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Abstract. We study inverse boundary problems for the magnetic Schrödinger operator with Hölder continuous magnetic po-
tentials and continuous electric potentials on a conformally transversally anisotropic Riemannian manifold of dimension n � 3
with connected boundary. A global uniqueness result is established for magnetic fields and electric potentials from the par-
tial Cauchy data on the boundary of the manifold provided that the geodesic X-ray transform on the transversal manifold is
injective.
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1. Introduction and statement of results

Let (M, g) be a smooth compact oriented Riemannian manifold of dimension n � 3 with connected
smooth boundary ∂M . Let d : C∞(M) → C∞(M, T ∗M) be the de Rham differential, and let A ∈
C∞(M, T ∗M) be a 1-form with complex-valued C∞ coefficients. Let us introduce

dA = d + iA : C∞(M) → C∞(
M, T ∗M

)
,

and its formal L2 adjoint of d∗
A : C∞(M, T ∗M) → C∞(M) defined by d∗

A = d∗ − i〈A, ·〉g.
In this paper, we shall be concerned with inverse boundary problems for the magnetic Schrödinger

operator with Hölder continuous magnetic potential A ∈ C0,ε(M, T ∗M), ε > 0, and continuous electric
potential q ∈ C(M,C) defined by

Lg,A,qu = (
d∗

A
dA + q

)
u

= −�gu + id∗(Au) − i〈A, du〉g + (〈A, A〉g + q
)
u, u ∈ H 1

(
M int

)
, (1.1)

where M int = M \ ∂M stands for the interior of M .
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Let u ∈ H 1(M int) be such that

Lg,A,qu = 0 in D′(M int
)
.

Using a weak formulation, (∂νu + i〈A, ν〉u)|∂M is well defined in H−1/2(∂M), see [19, Section 1]. Here
and in what follows ν is the unit outer normal to the boundary of M .

In this paper, our focus is to establish global uniqueness results for the magnetic potential A and the
electric potential q from the knowledge of partial Cauchy data defined on a suitable open subset � ⊆ ∂M

for solutions of the magnetic Schrödinger operator given by

C�
g,A,q = {(

u|∂M,
(
∂νu + i〈A, ν〉u)|�) : u ∈ H 1

(
M int

)
such that Lg,A,qu = 0 in D′(M int

)}
.

A well-known feature of this problem is that there is gauge equivalence: one has

Cg,A,q = Cg,A+dp,q (1.2)

for p ∈ C1,ε(M) such that p|∂M = 0, see [19, Lemma 4.1]. Here Cg,A,q is the full Cauchy data defined
as follows:

Cg,A,q = {(
u|∂M,

(
∂νu + i〈A, ν〉u)|∂M

) : u ∈ H 1
(
M int

)
such that Lg,A,qu = 0 in D′(M int

)}
.

Thus we may only hope to recover the magnetic field dA and the electric potential q.
The study of the corresponding full data problem has been fruitful in the setting of Rn with n � 3.

Following the fundamental works [26] for Schrödinger operators i.e., A = 0, a uniqueness result for
magnetic Schrödinger operators was obtained by Sun [25] for A ∈ W 2,∞ under a smallness condition,
and the smallness condition was later removed in [20] for smooth magnetic and electric potentials, and
compactly supported C2 magnetic and L∞ electric potentials. The regularity was extended to A ∈ C1

in [27], to some less regular but small potentials in [21], and to Dini continuous magnetic potentials in
[22]. In particular, Krupchyk and Uhlmann [17] extended the uniqueness result for magnetic and electric
potentials that are of class L∞. In three dimensions, Haberman [12] improved the regularity to magnetic
potentials small in Ws,3 with s > 0 and electric potentials in W−1,3.

Going beyond the Euclidean setting, inverse boundary problems for magnetic Schrödinger operators
were only studied in the case when (M, g) is CTA (conformally transversally anisotropic, see Defini-
tion 1.1 below) and under the assumption that the geodesic X-ray transform on the transversal manifold
is injective, see the fundamental works [6] and [8] which initiated this study on CTA manifolds with
simple transversal manifold, and on CTA manifolds with injective geodesic X-ray transform on the
transversal manifold separately, see [5] for unbounded potentials. In the absence of q, this problem was
studied in [2] for smooth magnetic potentials on CTA manifolds with injective geodesic X-ray transform
on the transversal manifold. The regularity was improved in [19] for bounded magnetic and electric po-
tentials when (M, g) is CTA with a simple transversal manifold, and for a continuous magnetic potential
and a bounded electric potential when (M, g) is CTA with injective geodesic X-ray transform on the
transversal manifold, see also [18]. We refer to the survey paper [28] for additional references for full
data problems.

Turning our attention back to the partial data problem. In the Euclidean setting, in the absence of a
magnetic potential, the partial data result for Schrödinger operator is proved for q ∈ L∞ in [15] when �
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is possibly very small, extended by [7] to magnetic Schrödinger operator where both magnetic field dA

and the potential q were uniquely determined. The regularity was relaxed to A of Hölder continuity, q

in L∞ in [16]. See [3,4] for the case where both Dirichlet and Neumann data are measured on part of the
boundary. On CTA manifolds with the absence of A, the partial data problem was studied for continuous
q in [13]. With the absence of q, this partial data problem was also studied in [2]. Recently, a uniqueness
result was proved in [23] for A ∈ W 1,n ∩ L∞ and q ∈ Ln on CTA manifolds with a simple transversal
manifold with � being roughly half of the boundary, improving the uniqueness result obtained in [1] for
smooth A and bounded q. We refer to the survey paper [14] for a fuller account of the work done on
partial data inverse problems.

To be on par with the best available full data result, one would like to establish a partial data result on
CTA manifolds with injective geodesic X-ray transform on the transversal manifold.

Definition 1.1. A compact Riemannian manifold (M, g) of dimension n � 3 with boundary ∂M is
called conformally transversally anisotropic (CTA) if M ⊂⊂ R × M int

0 where g = c(e ⊕ g0), (R, e)

is the Euclidean real line, (M0, g0) is a smooth compact (n − 1)-dimensional manifold with smooth
boundary, called the transversal manifold, and c ∈ C∞(R × M0) is a positive function.

Let us recall some definitions related to the geodesic X-ray transform following [6,11]. The geodesics
on M0 can be parametrized by points on the unit sphere bundle SM0 = {(x, ξ) ∈ T M0 : |ξ | = 1}. Let

∂±SM0 = {
(x, ξ) ∈ SM0 : x ∈ ∂M0, ±

〈
ξ, ν(x)

〉
> 0

}
be the incoming (−) and outgoing (+) boundaries of SM0. Here ν is the unit outer normal vector field
to ∂M0. Here and in what follows 〈·, ·〉 is the duality between T ∗M0 and T M0.

Let (x, ξ) ∈ ∂−SM0 and γ = γx,ξ (t) be the geodesic on M0 such that γ (0) = x and γ̇ (0) = ξ . Let us
denote by τ(x, ξ) the first time when the geodesic γ exits M0 with the convention that τ(x, ξ) = +∞ if
the geodesic does not exit M0. We define the incoming tail by

�− = {
(x, ξ) ∈ ∂−SM0 : τ(x, ξ) = +∞}

.

When f ∈ C(M0,C) and α ∈ C(M0, T
∗M0) is a complex valued 1-form, we define the geodesic X-ray

transform on (M0, g0) as follows:

I (f, α)(x, ξ) =
∫ τ(x,ξ)

0

[
f

(
γx,ξ (t)

) + 〈
α
(
γx,ξ (t)

)
, γ̇x,ξ (t)

〉]
dt, (x, ξ) ∈ ∂−SM0 \ �−.

A unit speed geodesic segment γ = γx,ξ : [0, τ (x, ξ)] → M0, where τ(x, ξ) > 0, is called nontan-
gential if γ (0), γ (τ (x, ξ)) ∈ ∂M0, γ̇ (0), γ̇ (τ (x, ξ)) are nontangential vectors on ∂M0, and γ (t) ∈ M int

0
for all 0 < t < τ(x, ξ).

Assumption 1. We assume that the geodesic X-ray transform on (M0, g0) is injective in the sense that
if I (f, α)(x, ξ) = 0 for all (x, ξ) ∈ ∂−SM0 \ �− such that γx,ξ is a nontangential geodesic, then f = 0
and α = dp in M0 for some p ∈ C1(M0,C) with p|∂M0 = 0.

Let x = (x1, x
′) be the local coordinates in R × M0. Let ϕ(x) = x1 be a limiting Carleman weight on

M , see [6]. We introduce the back side of ∂M as follows:

B := {
x ∈ ∂M : ∂νϕ(x) � 0

}
. (1.3)
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Our main result is the following:

Theorem 1.2. Let (M,g) be a CTA manifold of dimension n � 3 with a connected boundary such that
Assumption 1 holds for the transversal manifold. Let A(1), A(2) ∈ C0,ε(M, T ∗M), ε > 0, be complex-
valued 1-forms, and q(1), q(2) ∈ C(M,C). Let us assume further that A(1)|∂M = A(2)|∂M , q(1)|∂M =
q(2)|∂M . Let � ⊂ ∂M be an open neighborhood of B. If C�

g,A(1),q(1) = C�
g,A(2),q(2) , then dA(1) = dA(2) and

q(1) = q(2) in M.

Remark 1.3. Theorem 1.2 can be viewed as an extension of [19] from the full data case to the partial
data case. Furthermore, Theorem 1.2 can be viewed as an improvement on [19] in the sense that in [19]
only the magnetic field was recovered, while in our Theorem 1.2 both the magnetic field and the electric
potential are recovered. From the perspective of geometric setting, Theorem 1.2 removes the simplicity
assumptions on transversal manifolds in [23] and extends the unique determination of the magnetic field
and potential to a larger class of CTA manifolds.

Let us proceed to discuss the main ideas in the proof of Theorem 1.2. The main ingredients used
to obtain the global uniqueness result are complex geometric optics (CGO) solutions for the magnetic
Schrödinger operator constructed in [19] based on Gaussian beam quasimodes, boundary Carleman
estimates that controls the inaccessible part due to partial data, and an integral identity derived from
[23]. Compared to [23], the remainder terms in our CGO solutions decay slower as the semiclassical
parameter approaches 0. However, under the condition that A(j), ∈ C0,ε(M, T ∗M), ε > 0, j = 1, 2,
following the idea used by [16], we may reduce the problem to the case when d∗A(j) = 0, j = 1, 2 with
the help of Proposition 2.1, see [16, Lemma 2.2]. Therefore, the inaccessible part is still under control
using the boundary Carleman estimates.

2. Proof of Theorem 1.2

Let (M, g) be a CTA manifold so that (M, g) ⊂ (R × M int
0 , c(e ⊕ g0)), and let A(1), A(2) ∈

C0,ε(M, T ∗M), ε > 0, q(1), q(2) ∈ C(M,C). We can assume that d∗A(1) = d∗A(2) = 0 with the
help of gauge equivalence (1.2) and the following proposition.

Proposition 2.1. If A ∈ Cε(M, T ∗M), ε > 0, then there exists p ∈ C1,ε(M,C) such that d∗(A+dp) =
0 and p|∂M = 0.

Proof. It suffices to choose p such that �gp = d∗A and p|∂M = 0, and this Dirichlet problem has a
C1,ε solution by [10, Theorem 8.34]. �

Our starting point is the following integral identity from [23, Proposition 4.4] which follows as a
consequence of the equality C�

g,A(1),q(1) = C�
g,A(2),q(2) . By inspecting the proof of [23, Proposition 4.4],

we get same integral identity for our regularity.

Proposition 2.2. Let A(1), A(2) ∈ C(M, T ∗M), d∗A(1) = d∗A(2) = 0, and q(1), q(2) ∈ C(M,C).
Assume that C�

g,A(1),q(1) = C�
g,A(2),q(2) . Then we have

∫
M

i
〈
A(1) − A(2), u1 du2 − u2 du1

〉
g
dVg
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+
∫

M

(〈
A(1), A(1)

〉
g
− 〈

A(2), A(2)
〉
g
+ q(1) − q(2)

)
u1u2 dVg

= −
∫

∂M\�
∂ν(m2 − u1)u2 dSg + i

∫
∂M\�

〈
A(1) − A(2), ν

〉
g
u1u2 dSg, (2.1)

for u1, u2 ∈ H 1(M int) satisfying

Lg,A(1),q(1)u1 = 0, L
g,A(2),q(2)u2 = 0 in D′(M int

)
, (2.2)

and m2 ∈ H 1(M int) satisfying

Lg,A(2),q(2)m2 = 0 in D′(M int
)
, (2.3)

such that

m2|∂M = u1|∂M,
(
∂νm2 + i

〈
A(2), ν

〉
g
m2

)|� = (
∂νu1 + i

〈
A(1), ν

〉
g
u1

)|�. (2.4)

We shall also need the following complex geometric optics solutions based on Gaussian beam quasi-
modes for the semiclassical magnetic Schrödinger operator conjugated by a limiting Carleman weight
constructed in [19, Proposition 5.2 and Proposition 6.1].

Let γ : [0, L] → M0 be a unit speed non-tangential geodesic on M0, and let s = 1
h

+ iλ with λ ∈ R

being fixed. For all h > 0 small enough, there exist u1, u2 ∈ H 1(M int) such that Lg,A(1),q(1)u1 = 0,
L

g,A(2),q(2)u2 = 0 in D′(M int) having the form

u1 = e−sx1c− n−2
4 (vs + r1), u2 = esx1c− n−2

4 (ws + r2), (2.5)

where vs, ws ∈ C∞(M) are the Gaussian beam quasimodes such that

‖vs‖H 1
scl(M

int) = O(1),
∥∥esx1h2Le⊕g0,A

(1),q(1)e−sx1vs

∥∥
H−1

scl (M int)
= o(h),

‖ws‖H 1
scl(M

int) = O(1),
∥∥e−sx1h2L

e⊕g0,A
(2),q(2)e

sx1ws

∥∥
H−1

scl (M int)
= o(h),

(2.6)

and rj ∈ H 1(M int) are such that ‖rj‖H 1
scl(M

int) = o(1) as h → 0, j = 1, 2.
Furthermore, for each ψ ∈ C(M0) and x ′

1 ∈ R, we have

lim
h→0

∫
{x′

1}×M0

vswsψ dVg0 =
∫ L

0
e−2λtη(x1, t)e

�(1)(x′
1,t)+�(2)(x′

1,t)ψ
(
γ (t)

)
dt. (2.7)

Here �(1), �(2) ∈ C(R × [0, L]) satisfy the following transport equations,

(∂x1 − i∂t )�
(1) = −iA

(1)
1

(
x1, γ (t)

) − A
(1)
t

(
x1, γ (t)

)
,

(∂x1 + i∂t )�
(2) = −iA

(2)
1

(
x1, γ (t)

) + A
(2)
t

(
x1, γ (t)

)
,
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where

A
(j)
t

(
x1, γ (t)

) = 〈
A(j)

(
x1, γ (t)

)
,
(
0, γ̇ (t)

)〉
, j = 1, 2,

with 〈·, ·〉 being the duality between tangent and cotangent vectors, and η ∈ C∞(R×[0, L]) is such that
(∂x1 − i∂t )η = 0.

Next, we shall test the integral identity (2.1) against complex geometric optics solutions (2.5), multiply
by h, and pass to the limit h → 0. To that end, the following estimate for the right-hand side of (2.1) is
needed.

Proposition 2.3. Let u1, u2, m2 be functions as described above. Then we have

−h

∫
∂M\�

∂ν(m2 − u1)u2 dSg = o(1), h → 0. (2.8)

Proof. Let us first recall that � is an open neighborhood of B, given by (1.3), we see that there exists
ε0 > 0 such that

B ⊂ B̃ := {
x ∈ ∂M : ∂νϕ(x) � −ε0

} ⊂ �.

By the CGO solution (2.5) and the Cauchy–Schwartz inequality, we get

∣∣∣∣
∫

∂M\�
∂ν(m2 − u1)u2 dSg

∣∣∣∣
� 1√

ε0

∫
∂M\B̃

∣∣√−∂νϕ∂ν(m2 − u1)u2

∣∣ dSg.

� 1√
ε0

∫
∂M\B̃

∣∣√−∂νϕ∂ν(m2 − u1)e
sx1c− n−2

4 (ws + r2)
∣∣ dSg

� O(1)
∥∥√−∂νϕe

ϕ
h ∂ν(m2 − u1)

∥∥
L2(∂M−)

(‖ws‖L2(∂M\B̃) + ‖r2‖L2(∂M\B̃)

)
. (2.9)

To bound the first term in the last inequality in (2.9), we shall recall the following boundary Carleman
estimate for Lg,A,q in [23, Corollary 2.1], and we note that, by inspecting the proof of [23, Corollary 2.1],
the estimate is valid when A ∈ C0,ε(M, T ∗M), d∗A = 0, and q ∈ C(M,C). For u ∈ H 2(M int) ∩
H 1

0 (M int) and 0 < h � 1, we have

h
1
2
∥∥√−∂νϕeϕ/h∂νu

∥∥
L2(∂M−)

+ ∥∥eϕ/hu
∥∥

H 1
scl(M

int)

� O(h)
∥∥eϕ/hLg,A,qu

∥∥2

L2(M)
+ O

(
h

1
2
)∥∥√

∂νϕeϕ/h∂νu
∥∥

L2(∂M+)
. (2.10)

Here ∂M± := {x ∈ ∂M : ±∂νϕ(x) � 0} denote the front (∂M−) and back (∂M+) face of ∂M , where
ϕ(x) = x1.
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It follows from (2.2), (2.3), (2.4), and d∗A(1) = d∗A(2) = 0 that m2 − u1 ∈ H 1
0 (M int), �g(m2 − u1) ∈

L2(M). Therefore, by the boundary elliptic regularity, we have m2 − u1 ∈ H 2(M int). Now apply the
boundary Carleman estimate (2.10) to u = m2 − u1, A = A(2), q = q(2), we obtain∥∥√−∂νϕe

ϕ
h ∂ν(m2 − u1)

∥∥
L2(∂M−)

� O(
√

h)
∥∥e

ϕ
h Lg,A(2),q(2) (m2 − u1)

∥∥
L2(M)

+ O(1)
∥∥√

∂νϕe
ϕ
h ∂ν(m2 − u1)

∥∥
L2(∂M+)

. (2.11)

Here the second summand vanishes by (2.4) and A(1)|� = A(2)|�. In view of (2.2), (2.3) and (1.1), we
write

e
ϕ
h Lg,A(2),q(2) (m2 − u1) = e

ϕ
h (Lg,A(1),q(1) − Lg,A(2),q(2) )u1

= e
ϕ
h

(
id∗(A(1) − A(2)

)
u1 − 2i

〈
A(1) − A(2), du1

〉
g

+ (〈
A(1), A(1)

〉
g
− 〈

A(2), A(2)
〉
g
+ q(1) − q(2)

)
u1

)
. (2.12)

Using A(j) ∈ C0,ε(M, T ∗M), d∗A(j) = 0, q(j) ∈ C(M,C), j = 1, 2, we bound the first summand as
follows:∥∥e

ϕ
h Lg,A(2),q(2) (m2 − u1)

∥∥
L2(M)

�
∥∥e

ϕ
h 2

〈
A(1) − A(2), du1

〉
g

∥∥
L2(M)

+ ∥∥e
ϕ
h

(〈
A(1), A(1)

〉
g
− 〈

A(2), A(2)
〉
g
+ q(1) − q(2)

)
u1

∥∥
L2(M)

� O
(
h−1

)‖u1‖H 1
scl(M

int) = O
(
h−1

)
. (2.13)

In the last inequality, we used the fact that ‖u1‖H 1
scl(M

int) = O(1), which is true by (2.5), (2.6) and
‖r1‖H 1

scl(M
int) = o(1), h → 0.

To bound the second term in the last inequality in (2.9), we need the following semiclassical Sobolev
trace estimate, see [24, Chapter 6]:

‖v‖
H

1/2
scl (∂M)

� O
(
h− 1

2
)‖v‖H 1

scl(M
int), v ∈ H 1

(
M int

)
. (2.14)

Using (2.14) together with ‖rj‖H 1
scl(M

int) = o(1), j = 1, 2, we obtain

‖rj‖L2(∂M) � ‖rj‖H
1/2
scl (∂M)

= o
(
h− 1

2
)
, h → 0, j = 1, 2. (2.15)

To obtain the bounds

‖vs‖L2(∂M\B̃) = O(1), ‖ws‖L2(∂M\B̃) = O(1), h → 0, (2.16)

we follow the same idea in the proof of [2, Theorem 6.2] by noticing that we are taking L2 norm over
∂M \ B̃ (and not over ∂M−). The fact that ∂M \ B̃ is a compact manifold with boundary of dimension
n − 1 and a projection argument are used here, see page 1826 in [2].
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Combining the estimates (2.11), (2.13), (2.15), and (2.16), we obtain from (2.9) that∣∣∣∣
∫

∂M\�
∂ν(m2 − u1)u2 dSg

∣∣∣∣ = o
(
h−1

)
, h → 0.

This completes the proof of (2.8). �

Noting that ‖uj‖H 1
scl(M

int) = O(1), j = 1, 2, we have by the Cauchy–Schwartz inequality that

∣∣∣∣
∫

M

(〈
A(1), A(1)

〉
g
− 〈

A(2), A(2)
〉
g
+ q1 − q2

)
u1u2 dVg

∣∣∣∣ = O(1), h → 0.

The above estimate together with Propositions 2.3 and A(1)|∂M = A(2)|∂M implies from (2.1) that,

h

∫
M

〈
A(1) − A(2), u1 du2 − u2 du1

〉
g
dVg = o(1), h → 0. (2.17)

Estimate (2.17) gives us exactly the same identity for A(1) − A(2) as that in [19, Section 7]. Under the
assumption that A(1)|∂M = A(2)|∂M , we may extend Ã := A(1) − A(2) = 0 by zero to the complement
of M in R × M int

0 , so that the extension Ã is continuous. Proceeding as in [19, Section 7] from [19,
Equation 7.1] to [19, Equation 7.9] with the help of the concentrating property (2.7), we conclude from
(2.17) that

∫ L

0

[
f

(
λ, γ (t)

) − iα
(
λ, γ̇ (t)

)]
e−λt dt = 0, (2.18)

along any unit speed nontangential geodesic γ : [0, L] → M0 on M0 and any λ ∈ R. Here f (λ, ·) ∈
C(M0), α(λ, ·) ∈ C(M0, T

∗M) are as follows:

f
(
λ, x ′) =

∫
R

e−iλx1Ã1
(
x1, x

′) dx1, x ′ ∈ M0,

α
(
λ, x ′) =

n∑
j=2

(∫
R

e−iλx1Ãj

(
x1, x

′) dx1

)
dxj .

(2.19)

Arguing as in [19, Section 7], see also [29, Section 4], [2], we differentiate f and α with respect to
λ, and use the injectivity of the geodesic X-ray transform on functions and 1-forms to conclude from
(2.18) that there exist pl ∈ C1(M0), pl|∂M0 = 0, such that

∂l
λf

(
0, x ′) + lpl−1

(
x ′) = 0, ∂l

λα
(
0, x ′) = idpl

(
x ′), l = 0, 1, 2, . . . . (2.20)

To proceed, we shall follow [29, Section 4], [9, Section 5]. Let

φ
(
x1, x

′) =
∫ x1

−a

Ã1
(
y1, x

′) dy1, (2.21)
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where supp(Ã(·, x ′)) ⊂ (−a, a). It follows from (2.20), (2.19) that

0 = f
(
0, x ′) =

∫
R

Ã1
(
y1, x

′) dy1,

and therefore, φ has compact support in x1.
Thus, the Fourier transform of φ with respect to x1, which we denote by φ̂(λ, x ′), is real analytic with

respect to λ, and therefore, we have

φ̂
(
λ, x ′) =

∞∑
k=0

φk(x
′)

k! λk, (2.22)

where φk(x
′) = (∂k

λφ̂)(0, x ′).
It follows from (2.21) that

∂x1φ
(
x1, x

′) = Ã1
(
x1, x

′), (2.23)

and therefore, taking the Fourier transform with respect to x1, and using (2.19), we obtain

iλφ̂
(
λ, x ′) = f

(
λ, x ′). (2.24)

Differentiating (2.24) (l + 1)-times in λ, letting λ = 0, and using (2.20), we get

∂l
λφ̂

(
0, x ′) = ipl

(
x ′), l = 0, 1, 2, . . . . (2.25)

Substituting (2.25) into (2.22), we obtain that

φ̂
(
λ, x ′) =

∞∑
k=0

ipl(x
′)

k! λk,

and taking the differential in x ′ in the sense of distributions, and using (2.20), (2.19), we see that

dx′ φ̂
(
λ, x ′) =

∞∑
k=0

idpl(x
′)

k! λk =
∞∑

k=0

∂k
λα(0, x ′)

k! λk = α
(
λ, x ′) =

n∑
j=2

̂̃Aj

(
λ, x ′) dxj . (2.26)

Taking the inverse Fourier transform λ �→ x1 in (2.26), we get

dx′φ
(
x1, x

′) =
n∑

j=2

Ãj

(
x1, x

′) dxj . (2.27)

We also have from (2.23) that

dx1φ
(
x1, x

′) = Ã1
(
x1, x

′) dx1. (2.28)
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It follows from (2.28) and (2.27) that

dφ = Ã. (2.29)

Since ∂M is connected and dφ|∂M = Ã|∂M = 0, φ is a constant near ∂M . Modifying φ by a constant,
we may assume that φ = 0 on ∂M .

By the natural obstruction [19, Lemma 4.1] and φ|∂M = 0, we have Cg,A(2),q(2) = Cg,A(2)+dφ,q(2) , and
therefore

C�
g,A(2)+dφ,q(2) = C�

g,A(1),q(2) . (2.30)

Then we may assume that A(1) = A(2) and we will denote this 1-form by A. The integral identity (2.1)
now becomes∫

M

(
q(1) − q(2)

)
u1u2 dVg = −

∫
∂M\�

∂ν(m2 − u1)u2 dSg, (2.31)

for any u1, u2, m2 ∈ H 1(M int) described in Proposition 2.2 with A(1) = A(2) = A.
We shall test the integral identity (2.31) against complex geometric optics solutions to recover the

electric potential.

Proposition 2.4. Let u1, u2, m2 be functions as described above. Then we have

−
∫

∂M\�
∂ν(m2 − u1)u2 dSg = o(1), h → 0. (2.32)

Proof. In the same way as (2.9) and (2.11), we get by boundary Carleman estimates that∣∣∣∣
∫

∂M\�
∂ν(m2 − u1)u2 dSg

∣∣∣∣
� O(

√
h)

∥∥e
ϕ
h Lg,A,q(2) (m2 − u1)

∥∥
L2(M)

(‖ws‖L2(∂M\B̃) + ‖r2‖L2(∂M\B̃)

)
(2.33)

Note that using (2.2) and (2.3), we have

Lg,A,q(2) (m2 − u1) = Lg,A,q(1)u1 − Lg,A,q(2)u1 = (
q(1) − q(2)

)
u1. (2.34)

Thus, we get by (2.34) that∥∥e
ϕ
h Lg,A,q(2) (m2 − u1)

∥∥
L2(M)

� O(1)
∥∥q(2) − q(1)

∥∥
L∞(M)

‖u1‖L2(M). (2.35)

Estimate (2.33), together with (2.35), (2.15), and (2.16) proves (2.32). �

Now combining (2.31) with (2.32), we get∫
M

(
q(1) − q(2)

)
u1u2 dVg = o(1), h → 0. (2.36)
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Using (2.5), (2.6), ‖rj‖H 1
scl(M

int) = o(1), as h → 0, and the Cauchy–Schwartz inequality, we obtain from
(2.36) that∫

M

(
q(1) − q(2)

)
e−2iλx1c− n−2

2 vsws dVg = o(1), h → 0. (2.37)

Under the assumption that q(1)|∂M = q(2)|∂M , we may extend q̃ = q(1) − q(2) = 0 by zero to the
complement of M in R×M int

0 , so that the extension q̃ is continuous. Letting h → 0, taking ψ = q̃c− n−2
2

in (2.7), and noting that dV = c
n
2 dVg0 dt , we have

∫
R

∫ L

0
e−2iλx1e−2λtη(x1, t)e

�(1)(x′
1,t)+�(2)(x′

1,t)(̃qc)
(
x1, γ (t)

)
dt dx1 = 0. (2.38)

We can take �(1) = −�(2) since A = A(1) = A(2). Let us also take η = 1. Replacing 2λ by λ, now
(2.38) reduces to

∫ L

0
e−λt ( ̂̃qc)

(
λ, γ (t)

)
dt = 0, (2.39)

for any λ ∈ R and any nontangential geodesic γ in M0, where

( ̂̃qc)
(
λ, γ (t)

) =
∫
R

e−iλx1(q̃c)
(
x1, γ (t)

)
dx1

is analytic in λ since it is the Fourier transform of q̃c in x1 and supp q̃c is compact.
Repeating similar arguments leading from (2.18) to (2.20) for f (λ, x ′) = ̂̃qc(λ, x ′) and α(λ, x ′) = 0,

we obtain

∂l
λ(

̂̃qc)
(
0, γ (t)

) = 0, l = 0, 1, 2, . . . .

By analyticity, we have ̂̃qc = 0. Then using the injectivity of the Fourier transform, we recover q(1) =
q(2).
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