

p

)
= 1 and

(
1↑ ε

p

)
= 1

↑
(
↑1

p

)
pu

2
p if

(
↑2

p

)
= 1 and

(
1↑ ε

p

)
= ↑1

(mod p
3).

Similarly, we can extend (H) to obtain for primes p ↘ 7,

(Q)

F0,( 12 ,

1
6 ,

5
6 )

· F11,( 12 ,
1
6 ,

5
6 )



p↑1

(
4

125

)

↗






pu
2
p if

(
↑3

p

)
= 1 and

(
5

p

)
= 1

↑
(
↑1

p

)
pu

2
p if

(
↑3

p

)
= 1 and

(
5

p

)
= ↑1

(mod p
3).

We now show that Zudilin’s conjecture implies Conjecture 6.2.

Proposition 6.3. If Theorem 2.1 holds modulo p
3, then Conjecture 6.2 is true.

Proof. If Theorem 2.1 holds modulo p
3, then using Lemma 3.1 we have

[F0,b · F2ωN ,b]p↑1(ε) ↗




↑
(
1↑ε

p

)
[F0,b]p↑1(ε) · p if Ẽd

(
1↑

↗
1↑ε

2

)
is supersingular at p

[F0,b]p↑1(ε) · p if Ẽd

(
1↑

↗
1↑ε

2

)
is ordinary at p and

(
1↑ε

p

)
= 1

↑[F0,b]p↑1(ε) · p if Ẽd

(
1↑

↗
1↑ε

2

)
is ordinary at p and

(
1↑ε

p

)
= ↑1

(mod p
3).

Thus applying Theorem 2.2 to [F0,b]p↑1(ε) · p to obtain congruences modulo p
3, we obtain the

result. ↭
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We numerically verified for applicable primes p < 150 that Zudulin’s conjecture [67] extending
Theorem 2.1 to hold modulo p

3 holds for the following congruences stemming from (I)-(K),

F8,( 12 ,

1
4 ,

3
4 )



p↑1

(
1

9

)
↗ sgn ·

(
1↑ ε

p

)
· p (mod p

3),(6.7)

for ε =
1

9
and primes 5 ⇓ p < 150;


F6,( 12 ,

1
3 ,

2
3 )



p↑1

(
1

2

)
↗ sgn ·

(
1↑ ε

p

)
· p (mod p

3),(6.8)

for ε =
1

2
and primes 5 ⇓ p < 150;


F 33

4 ,( 12 ,
1
3 ,

2
3 )



p↑1

(
4

125

)
↗ sgn ·

(
1↑ ε

p

)
· p (mod p

3),(6.9)

for ε =
4

125
and primes 7 ⇓ p < 150, p ≃= 11.

By Proposition 6.3, if (6.7), (6.8), or (6.9) hold, then (I), (J), and (K), respectively hold modulo
p
3. However, we note that Theorem 2.2 only seems to hold modulo p

3 for ordinary primes. For
supersingular primes, the result only holds modulo p

2. We have checked this for the F0,b(z) term
corresponding to (I), (J), and (K), for the appropriate primes p < 150.

Finally, when b = (1
d
,
d↑1
d

) in Theorem 1.3, the congruences do not seem to generally extend to
a higher power of p. For instance, (A), (B), (C), (D), (E) do not hold modulo p

3 for appropriate
primes p < 150. However, for appropriate primes p < 150 Example (F) does hold modulo p

3.
We next make the following conjecture modulo p

3 related to Corollary 5.1.

Conjecture 6.4. Assume the hypotheses in Corollary 5.1. For each [F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) appearing

in Corollary 5.1 such that the corresponding ap(f) ≃= 0,

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ up(f) (mod p

3),

where up(f) is the unit root of the Hecke polynomial T 2 ↑ ap(f)T + p
2 associated to f .

7. Appendix — Proof of Theorem 2.2 and hypergeoemtric character sums

In this appendix, we provide an explanation of Theorem 2.2 through the arithmetic properties
of the hypergeometric elliptic families, and further record some parallel results in terms of finite
hypergeometric functions introduced by Beukers, Cohen, and Mellit in [10], which allow us to see
the supercongrunce in Theorem 2.2 from the character sum perspective.

7.1. Proof of Theorem 2.2. When E is an elliptic curve defined over a finite field Fq containing
q elements, define

aq(E) := q + 1↑#E(Fq).

Proposition 7.1. Let d → {2, 3, 4, 6}, p ↘ 5 prime, and Fq a finite field with q = p
r elements. For

t → Fq such that both Ẽd(t) and Ẽd(1↑ t) are elliptic curves defined over Fq, one has

aq(Ẽd(t)) = 3q(kd)aq(Ẽd(1↑ t)),

where 3q is the quadratic character of Fq, and k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2.

We believe this proposition has been documented in literature, however we find the following
approach enlightening as we provide a detailed description of isogenies among the elliptic curves.
One may see [28, Lemma 4] for a hypergeometric approach. The way we approach this proposition
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is through the moduli interpretation of elliptic curves as complex tori, and the action of W provided
in Table 2.1. The action of the normalizer

W : t(W ϱ) = 1↑ t(ϱ)

gives an isogeny from the complex torus C/Z+ Zϱ to C/Z+ Z(W ϱ) and the composition of this
isogeny and its dual gives W

2 = ↑kd-multiplication. These isogenies induce the isogenies on the
reduction of the given elliptic curves. For each case, the isogeny is a composition of a isogeny
defined over Fq and a quadratic twist. In the proof of Proposition 7.1 below, we provide the
explicit isogenies and quadratic twists.

Proof of Prop. 7.1. Fix t → Fq, d → {2, 3, 4, 6} such that Ẽd(t) and Ẽd(1 ↑ t) are defined over Fq.

When d = 2, Ẽ2(t) is isomorphic to Ẽ
↘
2(t) : ↑y

2 = x(1↑ x)(x↑ (1↑ t)) by the map

(x, y) ∝↔ (↑x+ 1, y) .

Therefore,

aq(Ẽ2(t)) =aq(Ẽ
↘
2(t)) = q + 1↑#(Ẽ↘

2(t)(Fq)

=
∑

x⇐Fq

3q(↑x(1↑ x)(x↑ (1↑ t))) = 3q(↑1)
∑

x⇐Fp

3q(x(1↑ x)(x↑ (1↑ t)))

=3q(↑1)aq(Ẽ2(1↑ t)).

When d = 6, Ẽd(t) is isomorphic to Ẽ
↘
d
(t) : y2 = x

3 ↑ 27x+ 54(1↑ 2t) by the map

(x, y) ∝↔
(
62x+ 3, 63y + 3 · 62x

)
,

and the curve ↑y
2 = x

3 ↑ 27x+ 54(1↑ 2t) is isomorphic to Ẽ
↘
d
(1↑ t) : y2 = x

3 ↑ 27x↑ 54(1↑ 2t)
via (x, y) ∝↔ (↑x,↑y). This gives

aq(Ẽ6(t)) = 3q(↑1)aq(Ẽ6(1↑ t)).

When d = 4, Ẽ4(t) is 2-isogenous to the curve Ẽ
↘
4(t) : y

2 = x(x2 ↑ 2x+ (1↑ t)) by the map

(x, y) ∝↔
(
x+ 1 +

t

4x
, y(1↑ t

4x2
)

)
,

and the quadratic twist of the curve Ẽ
↘
4(t) by ↑2 is isomorphic to Ẽ4(1 ↑ t) by the isomorphism

from E : ↑2y2 = x(x2 ↑ 2x+ (1↑ t)) ↑↔ Ẽd(1↑ t) given by

(x, y) ∝↔ (↑x/2, y/2) .

Putting this all together, we get

aq(Ẽd(t)) =aq(Ẽ
↘
d
(t)) = q + 1↑#(Ẽ↘

d
(t)(Fq))

=
∑

x⇐Fq

3q(x(x
2 ↑ 2x+ (1↑ t))) = 3q(↑2)

∑

x⇐Fp

3q(↑2x(x2 ↑ 2x+ (1↑ t)))

=3q(↑2)aq(Ẽd(1↑ t)).

Similarly, in the case of d = 3, the curve Ẽ3(t) has a Weierstrass equation y
2 = x

3 + 1
4

(
x+ t

27

)2

through the map (x, y) ∝↔
(
x, y + 1

2(x+ t

27)
)
, which is 3-isogenous to Ẽ

↘
3(t) : y

2 = x
3↑ 3

4(x↑
1↑t

9 )2.

The curve Ẽ3(1↑ t) is isomorphic to the quadratic twist of Ẽ↘
3(t) by ↑3 via the isomorphism from

E : ↑3y2 = x
3 ↑ 3

4

(
x↑ 1↑t

9

)2 ↑↔ Ẽ3(1↑ t) given by

(x, y) ∝↔ (↑x/3, y/3) .
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This gives the desired identity

aq(Ẽ3(t)) = 3q(↑3)aq(Ẽ3(1↑ t)).

↭
For our next lemma, we p-adically relate the evaluations of the truncation of F0,( 1d ,

d→1
d ) at ε and

1↑ ε, respectively.

Lemma 7.2. Let d → {2, 3, 4, 6}, p ↘ 5 prime, and k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2. Then for
ε → Q such that ε can be embedded in Zp,

[F0,( 1d ,
d→1
d )]p↑1(ε) ↗

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1(1↑ ε) (mod p

2).

Furthermore, as polynomials in t,

[F0,( 1d ,
d→1
d )]p↑1(t)↑

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1(1↑ t) → p

2
Zp[t],

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(t)↑

(
kd

p

)
F0,( 1d ,

d→1
d )



p↑1

(
1 +

↓
1↑ t

2

)
·

F0,( 1d ,

d→1
d )



p↑1

(
1↑

↓
1↑ t

2

)
→ p

2
Zp[t].

Proof. Trivially, [F0,( 1d ,
d→1
d )]p↑1(0) = 1. Moreover, one can show [F0,( 1d ,

d→1
d )]p↑1(1) ↗

(
kd
p

)
(mod p)

by first using (3.3) and the Chu-Vandermonde identity to obtain

[F0,( 1d ,
d→1
d )]p↑1(1) ↗ [F0,( 1d ,

d→1
d )]rd(1) =

(
1
d

)
rd

(1)
rd

(mod p),

where rd ↗ ↑1/d (mod p) is defined in (3.1), then interpreting the right hand side in terms of p-adic
Gamma functions and [41, Thm. 14], then using quadratic reciprocity. From counting points on
classical hypergeometric elliptic families (see [28, 40, 59] for example) it follows from Proposition
7.1 that as polynomials in Zp[t],

(7.1) [F0,( 1d ,
d→1
d )]p↑1(t) ↗

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1(1↑ t) (mod p).

Thus there exists n(t) → Zp[t] such that

(7.2) [F0,( 1d ,
d→1
d )]p↑1(t) =

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1(1↑ t) + pn(t),

and squaring both sides shows that

(7.3) [F0,( 1d ,
d→1
d )]

2
p↑1(t) ↗ [F0,( 1d ,

d→1
d )]

2
p↑1(1↑ t) + 2p

(
kd

p

)
n(t)[F0,( 1d ,

d→1
d )]p↑1(1↑ t) (mod p

2).

From [16, Lemma 18] and the fact that 4t(1↑t) is invariant under the change of variable t ∝↔ 1↑t,
it follows that

(7.4) [F0,( 12 ,
1
d ,

d→1
d ))]p↑1(4t(1↑ t)) ↗ [F0,( 1d ,

d→1
d )]

2
p↑1(t) ↗ [F0,( 1d ,

d→1
d )]

2
p↑1(1↑ t) (mod p

2).

We conclude from (7.4) and (7.3) that as polynomials in t, n(t)[F0,( 1d ,
d→1
d )]p↑1(1↑ t) ↗ 0 (mod p).

However, clearly [F0,( 1d ,
d→1
d )]p↑1(t) ≃↗ 0 (mod p) as it has constant term 1. Thus, n(t) ↗ 0 (mod p),

so (7.2) gives that

(7.5) [F0,( 1d ,
d→1
d )]p↑1(t) ↗

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1(1↑ t) (mod p

2),
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which yields the first and second statements. Furthermore, (7.5) and (7.4) give that

(7.6) [F0,( 12 ,
1
d ,

d→1
d )]p↑1(4t(1↑ t)) ↗

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1(t) · [F0,( 1d ,

d→1
d )]p↑1(1↑ t) (mod p

2).

From here it remains to substitute 1+
↗
1↑t

2 for t, but we need to establish that we obtain a polynomial
in only t. This follows from the fact that

F (u, v) := [F0,( 1d ,
d→1
d )]p↑1(u) · [F0,( 1d ,

d→1
d )]p↑1(v)

is a symmetric polynomial in Zp[u, v], and hence it can be written as a polynomial in the elementary

symmetric polynomials u+ v, uv. Thus setting u = 1+
↗
1↑t

2 and v = 1↑
↗
1↑t

2 , there exists G(x, y) →
Zp[x, y] such that F (u, v) = G(u+ v, uv) = G(1, t/4) → Zp[t]. Thus we can substitute 1+

↗
1↑t

2 for t
in (7.6) to conclude

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(t)↑

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1

(
1 +

↓
1↑ t

2

)
· [F0,( 1d ,

d→1
d )]p↑1

(
1↑

↓
1↑ t

2

)
→ p

2
Zp[t].

↭

We now give a proof of Theorem 2.2 for the ordinary cases. Some useful information and
terminology can be found in [57, Chapter 2] and [32, Chapter 6] for example.

Proof of Theorem 2.2 for ordinary primes p. Let ε be a totally real number satisfying the assump-

tions of Theorem 2.2. Set µ = v↑ := 1↑
↗
1↑ε

2 , v+ := 1+
↗
1↑ε

2 , as well as E↑ := Ẽd(v↑) = Ẽd(µ)

and E+ := Ẽd(v+). For a given prime p such that Ẽd(µ) has good reduction and is ordinary at p,
let p be a prime ideal in the ring of integers of Q(µ) lying above p, and Qp(µ) be the completion
of Q(µ) at the place p. The ring of integers of Qp(µ) is isomorphic to the ring A of Witt vectors of
Fp(

↓
1↑ ε). In this proof, we view E↑ and E+ as elliptic curves over A.

We examine cases based on whether the prime p splits in Q(µ), i.e. when
(
1↑ε

p

)
= 1, or p is

inert in Q(µ), i.e. when
(
1↑ε

p

)
= ↑1.

Case 1 :
(
1↑ε

p

)
= 1. In this case Qp(µ) = Qp(

↓
1↑ ε) ′ Qp and we consider E↑ as an elliptic

curve over A = W (Fp) ′ Zp. Recall that up and p/up are roots of T 2↑ap(E↑)T +p, where ap(E↑)
is defined in Proposition 7.1. The endomorphism ring End(E↑) embeds in in Zp, and since p splits
in this case,

↓
1↑ ε is also embedded in Zp. We set ω⇒ to represent the image of p/up in Zp.

Multiplication on E↑ by ω
⇒ is a rational function of the local uniformizer ξ := ↑x

y
, and there is

an algebraic number & := &d,ϑ↔ with &2 ↗ 1 (mod pA) such that [ω⇒](ξ) ↗ &ξ
p (mod pA). This

gives rise to a degree-p Frobenius map % on A, which induces a morphism

%̃⇒ : H1
DR( E↑/A, (p)) ↑↔ H

1
DR( E↑/A, (p))

∑

n↔1

c(n↑ 1)

n
ξ
n ∝↔

∑

n↔1

c(n↑ 1)↽

n
%(ξ)n =

∑

n↔1

c(n↑ 1)

n
&n

ξ
pn
,

where E↑ is defined as in Katz [32].
The characteristic polynomial of %̃⇒ is T

2 ↑ ap(E↑)T + p which has ω
⇒ as a root, and thus ω

⇒

is one of the eigenvalues of %̃⇒. Analogous to the construction in Section 2.1, the induced action
of End(E↑) on the de Rham space H

1
DR

(E↑/A, (p)) has two common eigenvectors, one of which
corresponds to the class of the standard invariant holomorphic di”erential one form ↼, which as in
(2.6) can be represented via ↼ =

∑
n

a(n↑1)
n

ξ
n. By the Cayley-Hamilton Theorem, %̃⇒(↼) = ω

⇒
↼.
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Comparing the coe#cients of ξ
p from the left and the right hand sides of

∑
n

a(n↑1)
n

&n
ξ
pn =

ω
⇒∑

n

a(n↑1)
n

ξ
n, we get

& ↗ ω
⇒a(p↑ 1)

p
(mod pA),

which gives

a(p↑ 1) ↗ &up (mod pA)

According to [19, 16, 59], we have

(7.7) [F0, 1d ,
d→1
d
]p↑1(v↑) ↗ &up (mod p

2).

Since we are assuming
(
1↑ε

p

)
= 1, we get from Lemma 7.2 and (7.5) that

(7.8) [F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ [F0, 1d ,

d→1
d
]2p↑1(v↑) ↗ &2

up ↗ u
2
p (mod p

2),

which proves the claim in this case.

Case 2 :
(
1↑ε

p

)
= ↑1. In this case Qp(µ) = Qp(

↓
1↑ ε) ′ Qp(φp2↑1), which is the unique

unramified quadratic extension of Qp, and we view E↑ and E+ as elliptic curves over A = W (Fp) ′
Zp[

↓
1↑ ε]. As before, the endomorphism ring End(E↑) is embedded in Zp ∞ Zp[

↓
1↑ ε], however

in this case,
↓
1↑ ε can not be embedded in Zp. Let σ → Aut(A) be the automorphism of A lifted

from the Frobenius automorphism z ∝↔ z
p on Fp. Then, a↽ := σ(a) ↗ a

p (mod pA) for all a → A.
Analogous to Case 1, u2p and p

2
/u

2
p are roots of T 2 ↑ ap2(E↑)T + p

2 and belong to the CM field
K, whose completion at p is Qp. Denoting from now on up and p/up as the embedding of these
elements in Qp(

↓
1↑ ε), we have u

2
p → Zp and moreover, u2p ↗ ap2(E↑) (mod pZp). Furthermore,

since p is inert in this case, up is a p-adic unit root of the geometric Frobenius associated to both
E↑ as well as E+.

Note that the multiplication map [p2/u2p] on E↑ or E+ gives rise to a degree-p2 Frobenius map
for which there exists a degree-p map [ω⇒] satisfying [ω⇒]2 = [p2/u2p]. Then [ω⇒], which is an isogeny
from E+ ↔ E↑ and from E↑ ↔ E+, serves as a rational function of ξ as stated in [16] (see §4.2
and §5). Moreover, associated to each of the curves E+ and E↑ there is an algebraic number
&± := &d,ϑ↔ with &4

± ↗ 1 (mod pA) and &↑&+ ↗ 1 (mod pA) such that on E↑, [ω⇒](ξ) ↗ &↑ξ
p

(mod pA) and on E+, [ω⇒](ξ) ↗ &+ξ
p (mod pA). This gives rise to a degree-p map % on A that

induces morphisms

H
1
DR( E↑/A, (p))

”̃↔
↑↔ H

1
DR( E+/A, (p))

”̃↔
↑↔ H

1
DR( E↑/A, (p)),

defined by

∑

n↔1

c(n↑ 1)

n
ξ
n ∝↔

∑

n↔1

c(n↑ 1)↽

n
%(ξ)n =

∑

n↔1

c(n↑ 1)↽

n
&n

↑ξ
pn ∝↔

∑

n↔1

c(n↑ 1)

n
&n

↑&
n

+ξ
p
2
n
.

Let ↼↑ :=
∑

n

a(n↑1)
n

ξ
n represent the class of the standard invariant holomorphic di”eren-

tial one form on E↑/A . Then %̃⇒(↼↑) belongs to the subspace of the holomorphic 1-forms in

H
1
DR

( E+/A, (p)) generated by ↼+ :=
∑

n

a(n↑1)ε

n
ξ
n. In particular, for some ▷ → {±1},

%̃⇒(↼↑) =
▷p

up
↼+ =

▷p

up

∑

n

a(n↑ 1)↽

n
ξ
n
.

Hence, by comparing the p-th power coe#cients, we get

a(p↑ 1)↽ ↗ ▷&↑up (mod pA).
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Further by [41, 16], one has

(7.9)
(
[F0, 1d ,

d→1
d
]p↑1(v↑)

)
↽

= [F0, 1d ,
d→1
d
]p↑1(v+) ↗ ▷&↑up (mod p

2
A).

Similarly, since %̃⇒(↼+) =
⇀p

up
↼↑, the maps

H
1
DR( E+/A, (p))

”̃↔
↑↔ H

1
DR( E↑/A, (p))

”̃↔
↑↔ H

1
DR( E+/A, (p))

give that

(7.10) [F0, 1d ,
d→1
d
]p↑1(v↑) ↗ ▷&+up (mod p

2
A).

Combining (7.9) and (7.10), we obtain

[F0, 1d ,
d→1
d
]p↑1(v+)[F0, 1d ,

d→1
d
]p↑1(v↑) ↗ u

2
p (mod p

2
A).

Since u
2
p → Zp, and using Lemma 7.2, it follows that

[F0, 1d ,
d→1
d
]p↑1(v+)[F0, 1d ,

d→1
d
]p↑1(v↑) → Zp[ε] = Zp.

Thus,

(7.11) [F0, 1d ,
d→1
d
]p↑1(v+)[F0, 1d ,

d→1
d
]p↑1(v↑) ↗ u

2
p (mod p

2).

Finally, from Lemma 7.2 and (7.11),

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗

(
kd

p

)
F0,( 1d ,

d→1
d )



p↑1
(v↑) ·


F0,( 1d ,

d→1
d )



p↑1
(v+) ↗

(
kd

p

)
u
2
p (mod p

2),

which completes the proof. ↭
Remark 7.3. We note that a second common eigenvector ⇁ of the action of End(E↑) on H

1
DR

( E↑/A, (p))

corresponds to the class of a di!erential of the second kind, and similarly, %̃⇒(⇁) = ▷up⇁ for
▷ → {±1}. One can then use similar steps as in the proof above to show the claims in Propo-
sition 2.6.

We note that the following arises as a corollary of Lemma 7.2.

Corollary 7.4. Fix a prime p ↘ 5. As a polynomial in t,

[F0,( 1d ,
d→1
d )]p↑1

(
1 +

↓
1↑ t

2

)
↑

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1

(
1↑

↓
1↑ t

2

)

→






↓
1↑ t · p2Zp[t], if

(
kd
p

)
= 1,

p
2
Zp[t], if

(
kd
p

)
= ↑1.

In particular, for 1 ≃= t → Zp, in the case when
(
kd
p

)
= 1,

p↑1∑

k=1

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
1

2

)
k

⇑ k→1
2 ⇓s∑

j=0

(
k

2j + 1

)
(1↑ t)j ↗ 0 (mod p

2),

and when
(
kd
p

)
= ↑1,

1 +
p↑1∑

k=1

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
1

2

)
k

⇑ k
2 ⇓∑

j=0

(
k

2j

)
(1↑ t)j ↗ 0 (mod p

2).
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Proof. Set s =
↓
1↑ t and u = 1+s

2 so that 1↑u = 1↑s

2 . From the second statement of Lemma 7.2,
we have

g(s) := [F0,( 1d ,
d→1
d )]p↑1 (u)↑

(
kd

p

)
[F0,( 1d ,

d→1
d )]p↑1 (1↑ u) → p

2
Zp[u] = p

2
Zp[s].

On the other hand, expanding g(s) as a series in s yields

g(s) =
p↑1∑

k=0

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
u
k ↑

(
kd

p

)
(1↑ u)k

)

=
p↑1∑

k=0

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
1

2

)
k k∑

j=0

(
(1 + s)k ↑

(
kd

p

)
(1↑ s)k

)

=
p↑1∑

k=0

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
1

2

)
k k∑

j=0

(
k

j

)
s
j

(
1↑ (↑1)j

(
kd

p

))
.

Observe that

k∑

j=0

(
k

j

)
s
j

(
1↑ (↑1)j

(
kd

p

))
=






2
k∑

j=0
j odd

(
k

j

)
s
j = 2s

⇑ k→1
2 ⇓∑

j=0

(
k

2j + 1

)
s
2j if

(
kd
p

)
= 1,

2
k∑

j=0
j even

(
k

j

)
s
j = 2

⇑ k
2 ⇓∑

j=0

(
k

2j

)
s
2j if

(
kd
p

)
= ↑1.

Hence,

g(s) =






2
↓
1↑ t

p↑1∑

k=1

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
1

2

)
k
⇑ k→1

2 ⇓∑

j=0

(
k

2j + 1

)
(1↑ t)j →

↓
1↑ t · p2Zp[t] if

(
kd
p

)
= 1,

2
p↑1∑

k=1

(
1
d

)
k

(
d↑1
d

)
k

k!2

(
1

2

)
k
⇑ k
2 ⇓∑

j=0

(
k

2j

)
(1↑ t)j → p

2
Zp[t] if

(
kd
p

)
= ↑1,

and the result follows. ↭
7.2. A quick survey on corresponding hypergeometric character sums and supercon-
grunces. In this section, we summarize the relationship between hypergeometric character sums
and truncated hypergeometric functions, and the modularity of hypergeometric Galois representa-
tions (see [36, 28, 52, et al.] for example) attached to the data provided in this paper. We will use
the Hq-character sums described in the work of Beukers, Cohen, and Mellit [10].

Let Fq be a finite field of odd characteristic and use 
F
↓
q to denote the group of multiplicative

characters of F↓
q . For a given pair of multisets ϖ = {a1, · · · , an} and 4 = {1, b2, · · · , bn} with

entries in Q
↓, we denote the positive least common denominator of all ai, bj by M := lcd(ϖ ∈ 4).

For a finite field Fq, we fix ↼ a generator of F↓
q . Following [10], for q ↗ 1 (mod M) and any t → Fq,

define

Hq(ϖ,4; t;↼) :=
1

1↑ q

q↑2∑

k=0

↼
k((↑1)nt)

n

j=1

g(↼(q↑1)aj+k)

g(↼(q↑1)aj )

g(↼(q↑1)bj+k))

g(↼(q↑1)bj )
,

where ↼ = ↼
↑1 and g(⇀) :=

∑
x⇐Fq

’(x)⇀(x) is the Gauss sum of ⇀ with respect to a fixed choice
of nontrivial additive character ’ of Fq.
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We say that the datum HD = {ϖ,4} is defined over Q if both


n

j=1(X ↑ e
2ϑiaj ) and


n

j=1(X ↑
e
2ϑibj ) are in Z[X]. In such a special situation, one can rewrite Hq(ϖ,4; t;↼) by using the reflec-
tion and multiplication formulas of Gauss sums [10, Theorem 1.3] and drop the condition q ↗ 1
(mod M). Based on results of Katz and Beukers-Cohen-Mellit, there exist explicit algebraic vari-
eties attached to such data and their corresponding Galois representations can be determined by
Hp(HD; t). For simplicity, we state these results for 4 = {1, . . . , 1} below.

Theorem 7.5 (See [31, 33, 10, 36]). Let 5 be a prime. Given a datum HD := {ϖ = {a1, · · · , an}, 4 =
{1, . . . , 1}} with ai ≃= 1, M = lcd(ϖ), for any ε → Z[φM , 1/M ]\{0}, there exists an 5-adic Galois
representation

0HD,↼ : G(M) := Gal(Q/Q(φM )) ↔ GL(Wε),

unramified almost everywhere, such that at each prime ideal 6 of Z[φM , 1/(M5ε)] with norm N(6),

Tr0HD,↼(Frob⇁) = HN(⇁)(ϖ,4; 1/ε;↼⇁),

where Frob⇁ stands for the geometric Frobenius conjugacy class of G(M) at 6. Moreover,

(1) When ε ≃= 1, dim
Qϑ
Wε = n and all roots of the characteristic polynomial of 0HD,↼(Frob⇁)

are algebraic with the same absolute value N(6)(n↑1)/2 under all Archimedean embeddings.
(2) When ε = 1, dim

Qϑ
Wε = n↑ 1.

Furthermore, if HD is defined over Q and ε → Q, then there exists an 5-adic representation 0
BCM

HD,↼

of GQ := Gal(Q/Q) such that

0
BCM

HD,↼
|G(M)′ 0HD,↼

and for each prime p ⊋ M5,

Tr0BCM

HD,↼
(Frobp) = Hp(ϖ,4; 1/ε).

We now summarize the relations among the hypergeometric functions in di”erent settings based
on works including [2, 10, 16, 28, 46] and Proposition 7.1 for the specific data in this paper. Letting
3q be the quadratic character on Fq, we rewrite the relevant Hq as

Hq

(
1

2
,
1

2


, {1, 1}; t;↼

)
:=

3q(↑1)

q(1↑ q)

q↑2∑

k=0

g(3q↼
k)2g(↼k)2↼k(t),

Hq

(
1

2
,
1

2
,
1

2


, {1, 1, 1}; t;↼

)
:=

g(3q)

q2(q ↑ 1)

q↑2∑

k=0

g(3q↼
k)3g(↼k)3↼k(↑t),

and for d → {3, 4, 6},

Hq

(
1

d
,
d↑ 1

d


, {1, 1}; t;↼

)
:=

1

1↑ q

q↑2∑

k=0

g(↼k)2Sd(↼
k)↼k(t),

Hq

(
1

2
,
1

d
,
d↑ 1

d


, {1, 1, 1}; t;↼

)
:=

3q(↑1)g(3q)

q(q ↑ 1)

q↑2∑

k=0

g(3↼k)g(↼k)3Sd(↼
k)↼k(↑t),

where

Sd(⇀) :=


n|d

(
g(⇀n)

g(⇀)
⇀(n↑n)

)
µ(d/n)

and µ(·) is the Möbius µ-function. Precisely, we obtain the values in Table 7.2.
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d 3 4 6

Sd(⇀)
g(ς3)
g(ς) ⇀(3

↑3) g(ς4)
g(ς2)⇀(2

↑6) g(ς)g(ς6)
g(ς2)g(ς3)⇀(2

↑43↑3)

Table 7.1. Sd(⇀) for d → {3, 4, 6}

Theorem 7.6. ([10, 28, 69] and Proposition 7.1) For q = p
k with p ↘ 5 prime, let t → Fq and

t ≃= 0, 1 such that Ẽd(t) in Table 2.1 is an elliptic curve defined over Fq. Then

#Ẽd(t)(Fq) = q + 1↑Hq

(
d,

d↑ 1

d


, {1, 1}; t

)
.

Furthermore,

Hq

(
d,

d↑ 1

d


, {1, 1}; t

)
= 3q(kd)Hq

(
d,

d↑ 1

d


, {1, 1}; 1↑ t

)
,

Hp

(
d,

d↑ 1

d


, {1, 1}; 1

)
=

(
kd

p

)
,

where 3q is the quadratic character of Fq, and k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2.

Building on the work of Evans-Greene [20] and Theorem 7.6, we have the following Hq-version
of Clausen’s formula. The Galois interpretation can be found in [36].

Theorem 7.7 (Hp-Clausen formula [20, 28]). Let p > 3 be a prime and t → Fp \ {0, 1}. Let
↓
1↑ t

be a fixed element of Fp2 such that
↓
1↑ t

2
= 1↑ t. Then

(
1↑ t

p

)
Hp

(
1

2
,
1

2
,
1

2


, {1, 1, 1}; t

)
= Hp

(
1

4
,
3

4


, {1, 1}; t

t↑ 1

)2

↑ p.

For d = 2, 3, 4, 6, we have

Hp

(
1

2
,
1

d
, 1↑ 1

d


, {1, 1, 1}; t

)

=





Hp

(
1
d
, 1↑ 1

d


, {1, 1}; 1↑

↗
1↑t

2

)2
↑ p, if 1↑ t is a square in Fp,(

κd
p

)
Hp2

(
{1
d
, 1↑ 1

d
}, {1, 1}; 1↑

↗
1↑t

2

)
↑ p, if 1↑ t is not a square in Fp,

Hp

(
1

2
,
1

d
, 1↑ 1

d


, {1, 1, 1}; 1

)
= Hp

(
1

d
, 1↑ 1

d


, {1, 1}; 1

2

)2

↑
(
1 +

(
kd

p

))
p,

where k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2.

Combining the previous information gives the following.

Theorem 7.8. Assume the notation and assumptions in Theorem 2.1 and that ε → Q is a CM -
value. Further let KCM be the discriminant of the corresponding CM field. Then for primes p ↘ 7
such that ε → Z

↓
p ,

Hp

(
1

2
,
1

d
, 1↑ 1

d


, {1, 1, 1};ε

)
↑
(
KCM

p

)(
1↑ ε

p

)
p

=






0 if Ẽd(u) is supersingular at p

u
2
p + p

2
/u

2
p if Ẽd(u) is ordinary at p and

(
1↑ε

p

)
= 1,

(
kd
p

) (
u
2
p + p

2
/u

2
p

)
if Ẽd(u) is ordinary at p and

(
1↑ε

p

)
= ↑1,
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and

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(ε) ↗ Hp

(
1

2
,
1

d
, 1↑ 1

d


, {1, 1, 1};ε

)
↑
(
KCM

p

)(
1↑ ε

p

)
p (mod p

2),

where u = 1↑
↗
1↑ε

2 , up is a fixed unit root of the geometric Frobenius at p acting on the first

cohomology of the elliptic curve Ẽd(u), and k2 = k6 = ↑1, k3 = ↑3, k4 = ↑2.

Remark 7.9. In general, one has

[F0,( 1d ,
d→1
d )]p↑1(t) ↗ Hp

(
1

d
, 1↑ 1

d


, {1, 1}; t

)
(mod p),

[F0,( 12 ,
1
d ,

d→1
d )]p↑1(t) ↗ Hp

(
1

2
,
1

d
, 1↑ 1

d


, {1, 1, 1}; t

)
(mod p),

for t → Q
↓ with t → Z

↓
p , see [40, 52] for example.

Corollary 7.10. Assume the notation and assumptions as above. Then, for primes p ⊋ 2d such
that ε → Z

↓
p , there exists a weight 3 Hecke eigenform f depending on d and ε such that

Hp

(
1

2
,
1

d
, 1↑ 1

d


, {1, 1, 1};ε

)
↑
(
KCM

p

)(
1↑ ε

p

)
p = ap(f),

where ap(f) is the p-th Fourier coe”cient of f .

The modularity of the corresponding Galois representations in this corollary is essentially coming
from the modularity of CM hypergeometric elliptic curves (or K3 surfaces [34]) in the background.
The modularity of the hypergeometric representations arising from datum defined over Q has been
developed by numerous researchers (see [1, 7, 23, 36, 42, 45, 61, 47, 52, 54]). In recent work, Allen,
Grove, Long, and the fifth author [4] establish the modularity of a certain type of representations,
those that can be lifted to Gal(Q/Q), from the commutative formal group law and an explicit
construction of the corresponding cusp forms via the modular forms on arithmetic triangle groups
as discussed in this paper and for example in [9, 6, 28].
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