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Abstract. We study inverse boundary problems for semilinear Schrödinger
equations on smooth compact Riemannian manifolds of dimensions ≥ 2 with
smooth boundary, at a large fixed frequency. We show that certain classes of
cubic nonlinearities are determined uniquely from the knowledge of the non-
linear Dirichlet–to–Neumann map at a large fixed frequency on quite general
Riemannian manifolds. In particular, in contrast to the previous results avail-
able, here the manifolds need not satisfy any product structure, may have
trapped geodesics, and the geodesic ray transform need not be injective. Only
a mild assumption about the geometry of intersecting geodesics is required.
We also establish a polynomial resolvent estimate for the Laplacian on an arbi-
trary smooth compact Riemannian manifold without boundary, valid for most
frequencies. This estimate, along with the invariant construction of Gaussian
beam quasimodes with uniform bounds for underlying constants and a station-
ary phase lemma with explicit control over all involved constants, constitutes
the key elements in proving the uniqueness results for the considered inverse
problems.

1. Introduction and statement of results

The anisotropic Calderón problem seeks to determine the electrical conductivity
matrix of a medium by performing electrical measurements along its boundary,
see [5, 46]. To state the geometric version of this problem, let (M, g) be a smooth
oriented compact Riemannian manifold of dimension n ≥ 2 with smooth bound-
ary. Associated to the metric g, we have the Laplace operator −∆g given in local
coordinates by

−∆g = −
n∑

j,k=1

|g|−1/2∂xj(|g|1/2gjk∂xk),

where (gjk) = (gjk)
−1 and |g| = det(gjk). Let us introduce the Cauchy data set

on ∂M of harmonic functions on M ,

Cg = {(u|∂M , ∂νu|∂M) : u ∈ C∞(M) such that −∆gu = 0 in M int},
1
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where ν is the unit outer normal to the boundary ofM andM int =M\∂M stands
for the interior of M . In the geometric version of the anisotropic Calderón prob-
lem, one wishes to recover the Riemannian manifold (M, g) from the knowledge
of the Cauchy data set Cg on ∂M . Because Cψ∗g = Cg for any smooth diffeomor-
phism ψ : M → M such that ψ|∂M = Id, see [29], one can only hope to recover
a Riemannian manifold from Cg up to this isometry. In dimension n = 2, this
problem, with an additional obstruction arising from the conformal invariance of
the Laplacian, is solved in [34] for the case of Riemannian metrics on bounded
domains in the plane, and in [27] for the case of Riemannian surfaces. In dimen-
sions n ≥ 3, the anisotropic Calderón problem is widely open. It is solved for
real analytic manifolds in [29, 27, 26], see also [16], and in the C∞ case in [8, 10],
for metrics in a fixed conformal class on a conformally transversally anisotropic
(CTA) manifold, assuming that the geodesic X-ray transform on the transversal
manifold is injective. In the latter case, the anisotropic Calderón inverse problem
can be reduced to an inverse boundary problem of recovery of the potential in the
Schrödinger equation from the knowledge of the Cauchy data of its solutions on
the boundary. The approach of the works [8, 10] relies on a construction of special
solutions to the Schrödinger equation, called complex geometric optics solutions.
The requirement that the manifold should be CTA guarantees the existence of
so-called limiting Carleman weights on such manifolds, which are important to
construct such solutions using the technique of Carleman estimates. However, a
generic manifold of dimension n ≥ 3 does not admit limiting Carleman weights,
see [30, 1]. Also, there are examples of manifolds for which the geodesic X-ray
transform is non-injective, see [20, Example 1.7]. Thus, it is of great significance
to try to remove the assumption of the injectivity of the geodesic X-ray trans-
form on the transversal manifold in the case of CTA manifolds, or even to try
to remove the assumption that the manifold is CTA altogether when solving the
anisotropic Calderón problem.

In this direction, the works [25, 14, 13, 21] demonstrated that when solving
inverse boundary problems for semilinear Schrödinger equations, no assumption
on the transversal manifold is required, while still keeping the assumption that
the manifold should enjoy a CTA structure, see also [23, 32, 6, 11].

The recent work [47] demonstrated that the recovery of certain classes of po-
tentials in the Schrödinger equation at a large fixed frequency did not require
the manifold to be CTA. The work [31] extended the result of [47] and showed
that the manifold only needed to be non-trapping, and the geodesic X-ray trans-
form needed to be stably invertible and continuous. We refer to the recent work
[42], where inverse problems of the recovery of connections from the Dirichlet–
to–Neumann maps at a large fixed frequency were studied.

Motivated by [47, 31], the purpose of this paper is to show that an inverse bound-
ary problem for a semilinear Schrödinger equation for a certain class of cubic
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nonlinearities, at a large fixed frequency, can be solved in quite general geome-
tries. Specifically, we do not require our manifold to be non-trapping and we do
not need any assumption related to the geodesic X-ray transform on it. Only a
mild assumption about the geometry of geodesics is needed.

To state the inverse problem, let λ ≥ 0 be a frequency and let us consider the
Dirichlet problem for the semilinear Schrödinger operator,{

−∆gu− λ2u+ qu3 = 0 in M int,

u = f on ∂M,
(1.1)

where q ∈ C0,α(M) with some 0 < α < 1. Here and in what follows Ck,α(M),
k ∈ N, stands for the Hölder space on M . Assume that

(A) λ2 is not a Dirichlet eigenvalue of −∆g on M .

It follows from [21, Theorem B.1], see also [14, Proposition 1] and [25, Proposition
2.1], that under the assumption (A), there is δ > 0 and C > 0 such that when
f ∈ Bδ(∂M) := {f ∈ C2,α(∂M) : ∥f∥C2,α(∂M) < δ}, the problem (1.1) has a
unique solution u = uf ∈ C2,α(M) satisfying ∥u∥C2,α(M) < Cδ. Associated to the
problem (1.1), we define the Dirichlet–to–Neumann map at the frequency λ as
follows

Λλqf = ∂νuf |∂M ,
where f ∈ Bδ(∂M). The inverse problem that we are interested in is to determine
q from the knowledge of the Dirichlet–to–Neumann map Λλq for a large but fixed
frequency λ.

First, motivated by [9, Definition 1.2] and [20, Definition 2.1], we impose the
following geometric condition on the manifold (M, g):

(H) for every point x0 ∈M int, there are two non-tangential unit speed geode-
sics, passing through x0, such that they do not have self-intersections at
x0 and x0 is their only point of intersection.

Our first main result is as follows, where | · | denotes the Lebesgue measure on R.

Theorem 1.1. Let (M, g) be a smooth compact oriented Riemannian manifold
of dimension n ≥ 2 with smooth boundary, satisfying the condition (H). Let
0 < α < 1 and let q1, q2 ∈ C0,α(M). Then for any δ > 0, there exists a set
J ⊂ [1,∞), J = J(M, g, δ), satisfying |J | ≤ δ, and λ0 = λ0(M, g, δ, q1 − q2) > 0
such that if for some λ ≥ λ0, λ /∈ J , and λ satisfying the assumption (A), we
have Λλq1 = Λλq2 then q1 = q2 in M .

Remark 1.2. In contrast to most prior results concerning elliptic partial differ-
ential equations in dimensions n ≥ 3, the manifolds considered in Theorem 1.1
are not limited to having any specific product structure. They may contain trapped
geodesics, and the geodesic X-ray transform is not required to be injective.
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Let us proceed to make some comments regarding the geometric assumption (H).

Example 1.3. If the manifold (M, g) is simple, i.e. a compact simply connected
Riemannian manifold with strictly convex boundary so that no geodesic has con-
jugate points, then the geometric assumption (H) holds. This follows directly
from the fact that the exponential map expx is a diffeomorphism onto M for any
x ∈ M [35], and hence any two geodesics expx(tv) and expx(tw) where v ̸= w,
|v| = |w| = 1, will satisfy (H).

Example 1.4. If the manifold (M, g) satisfies the strict Stefanov–Uhlmann reg-
ularity condition at every point (x0, ξ0) ∈ S∗M int, see [20, Definition 1.8], then
the assumption (H) holds, see [9, Lemma 3.1]. As an example of such manifolds,
consider M to be the closure of a neighborhood of a geodesic arc from the north
pole to the south pole of the unit sphere S3 ⊂ R4, see [9] and [20, Example 1.10].
Note that the manifold M contains conjugate points so it is not simple.

Example 1.5. Let M = S1× [0, a], a > 0, be a cylinder with its usual flat metric
g. The geodesics on M are straight lines, circular cross sections, and helices that
wind around the cylinder. It is shown in [20, Appendix A] that (M, g) satisfies
the assumption (H). Furthermore, the geodesic X-ray transform is not invertible
on M , since the kernel contains functions of the form f(eit, s) = h(s) where
h ∈ C∞

0 ((0, a)) integrates to zero over [0, a], and (M, g) has trapping.

We shall next propose a geometric condition on the manifold (M, g) which guar-
antees that the assumption (H) holds for almost every point in M int, and which
might be of independent interest. To motivate the proposed geometric condition,
we first note that the fact that all the geodesics on spheres intersect twice can be
attributed to the high order of conjugacy of the sphere Sn. To state our result, we
shall introduce some definitions, following [28, Section 10], [7, Chapter 5, Section
3]. Given a geodesic γ : I → M , and two points p = γ(a), q = γ(b), a, b ∈ I, we
say that p and q are conjugate along γ if there is a Jacobi field along γ vanishing
at t = a and t = b but not identically zero. The order of conjugacy of p relative
to q along γ denoted conjγ(p, q), is the dimension of the space of Jacobi fields
along γ that vanish at a and b. Note that conjγ(p, q) ≤ n− 1, and that equality
is achieved on the sphere Sn by taking p and q to be antipodal points, and γ any
great circle connecting them, see [28, Section 10, page 299]. We define the order
of conjugacy of p ∈ M as the maximal value of conjγ(p, q) over all other points
q ∈ M and geodesics γ connecting p to q. Similarly, the order of conjugacy of
M is the maximal order of conjugacy of all points in M . We have the following
result.

Theorem 1.6. Let (M, g) be a smooth compact Riemannian manifold of dimen-
sion n ≥ 3 with smooth boundary. Suppose that the order of conjugacy of M is
at most n− 3. Then the assumption (H) holds for almost all x ∈M int.
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Example 1.7. Let (Mj, gj) be a smooth compact Riemannian manifold of di-
mension nj ≥ 1 without boundary, j = 1, 2, 3. If M1 has order of conjugacy k1
and M2 has order of conjugacy k2, then M1 ×M2 has order of conjugacy k1 + k2.
Indeed, if J is a Jacobi field vanishing at p = (p1, p2) ∈M1 ×M2, then

J(t) = d(exp(p1,p2))(tv1,tv2)(tw1, tw2) = d(expp1)tv1(tw1)⊕ d(expp2)tv2(tw2)

decomposes as the direct sum of Jacobi fields J1 and J2 on M1 and M2 vanishing
at p1 and p2 respectively, see [28, Proposition 10.10]. Hence, J vanishes at q =
(q1, q2) if and only if J1 and J2 vanish at q1 and q2 respectively. Since the manifold
Mj has order of conjugacy at most nj − 1, the product of three manifolds M1 ×
M2×M3 has order of conjugacy at most n1+n2+n3−3, where n1+n2+n3 is the
dimension of M1 ×M2 ×M3. Hence, any smooth compact Riemannian manifold
with smooth boundary that can be isometrically embedded as a codimension 0
submanifold (also known as a regular domain) of a product of three manifolds
M1 ×M2 ×M3 satisfies the assumption of Theorem 1.6.

Next, we let 0 < α < 1 be fixed and following [31], for any nonzero p ∈ C0,α(M),
we introduce the frequency function N(p) by

N(p) =
∥p∥C0,α(M)

∥p∥L∞(M)

,

and we set N(p) = 0 if p = 0. When B > 0, we define the set A(B) of admissible
perturbations by

A(B) = {p ∈ C0,α(M) : N(p) ≤ B}.

Note that for any q1, q2 ∈ C0,α(M), there exists a constant B > 0 such that
q1 − q2 ∈ A(B). Recall that in Theorem 1.1, the frequency λ0 depends on the
difference q1 − q2. Specifically, it follows from the proof of Theorem 1.1 that the
value of λ0 is contingent on the following factors:

• the constant B > 0 such that q1 − q2 ∈ A(B),
• the specific point x0 ∈M where supx∈M |q1(x)− q2(x)| is reached,
• the choice of two non-tangential geodesics passing through x0 and fulfilling
the assumption (H), including their lengths and the angle between them.

Our next result aims to improve Theorem 1.1 by eliminating the dependency
of the frequency λ0 on a specific point x0 and the particular choice of two non-
tangential geodesics passing through x0 and satisfying assumption (H). To achieve
this, we will impose the following geometric condition on the manifold (M, g),
which will replace the condition (H). To state this condition, we let ∂+SM be a
part of the boundary of the unit sphere bundle SM , consisting of inward vectors,
see Section 4.1 below. For (x, w) ∈ ∂+SM , we let γ = γx,w : [0, τ(x, w)] →M be
the unit speed geodesic such that γ(0) = x, and γ̇(0) = w.
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(H1) There are constants T > 0, 0 < θ0 < π/2, 0 < r < Inj(M)/2, and
c0 > 0, such that for almost every point x0 ∈ M int, there exist two
non-tangential unit-speed geodesics γ = γx1,w1 : [0, τ(x1, w1)] → M and
η = ηx2,w2 : [0, τ(x2, w2)] →M , (x1, w1), (x2, w2) ∈ ∂+SM such that
(i) γ(t0) = η(τ0) = x0, t0 ∈ (0, τ(x1, w1)), τ0 ∈ (0, τ(x2, w2)),
(ii) the length of γ and η does not exceed T ,
(iii) γ and η form an angle θ at x0 belonging to the interval [θ0, π/2],
(iv) if d(γ(t), η(τ)) < r, then |t − t0| ≤ c0d(γ(t), η(τ)) and |τ − τ0| ≤

c0d(γ(t), η(τ)).

Here, Inj(M) denotes the injectivity radius of M , defined as follows. Let (S, g)
be a closed extension of (M, g), see [35, Lemma 3.1.8], and we assume that (S, g)
is fixed once for all. We write Inj(M) := Inj(S), and we have Inj(M) > 0 as S
is compact, see [28, Lemma 6.16]. We denote the Riemannian distance as d(·, ·).
The angle between γ and η at the point x0 is denoted by θ, where 0 ≤ θ ≤ π,
and cos θ = g(γ̇(t0), η̇(τ0)). Our next main result is as follows.

Theorem 1.8. Let (M, g) be a smooth compact oriented Riemannian manifold
of dimension n ≥ 2 with smooth boundary. Assume that (M, g) satisfies the
condition (H1) with some constants T > 0, 0 < θ0 < π/2, 0 < r < Inj(M)/2, and
c0 > 0. Let B > 0. Assume that q1, q2 ∈ C0,α(M) are such that q1 − q2 ∈ A(B).
Then for any δ > 0, there exists a set J ⊂ [1,∞), J = J(M, g, δ), satisfying
|J | ≤ δ, and λ0 = λ0(M, g, δ, B, T, θ0, r, c0) > 0 such that if for some λ ≥ λ0,
λ /∈ J , and λ satisfying the assumption (A), we have Λλq1 = Λλq2 then q1 = q2
in M .

Let us make some comments regarding the geometric assumption (H1). The
condition r < Inj(M)/2 ensures that the geodesics γ and η in assumption (H1)
do not have self-intersections for |t−t0| < r and |τ−τ0| < r, respectively. The first
three conditions are straightforward. As for condition (iv), it is a quantitative
way to state that the geodesics γ and η intersect only at x0 and they do not have
self-intersections at x0. Proposition D.1 in Appendix D shows that condition (iv)
locally follows from condition (iii).

Example 1.9. If the manifold (M, g) is simple then the geometric assumption
(H1) holds, see Appendix D for the details.

Example 1.10. The condition (H1) holds for the cylinder M = S1×[0, a], a > 0,
with its usual flat metric, see Appendix D for the details.

Let us next make some comments about the class of potentials in the cubic
nonlinearity considered in Theorem 1.8. The assumption that p ∈ A(B) is similar
to the assumption that the perturbation is angularly controlled in [37, Theorem
2] or horizontally controlled in [36]. In particular, the assumption p ∈ A(B) is
always satisfied for some B if p lies in a finite-dimensional space. We refer to
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Appendix C for an example of an infinite set of linearly independent admissible
perturbations.

Let us proceed to discuss the main ideas in the proof of Theorem 1.1 and Theorem
1.8. The crucial ingredient in both proofs is the polynomial resolvent estimate
for the Laplacian on a smooth compact Riemannian manifold without boundary,
valid for most frequencies, established in Theorem 2.1 below. This resolvent
estimate could also be of independent interest. Its proof is quite simple and uses
only the self-adjoint resolvent bound, see (2.2), and a rough version of the Weyl
law, see (2.4). We refer to [24], see also [44, 43], for polynomial resolvent bounds
for most frequencies in the black box scattering.

Once the polynomial resolvent estimates have been established, the proof of The-
orem 1.1 proceeds as follows. First, using the third order linearization of the
problem (1.1), we derive the integral identity (3.8) valid for four solutions of the
Helmholtz equation (−∆g−λ2)v = 0 in M int. The construction of such solutions
is based on Gaussian beam quasimodes to the Helmholtz equation. To convert
these approximate solutions into exact solutions, we rely on the solvability re-
sult which is a consequence of the polynomial resolvent estimate of Theorem 2.1.
Substituting the constructed solutions into the integral identity (3.8) and using
a rough stationary phase argument combined with the boundary determination
of the potential, allows us to complete the proof of Theorem 1.1.

The proof of Theorem 1.8 follows a similar approach to that of Theorem 1.1.
However, we introduce a crucial new element that allows us to remove the de-
pendence of the frequency λ0 on a specific point x0 and the specific choice of
two non-tangential geodesics passing through this point. This crucial element
involves the invariant construction of Gaussian beam quasimodes, with uniform
bounds for the underlying constants, as recently established in [31, Theorem 6.2],
see also [42]. Additionally, we conduct a more thorough analysis of all constants
involved during the proof.

The paper is organized as follows. Section 2 contains the proof of polynomial
resolvent estimates for the Laplacian on a smooth compact Riemannian manifold.
The proof of Theorem 1.1 is given in Section 3. Section 4 is devoted to the proof
of Theorem 1.8. The proof of Theorem 1.6 is presented in Section 5. Appendix
A discusses a standard rough version of the stationary phase lemma required for
the proofs of Theorem 1.1 and Theorem 1.8. A boundary determination of a
potential from the integral identity (3.8), used in the proofs of Theorem 1.1 and
Theorem 1.8, is presented in Appendix B. Appendix C contains an example of an
infinite set of linearly independent admissible perturbations. Finally, Appendix
D provides examples of manifolds that satisfy the assumption (H1).
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2. Polynomial resolvent estimates for the Laplacian on a smooth
compact Riemannian manifold

Let (N, g) be a smooth compact Riemannian manifold of dimension n ≥ 2 without
boundary. Let −∆g be the positive Laplace operator on N , associated with the
metric g. It is a self-adjoint operator on L2(N) with the domain H2(N), the
standard Sobolev space onN , and it has a discrete spectrum Spec(−∆g) ⊂ [0,∞).

When λ > 0, λ2 /∈ Spec(−∆g), the resolvent (−∆g − λ2)−1 : L2(N) → L2(N) is
a bounded operator. Motivated by [24, Theorem 1.1, Theorem 3.3], we have the
following result establishing a polynomial resolvent estimate for the Laplacian on
N , valid for most frequencies. In what follows we let | · | stand for the Lebesgue
measure on R.

Theorem 2.1. Given δ > 0 and ε > 0, there exist C = C(N, g, δ, ε) > 0 and a
set J = J(N, g, δ, ε) ⊂ [1,∞) with |J | ≤ δ such that

∥(−∆g − λ2)−1∥L(L2(N),L2(N)) ≤ Cλn+ε, (2.1)

for all λ ∈ [1,∞) \ J .

Proof. We shall first consider the resolvent of the semiclassical Laplacian −h2∆g,
0 < h ≤ 1. When z /∈ Spec(−h2∆g), by the spectral theorem we have

∥(−h2∆g − z)−1∥L(L2(N),L2(N)) =
1

dist(z, Spec(−h2∆g))
. (2.2)

We shall first work on the frequency interval [1, 2]. Let r(h) > 0 be an arbitrary
function of h ∈ (0, 1]. Then it follows from (2.2) that

∥(−h2∆g − z)−1∥L(L2(N),L2(N)) ≤
1

r(h)
,

for all z ∈ [1, 2] \ J(h), where
J(h) = {z ∈ [1, 2] : dist(z, Spec(−h2∆g)) < r(h)}.

To bound the measure of the set J(h), we observe that

J(h) ⊂
⋃

zj(h)∈Spec(−h2∆g)∩[1,2]

(zj(h)− r(h), zj(h) + r(h)), (2.3)

where zj(h), j = 1, 2, . . . , stand for the eigenvalues of −h2∆g. It follows from
the Weyl law that the number of the eigenvalues of −h2∆g on the interval [1, 2],
counting with multiplicities, is given by

#(Spec(−h2∆g) ∩ [1, 2]) = O(h−n), (2.4)

for all 0 < h ≤ 1, see [48, Theorem 14.11]. Thus, it follows from (2.3), (2.4) that

|J(h)| ≤
∑

zj(h)∈Spec(−h2∆g)∩[1,2]

2r(h) ≤ O(h−n)r(h),
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for all 0 < h ≤ 1. Letting δ′ > 0 and ε′ > 0 be fixed to be chosen later, we set

r(h) = δ′hn+ε
′

so that
|J(h)| ≤ δ′O(hε

′
) → 0, (2.5)

as h→ 0. Summarizing the discussion so far, we have shown that for all 0 < h ≤
1, there exists a subset J(h) ⊂ [1, 2] satisfying (2.5) such that

∥(−h2∆g − z)−1∥L(L2(N),L2(N)) ≤ (δ′)−1h−n−ε
′
, (2.6)

for all z ∈ [1, 2] \ J(h).
Next, we shall obtain the bound (2.1) for the nonsemiclassical resolvent

(−∆g − λ2)−1 = h2(−h2∆g − h2λ2)−1,

for λ ∈ [1,∞), outside some set of small measure, containing the spectrum of√
−∆g. In doing so, we shall follow the proof of [24, Theorem 3.3], and [41, page

767]. We write

[1,∞) =
∞⋃
l=0

[2l, 2l+1).

Now if λ ∈ [1,∞) then λ2 ∈ [2l, 2l+1) for some unique l = 0, 1, 2, . . . , and there-
fore, 2−lλ2 ∈ [1, 2) ⊂ [1, 2]. Letting h = 2−l/2 ∈ (0, 1], and using (2.6), we obtain
that

∥(−∆g−λ2)−1∥L(L2(N),L2(N)) = h2∥(−h2∆g − h2λ2)−1∥L(L2(N),L2(N))

≤ (δ′)−1h2−n−ε
′ ≤ (δ′)−12l/2(n+ε

′−2) ≤ (δ′)−1λn−2+ε′ ,
(2.7)

for all λ2 ∈ [2l, 2l+1) \ J̃l. Here we let J̃l := 2lJ(2−l/2) ∩ [2l, 2l+1). We set

J̃ :=
∞⋃
l=0

J̃l

so that the bound (2.7) holds for all λ2 ∈ [1,∞) \ J̃ . Letting ε > 0 be arbitrary
fixed, choosing

ε′ = 2 + ε, (2.8)

and using (2.5), we get

|J̃ | ≤
∞∑
l=0

2l|J(2−l/2)| ≤ O(δ′)
∞∑
l=0

(
1

2ε′/2−1

)l
= O(δ′)

∞∑
l=0

(
1

2ε/2

)l
≤ Oε(δ

′).

(2.9)
Letting δ > 0 be arbitrary fixed, and choosing δ′ = δ′(δ, ε) > 0 so that Oε(δ

′) ≤
2δ, we get from (2.9) that

|J̃ | ≤ 2δ. (2.10)

It follows from (2.7), (2.8), and (2.10) that

∥(−∆g − λ2)−1∥L2(N)→L2(N) ≤ Cλn+ε,
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for all λ2 ∈ [1,∞) \ J̃ , where C = C(δ, ε) > 0 and J̃ satisfies (2.10). We define

the set J ⊂ [1,∞) so that λ ∈ [1,∞) \ J if and only if λ2 ∈ [1,∞) \ J̃ . Letting

χJ and χJ̃ be the characteristic functions of J and J̃ , respectively, we get

|J̃ | =
∫ ∞

1

χJ̃(y)dy =

∫ ∞

1

χJ̃(x
2)2xdx =

∫ ∞

1

χJ(x)2xdx ≥ 2|J |,

and therefore, |J | ≤ |J̃ |/2 ≤ δ. □

Remark 2.2. A result similar to Theorem 2.1 is valid when −∆g is replaced by
the Schrödinger operator −∆g + q with q ∈ L∞(N ;R). We refer to [33, Theorem
10.1, Remark 10.2] for the Weyl law for −∆g + q.

Let Hs(N), s ∈ R, be the standard Sobolev space on N , equipped with the norm

∥u∥Hs(N) = ∥(1−∆g)
s/2u∥L2(N),

where the Bessel potential (1 − ∆g)
s/2 is defined by the self-adjoint functional

calculus. Note that

∥u∥2H1(N) = ((1−∆g)u, u)L2(N) = ∥∇gu∥2L2(N) + ∥u∥2L2(N). (2.11)

We have the following consequence of Theorem 2.1.

Corollary 2.3. Given δ > 0 and ε > 0, there exists C = C(N, g, δ, ε) > 0 and a
set J = J(N, g, δ, ε) ⊂ [1,∞) with |J | ≤ δ such that

∥(−∆g − λ2)−1∥L2(N)→H1(N) ≤ Cλ1+n+ε,

for all λ ∈ [1,∞) \ J .

Proof. The result follows by multiplying the equation −∆gu − λ2u = f by u,
integrating by parts, using (2.11), and Theorem 2.1. □

Let (M, g) be a smooth compact Riemannian manifold of dimension n ≥ 2 with
smooth boundary and let λ ≥ 1. In the proofs of Theorem 1.1 and Theorem 1.8,
we shall construct complex geometric optics solutions to the Helmholtz equation
−∆gu − λ2u = 0 in M int. In doing so, we shall need the following consequence
of the resolvent estimates of Theorem 2.1. To state the result, for convenience,
we use the semiclassical notation and write h = λ−1. Assume, as we may, that
(M, g) is embedded in a compact smooth Riemannian manifold (N, g) without
boundary of the same dimension. Let U ⊂ N be open such that M ⊂ U . Let
Hs(N), s ∈ R, be the standard Sobolev space on N , equipped with the natural
semiclassical norm,

∥u∥Hs
scl(N) = ∥Jsu∥L2(N), (2.12)

where the Bessel potential Js = (1− h2∆g)
s/2 is defined by the self-adjoint func-

tional calculus on L2(N).
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Proposition 2.4. Let s ∈ R. Given δ > 0 and ε > 0, there exists C =
C(N, g, δ, ε) > 0 and a set J = J(N, g, δ, ε) ⊂ [1,∞) with |J | ≤ δ such that

∥u∥Hs
scl(N) ≤ Ch−2−n−ε∥(−h2∆g − 1)u∥Hs

scl(N), u ∈ C∞
0 (M int), (2.13)

for all h > 0 small enough such that h−1 ∈ [1,∞) \ J .

Proof. We shall follow [8, Lemma 4.3], see also [22, Proposition 2.2], [31, Lemma
3.2]. First it follows from Theorem 2.1 that

∥u∥L2(N) ≤ Ch−2−n−ε∥(−h2∆g − 1)u∥L2(N), u ∈ C∞
0 (U), (2.14)

for all h > 0 such that h−1 ∈ [1,∞) \ J .
Now note that Js is a semiclassical pseudodifferential operator of order s on N ,
i.e. Js ∈ Oph(S

s(T ∗N)), see [40, Proposition 16.1.1], and see [22, Section 2]
for the definition of the symbol class Ss(T ∗N) and the standard h-quantization
Oph(S

s(T ∗N)). Therefore, we have the following pseudolocal estimates: if ψ, χ ∈
C∞(N) with χ = 1 near supp(ψ) and if α, β ∈ R then

(1− χ)Jsψ = O(h∞) : Hα
scl(N) → Hβ

scl(N). (2.15)

all 0 < h ≤ 1. Let χ ∈ C∞
0 (U) be such that χ = 1 near M . Then using

(2.14), (2.12), and (2.15), we get for for all h > 0 such that h−1 ∈ [1,∞) \ J and
u ∈ C∞

0 (M int) that

∥u∥Hs
scl(N) ≤ ∥χJsu∥L2(N) + ∥(1− χ)Jsu∥L2(N)

≤ Ch−2−n−ε∥(−h2∆g − 1)(χJsu)∥L2(N) +O(h∞)∥u∥Hs
scl(N)

≤ Ch−2−n−ε(∥χ(−h2∆g − 1)(Jsu)∥L2(N) + ∥[−h2∆g, χ](J
su)∥L2(N)

)
+O(h∞)∥u∥Hs

scl(N)

≤ Ch−2−n−ε∥(−h2∆g − 1)(Jsu)∥L2(N) +O(h∞)∥u∥Hs
scl(N)

≤ Ch−2−n−ε∥Js(−h2∆g − 1)u∥L2(N) +O(h∞)∥u∥Hs
scl(N)

≤ Ch−2−n−ε∥(−h2∆g − 1)u∥Hs
scl(N) +O(h∞)∥u∥Hs

scl(N).
(2.16)

Here we have used that

∥[−h2∆g, χ](J
su)∥L2(N) ≤ O(h∞)∥u∥Hs

scl(N),

which is a consequence of (2.15), and the fact that [−h2∆g, J
s] = 0. Absorbing

the error term O(h∞)∥u∥Hs
scl(N) in the left hand side of (2.16), we get the estimate

(2.13) for h small enough such that h−1 ∈ [1,∞) \ J . □

Using a standard argument, see [8], we convert the a priori estimate (2.13) into
the following solvability result.
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Proposition 2.5. Let s ∈ R, δ > 0 and ε > 0. Then if h > 0 is small enough
such that h−1 ∈ [1,∞)\J , |J | ≤ δ, then for any v ∈ Hs(M int), there is a solution
u ∈ Hs(M int) of the equation

(−h2∆g − 1)u = v in M int,

which satisfies

∥u∥Hs
scl(M

int) ≤ Ch−2−n−ε∥v∥Hs
scl(M

int), C = C(M, g, δ, ε) > 0.

Here
Hs(M int) = {V |M int : V ∈ Hs(N)}, s ∈ R,

with the norm
∥v∥Hs

scl(M
int) = inf

V ∈Hs(N), v=V |
M int

∥V ∥Hs
scl(N).

3. Proof of Theorem 1.1

3.1. Gaussian beam quasimodes and solutions to Helmholtz equations.
Let (M, g) be a smooth compact oriented Riemannian manifold of dimension
n ≥ 2 with smooth boundary. Let γ : [0, T ] → M , 0 < T < ∞, be a unit speed
non-tangential geodesic on M . Here following [10], we say that a unit speed
geodesic γ : [0, T ] → M , 0 < T < ∞, is non-tangential if γ(0), γ(T ) ∈ ∂M ,
γ(t) ∈M int for all 0 < t < T , and γ̇(0), γ̇(T ) are non-tangential vectors on ∂M .

We shall need the following well-known result concerning the construction of
Gaussian beam quasimodes on M , localized to the non-tangential geodesic γ, see
[10, 14, 25]. As in [25], it will be convenient to normalize our quasimodes in
L4(M), as later we have to work with products of four such quasimodes.

Proposition 3.1. For any k ∈ N∪{0} and R ≥ 1, there exist N ∈ N and a family
of Gaussian beam quasimodes v(·;λ) ∈ C∞(M), λ ≥ 1, such that supp(v(·;λ)) is
confined to a small neighborhood of γ([0, T ]) and

∥(−∆g − λ2)v(·;λ)∥Hk(M int) = O(λ−R), (3.1)

∥v(·;λ)∥L4(M) = O(1), ∥v(·;λ)∥L∞(M) = O(λ
n−1
8 ),

as λ→ ∞. The local structure of the family v(·;λ) is as follows: let p ∈ γ([0, T ])
and let t1 < · · · < tNp be the times in [0, T ] when γ(tl) = p, l = 1, . . . , Np. In a
sufficiently small neighborhood U of a point p, we have

v|U = v(1) + · · ·+ v(Np),

where each v(l) has the form

v(l)(x;λ) = λ
n−1
8 eiλφ

(l)(x)a(l)(x;λ).

Here φ = φ(l) ∈ C∞(U ;C) satisfies for t near tl,
φ(γ(t)) = t, ∇φ(γ(t)) = γ̇(t), Im(∇2φ(γ(t))) ≥ 0, Im(∇2φ)|γ̇(t)⊥ > 0,
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and a(l) ∈ C∞(U) are of the form,

a(l)(·;λ) =
( N∑

j=0

λ−ja
(l)
j

)
χ

(
y

δ′

)
,

where a
(l)
0 (t, y) = a

(l)
00(t) + O(|y|) with a

(l)
00(t) ̸= 0 for all t. Here (t, y) are the

Fermi coordinates for γ when t near tl, χ ∈ C∞
0 (Rn−1) is such that 0 ≤ χ ≤ 1,

χ = 1 for |y| ≤ 1/4 and χ = 0 for |y| ≥ 1/2, and δ′ > 0 is a fixed number that
can be taken arbitrarily small.

Let λ ≥ 1. Next, we shall construct complex geometric optics solutions to the
Helmholtz equation

−∆gu− λ2u = 0 in M int, (3.2)

based on the Gaussian beam quasimodes of Proposition 3.1. Specifically, we look
for solutions to (3.2) in the form,

u(·;λ) = v(·;λ) + r(·;λ),
where v(·;λ) is the Gaussian beam quasimode given in Proposition 3.1, and r(·;λ)
is the remainder term. Hence, u solves (3.2) provided that r satisfies the equation,

(−∆g − λ2)r = −(−∆g − λ2)v, in M int. (3.3)

Let k ∈ N and R ≥ 1 be large. Letting h = λ−1, it follows from Proposition
2.5 that for all h > 0 small enough such that h−1 ∈ [1,∞) \ J , |J | ≤ δ, there is
r ∈ Hk(M int) satisfying (3.3) such that

∥r∥Hk
scl(M

int) ≤ O(h−2−n−ε)∥(−h2∆g − 1)v∥Hk
scl(M

int) ≤ O(hR−n−ε). (3.4)

Here we have used (3.1). Thus, for any K and k, there is R large enough such
that (3.4) gives that

∥r∥Hk(M int) ≤ h−k∥r∥Hk
scl(M

int) = O(hK).

We summarize the discussion above in the following proposition.

Proposition 3.2. Let k ∈ N, K ≥ 1, and δ > 0. Then for λ ≥ 1 large enough
such that λ ∈ [1,∞) \ J , |J | ≤ δ, there is u = u(·;λ) ∈ Hk(M int) solving
(−∆g − λ2)u = 0 in M int and having the form

u(·;λ) = v(·;λ) + r(·;λ),
where v(·;λ) ∈ C∞(M) is the Gaussian beam quasimode given in Proposition 3.1
and r(·;λ) ∈ Hk(M int) such that ∥r∥Hk(M int) = O(λ−K), as λ→ ∞.

Remark 3.3. Taking k > n/2 + 3 and using the Sobolev embedding Hk(M int) ⊂
C3(M), we conclude that u ∈ C3(M) with

∥r∥C3(M) = O(λ−K),

as λ→ ∞.
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3.2. Main part of the proof of Theorem 1.1. Following [14, 25, 21], we start
by performing the third order linearization of the problem (1.1) and the Dirichlet–
to–Neumann map. To that end letting ε = (ε1, ε2, ε3) ∈ C3 and fk ∈ C2,α(∂M),
k = 1, 2, 3, we consider the Dirichlet problem{

−∆guj − λ2uj + qj(x)u
3
j = 0 in M int,

uj = ε1f1 + ε2f2 + ε3f3 on ∂M,
(3.5)

j = 1, 2. It follows from [21, Theorem B.1], see also [14, Proposition 1] and [25,
Proposition 2.1], that for all |ε| sufficiently small, the problem (3.5) has a unique
small solution uj = uj(x, ε), which depends holomorphically on ε ∈ neigh(0,C3).
Differentiating (3.5) with respect to εl, l = 1, 2, 3, and using that uj(x, 0) = 0,
we get {

−∆gv
(l)
j − λ2v

(l)
j = 0 in M int,

v
(l)
j = fl ∂M,

(3.6)

where v
(l)
j = ∂εuj|ε=0. By the uniqueness and elliptic regularity for (3.6), we

have v(l) := v
(l)
1 = v

(2)
2 ∈ C2,α(M), l = 1, 2, 3, see [15, Theorem 6.15]. Applying

∂ε1∂ε2∂ε3 |ε=0 to (3.5), we get the third order linearization,{
−∆gwj − λ2wj + 6qj(x)v

(1)v(2)v(3) = 0 in M int,

wj = 0 on ∂M,
(3.7)

where wj := ∂ε1∂ε2∂ε3uj|ε=0.

The fact that for some λ ∈ [1,∞) \J sufficiently large, we have Λλq1(ε1f1+ ε2f2+

ε3f3) = Λλq2(ε1f1 + ε2f2 + ε3f3) for all small ε and fj ∈ C2,α(∂M) yields that
∂νu1|∂M = ∂νu2|∂M . Therefore, ∂νw1|∂M = ∂νw2|∂M . Multiplying the difference
of two equations in (3.7) by v(4) ∈ C2,α(M) such that −∆gv

(4) − λ2v(4) = 0 in
M int, and using Green’s formula, we get∫

M

pv(1)v(2)v(3)v(4)dVg = 0. (3.8)

Here p = q1−q2. Note that (3.8) holds for all v(l) ∈ C2,α(M) such that −∆gv
(l)−

λ2v(l) = 0 in M int, l = 1, . . . , 4.

We shall next show that p = 0. To that end, let x0 ∈M be such that

sup
x∈M

|p(x)| = |p(x0)|. (3.9)

Assume first that x0 ∈M int. By the condition (H), there are two non-tangential
unit speed geodesics γ : [0, T ] → M and η : [0, S] → M , 0 < T, S < ∞, such
that γ and η do not have self-intersections at x0 and x0 is the only point of their
intersections.
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Furthermore, there is a constant B > 0 such that p ∈ A(B). Throughout the
following discussion, it is important to note that all implicit constants might rely
on several factors, such as the manifold (M, g), the constant B ensuring p ∈ A(B),
the point x0, and the specific geodesics γ and η, including their lengths and the
angle between them. Since in Theorem 1.1, we simply assert that the frequency
λ0 is dependent on (M, g) and p, without specifying the precise nature of this
dependence, to avoid clutter, we will not explicitly state the dependence on these
factors in the implicit constants mentioned below.

Using Proposition 3.2 and Remark 3.3, for λ ∈ [1,∞) \ J large enough, we have
v(l) ∈ C3(M) solving −∆gv

(l) − λ2v(l) = 0 in M int, l = 1, 2, of the form

v(1) = v + r1, v(2) = w + r2, (3.10)

where v = v(·;λ), w = w(·;λ) ∈ C∞(M) are Gaussian beam quasimodes concen-
trating near the geodesics γ and η, respectively, given in Proposition 3.1, and

∥rl∥L∞(M) = O(λ−K), (3.11)

as λ→ ∞, K ≫ 1. We set

v(3) = v(1), v(4) = v(2). (3.12)

It follows from Proposition 3.1 that in a sufficiently small neighborhood of the
point x0, we have

v(x;λ) = λ
n−1
8 eiλφ(x)a(x;λ), w(x;λ) = λ

n−1
8 eiλψ(x)b(x;λ), (3.13)

where

φ(γ(t)) = t, ∇φ(γ(t)) = γ̇(t), Im(∇2φ(γ(t))) ≥ 0, Im(∇2φ)|γ̇(t)⊥ > 0,

ψ(η(τ)) = τ, ∇ψ(η(τ)) = η̇(τ), Im(∇2ψ(η(τ))) ≥ 0, Im(∇2ψ)|η̇(τ)⊥ > 0,
(3.14)

and

a(t, y;λ) =
N∑
j=0

λ−j ãj(t, y), ãj(t, y) = aj(t, y)χ

(
y

δ′

)
,

b(τ, z;λ) =
N∑
j=0

λ−j b̃j(τ, z), b̃j(τ, z) = bj(τ, z)χ

(
z

δ′

)
.

(3.15)

Here

a0(t, y) = a00(t) +O(|y|), a00(t) ̸= 0, ∀t,
b0(τ, z) = b00(τ) +O(|z|), b00(τ) ̸= 0, ∀τ,

(t, y) and (τ, z) are the Fermi coordinates for γ and η, χ ∈ C∞
0 (Rn−1) is such that

0 ≤ χ ≤ 1, χ = 1 for |y| ≤ 1/4 and χ = 0 for |y| ≥ 1/2, and δ′ > 0 is a fixed



16 KRUPCHYK, MA, KUMAR SAHOO, SALO, AND ST-AMANT

number that can be taken arbitrarily small. We also have

∥v∥L4(M) = O(1), ∥w∥L4(M) = O(1),

∥v∥L∞(M) = O(λ
n−1
8 ), ∥w∥L∞(M) = O(λ

n−1
8 ),

(3.16)

as λ → ∞. Now thanks to the bounds (3.11), (3.16), for any L > 0, we can find
K large so that we have

v(1)v(2)v(3)v(4) = |v|2|w|2 +R, (3.17)

where

∥R∥L∞(M) = O(λ−L). (3.18)

Substituting (3.17) into the integral identity (3.8), and using (3.18), we get∣∣∣∣ ∫
M

p|v|2|w|2dVg
∣∣∣∣ ≤ O(λ−L)∥p∥L∞(M). (3.19)

Now recall that x0 is the only intersection point of the geodesics γ and η. Let

δ̃ > 0. Taking δ′ > 0 in (3.15) to be sufficiently small but fixed, we could achieve
that the support of the product |v|2|w|2 is contained in an open geodesic ball

Bδ̃(x0) in M of radius δ̃ centered at x0. In Bδ̃(x0), using (3.13) and (3.15), we
get

|v|2|w|2 = λ
n−1
2 e−2λ(Imφ+Imψ)

(
|ã0|2 |̃b0|2 +OL∞(B

δ̃
(x0))

(
λ−1
))
. (3.20)

Letting

Ψ = 2(Imφ+ Imψ) ≥ 0, (3.21)

we have from (3.21) and (3.14) that

Ψ(x0) = 0, dΨ(x0) = 0, ∇2Ψ(x0) > 0. (3.22)

The latter inequality follows from the fact that the Hessians of Imφ and Imψ at
x0 are positive semidefinite and positive definite in the directions orthogonal to
γ and η, respectively. If z = (z1, . . . , zn) are normal coordinates centered at x0,
we have

Ψ(z) =
1

2
Ψ′′(0)z · z +O(|z|3),

where the Hessian Ψ′′(0) > 0. Thus, by choosing δ̃ small enough, we get

Ψ(z) ≥ c|z|2 in Bδ̃(x0), (3.23)

for some c > 0.
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Substituting (3.20) into (3.19), we obtain that∣∣∣∣λn−1
2

∫
B

δ̃
(x0)

pe−λΨ|ã0|2 |̃b0|2dVg
∣∣∣∣ ≤O(λ−L)∥p∥L∞(M)

+O(λ
n−1
2

−1)∥p∥L∞(M)

∫
B

δ̃
(x0)

e−λΨdVg.

(3.24)
Writing the integral in the normal coordinates, using dVg(z) = |g(z)|1/2dz and
(3.23), we get ∫

B
δ̃
(x0)

e−λΨdVg ≤ O(1)

∫
Rn

e−λc|z|
2

dz = O(λ−n/2). (3.25)

Thus, fixing

L = 3/2, (3.26)

we obtain from (3.24) and (3.25) that∣∣∣∣λn
2

∫
B

δ̃
(x0)

pe−λΨ|ã0|2 |̃b0|2dVg
∣∣∣∣ ≤ O(λ−1)∥p∥L∞(M). (3.27)

Next, we shall use the rough stationary phase Lemma A.1 in the integral in (3.27).
To that end, we shall write the integral in the normal coordinates z centered at

x0, and redefine δ̃ > 0 to be smaller if necessary. We get

λ
n
2

∫
B

δ̃
(x0)

pe−λΨ|ã0|2 |̃b0|2dVg = λ
n
2

∫
B

δ̃
(0)

p(z)e−λΨ(z)|ã0(z)|2 |̃b0(z)|2|g(z)|1/2dz

=
(2π)

n
2

(det∇2Ψ(x0))1/2
|p(x0)||a0(x0)|2|b0(x0)|2 +O(1)λ−

α
2 ∥p∥C0,α(M).

(3.28)
Here we have also used (A.1) and the fact that |g(0)| = 1 in the normal coordi-
nates. Combining (3.27) and (3.28), we obtain that

1

(det∇2Ψ(x0))1/2
|p(x0)||a0(x0)|2|b0(x0)|2 ≤ O(λ−α/2)∥p∥C0,α(M). (3.29)

Therefore, using that a0(x0) ̸= 0, and b0(x0) ̸= 0, we get from (3.29) that

|p(x0)| ≤ O(λ−α/2)∥p∥C0,α(M), (3.30)

for λ ∈ [1,∞) \ J large enough, satisfying the assumption (A).

It follows from (3.9) and (3.30) that

∥p∥L∞(M) ≤ O(λ−α/2)∥p∥C0,α(M). (3.31)

Since p ∈ A(B), get from (3.31) that

∥p∥L∞(M) ≤ BO(λ−α/2)∥p∥L∞(M). (3.32)
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Now choosing λ ∈ [1,∞) \ J large enough, satisfying the assumption (A) and
depending on B, we conclude from (3.32) that p = 0 in M .

If x0 ∈ ∂M then (3.8) and Proposition B.1 imply that p(x0) = 0, and therefore,
(3.9) yields that p = 0 in M . This completes the proof of Theorem 1.1.

4. Proof of Theorem 1.8

4.1. Gaussian beam quasimodes and solutions to Helmholtz equations
with uniform constants. Let (M, g) be a smooth compact oriented Riemann-
ian manifold of dimension n ≥ 2 with smooth boundary, and let TxM be the
tangent space at the point x ∈M . We write ⟨·, ·⟩ = ⟨·, ·⟩g = g(·, ·) for the g–inner
product for tangent vectors and | · | = | · |g =

√
⟨·, ·⟩g for the norm of tangent

vectors. The unit sphere bundle SM of M is defined as

SM = ∪x∈MSxM, SxM = {(x, w) ∈ TxM : |w|g = 1}.

The boundary of SM is given by ∂(SM) = {(x, w) ∈ SM : x ∈ ∂M}. It is the
union of the sets of inward and outward pointing vectors,

∂±SM = {(x, w) ∈ ∂(SM) : ±⟨w, ν⟩ ≤ 0},

where ν is the outward unit normal to the boundary of M .

Let (x, w) ∈ ∂+SM , and let γ = γx,w(t) : [0, τ(x, w)] → M be the maximally
extended unit speed geodesic such that γ(0) = x and γ̇(0) = w.

Let T > 0 be fixed. Following [31, Theorem 6.2], we allow the manifold (M, g)
to have trapped geodesics, i.e. τ(x, w) maybe +∞ for some (x, w), but we shall
only work with (x, w) ∈ GT where

GT = {(x, w) ∈ ∂+SM : τ(x, w) ≤ T}.

Note that τ(x, w) is the length of the geodesic γx,w.

We will utilize a recently established result, see [31, Theorem 6.2], concerning the
construction of Gaussian beam quasimodes on M , localized to γx,w, with uniform
bounds over (x, w) ∈ GT .

Theorem 4.1. Let T > 0, k ∈ N∪{0}, and R ≥ 0 be given. There are constants

C = C(M, g, T, k, R) > 0, C̃ = C̃(M, g, T, k, R) > 0, and N = N(M, g, T, k, R) ∈
N such that for any (x, w) ∈ GT , there exists a family of Gaussian beam quasi-
modes v = v(·;λ) = vx,w(·;λ) ∈ C∞(M), λ ≥ 1, associated to γ = γx,w, and
satisfying

∥(−∆g − λ2)v(·;λ)∥Hk(M int) ≤ Cλ−R, (4.1)

∥v(·;λ)∥L4(M) ≤ C, ∥v(·;λ)∥L∞(M) ≤ Cλ
n−1
8 ,
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as λ → ∞. There is also a symmetric complex (1, 1)-tensor H(t) = Hx,w(t) on
Tγ(t)M , depending smoothly on t ∈ [0, τ(x, w)] and satisfying

Im (H(t)♭) ≥ 0, Im (H(t)♭)|γ̇(t)⊥ ≥ C̃−1g.

The local structure of the family v(·;λ) is as follows: if p ∈ γ([0, τ(x, w)]) and
t1 < · · · < tNp are the times in [0, τ(x, w)] when γ(tl) = p, l = 1, . . . , Np, then in
a small neighborhood U of p, we have

v|U = v(1) + · · ·+ v(Np),

where each v(l) has the form

v(l)(x;λ) = λ
n−1
8 eiλφ

(l)(x)a(l)(x;λ).

Here φ = φ(l) ∈ C∞(U ;C) satisfies for t near tl,

φ(γ(t)) = t, ∇φ(γ(t)) = γ̇(t), ∇2φ(γ(t)) = H(t)♭, ∥φ∥Ck(U) ≤ C̃, (4.2)

and a(l) ∈ C∞(U) are of the form,

a(l)(·;λ) =
( N∑

j=0

λ−ja
(l)
j

)
ρ, (4.3)

where ρ is a smooth cutoff function supported near γ when t is near tl, and

a
(l)
0 (γ(t)) = exp

[
− 1

2

∫ t

0

trg(H(s))ds

]
. (4.4)

One also has ∥a(l)j ∥Ck(U) ≤ C̃, l = 1, . . . , Np, j = 0, . . . , N .

Remark 4.2. According to the proof presented in [31, Theorem 6.2], the cut-
off function ρ = ρ(l) used in the amplitude a(l) in (4.3) is selected as ρ(t, y) =
χ(|y|/δ1), where δ1 = δ1(M, g, T, k, R) > 0 is small, see [31, formula (6.6) and
discussion before it]. Here, (t, y) are the Fermi coordinates for γ when t near
tl, and the function χ is fixed and belongs to the space C∞

0 (R), satisfying the
properties: 0 ≤ χ ≤ 1, χ(t) = 1 for |t| ≤ 1/2, and χ(t) = 0 for |t| ≥ 2/3.

Remark 4.3. While the constant C in Theorem 4.1 depends on δ1, the constants

C̃ and N are independent of δ1. The independence of C̃ of δ1 will be crucial in
the proof of Theorem 1.8 below.

Remark 4.4. If (M, g) is non-trapping, i.e. τ(x, w) <∞ for all (x, w) ∈ ∂+SM ,
then GT = ∂+SM for sufficiently large T , see [31, Remark 6.1].

Let K ≥ 1. Through a similar line of reasoning as in establishing Proposition
3.2 and Remark 3.3, fixing ε in Proposition 2.5 and k > n/2 + 3, and letting
R = K + k + n + ε, we arrive at the following result regarding the construction
of complex geometric optics solutions for the Helmholtz equation with uniform
constants based on the Gaussian beam quasimodes of Theorem 4.1.
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Proposition 4.5. Let K ≥ 1 and δ > 0. Then for λ ∈ [1,∞) \ J large enough,
|J | ≤ δ, there is u = u(·;λ) ∈ C3(M) solving (−∆g − λ2)u = 0 in M int and
having the form

u(·;λ) = v(·;λ) + r(·;λ),
where v(·;λ) ∈ C∞(M) is the Gaussian beam quasimode constructed in The-

orem 4.1 with the constants C = C(M, g, T,K, δ1), C̃ = C̃(M, g, T,K), N =
N(M, g, T,K), and r(·;λ) ∈ C3(M) such that ∥r∥C3(M) ≤ C1λ

−K, as λ → ∞
with C1 = C1(M, g, δ, T,K, δ1) > 0.

4.2. Main part of the proof of Theorem 1.8. Let T > 0, 0 < θ0 < π/2,

0 < r < Inj(M)
2

and c0 > 0 be constants given in the condition (H1). Let ET,θ0,r,c0
be the set of points x ∈M int satisfying the condition (H1).

Based on the proof of Theorem 1.1, we begin with the integral identity (3.8). We
shall show that p = 0. If supx∈M |p(x)| is attained at some point on the boundary
of M then by Proposition B.1 we conclude from (3.8) that p = 0 at this point,
and we are done. Thus, we only need to consider the case when supx∈M |p(x)| is
not attained at any boundary point, and therefore, supx∈M |p(x)| is achieved at
some point in M int. In this case, supx∈M |p(x)| = supx∈M int |p(x)| = ∥p∥L∞(M).
Let ε > 0. The fact that ET,θ0,r,c0 is dense in M int and continuity of p implies
that there is x0 ∈ ET,θ0,r,c0 such that

|p(x0)| > ∥p∥L∞(M) − ε. (4.5)

As x0 ∈ ET,θ0,r,c0 , there are two non-tangential unit-speed geodesics γ = γx1,w1 :
[0, τ(x1, w1)] → M and η = ηx2,w2 : [0, τ(x2, w2)] → M , (x1, w1), (x2, w2) ∈ GT ,
such that γ(t0) = η(τ0) = x0, t0 ∈ (0, τ(x1, w1)), τ0 ∈ (0, τ(x2, w2)). Furthermore,
both γ and η adhere to all other requirements outlined in (H1).

Let δ > 0 and K ≥ 1. By Proposition 4.5, for λ ∈ [1,∞) \ J large enough,
|J | ≤ δ, we have v(1), v(2) ∈ C3(M) solving (−∆g − λ2)v(l) = 0 in M int, l = 1, 2,
of the form

v(1) = v + r1, v(2) = w + r2, (4.6)

where v = v(·;λ), w = w(·;λ) ∈ C∞(M) are the Gaussian beam quasimodes
concentrating near the geodesics γ and η, respectively, given in Theorem 4.1, and
rl, l = 1, 2, satisfies

∥rl∥L∞(M) ≤ C1λ
−K , (4.7)

as λ→ ∞, with C1 = C1(M, g, δ, T,K, δ1) > 0. It follows from Theorem 4.1 that

∥v∥L4(M) ≤ C, ∥w∥L4(M) ≤ C, ∥v∥L∞(M) ≤ Cλ
n−1
8 , ∥w∥L∞(M) ≤ Cλ

n−1
8 ,
(4.8)

as λ→ ∞, where C = C(M, g, T,K, δ1) > 0. We let

v(3) = v(1), v(4) = v(2). (4.9)
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Utilizing (4.9), (4.7), and (4.8), we get

v(1)v(2)v(3)v(4) = |v|2|w|2 +R, (4.10)

where ∥R∥L∞(M) ≤ Cλ−K+
3(n−1)

8 and the dependence of the implicit constant is
as follows: C = C(M, g, δ, T,K, δ1), cf. (3.17) and (3.18).

Motivated by (3.26), we fix K = 3(n−1)
8

+ 3
2
so that ∥R∥L∞(M) ≤ Cλ−

3
2 with

C = C(M, g, δ, T, δ1). Therefore, by substituting (4.10) into the integral identity
(3.8), we arrive at ∣∣∣∣ ∫

M

p|v|2|w|2dVg
∣∣∣∣ ≤ Cλ−

3
2∥p∥L∞(M), (4.11)

wherein the implicit constant C = C(M, g, δ, T, δ1) > 0, cf. (3.19) and (3.26).

Let us mention that, since K is fixed, the only dependence in the constants C,

C̃, and N in Theorem 4.1 is as follows: C = C(M, g, T, δ1), C̃ = C̃(M, g, T ), and
N = N(M, g, T ). Furthermore, the only dependence in δ1 in the cutoff function
ρ used in the amplitude of the Gaussian beam quasimodes v and w is as follows:
δ1 = δ1(M, g, T ), see Remark 4.2.

We have that the supports of v and w are contained within tubular neighborhoods
with radius δ1 of γ and η, that is,

supp(v(·;λ)) ⊂ {y ∈M : d(y, γ([0, τ(x1, w1)])) < δ1},
supp(w(·;λ)) ⊂ {y ∈M : d(y, η([0, τ(x2, w2)])) < δ1},

(4.12)

for all λ ≥ 1.

Next, we will demonstrate that if δ1 < min{r/2, Inj(M)/(1+2c0)}, the condition
(iv) in assumption (H1) implies that for all λ ≥ 1,

supp(v(·;λ)w(·;λ)) ⊂ B(1+2c0)δ1(x0) ∩M. (4.13)

Here, B(1+2c0)δ1(x0) is an open geodesic ball in S centered at x0 with a radius of
(1 + 2c0)δ1, where (S, g) is the closed extension of (M, g).

Indeed, if y ∈ supp(v(·;λ)w(·;λ)) ⊂ supp(v(·;λ)) ∩ supp(w(·;λ)) then it follows
from (4.12) that d(y, γ(t′)) < δ1 and d(y, η(τ ′)) < δ1 for some t′ ∈ [0, τ(x1, w1)]
and τ ′ ∈ [0, τ(x2, w2)]. By the triangle inequality, we obtain d(γ(t′), η(τ ′)) <
2δ1 < r, and therefore, condition (iv) in assumption (H1) implies that

|t′ − t0| ≤ 2c0δ1. (4.14)

Hence, since γ is a unit-speed geodesic, we have

d(y, x0) ≤ d(y, γ(t′)) + d(γ(t′), x0) < δ1 + 2c0δ1. (4.15)

Therefore, y ∈ B(1+2c0)δ1(x0) and this establishes the claim (4.13).
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If we take τ = τ0 in condition (iv) of assumption (H1), we see that if d(γ(t), x0) <
r, then |t− t0| ≤ c0d(γ(t), x0). Let

ρ = min

(
r,
Inj(M)

c0

)
. (4.16)

If d(γ(t), x0) < ρ then |t − t0| < Inj(M), and therefore, d(γ(t), γ(t0)) = |t − t0|.
A similar statement also holds for η.

We now claim that if δ1 <
ρ
2
, the Gaussian beams v and w take the simple form

given by (4.21) within B ρ
2
(x0) ∩M , where B ρ

2
(x0) is an open geodesic ball in S

centered at x0 with a radius of ρ
2
. Indeed, first, let us show that the set

{y ∈M : d(y, γ(t)) < δ1 for some t ∈ [0, τ(x1, w1)], |t− t0| ≥ ρ}∩B ρ
2
(x0) (4.17)

is empty. To prove this, we assume the contrary, that there exists a point y in
the intersection of the sets in (4.17). Then, we can find a value t′ in the interval
[0, τ(x1, w1)] with |t′ − t0| ≥ ρ such that d(y, γ(t′)) < δ1 and d(y, x0) <

ρ
2
. Using

the triangle inequality and the fact that δ1 <
ρ
2
, we obtain d(γ(t′), x0) < ρ. Given

the equation (4.16), as reasoned in the preceding paragraph, we can conclude
that d(γ(t′), x0) = |t′ − t0| ≥ ρ. This contradiction proves that the set in (4.17)
is empty.

Moreover, using the same logic, we can show that

γ([0, τ(x1, w1)]) ∩ Bρ(x0) ⊂ {γ(t) : t ∈ [0, τ(x1, w1)], |t− t0| < ρ}. (4.18)

Since ρ ≤ r < Inj(M)
2

, the geodesic γ(t) does not exhibit self-intersections when
|t− t0| < ρ. This, in combination with (4.17) and (4.18), establishes the claim for
the Gaussian beam quasimode v. Similarly, we can demonstrate the same claim
for the Gaussian beam quasimode w.

Hence, we can redefine δ1 as δ1 = δ1(M, g, T, r, c0) to ensure that it is sufficiently
small, such that

δ1 < min

(
ρ

2
,

ρ

2(1 + 2c0)

)
. (4.19)

This condition guarantees that

supp(vw) ⊂ B(1+2c0)δ1(x0) ∩M ⊂ B ρ
2
(x0) ∩M. (4.20)

According to Theorem 4.1, see also the proof of [31, Theorem 6.2], within B ρ
2
(x0)∩

M , the Gaussian beam quasimodes v and w take on a simple form, i.e.

v(x;λ) = λ
n−1
8 eiλφ(x)a(x;λ), w(x;λ) = λ

n−1
8 eiλψ(x)b(x;λ), (4.21)
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where

φ(γ(t)) = t, ∇φ(γ(t)) = γ̇(t), ∇2φ(γ(t)) = Hx1,w1(t)
♭, ∥φ∥C3(B ρ

2
(x0)∩M) ≤ C̃,

ψ(η(τ)) = τ, ∇ψ(η(τ)) = η̇(τ), ∇2ψ(η(τ)) = Hx2,w2(τ)
♭, ∥ψ∥C3(B ρ

2
(x0)∩M) ≤ C̃.

(4.22)
Here Hx1,w1(t) and Hx2,w2(τ) are symmetric complex (1, 1)-tensors on Tγ(t)M
and Tη(τ)M , depending smoothly on t ∈ [0, τ(x1, w1)] and τ ∈ [0, τ(x2, w2)] and
satisfying

Im(Hx1,w1(t)
♭) ≥ 0, Im(Hx1,w1(t)

♭)|γ̇(t)⊥ ≥ C̃−1g,

Im(Hx2,w2(τ)
♭) ≥ 0, Im(Hx2,w2(τ)

♭)|η̇(τ)⊥ ≥ C̃−1g,
(4.23)

respectively. We also have in B ρ
2
(x0) ∩M ,

a(·;λ) =
N∑
j=0

λ−j ãj, ãj = ajρ, b(·;λ) =
N∑
j=0

λ−j b̃j, b̃j = ajρ, (4.24)

and

∥aj∥C3(B ρ
2
(x0)∩M) ≤ C̃, ∥bj∥C3(B ρ

2
(x0)∩M) ≤ C̃, j = 0, . . . , N. (4.25)

Furthermore,

a0(γ(t)) = exp

[
− 1

2

∫ t

0

trg(Hx1,w1(s))ds

]
,

b0(η(τ)) = exp

[
− 1

2

∫ τ

0

trg(Hx2,w2(s))ds

]
.

(4.26)

The implicit constants in (4.22), (4.23), (4.24), and (4.25) are expressed as C̃ =

C̃(M, g, T ) > 0 and N = N(M, g, T ) ∈ N.
Now in B ρ

2
(x0) ∩M , in view of (4.21), we have

|v|2|w|2 = λ
n−1
2 e−2λ(Imφ+Imψ)|a|2|b|2.

Letting
Ψ = 2(Imφ+ Imψ) ≥ 0,

we deduce from equations (4.22) and (4.23) the following properties:

Ψ(x0) = 0, dΨ(x0) = 0, ∇2Ψ(x0) ≥ cg, (4.27)

where c = c(M, g, T, θ0) > 0. To show the last inequality in (4.27), first in Fermi
coordinates along γ near x0, we have

Im(∇2φ(γ(t)))♯ =

(
0 0
0 Im(Hx1,w1(t))|γ̇(t)⊥

)
(4.28)

where the block decomposition of the matrix is understood with respect to the
decomposition Tγ(t)M = Rγ̇(t)⊕ (γ̇(t))⊥.
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We have a similar decomposition for Im(∇2ψ(η(τ)))♯ in Fermi coordinates along
η. Let t0 and τ0 be the unique times such that γ(t0) = η(τ0) = x0, and let
W = (γ̇(t0))

⊥ ∩ (η̇(τ0))
⊥ ⊂ Tx0M

int. We can write any v ∈ Tx0M
int uniquely as

v = vγ γ̇(t0) + vηη̇(τ0) + w with vγ, vη ∈ R, and w ∈ W . By using that γ̇(t0) is
in the kernel of Im(∇2φ(x0))

♯ and η̇(τ0) is in the kernel of Im(∇2ψ(x0))
♯, we can

expand

(∇2Ψ(x0)
♯v, v) = (2Im(∇2φ(x0))

♯(vηη̇(τ0) + w), vηη̇(τ0) + w)+

+ (2Im(∇2ψ(x0))
♯(vγ γ̇(t0) + w), vγ γ̇(t0) + w).

(4.29)

Here and in what follows (·, ·) = (·, ·)g. We can decompose vηη̇(τ0) + w with
respect to Rγ̇(t0)⊕ (γ̇(t0))

⊥ as

vηη̇(τ0) + w = (vη cos θ)γ̇(t0) + w̃ (4.30)

for some unique w̃ ∈ (γ̇(t0))
⊥ with cos θ = (γ̇(t0), η̇(τ0)). Taking norms on both

sides of (4.30), we see that |w̃|2 = v2η sin
2 θ + |w|2 since w is orthogonal to η̇(τ0).

Moreover, as Im(∇2φ(x0))
♯γ̇(t0) = 0, we get

(Im(∇2φ(x0))
♯(vηη̇(τ0) + w), vηη̇(τ0) + w) = (Im(∇2φ(x0))

♯w̃, w̃) ≥ C̃−1|w̃|2

by (4.23), since w̃ ∈ (γ̇(t0))
⊥. By working analogously with the second term in

(4.29) and combining, we get

(∇2Ψ(x0)
♯v, v) ≥ 2C̃−1((v2γ + v2η) sin

2 θ + 2|w|2).

As |v|2 = v2γ + v2η + 2vγvη cos θ + |w|2 and v2γ + v2η ≥ 1
2
(v2γ + v2η + 2vγvη cos θ), it

follows that ∇2Ψ(x0) ≥ (C̃−1 sin2 θ)g ≥ (C̃−1 sin2 θ0)g, since θ ∈ [θ0, π/2]. This
shows the last inequality in (4.27).

Now if z = (z1, . . . , zn) are normal coordinates centered at x0 ∈M int, we have

Ψ(z) =
1

2
Ψ′′(0)z · z +Ψ3(z),

where Ψ′′(0) ≥ cI, c = c(M, g, T, θ0) > 0, in view of the last inequality in (4.27).

Thanks to (4.22), we get |Ψ3(z)| ≤ C̃|z|3 for z ∈ exp−1
x0
(B ρ

2
(x0) ∩M) ⊂ B ρ

2
(0)

with C̃ = C̃(M, g, T ) > 0. Here the exponential map expx0 : B ρ
2
(0) → B ρ

2
(x0) is

a diffeomorphism.

Now, if 0 < δ̃ < ρ
2
is small enough to satisfy the condition

C̃δ̃ ≤ c/4, (4.31)

then we have

Ψ(z) ≥ 1

2
c|z|2− C̃|z|3 ≥ (c/2− C̃δ̃)|z|2 ≥ c

4
|z|2, z ∈ exp−1

x0
(Bδ̃(x0)∩M) ⊂ Bδ̃(0).

(4.32)

Note that δ̃ = δ̃(C̃, c, ρ) = δ̃(M, g, T, θ0, r, c0).
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In light of (4.31) and (4.19), we can redefine δ1 = δ1(M, g, T, θ0, r, c0) > 0 to be
sufficiently small, ensuring that

δ1 ≤ min

(
ρ

2
,

ρ

2(1 + 2c0)
,

c

4C̃(1 + 2c0)

)
. (4.33)

By letting δ̃ := (1 + 2c0)δ1, we can see from (4.33) and (4.20) that

supp(vw) ⊂ Bδ̃(x0) ∩M ⊂ B ρ
2
(x0) ∩M,

and (4.32) holds. It is essential to emphasize that the independence of the con-

stant C̃ from δ1 in Theorem 4.1 is crucial for (4.33).

This choice of δ1 will remain fixed in the subsequent discussion. As a consequence,
the constants, previously dependent on δ1, will now depend on M , g, T , θ0, r,
and c0.

We shall proceed to thoroughly examine the rest of the proof of Theorem 1.1,
with a specific focus on controlling the dependencies of all the constants involved.
Throughout this examination, we will represent all constants as C, and it is
important to note that these constants might change from line to line.

Using the fact that the support of the product |v|2|w|2 is entirely confined within
Bδ̃(x0) ∩M and (4.25), we obtain (3.20), where the implicit constant is denoted
as C = C(M, g, T ) > 0.

Now, (4.11) and (3.20) imply that the bound (3.24) holds with L = 3/2, and
the implicit constant is denoted as C = C(M, g, δ, T, θ0, r, c0) > 0. Moreover, the
integrals in (3.24) are taken over Bδ̃(x0) ∩M . By using (4.32), we obtain (3.25),
where the implicit constant is expressed as C = C(M, g, T, θ0, r, c0) > 0. Thus,
we get (3.27) with an implicit constant of C = C(M, g, δ, T, θ0, r, c0) > 0, and
with the integral taken over Bδ̃(x0) ∩M .

Assume first that Bδ̃(x0) ⊂ M int. Thanks to (4.31), we can now apply the
rough stationary phase Lemma A.1 to the integral in (3.27). This allows us to
obtain (3.28), where the implicit constant is C = C(M, g, T, θ0, r, c0) > 0. If
Bδ̃(x0) ∩ ∂M ̸= ∅, then first, by Proposition B.1, we conclude from (3.8) that

p|∂M = 0. Extending p̃ := p|ã0|2 |̃b0|2 by zero to Bδ̃(x0) \ (Bδ̃(x0) ∩ M) and

denoting this extension by p̃ again, we see that p̃ ∈ C0,α(Bδ̃(x0)), and supp(p̃) ⊂
Bδ̃(x0) is compact, see Lemma A.3. In view of Remark A.2, applying Lemma
A.1 to the integral in (3.27), we obtain (3.28), where the implicit constant is
C = C(M, g, T, θ0, r, c0) > 0. Consequently, in both cases, we arrive at (3.29),
with the implicit constant expressed as C = C(M, g, δ, T, θ0, r, c0) > 0.

Next, it follows from (4.26) that

a0(x0) = exp

[
− 1

2

∫ t0

0

trg(Hx1,w1(s))ds

]
,
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where 0 < t0 < τ(x1, w1) ≤ T . Working with the open cover of γ consisting

of Ñ = Ñ(M, g, T ) elements, and using (4.2) in each element of the cover, we
conclude that |a0(x0)| ≥ C, where C = C(M, g, T ) > 0. We refer to the proof of
[31, Theorem 6.2] for the existence of such a cover. Similarly, we have |b0(x0)| ≥
C. Furthermore, |det∇2Ψ(x0)| ≤ C, where C = C(M, g, T ) > 0, due to (4.22).
Hence, from (3.29) and the fact that p ∈ A(B), we deduce that

|p(x0)| ≤ CBλ−α/2∥p∥L∞(M), (4.34)

for λ ∈ [1,∞) \ J large enough, satisfying the assumption (A). Here, C =
C(M, g, δ, T, θ0, r, c0) > 0.

By combining (4.34) with (4.5), we obtain the inequality

∥p∥L∞(M)(1− CBλ−α/2) < ε,

for all ε > 0. Now, by letting ε → 0 and choosing λ = λ(M, g, δ, T, θ0, B, r, c0) ∈
[1,∞) \ J large enough, satisfying the assumption (A), we conclude that p = 0.
This completes the proof of Theorem 1.8.

5. Proof of Theorem 1.6

5.1. Existence of non-tangential geodesics between boundary points.
We start by showing that almost all points in M int lie on a non-tangential geo-
desic. We will follow the approach used in [38, Lemma 3.1], but modify it as we
do not want to require strict convexity of the boundary.

Lemma 5.1. Let (M, g) be a smooth compact Riemannian manifold of dimension
n ≥ 2 with smooth boundary. Then almost every point of M int lies on some non-
tangential geodesic.

Before giving the proof of Lemma 5.1, let us do some preparations. Let (M, g)
be embedded in a closed manifold (N, g). Let SM int and SN denote the unit
sphere bundle of M int and N respectively and let φt denote the geodesic flow on
SN . For (x, v) ∈ SM int, we define the future and past exit times respectively as

l+(x, v) = sup {T > 0 : φt(x, v) ∈ SM int for all 0 ≤ t < T},
l−(x, v) = inf {T < 0 : φt(x, v) ∈ SM int for all T < t ≤ 0}.
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Consider the following sets of good and bad directions,

G = {(x, v) ∈ SM int : l−(x, v) and l+(x, v) are finite with transversal

intersections},
B1 = {(x, v) ∈ SM int : exactly one of l±(x, v) is finite},
B2 = {(x, v) ∈ SM int : l−(x, v) and l+(x, v) are infinite},
B3 = {(x, v) ∈ SM int : l−(x, v) and l+(x, v) are finite with a tangential

intersection}.
In the definition of G, by transversal intersections, we mean that the unit speed
geodesic going through (x, v) at time 0 intersects ∂M transversally at times
l−(x, v) and l+(x, v). On the opposite, in the definition of B3, by a tangen-
tial intersection, we mean that the unit speed geodesic going through (x, v) at
time 0 intersects ∂M tangentially at least once at times l−(x, v) or l+(x, v).

Let m denote the Riemannian volume measure on (M, g) and let µ denote the
Liouville measure on SN , see [35, Section 3.6.2].

Lemma 5.2. The sets B1 and B3 have Liouville measure 0.

Proof. It follows directly from [38, Lemma 3.2] that µ(B1) = 0. For B3, let

E = {φt(x, v) : (x, v) ∈ ∂0SM and 0 ≤ t < 1},
where ∂0SM := S∂M . We have µ(E) = 0 as dim(∂0SM) = 2n − 3 and
dim(SN) = 2n − 1. By invariance of the Liouville measure, µ(φt(E)) = 0
for all t ∈ R. If (x, v) ∈ B3, the unit speed geodesic going through (x, v) at
time 0 intersects ∂M tangentially at least once at times l−(x, v) or l+(x, v),
that is, φl−(x,v)(x, v) ∈ ∂0SM or φl+(x,v)(x, v) ∈ ∂0SM . It follows that B3 ⊂⋃∞
k=−∞ φk(E) and so µ(B3) = 0. □

Proof of Lemma 5.1. Consider the set

A ={x ∈M int : for any v ∈ SxM
int, either l−(x, v) = −∞, or l+(x, v) = ∞,

or l−(x, v) and l+(x, v) are finite with a tangential intersection}.
Here, as before, by a tangential intersection, we mean that the unit speed geodesic
going through (x, v) at time 0 intersects ∂M tangentially at least once at times
l−(x, v) or l+(x, v). The claim will be proved if we can show m(A) = 0.

Suppose that A has positive measure. By the Lebesgue density theorem, we can
find a point x0 ∈ A such that

lim
ε→0

m(A ∩ Bε(x0))

m(Bε(x0))
= 1.

By [19, Lemma 2.10], there exists v0 ∈ Sx0M
int such that the geodesic γx0,v0

minimises the distance between x0 and ∂M . As ∂M is closed, such a v0 always
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exists, although it might not be unique. By minimality, as ∂M is smooth, this
geodesic exitsM normally. Therefore, there is v0 ∈ Sx0M

int such that l+(x0, v0) <
∞ and the geodesic through (x0, v0) exits M normally.

The implicit function theorem guarantees the existence of a neighborhood U of
(x0, v0) in SM

int for which l+(x, v) <∞ and the geodesic through (x, v) exits M
transversally for all (x, v) ∈ U . Following the notation in [38, Section 3], we can
find ε0 and sets SBε(x0),W ⊂ U , ε < ε0, for which

(x, v) ∈ SBε(x0),W ∩ SA =⇒ (x, v) ∈ (B1 ∪ B3) ∩ SA.

Since by Lemma 5.2 µ(B1 ∪ B3) = 0, it follows by the same reasoning as in [38,
the proof of Lemma 3.1] that m(A ∩ Bε(x0)) = 0, ε < ε0, contradicting the fact
that x0 was a point of density one in A. □

5.2. Perturbation of pairs of geodesics. For (x, v) ∈ SM int, we denote by
γx,v : [−T1, T2] → M , 0 < T1, T2 < ∞, the unique unit-speed geodesic such
that γx,v(0) = x and γ̇x,v(0) = v. We say that the smooth family of geodesics
(γs)s∈(−ε,ε), is a variation through geodesics of γx,v with variation field J if γ0 =

γx,v and J(t) =
d
ds

∣∣
s=0

γs(t).

Lemma 5.3. Let γx,u : [−Tu, Tu] → M and γx,v : [−Tv, Tv] → M be geodesic
segments intersecting only at x and let γs be a variation through geodesics of γx,v
with variation field J . Suppose there are nonzero sequences sj, tj → 0 such that
γsj intersects γx,u at the point γsj(tj) for all j ∈ N. Then,

J(0) ∈ span({u, v}) = span({γ̇x,u(0), γ̇x,v(0)}).

Proof. Let (τ, y) be Fermi coordinates about x adapted to the geodesic γx,u. The
coordinates induce the frame ∂

∂τ
, ∂
∂y1
, . . . , ∂

∂yn−1 . In these coordinates, γx,u is given

by {y = 0} and hence u = γ̇x,u(0) = ∂
∂τ
. We can express γs(t) as (τs(t), ys(t)).

Let J̃(t) and ˜̇γx,v(t) be the respective components of J(t) and γ̇x,v(t) in the y
coordinates. We have

ys(t) = y0(t) + sJ̃(t) +O(s2).

Since γsj intersects γx,u at the point γsj(tj), we have ysj(tj) = 0 = y0(0). Plugging
this in the above expression and rearranging gives

y0(0)− y0(tj)

tj

tj
sj

= J̃(tj) +O(sj). (5.1)

The right-hand side converges to J̃(0) as j → ∞. As for the left-hand side, the

first fraction converges to −˜̇γx,v(0). It follows that tj/sj has to converge since˜̇γx,v(0) is nonzero, and so J̃(0) is a multiple of ˜̇γx,v(0). As u = ∂
∂τ

generates the
first components of both J(0) and v, the result follows. □
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Lemma 5.4. Let (M, g) be a smooth compact Riemannian manifold of dimension
n ≥ 3 with smooth boundary. Let x ∈ M int be such that there exist distinct
directions u, v ∈ SxM

int such that the geodesics γx,u and γx,v are non-tangential.
Suppose that the order of conjugacy of x is at most n − 3. Then, there is a
sequence (vn)n∈N ⊂ SxM

int, vn → v, such that for all n ∈ N sufficiently large,
γx,vn does not intersect γx,u (except at x) and γx,vn does not self-intersect at x.

Remark 5.5. The non-intersection result of Lemma 5.4 is global, while that of
Lemma 5.3 is only local.

The main idea of the proof of Lemma 5.4 is to find a direction towards which
we can perturb γx,v away from γx,u. We wish to use Lemma 5.3. Say that
both geodesics intersect at q ∈ M , that is, we have t and r such that γx,v(t) =
γx,u(r) = q. If we can find a variation through geodesics γs of γx,v with variation
field J such that J(t) is transversal to span({γ̇x,v(t), γ̇x,u(r)}), then Lemma 5.3
guarantees that γs and γx,u do not intersect for all nonzero s small enough. The
condition on the order of conjugacy allows us to do this around every point of
intersection between γx,v and γx,u. The sequence vn is then obtained from the
different values of γ̇s(0).

Proof. To simplify notation, we write γx,v = γv as all the geodesics will start at
x. Let γv : [−T1, T2] →M be maximal and intersect γu at the points qj at times
(tj, rj) with

−T1 ≤ t−k− ≤ · · · ≤ t−1 < 0 < t1 ≤ · · · ≤ tk+ ≤ T2

and rj < rj+1 whenever tj = tj+1, that is, γv(tj) = γu(rj) = qj. Without loss of
generality, we can assume that the geodesics do not intersect at the boundary.
Otherwise, we can make M slightly larger and extend the geodesics by adding
a small open neighborhood of ∂M in N . We denote vj = tjv ∈ TxM

int so that
expx(vj) = γv(tj). The behaviour of the differential of the exponential map at
vj ∈ TxM

int, d(expx)vj : TvjTxM
int → TqjM

int is closely related to the order of
conjugacy of M at x. Indeed, denoting the restriction of γv to [0, tj] as γj, we
have

dimker d(expx)vj = conjγj(x, qj),

see [7, Proposition 3.5, page 117].

Consider the linear spaces

Ej = {ξ ∈ TvjTxM
int : d(expx)vj(ξ) is parallel to γ̇u(rj)}.

Note that the kernel of d(expx)vj is a subspace of Ej and it is the whole space
unless γ̇u(rj) is in the range of d(expx)vj , in which case the dimension of Ej is
conjγj(x, qj) + 1. Through the identification of TvjTxM

int with TxM
int, we can

identify Ej with the affine plane

Pj = {vj + ξ : ξ ∈ Ej} ⊂ TxM
int.
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Because the order of conjugacy at x is at most n− 3, the dimension of the affine
plane Pj is at most n− 2. Moreover, the planes Pj are transversal to vj.

Let π : TxM
int → SxM

int be the natural projection from the tangent space to
the unit sphere bundle at x. For j ≥ 1, we have π(vj) = v while for j ≤ −1,
π(vj) = −v. In any case, near π(vj), the image of Pj through π is an immersed

submanifold P̃j ⊂ SxM
int of codimension at least 1. Hence, TvP̃j is a proper

subspace of TvSxM
int and since a vector space over an infinite field cannot be

realized as the finite union of proper subspaces, there is α ∈ TvSxM
int such that

α ̸∈ ∪k+j=1TvP̃j. Similarly, we may also require that −α ̸∈ ∪k−j=1T−vP̃−j, where

−α ∈ T−vSxM
int is obtained through the identification with TxM

int.

We claim that
vn = expSv (α/n)

is the desired sequence, where expSv is the exponential map on TvSxM
int taking

values in the sphere SxM
int.

As n goes to ∞, it is clear that vn converges to v. It remains to show that γvn
does not intersect γu for all n sufficiently large. Consider the variation through
geodesics of γv,

γs(t) = expx(t exp
S
v (sα)).

Note that γs is non-tangential for sufficiently small values of s as it is a variation
of the non-tangential geodesic γv. Since exp

S
v (sα) is equal to v+sα to first order,

we have

J(t) =
d

ds

∣∣∣
s=0

γs(t) =
d

ds

∣∣∣
s=0

expx(t(v + sα)) = d(expx)tv(tα)

which is a normal Jacobi field along γv.

For δ > 0, consider the pairs of geodesic segments γv|[tj−δ,tj+δ] and γu|[rj−δ,rj+δ].
Choosing δ small enough, we can guarantee that all such pairs intersect exactly
once at qj. By compactness, there is δ > 0 such that for all small enough
variations s, the only possible intersections between γs and γu have to occur
between the segments γs|[tj−δ,tj+δ] and γu|[rj−δ,rj+δ]. We can see γs|[tj−δ,tj+δ] as a
variation through geodesics of γv|[tj−δ,tj+δ] with variation field J |[tj−δ,tj+δ]. At the
points t = tj where γv intersects γu, we have

J(tj) = d(expx)vj(tjα).

By the choice of α, we know that tjα is not in Ej. Hence, J(tj) is nonzero and
transversal to span({γ̇v(tj), γ̇u(rj)}).
We claim that there is some εj > 0 such that γs|[tj−δ,tj+δ] does not intersect
γu|[rj−δ,rj+δ] for all s ∈ (−εj, εj) \ {0}. If such a εj did not exist, there would be a
sequence sl → 0 and times tj,l ∈ [tj− δ, tj+ δ] such that γsl intersects γu|[rj−δ,rj+δ]
at the point γsl(tj,l). By compactness, tj,l would admit a convergent subsequence
which must converge to tj by continuity and because it is the only time when
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γv|[tj−δ,tj+δ] intersects γu|[rj−δ,rj+δ]. But then, by Lemma 5.3, this would imply
J(tj) ∈ span({γ̇v(tj), γ̇u(rj)}) which contradicts the above choice of α.

As we accounted for all the pairs of segments that could intersect and there are
finitely many such pairs, we know that γs does not intersect γu (except at x at
time 0) for all nonzero s small enough. Moreover, for such s, γs does not self-
intersect at x as it would then intersect γu. The claim follows since taking s small
corresponds to taking n large enough. □

5.3. Proof of Theorem 1.6. By Lemma 5.1, almost every point of M int lies on
some non-tangential geodesic. Let x ∈M int be such a point and let γx,v be a non-
tangential geodesic passing through x. As γx,v is non-tangential, we can perturb
v in some open neighborhood to get another non-tangential geodesic γx,u passing
through x. By Lemma 5.4, we can perturb γx,v to obtain γ1 that intersects γx,u
only at x and does not self-intersect at x. If γx,u does not self-intersect at x, then
we set γ2 = γx,u and we are done. Otherwise, we can again apply Lemma 5.4
to get a geodesic γ2 that only intersects γ1 at x and does not self-intersect at x.
The proof of Theorem 1.6 is complete.

Appendix A. A rough stationary phase argument

Let U ⊂ Rn be an open set and let 0 < α < 1. We define the space C0,α(U) of
the Hölder continuous functions to be the subspace of C(U) consisting of those

functions u for which supx,y∈U,x ̸=y
|u(x)−u(y)|

|x−y|α is finite. The space C0,α(U) is a

Banach space with norm given by

∥u∥C0,α(U) = sup
x,y∈U,x ̸=y

|u(x)− u(y)|
|x− y|α

+ ∥u∥L∞(U).

We note that C0,α(U) is an algebra under pointwise multiplication, and

∥uv∥C0,α(U) ≤ C
(
∥u∥C0,α(U)∥v∥L∞(U) + ∥u∥L∞(U)∥v∥C0,α(U)

)
, u, v ∈ C0,α(U),

(A.1)
see [18, Theorem A.7].

In the proofs of Theorem 1.1 and Theorem 1.8, we need a version of the sta-
tionary phase lemma with quite explicit control of all the constants involved.
Furthermore, note that in our applications, amplitudes have compact supports
in a geodesic ball. To state the required result, let Br = {x ∈ Rn : |x| < r} be
an open ball centered at 0 of radius r > 0, and let a ∈ C0,α(Br) be such that
0 ∈ supp(a) and a|∂Br = 0. Let Ψ ∈ C∞(Br;R) be such that

Ψ(0) = 0, Ψ′(0) = 0, Ψ′′(0) > 0. (A.2)

Thus, we have
Ψ′′(0) ≥ cI, (A.3)
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with some c > 0. Taylor expanding the phase function Ψ and using (A.2), we get

Ψ(x) =
1

2
Ψ′′(0)x · x+Ψ3(x), (A.4)

where
|Ψ3(x)| ≤ C|x|3, x ∈ Br, (A.5)

with some C > 0.

Lemma A.1. Let r > 0 be such that

Cr ≤ c

4
. (A.6)

Then for λ ≥ 1, we have

λ
n
2

∫
Br

e−λΨ(x)a(x)dx =
(2π)

n
2

(detΨ′′(0))1/2
a(0) +OC,c(1)λ

−α
2 ∥a∥C0,α(Br)

. (A.7)

Here the implicit constant depends on C and c only and is independent of a.

Proof. First, let us extend a by zero to Rn \Br and still denote this extension by
a. By Lemma A.3, as a|∂Br = 0, we conclude that a ∈ C0,α(Rn) and

∥a∥C0,α(Rn) = ∥a∥C0,α(Br)
. (A.8)

Using (A.4), we write ∫
Br

e−λΨ(x)a(x)dx = J1 + J2 + J3,

where

J1 :=

∫
Rn

e−
λ
2
Ψ′′(0)x·xa(0)dx, J2 :=

∫
Rn

e−
λ
2
Ψ′′(0)x·x(a(x)− a(0))dx,

J3 :=

∫
Br

e−
λ
2
Ψ′′(0)x·x(e−λΨ3(x) − 1

)
a(x)dx.

Making the change of variables x 7→ λ
1
2x in the integral J1, we obtain that

J1 = a(0)λ−
n
2

∫
Rn

e−
1
2
Ψ′′(0)x·xdx =

(2π)
n
2

(detΨ′′(0))1/2
a(0)λ−

n
2 . (A.9)

To bound |J2|, first using that a ∈ C0,α(Rn) and (A.8), we get

|a(x)− a(0)| ≤ ∥a∥C0,α(Br)
|x|α, x ∈ Rn. (A.10)

Then using (A.10), (A.3), and making the change of variables x 7→ λ
1
2x, we obtain

that

|J2| ≤ ∥a∥C0,α(Br)

∫
Rn

e−λ
c
2
|x|2 |x|αdx = ∥a∥C0,α(Br)

λ−
n
2
−α

2

∫
Rn

e−
c
2
|x|2 |x|αdx

= Oc(1)λ
−n

2
−α

2 ∥a∥C0,α(Br)
.

(A.11)
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To bound |J3|, in view of (A.5), we first observe that

|e−λΨ3(x) − 1| =
∣∣∣∣ ∫ 1

0

d

dt
e−λΨ3(x)tdt

∣∣∣∣ ≤ λ|Ψ3(x)|eλ|Ψ3(x)| ≤ Cλ|x|3eCλ|x|3 , (A.12)

for x ∈ Br. Then using (A.3), (A.12), (A.6), and making the change of variables

x 7→ λ
1
2x, we get

|J3| ≤
∫
Br

e−λ
c
2
|x|2Cλ|x|3eCλ|x|3 |a(x)|dx ≤ ∥a∥C0,α(Br)

∫
Br

eλ(−
c
2
+Cr)|x|2Cλ|x|3dx

≤ ∥a∥C0,α(Br)

∫
Rn

e−λ
c
4
|x|2Cλ|x|3dx = ∥a∥C0,α(Br)

Cλ−
n
2
− 1

2

∫
Rn

e−
c
4
|x|2 |x|3dx

= OC,c(1)λ
−n

2
− 1

2∥a∥C0,α(Br)
≤ OC,c(1)λ

−n
2
−α

2 ∥a∥C0,α(Br)
,

(A.13)
for λ ≥ 1. Combining (A.9), (A.11), and (A.13), we obtain (A.7). □

Remark A.2. Lemma A.1 also holds under the following assumptions: a ∈
C0,α(Br) is such that supp(a) ⊂ Br is compact, 0 ∈ supp(a), Ψ ∈ C∞(supp(a);R)
satisfies (A.2), and there exists a constant C > 0 such that (A.5) holds for all
x ∈ supp(a).

The following result is standard and is presented here for the completeness and
convenience of the reader only.

Lemma A.3. Let a ∈ C0,α(Br) be such that a|∂Br = 0. The extension of a to
Rn \ Br by zero, denoted also as a, belongs to the class C0,α(Rn), and we have
∥a∥C0,α(Rn) = ∥a∥C0,α(Br)

.

Proof. Let L = supx,y∈Br,x̸=y
|a(x)−a(y)|

|x−y|α . Since a ∈ C(Br), we have

|a(x)− a(y)| ≤ L|x− y|α, (A.14)

for all x, y ∈ Br. Let x, y ∈ Rn, and let us show (A.14). First if both x, y ∈ Br

or both x, y ∈ Rn \ Br, (A.14) clearly holds. The only case we have to consider
is when x ∈ Br and y ∈ Rn \ Br. In this case, we consider the straight-line
segment connecting x and y. It intersects ∂Br at some point z ∈ ∂Br so that
|x− z| ≤ |x− y|. Using (A.14), we get

|a(x)− a(y)| = |a(x)− a(z)| ≤ L|x− z|α ≤ L|x− y|α.
The result follows. □

Appendix B. Boundary determination

In the proofs of Theorem 1.1 and Theorem 1.8 we need the following boundary
determination result, which is essentially known, see [3], [4], [17, Appendix], [12,
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Appendix A], [21] and references therein, and presented here for the completeness
and convenience of the reader.

Proposition B.1. Let (M, g) be a compact smooth Riemannian manifold of di-
mension n ≥ 2 with smooth boundary. Let q ∈ C(M), λ > 0, and assume that
λ2 is not a Dirichlet eigenvalue of −∆g in M . If∫

M

qu1u2u3u4dVg = 0, (B.1)

for all uj ∈ C2,α(M) such that

(−∆g − λ2)uj = 0 in M int, (B.2)

j = 1, . . . , 4, then q|∂M = 0.

Proof. We shall follow [3], [4], constructing an explicit family of functions vµ,
whose boundary values have a highly oscillatory behavior as µ → 0, while be-
coming increasingly concentrated near a given point on the boundary of M , and
we shall follow [12, Appendix A], correcting vµ into an exact solution to (B.2).

Let x0 ∈ ∂M and let (x1, . . . , xn) be the boundary normal coordinates centered
at x0 so that in these coordinates, x0 = 0, the boundary ∂M is given by {xn = 0},
andM int is given by {xn > 0}. In the local coordinates, Tx0∂M = Rn−1, equipped
with the Euclidean metric. The unit tangent vector τ is then given by τ = (τ ′, 0)
where τ ′ ∈ Rn−1, |τ ′| = 1. Let η ∈ C∞

0 (Rn;R) be such that supp(η) is in a small
neighborhood of 0, η(0) ̸= 0, and∫

Rn−1

η(x′, 0)2dx′ = 1.

Let 1
3
≤ α ≤ 1

2
, and following [4], we let

v(x;µ) = µ−α(n−1)
2

− 1
2η

(
x

µα

)
e

i
µ
(τ ′·x′+ixn), 0 < µ≪ 1, (B.3)

in the boundary normal coordinates, so that v ∈ C∞(M), with supp(v) in O(µα)
neighborhood of x0 = 0. Here τ ′ is viewed as a covector. A direct computation
gives that

∥v(·;µ)∥L2(M) = O(1), (B.4)

as µ→ 0. We look for a solution u1 to (B.2) in the form

u1(·;µ) = v(·;µ) + r(·;µ), (B.5)

where r is the solution to the Dirichlet problem,{
(−∆g − λ2)r = (−∆g − λ2)v in M int,

r|∂M = 0.
(B.6)
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By boundary elliptic regularity, we have r ∈ H1
0 (M

int)∩C∞(M). By [12, Theorem
A.3], we get

∥r∥L2(M) ≤ ∥r∥H1/2+ε(M int) ≤ C∥(−∆g − λ2)v∥H−3/2+ε(M int)

≤ C∥∆gv∥H−3/2+ε(M int) + Cλ2∥v∥H−1(M int),
(B.7)

for 0 < ε < 1/2. It is shown in [12] that with α = 1/3 and ε = 1/12,

∥∆gv∥H−3/2+ε(M int) = O(µ1/12), (B.8)

see formula (A.14) in [12], and that

∥v∥H−1(M int) = O(µ1−α) = O(µ2/3), (B.9)

see formula (A.19) in [12] and discussion after it. Combining (B.7), (B.8), and
(B.9), we get

∥r∥L2(M) = O(µ1/12). (B.10)

Substituting u1 given by (B.5) and u2 = u1 into the integral identity (B.1), and
using (B.4), (B.10), we obtain that∫

M

(qu3u4)|v|2dVg = −
∫
M

(qu3u4)(vr + rv + |r|2)dVg = o(1), (B.11)

as µ→ 0. It is computed in [12], see formula (A.24), that

lim
µ→0

∫
M

(qu3u4)|v|2dVg =
1

2
q(0)u3(0)u4(0). (B.12)

It follows from (B.11) and (B.12) that

q(0)u3(0)u4(0) = 0, (B.13)

where u3, u4 ∈ C2,α(M) are any solutions of (B.2). Letting u3(·;h) = v(·;h) +
r(·;h), 0 < h ≪ 1, where v(·;h) is given by (B.3) with µ replaced by h, r(·;h)
is the solution to (B.6) with v = v(·;h), and letting u4 = u3, we get from (B.13)
that q(0) = 0. Here we have used that η(0) ̸= 0. □

Appendix C. Example of an infinite set of linearly independent
admissible perturbations

Let M be a smooth compact Riemannian manifold of dimension n ≥ 2 with
boundary. We write C0,α(M), 0 < α < 1, for the space of Hölder continuous
functions on M , equipped with the norm,

∥φ∥C0,α(M) = ∥φ∥L∞(M) + sup
x,y∈M,x̸=y

|φ(x)− φ(y)|
d(x, y)α

,

where d(x, y) is the Riemannian distance between x and y, see [2, Chapter 2, §3,
§9], [45, Section 13.8]. We define the C1-norm on M by

∥φ∥C1(M) = ∥φ∥L∞(M) + ∥∇gφ(x)∥L∞(M),
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where ∇g is the gradient with respect to the Riemannian metric g. We have the
continuous embedding C1(M) ⊂ C0,α(M), 0 < α < 1, i.e. there exists B > 0
such that

∥φ∥C0,α(M) ≤ B∥φ∥C1(M), φ ∈ C1(M). (C.1)

In what follows we refer to the definition and properties of simple manifolds to
[35, Section 3.8]. We have the following result.

Proposition C.1. Let (M, g) be simple. The set of admissible perturbations
A(2B), with B given in (C.1), contains an infinite set of linearly independent
admissible perturbations.

Proof. First we have (M, g) ⊂⊂ (U, g) where (U, g) is simple. Let ω ∈ U \M
and let (r, θ), r > 0 and θ ∈ Sn−1, be the polar normal coordinates in (U, g) with
center ω. In these coordinates the metric g has the form,

g(r, θ) =

(
1 0
0 g1(r, θ)

)
, (C.2)

where g1(r, θ) is some (n − 1) × (n − 1) positive definite matrix. Consider the
polynomial

p(r, θ) =
N∑
k=0

akr
k ∈ C∞(M),

where ak ≥ 0, k = 0, 1, . . . N ,

kak ≤ ak−1, k = 1, . . . N, (C.3)

and N ∈ N. It follows from (C.2) that ∇gp = (∂rp, 0, . . . , 0). Thus, using (C.2)
and (C.3), we get

|∇gp|g = |∂rp| =
N∑
k=1

akkr
k−1 ≤

N∑
k=1

ak−1r
k−1 ≤ p.

Hence, ∥p∥C1(M) ≤ 2∥p∥L∞(M). Combining this with (C.1), we get ∥p∥C0,α(M) ≤
2B∥p∥L∞(M), showing that p ∈ A(2B). Thus, in particular, we have {

∑N
k=0

rk

k!
:

N = 1, 2, . . . } ⊂ A(2B).

□

Appendix D. Discussion of the geometric assumption (H1) in
Theorem 1.8

D.1. Local result. The following result demonstrates that locally, condition (iv)
in assumption (H1) can be derived from condition (iii).
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Proposition D.1. Let (N, g) be a smooth compact Riemannian manifold without
boundary whose sectional curvatures are bounded from above by κ > 0. Let ρ <
min(Conv(N), π√

κ
), where Conv(N) > 0 is the convexity radius of N . There is

a constant C = C(N, g, ρ) such that for all x0 ∈ N and all pairs of geodesics
γ, η : (−ρ, ρ) → N with γ(0) = η(0) = x0,

d(γ(t), η(τ)) ≥ C|t| sin θ, d(γ(t), η(τ)) ≥ C|τ | sin θ, t, τ ∈ (−ρ, ρ),

where θ is the angle of intersection between γ and η.

Proof. Let (xi) denote normal coordinates around x0 with respect to the metric
g on U = Bρ(x0). In these coordinates, the geodesics γ and η are simply given
by lines through the origin. Let α : [0, T ] → U be the shortest path between γ(t)
and η(τ), which is unique and entirely contained in U since ρ < Conv(N). The
distance between γ(t) and η(τ) is then

dg(γ(t), η(τ)) =

∫ T

0

|α̇(t)|gdt

We parametrise α by arclength with respect to the coordinates (xi) equipped
with the standard flat metric g0 of Rn, so that |α̇(t)|g0 = 1. With respect to g0,
the shortest path from γ(t) to η intersects η at a right angle. Therefore,

T = dg0(γ(t), η(τ)) ≥ dg0(γ(t), η) = |t| sin θ

for all t ∈ (−ρ, ρ). Let gκ be a metric of constant sectional curvature κ on U
which exists since ρ < π√

κ
. The manifold (U, gκ) is isometric to a spherical cap,

and hence gκ can be extended to the closure of U . By compactness, there is a
constant C = C(κ) > 0 such that gκ ≥ Cg0 as bilinear forms. By [28, Theorem
11.10], we have g ≥ gκ on U since ρ < π√

κ
. Therefore,

dg(γ(t), η(τ)) ≥
∫ T

0

|α̇(t)|gκdt ≥ C

∫ T

0

|α̇(t)|g0dt ≥ C|t| sin θ.

□

D.2. Discussion related to Example 1.9. Let (M, g) be a simple Riemannian
manifold. We shall demonstrate that it satisfies the geometric assumption (H1).
Indeed, consider the bundle

SM ×π SM = {((x, v), (y, w)) ∈ SM × SM : x = y}.

AsM is a simple manifold, by applying the stopped geodesic flow in backward and
forward time, we can see SM×πSM as a parameter space for pairs of geodesics on
M that intersect at a single point. Indeed, to each pair ((x, v), (x, w)) = (x, v, w),
we associate the two non-tangential geodesics γx,v and γx,w.
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For 0 < θ0 < π/2, let Eθ0 ⊂ SM ×π SM be the set of pairs (x, v, w) such that
|gx(v, w)| ≥ cos θ0. The set Eθ0 is compact and consists of geodesics that intersect
at an angle θ ∈ [θ0, π/2].

For each x0 ∈M int, choose a pair (x0, v, w) ∈ Eθ0 and let γ = γx0,v and η = γx0,w.
Let us show that such pairs of geodesics satisfy the assumption (H1).

First, γ(0) = η(0) = x0 and so (i) holds (with shifted times so that t0 = τ0 = 0).
AsM is simple, it is non-trapping and there exists a T > 0 such that all geodesics
have length at most T so (ii) holds. By our choice of pairs within Eθ0 , (iii) holds
with θ0 as above.

It remains to show (iv). Embed (M, g) in a smooth compact Riemannian manifold
without boundary (N, g) whose sectional curvatures are bounded above by κ > 0.
Let ρ be as in Proposition D.1 and consider the function F : Eθ0 → [0,∞] given
by

F (x, v, w) = dist(γx,v(Ix,v \ (−ρ, ρ)), γx,w(Ix,w))
where Ix,v is the closed interval on which γx,v is defined in M , F (x, v, w) = ∞
if Ix,v ⊂ (−ρ, ρ), and dist(A,B) = inf{dg(a, b) : a ∈ A, b ∈ B} for any pair
of subsets A and B of M . By continuous dependence of the geodesics γx,v on
(x, v) ∈ SM , the set

Vρ = {(x, v, w) ∈ Eθ0 : Ix,v ⊂ (−ρ, ρ)}

is open and F is continuous on Eθ0 \ Vρ. It follows that the sets F−1((y,∞]) are
open for all y ∈ R, that is, F is lower semicontinuous.

The function (x, v, w) 7→ min(F (x, v, w), F (x, w, v)) is then also lower semicon-
tinuous. Therefore, by compactness of Eθ0 and the fact that geodesics in M
intersect at most once, there is c = c(M, g, ρ) > 0 such that

d(γx,v(t), γx,w(τ)) ≥ c

whenever |t| ≥ ρ or |τ | ≥ ρ for all (x, v, w) ∈ Eθ0 . This holds because F (x, v, w) ≥
c if and only if d(γx,v(t), γx,w(τ)) ≥ c for all |t| ≥ ρ. Hence, by choosing r <
min(c, Inj(M)/2), we see that if d(γ(t), η(τ)) ≤ r, then |t| < ρ and |τ | < ρ.
Proposition D.1 then guarantees there is C = C(M, g, ρ) > 0 such that

|t| ≤ d(γ(t), η(τ))

C sin θ0
, |τ | ≤ d(γ(t), η(τ))

C sin θ0
.

Here we have also used that θ ∈ [θ0, π/2]. Condition (iv) follows from choosing r
as above and c0 = (C sin θ0)

−1. Since ρ only depends on (M, g), the constants r,
c0, and θ0 can be chosen uniformly.

D.3. Discussion related to Example 1.10. Let M = S1 × [0, a], a > 0, be
the cylinder with the usual flat metric. We shall show it satisfies the geometric
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assumption (H1). Indeed, let x0 = (eit0 , s0) ∈M int and for θ ∈ (0, π/2), consider
the geodesics

γx0(t) = (eit0 , t), t ∈ [0, a],

ηθx0(τ) = (ei(t0−s0 tan θ+τ sin θ), τ cos θ), τ ∈
[
0,

a

cos θ

]
.

The geodesics γx0 and ηθx0 intersect at the point x0 = γx0(s0) = ηθx0(s0/ cos θ)

with an intersection angle of θ. If | − s0 tan θ + τ sin θ| < 2π for all τ ∈
[
0, a

cos θ

]
,

the geodesics γx0 and ηθx0 do not intersect at any other points. This condition is
guaranteed if we require

| − s0 tan θ + τ sin θ| ≤ 2a tan θ < 2π,

which implies that 0 < θ < arctan(π
a
).

Let θ0 = 1
4
arctan(π

a
). If θ ∈ [θ0, 2θ0), then ηθx0 rotates at most half a turn

around the cylinder. Unwrapping that half of the cylinder into [0, π] × [0, a],
we see that the distance between γx0(t) and η

θ
x0
(τ) is the same as the Euclidean

distance. The shortest path from γx0(t) to the curve ηθx0 intersects ηθx0 at a right
angle and therefore d(γx0(t), η

θ
x0
) = |t − s0| sin θ since γx0(s0) = x0. Similarly,

d(γ, ηθx0(τ)) = |τ − s0/ cos θ| sin θ since ηθx0(s0/ cos θ) = x0. Therefore,

d(γx0(t), η
θ
x0
(τ)) ≥ sin θmax(|t− s0|, |τ − s0/ cos θ|),

for all t ∈ [0, a] and τ ∈
[
0, a

cos θ

]
.

Therefore, if we choose a pair of geodesics γ = γx0 and η = ηθx0 with θ ∈ [θ0, 2θ0)
for every point x0 ∈ M int, we get a family of pairs of geodesics that satisfies
assumption (H1) with θ0 as above, T = a

cos(2θ0)
, 0 < r < π/2, and c0 = (sin θ0)

−1.
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[21] Krupchyk, K., Uhlmann, G., Inverse problems for nonlinear magnetic Schrödinger equa-
tions on conformally transversally anisotropic manifolds, Anal. PDE 16 (2023), no. 8,
1825–1868.

[22] Krupchyk, K., Uhlmann, G., Inverse problems for magnetic Schrödinger operators in
transversally anisotropic geometries, Comm. Math. Phys. 361 (2018), no. 2, 525–582.

[23] Krupchyk, K., Uhlmann, G., Yan, L., A remark on inverse problems for nonlinear magnetic
Schrödinger equations on complex manifolds, Proc. Amer. Math. Soc., to appear.

[24] Lafontaine, D., Spence, E., Wunsch, J., For most frequencies, strong trapping has a weak
effect in frequency-domain scattering, Comm. Pure Appl. Math. 74 (2021), no. 10, 2025–
2063.

[25] Lassas, M., Liimatainen, T., Lin, Y.-H., Salo, M., Inverse problems for elliptic equations
with power type nonlinearities, J. Math. Pures Appl. (9) 145 (2021), 44–82.

[26] Lassas, M., Taylor, M., Uhlmann, G., The Dirichlet-to-Neumann map for complete Rie-
mannian manifolds with boundary, Comm. Anal. Geom. 11 (2003), no. 2, 207–221.

[27] Lassas, M., Uhlmann, G., On determining a Riemannian manifold from the Dirichlet-to-
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