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Partial data inverse problems for magnetic Schrodinger
operators with potentials of low regularity

Salem Selim *

Abstract

We establish a global uniqueness result for an inverse boundary problem with partial
data for the magnetic Schrodinger operator with a magnetic potential of class W™ N L™,
and an electric potential of class L™. Our result is an extension, in terms of the regularity of
the potentials, of the results 16] and 25]. As a consequence, we also show global uniqueness
for a partial data inverse boundary problem for the advection—diffusion operator with the
advection term of class W™ N L™,
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1 Introduction and main results

The purpose of this paper is to study inverse boundary problems with partial data for magnetic
Schrodinger operators, as well as advection—diffusion operators, with potentials of low regularity.

Let us start by introducing the problem under consideration in the geometric setting of
compact Riemannian manifolds with boundary. To that end, let (M, g) be a smooth compact
Riemannian manifold of dimension n > 3 with smooth boundary OM. Let d : C*(M) —
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C>°(M,T*M) be the de Rham differential, and let A € C*°(M,T*M) be a 1-form with complex
valued C*° coefficients. Then we introduce

da:=d+iA:C®(M) — C*(M, T*M).
The formal L*-adjoint d% : C°°(M,T*M) — C>=(M) of d, is given by
(daw,v) 2 ey = (U, d30) 2(0ny, U € Ce(MY), v e O (M, T*M?),

where M? = M\ OM stands for the interior of M, (-, )2 is the L*-scalar product of functions
on M, and (-, -)2+n) is the L*-scalar product in the space of 1-forms on M, given by

(o, B)L2arenr) = /M<Oé,g)gd‘/;,, a,f e CO(M,T"M).

Here (-,-), is the pointwise scalar product in the space of 1-forms induced by the Riemannian
metric g, and dV, is the Riemannian volume element on M. In local coordinates (z',...,z") in
which a = a;jda?, 3 = B;dz’ and (¢’%) is the matrix inverse of (g;i), g = gjxdz’dz*, we have

<a7 B>g = gjkajﬁk-

Here and in what follows we use Einstein’s summation convention. We shall denote by d* the
formal L?-adjoint of d, which in local coordinates is given by

* _1 1
d'v = _|g| 2axj(|g|2g]kvk)> (11)

where |g| = det(g;) and v = v;dz?. We shall also need the following expression for d*

&y =d —i(A,),. (1.2)

From now on let us assume that A € (W' N L) (M°, T*M°) and let ¢ € L™(M, C). We define
the magnetic Schrodinger operator by

Lagu = (d5da+ q)u = —Agu + id"(Au) — i(A, du)y + ((A, A)y + q)u

= —Agu+i(d*A)u — 2i(A, du), + ((A, A)y + q)u, (1.3)

where v € H'(MP). Note that in the second equality in (1.3) we used (1.2) while in the last
equality we used that

d*(Au) = (d"A)u — (A, du),. (1.4)
Let u € H*(MP°) be such that

Lasu=0 in D'(M°). (1.5)

It follows from (1.3) that Ayu € L*(M), and thus the boundary trace d,ulon € H~2(OM) is
well defined, see 5]. Here and in what follows v is the unit outer normal to the boundary of M.
Proposition 4.1 in Section 4 gives that ({4, v)yu)|on € H2(OM).

Let I' C OM be open non-empty. Associated to I', let us introduce the set of partial Cauchy
data for solutions of the magnetic Schrodinger equation (1.5),

Cg,q = {(ulonr, (Opu + (A, V) u)|r) : uw € H'(MP) satisfies Lo u=0in D'(M°)}

1 f (1.6)
C H3(OM) x H 3 ().



The inverse problem that we are interested in concerns the recovery of the magnetic field dA
and the electric potential ¢ in M from the knowledge of the set C’Rq. To state our results, we
need to introduce some assumptions on the manifold M and the open set I'.

To this end, following 15|, we assume that the manifold M is admissible, in the sense that
there exists an (n — 1)-dimensional compact simple manifold (Mg, go) such that M C R x M},
with g = c(e® go), where e is the Euclidean metric on R and 0 < ¢ € C*°(M). Here the manifold
(Mo, go) is simple if for any p € My, the exponential map exp, with its maximal domain of
definition in 7,,M, is a diffeomorphism onto My, and if OMj is strictly convex in the sense that
the second fundamental form of OM, < M, is positive definite.

Let ¢ € C°(R x My) be given by ¢(x) = z1, x = (z1,2") € R x M. The significance of this
function is that it is a limiting Carleman weight on M in the sense of 24|, 16], 15]. We introduce
the front side of OM as follows,

F={x€0M:0d,p(x) <0}. (1.7)
Our main result is as follows.

Theorem 1.1. Let (M, g) be an admissible simply connected manifold of dimension n > 3 with
connected boundary. Let Ay, Ay € (Whm 0 L) (MO, T*M°) be complex valued 1-forms such
that Ailon = Aslom and q1,q € L"(M,C). Let I' C OM be an open neighborhood of F. If
C};h,ql = C’};m then dA; = dAs and g = q2 in M.

In Theorem 1.1 we have A;|op € LP(OM) for all 1 < p < oo, j = 1,2, see Proposition 4.2 in
Section 4 below.

As a consequence of Theorem 1.1, we obtain a global uniqueness result for the partial data
inverse problem for the magnetic Schrodinger operator on a domain in the Euclidean space. To
state the result, let Q C R", n > 3, be open bounded with 9Q € C*. When A € (W'" N
L>)(£2,C™) and g € L"(R2,C), we consider the magnetic Schrédinger operator on 2 given by

Lgu= Z(ij + A u+qu=—Au+A-Du+ D - (Au) + (A + q)u, (1.8)
=1

where D = —iV, and u € H*(Q). Let 2o € R™\ ch(Q), and let ¢(z) = log |z — zo|. Here ch(Q)
is the convex hull of 2. In analogy with (1.7), we let

F(x) = {x € OM : 8,0(z) < 0} (1.9)

Theorem 1.2. Let 2 C R", n > 3, be open bounded simply connected with connected C'*
boundary. Let Ay, Ay € (WH™ N L>®)(Q, C") such that Ai|pq = As|sq and q1,q2 € L"(Q, C). Let
I' C OM be an open neighborhood of F(xo). Assume that O , = CY, . We have dA; = dA,
and q1 = g2 in €.

1,41

Remark 1.1. Theorem 1.1 and Theorem 1.2 can be viewed as extensions of the partial data
results of 16], where the case of A € C* and q¢ € L* was considered, and the result of 25], where
AeC® >0, and g € L*™.

Remark 1.2. To the best of our knowledge, Theorem 1.1 and Theorem 1.2 are first partial data
results for magnetic Schrodinger operators with possibly discontinuous magnetic potentials.



Let us next consider an application of Theorem 1.1 to partial data inverse problems for
advection-diffusion equations. To this end, given a real vector field X € (W N L>®)(M°, TMY),
we introduce the following Dirichlet problem

{LXU = (=Ag+ X)u=0 inD'(M°), (1.10)

u|aM = f € H1/2(0M)

which by 2, Chapter 3, Section 8.2] has a unique solution u € H*(M°). Given an open neigh-
borhood I' of F' introduced in (1.7), we define the partial Dirichlet—to-Neumann map by

A HY2(0M) — HY2(T),  f — dulr. (1.11)
We have the following result.

Theorem 1.3. Let (M,qg) be an admissible simply connected manifold of dimension n > 3
with connected boundary. Let X1, Xo € (W' N L) (M°, TMP) be real vector fields such that
Xilom = Xoloy. Let ' C OM be an open neighborhood of F' defined in (1.7). ]fA‘l;(1 = A%z then
Xl = X2 wm M.

Specializing Theorem 1.3 to the case of domains in R", we get the following result.

Theorem 1.4. Let 2 C R™, n > 3, be open bounded simply connected with connected C*
boundary, and let X1, Xo € (WHPNL®)(Q, R") such that X1|pa = Xa|oq. Let p(x) = log |x — ¢/,
where xg € R™\ ch(2). Let I' C 0 be an open neighborhood of F(xy), given in (1.9). If
A§1 = A&z then Xl = X2 in €.

Remark 1.3. Theorem 1.3 and Theorem 1.4 can be viewed as extensions of the partial data
result of 25], where the advection term satisfies X € C¢, ¢ >0, and V - X € L™.

The study of inverse boundary problems for magnetic Schrodinger operators has a long tra-
dition in inverse problems. Let us proceed to recall some of the fundamental contributions in
dimension n > 3, first in the full data case, for domains in the Euclidean space. Following the
fundamental paper 42] when A = 0, a global uniqueness result in the presence of a C'*° magnetic
potential was established in 32], see also 40]. Regularity assumptions on the magnetic potential
were subsequently weakened in the works 43], 33], 37]. The sharpest currently available result
in terms of the regularity of the magnetic potential was obtained in 29] for A € L>°. We refer
to 19] for an extension of this result in the three dimensional case, under a suitable smallness
assumption, and to 8], 31] for the case when A = 0, ¢ € L2. Turning the attention to the setting
of admissible manifolds as well as its generalization when the transversal manifold is no longer
simple, still in the full data case, we refer to the works 15], 14], 17], 7], 27]. In particular, the
paper 27] showed a global uniqueness result for A € L™ in the setting of admissible manifolds.

The study of partial data inverse problems for Schrédinger operators in dimension n > 3, for
domains in the Euclidean space, was initiated in the pioneering works 5], 24] when A = 0 and
q € L®. We refer to 12], 44] for extensions of these results to ¢ € L%, while still A = 0. The
magnetic case was then treated in 16] for A € C? and ¢ € L™, see 35] for the corresponding
stability result, and see also 10], 11]. In 25|, the regularity of magnetic potentials was relaxed
to the Holder continuity. In the context of admissible manifolds, partial data inverse problems
were studied in 23], 3]. We refer to the survey papers 46] and 22] for a fuller account of the work
done on partial data inverse problems and for additional references.



Inverse boundary problems for advection—diffusion equations in the full data case were studied
in 37], 9], 34], for domains in the Euclidean space, and in 26] for admissible manifolds. An
extension of the partial data result of 16] to the case of advection—diffusion equations was obtained
in 25] for the advection term satisfying the conditions X € C¢, ¢ >0, and V- X € L™.

Let us proceed to discuss the main ideas in the proofs of our results, starting with Theorem
1.1. Following the tradition of works on partial data inverse boundary problems, going back to
5], 24], 16], to establish Theorem 1.1, we rely on complex geometric optics (CGO) solutions to
the magnetic Schrodinger equations, as well as on Carleman estimates with boundary terms for
the magnetic Schrodinger operator. To construct CGO solutions to the magnetic Schrodinger
equation L4 ,u = 0 with A € (W' N L>®)(M°, T*M°) and ¢ € L"(M,C), with sufficient decay
of the remainder term, we make use of a smoothing argument, approximating A by a sequence
of smooth one forms A, such that

1A = Arllzn = o(7),  [IVGAL|Ln = o(r7"),

as 7 — 0. Here A% = > k=1 ¢*(A)0,, is the vector field, corresponding to the one form A,.
Working with the limiting Carleman weight ¢(z) = x1, the recovery of the magnetic field and
electric potential is performed by making use of results related to the injectivity of the attenuated
ray transform, as in the full data case discussed in the works 15], 14], 27].

To establish the partial data result with logarithmic weights of Theorem 1.2, rather than
relying on techniques of analytic microlocal analysis as in the works 24], 16], 25|, we make use of
a change of variables as in 23], 36], allowing us to view the domain 2 as an admissible manifold,
with the logarithmic weight becoming a linear one in the new coordinates. Theorem 1.2 becomes
then a direct consequence of Theorem 1.1.

To be on par with the best available full data result, one would next like to try to establish
a partial data result for magnetic potentials of class L* only. Let us point out one of the
main challenges in dealing with such a problem. In our case, when working with A € (W™ N
L) (MO, T*M°) and q € L"(M, C), we have the following mapping property,

La,— (=A,): HY(M®) — L*(M).

On the other hand, assuming that A is merely of class L>(M,T*M), we have in general the
much weaker mapping property

La,— (=A,): HY(M®) — H (M),

leading to some difficulties when trying to apply the techniques of boundary Carleman estimates.

The plan of the paper is as follows. Section 2 is devoted to Carleman estimates for magnetic
Schrodinger operators with boundary terms and its consequences. Section 3 presents a construc-
tion of CGO solutions for the magnetic Schrodinger equation with A € (W™ L) (M T*M?)
and ¢ € L"(M,C). The proof of Theorem 1.1 is contained in Sections 4 and 5. Theorem 1.2 is
established in Section 6. Section 7 is devoted to the proof of Theorem 1.3. The proof of Theo-
rem 1.4 will be omitted as it follows along the same lines as that of Theorem 1.2. Appendix A
contains some regularization estimates for Sobolev functions needed in the construction of CGO
solutions.



2 Carleman estimates

Let (M, g) be a compact smooth Riemaniann manifold of dimension n > 3 with smooth boundary.
Assume that (M, g) is CTA so that

(M,g) CC (Rx M, g), g=-cle® go).

Here (M, go) is a compact (n—1)-dimensional manifold with boundary, e is the Euclidian metric
on R, and 0 < ¢ € C*°(M). We also write, here and in what follows, X° := X \ X for the
interior of a compact smooth manifold with boundary X. We define the semiclassical Sobolev
norm of a function v by

ol ey = IV + o,

where we abbreviate the L?*(M) norm by | - ||, and the corresponding L? scalar product by (-, ).

The following result is an extension of 16, Proposition 2.3] from the Euclidean setting to
that of Riemannian manifolds, see also 25, Proposition 4.1]. We refer to 23, Proposition 4.1] for
closely related Carleman estimates with boundary terms on CTA manifolds.

Proposition 2.1. Let o(z) = +a1 and let ¢ = o+ Lo, Then for all0 < h < e < 1 we have
[e?/" o (—h?A,) 0 e™?/My||* > lh—2|| IF —2r* [ (8,9)|0,u?dS,, C >0 (2.1)
e g e u =0 e u Hslcl(MO) onr v P U g ) .
for allu € H*(M®) N H}(M?).

Proof. Defining
Py = e?/M o (—=h2A,) o e /M,
we get B B
Py =—hDg — |Vg@|2 +2(Vyp,hV )y + h(Ag@) = A+iB.
Here A and B are formally self-adjoint operators on L?(M) given by
A= —n*A, —|Vy3)2

B = =2i(Vyp,hV )y — ih(Agp).
By density, it suffices to assume u € C*°(M?) with u|yy; = 0. Now note that

| Psull® = (Psu, Psu) = (A +iB)u, (A +iB)u)

J - I S 2.2
= ||Au||® + || Bu||* — i(Au, Bu) + i(Bu, Au). (22

First we look at the term (Au, Bu). Since B is a first order differential operator and formally
self-adjoint, we get by integration by parts and the fact that u|sy = 0, that

(Au, Bu) = (BAu, u). (2.3)
Second we look at (Bu, Au). Since A = —h?A, — V4|2, we use Green’s formula to obtain
(Bu, Au) = (ABu, u) — h2/ (8,)(Bu)dS,. (2.4)
oM
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Combining (2.3) and (2.4), we can write (2.2) as
1Ppull® = || Aull® + | Bull* + i([A, Blu, w) —ihQ/ (0,72)(Bu)ds,.
oM

Since Bu|aM = —2i(V 0, hV yu) glonr — th(Ag@)ulon = —2ih0, @0, ulan, we get
~—————

=0 since u|gpr=0

in? / (0,7)(Bu)dsS, — —2h° / (0,8)|0,u[2dS,.
oM oM
Thus (2.5) becomes
1Ppull? = (| Aull* + || Bul|* + i([A, Blu, u) - 2h3/ (952)|0yul*dS,.
oM
Recall from 15, page 143] that
2

o h ho\?2 . -
ilA, Bl =4—(1+—¢) +hBSB+ IR,

(2.5)

(2.6)

where 5 = %(1 + %go)_z and R is a semiclassical differential operator of order one, with coefficients

uniformly bounded with respect to h and e. Thus (2.6) becomes

h ho\? -
(ol = Auf? + 1Bl + 4 (14 2) ) + 1(B3Bu)
+ W2 (Ru, u) — 2h /8 (0,5)|0,u[2dS,.
M

Here integrating by parts and using that u|gy = 0, we get

Noting also that (14 2¢)? > 1 for h sufficiently small, (2.7) implies that

1
2
1Psul* > ol ||UII2 + || Aul® + | Bull* — O(h) || Bul|?

- 0(h2)||RUH [l — 277 /E)M(au@\au%LIzng-

Note that || Bul|> — O(h)||Bul|*> > 0 for h sufficiently small. We also have

R=0(1): H!

scl

(M®) = L*(M),

and therefore, .
1Rulllull < OW)lullF_ aro)-

Thus we get from (2.8) that

Pl > 282l 4 LAl = Oy sy — 20° / (.2)0.ufds,

7
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Now note that (Au,u) = (—h*Agu, u) — (|V43[2u,u). By integration by parts and the fact that
ulanr = 0, we have (—h*A u, u) = ||hV ul|?, and therefore,

1RV gul|* = (Au, u) + (IV@l5u, u).

By the Cauchy-Schwarz inequality, we have (Au,u) < ||Aul||lul, and since |V,@|, = O(1), we
get B B
1AV gul* < [|Au|[[u]] + OW)]lul* < C(| Aull® + [[u]*),

for some C' > 1. Thus we obtain from (2.9) that

h? ~ h? /1 h?
1Pl > (1= "2 ) 1AulP + = (F10Tul? = ul?) + 2%
(2.10)
= Ol oy~ 2 [ (@upOufas,
oM
Since 1 — h; > 0 for h sufficiently small, (2.10) implies that
2 h2 ]‘ 2 2 3 ~ 2
1Psul = Ll + ) 20 [ (@.2)l0,us,
. oM (2.11)
- = 2 L o 2h3/ , ~ , 2d
Gl m =2 [ @20,
forall 0 < h < e 1. O

We shall now perturb the Carleman estimate of Proposition 2.1 by lower order terms. The result
below is an extension of 25, Proposition 4.1] from the Euclidean setting to that of Riemannian
manifolds.

Proposition 2.2. Let p(z) = +a1 and let ¢ = ¢ + 2% Let A € (Wh" 0 L°)(M°, T*M°),
q € L"(M,C). Then for 0 < h < e < 1 we have

~ . 1 h?
61" 0 (2 Lag) o ull = &l —26° [ (@@)OuPaS, C>0.  (212)
C e sel oM

for all uw € H*(M°) N H}(M?).
Proof. Let uw € H*(M°) N H}(MP°). Using (1.3), we get

e?/" o (h2La,) 0 e ?hu = e?/M o (—h*A,) 0 ™My 4 ih*(d* A)u (2.13)
—2ih* (A, e?/M o d o e=?/Mu), + (h*(A, A), + h2q)u. '

Now notice that by Holder’s inequality and the Sobolev embedding H'(M°) C L%(M ), we
have

lgull2an < llgllznanllull 20, < OW)lglnllullar ).

(M)

Since h[ul|miaroy < [Jull g a0y, for 0 <h <1, we get

R|lqull 2y < O gl o anylull g aroy- (2.14)

scl



Similarly, using that d*A € L"(M), we get for 0 < h <1,
R (|(d* A)ul 2y < O(R)]|d"A

Ln(M)HuHH;d(MO). (215)
Furthermore, since A € L>*(M), we have
R |ICA, A)gullzoany < R2ICA, A)glln lull 2 < OB ull o) (2.16)
Finally, we also have
WA, (" 0 d o /M)l sy < W A dubgllizan + bl (A, d)gull 2

€L (M) (2.17)
< O(h)||All o ary [l

Hl

scl

(M)

Combining (2.1), (2.14), (2.15),(2.16), (2.17), and taking € > 0 small enough, we obtain (2.12).
U

We shall need the following consequence of Proposition 2.2, obtained by taking ¢ > 0 sufficiently
small but fixed, see 16, page 475]. We refer to 25, Proposition 4.1] for the same result in the
Euclidean case. Here

OMY = {x € OM : £0,p(x) > 0}. (2.18)

Corollary 2.1. Let p(z) = +z;, A € (W' N L) (M°, T*M°), and ¢ € L™(M,C). Then for
0 < h <1, we have

—h(0,p e“’/h&,u,e“’/hauu)L%aMf) + ||€Whu||§{;d(M0) (2.19)
< O(h™)|e?"(B* Lag)ull® + O(h) (8,0 € 0,u, €7 0,u) 12 0nrs) '
for allw € H*(M®) N H}(M?).

In order to construct CGO solutions, we shall also need interior Carleman estimates. Our starting
point is the following Carleman estimate for —h?A, with a gain of two derivatives, obtained in
27, Proposition 2.2]. Here and in what follows, we set

_ (s ¥) sy |
||“||H*}(M0) = sup ITVATE
s ozpecg (o) [ 11, (o)

Proposition 2.3. Let o(z) = +a1 and let ¢ = o+ 2o, Then for 0 < h < e < 1, we have

h i _
%HUHH;AMO) < Ol o (=h%A,) o e‘“o/huHH;c}(Mo), C >0, (2.20)

for all u € C§°(MP).

We shall now perturb the Carleman estimate of Proposition 2.3 by lower order terms. To that
end, using (2.13), (2.20), (2.14), (2.15),(2.16), (2.17), and taking ¢ > 0 sufficiently small but
fixed, we get the following result.

Corollary 2.2. Let p(z) = +z;, A € (W' N L2)(M°, T*M°), and ¢ € L™(M,C). Then for
0 < h <1, we have

Mlullm oy < Clle?’™ o (h?La,) o e—¢/hu||H;}(Mo), C >0, (2.21)

for all u € C5°(M?).



We shall also need the following solvability result.

Theorem 2.1. Let p(z) = +x,, A€ (W' N L®)(M°, T*M°), and g € L"(M,C). If h > 0 is
small enough, then for any v € H1(MP°), there is a solution u € H'(M°) of the equation

e?M(W2Lag)e ¥y = v in MO,

which satisfies
[ull a0y < N0l =1 a0y

Proof. The proof follows from the standard argument of the Hahn-Banach theorem and Carleman
estimates of Corollary 2.2, see 29, Proposition 2.3]. O

3 Construction of CGO solutions

Let (M, g) be an admissible manifold so that (M, g) CC (R x M{, c(e & go)), where (Mo, go) is
simple. Replacing M, by slightly large simple manifold if needed, we may assume that for some
simple manifold (D, gy), we have

(M,g) CC (R x D° c(e ® go)) CC (R x My, c(e ® go)). (3.1)

Let A € (Wl L) (MY, T*M?), and let us extend A to all of R x M so that the extension,
denoted by the same letter, satisfies A € (Wb N L) (R x M, T*(R x M{)) and is compactly
supported, see 4, Theorem 9.7]. Let ¢ € L™(M,C), and let us take the zero extension of ¢ to all
of R x M. We denote the extension by the same letter.

Using a partition of unity argument combined with Propositions A.1, A.2, we get the following
result to be used when constructing the CGO solutions below.

Proposition 3.1. There ezists a family A, € Cg°(R x M, T*(R x M?)), 7 > 0, such that

1A= Adflzn = o(r), (32)
1Azl = O1),  [IVyAillzn = O1), [IV5AL|L = o(r7), (3.3)

and
||V];Ag'||lz°° - O(T_k)a k=0,1,2,..., (34)

as T — 0. Here A¥ = szzl gjk(AT)kaxj is the vector field, corresponding to the one form A..

We have global coordinates x = (x1,2') € R x My in which the metric g has the form

10 =) (3 o) 35)

where ¢ > 0 and gq is a simple metric on M. Let ¢(x) = z; and observe that this is a limiting
Carleman weight in the sense of 15].
We shall next construct CGO solutions to the equation

Lagu=0inD'(M"), (3.6)

10



of the form B
u=e7(a+r), (3.7)

where p = ¢ + i1 is a complex phase, ¥ € C*°(M,R), a € C*°(M,C) is an amplitude and r is a
remainder term. To that end, we have

eh o (=h?Ay)oeh = —h*A,+ hAgp+ 20V yp — [Vyp|?

where Vyp is a complex vector field and [Vyp|?> = (Vyp, Vyp), is computed using the bilinear
extension of the Riemaniann scalar product to the complexified tangent bundle. Also we have

ehih®d*(Aefa) = ih?d*(Aa) + ih(A, dp),a,

and
—ih%ef (A, d(e™Fa)), = —ih*(A, da), + ih(A, dp),a.

So conjugating the magnetic Schrodinger operator and writing A = (A — A,) + A,, where
A, € CP(R x MY, T*(R x MJ)) is given in Proposition 3.1, we get

ehh?Lag(e”ha) = —h2Aga+ h(Agp)a + 20V yp(a) — |Vgp|3a —ih*(A, da),
+ 2ih{(A — A,),dp),a + 2ih(A,, dp),a + ik*d*(Aa) + h*((A, A), + q)a.

For (3.7) to be a solution to (3.6) we require p to satisfy the eikonal equation
Vool2 =0, (3.8)
and the amplitude a to satisfy the regularized transport equation
(2i(A-,dp), + 2V yp)a+ (Ayp)a = 0. (3.9)
The remainder r is determined by

ehh?Lyq(e™hr) = —(—=h*Aga — ih*(A, da), + 2ih{A — A, dp),a + ih>d*(Aa)

+ Rh*((A, A), + q)a). (3.10)

First, following 15, Section 5] and 27, Section 3], we let w € D be a point such that (z1,w) ¢ M
for all z; € R. We have the global coordinates on M given by x = (x1,r, ), where (r, ) are the
polar normal coordinates on (D, go) with center w, i.e. 2/ = exp?(rf)) where r > 0 and § € S*~2.
Here exp?l is the exponential map which takes its maximal domain in T,,D diffeomorphically
onto D since D is simple. Following 15, Section 5] and 27, Section 3|, we take

p:I1+ir.

As in 27, Section 3|, the transport equation (3.9) in the coordinates x = (z1, 7, 6) becomes

c2

40a + (510g ('g‘))a + 2i((A;)1 +i(Ar)r)a =0, (3.11)
where 9 = 3(8,, + i0,). Following 27, Section 3], we choose a solution a of the form
a = |g| Tz ag (2, 7)b(0), (3.12)
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where the function ag is non-vanishing holomorphic so that dag = 0, the function b(6) is smooth,
and @, solves a d-equation,

00, = (A +i(A),). (3.13)

Note that the right hand side of (3.13) belongs to Cg°(R?). The equation (3.13) is given in the
global coordinates (xy,r) so using the fundamental solution m € L}, .(R?) of the 0 operator
we can take

1 1

Q.- (z1,7,0) = —§m

Here * denotes the convolution in the variables (xy, 7).
We shall now derive some estimates for the function ®, and its first two derivatives. First
using (3.4), we get

1P [[zeoary = O), (Ve @rllrepn = 0T, [[8g@ ||y = O(T7%), (3.15)
as 7 — 0. Next using (3.3) and Young’s inequality, we obtain that
1@ llnary = O1), [V @llinany = OQ),  [|Ag®+ |l znary = o(77), (3.16)

as 7 — 0. For future reference, let us introduce

O(xq,7,0) = —1 !

— % (A A,) € L®°(M).
27T(:L'1—|—z'7“)*( 1+idy) € (M)

Using (3.2), the fact that A and A, have compact support in R x M, and Young’s inequality,
we see that
H(I)T -

) = o(T), (3.17)

as 7 — 0.
We shall next establish some estimates for the amplitude a given by (3.12) and its first two
derivatives in L> and L?, which will be sufficient for our purposes. First (3.15) gives that

lallzean = O1),  [[Vgallzepny = O™, 1Agallenn = O(r72), (3.18)
as 7 — 0. Furthermore, using (3.16) and (3.12), and that fact that L™(M) C L*(M), we get
||a||L2(M) = 0(1), ||Vga||L2(M) = O(l), (319)

as 7 — 0. Next we shall bound Aya in L*(M), and in view of (3.12), it suffices to estimate
Age'® in L*(M). In doing so, we note that

Age =7 (iA @, — (Vy@r, V@, ),). (3.20)

Estimating the first term in the right hand side of (3.20), using (3.16) and (3.15), we get

€% Ay llx < 1™ 1w A, 2 < O € [ Ay [in = o(r™).  (3:21)
(1) G|
=0 =o(rt—

We shall now estimate the second term in (3.20). First we have

||ei¢T<VgCI)T, V@7 )gllrz < ||6iq>T||L°° [(Vg@r, V®r)gll2 < Cva@TH%AL- (3.22)
—— -

=0(1) §||Vg<I>.,||i4 by Cauchy-Schwarz

12



Note that when n > 4, by Holder’s inequality, we have
IV,®,]l1s < CIV,®, ]l = O(1). (3.23)

When n = 3, using Holder’s inequality and (3.16), (3.15), we get

1/2 3/2 — —
IVy®- 170 < [IVo @172 [V, @75 = O(r2) < o(r 7). (3.24)
—o(-12)  =0(1)

Combining (3.20), (3.21), (3.22), (3.23), and (3.24), we obtain that
1Agallze < OM)[[Age"™ |22 + O(1) = o(r7). (3.25)

Now we will solve (3.10) for the remainder term r. First note that the right hand side of
(3.10) is given by

vi= —(=h*Aja — ih*(A, da), + 2ih(A — A,,dp),a + ih*d*(Aa)

3.26
(A, Ay + g)a). 20
Using that
d*(Aa) = (d*A)a — (A, da),,
we get
v = —(=h*Ayja — 2ih*(A, da), + 2ih(A — A, dp),a + ih*(d* A)a (3.27)
+ h*((A, A), + q)a). '
We first estimate ||v||z2(ar). First we have by (3.25),
| — h*Agall2 = h?o(r71). (3.28)
Secondly, by (3.19), we have
1h*(A, da)g|l 2 = O(A*)||AllL=||dal| 2 = O(R?). (3.29)
Then using Cauchy-Schwarz inequality, (3.2), and (3.18), we have
|(A = Ar, dp)gall 2 < O(h)lal|=[|A = Ar|[L2 = o(Th). (3.30)
Using that d*A € L™(M) and that L"(M) C L*(M), we get
1h*(d" A + g)allz2 < O(h?)[lall=]|d"A + [+ = O(R?). (3.31)
Finally, we have
|h?(A, A)gallrz = O(h?). (3.32)
Putting together (3.27), (3.28), (3.29), (3.30), (3.31), (3.32), we get
[0l 20y = o(R*7™" + 7h) + O(h?) = o(h(T + h7™1)). (3.33)

Note 7 — 74 h7~" has minimum at 7 = /A so using this we get ||[v||.2 = o(h*?). So by Theorem
2.1, we obtain the existence of r € H'(M) with ||r|[ g1 a0y = o(h'/?).
Let us summarize the discuss of this section in the following proposition.
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Proposition 3.2. Assume that (M, g) satisfies (3.1) and (3.5). Let A € (Wh"NL>)(M°, T*M?),
q€ L"(M,C). Let w € D be a point such that (x1,w) & M for all z1 € R, and let (r,0) be the
polar normal coordinates on (D, go) with center w. Then for all h > 0 small enough, there ezists
a solution uw € H'(MP°) to
Lagu=0 inD'(M°),
of the form
u=ern (a+r),
where p = x1 + ir, L
a = |g|"Tcze ™ ag(w1,7)b(0),
ap is a non-vanishing holomorphic function so that (0, + i0,)ag = 0, b(6) is smooth. Here
o), € C°(M) such that

lalls~an = O). [ Vgalliwany = OB?), [ Agallz~qn = O,
lallizan = OM), IVyallizon = OQ),  [1Agallze = o(h™").

as h — 0, and

[® — || Lnary = o(h?),

as h — 0, where
1 1

‘1)(551,7“,9) = —§m

x (Az, +1A,)

with A = Ay, dw)+ Apdr+ Agdf. Furthermore, the remainder v is such that ||| g1 a0y = o(h'/?),
as h — 0.

4 Recovering the magnetic field

We shall start this section by making several general observations valid on a general smooth
compact Riemannian manifold with boundary.

Proposition 4.1. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3
with boundary, and let v be the unit outer normal to OM. Let A € WH(M°, T*M°) and let

we H'(MP). Then we have ((A,v)yu)|on € H™2(OM).

Proof. By the Sobolev trace theorem, we have u|gy € H2(OM). Furthermore,
(A, V)glonr € WE™n™(OM) C L"(OM),

see 4, page 315]. Let v € H%@M). By Sobolev’s embedding, we have

2(n—1)

H2(OM) C L= (OM) (4.1)

see 39, Theorem 0.3.8, page 28]. Using Holder’s inequality and (4.1), we get

A, ) uvdS,| < |[(A, ), || . .

[ Aunds,| <HA ool zemp ol sy )
< OIA DAy llzronn 1l g 1013 oy

showing the result. O
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Proposition 4.2. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3
with boundary, and let v be the unit outer normal to OM. Let A € Wh(M°, T*M°). Then
(A, v)4lom € LP(OM) for all 1 < p < 0.

Proof. We have A € Wh4(M°, T*M?) for all 1 < g < n. Thus, by the trace theorem, see 4, page
315], and Sobolev’s embedding, see 39, Theorem 0.3.8, page 28], we get

q(n—1)

(A, V)glons € W 09(OM) € L0 (OM), 1<q<n,

which shows the result. O

We shall need the following Green formula for the magnetic Schrodinger operator L4, with
Ae Whn(M°, T*M°) and q € L"(M, C).

Proposition 4.3. Let (M, g) be a smooth compact Riemannian manifold of dimension n > 3
with boundary, and let v be the unit outer normal to OM. Let A € Wh(M° T*M°) and
q € L"(M,C). We have the magnetic Green formula,

(LA7qu,U)L2(M) — (u, LZ@U)LQ(M)

= —(0,u+i(A,v),u,7)

(4.3)

+ <u, ov + Z<Z7 V>gU>H%(3M)XH*%(8M)’

H—3 (OM)x H? (M)
for all u,v € HY(M") such that Aju, Ay € L*(M). Here (-,-) is the distribu-

tional duality between H2(OM) and Hz(OM).

H—3 (OM)xH? (0M)

Proof. Let u,v € H'(M°) be such that Aju, Ao € L*(M). We have

(_Agu7U)L2(M) - (u7 (_AQIU))LQ(M) = <u’8VU>H%(8M)XH7%(8M) - <8VU’E>H7%(8M)XH%(8M)’ (44>

see 5], 16]. We also have
(i(d* Ayu + ((A, A)g + @)u, v) 2an) = (u, —i(d"A)v + ((A, A)g +T)v) 2 (4.5)

Assuming first that A € C°°(M,T*M) and computing in local coordinates, we get

(A, du)g, v)r2an) = (u, d*(Av)) r2an) +/ (A, V), uvdS,
oM (4.6)
= (u, (d"A)v) r2(ary) — (u, (A, dv)g) r2(an +/ (A, v) uvdS,.
oM

Here we have used (1.4). Let us show that (4.6) extends to A € WH(M°, T*MP°). In doing so,
by Hoélder’s inequality and Sobolev’s embedding, we get

(A, by, )] < Alamion Il zzan ol o) < C1AlL i el ol o,

[(u, (A, dv)g)r2n)| < CA

L"(M)HuHHl(MO)HUHHl(MO)a (4.7)

[(u, (@ A)v) 2| < | d°Allznp lull2an V] 2, ) < Clld All o el 0]l @)

Using the density of C°°(M, T*M) in Wt(M°, T*M?), together with the bounds (4.7) and (4.2),
we obtain the claim.
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It follows from (4.6) that

(—2i(A, du)g,v) 20y = (u, 2i(d*Z)v)L2(M) — (u, 2i(A, dv) ) L2

—_— 4.8
—/ i(A, v)uvdsS, +/ wi(A, v)vdS,. (4.8)
oM oM
Combining (4.4), (4.5), and (4.8), in view of (1.3), we obtain (4.3). O

In what follows we shall let (M, g) be an admissible simply connected manifold of dimension
n > 3 with connected boundary. We shall need the following integral identity.

Proposition 4.4. Let A; € (W' N L>)(M°, T*M°) and q¢; € L"(M,C), j = 1,2. Assume that

r  _r
Cayqy = Caygo- Then we have

/ i(Ar — Ao, urdug — Ugduy) ,dVy, + / ((A1, A1)y — (A2, Ao) g + 1 — @2)uu2dV,
M

" (4.9)
- —/ 8,/(11)2 - ul)u_gng + Z/ <A1 - AQ, I/>gulu_2ng,
OM\D OM\D
for ui, uy € HY(MP) satisfying
Layqui =0, Lg-uy=0, in D(M°), (4.10)
and wy € HY(M°) satisfying
La,pwy =0 in D' (M), (4.11)
such that
walorr = urlonr,  (Oywa + i(Ag, v)gwa)|r = (O, ur + (A1, v)gur)r. (4.12)

Proof. Let uy,us € H'(M°) be solutions to (4.10). As CY , = Cl, .. there is wy € H'(M")
solving (4.11) and satisfying (4.12). Using (4.10), (4.11), and (1.3), we obtain that

LAz,IIQ (w2 - ul)
= Zd*((Al — Ag)ul) - Z(Al - Ag, du1>g + (<A1, A1>g - <A2, A2>g + q1 — qg)ul in D/(]\{O) )
4.13
Now it follows from (4.10), (4.11), and (4.12) that wy —u; € H}(M?), A,(wy — uy) € L*(M),
and therefore, by the boundary elliptic regularity, wy — u; € H*(M°). Hence, 0,(ws — u1)|onr €
H2(OM).
Multiplying (4.13) by 73, using the magnetic Green formula (4.3), (4.10) and (4.12), we get

/ (id* (A1 — Ag)uy) — i(Ay — Ag, duq) ) uadV, + / ((A1, A1)y — (Ag, Ao)g + 1 — @2)u2dV
M M

= — al,(U)Q — ul)u_2d5g

oM
(4.14)
Using that

[ i - iy, = |

<(A1 — Ag)ul, du_2)ngg - / <A1 - AQ, V>gu1u_2ng,
M

oM
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we obtain from (4.14) that

/ i(A1 — Ao, urdug — Ugduy) ,dVy, + / ((A1, A1)y — (A9, Ao) g + 1 — @2)uu2dV,
M M

(4.15)
= —/ 0,,(102 — ul)u_gng + Z/ <A1 — Ag, I/)gulu_gng.
oM oM
Now it follows from (4.12) that
8,,(w2 - ul)‘r - Z(Al - Ag, I/>gul‘1". (416)
This together with (4.15) shows (4.9). O
Let us now rewrite the integral identity of Proposition 4.4 in the following form,
/ ’L<A1 — AQ, UldUQ — UQdU1>gd‘/g -+ / ((Al, A1>g — <A2, A2>g + q1 — QQ>U1UQd‘/g
M M (4.17)
= —/ 8,/(11)2 - Ul)UQng + ’L/ <A1 - AQ, I/>gU1UQng,
AM\T OMN\T'
for uy,uy € H(MP) satisfying
Lagur =0, L_gqus=0, in D' (M), (4.18)

and wy € H'(MP) satisfying (4.11) and (4.12).

Next we shall test the integral identity (4.17) against CGO solutions to equations (4.18). By
Proposition 3.2, for all & > 0 small enough, there are solutions uy,us € H'(M?) to (4.18) of the
form

U = e%(al +71), U= eTp(ag +79), (4.19)

where p = x1 +ir,

1 .52)

-5 (1)
ar =g TH e ay = |g| e ag(an, r)b(6), (4.20)

ap is a non-vanishing holomorphic function so that (0., + i0,)ag = 0, b() is smooth. Here
<I>§Ll), @22) € C*°(M) are such that

lajlz=any = O),  IVgajllzean = ORT2), [Agayllz=@n = O(h™),

" (4.21)
lajllz2any = O1),  IVyajllzoan = O),  [|Agajlzz = o(h™7).
ash—0,7=1,2 and _
12 — @9 puary = o(h}/?), (4.22)
as h — 0, where
D (217 0) = — (A +i(A)n), DD (11 0) = S (Ag)a, +i(As)h)
o 27 (xy +ir) ! ' o 27(xy +ir) !
(4.23)

with A; = (A})z,dzy + (Aj).dr + (A;)edf, j = 1,2. Furthermore, the remainders r; satisfy
17511 g0y = o(R'/?), (4.24)
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ash—0,7=12.
Let us set

Jh = / 0,,(102 — Ul)’lLQng,
OM\ID

with uy, us being CGO solutions given by (4.19). The first step in the recovery of the magnetic
field is the following result.

Proposition 4.5. We have
hlJn| = 0, (4.25)

as h — 0.

Proof. To prove this result, we shall rely on boundary Carleman estimates of Corollary 2.1.
To that end, first recalling that I' is an open neighborhood of F', given by (1.7), and letting
() = x1, we see that there is ¢ > 0 such that

FCoM?, ={xe€dM:0,p(x)<e}CT.

We get
NG
|Jh| S |8V(U)2 — UI)U/Q‘ng S —|8V(’UJ2 — ul)UQ‘ng
OM\T OM\OM? _ Ve
] ’ (4.26)
< — \/ 0,00, — ds,,
> \/g o | 2 (wz ul)U2| g

where OMY = {x € OM : 9,(x) > 0}. Substituting us, given by (4.19), in (4.26), and using the
Cauchy—Schwarz inequality, we obtain that

1 ¢
<22 [ VAR = ) et ),
+

< O(1)[[v/Dpe™ 0, (ws — )| z2onreyllaz + ol 2oy

(4.27)

We shall proceed to bound the right hand side of (4.27). In doing so we need boundary Carleman
estimates of Corollary 2.1 with ¢(z) = —z;, which read as follows, for v € H*(M®) N H}(M?),

IVDope™ 20,0l 2onrz) < O(VR)[le™ 7 Ly g,0l| 2ary + OV =0upe™ 70,0 p2gonrey.  (4.28)

Using (4.28) and (4.11), we get from (4.27) that
1 < (ORI Ly a2 — )00y + Oy B E0, 1 = 1) s
|az + 72| L2 (o)

< (O(Vh)||le™* Ly gyual r2an + OV =pipe™ 7 (Ar — Ag, v)gun || r2onre) )

|az + 72| £2(an1)-

(4.29)

We used F' = M7 and (4.16) in the last inequality.
We shall first proceed to bound the second term in the last inequality in (4.29). To that end,
we need the following general estimate,

ol zonry < O llelly oy © € HOLO), (430)

12 om
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see 38]. The estimates (4.24) and (4.30) imply that

||TjHH:c(l2(8M) = 0(1)7 (431)
and therefore,

1751l 22 onr) = o(1), (4.32)
as h — 0, 7 = 1,2. Furthermore, by the semiclassical version of Sobolev’s embedding, see

6, Lemma 2.5], and (4.31), we get

Iyl gy, < OB = o(h1), (433)

= ||Tj||H;C/l2(8M)

ash—0,7=12

Now using (4.19), (4.21), (4.33), Holder’s inequality, and Proposition 4.2, we obtain that
IV/=0upe™ 7 (Ar = Ag, v)gua || 2onre) < O(D)[[{A1 = Az, v)g(ar + 1)l| 2on)
< O()(I{AL = Az, v)gll2@an) laal L= qany + [1{A1 — Ao, V>g||L2(”*1)(8M)HTIHL?(nL:QH( ) = o(h™?),

(4.34)

aM)

as h — 0.
Let us now bound the first term in the last inequality in (4.29). To that end, using the
semiclassical version of Sobolev’s embedding, see 6, Lemma 2.5], and (4.24)

sl e ) < O rill s oy = o(h™H?), (4.35)

L7=2(M

as h — 0, j = 1,2. Now in view of (4.18) and (1.3), we write

— 6_%LA27q2ul = 6_% Zd*(Al — Ag)ul — 2'&<A1 — AQ, dU1>g + (<A1, A1>g — <A2, A2>g —l—(h - QQ)U1:| .

(4.36)
Using (4.19), Holder’s inequality, (4.21), (4.35), we get
O(\/ﬁ)He_%(Zd*(Al — Ag) + q1 — q2)u1||L2(M) (4 37)
< O(Vh)|lid" (A1 = As) + @1 = |l nan [lar + il 2z, o = o(1), .
as h — 0. Using (4.21), (4.24), we obtain that
O(Vh)||le™ 7 (A1 = Ay, dua)yll2ary < O(h™?)[[(Ar = As, dp)gl o anllar + 71l 2y (4.38)
+O(VR)|| A1 — As|| L= any|lday + dry || 2y = O(RY3),
as h — 0. We also have
ORI (A1, Ay = (Aa, Ayl o L
< O(VR)|[{Ar, Av)g = (A2, As)gll e an llas + 11l 2an) = O(VR),
as h — 0. Combining the estimates (4.37), (4.38), (4.39), in view of (4.36), we see that
O™ Lag gyun | p2an) = O(h™7?), (4.40)
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as h — 0. Now by (4.32) and (4.21), we also have
laz + 72/l L2001y < O)laz | onr) + lIr2ll20m) < O(1), (4.41)

as h — 0.
Using (4.34), (4.40), and (4.41), we obtain from (4.29) that

[Jul = O(h™1/2),
as h — 0. This shows (4.25). O
Our next step in recovering the magnetic field is the following result.

Proposition 4.6. Let uy, us be CGO solutions given by (4.19). The we have
h‘ / <A1 — Ag, V>QU1U2ng — 0, (442)
OM\D

as h — 0.

Proof. By Holder’s inequality, as in (4.2), using (4.33), and (4.21), we get

Ay — Ay, v) quiusdS
‘/6M< L e vy (oM)

< O 1 S n— oo n— — h_l y
<O0()(Jlasll (M)_I—HTlHLQ(R*?l)(E)M))(||a2||L (M)JFHTZHL%@M)) o(h™")

as h — 0. This shows (4.42). O

< [{As = Az, v)gllznroan lar + 71l 2y (aM)HCh + 73| 2o

Using Propositions 4.5, 4.6, we obtain from (4.17) that for u, uy being CGO solutions given
by (4.19),

h/ Z<A1 — Ag, uldu2 — uzdul)ngg + h/ (<A1, A1>g — <A2, A2>g + g1 — QQ)Ul’lLQdV;]
M M

(4.43)
= o(1),
as h — 0.
The next step in recovering the magnetic field is the following result.
Proposition 4.7. The equality (4.42) implies that
/ (A — Ay, dp)ylg| ™ *ce®aghdV, = 0, (4.44)
M
where ® = &) 4 &2 ¢ L2°(M) with ®Y) given by (4.23).
Proof. First using Holder’s inequality, and (4.35), (4.24), (4.21), we get
‘h/ ((A1, A1)y — (As, A2)g + @1 — q2)uquadV,
M

(4.45)

< O)|I{AL, Ar)g — (Az, Aa)gllzoo(anyllar + il 2anyllaz + 2l L2
+OMlar = gellzranllas + 11l 2y ) llaz + 72llz2an) < O(R) + o(h'’?),

20



as h — 0. Thus, in view of (4.45), it follows from (4.43) that
h/ <A1 — Ag, UldUQ — uzdul)ngg = 0(1), (446)
M

as h — 0. Here uy, uy are CGO solutions given by (4.19). Using (4.19), we have

2d
urdug —usdu; = —Tp(a1a2+a1r2+a2r1+r1r2)+(a1+r1)(da2+dr2)—(a2+r2)(da1+dr1). (4.47)

Using (4.21), (4.24), we get

'h/ <A1—A2, (0,1 ‘l"f’l)(dag —f—d”f’g))gd‘/g S O(h)||A1—A2||Loo||a1+7“1||L2||da2 +d’f’2||L2 = 0(h1/2),
M

(4.48)
as h — 0. Similarly, we have
‘h/ <A1 — Ag, (CL2 + Tg)(dal + d’l“l)>gd‘/;] = 0(h1/2), (449)
M
as h — 0. Using (4.21), (4.24), we also get
‘ /M<A1 — Ay, dp)y(a1r2 + agry + ri12)dV, (4.50)
< AL = Az, dp)glle(llarllzllrallze + llazllzzllrallze + Il 272l 22) = o(hY?),
as h — 0. Thus, it follows from (4.46), (4.47), (4.48), (4.49), and (4.50) that
/ <A1 — Ag, d,o>ga1a2dVg = 0(1), (451)
M
as h — 0. Using (4.20), we obtain from (4.51) that
lim | (Ay — Ay, dp)glg| " 2ce! @ +®)agbdV, = 0. (4.52)

h—0 M

To show that (4.52) gives the claim (4.44), we proceed as in 27, Section 4, page 545]. Indeed,
using [e* —e¥| < |z —w|em@{Re(2).Re (W)} “the fact that (IDS), ®; € L>*(M) and ||¢§3)||Loo(M) =0(1)
uniformly in A, cf. (3.15), the embedding L"(M) C L*(M), and (4.22), we get

‘ / (A1 = As, dp)lgl ™ 2e( @00 — ®)aghdV,| < O(1)le @+ — €| agay
M
<O)[2f) + @Y — &1 — Dol 2ar) = o(h'/?),
as h — 0. This complete the proof of (4.52). O

Proposition 4.7 gives us exactly the same integral identity for A; — A, as that in 27, Section
4, page 545]. Proceeding as that work, using only that A;, Ay € L>®°(M,T*M), we conclude that
dAl = dAg in M.
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5 Recovering the electric potential

Since M is simply connected, by the Poincaré lemma for currents, see 13|, we conclude that there
is ¢ € D'(M) such that dp = Ay — Ay € (W™ 1 L) (MO, T*MP). Tt follows from 20, Theorem
4.5.11] that ¢ € WH>(M°). Since A; = Ay in L*(OM), we have that d(¢|sp) = 0 in D'(OM).
By 20, Theorem 3.1.4’] and the fact that OM is connected, ¢ is constant along OM. Modifying
¢ by a constant, we may assume that ¢ =0 on OM. Let us set

Ca;ay = {(ulonr, (yu+ (A, v)gu)|on - w € H' (MP) such that Ly, qu=0in M°},

329
j = 1,2, for the set of full Cauchy data. Recalling 27, Lemma 4.1], we get
Cazg = CA2+d¢742 = Cay 400

and therefore,

051742 - ng#]z - C};wn‘ (51)
The equality (5.1) gives us the following integral identity, see (4.17),
/ (@1 — g2)uruadVy = —/ Oy (w2 — uy)uadSy, (5.2)
M OM\D

for uy, uy € H'(MP) satisfying

La,qui =0, L_a nus=0, in D' (M), (5.3)
and wy € H'(M?) satisfying
La,pwy =0 in D' (M), (5.4)
and
walam = uilop,  Oywalr = O,uq]p. (5.5)

Next we shall test the integral identity (5.2) against CGO solutions to equations (5.3). By
Proposition 3.2, for all 1 > 0 small enough, there are solutions uy,us € H'(M?) to (5.3) of the
form (4.19), (4.20), satisfying the bounds (4.21), (4.24). Let us set

Ih = / 8,,(1112 — Ul)’lLQng,
OM\D
with uy, ug being CGO solutions given by (4.19). The first step in recovering the electric potential
is the following result.

Proposition 5.1. We have

as h — 0.
Proof. First proceeding as in the proof of Proposition 4.5, we get
1] < (OWVR)|e™ % Ly g0 (wz = un)l|z2an) + O() |/ =ppe™ 20, (ws = w) | 20m+))

||a2 +T2||L2(8M) (57)
< O(\/ﬁ)He_%LAl,qulHH(M)H@z + 72| 22 (0n1),
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cf. (4.29). In the last inequality of (5.7), we used that F' = dM?¥ and (5.4), (5.5).
Now in view of (1.3), (5.3), and (4.19), we write

e 7 La, gour| = e F (@ — @)un| = (1 — q2)(a1 + 7). (5.8)

Using Holder’s inequality and (4.21), (4.35), (4.41), we obtain from (5.7) that

1] < OB |1 = gellnianlar + 71l 2n, anllaz +r2llzzean = o(1), (5.9)
as h — 0. This shows (5.6). O
Combining (5.2) with Proposition 5.1, we get
/ (1 — @2)uruadVy, = o(1), (5.10)
M

as h — 0, with uy, us being CGO solutions given by (4.19). Substituting u;, us given by (4.19)
into (5.10), we obtain that

/ (1 — @2)(@1as + ayry + agry + r1r2)dVy = o(1), (5.11)
M

as h — 0. Using Holder’s inequality, and (4.21), (4.24), (4.35), we get

<l = @2l rany

‘ / (1 — g2)(arrg + agry + 7”17“2)dVg
M

(5.12)
(||a1||L%(M)H7“2||L2(M) + Ha2HL,3—fz(M)||7”1HL2(M) + HT1||L%(M)H7“2||L2(M)) =o(1),
as h — 0. Now in view of (4.20), we have
_1 Z(‘I)(l)-i-q)(Q)) _1
ayay = |g|72ce®n T Jag(wy, )b(0) = [g] 72 cag (w1, 7)b(6)- (5.13)

Here we used that <I>§ll) + @22) = () which follows from the fact that

1 1
27(zy +ir)

1 1
- A . A
S ) * (Al Fildia))

o\ (21,7,0) = — x ((Avp)ay +i(Aip)),

o (2,r,0) =

see (3.14). Choosing ag(zy,7) = e*@+) X € R, using (5.12), (5.13), and dV, = |g|"/2dz,drdf,
we get from (5.11) that
/ (1 — q2)cb(0)er ™) dg drdf = 0. (5.14)
M

The integral identity (5.14) is exactly the same as that of 14, Section 4, page 63], where the case
of potentials of class L™?(M) D> L"(M) is considered. Proceeding as that work, we conclude
that ¢ = ¢o in M. This concludes the proof of Theorem 1.1.
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6 Proof of Theorem 1.2

The proof is based on a well known reduction, which we recall following 23, Section 3 b], 36, Page
12], for the convenience of the reader.

Without loss of generality, we assume zy = 0 and that Q@ C {z € R* : x, > 0}. Then
o(z) = log |z|. Using the notation of Theorem 1.1, let M = Q and let g be the Euclidean metric
on €. Consider the following change of coordinates

A
v =log |z, v = —.
||

Here v parametrizes S*~'. The Euclidean metric g on ) is given by

g =cledg), (6.1)

where ¢(y1,y") = exp(2y1), e is the Euclidean metric on R, and gy = gsn-1 is the standard metric
on S"1. To see why (6.1) is true, note that by 18, Section 3.9, Equation 3.58] we have in polar
coordinates,

g=dr*+ 1%, 1= ol

Since r = e¥' and so dr = e¥'dy,, we get
g = (e"dy1)* + (e")2go = ' (dy? + go) = c(e D go).

So finally we have B
(2.9) = (M,g) € (R x My, g),

where (M, g0) € ({0 € S™' : 6, > 0}, o) is a closed cap, and thus a simple manifold. The
Euclidean magnetic Schrodinger operator given by (1.8), expressed in the y—coordinates takes
the form (1.3), with g defined by (6.1). Since ¢(y1,y") = y1 and F' = F(0) in view of (1.7), (1.9),
Theorem 1.2 follows directly from Theorem 1.1.

7 Application to inverse problems for advection-diffusion
equations: proof of Theorem 1.3

Let X; € (Wh N L®) (M, TMP) and let X} = g;,X]dx* be the corresponding 1-form, I = 1,2.
First a direct computation using (1.3) shows that

LXl = LAM]N
where
Zle 1,n o) 0 * 0 1 1 : n
A= — € (WA L=)(MP,T"M7), q = 1( 1 Xi)g — idlvg(Xl) € L"(M,R),

[l =1,2. The fact that A_l;ﬁ = A§<2 and the boundary reconstruction result of 26, Appendix A]
implies that X;|r = Xs|r. Therefore, C’Aljl’ql = 052,[12. An application of Theorem 1.1 gives that

dXE = dX;7 @1 =¢q, In M
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Arguing as in the proof of Theorem 1.1, in particular, since Xi|on = Xa|ans, we conclude that
there exists ¢ € WH>°(M?) such that

Xl g¢> (71)
and
¢lons = 0. (7.2)

The fact that ¢ = g together with (7.1), (7.2) implies that ¢ solves the following Dirichlet
problem

Ay(¢) =V(g) =0 in M
Plone = 0.

Here V = X5 + $(Vy¢,Vy), € L®(M,TM). Applying the maximum principle of 2, Chapter 3,
Section 8.2], we obtaln that ¢ = 0 in M, and hence, X; = X, in M.

A Regularization of Sobolev functions

In this appendix, we collect some useful estimates used in the main part of the paper.
In doing so, we let ¥ € Cg°(R"™) be such that [, ¥(z)de =1and 0 < ¥ < 1. Let 7 > 0 and

let
T
U =7 "U( -],
be the usual mollifier.

Proposition A.1. Let f € W'P(R"), p € [1,00), and assume that V is radial. Then f x ¥, €
(C° N WLP)(R") and

1S * W7 = fllo@ny = o(7), (A.1)
as T — 0.
Proof. First, it is clear that f* ¥, € (C> N W'P)(R"). To show (A.1), we write
(P 0)@) = fo) = [ £ =)ty — £@) = [ F(o = )W)y - 1(2)

~ [ =) = @10y = [+ 79) — S@ )y

:/n </Ol%f(x+7ty)dt>m(y)dy:7/n (/01 Vf(x+7ty)-ydt)\lf(y)dy.

Since W is even, we have [, ¥(y)y;dy = 0 for 1 < j < n, and therefore [V f(z)-y¥(y)dy = 0.
Using this last equality we get

peve—s=r [ ( [9rertn-vsw) )it yud

Hence by Minkowski’s inequality, we get

1
1 %W, — fllsn < 7 / e / IV (- + 7ty) = VIl ooty = of7),

as 7 — 0. In the last inequality we have used that |V f(- + h) — V| tr@n)y — 0 as h — 0, since
Vfe LP(R™). O
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Proposition A.2. Let f € (W N L®)(R"),1 <p < oo, and let f = fx ¥, € (CZNWLPN
L>*)(R™). We have

I folle = O), NIV frlle = OQ), [V frllr = o(r71), (A.2)
and
V¥ frllze = O™, k=0,1,2,..., (A.3)
as T — 0. Here VEf, = > lal=k 0" fr-
Proof. The first two estimates in (A.2) are clear in view of Young’s inequality. The estimate

(A.3) follows from
IV folle < I f e VF7 |10 = O(7F),

k =0,1,2,.... Thus, we only need to prove the third estimate in (A.2). To that end, we first
write for o] = 2,

8af7- = 8xkf * 8%,\];’7—,
for some j, k. Letting g = 0, f € LP, we get

(90, 0)() = [ 9)@ ¥ =)y =7 [ 4000, ) ( - y)dy

=71 /g(x = 7y)(0,, W) (y)dy =7~ /[g(x —7y) = 9()]9y, ¥ (y)dy.

Thus, by an application of Minkowski’s inequality, we obtain that

g+ 00, Urllgeey < 770 [ 19t = 73) = 90l |0, W)y = of7 ),

—0 as 7—0

as 7 — 0. This completes the proof of the third estimate in (A.2). O
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