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A B S T R A C T

The discrete system Green’s function (DSGF) method is a fluctuational electrodynamics-based numerical
framework for predicting near-field radiative heat transfer (NFRHT) between three-dimensional thermal sources
of arbitrary number, shape, size, and material. In the DSGF method, thermal sources are discretized into cubic
subvolumes along a cubic lattice, and the system Green’s functions between all subvolumes are obtained by
solving a system of linear equations. From the system Green’s functions, quantities of interest in heat transfer
such as the power dissipated and the thermal conductance are calculated. The objective of this paper is to
provide a user guide of the DSGF solver publicly available on GitHub. The basics of the DSGF method are
first reviewed, followed by a detailed description of the DSGF solver implemented in MATLAB and C. The
C implementation is parallelized and includes an iterative procedure which is not available in the MATLAB
version. Example problems of NFRHT between two dipoles, two spheres, two cubes, and two membranes that
can be used for verification are provided.
1. Introduction

Near-field radiative heat transfer (NFRHT) is a regime in which at
least one of the system characteristic lengths, namely the size of the
thermal sources or their separation distances, is smaller than the ther-
mal photon wavelength as given by Wien’s law [1]. Planck’s theory is
not applicable in the near-field regime because the wave characteristics
of thermal radiation must be taken into account. These wave charac-
teristics include interference of propagating waves and the tunneling
of evanescent waves that result in radiative heat transfer exceeding
the blackbody limit [2–8]. The heat transfer enhancement provided
by NFRHT can potentially be exploited in various technologies, such
as thermophotovoltaics [9–12], localized radiative cooling [13], and
thermal rectification [14–17].

NFRHT is modeled using fluctuational electrodynamics, a formalism
in which fluctuating current densities are added in Maxwell’s equations
to account for thermal emission [18]. Most NFRHT problems are solved
sing the volume integral equation technique combined with analytical
xpressions for the system Green’s function relating the monochromatic
lectromagnetic fields between a source and an observation point. This
pproach provides exact results and can be applied to systems in which
he boundaries are geometrically simple, such as layered media [19],
oint dipoles [20–23], and spheres [24,25].

∗ Corresponding author at: Department of Mechanical Engineering, The University of Utah, Salt Lake City, 84112, UT, USA.
E-mail address: mfrancoeur@mech.utah.edu (M. Francoeur).

A few discretization-based methods have been developed for mod-
eling NFRHT in complex geometries. In the finite-difference frequency-
domain [26,27] and the finite-difference time-domain [28–31] meth-
ods, the differential form of Maxwell’s equations is discretized. The
boundary element method based on a fluctuating-surface current for-
mulation in which the surface integral form of Maxwell’s equations is
discretized has been proposed [32,33] and implemented in an open-
source solver called SCUFF-EM [34]. This solver, however, can only
handle homogeneous thermal sources. Finally, approaches based on
discretizing the volume integral form of Maxwell’s equations have
been developed, and include the thermal discrete dipole approximation
[35–42], the method of moments based on a fluctuating volume–
current formulation [43] implemented in the BUFF-EM solver [44], and
the discrete system Green’s function (DSGF) method [42,45,46]. Con-
versely to SCUFF-EM, the BUFF-EM solver can handle inhomogeneous
thermal sources. In addition to these discretization-based frameworks,
the semi-analytical rigorous coupled wave analysis combined with the
scattering matrix method implemented in the MESH solver [47] en-
ables NFRHT simulations between plane layers decorated by structures
exhibiting one- and two-dimensional periodicity.

Despite the recent efforts in developing computational methods,
NFRHT simulations in complex geometries remain challenging. The
transition of NFRHT from laboratory-scale concepts to actual energy
conversion and thermal management devices will require a variety
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of accurate and efficient modeling tools. This paper aims to con-
tribute to computational NFRHT by providing a user guide of the
DSGF solver available in both MATLAB and C on GitHub [48]. In the
DSGF method, thermal sources are discretized into cubic subvolumes
along a cubic lattice, and the system Green’s functions are calculated
numerically between all subvolumes by solving a system of linear
equations. Quantities of interest in heat transfer such as the power
dissipated and the thermal conductance are calculated in the post-
processing phase using the system Green’s functions. The DSGF method
has been verified against exact results based on the analytical solu-
tion for chains of two and three silicon dioxide (SiO2) spheres [45].
In addition, the DSGF method has been validated with experimental
data of NFRHT between two coplanar subwavelength-thick silicon car-
bide (SiC) membranes [49]. The DSGF solver also enables far-field
radiative heat transfer simulations, since fluctuational electrodynamics
converges to Planck’s theory of thermal radiation in the limit that
all system characteristic lengths are larger than the thermal photon
wavelength.

Limitations associated with the current implementation of the DSGF
solver should be mentioned. First, this version predicts NFRHT between
two groups of thermal sources maintained at two distinct temperatures.
Yet, it is possible to utilize the system Green’s functions calculated in
the solver to, for example, predict NFRHT between 𝑁 thermal sources
maintained at 𝑁 distinct temperatures, which would require a few
modifications by the user. Second, simulations with the MATLAB and C
codes are limited to ∼20,000 subvolumes for 256 GB of memory (RAM)
and ∼40,000 subvolumes for 1 TB of RAM when solving the system of
equations by direct inversion. This limit in the C code is extended to
∼29,000 subvolumes for 256 GB of RAM and ∼55,000 subvolumes for
1 TB of RAM when solving the system of equations iteratively.

The rest of the paper is organized as follows. The basics of the
DSGF method are reviewed in Section 2. The installation and initial-
ization of the DSGF codes written in MATLAB and C are discussed in
Section 3. The DSGF solver and the required user-specified inputs are
described in detail in Section 4, along with the solution of the system
of linear equations. In Section 5, two tutorials for simulating NFRHT
etween two cubes of SiO2 and NFRHT between two membranes of
iC are described. Additional example problems of NFRHT between two
ipoles, two spheres, and two cubes are discussed. Concluding remarks
re provided in Section 6.

. Overview of the DSGF method

The DSGF method described in Ref. [45] is a framework based
n fluctuational electrodynamics enabling NFRHT simulations between
inite, three-dimensional thermal sources of arbitrary number, shape,
ize, and material embedded within a lossless background reference
edium. The thermal sources occupy a total volume 𝑉therm and are

isotropic, linear, nonmagnetic, and in local thermodynamic equilib-
rium. The background reference medium occupies a volume 𝑉ref and is
homogeneous, linear, isotropic, nonmagnetic, nonabsorbing, and there-
fore nonemitting. The fields are time-harmonic (𝑒−𝑖𝜔𝑡), and the electro-
magnetic responses of the thermal sources and the background refer-
ence medium are respectively described by a complex-valued dielectric
function 𝜀(𝐫, 𝜔) and a real-valued dielectric function 𝜀ref(𝜔).

In the absence of external electromagnetic fields, the following
expression for the electric field at location 𝐫 and frequency 𝜔 is derived
from the stochastic Maxwell equations of fluctuational electrodynamics
using the volume integral equation technique:

𝐄(𝐫, 𝜔) = 𝑖𝜔𝜇0 ∫𝑉therm
̄̄𝐆(𝐫, 𝐫′, 𝜔)𝐉(fl)(𝐫′, 𝜔)d3𝐫′, 𝐫 ∈ ℜ3, (1)

where 𝜇0 is the vacuum permeability. The fluctuating current density,
𝐉(fl), is correlated to the local temperature of a thermal source via the
fluctuation–dissipation theorem [18]:
⟨

𝐉(fl)(𝐫, 𝜔)𝐉(fl)
†
(𝐫′, 𝜔′)

⟩

= 4𝜋𝜔𝜀 Im[𝜀(𝐫, 𝜔)]Θ(𝜔, 𝑇 )𝛿(𝐫− 𝐫′)𝛿(𝜔−𝜔′)̄̄𝐈, (2)
0 o

2 
where 𝜀0 is the vacuum permittivity, ⟨⟩ represents the ensemble aver-
age, † is the conjugate transpose, 𝛿 is the Dirac function, and ̄̄𝐈 is the
unit dyadic. The mean energy of an electromagnetic state is given by

Θ(𝜔, 𝑇 ) = ℏ𝜔

e
ℏ𝜔
𝑘𝐵𝑇 − 1

, (3)

where ℏ is the reduced Planck constant and 𝑘𝐵 is the Boltzmann
constant.

The system Green’s function in Eq. (1), ̄̄𝐆(𝐫, 𝐫′, 𝜔), relates the
monochromatic electric field observed at 𝐫 to a point source excitation
at 𝐫′ and therefore depends on the boundary conditions of the system.
The system Green’s function is the only unknown in Eq. (1), and it is
the variable that is calculated in the DSGF method.

The unknown system Green’s function may be written in terms of
the known free-space Green’s function, ̄̄𝐆0(𝐫, 𝐫′, 𝜔), as follows:

̄̄𝐆0(𝐫, 𝐫′, 𝜔) = ̄̄𝐆(𝐫, 𝐫′, 𝜔) − 𝑘20 ∫𝑉therm
̄̄𝐆0(𝐫, 𝐫′′, 𝜔)𝜀𝑟(𝐫′′, 𝜔) ̄̄𝐆(𝐫′′, 𝐫′, 𝜔)d3𝐫′′,

(4)

where 𝜀𝑟(𝐫, 𝜔) = 𝜀(𝐫, 𝜔) − 𝜀ref(𝜔) is the relative dielectric function of
the thermal sources with respect to the background reference medium.
The variable 𝑘0 = 𝜔

√

𝜇0𝜀0 is the magnitude of the vacuum wavevector.
The free-space Green’s function relates the monochromatic electric
field observed at 𝐫 to a point source excitation at 𝐫′ in the lossless
background reference medium [50].

The self-consistent Eq. (4) for the system Green’s function is solved
umerically by discretizing the bulk thermal sources of total volume
therm into 𝑁 cubic subvolumes along a cubic lattice. The subvolume
size, Δ𝑉𝑖, must be smaller than all characteristic lengths, namely the
vacuum and material wavelengths, and the gap spacing between the
thermal sources. In each subvolume, the temperature, dielectric func-
tion, electric field, and the free-space and system Green’s functions are
assumed to be uniform. The discretized Eq. (4) results in the following
system of linear equations:
⎧

⎪

⎨

⎪

⎩

⎡

⎢

⎢

⎢

⎣

̄̄𝐈 0 0
0 ⋱ 0
0 0 ̄̄𝐈

⎤

⎥

⎥

⎥

⎦

− 𝑘20

⎡

⎢

⎢

⎢

⎣

̄̄𝐆0
11 … ̄̄𝐆0

1𝑁
⋮ ⋱ ⋮
̄̄𝐆0
𝑁1 … ̄̄𝐆0

𝑁𝑁

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝛼(0)1 0 0
0 ⋱ 0
0 0 𝛼(0)𝑁

⎤

⎥

⎥

⎥

⎦

⎫

⎪

⎬

⎪

⎭

⎡

⎢

⎢

⎢

⎣

̄̄𝐆11 … ̄̄𝐆1𝑁

⋮ ⋱ ⋮
̄̄𝐆𝑁1 … ̄̄𝐆𝑁𝑁

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

̄̄𝐆0
11 … ̄̄𝐆0

1𝑁
⋮ ⋱ ⋮
̄̄𝐆0
𝑁1 … ̄̄𝐆0

𝑁𝑁

⎤

⎥

⎥

⎥

⎦

, (5)

here 𝛼(0)𝑖 = Δ𝑉𝑖𝜀𝑟(𝐫𝑖, 𝜔) is the bare polarizability of subvolume 𝑖. The
ystem of equations (Eq. (5)) can be represented as ̄̄𝐀 ̄̄𝐆 = ̄̄𝐆0, where ̄̄𝐀
s the interaction matrix containing the terms inside the curly brackets.
ach submatrix ̄̄𝐆0

𝑖𝑗 ,
̄̄𝐆𝑖𝑗 , and ̄̄𝐀𝑖𝑗 is a 3 × 3 matrix, where the subscripts

and 𝑗 refer to the interacting subvolumes. Therefore, the full matrices
̄̄ , ̄̄𝐆, and ̄̄𝐆0 contain 3𝑁 × 3𝑁 terms.
The system of linear equations (Eq. (5)) is solved for each frequency
of the thermal spectrum. Once the system Green’s functions are
nown for all frequencies and between all subvolumes, quantities of
nterest can be computed. The net total power dissipated (units of W)
n a subvolume Δ𝑉𝑖 is calculated as:

𝑡,Δ𝑉𝑖 =
1
2𝜋 ∫

∞

0

⎧

⎪

⎨

⎪

⎩

𝑁
∑

𝑗=1
𝑗≠𝑖

[

Θ(𝜔, 𝑇𝑗 ) − Θ(𝜔, 𝑇𝑖)
]

T𝑖𝑗 (𝜔)

⎫

⎪

⎬

⎪

⎭

𝑑𝜔. (6)

In Eq. (6), T𝑖𝑗 (𝜔) is the spectral transmission coefficient between
ubvolumes 𝑖 and 𝑗 calculated from the system Green’s functions as
ollows:

𝑖𝑗 (𝜔) = 4𝑘40Δ𝑉𝑖Δ𝑉𝑗 Im[𝜀(𝐫𝑖, 𝜔)]Im[𝜀(𝐫𝑗 , 𝜔)]Tr[ ̄̄𝐆(𝐫𝑖, 𝐫𝑗 , 𝜔) ̄̄𝐆†(𝐫𝑖, 𝐫𝑗 , 𝜔)],

(7)

here Tr represents the trace. The net total power dissipated within
ulk thermal sources of volume 𝑉𝐴 is obtained by summing up Eq. (6)

ver all subvolumes contained in 𝑉𝐴.
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The total thermal conductance (units of W/K) between two distinct
groups of thermal sources of volumes 𝑉𝐴 and 𝑉𝐵 maintained by a
temperature difference 𝛿𝑇 → 0 is calculated as:

𝐺𝑡,𝐴𝐵 = 1
2𝜋 ∫

∞

0

[

𝜕Θ(𝜔, 𝑇 ′)
𝜕𝑇

]

𝑇 ′=𝑇

∑

𝑖∈𝑉𝐴

∑

𝑗∈𝑉𝐵

T𝑖𝑗 (𝜔)𝑑𝜔. (8)

The net spectral power dissipated and the spectral thermal conduc-
tance are respectively obtained by evaluating Eqs. (6) and (8) without
the integration over the angular frequency 𝜔.

3. Code installation and initialization

DSGF codes written in MATLAB and C are available on GitHub at
https://GitHub.com/Discrete-System-Greens-Function. The
specificities of each implementation are discussed hereafter.

3.1. MATLAB implementation

The MATLAB implementation of the DSGF solver is the simplest to
use. The only file that requires modifications before performing sim-
ulations is DSGF_user_inputs.m. Details about the user-specified
inputs are provided in Section 4. Once the inputs are specified, sim-
ulations are launched by clicking on the Run button in the MATLAB
GUI interface. In the MATLAB implementation, the system of linear
equations (Eq. (5)) is solved strictly via direct inversion, which requires
substantial memory for a large number of subvolumes, as discussed
in Section 4.2.3. Once the simulations are completed, the results can
be accessed in the folder named with the date and time when the
computations were initiated.

3.2. C implementation

The C implementation of the DSGF solver is parallelized, thus
enabling faster computations than with the MATLAB code. As in the
MATLAB code, the system of linear equations (Eq. (5)) can be solved
by direct inversion. In addition, the system of linear equations can be
solved via an iterative procedure [51,52] that reduces memory usage.
The C code necessitates installation; the instructions for installing the
required packages and solvers are provided on GitHub: https://GitH
ub.com/Discrete-System-Greens-Function/DSGF_c/blob/main/DSGF_C_
Installation_Instructions_Windows_Linux.pdf.

After installation, the user must first compile the solver by typ-
ing \.run_dsgf in the terminal. When this step is completed, the
message ‘‘compilation complete’’ appears in the terminal and the user
can start performing simulations. Then, the user can modify the input
parameters and the desired outputs using the files located in the
user_inputs folder (see Fig. 1 and further discussion in Section 4).
After modifying the parameters, the user should type \.DSGF to
initiate the simulations. Once the simulations are completed, the results
can be accessed in the folder results, where the data are ordered as
a function of the thermal source geometry, number of subvolumes, and
date and time when the simulations were initiated. The solver does not
need to be compiled again prior to performing additional simulations.

4. Description of the DSGF solver

This section describes the key building blocks of the DSGF solver,
namely the user-specified inputs and the solution of the system of
linear equations. Calculations with the DSGF solver follow a simple
forward pathway summarized in Fig. 2. Inputs are first specified by the
user. These inputs include the spatial and spectral discretizations, the
material selection (i.e., dielectric function of the thermal sources), and
the temperatures. For each frequency, the free-space Green’s function
matrix ̄̄𝐆0 and the interaction matrix ̄̄𝐀 are populated from the inputs.
Then, the system Green’s functions are calculated by solving the system
of linear equations (Eq. (5)). The desired spectral and total outputs are
computed and stored in the post-processing stage.
3 
4.1. User-specified inputs

4.1.1. Spatial discretization
Thermal sources are discretized into cubic subvolumes along a cubic

lattice (see Fig. 3). The center point 𝐫𝑖 and volume Δ𝑉𝑖 of each subvol-
ume 𝑖 must be specified. Two types of spatial discretization can be used
in the DSGF solver: sample and user defined. The sample discretiza-
tion refers to pre-defined spatial discretization files provided with the
DSGF solver. Spatial discretization files are available for spheres (1
to 382,336 uniform subvolumes) and for cubes (1 to 3375 uniform
subvolumes). Dipoles can also be simulated by assigning one subvolume
per thermal source. When opting for sample spatial discretization, the
user needs to modify the following inputs in the DSGF solver:

1. Select the geometry of each thermal source (sphere or cube);
2. Select the number of subvolumes per thermal source based
on the available options in Library/Discretizations/
sphere for spheres and in Library/Discretizations/
cube for cubes;

3. Define the characteristic length (𝐿char) of the thermal sources
(radius for spheres, side length for cubes);

4. Define the edge-to-edge gap spacing (𝑑) between the thermal
sources.

The solver automatically scales the discretization to the defined
𝐿char, calculates the total volume of the thermal sources, and provides
a uniform Δ𝑉𝑖 discretization in each thermal source.

For spatial discretizations generated by the user, user_defined
must be selected. In that case, the spatial discretization must contain
the complete information about the system, namely all discretized
thermal sources with their actual dimensions and gap spacings. Two
.txt files need to be inserted by the user and imported by the solver.
The first file provides the center points 𝐫𝑖 for each subvolume, whereas
the second file provides the Δ𝑉𝑖 values for each subvolume. The user
should copy these .txt files in Library/Discretizations/
User_defined and type the file names in the appropriate input file
(DSGF_user_inputs.m in MATLAB and user_defined.txt in
C). Because Δ𝑉𝑖 is imported into the solver, subvolumes in a given
thermal source may be of different sizes. Nonuniform spatial discretiza-
tion enables increased accuracy without increasing excessively the
computational resources. For example, in Fig. 3(c), smaller subvolumes
in the cubes are defined near the gap 𝑑 where Δ𝑉𝑖 < 𝑑 must be satisfied.

A MATLAB script is available for discretizing systems of two cuboids
of the same dimensions separated by a gap 𝑑. The script is located at: htt
ps://GitHub.com/Discrete-System-Greens-Function/DSGF_utilities/tree
/main/matlab_scripts/Spatial_discretization/cuboid_uniform_nonunifor
m_meshing. To generate user defined discretizations with this MATLAB
script, cuboid_discretization_SCRIPT.m must be edited as
follows:

1. Provide a description of the system in the name of the .txt
files;

2. Define the edge-to-edge gap spacing 𝑑;
3. Define the cuboid dimensions;
4. Define the discretization type as uniform, nonuniform with two
different subvolume sizes, or nonuniform with three different
subvolume sizes;
For uniform discretization, the user must:

(a) Specify refinements as 0;
(b) Specify n_0 as the number of subvolumes along the

𝑧-axis, which is perpendicular to the gap spacing (see
Fig. 4(a) for axis orientation).

For nonuniform discretization with two different subvolume
sizes along the 𝑥-axis in a given thermal source (see Fig. 4(a)),

the user must:
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Fig. 1. List of four files located in the user_inputs folder to be modified prior to launching a simulation with the C code. All user-specified inputs are discussed in Section 4.
Files 1, 2, and 4 should be modified for a simulation with sample spatial discretization (spheres or cubes), whereas files 1, 3, and 4 should be modified for a simulation with
user_defined spatial discretization.
(a) Specify refinements as 1;
(b) Specify n_0 as the number of subvolumes along the 𝑧-axis

for the least refined mesh (i.e., largest subvolume size);
(c) Specify Lx_ref_1 as the length along the 𝑥-axis where

the discretization is refined;
(d) Specify n_1 as the number of subvolumes along the 𝑧-axis

for the most refined mesh (i.e., smallest subvolume size);

For nonuniform discretization with three different subvolume
sizes along the 𝑥-axis in a given thermal source (see Fig. 4(b)),
the user must:

(a) Specify refinements as 2;
(b) Specify n_0 as the number of subvolumes along the 𝑧-axis

for the least refined mesh (i.e., largest subvolume size);
(c) Specify Lx_ref_1 as the length along the 𝑥-axis where

the discretization is firstly refined;
(d) Specify n_1 as the number of subvolumes along the 𝑧-axis

for the intermediate refined mesh;
(e) Specify Lx_ref_2 as the length along the 𝑥-axis where

the discretization is further refined;
4 
(f) Specify n_2 as the number of subvolumes along the 𝑧-axis
for the most refined mesh (i.e., smallest subvolume size);

5. Specify save_txt and save_fig as 1 to save the .txt files
and save the discretization figures;

6. Select 1 (0) in show_axes and show_titles to display
(hide) the axes and titles in the figures.

After running the script, the discretized thermal sources and the
location of all subvolume center points are provided. The user must
copy the two .txt files located in the Discretizations folder in
the DSGF solver at Library/Discretizations/user_defined
prior to running simulations.

Note that any cubic lattice mesh generators can be used to dis-
cretize thermal sources. For example, DDSCAT Convert [53] was used
to discretize irregularly shaped particles in Ref. [45]. When using
DDSCAT Convert, each thermal source is discretized separately and
the subvolume center points are not scaled to a specific characteristic
length. A MATLAB script available at https://GitHub.com/Discrete-Sy
stem-Greens-Function/DSGF_utilities/tree/main/matlab_scripts/Spatial
_discretization/user_defined can be used to transfer the mesh generator
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Fig. 2. Flowchart of a DSGF simulation.

(e.g., DDSCAT Convert) outputs in two .txt files containing the sub-
volume center points 𝐫𝑖 for each subvolume and the Δ𝑉𝑖, scaled to the
ctual system dimensions, needed for user_defined discretization.
rior to running this script, the discretization file(s) from the mesh
enerator must be copied into the single_sources folder. In the
ile user_defined_SCRIPT.m, the user should:

1. Specify in discretization the name of each thermal source
discretization file;

2. Specify L_char as the characteristic length 𝐿char for each ther-
mal source;

3. Specify d as the gap spacing;
4. Specify the origin of each thermal source;
5. Specify save_txt and save_fig as 1 to save the .txt files
and save the discretization figures;

6. Select 1 (0) in show_axes and show_titles to display
(hide) the axes and titles in the figures.

After running the MATLAB script, the user needs to copy the two
txt files located in the Discretizations folder, paste them in
he DSGF solver at Library/Discretizations/User_defined,
nd type the file names in the appropriate input file (DSGF_user_
nputs.m in MATLAB and user_defined.txt in C). The MAT-
AB script can be used in combination with any cubic lattice mesh
enerators that output files in the same format as DDSCAT Convert.
To ensure accurate results, the user should perform a convergence

nalysis for every modeled system. In this convergence analysis, the
umber of subvolumes 𝑁 should be increased until stable results are
btained [42]. A comprehensive convergence analysis that is applicable
o the DSGF method is available in Ref. [36].
 s

5 
.1.2. Spectral discretization
The system Green’s functions are calculated for each angular fre-

uency 𝜔. The frequency range and frequency discretization (uniform
r nonuniform) must be specified by the user.
The angular frequencies (units of rad/s) are imported from a spec-

ral discretization file stored at Library/Spectral_
iscretizations/, where spectral discretization examples are
vailable. For the MATLAB code, the user must type the file name with
ts extension (e.g., .csv) in DSGF_user_inputs.m. For the C code,
he user needs to type the number of frequencies and the imported file
ame with its extension in the control.txt file.
MATLAB scripts for generating uniform (uniform_spectra.m)

nd nonuniform (nonuniform_spectra.m) spectral discretization
re available in the folder Library/Spectral_
iscretizations/ and at https://GitHub.com/Discrete-System-Gr
ens-Function/DSGF_utilities/tree/main/matlab_scripts/spectral_discre
ization. For both uniform and nonuniform discretization files, the user
hould uncomment the desired material, and modify the range and the
umber of frequencies prior to running the script. Once completed, a
csv file is generated in the folder Spectral_discretizations
nd the dielectric function is displayed as a function of the angular
requency. The file name combines the selected material, the number
f frequencies, the spectral discretization type (uniform or nonuni-
orm), and the spectral range with its original units (e.g., SiO2_100_
niform_5_25_um.csv). The data file must be copied in the DSGF
olver in the Library/Spectral_discretizations folder prior
o running simulations. Note that any data file can be used as long as
he frequencies are in units of rad/s and are listed in a single column.

.1.3. Material selection
With the 𝑒−𝑖𝜔𝑡 convention, the dielectric function of a subvolume is

efined as 𝜀(𝜔) = 𝜀′(𝜔) + 𝑖𝜀′′(𝜔). The dielectric functions of SiC, SiO2,
nd silicon nitride (Si3N4) are currently available in the DSGF solver.
he default dielectric function of the lossless background reference
edium is 𝜀ref = 1 (i.e., vacuum), and it can be changed under the
estriction that it must be real-valued.

.1.4. Temperature selection
Two types of temperatures must be specified. The first type cor-

esponds to the temperatures of the two distinct groups of thermal
ources, 𝑇𝐴 and 𝑇𝐵 . These temperatures are used to calculate the net
ower dissipated. The second type corresponds to the temperatures at
hich the thermal conductance is calculated between two groups of
hermal sources, 𝑇cond. The user can define multiple 𝑇cond values in a
ingle simulation. All temperatures are defined in units of kelvin.

.2. Solution of the system of linear equations

The system of linear equations (Eq. (5)) can be solved by direct
nversion in both codes, and via an iterative procedure in the C im-
lementation only. The user must select the solution method prior to
unning simulations with the C code.

.2.1. Direct inversion
Direct inversion is the most straightforward solution approach. For

ach frequency, the system Green’s functions are obtained by directly
nverting the interaction matrix: ̄̄𝐆 = ̄̄𝐀−1 ̄̄𝐆0.

.2.2. Iterative procedure
The iterative procedure is based on the exact scheme proposed by
artin et al. [51,52]. In this paradigm, the system Green’s function
etween subvolumes 𝑖 and 𝑗 is calculated iteratively by considering the
lectromagnetic contribution of each subvolume successively, from 𝑚
1 to 𝑁 . For each step 𝑚 in the iterative procedure, a small 3 × 3
ystem of linear equations is solved. The iterative solver thus reduces
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Fig. 3. Spatial discretization using cubic subvolumes along a cubic lattice for different geometries: (a) two sample dipoles (one subvolume per thermal source), (b) two sample
pheres (136 and 280 uniform subvolumes for the left and right spheres, respectively), and (c) two user_defined cubes (288 nonuniform subvolumes per cube). The thermal
ources are separated by an edge-to-edge gap 𝑑. The radius is the characteristic length (𝐿char) for dipoles and spheres, whereas the side length is the 𝐿char for cubes.
Fig. 4. Example of nonuniform spatial discretizations. (a) Nonuniform discretization with two different subvolume sizes. The least refined mesh has two subvolumes along the
-axis (n_0 = 2) and the most refined mesh is characterized by 16 subvolumes along the 𝑧-axis (n_1 = 16). (b) Nonuniform discretization with three different subvolume sizes.
he least refined mesh has two subvolumes along the 𝑧-axis (n_0 = 2), the intermediate refined mesh has 8 subvolumes along the 𝑧-axis (n_1 = 8) and the most refined mesh
s characterized by 16 subvolumes along the 𝑧-axis (n_2 = 16).
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he memory usage at the expense of longer computational time, as
etailed next.

.2.3. Comparison between direct inversion and iterative procedure in the
code
The iterative procedure significantly reduces the memory required

or solving the system of linear equations (Eq. (5)) when compared with
irect inversion (Fig. 5(a)). For example, a simulation with 𝑁 = 11,232
ubvolumes requires 76 GB of RAM using direct inversion. This number
rops to 39 GB when the iterative procedure is employed. The memory
 b

6 
sage does not vary with the number of frequencies because the system
reen’s functions are calculated independently at each frequency. The
educed memory usage from the iterative procedure comes at the
xpense of longer computational time (Fig. 5(b)). For instance, a one-
requency simulation with 𝑁 = 11,232 subvolumes takes ∼31 min in
ATLAB, ∼26 min using direct inversion in C, and ∼7 h with the
terative procedure in C, when using 16 cores and 256 GB of RAM.

When the available computational resources can handle the memory
equirements, direct inversion is recommended. Note that Fig. 5(a) can
e used to determine the maximum number of subvolumes that can
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Fig. 5. Sample DSGF simulations with the C code for one frequency: (a) memory usage (GB) and (b) computational time (s) as a function of the number of subvolumes 𝑁 for
direct inversion (red) and the iterative procedure (blue). The results were generated using 64 cores and 256 GB of RAM.
o
n
c
i

be handled with direct inversion for a specific amount of memory.
When the number of subvolumes is too large to be handled with
direct inversion, a message appears in the terminal and the iterative
procedure must be used.

5. Examples

The results presented in this section were generated using a desktop
computer with 16 GB of RAM.

5.1. Tutorial 1: NFRHT between two cubes of SiO2

NFRHT between two cubes made of SiO2 embedded in vacuum is
considered. Both cubes are characterized by side lengths of 500 nm
and are separated by a gap of 100 nm. The spectral discretization
file for these simulations is already available. For completeness, the
user can also generate the spectral discretization file by editing uni-
form_spectra.m indicated in Section 4.1.2, uncommenting the
block of code ‘‘SiO2 in terms of wavelength’’, running the script, and
copying the file in the library/spectral_discretizations
folder.

To perform this simulation with the MATLAB code, the user must
edit DSGF_user_inputs.m and define the following inputs:

1. Write a description of the simulation such as ‘‘2_cubes_
SiO2_Lchar_500nm_d_100nm_N_2000’’;

2. Specify spatial_discretization_type as sample;
3. Specify discretization as {Discretization.cube_

1000, Discretization.cube_1000};
4. Specify L_char as [500e-9, 500e-9];
5. Specify d as 100e-9;
6. Specify material as Material.SiO2;
7. Specify epsilon_ref as 1;
8. Specify spectral_discretization as ‘‘SiO2_100_

uniform_5_25_um.csv’’;
9. Specify T as [300, 800] and T_cond as [200, 250, 300,

350, 400];
10. Specify output.save_workspace as true to save the re-

sults in a MATLAB workspace file;
11. Specify output.save_fig as true to save the figures;
12. Specify the figure format with output.figure_format. We

recommend FigureFormat.fig because the figure size can
be adjusted after the simulation is completed. The options Fig-
ureFormat.png and FigureFormat.jpg are also possible;

13. Specify conductance, power_dissipated_subvol, and
power_dissipated_bulk as true. These outputs are dis-
cussed in Section 2;
7 
14. Specify output.heatmap_sliced as false. This option
enables visualization of the internal power dissipated in thermal
sources sliced in two parts;

15. Specify DSGF_matrix and transmission_coefficient_
matrix as false. These outputs correspond to Eqs. (5) and
(7), respectively.

Once the inputs are defined, press the Run button located at the top
f the MATLAB editor. When the simulation is initiated, a results folder
amed with the date and time from when the simulation started is
reated. Once the simulation is completed, the results will be available
n a MATLAB workspace data file inside the results folder.

The steps to run the same simulation with the C code are:

1. Go to control.txt and edit the file (Steps 2 to 18);
2. Specify spatial_discretization_type as sample;
3. Specify number_subvolumes_per_object_1 as 1000;
4. Specify number_subvolumes_per_object_2 as 1000;
5. Specify material as SiO2 and epsilon_ref as 1;
6. Specify number_omega as 100;
7. Specify spectral_discretization as SiO2_100_

uniform_5_25_um.csv;
8. For solution, select between D for direct inversion or I for
iterative solution;

9. Specify multithread as Y;
10. Specify single_spectrum_analysis as N;
11. Specify save_spectral_conductance as Y;
12. Specify save_total_conductance as Y;
13. Specify save_power_dissipated_spectral_

subvolumes as Y;
14. Specify save_power_dissipated_total_subvolumes

as Y;
15. Specify save_power_dissipated_spectral_bulk as Y;
16. Specify save_power_dissipated_total_bulk as Y;
17. Specify save_power_density_total_subvolumes as Y;
18. Specify save_spectral_transmissivity as N;
19. Go to sample.txt and edit the file (Steps 20 to 23);
20. Specify geometry_1 as cube and L_char_1 as 500.e-9;
21. Specify geometry_2 as cube and L_char_2 as 500.e-9;
22. Specify d as 100.e-9;
23. Specify T_A as 300 and T_B as 800;
24. Go to T_cond.txt and specify temperatures of 200, 250,

300, 350, 400;

25. Go to the terminal and type \.DSGF.
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Fig. 6. (a) Spectral and (b) total conductances for two SiO2 cubes characterized by side lengths of 500 nm and separated by a gap of 100 nm. The conductance is reported for
temperatures of 200 K, 250 K, 300 K, 350 K, and 400 K.
Fig. 7. Spatial distribution of net total power dissipated for two SiO2 cubes char-
acterized by side lengths of 500 nm and separated by a gap of 100 nm. Negative
values represent heat loss, and positive values represent heat gain. The low-temperature
cube (red color scheme since thermal energy is gained) is at 300 K, whereas the
high-temperature cube (blue color scheme since thermal energy is lost) is at 800 K.

Table 1
Temperature-dependent total thermal conductance for two membranes of SiC.
Temperature (K) 𝐺𝑡,𝐴𝐵 (W/K)

200 7.5245 × 10−12

250 1.7183 × 10−11

300 2.8210 × 10−11

350 3.8839 × 10−11

400 4.8273 × 10−11

For the C code, the results folder is named with the type of simu-
ation (i.e., sample or user defined), number of subvolumes, material,
ap spacing, and date.
The spectral and total thermal conductances for the two-cube prob-

em are shown in Fig. 6. For example, the total conductance at 300 K is
.9286 × 10−11 W/K, and the net total power dissipated for temperatures
f 300 K and 800 K is ±7.1671 × 10−8 W. Note that the negative sign
applies to the high-temperature cube losing heat, and vice-versa for the
low-temperature cube (see Fig. 7).

.2. Tutorial 2: NFRHT between two membranes of SiC

NFRHT between two membranes made of SiC embedded in vacuum
s considered (see Fig. 4 for system geometry). Both membranes are
haracterized by a thickness of 100 nm, widths and lengths of 1 μm
and are separated by a gap of 100 nm. This simulation relies on
a user defined spatial discretization type and a nonuniform spectral
discretization. The necessary spatial and spectral discretization files are
8 
already available, but instructions to generate these files are provided
hereafter for completeness.

As indicated in Section 4.1.1, cuboid_discretization_
SCRIPT.m must be edited in order to generate the spatial discretiza-
tion:

1. Specify description as ‘‘2_membranes’’;
2. Specify d as 100e-9;
3. Specify Lx as 1000e-9;
4. Specify Ly as 1000e-9;
5. Specify Lz as 100e-9;
6. Specify refinement as 0;
7. Specify n0 as 2;
8. After running the script, the two .txt files located in the

Discretizations folder in the DSGF solver must be copied
at Library/Discretizations/user_defined.

As indicated in Section 4.1.2, nonuniform_spectra.m must be
edited by the user in order to generate the spectral discretization, and
the block of code ‘‘SiC in terms of angular frequency for two mem-
branes’’ must be uncommented. After running the script, the .csv file
located in the Spectral_discretizations folder must be copied
in the DSGF solver at Library/Spectral_discretizations.

To perform the DSGF simulation with the MATLAB code, the user
must edit DSGF_user_inputs.m and define the following inputs:

1. Write a description of the simulation such as ‘‘2_membranes_
SiC_Lx_1um_Ly_1um_Lz_100nm_d_100nm_N_1600’’;

2. Specify spatial_discretization_type as user_
defined;

3. Specify discretization as ‘‘2_membranes_Lx1000nm_
Ly1000nm_Lz100nm_d100nm_N1600_
discretization’’;

4. Specify delta_V as ‘‘2_membranes_Lx1000nm_
Ly1000nm_Lz100nm_d100nm_N1600_delta_V_
vector’’;

5. Specify material as Material.SiC;
6. Specify epsilon_ref as 1;
7. Specify spectral_discretization as ‘‘SiC_100_

nonuniform_140_190_Trad_s.csv’’;
8. Specify T as [400, 300] and T_cond as [200, 250, 300,

350, 400];
9. Specify output.save_workspace as true;
10. Specify output.save_fig as true;
11. Specify output.figure_format as FigureFormat.fig;
12. Specify conductance, power_dissipated_subvol, and

power_dissipated_bulk as true;
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Table 2
Total thermal conductance at 300 K and net total power dissipated for three NFRHT examples.
Outputs Two dipoles of SiC Two spheres of SiO2 Two cubes of Si3N4

𝐺𝑡,𝐴𝐵 at 300 K (W/K) 1.7898 × 10−16 3.4408 × 10−13 3.8794 × 10−13

𝑄𝑡 (W) ±2.5199 × 10−14 ±2.2220 × 10−10 ±5.5891 × 10−11
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13. Specify output.heatmap_sliced as false;
14. Specify DSGF_matrix and transmission_coefficient_

matrix as false;

The steps to run the same simulation with the C code are:

1. Go to control.txt and edit the file (Steps 2 to 18);
2. Specify spatial_discretization_type as user_

defined;
3. Specify number_subvolumes_per_object_1 as 800;
4. Specify number_subvolumes_per_object_2 as 800;
5. Specify material as SiC and epsilon_ref as 1;
6. Specify number_omega as 100;
7. Specify spectral_discretization as SiC_100_

nonuniform_140_190_Trad_s.csv;
8. For solution, select between D for direct inversion or I for
iterative solution;

9. Specify multithread as Y;
10. Specify single_spectrum_analysis as N;
11. Specify save_spectral_conductance as Y;
12. Specify save_total_conductance as Y;
13. Specify save_power_dissipated_spectral_

subvolumes as Y;
14. Specify save_power_dissipated_total_subvolumes

as Y;
15. Specify save_power_dissipated_spectral_bulk as Y;
16. Specify save_power_dissipated_total_bulk as Y;
17. Specify save_power_density_total_subvolumes as Y;
18. Specify save_spectral_transmissivity as N;
19. Go to user_defined.txt and edit the file (Steps 20 to 22);
20. Specify d as 100.e-9;
21. Specify file_name as 2_membranes_Lx1000nm_

Ly1000nm_Lz100nm_d_100nm_N1600;
22. Specify T_A as 400, and T_B as 300;
23. Go to T_cond.txt and specify temperatures of 200, 250,

300, 350, 400;
24. Go to the terminal and type \.DSGF.

In this example, the net total power dissipated in bulk thermal
sources at temperatures of 300 K and 400 K is ±3.8636 × 10−9 W. The
temperature-dependent total conductance is provided in Table 1.

5.3. Additional examples

Table 2 provides the total thermal conductance at 300 K and the
net total power dissipated for three different examples.

The first example involves two dipoles made of SiC maintained at
𝑇𝐴 = 300 K and 𝑇𝐵 = 400 K. Both dipoles are characterized by radii of
10 nm and are separated by 𝑑 = 100 nm; this configuration is shown
in Fig. 3(a). The spectrum is uniformly discretized into 100 frequencies
within the spectral band of from 140 to 190 Trad/s.

Second, NFRHT between two spheres made of SiO2 maintained at
𝑇𝐴 = 600 K and 𝑇𝐵 = 250 K is considered. Sphere A is characterized by a
radius of 50 nm and is discretized into 136 subvolumes. Sphere B has a
radius of 250 nm and is discretized into 280 subvolumes. The spheres
are separated by 𝑑 = 150 nm (see Fig. 3(b)). For SiO2, the angular
frequencies are defined based on uniformly discretizing the spectral
band of from 5 to 25 μm into 100 wavelengths.

The last example is a user defined simulation with nonuniform

spatial discretization involving two cubes of Si3N4 maintained at 𝑇𝐴 l

9 
= 400 K and 𝑇𝐵 = 300 K (see Fig. 3(c)). Each cube is character-
zed by a side length of 500 nm, discretized into 288 subvolumes,
nd separated by 𝑑 = 500 nm. Two different subvolume sizes are
efined in each cube: n_0 = 4, Lx_ref_1 = 250e-9, and n_1 =
(see Section 4.1.1). The two spatial discretization files are located

n Library/Discretizations/User_defined under the name
_cubes_Lx500nm_Ly500nm_Lz500nm_d500nm_N576. The
pectral band of from 20 to 300 Trad/s is uniformly discretized into
00 frequencies.
Note that in addition to the problems provided in Section 5, the

olver can also be tested for the case of two SiO2 spheres described in
ef. [45], where DSGF results are compared against exact results based
n an analytical solution.

. Conclusions

This paper described MATLAB and C implementations of the DSGF
olver for NFRHT publicly available on GitHub. In theory, the DSGF
ethod can simulate an arbitrary number of thermal sources of ar-
itrary shape, size, and material. In practice, the number of thermal
ources and their size are limited by memory requirements. The mem-
ry usage in the C implementation of the DSGF solver is mitigated when
sing the iterative procedure, but this comes at the expense of signif-
cantly longer computational time. The DSGF solver implemented in
ATLAB and C are open-source codes, and users are highly encouraged
o upgrade these codes. Since the key bottleneck preventing large-scale
imulations of NFRHT with the DSGF solver is the solution of the system
f linear equations, a useful upgrade would be to implement a solution
rocedure mitigating the memory usage without sacrificing too much
n the computational time.
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