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To this aim, we propose to exploit the perspective of
sampling as optimization, where the task of sampling is
seen as an optimization problem over the space of prob-
ability distributions P (see Korba and Salim, 2022, and
references therein). Typically, approximating a target
probability distribution � can be cast as the minimiza-
tion of a dissimilarity functional between probability
distributions w.r.t. � , that only vanishes at the tar-
get. For instance, Langevin di�usion dynamics follow
a gradient 
ow of a Kullback-Leibler (KL) objective
w.r.t. the Wasserstein-2 distance (Jordan et al., 1998).

This allows us to draw a link between optimization
through stochastic sampling andbilevel optimization,
which often involves computing derivatives of the solu-
tion of a parameterized optimization problem obtained
after iterative steps of an algorithm. Bilevel optimiza-
tion is an active area of research with many relevant ap-
plications in machine learning, such as hyperparameter
optimization (Franceschi et al., 2018) or meta-learning
(Liu et al., 2019). In particular, there is a signi�cant
e�ort in the literature for developing tractable and
provably e�cient algorithms in a large-scale setting
(Pedregosa, 2016; Chen et al., 2021b; Arbel and Mairal,
2022; Blondel et al., 2022; Dagr�eou et al., 2022){see
Appendix D for additional related work. This litera-
ture focuses mostly on problems with �nite-dimensional
variables, in contrast with our work where the solution
of the inner problem is a distribution in P.

These motivating similarities, while useful, are not lim-
iting. We also consider settings where the sampling iter-
ations are not readily interpretable as an optimization
algorithm. Denoising di�usion cannot directly be for-
malized as descent dynamics of an objective functional
over P, but its output is determined by a parameter �
(i.e. weights of the score matching neural networks).

Main Contributions. In this work, we introduce
the algorithm of Implicit Di�usion , an e�ective and
principled technique for optimizing through a sampling
operation. More precisely,

- We present a general framework describing parame-
terized sampling algorithms, and introduce Implicit
Di�usion optimization, a single-loop optimization
algorithm to optimize through sampling.

- We provide theoretical guarantees in the continu-
ous and discrete time settings in Section 4.

- We showcase in Section 5 its performance and ef-
�ciency in experimental settings . Applications
include �netuning denoising di�usions and training
energy-based models.

To allow for reproducibility, we provide an implementa-

tion3 of our algorithm in JAX (Bradbury et al., 2018).

Notation. For a set X (such as Rd), we write P
for the set of probability distributions on X , omitting
reference toX . For f a di�erentiable function on Rd,
we denote byr f its gradient function. If f is a di�er-
entiable function of k variables, we let r i f denote its
gradient w.r.t. its i -th variable.

2 PROBLEM PRESENTATION

2.1 Sampling and optimization perspectives

The core operation that we consider is sampling by
running a stochastic di�usion process that depends on
a parameter � 2 Rp. We consider iterative sampling
operators that map from a parameter spaceto a space
of probabilities. We denote by � ?(� ) 2 P the outcome
distribution of this sampling operator. This parame-
terized distribution is de�ned in an implicit manner:
there is not always an explicit way to write down its
dependency on� . More formally, it is de�ned as follows.

De�nition 2.1 (Iterative sampling operators). For a
parameter � 2 Rp, a sequence of parameterized func-
tions � s(�; � ) from P to P de�nes a di�usion sampling
process, from p0 2 P iterating

ps+1 = � s(ps; � ) : (1)

The outcome � ?(� ) 2 P , when s ! 1 , or for some
s = T de�nes a sampling operator � ? : Rp ! P :

We embrace the formalism of stochastic processes as
acting on probability distributions. This perspective
focuses on thedynamics of the distribution ( ps)s� 0,
and allows us to more clearly present our optimization
problem and algorithms. In practice, however, in all
the examples that we consider, this is realized by an
iterative process on some random variableX s such that
X s � ps.
Example 2.2. Consider the process de�ned byX s+1 =
X s � 2� (X s � � ) +

p
2�B s, where theBs are i.i.d. stan-

dard Gaussian,X 0 � p0 := N (� 0; � 2
0), and � 2 (0; 1).

This is the discrete-time version of Langevin dynam-
ics for V (x; � ) = 0 :5(x � � )2 (see Section 2.2). The
dynamics induced on probabilitiesps = N (� s; � 2

s ) are
� s = � +(1 � 2� )s(� 0 � � ) and � 2

s = 1+(1 � 2� )2s(� 2
0 � 1).

The sampling operator for s ! 1 is therefore de�ned
by � ? : � ! N (�; 1).

More generally, we may consider the iteratesX s of the
process de�ned for noise variables (Bs)s� 0

X s+1 = f s(X s; � ) + Bs : (2)

3https://github.com/google-deepmind/implicit_
diffusion
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Applying f s(�; � ) to X s � ps implicitly de�nes a dy-
namic � s(�; � ) on the distribution. The dynamics on
the variables in (2) induce dynamics on the distribu-
tions described in (1). Note that, in the special case of
normalizing 
ows (Kobyzev et al., 2019; Papamakarios
et al., 2021), explicit formulas for ps can be derived
and evaluated.
Remark 2.3. i) We consider settings with discrete time
steps, �tting our focus on algorithms to sample and opti-
mize through sampling. This encompasses in particular
the discretization of many continuous-time stochastic
processes of interest. Most of our motivations are of
this latter type, and we describe these distinctions in
our examples (see Section 2.2).

ii) As noted above, these dynamics are often realized
by an iterative process on variablesX s, or even on
an i.i.d. batch of samples (X 1

s ; : : : ; X n
s ). When the

iterates � s(ps; � ) are written in our presentation (e.g. in
optimization algorithms in Section 3), it is often a
shorthand to mean that we have access to samples
from ps, or equivalently to an empirical version p̂s;(n )

of the population distribution ps. Sample versions of
our algorithms are described in Appendix A.

iii) One of the special cases considered in our analy-
sis are stationary processes with in�nite time horizon,
where the sampling operation can be interpreted as
optimizing over the set of distributions

� ?(� ) = argmin
p2P

G(p; � ) ; for someG : P � Rp ! R :

(3)
In this case, the iterative operations in (1) can often be
directly interpreted as descent steps for the objective
G(�; � ). However, our methodology isnot limited to
this setting: we also consider general sampling schemes
with no stationarity and no inner G, but only a sampling
process de�ned by � s.

Optimization objective. We aim to optimize with
respect to � the output of the sampling operator, for a
function F : P ! R. In other words, we consider the
optimization problem

min
� 2 Rp

`(� ) := min
� 2 Rp

F (� ?(� )) : (4)

This formulation transforms a problem over distribu-
tions in P to a �nite-dimensional problem over � 2 Rp.
Further, this allows for convenient post-optimization
sampling: for some� opt 2 Rp obtained by solving (4),
one can sample from� ?(� opt ). This is the common
paradigm in model �netuning.

2.2 Examples

Langevin dynamics. They are de�ned by the
stochastic di�erential equation (SDE) (Roberts and

Tweedie, 1996)

dX t = �r 1V(X t ; � )dt +
p

2dB t ; (5)

where V and � 2 Rp are such that this SDE has a
solution for t > 0 that converges in distribution. Here
� ?(� ) is the limiting distribution of X t when t ! 1 ,
which is the Gibbs distribution

� ?(� )[x] = exp( � V (x; � ))=Z� ; (6)

where Z � =
R

exp(� V (x; � ))dx is the normalization
factor. To �t our setting of iterative sampling algo-
rithms (2), one can consider the discretization for
 > 0

X k+1 = X k � 
 r 1V(X k ; � ) +
p

2
 � Bk+1 :

For G(p; � ) = KL (pjj � ?(� )), the outcome of the sam-
pling operator � ?(� ) is a minimum of G(�; � ), and the
SDE (5) implements a gradient 
ow for G in the space
of measures, with respect to the Wasserstein-2 dis-
tance (Jordan et al., 1998). Two optimization objec-
tives F are of particular interest in this case. First,
we may want to maximize some rewardR : Rd ! R
over our samples, in which case the objective writes
F (p) := � Ex � p[R(x)]. Second, to approximate a ref-
erence distribution pref with sample access, it is pos-
sible to take F (p) := KL (pref jj p). This case corre-
sponds to training energy-based models (Gutmann and
Hyv•arinen, 2012). It is also possible to consider a linear
combination of these two objectives.

Denoising di�usion. It consists in running the SDE
for Y0 � N (0; I ),

dYt = f Yt + 2s� (Yt ; T � t)gdt +
p

2dB t ; (7)

where s� : Rd � [0; T] ! Rd is a parameterized
score function (Hyv•arinen, 2005; Vincent, 2011; Ho
et al., 2020). Its aim is to reverse a forward process
dX t = � X t dt +

p
2dB t , where we have sample access

to X 0 � pdata 2 P . More precisely, denoting by pt

the distribution of X t , if s� � r logpt , then the dis-
tribution of YT is close topdata for large T (Anderson,
1982), which allows approximate sampling frompdata .
Implementations of s� include U-Nets (Ronneberger
et al., 2015) or Vision Transformers that split the image
into patches (Peebles and Xie, 2023). We present for
simplicity an unconditioned model, but conditioning
(on class, prompt, etc.) also falls in our framework.

We are interested in optimizing through di�usion sam-
pling and consider � ?(� ) as the distribution of YT . A
key example is when� 0 represents the weights of a
model s� 0 that has been pretrained by score match-
ing and one wants to �netune the target distribution
� ?(� ), e.g. in order to increase a rewardR : Rd ! R.
Figure 3 situates our contribution within the broader
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where this is the case. This point of view should also
extend beyond sampling to any setting that involves
optimizing over a parameterized distribution, as for
instance in Wasserstein Distributionally Robust Op-
timization (Mohajerin Esfahani and Kuhn, 2018), a
method for robust learning. We leave these extensions
to future investigations.

Beyond nested-loop approaches. Sampling from
� ?(� ) is usually only feasible via iterations of the sam-
pling process � s. The most straightforward method
is then a nested loop: at each optimization stepk,
run an inner loop for a large number T of steps of
� s to produce �̂ k � � ?(� k ), and use it to evaluate a
gradient. Algorithm 1 formalizes this baseline. This
approach can be ine�cient for two reasons: �rst, it
requires solving the inner sampling problemat each
optimization step. Further, nested loops are typically
impractical with accelerator-oriented hardware. These
issues can be partially alleviated by techniques like
gradient checkpointing (see references in Appendix D).

Algorithm 1 Vanilla nested-loop approach (Baseline)

input � 0 2 Rp, p0 2 P
for k 2 f 0; : : : ; K � 1g (outer optimization loop) do

p(0)
k  p0

for s 2 f 0; : : : ; T � 1g (inner sampling loop) do
p(s+1)

k  � s(p(s)
k ; � k )

�̂ k  p(T )
k

� k+1  � k � � �( �̂ k ; � k ) (or another optimizer)
output � K

We rather follow an approach inspired by methods
in bilevel optimization, aiming to jointly iterate on
both the sampling problem (evaluation of � ?{the inner
problem), and the optimization problem over � 2 Rp

(the outer objective F ). We describe these methods in
Section 3.3 and Algorithms 2 and 3. The connection
with bilevel optimization is especially seamless when
sampling can indeed be cast as an optimization problem
over distributions in P, as in (3). However, as noted
above, our approach generalizes beyond.

3.2 Gradient estimation through sampling

We explain how to perform implicit gradient estimation
as in De�nition 3.1, that is, how to derive expressions
for the function �, in several cases of interest.

Direct analytical derivation. For Langevin dynam-
ics, it is possible to derive analytical expressions for �
depending on the outer objectiveF . We illustrate this
idea for the two objectives introduced in Section 2.2.
First, in the case where F rew (p) = � Ex � p[R(x)], a

computation detailed in Appendix A.2 and the use of
De�nition 3.1 show that, for ` rew (� ) = F rew (� ?(� )),

r ` rew (� ) = Cov X � � ? ( � ) [R(X ); r 2V(X; � )] ;

� rew (p; � ) = Cov X � p[R(X ); r 2V(X; � )] :
(9)

Note that this formula does not involve gradients of R,
hence our approach handles any non-di�erentiable re-
ward. Second, in the case whereF ref (p) = KL (pref jj p),
we then have (Gutmann and Hyv•arinen, 2012), for
` ref (� ) = F ref (� ?(� )),

r ` ref (� ) = EX � pref [r 2V(X; � )] � EX � � ? ( � ) [r 2V(X; � )]:

This is known as contrastive learning whenpref is given
by data, and suggests taking � as

� ref (p; � ) := EX � pref [r 2V(X; � )] � EX � p[r 2V(X; � )] :
(10)

This extends to linear combinations of � rew and � ref .

Implicit di�erentiation. When, as in (3), � ?(� ) =
argmin G(�; � ), under generic assumptions onG the
implicit function theorem (see Krantz and Parks, 2002;
Blondel et al., 2022 and Appendix A.4) shows that
r `(� ) = �( � ?(� ); � ) with

�( p; � ) =
Z

F 0(p)[x]
 (p; � )[x]dx :

Here F 0(p) : X ! R denotes the �rst variation of F at
p 2 P (see De�nition B.1) and 
 (p; � ) is the solution
of the linear system

R
r 1;1G(p; � )[x; x 0]
 (p; � )[x0]dx0 =

�r 1;2G(p; � )[x]. Although this gives us a general way
to de�ne gradients of � ?(� ) with respect to � , solving
this linear system is generally not feasible. One excep-
tion is when sampling over a �nite state spaceX , in
which caseP is �nite-dimensional, and the integrals
boil down to matrix-vector products.

Di�erential adjoint method. The adjoint method
allows computing gradients through di�erential equa-
tion solvers (Pontryagin, 1987; Li et al., 2020), applying
in particular for denoising di�usion. It can be con-
nected to implicit di�erentiation, by de�ning G over
a measure path instead of a single measurep (see,
e.g., Kidger, 2022). To introduce this method, con-
sider the ODE dYt = � (t; Yt ; � )dt integrated between 0
and someT > 0. This setting encompasses the de-
noising di�usion ODE (8). Assume that the outer
objective F writes as the expectation of some di�er-
entiable reward R, namely F (p) = Ex � p[R(x)]. Let
Z0 � p; A0 = r R(Z0); G0 = 0, and consider the ODE
system

dZ t = � � (t; Z t ; � )dt ; dA t = A |
t r 2� (T � t; Z t ; � )dt ;

dGt = A |
t r 3� (T � t; Z t ; � )dt :
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De�ning �( p; � ) := GT , the adjoint method shows
that �( � ?(� ); � ) is an unbiased estimate ofr `(� ). We
refer to Appendix A.3 for details and explanations
on how to di�erentiate through the SDE sampler (7)
and to incorporate a KL term in the reward by using
Girsanov's theorem.

3.3 Implicit Di�usion optimization algorithm

To circumvent solving the inner sampling problem in
Algorithm 1, we propose in Algorithm 2 a joint single-
loop approach that keeps track of a single dynamic
of probabilities (pk )k � 0. At each optimization step,
the probability pk is updated with one sampling step
that depends on the current parameter� k . As noted
in Section 3.1, there are parallels with approaches in
the literature when � is linear, but we go beyond in
making no such assumption.

Algorithm 2 Implicit Di�. optimization, in�nite time

input � 0 2 Rp, p0 2 P
for k 2 f 0; : : : ; K � 1g (joint single loop) do

pk+1  � k (pk ; � k )
� k+1  � k � � �( pk ; � k ) (or another optimizer)

output � K

This point of view is well-suited for stationary processes
with in�nite-time horizon, but does not directly adapt
to di�erentiation through di�usions with a �nite-time
horizon (and no stationary property). Indeed, it does
not make sense in this case to run sampling for an
arbitrary number of steps. Our approach can then be
adapted as follows.

Algorithm 3 Implicit Di�. optimization, �nite time

input � 0 2 Rp, p0 2 P
input PM = [ p(0)

0 ; : : : ; p(M )
0 ]

for k 2 f 0; : : : ; K � 1g (joint single loop) do
p(0)

k+1  p0

parallel p(m +1)
k+1  � m (p(m )

k ; � k ) for m 2 [M � 1]

� k+1  � k � � �( p(M )
k ; � k ) (or another optimizer)

output � K

Finite time-horizon: queuing trick. When � ?(� )
is obtained by a large, but �nite number T of iterations
of the operator � s, we leverage hardware parallelism
to evaluate in parallel several, sayM , steps of the
dynamics of the distribution pk , through a queue of
length M . We present for simplicity in Figure 4 and in
Algorithm 3 the case whereM = T and discuss exten-
sions in Appendix A.3. At each step, the last element
of the queuep(M )

k provides a distribution to update

� through evaluation of �. Note that its dynamics in
the previous M steps, from p(0)

k � M to p(M )
k , used the

M previous values of the parameter� k � M ; : : : ; � k � 1.
In particular, it provides a biased estimate of r `(� k ).
Importantly, leveraging parallelism, the runtime of our
algorithm is O(K ), gaining a factor of T compared to
the nested-loop approach, but at a higher memory cost.

4 THEORETICAL ANALYSIS

Our theoretical guarantees cover Langevin di�usions in
the continuous and discrete settings, and a simple case
of denoising di�usion. Proofs are given in Appendix B.

4.1 Langevin with continuous 
ow

The continuous-time equivalent of Algorithm 2 in the
case of Langevin dynamics is

dX t = �r 1V(X t ; � t )dt +
p

2dB t ;

d� t = � " t �( pt ; � t )dt ;
(11)

where pt denotes the distribution of X t and " t > 0
corresponds to the ratio of learning rates between the
inner and the outer problems. In practice �( pt ; � t ) is
approximated on a �nite sample, making the dynam-
ics in � t stochastic. We leave the analysis of these
stochastic dynamics for future work. A possible tool
to do so is the propagation of chaos(Chaintron and
Diez, 2022; Suzuki et al., 2023), a theory which aims
at quantifying the deviation between the dynamics of
a system of �nitely many interacting particles and the
limiting behavior described by a mean-�eld density.

Recalling the de�nition (6) of � ?(� ), we require the
following assumptions.

Assumption 4.1. � ?(� t ) veri�es the Log-Sobolev in-
equality with constant � > 0 for all t � 0, i.e., for all
p 2 P , KL( p jj � ?(� t )) � 1

2� kr log
�

p
� ? ( � t )

�
k2

L 2 (p) :

Assumption 4.2. V is continuously di�erentiable and
for � 2 Rp; x 2 Rd, kr 2V(x; � )k � C, for someC > 0.

Assumption 4.1 generalizes� -strong convexity of the
potentials (V (�; � t )) t � 0, including for instance distribu-
tions � whose potentials are bounded perturbations of a
strongly convex potential (Bakry et al., 2014; Vempala
and Wibisono, 2019). Assumptions 4.1 and 4.2 hold
for example when the potential de�nes a mixture of
Gaussians and the parameters� determine the weights
of the mixture (see Appendix B.1.2 for details). We
also assume that the outer updates are bounded and
Lipschitz continuous for the KL divergence.

Assumption 4.3. For p; q 2 P , � 2 Rp, k�( p; � )k �
C and k�( p; � ) � �( q; � )k � K �

p
KL( pjjq), for some

C; K � > 0.
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APPENDIX

Organization of the Appendix. Section A is devoted to explanations of our methodology. Section A.1
explains the gradient estimation setting we consider. Then, in thecase of Langevin dynamics (Section A.2), and
denoising di�usions (Section A.3), we explain how De�nition 3.1 and our Implicit Di�erentiation algorithms
(Algorithms 2 and 3) can be instantiated. Section A.4 gives more details aboutthe implicit di�erentiation
approaches sketched in Section 3.2. Section B contains the proofs of our theoretical results, while Section C
gives details for the experiments of Section 5 as well as additional explanations and plots. Finally, Section D is
dedicated to additional related work.

A IMPLICIT DIFFUSION ALGORITHMS

A.1 Gradient estimation abstraction: �

As discussed in Section 3.1, we focus on settings where the gradient of the loss` : Rp ! R, de�ned by

`(� ) := F (� ?(� )) ;

can be estimated by using a function �. More precisely, following De�nition 3.1, we assume that there exists a
function � : P � Rp ! Rp such that r `(� ) = �( � ?(� ); � ). In practice, for almost every setting there is no closed
form for � ?(� ), and even sampling from it can be challenging (e.g. here, if it is theoutcome of in�nitely many
sampling steps). When we run our algorithms, the dynamic is in practice applied to variables, as discussed in
Section 2.1. Using a batch of variables of sizen, initialized independent with X i

0 � p0, we have at each stepk
of joint sampling and optimization a batch of variables forming an empirical measurep̂(n )

k . We consider cases
where the operator � is well-behaved: if p̂(n ) � p, then �( p̂(n ) ; � ) � �( p; � ), and therefore where this �nite sample
approximation can be used to produce an accurate estimate ofr `(� ).

A.2 Langevin dynamics

We explain how to derive the formulas(9){ (10) for �, and give the sample version of Algorithm 2 in these cases.

Recall that the stationary distribution of the dynamics (5) is the Gibbs distribution (6), with the normalization
factor Z � =

R
exp(� V (x; � ))dx. Assume that the outer objective can be written as the expectation of some

(potentially non-di�erentiable) reward R, namely F (p) := � Ex � p[R(x)]. Then our objective is

` rew (� ) = �
Z

R(x)
exp(� V (x; � ))

Z �
dx :

As a consequence,

r ` rew (� ) =
Z

R(x)r 2V(x; � )
exp(� V (x; � ))

Z �
dx

�
Z

R(x)
exp(� V (x; � ))

R
r 2V(x0; � ) exp(� V (x0; � ))dx0

Z 2
�

dx

= EX � � ? ( � ) [R(X )r 2V(X; � )] � EX � � ? ( � ) [R(X )]EX � � ? ( � ) [r 2V(X; � )]

= Cov X � � ? ( � ) [R(X ); r 2V(X; � )] :

This computation is sometimes referred to as the REINFORCE trick (Williams, 1992). This suggests taking

� rew (p; � ) = Cov X � p[R(X ); r 2V(X; � )] :

In this case, the sample version of Algorithm 2 is

X ( i )
k+1 = X ( i )

k � 
 X r 1V(X ( i )
k ; � k ) +

p
2
 X � B ( i )

k ; for all i 2 f 1; : : : ; ng

� k+1 = � k � 
 � ^Cov[R(X ( i )
k ); r 2V(X ( i )

k ; � k )] ;
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where (� Bk )k � 0 are i.i.d. standard Gaussian random variables and ^Cov is the empirical covariance over the
sample.

When F (p) := KL (pref j p), e.g., when we want to regularize towards a reference distribution pref with sample
access, for̀ ref (� ) = F (� ?(� )), we have

` ref (� ) =
Z

log
� pref [x]

� ?(� )[x]

�
pref [x]dx ;

thus

r ` ref (� ) = �
Z

@�?(� )
@�

[x] �
1

� ?(� )[x]
pref [x]dx :

Leveraging the explicit formula (6) for � ?(� ), we obtain

r ` ref (� ) =
Z

r 2V(x; � ) exp(� V (x; � ))
� ?(� )[x]Z �

pref [x]dx +
Z

exp(� V (x; � )) r � Z �

� ?(� )[x]Z 2
�

pref [x]dx

=
Z

r 2V(x; � )pref [x]dx +
Z

r � Z �

Z �
pref [x]dx

= EX � pref [r 2V(X; � )] �
Z

r 2V(x; � )
exp(� V (x; � ))

Z �
dx

= EX � pref [r 2V(X; � )] � EX � � ? ( � ) [r 2V(X; � )] ;

where the third equality uses that
R

pref [x]dx = 1. This suggests taking

� ref (p; � ) = EX � p[r 2V(X; � )] � EX � � ? ( � ) [r 2V(X; � )] :

The terms in this gradient can be estimated: for a modelV (�; � ), the gradient function w.r.t � can be obtained by
automatic di�erentiation. Samples from pref are available by assumption, and samples from� ?(� ) can be replaced
by the X k in joint optimization as above. We recover the formula for contrastive learning of energy-based model
to data from pref (Gutmann and Hyv•arinen, 2012).

This can also be used for �netuning, combining a rewardR and a KL term, with F (p) = � � EX � p[R(x)] +
� KL( p jj pref ). The sample version of Algorithm 2 then can be written

X ( i )
k+1 = X ( i )

k � 
 X r 1V(X ( i )
k ; � k ) +

p
2
 X � B ( i )

k for all i 2 f 1; : : : ; ng

� k+1 = � k � 
 �

h
�̂ Cov[R(X k ); r 2V(X k ; � k )] + �

� mX

j =1

r 2V( ~X ( j )
k ; � ) �

1
n

nX

i =1

r 2V(X ( i )
k ; � )

�i
;

where (� Bk )k � 0 are i.i.d. standard Gaussian random variables, ^Cov is the empirical covariance over the sample,
and ~X ( j )

k � pref .

A.3 Adjoint method and denoising di�usions

We explain how to use the adjoint method to backpropagate through di�erential equations, and apply this to
derive instantiations of Algorithm 3 for denoising di�usions.

ODE sampling. We begin by recalling the adjoint method in the ODE case (Pontryagin, 1987). Consider the
ODE dYt = � (t; Yt ; � )dt integrated between 0 and someT > 0. For some di�erentiable function R : Rd ! R, the
derivative of R(YT ) with respect to � can be computed by the adjoint method. More precisely, it is equal toGT

de�ned by

Z0 = YT ; dZ t = � � (t; Z t ; � )dt ;

A0 = r R(YT ) ; dA t = A |
t r 2� (T � t; Z t ; � )dt ;

G0 = 0 ; dGt = A |
t r 3� (T � t; Z t ; � )dt :

Note that sometimes the adjoint equations are written with a reversed time index (t0 = T � t), which is not the
formalism we adopt here.
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In the setting of denoising di�usion presented in Section 2.2, we arenot interested in computing the derivative
of a function of a single realization of the ODE, but of the expectation over YT � � ?(� ) of the derivative of
R(YT ) with respect to � . In other words, we want to compute r `(� ) = r (F � � ?)( � ), where F (p) = Ex � p[R(x)].
Rewriting the equations above in this case, we obtain thatGT de�ned by

Z0 � � ?(� ) ; dZ t = � � (t; Z t ; � )dt ;

A0 = r R(Z0) ; dA t = A |
t r 2� (T � t; Z t ; � )dt ;

G0 = 0 ; dGt = A |
t r 3� (T � t; Z t ; � )dt

is an unbiased estimator ofr `(� ). Recalling De�nition 3.1, this means that we can take �( p; � ) := GT de�ned by

Z0 � p; dZ t = � � (t; Z t ; � )dt

A0 = r R(Z0); dA t = A |
t r 2� (T � t; Z t ; � )dt

G0 = 0 ; dGt = A |
t r 3� (T � t; Z t ; � )dt :

This is exactly the de�nition of � given in Section 3.2. We apply this to the case of denoising di�usions, where is
� given by (8). To avoid a notation clash between the number of iterationsT = M of the sampling algorithm,
and the maximum time T of the ODE in (8), we rename the latter to Thorizon . A direct instantiation of Algorithm
3 with an Euler solver is the following algorithm.

Algorithm 4 Implicit Di�. optimization, denoising di�usions with ODE samplin g

input � 0 2 Rp, p0 2 P
input PM = [ Y (0)

0 ; : : : ; Y (M )
0 ] � N (0; 1)
 (m � d)

for k 2 f 0; : : : ; K � 1g do
Y (0)

k+1 � N (0; 1)

parallel Y (m +1)
k+1  Y (m )

k + 1
M � ( mT horizon

M ; Y (m )
k ; � k ) for m 2 [M � 1]

Z (0)
k  Y (M )

k

A (0)
k  r R(Z (0)

k )

G(0)
k  0

for t 2 f 0; : : : ; T � 1g do
Z ( t +1)

k  Z ( t )
k � 1

T � ( tT horizon
T ; Z ( t )

k ; � k )

A ( t +1)
k  A ( t )

k + 1
T (A ( t )

k ) | r 2� ( tT horizon
T ; Z ( t )

k ; � k )

G( t +1)
k  G( t )

k + 1
T (G( t )

k ) | r 2� ( tT horizon
T ; Z ( t )

k ; � k )

� k+1  � k � �G (T )
k

output � K

Several comments are in order. First, the dynamics ofY (M )
k in the previous M steps, from Y (0)

k � M to Y (M � 1)
k � 1 ,

uses theM previous values of the parameter� k � M ; : : : ; � k � 1. This means that Y (M )
k does not correspond to the

result of sampling with any given parameter � , since we are at the same time performing the sampling process
and updating � .

Besides, the computation of �(p; � ) is the outcome of an iterative process, namely calling an ODE solver. Therefore,
it is also possible to use the same queuing trick as for sampling iterations to decrease the cost of this step by
leveraging parallelization. For completeness, the variant is given below.
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Algorithm 5 Implicit Di�. optimization, denoising di�usions with ODE samplin g, variant with a double queue

input � 0 2 Rp, p0 2 P
input PM = [ Y (0)

0 ; : : : ; Y (M )
0 ] � N (0; 1)
 (m � d)

for k 2 f 0; : : : ; K � 1g (joint single loop) do
Y (0)

k+1 � N (0; 1)

Z (0)
k+1  Y (M )

k

A (0)
k+1  r R(Z (0)

k+1 )

G(0)
k+1  0

parallel Y (m +1)
k+1  Y (m )

k + 1
M � ( mT horizon

M ; Y (m )
k ; � k ) for m 2 [M � 1]

parallel Z (m +1)
k+1  Z (m )

k � 1
M � ( mT horizon

M ; Z (m )
k ; � k ) for m 2 [M � 1]

parallel A (m +1)
k+1  A (m )

k + 1
M (A (m )

k ) | r 2� ( mT horizon
M ; Z (m )

k ; � k ) for m 2 [M � 1]

parallel G(m +1)
k+1  G(m )

k + 1
M (G(m )

k ) | r 2� ( mT horizon
M ; Z (m )

k ; � k ) for m 2 [M � 1]

� k+1  � k � �G (M )
k

output � K

Second, each variableY (m )
k consists of a single sample ofRd. The algorithm straightforwardly extends when each

variable Y (m )
k is a batch of samples. Finally, we consider so far the case where the size of the queueM is equal

to the number of sampling stepsT. We give below the variant of Algorithm 4 when M 6= T but M divides T.
Taking M from 1 to T balances between a single-loop and a nested-loop algorithm.

Algorithm 6 Implicit Di�. optimization, denoising di�usions with ODE samplin g, M 6= T, M divides T

input � 0 2 Rp, p0 2 P
input PM = [ Y (0)

0 ; : : : ; Y (M )
0 ] � N (0; 1)
 (m � d)

for k 2 f 0; : : : ; K � 1g do
Y (0)

k+1 � N (0; 1)

parallel Y (m +1)
k+1 =2  Y (m )

k for m 2 [M � 1]
for t 2 f 0; : : : ; T=M � 1g in parallel for m 2 [M � 1] do

Y (m +1)
k+1 =2  Y (m )

k+1 =2 + 1
T � (( m

M + t
T )Thorizon ; Y (m )

k+1 =2; � k )

parallel Y (m +1)
k+1  Y (m +1)

k+1 =2 for m 2 [M � 1]

Z (0)
k  Y (M )

k

A (0)
k  r R(Z (0)

k )

G(0)
k  0

for t 2 f 0; : : : ; T � 1g do
Z ( t +1)

k  Z ( t )
k � 1

T � ( tT horizon
T ; Z ( t )

k ; � k )

A ( t +1)
k  A ( t )

k + 1
T (A ( t )

k ) | r 2� ( tT horizon
T ; Z ( t )

k ; � k )

G( t +1)
k  G( t )

k + 1
T (G( t )

k ) | r 2� ( tT horizon
T ; Z ( t )

k ; � k )

� k+1  � k � �G (T )
k

output � K

Algorithm 5 extends to this case similarly.

SDE sampling. The adjoint method is also de�ned in the SDE case (Li et al., 2020). Consider the SDE

dYt = � (t; Yt ; � )dt +
p

2dB t ; (13)

integrated between 0 and someT > 0. This setting encompasses the denoising di�usion SDE(7) with the
appropriate choice of� . For some di�erentiable function R : Rd ! R and for a given realization (Yt )0� t � T of the



Marion, Korba, Bartlett, Blondel, De Bortoli, Doucet, Llin ares-Lopez, Paquette, Berthet

SDE, the derivative of R(YT ) with respect to � is equal to GT de�ned by

A0 = r R(YT ) ; dA t = A |
t r 2� (T � t; YT � t ; � )dt ;

G0 = 0 ; dGt = A |
t r 3� (T � t; YT � t ; � )dt :

(14)

This is a similar equation as in the ODE case. The main di�erence is that it is not possible to recover YT � t only
from the terminal value of the path YT , but that we need to keep track of the randomness from the Brownian
motion B t . E�cient ways to do so are presented in Li et al. (2020); Kidger et al. (2021). In a nutshell, they
consist in only keeping in memory the seed used to generate the Brownian motion, and recomputing the path
from the seed.

Using the SDE sampler allows us to incorporate a KL term in the reward. Indeed, consider the SDE(13) for two
di�erent parameters � 1 and � 2, with associated variablesY 1

t and Y 2
t . Then, by Girsanov's theorem (see Protter,

2005, Chapter III.8, and Tzen and Raginsky, 2019 for use in a similar context), the KL divergence between the
paths Y 1

t and Y 2
t is

KL(( Y 1
t )t � 0 jj (Y 2

t )t � 0) =
Z T

0
Ey � q1

t
k� (t; y; � 1) � � (t; y; � 2)k2dt ; (15)

where q1
t denotes the distribution of Y 1

t . This term can be (stochastically) estimated at the same time as the SDE
(13) is simulated, by appending a new coordinate toYt (and to � ) that integrates (15) over time. Then, adding
the KL in the reward is as simple as adding a linear term in ~R : Rd+1 ! R, that is, ~R(x) = R(x[: � 1]) + x[� 1]
(using Numpy notation, where �̀ 1' denotes the last index). The same idea is used in Dvijotham et al. (2023)to
incorporate a KL term in reward �netuning of denoising di�usion mode ls. Finally, note that, if we had at our
disposal a rewardR that indicates if an image is \close" to pdata (for instance implemented by a neural network),
we could use our algorithm to train from scratch a denoising di�usion.

A.4 Implicit di�erentiation

Finite dimension. Take g : Rm � Rp ! R a continuously di�erentiable function. Then x?(� ) = argmin g(�; � )
implies a stationary point condition r 1g(x?(� 0); � 0) = 0. In this case, it is possible to de�ne and analyze the
function x? : Rp ! Rm and its variations. Note that this generalizes to the case wherex?(� ) can be written as
the root of a parameterized system.

More precisely, the implicit function theorem (see, e.g., Griewank and Walther, 2008; Krantz and Parks,
2002, and references therein) can be applied. Under di�erentiabilityassumptions ong, for (x0; � 0) such that
r 1g(x0; � 0) = 0 with a continuously di�erentiable r 1g, and if the Hessianr 1;1g evaluated at (x0; � 0) is a square
invertible matrix, then there exists a function x?(�) over a neighborhood of� 0 satisfying x?(� 0) = x0. Furthermore,
for all � in this neighborhood, we have that r 1g(x?(� ); � ) = 0 and its Jacobian @x?(� ) exists. It is then possible
to di�erentiate with respect to � both sides of the equationr 1g(x?(� 0); � 0) = 0, which yields a linear equation
satis�ed by this Jacobian

r 1;1g(x?(� 0); � 0)@x?(� ) + r 1;2g(x?(� 0); � 0) = 0 :

This formula can be used for automatic implicit di�erentiation, when both the evaluation of the derivatives in
this equation and the inversion of the linear system can be done automatically Blondel et al. (2022).

Extension to space of probabilities. When G : P � Rp ! R and � ?(� ) = argmin G(�; � ) as in (3), under
assumptions on di�erentiability and uniqueness of the solution onG, this can also be extended to a distribution
setting. We write here the in�nite-dimensional equivalent of th e above equations, involving derivatives or variations
over the space of probabilities, and refer to Ambrosio et al. (2005) for more details.

First, we have that

r `(� ) = r �
�
F (� ?(� )

�
=

Z
F 0(p)[x]r � � ?(� )[x]dx ;

whereF 0(p) : X ! R denotes the �rst variation of F at p 2 P (see De�nition B.1). This yields r `(� ) = �( � ?(� ); � )
with

�( p; � ) =
Z

F 0(p)[x]
 (p; � )[x]dx :
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where 
 (p; � ) is the solution of the linear system
Z

r 1;1G(p; � )[x; x 0]
 (p; � )[x0]dx0 = �r 1;2G(p; � )[x] ;

Although this gives us a general way to de�ne gradients of� ?(� ) with respect to � , solving this linear system
is generally not feasible. One exception is when sampling over a �nite state spaceX , in which case P is
�nite-dimensional, and the integrals boil down to matrix-vector pro ducts.

B THEORETICAL ANALYSIS

B.1 Langevin with continuous 
ow

B.1.1 Additional de�nitions

Notations. We denote by P2(Rd) the set of probability measures onRd with bounded second moments. Given
a Lebesgue measurable mapT : X ! X and � 2 P 2(X ), T# � is the pushforward measure of� by T. For any
� 2 P 2(Rd), L 2(� ) is the space of functionsf : Rd ! R such that

R
kf k2d� < 1 . We denote by k � kL 2 ( � ) and

h�; �i L 2 ( � ) respectively the norm and the inner product of the Hilbert spaceL 2(� ). We consider, for �; � 2 P 2(Rd),
the 2-Wasserstein distanceW2(�; � ) = inf s2S ( �;� )

R
kx � yk2ds(x; y), where S(�; � ) is the set of couplings between

� and � . The metric space (P2(Rd); W2) is called the Wasserstein space.

Let F : P(Rd) ! R+ a functional.

De�nition B.1. Fix � 2 P (Rd). If it exists, the �rst variation of F at � is the function F 0(� ) : Rd ! R s. t. for
any � 2 P (Rd), with � = � � � :

lim
� ! 0

1
�

(F (� + �� ) � F (� )) =
Z

Rd
F 0(� )(x)d� (x);

and is de�ned uniquely up to an additive constant.

We will extensively apply the following formula:

dF (pt )
dt

=
Z

F 0(pt )
@pt
@t

=
Z

F 0(pt )[x]
@pt [x]

@t
dx: (16)

We will also rely regularly on the de�nition of a Wasserstein gradient 
 ow, since Langevin dynamics correspond to
a Wasserstein gradient 
ow of the Kullback-Leibler (KL) divergence Jordan et al. (1998). A Wasserstein gradient

ow of F Ambrosio et al. (2005) can be described by the following continuity equation:

@�t
@t

= r � (� t r W 2 F (� t )) ; r W 2 F (� t ) = rF 0(� t ); (17)

where F 0 denotes the �rst variation. Equation (17) holds in the sense of distributions (i.e. the equation above
holds when integrated against a smooth function with compact support), see (Ambrosio et al., 2005, Chapter
8). In particular, if F = KL (�j � ) for � 2 P 2(Rd), then r W 2 F (� ) = r log(� =� ). In this case, the corresponding
continuity equation is known as the Fokker-Planck equation, and in particular it is known that the law pt of
Langevin dynamics:

dX t = r log(� (X t ))d t +
p

2dB t

satis�es the Fokker-Planck equation (Pavliotis, 2016, Chapter 3).

B.1.2 Gaussian mixtures satisfy the Assumptions

We begin by a more formal statement of the result alluded to in Section 4.1.

Proposition B.2. Let

V (x; � ) := � log
� pX

i =1

H (� i ) exp
�
�k x � zi k2� �

;
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for some �xed z1; : : : ; zp 2 Rd and where

H (x) := � + (1 � � ) �
1

1 + e� x

is a shifted version of the logistic function for some� 2 (0; 1). Then Assumptions 4.1 and 4.2 hold.

Proof. Assumption 4.1 holds since a mixture of Gaussians is Log-Sobolev with a bounded constant (Chen et al.,
2021a, Corollary 1). Note that the constant deteriorates as the modes of the mixture get further apart.

Furthermore, Assumption 4.2 holds since, for all� 2 Rp and x 2 Rd,

kr 2V(x; � )k1 =

P p
i =1 H 0(� i ) exp

�
�k x � zi k2

�

P p
i =1 H (� i ) exp(�k x � zi k2)

�

P p
i =1 exp

�
�k x � zi k2

�

P p
i =1 � exp(�k x � zi k2)

=
1
�

:

B.1.3 Proof of Proposition 4.4

In the case of the functions � de�ned by (9){ (10), we see that � is bounded under Assumption 4.2 and when the
reward R is bounded. The Lipschitz continuity can be obtained as follows. Consider for instance the case of(10)
where �( p; � ) is given by

� ref (p; � ) = EX � pref [r 2V(X; � )] � EX � p[r 2V(X; � )] :

Then

k� ref (p; � ) � � ref (q; � )k = kEX � q[r 2V(X; � )] � EX � p[r 2V(X; � )]k

� C TV( p; q)

�
C
p

2

p
KL( pjjq) ;

where the �rst inequality comes from the fact that the total variation di stance is an integral probability metric
generated by the set of bounded functions, and the second inequality is Pinsker's inequality (Tsybakov, 2009,
Lemma 2.5). The �rst case of Section A.2 unfolds similarly.

B.1.4 Proof of Theorem 4.5

The dynamics (11) can be rewritten equivalently onP2(Rd) and Rp as

@pt
@t

= r � (pt r W 2 G(pt ; � t )) (18)

d� t = � " t �( pt ; � t )dt ; (19)

where G(p; � ) = KL (p jj � �
� ), see Appendix B.1.1. The Wasserstein gradient in(18) is taken with respect to the

�rst variable of G.

Evolution of the loss. Recall that � satis�es by De�nition 3.1 that r `(� ) = �( � ?(� ); � ). Thus we have, by
(19),

d`
dt

(t) =
D

r `(� t );
d� t

dt

E

= � " t hr `(� t ); �( pt ; � t )i

= � " t hr `(� t ); �( � ?(� t ); � t )i + " t hr `(� (t)) ; �( � ?(� t ); � t ) � �( pt ; � t )i

� � " t kr `(� t )k2 + " t kr `(� t )kk�( � ?(� t ); � t ) � �( pt ; � t )k :

Then, by Assumption 4.3,

d`
dt

(t) � � " t kr `(� t )k2 + " t K � kr `(� t )k
p

KL( pt jj � ?(� t )) :

Using ab � 1
2 (a2 + b2), we get

d`
dt

(t) � �
1
2

" t kr `(� t )k2 +
1
2

" t K 2
� KL( pt jj � ?(� t )) ; (20)
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Bounding the KL divergence of pt from � � (� t ). Recall that

KL( pt jj � ?(� t )) =
Z

log
�

pt

� ?(� t )

�
pt :

Thus, by the chain rule formula (16),

d KL( pt jj � ?(� t ))
dt

=
Z

log
�

pt

� ?(� t )

�
@pt
@t

�
Z

pt

� ?(� t )
@�?(� t )

@t
:= a � b :

From an integration by parts, using (18) and by Assumption 4.1, we have

a =
Z

log
�

pt

� ?(� t )

�
@pt
@t

=
Z

log
�

pt

� ?(� t )

�
r �

�
pt r log

�
pt

� ?(� t )

��

=
�

r log
�

pt

� ?(� t )

�
; �r log

�
pt

� ?(� t )

��

L 2 (pt )
= �








 r log

�
pt

� ?(� t )

� 








2

L 2 (pt )

� � 2� KL( pt jj � ?(� t )) :

Moving on to b, we have

b =
Z

pt

� ?(� t )
@�?(� t )

@t
=

Z
pt

@log(� ?(� t ))
@t

:

By the chain rule and (19), we have forx 2 X

@�?(� t )
@t

[x] =
�

@�?(� t )
@�

[x];
d� t

dt

�
=

�
@�?(� t )

@�
[x]; � " t �( pt ; � t )

�
:

Using � ?(� ) / e� V ( �; �) (with similar computations as for r ` ref in Section A.2), we have

@�?(� t )
@t

[x] =


�r 2V(x; � t )� ?(� t )[x] + EX � � ? ( � t ) (r 2V(X; � t )) � ?(� t )[x]; � " t �( pt ; � t )

�
;

and
@log(� ?(� t ))

@t
= " t hr 2V(�; � t ) � EX � � ? ( � t ) (r 2V(X; � t )) ; �( pt ; � t )i :

This yields

jbj =

�
�
�
�" t

Z
hr 2V(x; � t ) � EX � � ? ( � t ) (r 2V(X; � t )) ; �( pt ; � t )i pt [x]dx

�
�
�
�

= " t

�
�
�
�

� Z
r 2V(x; � t )dpt [x] � EX � � ? ( � t ) (r 2V(X; � t )) ; �( pt ; � t )

� �
�
�
�

� " t k�( pt ; � t )kRp

�
kr 2V(�; � t )kL 2 (pt ) + kr 2V(�; � t )kL 2 ( � ? ( � t ))

�

� 2C2" t ;

where the last step uses Assumptions 4.2 and 4.3. Putting everythingtogether, we obtain

dKL( pt jj � ?(� t ))
dt

� � 2� KL( pt jj � ?(� t )) + 2 C2" t :

Using Gr•onwall's inequality (Pachpatte and Ames, 1997) to integrate the inequality, the KL divergence can be
bounded by

KL( pt jj � ?(� t )) � KL( p0 jj � ?(� 0))e� 2�t + 2C2
Z t

0
" se2� (s� t ) ds :

Coming back to (20), we get

d`
dt

(t) � �
1
2

" t kr `(� t )k2 +
1
2

" t K 2
�

�
KL( p0 jj � ?(� 0))e� 2�t + 2C2

Z t

0
" se2� (s� t ) ds

�
:
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Integrating between 0 andT, we have

`(T) � `(0) � �
1
2

Z T

0
" t kr `(� t )k2dt +

K 2
� KL( p0 jj � ?(� 0))

2

Z T

0
" t e� 2�t dt

+ K 2
� C2

Z T

0

Z t

0
" t " se2� (s� t ) dsdt :

Since" t is decreasing, we can bound" t by "T in the �rst integral and rearrange terms to obtain

1
T

Z T

0
kr `(� t )k2dt �

2
T "T

(`(0) � inf `) +
K 2

� KL( p0 jj � ?(� 0))
T "T

Z T

0
" t e� 2�t dt

+
2K 2

� C2

T "T

Z T

0

Z t

0
" t " se2� (s� t ) dsdt :

(21)

Recall that, by assumption of the Theorem, " t = min(1; 1p
t
). Thus T "T =

p
T, and the �rst term is bounded

by a constant times T � 1=2. It is also the case of the second term since
RT

0 " t e� 2�t dt is converging. Let us now

estimate the magnitude of the last term. Let T0 � 2 (depending only on� ) such that ln( T0 )
2� � T0

2 . For t � T0, let

� (t) := t � ln t
2� . We have, for t � T0,

Z t

0
" se2� (s� t ) ds =

Z � ( t )

0
" se2� (s� t ) ds +

Z t

� ( t )
" se2� (s� t ) ds

� "0e� 2�t
Z � ( t )

0
e2�s ds + ( t � � (t)) " � ( t )

�
"0

2�
e2� ( � ( t ) � t ) +

" � ( t ) ln t
2�

�
"0

2�t
+

" t= 2 ln t
2�

;

where in the last inequality we used that � (t) � t=2 and " t is decreasing. Fort < T 0, we can simply bound the
integral

Rt
0 " se� (s� t ) ds by "0T0. We obtain

Z T

0

Z t

0
" t " se2� (s� t ) ds �

Z T0

0
" t "0T0dt +

Z T

T0

" t "0

2�t
+

" t " t= 2 ln t
2�

dt :

Recall that " t = min(1 ; 1p
t
), and that T0 � 2. Thus

Z T

0

Z t

0
" t " se2� (s� t ) ds �

Z T0

0
"0T0dt +

"0

2�

Z T

T0

" t

t
dt +

ln T
2�

Z T

2
" t " t= 2dt :

The �rst two integrals are converging when T ! 1 and the last integral is O(ln T). Plugging this into (21), we
�nally obtain the existence of a constant c > 0 such that

1
T

Z T

0
kr `(� t )k2dt �

c(ln T)2

T1=2
:

B.2 Langevin with discrete 
ow{proof of Theorem 4.7

We take

 k =

1
k1=3

min
� 1

L X
;

1
p

L �
;

1
�

;
�

4L 2
X

�
and " k =

1
k1=3

: (22)

Bounding the KL divergence of pk+1 from � ?(� k+1 ). Recall that pk is the law of X k . We leverage similar
ideas to the proof of (Cheng and Bartlett, 2018, Theorem 3), exploiting theLog Sobolev inequality to bound
the KL along one Langevin Monte Carlo iteration (an approach that was further streamlined in (Vempala and
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Wibisono, 2019, Lemma 3)). The starting point is to notice that one Langevin Monte Carlo iteration can be
equivalently written as a continuous-time process over a small time interval [0; 
 k ]. More precisely, let

� 0 := pk ; x0 � � 0 ;

and x t satisfying the SDE
dx t = �r 1V(x0; � k )dt +

p
2dB t :

Then, following the proof of (Cheng and Bartlett, 2018, Theorem 3),pk+1 has the same distribution as the output
at time 
 := 
 k of the continuity equation

@�t
@t

[x] = r �
�
� t [x](E� 0 j t [r 1V(xk ; � k )jx t = x] + r log � t )

�

where � 0j t is the conditional distribution of x0 given x t . Similarly, � k+1 is equal to the output at time 
 of

#t := � k � t" k �( � k ; � k ): (23)

We have:
dKL( � t jj � ?(#t ))

dt
=

Z
log

�
� t

� ?(#t )

�
@�t
@t

+
Z

� t

� ?(#t )
@�?(#t )

@t
:= a + b:

We �rst bound b similarly to the proof of Theorem 4.5, under Assumptions 4.2 and 4.3:

b = " k

Z
hr 2V(x; # t ) � EX � � ? (# t ) (r 2V(X; # t )) ; �( � k ; � k )i pt [x]dx � 2" k C2:

Then we write a as

a =
Z

log
�

� t [x]
� ?(#t )[x]

�
r �

�
� t [x](E� 0 j t [r 1V(x0; � k )jx t = x] + r log � t [x])

�
dx

= �
Z

� t (x)
�

r log
�

� t [x]
� ?(#t )[x]

�
; E� 0 j t [r 1V(x0; � k )jx t = x] + r log � t [x]

�
dx

= �
Z

� t (x)
�

r log
�

� t [x]
� ?(#t )[x]

�
; E� 0 j t [r 1V(x0; � k )jx t = x] � r 1V(x; � k ) + r 1V(x; � k )

� r 1V(x; # t ) + r log
�

� t [x]
� ?(#t )[x]

� �
dx

= �
Z

� t






 r log

�
� t

� ?(#t )

� 






2

+
Z

� t [x]
�

r log
�

� t [x]
� ?(#t )[x]

�
; r 1V(x; � k ) � E� 0 j t [r 1V(x0; � k )jx t = x]

�
dx

+
Z

� t [x]
�

r log
�

� t [x]
� ?(#t )[x]

�
; r 1V(x; # t ) � r 1V(x; � k )

�
dx

=: a1 + a2 + a3:

Denote the Fisher divergence by

FD( � t jj � ?(#t )) :=
Z

� t






 r log

�
� t

� ?(#t )

� 






2
:

The �rst term a1 is equal to � FD(� t jj � ?(#t )). To bound the second term a2, denote � 0t the joint distribution of
(x0; x t ). Then

a2 =
Z

� 0t [x0; x t ]hr log
�

� t [x t ]
� ?(#t )[x t ]

�
; r 1V(x t ; � k ) � r 1V(x0; � k )i dx0dx t

Using ha; bi � k ak2 + 1
4 kbk2 and recalling that x 7! r 1V(x; � ) is L X -Lipschitz for all � 2 Rp by Assumption 4.6,

a2 � E(x 0 ;x t ) � � 0t kr 1V(x t ; � k ) � r 1V(x0; � k )k2 +
1
4

E(x 0 ;x t ) � � 0t






 r log

�
� t [x t ]

� ?(#t )[x t ]

� 






2

� L 2
X E(x 0 ;x t ) � � 0t kx t � x0k2 +

1
4

FD( � t jj � ?(#t )) :
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Proceeding similarly for a3, we obtain

a3 � Ex � � t kr 1V(x; # t ) � r 1V(x; � k )k2 +
1
4

FD( � t jj � ?(#t )) :

Since� 7! r 1V(x; � ) is L � -Lipschitz for all x 2 Rd by Assumption 4.6, we get

a3 � L � k#t � � k k2 +
1
4

FD( � t jj � ?(� t )) :

Moreover, by (23) and under Assumption 4.3, we havek#t � � k k2 = t2"2
k k�( � k ; � k )k2 � t2"2

k C2, which yields

a3 � L � t2"2
k C2 +

1
4

FD( � t jj � ?(#t )) :

Putting everything together,

dKL( � t jj � ?(#t ))
dt

= a + b

� �
1
2

FD( � t jj � ?(#k )) + L 2
X E(x 0 ;x t ) � � 0t kx t � x0k2 + L � t2"2

k C2 + 2" k C2

� � � KL( � t jj � ?(#t )) + L 2
X E(x 0 ;x t ) � � 0t kx t � x0k2 + L � t2"2

k C2 + 2" k C2

where the last inequality uses Assumption 4.1 and where the two last terms in the r.h.s. can be seen as additional
bias terms compared to the analysis of (Cheng and Bartlett, 2018, Theorem 3) and (Vempala and Wibisono,

2019, Lemma 3). Let us now boundE(x 0 ;x t ) � � 0t kx t � x0k2. Recall that x t
d= x0 � tr 1V(x0; � k ) +

p
2tz0, where

z0 � N (0; I ) is independent ofx0. Then

E(x 0 ;x t ) � � 0t kx t � x0k2 = E(x 0 ;x t ) � � 0t k � tr 1V(x0; � k ) +
p

2tz0k2

= t2Ex 0 � � 0 kr 1V(x0; � k )k2 + 2 td:

Finally, since x 7! r 1V(x; � ) is L X -Lipschitz for all x 2 Rd by Assumption 4.6, and under Assumption 4.1, we
get by (Vempala and Wibisono, 2019, Lemma 12) that

Ex 0 � � 0 kr 1V(x0; � k )k2 �
4L 2

X

�
KL( � 0 jj � ?(� k )) + 2 dLX :

All in all,

dKL( � t jj � ?(#t ))
dt

� � � KL( � t jj � ?(#t )) +
4L 4

X t2

�
KL( � 0 jj � ?(� k ))

+ 2dL3
X t2 + 2L 2

X td + L � t2"2
k C2 + 2" k C2 :

Recall that we want to integrate t between 0 and
 . For t � 
 , we have

dKL( � t jj � ?(#t ))
dt

� � � KL( � t jj � ?(#t )) +
4L 4

X 
 2

�
KL( � 0 jj � ?(� k ))

+ 2dL3
X 
 2 + 2L 2

X 
d + L � 
 2"2
k C2 + 2" k C2

� � � KL( � t jj � ?(#t )) +
4L 4

X 
 2

�
KL( � 0 jj � ?(� k )) + 4 L 2

X 
d + 3 " k C2

sinceL X 
 � 1, L � 
 2 � 1 and " k � 1 by (22). Denote by C1 the second term andC2 the sum of the last two
terms. Then, by Gr•onwall's inequality (Pachpatte and Ames, 1997),

KL( � t jj � ?(#t )) �
(C1 + C2)e� �t (e�t � 1)

�
+ KL( � 0 jj � ?(� k ))e� �t :

Since�t � �
 � 1 by (22), we havee�t � 1 + 2�
 , and

KL( � t jj � ?(#t )) � 2(C1 + C2)
e � �t + KL( � 0 jj � ?(� k ))e� �t

= 2C2
e � �t +
�

1 +
8L 4

X 
 3

�

�
KL( � 0 jj � ?(� k ))e� �t :
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Since
 � �
4L 2

X
by (22), we have 8L 4

X 
 3

� � �

2 , and

KL( � t jj � ?(#t )) � 2C2
e � �t +
�

1 +
�

2

�
KL( � 0 jj � ?(� k ))e� �t :

We therefore obtain, by evaluating at t = 
 and renaming pk+1 = � 
 , � ?(� k+1 ) = � ?(#
 ), pk = � 0, and 
 k = 
 ,

KL( pk+1 jj � ?(� k+1 )) � 2C2
 k e� �
 k +
�

1 +
�
 k

2

�
KL( pk jj � ?(� k ))e� �
 k :

Bounding the KL over the whole dynamics. Let C3 := (1 + �
 k
2 )e� �
 k . We have C3 < 1, and by summing

and telescoping,

KL( pk jj � ?(� k )) � KL( p0 jj � ?(� 0))Ck
3 +

2C2C3
 k e� �
 k

1 � C3
:

We have
C3e� �
 k

1 � C3
=

C3

e�
 k � (1 + �
 k
2 )

�
2

�
 k
;

by using ex � 1 + x and C3 � 1. Thus

KL( pk jj � ?(� k )) � KL( p0 jj � ?(� 0))Ck
3 +

4C2

�
:

Replacing C2 by its value,

KL( pk jj � ?(� k )) � KL( p0 jj � ?(� 0))Ck
3 +

16L 2
X d
 k

�
+

12C2" k

�
:

Sinceex � 1 + x, C3 � e� �
 k =2, and

KL( pk jj � ?(� k )) � KL( p0 jj � ?(� 0))e� �
 k k
2 +

16L 2
X d
 k

�
+

12C2" k

�
: (24)

We obtain three terms in our bound that have di�erent origins. The �rs t term corresponds to an exponential decay
of the KL divergence at initialization. The second term is linked to the discretization error, and is proportional to

 k . The third term is due to the fact that � ?(� k ) is moving due to the outer problem updates. It is proportional
to the ratio of learning rates " k .

Evolution of the loss. By Assumption 4.6, the loss` is L -smooth, and recall that � k+1 = � k � 
 k " k �( pk ; � k ).
We have

`(� k+1 ) = `(� k � 
 k " k �( pk ; � k ))

� `(� k ) � 
 k " k hr `(� k ); �( pk ; � k )i +
L
 2

k "2
k

2
k�( pk ; � k )k2

� `(� k ) � 
 k " k hr `(� k ); �( pk ; � k )i +
LC 2
 2

k "2
k

2

by Assumption 4.3. Furthermore,

�( � k ; � k ) = �( � ?(� k ); � k ) + �( pk ; � k ) � �( � ?(� k ); � k ) = r `(� k ) + �( pk ; � k ) � �( � ?(� k ); � k ) :

Thus

`(� k+1 ) � `(� k ) � 
 k " k kr `(� k )k2 + 
 k " k kr `(� k )kk�( pk ; � k ) � �( � ?(� k ); � k )k +
LC 2
 2

k "2
k

2

� `(� k ) � 
 k " k kr `(� k )k2 + 
 k " k kr `(� k )k
p

KL( pk jj � ?(� k )) +
LC 2
 2

k "2
k

2

by Assumption 4.3. Using ab � 1
2 (a2 + b2), we obtain

`(� k+1 ) � `(� k ) �

 k " k

2
kr `(� k )k2 +


 k " k

2
KL( pk jj � ?(� k )) +

LC 2
 2
k "2

k

2
:
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Conclusion. Summing and telescoping,

`(� K +1 ) � `(� 1) � �
1
2

KX

k=1


 k " k kr `(� k )k2 +
1
2

KX

k=1


 k " k KL( pk jj � ?(� k )) +
LC 2

2

KX

k=1


 2
k "2

k :

Lower bounding 
 k by 
 K and " k by "K in the �rst sum, then reorganizing terms, we obtain

1
K

KX

k=1

kr `(� k )k2 �
2(`(� 1) � inf `)

K
 K "K
+

1
K
 K "K

KX

k=1


 k " k KL( pk jj � ?(� k )) +
LC 2

K
 K "K

KX

k=1


 2
k "2

k :

Bounding the KL divergence by (24), we get

1
K

KX

k=1

kr `(� k )k2 �
2(`(� 1) � inf `)

K
 K "K
+

1
K
 K "K

KX

k=1

KL( p0jj � ?(� 0)) 
 k " k e� �
 k k
2

+
1

K
 K "K

KX

k=1

16L 2
X d
 2

k " k

�
+

1
K
 K "K

KX

k=1

12C2
 k "2
k

�
+

LC 2

K
 K "K

KX

k=1


 2
k "2

k :

By de�nition (22) of 
 k and " k , we see that the �rst and last sums are converging, and the middle sums are
O(ln K ). Therefore, we obtain

1
K

KX

k=1

kr `(� k )k2 �
c ln K
K 1=3

for somec > 0 depending only on the constants of the problem.

B.3 Denoising di�usion

Our goal is �rst to �nd a continuous-time equivalent of Algorithm 3. To thi s aim, we �rst introduce a slightly
di�erent version of the algorithm where the queue of M versions of pk is not present at initialization, but
constructed during the �rst M steps of the algorithm. As a consequence,� changes for the �rst time after M
steps of the algorithm, when the queue is completed and theM -th element of the queue has been processed
through all the sampling steps.

Algorithm 7 Implicit Di�. optimization, �nite time (no warm start)

input � 0 2 Rp, p0 2 P
p(0)

0  p0

for k 2 f 0; : : : ; K � 1g (joint single loop) do
p(0)

k+1  p0

parallel p(m +1)
k+1  � m (p(m )

k ; � k ) for m 2 [min(k; M � 1)]
if k � M then

� k+1  � k � � k �( p(M )
k ; � k ) (or another optimizer)

output � K

In order to obtain the continuous-time equivalent of Algorithm 7, it is con venient to change indices de�ningp(m )
k .

Note that in the update of p(m )
k in the algorithm, the quantity m � k is constant. Therefore, denotingj = m � k,

the algorithm above is exactly equivalent to

p(0)
j = p0

p(m +1)
j = � m (p(m )

j ; � j + m ); m 2 [M � 1]

� k+1 = � k if k < M

� k+1 = � k � � k �( p(M )
k � M ; � k ) else.
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It is then possible to translate this algorithm in a continuous setting in the case of denoising di�usions. We obtain

Y 0
t � N (0; 1)

dY �
t = f Y �

t + 2s� t + � (Y �
t ; T � � )gd� +

p
2dB �

d� t = 0 for t < T

d� t = � � k �( Y T
t � T ; � t )dt for t � T;

(25)

Let us choose the score functions� as in Section 4.3. The backward equation (7) then writes

dYt = ( Yt + 2s� (Yt ; T � t))d t +
p

2dB t = � (Yt � 2�e � (T � t ) )dt +
p

2dB t : (26)

We now turn our attention to the computation of �. Recall that � should satis fy �( � ?(� ); � ) = r `(� ), where
� ?(� ) is the distribution of YT and `(� ) = EY � � ? ( � ) (L (Y )) for some loss functionL : R ! R. To this aim,
for a given realization of the SDE (26), let us compute the derivative of L (YT ) with respect to � using the
adjoint method (14). We have r 2� (T � t; YT � t ; � ) = � 1, hence dA t

dt = � 1, and A t = L 0(YT )e� t . Furthermore,
r 3� (T � t; YT � t ; � ) = 2 e� t . Thus

dL(YT )
d�

=
Z T

0
A t r 3� (T � t; YT � t ; � )dt =

Z T

0
2L 0(YT )e� 2t dt = L 0(YT )(1 � e� 2T ) :

As a consequence,

r `(� ) = EY � q�
T ( � )

� dL (Y )
d�

�
= EY � q�

T ( � ) (L
0(Y )(1 � e� 2T )) :

This prompts us to de�ne

�( p; � ) = EX � p(L 0(X )(1 � e� 2T )) = EX � p((X � � target )(1 � e� 2T )) = ( EX � pX � � target )(1 � e� 2T )

for L de�ned by L(x) = ( x � � target )2 as in Section 4.3. Note that, in this case, � depends only onp and not on � .

Replacing s� and � by their values in (25), we obtain the coupled di�erential equation s in Y and �

Y 0
t � N (0; 1)

dY �
t = f� Y �

t + 2 � t + � e� (T � � ) gd� +
p

2dB �

d� t = 0 for t < T

d� t = � � (EY T
t � T � � target )(1 � e� 2T )dt for t � T;

(27)

We can now formalize Proposition 4.8, with the following statement.

Proposition B.3. Consider the dynamics(27). Then

k� 2T � � target k = O(e� T ) ; and � ?(� 2T ) = N (�; 1) with � = � target + O(e� T ) :

Proof. Let us �rst compute the expectation of Y �
T . To this aim, denote Z �

t = e� Y �
t . Then we have

dZ �
t = e� (dY �

t + Y �
t dt) = 2 � t + � e2� � T d� +

p
2dB � :

SinceE(Z 0
t ) = E(Y 0

t ) = 0, we obtain that E(Z T
t ) = 2

RT
0 � t + � e2( � � T ) d� , and

E(Y T
t ) = e� T E(Z T

t ) = 2
Z T

0
� t + � e2( � � T ) d� :

Therefore, we obtain the following evolution equation for � when t � T:

_� t = � �
�

2
Z T

0
� t � T + � e2( � � T ) d� � � target

�
(1 � e� 2T ) :

By the change of variable�  T � � in the integral, we have, for t � T ,

_� t = � �
�

2
Z T

0
� t � � e� 2� d� � � target

�
(1 � e� 2T ) :
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Let us introduce the auxiliary variable  t =
RT

0 � t � � e� 2� d� . We have _� t = � � (2 t � � target ), and

_ t =
Z T

0

_� t � � e� 2� d� = � [� t � � e� 2� ]T0 � 2
Z T

0
� t � � e� 2� d� = � t � � t � T e� 2T � 2 t :

Recall that � t is constant equal to � 0 for t 2 [0; T]. Therefore, for t 2 [T; 2T], � := ( �;  ) satis�es the �rst order
linear ODE with constant coe�cients

_� = A� + b; A =
�

0 � 2�
1 � 2

�
; b =

�
�� target (1 � e� 2T )

� � 0e� 2T

�
:

For � > 0, A is invertible, and

A � 1 =
1
2�

�
� 2 2�
� 1 0

�
:

Hence the linear ODE has solution, fort 2 [T; 2T],

� t = � (I � e( t � T )A )A � 1b+ e( t � T )A � T = � A � 1b+ e( t � T )A (A � 1b+ � T ) :

Thus

� 2T = � A � 1b+ eT A (A � 1b+ � T ) = � A � 1b+ eT A

 

A � 1b+

 
� 0

� 0 (1 � e� 2T )
2

! !

:

A straightforward computation shows that

[A � 1b]0 = � � target (1 � e� 2T ) + � 0e� 2T ;

and that A has eigenvalues with negative real part. Putting everything together, we obtain

� 2T = [ � 2T ]0 = � target + O(e� T ) :

Finally, recall that we have � ?(� ) = N (� (1� e� 2T ); 1). Thus � ?(� 2T ) = N (� 2T ; 1) with � 2T = � target + O(e� T ).

C EXPERIMENTAL DETAILS

We provide here details about the experiments that we have presented in Section 5.

C.1 Langevin processes

We provide in this section details about our experiments on Langevin processes. In Section C.1.1, we do so for
the experiment described in Section 5.1, where the reward is an explicit function R(�). In Section C.1.2, we show
additional experiments showing that Implicit Di�usion can also be u sed to \train from scratch" a model: in this
case the reward is a negative KL term that is evaluated from samples of a target distribution. We present results
in several parametrization settings.

C.1.1 Reward training

We consider a parameterized family of potentials forx 2 R2 and � 2 R6 de�ned by

V(x; � ) = � log
� 6X

i =1

� (� ) i exp
�
�k x � � i k2� �

;

where the � i 2 R2 are the six vertices of a regular hexagon and� is the softmax function mapping R6 to the unit
simplex. In this setting, for any � 2 R6,

� ?(� ) =
1
Z

6X

i =1

� (� ) i exp
�
�k x � � i k2�

;
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We provide here additional details of and motivation for these algorithms,denoted by the colored markers that
represent them in these �gures.

- Langevin � 0 (� ): This is the discrete-time process (a Langevin Monte Carlo process) approximating a
Langevin di�usion with potential V (�; � 0) for �xed � 0 := (1 ; 0; 1; 0; 1; 0). There is no reward here; the
time-continuous Langevin process converges to� ?(� 0), which has some symmetries. It can be thought of as a
pretrained model, and the Langevin sampling algorithm as an inference-time generative algorithm.

- Implicit Di�usion (F ): We run the in�nite-time horizon version of our method (Algorithm 2), aiming
to minimize `(� ) := F (� ?(� )) for F (p) = � EX � p[R(X )] with R(x) = 1(x1 > 0) exp

�
�k x � � k2

�
where

� = (1 ; 0:95). This algorithm yields both a samplep̂K and parameters� opt after K steps, and can be thought
of as jointly sampling and reward �netuning.

- Nested loop (� ): We run Algorithm 1 with T inner sampling steps for each gradient step. ForT = 1, this is
exactly Implicit Di�usion. For T � 1, it means we compute nearly perfectly� ?(� t ) at each optimization
step.

- Unrolling through the last step of sampling (N): For each optimization step, we performT sampling steps,
then di�erentiate through the last step of sampling by automatic di�er entiation. This is akin to a stop gradient
method. The learning rate here is chosen as 2
 � =
 X to improve its performance, for a fair comparison. Recent
studies show that di�erentiating through the last sampling step is an e�cient and theoretically-grounded
method in bilevel optimization (Bolte et al., 2023). It has been applied successfully to denoising di�usions
(Clark et al., 2024).

- Langevin � 0 + R ( H): This is the discretization of a Langevin di�usion with reward-guide d potential
V (�; � 0) � �R smooth , where Rsmooth is a smoothed version ofR (replacing the indicator by a sigmoid). Using
this approach is di�erent from �netuning: it proposes to modify the s ampling algorithm, and does not yield
new parameters� . This is akin to guidance of generative models (Dhariwal and Nichol, 2021). Notethat this
requires a di�erentiable reward Rsmooth , contrarily to our approach that handles non-di�erentiable rewards.

- Langevin � opt - post Implicit Di�usion ( ): This is a discrete-time process approximating a Langevin
di�usion with potential V (�; � opt ), where � opt is the outcome of reward training by our algorithm. This can be
thought of as doing inference with the new model parameters, post reward training with Implicit Di�usion.

As mentioned in Section 5.1, this setting illustrates the advantage of ourmethod, which allows the e�cient
optimization of a function over a constrained set of distribution, wit hout over�tting outside this class. We display
in Figure 12 snapshots throughout some selected steps of these six algorithms (in the same order and with the
same colors as indicated above). We observe that the dynamics of Implicit Di�usion are slower than those of
Langevin processes (sampling), which can be observed also in the metrics reported in Figure 6. The reward
and log-likelihood change slowly, plateauing several times: when� k in this algorithm is initially close to � 0, the
distribution gets closer to � ?(� 0) (steps 0-100). It then evolves towards another distribution (steps 1000-2500),
after � has been a�ected by accurate gradient updates, before converging to� ?(� opt ). The two-timescale dynamics
is by design: the sampling dynamics are much faster, aiming to quickly lead to an accurate evaluation of gradients
with respect to � k . This corresponds to our theoretical setting where" k � 1. To complement the comparisons
between our algorithm and other baselines included in Section 5.1, we also provide in Figure 11 a comparison
between Implicit Di�usion, the nested loop and unrolling approaches, in terms of reward and log-likelihood
optimization, as a function of the number of gradient evaluations (i.e., number of sampling steps), rather
than number of optimization steps. Again, it is apparent that the algorithmi c cost of doing several steps (T > 1)
of inner loop is much higher than the small improvement obtained by a better estimate of the gradients. Finally,
the con�dence intervals in Figure 6 are computed by performing 10 independent repetitions of the experiment,
and reporting the largest and lowest metrics across the 10 repetitions, at each time step. For readability, Figure 10
shows the same plot with con�dence intervals only (without plotting the average value).
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C.1.2 Training from scratch

We present in Figure 13 a variant of this experiment where we start from a model generating a standard Gaussian,
and our goal is to learn to generate a mixture of several Gaussians. For this,comparing with the setup presented
above, we add a 7th potential well at the origin, and choose at initialization� 0 = ( � 7; � 7; � 7; � 7; � 7; � 7; 11).
This means that the distribution at initialization is extremely clos e to being a standard Gaussian, as can be seen
in the top-right plot of Figure 13a. The target is � � = (1 :5; 0; 1:5; 0; 1:5; 0; 0). We use Implicit Di�usion where the
reward is the KL between the target distribution and the current one. This KL admits explicit gradients (see
Section 3.2) which can be evaluated with samples of the target distribution. We train for K = 40; 000 steps with
a batch of size 1; 000. Learning rates are
 X = 2 :5 � 10� 2 and 
 � = 7 � 10� 3.

Training from scratch with a full Gaussian mixture model parameteri zation. We present in Figure 14
a variant of this experiment where we now parameterize the means and covariances of the Gaussians in addition
to the weights of the mixture. More precisely, we consider the potential

V (x; � ) = � log
� 2X

i =1

� (w) i

2�
p

det(� i )
exp

�
� (x � � i ) | � � 1

i (x � � i )
� �

;

where� is still the softmax function mapping R2 to the unit simplex, and � = f w; (� i ; � i )1� i � 2g 2 R2 � (R2; R2� 2)2.
At initialization, the parameters are

� 0 =
�

(0; 0); ((4; 0); I 2); (( � 2; 2
p

3); I 2)
	

;

while our target is

� � =
�

(1:5; 0);
�

(� 4; 0);
�

0:75 � 0:5
� 0:5 1:5

� �
;
�

(2; � 2
p

3);
�

0:75 0:5
0:5 1:25

� ��
:

As in the previous experiment, we use Implicit Di�usion where the reward is the KL between the target distribution
and the current one. This KL admits explicit gradients (see Section3.2) which can be evaluated with samples of
the target distribution. We train for K = 40; 000 steps with a batch of size 1; 000. Learning rates are
 X = 5 � 10� 2

and 
 � = 5 � 10� 4. We observe on the Figure that Implicit Di�usion is able to learn the t arget distribution.
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C.2 Denoising di�usion models

We �rst provide additional experimental con�gurations that are common be tween both datasets before explaining
details speci�c to each one.

Common details. The KL term in the reward is computed using Girsanov's theorem as explained in Ap-
pendix A.3. We use the Adam optimizer (Kingma and Ba, 2015), with various values for the learning rate (see
e.g. Figure 7). The code was implemented in JAX (Bradbury et al., 2018). As mentioned in the main text, we
use a U-Net model (Ronneberger et al., 2015).

MNIST. We use an Ornstein-Uhlenbeck noise schedule, meaning that the forward di�usion is d X t = � X t dt +p
2dB t (as presented in Section 2.2). We pretrain for 18k steps in 7 minutes on 4 TPUv2. For reward training,

we train on a TPUv2 for 4 hours with a queue of sizeM = 4, T = 64 steps, and a batch size of 32. Further
hyperparameters for pretraining and reward training are given respectively in Tables 1 and 2.

Name Value

Noise schedule Ornstein-Uhlenbeck
Optimizer Adam with standard hyperparameters

EMA decay 0:995
Learning rate 10� 3

Batch size 32

Table 1: Hyperparameters for pretraining of denoising di�usion modelson MNIST.

Name Value

Number of sampling steps 256
Sampler Euler

Noise schedule Ornstein-Uhlenbeck
Optimizer Adam with standard hyperparameters

Table 2: Hyperparameters for reward training of denoising di�usion models pretrained on MNIST.

CIFAR-10 and LSUN. For CIFAR-10, we pretrain for 500k steps in 30 hours on 16 TPUv2, reaching an FID
score (Heusel et al., 2017) of 2:5. For reward training, we train on a TPUv3 for 9 hours with a queue of size
M = 4 and T = 64 steps, and a batch size of 32. For LSUN, we pretrain for 13 hours, reaching a FID score of 2:26.
For reward training, we train on a TPUv3 for 9 hours with a queue of sizeM = 2, T = 64 steps, and a batch size
of 16. Further hyperparameters for pretraining and reward training are given respectively in Tables 3 and 4.

Name Value

Number of sampling steps 1; 024
Sampler DDPM

Noise schedule Cosine (Nichol and Dhariwal, 2021)
Optimizer Adam with � 1 = 0 :9, � 2 = 0 :99, " = 10 � 12

EMA decay 0:9999
Learning rate 2 � 10� 4

Batch size 2048
Number of samples for FID evaluation 50k

Table 3: Hyperparameters for pretraining of denoising di�usion modelson CIFAR-10 and LSUN.
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using the convergence of interacting particle systems to McKean-Vlasov process when the number of particles is
large. In the same setting, where � can be written as an expectation w.r.t. pt , discretization of such dynamics
have been extensively studied (Atchad�e et al., 2017; De Bortoli et al., 2021; Xiao and Zhang, 2014; Rosasco
et al., 2020; Nitanda, 2014; Tadi�c and Doucet, 2017). In that setting, one can leverage convergence results of
the Langevin algorithm under mild assumption such as Eberle (2016) to provethe convergence of a sequence
(� k )k2 N to a local minimizer such that r `(� ?) = 0, see (De Bortoli et al., 2021, Appendix B) for instance. Finally,
Wang and Sirignano (2024) and Wang and Sirignano (2022) propose and analyze a single-loop algorithm to
di�erentiate through solutions of SDEs. Their algorithm uses forward-mode di�erentiation, which does not scale
well to large-scale machine learning problems.
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