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ADM mass for C
0 metrics and distortion

under Ricci–DeTurck flow
By Paula Burkhardt-Guim at New York

Abstract. We show that there exists a quantity, depending only on C
0 data of a Rie-

mannian metric, that agrees with the usual ADM mass at infinity whenever the ADM mass
exists, but has a well-defined limit at infinity for any continuous Riemannian metric that is
asymptotically flat in the C

0 sense and has nonnegative scalar curvature in the sense of Ricci
flow. Moreover, the C

0 mass at infinity is independent of choice of C
0-asymptotically flat

coordinate chart, and the C
0 local mass has controlled distortion under Ricci–DeTurck flow

when coupled with a suitably evolving test function.
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1. Introduction

In recent years considerable attention has been devoted to the study of Riemannian
metrics with lower scalar curvature bounds in various nonsmooth settings (see, for instance,
[2,14,16,22,23,26] among others). In the C

0 setting, Gromov [14] showed that pointwise lower
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scalar curvature bounds are preserved under uniform convergence. Somewhat more recently,
the Ricci and Ricci–DeTurck flows have emerged as useful tools in this setting since they pro-
vide a smoothing of the metric under which the scalar curvature has a well-behaved evolution
equation (a Ricci–DeTurck flow is a parabolic flow that is related to a Ricci flow via pullback
by a family of diffeomorphisms; the precise definition is given in Section 3). For instance, in
[2], Bamler provided a Ricci flow proof of Gromov’s [14] result (see also [11, 15, 19, 21]). In
[7] (see also [6,8]), the author introduced a synthetic notion of pointwise lower scalar curvature
bounds for C

0 Riemannian metrics using Ricci flow.
In light of this context, it is natural to ask whether other metric quantities associated with

the scalar curvature may be formulated using only C
0 data of the metric, and whether anything

can be learned about these quantities by letting the metric evolve by Ricci or Ricci–DeTurck
flow. One such quantity is the ADM mass. Recall that if .M

n
; g/ is a smooth Riemannian mani-

fold and ˆW M n K ! Rn n B.0; 1/ is a smooth coordinate chart for M , where K is a compact
subset of M , then the ADM mass (introduced in [1]) is given by (see [30, p. 143])

(1.1) mADM.g/ ´ lim
r!1

1

4!.n ! 1/!n!1

Z

S.r/

nX

iD1

.!igij ! !j gi i /"
j

dS;

where the coordinate expression in the integrand corresponds to the coordinates ˆ,

S.r/ D "x 2 Rn W .x
1
/
2 C # # # C .x

n
/
2 D r

2º;
" denotes the outward unit normal to S.r/ with respect to the Euclidean metric, !n!1 denotes
the Euclidean volume of the .n ! 1/-dimensional unit sphere, and dS denotes the Euclidean
surface measure on S.r/. Henceforth, if we wish to emphasize the coordinate chart ˆ, then we
write mADM.g; ˆ/.

A priori, it is not clear whether the limit (1.1) should always exist, or whether the limit
depends on the choice of ˆ, but Bartnik [4, Theorems 4.2 and 4.3] (see also [10] for the asymp-
totically Minkowski case) showed that, under certain conditions, the ADM mass does indeed
exist, is finite, and is independent of choice of coordinate chart.

Theorem 1.1 (cf. [4]). Let .M
n
; g/ be a smooth Riemannian manifold. Suppose that,

for some compact set K $ M , there exists a coordinate chart ˆW M n K ! Rn n B.0; 1/ for

M such that, for some # > .n ! 2/=2, we have

j.ˆ"g/ij ! ıij jjx D O.jxj!!

ı
/;(1.2)

j!k.ˆ"g/ij jjx D O.jxj!!!jkj
ı

/ for jkj D 1; 2;(1.3)

where ı denotes the Euclidean metric and k is a multiindex, and

(1.4)
Z

M

jR.g/j < 1;

where R.g/ denotes the scalar curvature of g. Then the limit from (1.1) with respect to ˆ exists,

is finite, and is independent of choice of ˆ satisfying (1.2) and (1.3).

Henceforth, we will say that a continuous Riemannian metric is C
0
-asymptotically flat

if, for some smooth coordinate chart, it satisfies (1.2) but not necessarily (1.3). As noted above,
the ADM mass is a metric quantity that is associated with lower scalar curvature bounds; this
is because of the Riemannian Positive Mass Theorem.
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Theorem 1.2 (cf. [27–29, 32]). For n % 3, let .M
n
; g/ be a smooth Riemannian mani-

fold and suppose that there exists a compact set K $ M and a coordinate chart

ˆW M n K ! Rn n B.0; 1/

for M such that, for some # > .n ! 2/=2, (1.2), (1.3), and (1.4) hold. If R.g/ % 0, then we

have mADM.g/ % 0. Moreover, mADM.g/ D 0 if and only if g is flat.

Here we have stated the result for a manifold with a single asymptotically flat end, but
the result also holds for multiple ends; see [28, 32]. There have been a number of proofs of the
Positive Mass Theorem using different techniques, the earliest of which were due to Schoen–
Yau [27, 28] and Witten [32]. We refer the reader to [5, Section 3.1] for a more thorough
discussion of the various proofs and their techniques. Moreover, we remark that the Ricci and
Ricci–DeTurck flows have already emerged as useful tools in the context of the Riemannian
Positive Mass Theorem; see, for instance, [11,24,25]. In view of Theorem 1.2, we often impose
the condition that the Riemannian metric has nonnegative scalar curvature (in a generalized
sense) throughout the rest of this paper.

Several compelling notions of C
0 masses, involving volumes and capacities, have been

introduced; see [17,18]. In this paper, we will take a different approach from these works, with
the intention of evolving the metric by Ricci–DeTurck flow in order to show the existence of
a limit at infinity even for metrics that have only C

0 control. Towards the C
0 setting, observe

that mADM.g; ˆ/ is computed by integrating over a single coordinate sphere, but when the limit
mADM.g; ˆ/ exists, one may alternatively compute mADM.g; ˆ/ by integrating over a family
of spheres weighted by some test function since, if 'W R ! R is any smooth function withR

1:1

0:9
'.`/ d` ¤ 0, then

R
1:1r

0:9r
'.

`

r
/
R

S.`/

P
n

iD1
.!igij ! !j gi i /"

j
dS d`

4!.n ! 1/!n!1r
R

1:1

0:9
'.`/ d`

D
R

1:1

0:9
'.`/

R
S.`r/

P
n

iD1
.!igij ! !j gi i /"

j
dS d`

4!.n ! 1/!n!1

R
1:1

0:9
'.`/ d`

!!!!!
r!1 mADM.g; ˆ/:

(1.5)

In fact, observation (1.5) is an entry point to proving a C
0 version of the Positive Mass

Theorem: the significance of the left-hand side of (1.5) is that it may be expressed solely in
terms of the C

0 data of g; see Definition 2.1. In order to get a well-defined limit at infinity, we
replace ' with a family of functions '

r that vary with r . We will explain how '
r relates to ' in

Section 2. We summarize this fact in the following theorem; a more precise statement is given
in the next section (see Theorem 2.9).

Theorem 1.3. Let M be a smooth manifold, and g a continuous Riemannian metric

on M . Suppose there is a smooth coordinate chart ˆW M n K ! Rn n B.0; 1/ for M , where K

is some compact set. For any smooth cutoff function 'W R ! R#0
with Supp.'/ $$ .0:9; 1:1/

and for any r > 0, there exists a smooth family of functions .'
r
/r>0W R ! R such that

'
r

C 1
!!!!!
r!1 ';

and there exists a quantity MC 0.g; ˆ; '
r
; r/, depending only on the C

0
data of ˆ"g, for which

the following is true.

(i) If g is C
2

and mADM.g; ˆ/ exists, then mADM.g; ˆ/ D limr!1 MC 0.g; ˆ; '
r
; r/.
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(ii) If g has nonnegative scalar curvature in the sense of Ricci flow on M n K and (1.2)
holds for ˆ for some # > .n ! 2/=2, then limr!1 MC 0.g; ˆ; '

r
; r/ exists, is either finite

or C1, and is independent of choice of such ˆ and '. Moreover, this limit is finite if

and only if a particular condition involving the scalar curvature of time slices of Ricci–

DeTurck flows associated to g is satisfied.

Furthermore, in the case that M has multiple ends, the result holds if M n K is replaced by

a neighborhood of an end of M that is diffeomorphic to Rn n B.0; 1/.

Corollary 1.4. Let M
n

be a smooth manifold and suppose g is any C
2

Riemannian

metric on M . Suppose that there is a smooth coordinate chart ˆW M n K ! Rn n B.0; 1/,

where K is some compact set, such that

(i) there is some # > .n ! 2/=2 for which ˆ"g satisfies (1.2) for # , and

(ii) the classical ADM mass mADM.g; ˆ/ exists.

If g has nonnegative scalar curvature, then mADM.g; ˆ/ is independent of choice of ˆ satisfy-

ing (i) and (ii), regardless of whether ˆ"g satisfies (1.3) or not. In particular, in the coordinate

invariance statement in Theorem 1.1, hypothesis (1.3) may be replaced with the condition that

mADM.g; ˆ/ exists, when the scalar curvature of the metric is assumed to be nonnegative.

Proof of Corollary 1.4. The first statement of Theorem 1.3 applied to ˆ implies that,
for any such ˆ,

mADM.g; ˆ/ D lim
r!1 MC 0.g; ˆ; '

r
; r/:

On the other hand, the second statement of Theorem 1.3 implies that limr!1 MC 0.g; ˆ; '
r
; r/

is independent of choice of ˆ satisfying (1.2) for # > .n ! 2/=2.

As we will explain, Theorem 1.3 follows from a monotonicity result for the C
0 local

mass, the precise statement of which is given in the next section (see Theorem 2.12).

Theorem 1.5. Let M be a smooth manifold and g a C
0

metric on M . Suppose that

U1 and U2 are open subsets of M for which, for m D 1; 2, there exist coordinate charts

ˆ
mW Um ! Rn n B.0; 1/ that determine the same end of M (see Definition 2.8) and such that,

for some #m > .n ! 2/=2, (1.2) holds for ˆ
m

and #m. If g has nonnegative scalar curvature in

the sense of Ricci flow and 'm % 0 are smooth cutoff functions with Supp.'m/ $$ .0:9; 1:1/,

then for all sufficiently large r ,

MC 0.g; ˆ
1
; '

200r

1
; 200r/ % MC 0.g; ˆ

2
; '

r

2
; r/ ! cr

!!

for some ! > 0, where c and ! do not depend on r .

It is natural to ask where the C
0 quantity limr!1 MC 0.g; ˆ; '

r
; r/ agrees with other

C
0 notions of mass that have already been introduced.

Question 1. How does

lim
r!1 MC 0.g; ˆ; '

r
; r/

relate to Huisken’s isoperimetric mass [18, Definition 11] and Jauregui’s isocapacitary mass

[17, Definition 4]?
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Towards proving a C
0 version of Theorem 1.2, we ask the following question.

Question 2. If g satisfies the hypotheses of (ii) in Theorem 1.3 and moreover g has

nonnegative scalar curvature in the sense of Ricci flow everywhere on M , do we have

lim
r!1 MC 0.g; ˆ; '

r
; r/ % 0‹

2. Technical introduction

We now make precise some of the statements from the previous section. We first define
the C

0 mass.

Definition 2.1. Let r > 0, g be a C
0 metric on a smooth manifold M , ˆW U ! Rn

a smooth coordinate chart for M such that A.0; 0:9r; 1:1r/ $ ˆ.U /, where A.0; 0:9r; 1:1r/

denotes the annulus in Rn measured with respect to the Euclidean metric, and 'W R ! R some
smooth function such that

R
1:1

0:9
'.s/ ds ¤ 0. Writing gij for .ˆ"g/ij , we define the C

0
local

mass of g with respect to ' and ˆ at r by

MC 0.g; ˆ; '; r/

´ .4!.n ! 1/!n!1/
!1

r
R

1:1

0:9
'.`/ d`

&
nX

i;j D1

!Z

A.o;0:9r;1:1r/

"
n ! 2

jxj '

" jxj
r

#
C 1

r
'

0
" jxj

r

##
ı

ij
.gij ! ıij /

C
"

1

jxj'
" jxj

r

#
! 1

r
'

0
" jxj

r

##
.gij ! ıij /

x
i
x

j

jxj2 dx

C
Z

!A.o;0:9r;1:1r/

.gij ! ıij /
x

i

jxj'
" jxj

r

#
"

j

! .gjj ! ıjj /
x

i

jxj'
" jxj

r

#
"

i
dS

$
;

(2.1)

where " denotes the outward unit normal vector with respect to the Euclidean metric along!A.0; 0:9r; 1:1r/ and dS is the Euclidean surface measure on !A.0; 0:9r; 1:1r/. If we are
working with a given coordinate chart ˆ, or with a Riemannian metric on Rn, then we write
MC 0.g; '; r/ rather than MC 0.g; ˆ; '; r/. Henceforth, we will suppress the summation nota-
tion in (2.1) and the normalization constant .4!.n ! 1/!n!1/

!1 for the sake of brevity.

Remark 2.2. For any smooth 'W R ! R with
R

1:1

0:9
'.s/ ds ¤ 0, if hij ´ gij ! ıij , we

have
Z

1:1r

0:9r

Z

S.u/

.!j gij ! !igjj /"
i
'

"
u

r

#
dS du

D
Z

1:1r

0:9r

Z

S.u/

.!j hij ! !ihjj /"
i
'

"
u

r

#
dS du

C
Z

1:1r

0:9r

Z

S.u/

.!j ıij ! !iıjj /"
i
'

"
u

r

#
dS du



6 Burkhardt-Guim, C
0 ADM mass and Ricci–DeTurck flow

D
Z

1:1r

0:9r

Z

S.u/

.!j hij ! !ihjj /"
i
'

"
u

r

#
dS du C 0

D
Z

A.o;0:9r;1:1r/

.!j hij ! !ihjj /
x

i

jxj'
" jxj

r

#
dx

D
Z

A.o;0:9r;1:1r/

!hij !j "
x

i

jxj'
" jxj

r

##
C hjj !i" x

i

jxj'
" jxj

r

##
dx

C
Z

!A.o;0:9r;1:1r/

hij

x
i

jxj'
" jxj

r

#
"

j ! hjj

x
i

jxj'
" jxj

r

#
"

i
dS

D
Z

A.o;0:9r;1:1r/

!hij

ı
j

i

jxj'
" jxj

r

#
C hij

x
i
x

j

jxj3 '

" jxj
r

#
! hij

x
i
x

j

r jxj2 '
0
" jxj

r

#

C hjj

ı
i

i

jxj'
" jxj

r

#
! hjj

.x
i
/
2

jxj3 '

" jxj
r

#
C hjj

.x
i
/
2

r jxj2 '
0
" jxj

r

#
dx

C
Z

!A.o;0:9r;1:1r/

hij

x
i

jxj'
" jxj

r

#
"

j ! hjj

x
i

jxj'
" jxj

r

#
"

i
dS

D
Z

A.o;0:9r;1:1r/

trı h
.n ! 2/

jxj '

" jxj
r

#
C trı h

1

r
'

0
" jxj

r

#

C hij

x
i
x

j

jxj3 '

" jxj
r

#
! hij

x
i
x

j

r jxj2 '
0
" jxj

r

#
dx

C
Z

!A.o;0:9r;1:1r/

hij

x
i

jxj'
" jxj

r

#
"

j ! hjj

x
i

jxj'
" jxj

r

#
"

i
dS:

Therefore,

MC 0.g; ˆ; '; r/ D .4!.n ! 1/!n!1/
!1

R
1:1r

0:9r

R
S.u/

.!j gij ! !igjj /"
i
'.

u

r
/ dS du

r
R

1:1

0:9
'.`/ d`

:

In particular, if mADM.g; ˆ/ exists, then (1.5) implies that

mADM.g; ˆ/ D lim
r!1 MC 0.g; ˆ; '; r/:

We now discuss the meaning of “nonnegative scalar curvature in the sense of Ricci flow”,
which takes the place of the classical nonnegative scalar curvature condition in the C

0 setting
(cf. [6–8]).

Definition 2.3. Let M
n be a smooth manifold and g be a continuous Riemannian metric

on M . For ˇ 2 .0; 1=2/, we say that g has scalar curvature bounded below by $0 2 R in the
ˇ-weak sense at x 2 M if there exists a coordinate chart ˆW Ux ! ˆ.Ux/ for M , where Ux is
a neighborhood of x, and there exists a continuous metric g0 on Rn and a Ricci–DeTurck flow
.gt /t2.0;T " for g0, with respect to the Euclidean background metric, satisfying (3.8), (3.9), and
(3.10) (cf. [20]), such that g0jˆ.Ux/ D ˆ"g and such that

(2.2) inf
C >0

%
lim inf

t&0

%
inf

Bı.ˆ.x/;C tˇ/

R.gt /
&&

% $0:

We say that g has scalar curvature bounded below by $0 2 R in the sense of Ricci flow on an
open region U $ M if there exists some ˇ 2 .0; 1=2/ such that, for all x 2 U , g has scalar
curvature bounded below by $0 in the ˇ-weak sense at x.



Burkhardt-Guim, C
0 ADM mass and Ricci–DeTurck flow 7

Remark 2.4. As explained in [6, Section 6.2], Definition 2.3 is an extension of the defi-
nition introduced in [7,8] to noncompact manifolds. Also, by the discussion in [6, Section 6.2]
and [8, Remark 3.6 and Theorem 3.7], if kˆ"g ! ıkC 0.ˆ.U // is sufficiently small so that ˆ"g

may be extended to a continuous metric g0 on Rn for which there is a Ricci–DeTurck flow
.gt /t2.0;T " for g0, with respect to the Euclidean background metric, satisfying (3.8), (3.9),
and (3.10), then it is equivalent to require that there exists some ˇ 2 .0; 1=2/ such that, for all
y 2 ˆ.U /,

(2.3) inf
C >0

%
lim inf

t&0

%
inf

Bı.y;C tˇ/

R.gt /
&&

% $0;

i.e. that (2.2) holds for a fixed Ricci–DeTurck flow that is independent of choice of x 2 U .

Remark 2.5. By invariance of the Ricci–DeTurck flow under parabolic rescaling (see
Remark 3.1), the ˇ-weak condition (2.2) is invariant under rescaling of g when $0 D 0.

We next provide the precise statements of Theorems 1.3 and 1.5, and explain how the
functions '

r are related to '. Much of Theorem 1.5 is proved by using estimates for the Ricci–
DeTurck flow on perturbations of Euclidean space (see [20]) to control the distortion of the C

0

local mass, when coupled with a suitably evolving smooth function.

Lemma 2.6. Let 'W R ! R#0
be a smooth cutoff function with Supp.'/ $$ .0:9; 1:1/.

For all r > 0, % > 0, there exists a smooth function 'r!!.`; t/W R & Œ0; r
!#

& ! R such that

(2.4)

8
ˆ̂̂
<

ˆ̂̂
:

!t'r!!.jxj; t / D !''r!!.jxj; t /

C n ! 1

jxj2 'r!!.jxj; t / for .x; t/ 2 Rn & .0; r
!#

/;

'r!!.`; r
!#

/ D '.`/ for all ` 2 R:

Moreover, there exists Nr D Nr.n; %/ such that, for all r > Nr , the following is true. Suppose that

g0 is a continuous metric on Rn
such that kg0 ! ıkC 0.Rn/ ' " for some " < 1, and for which

there exists a smooth Ricci–DeTurck flow, .gt /t>0, with respect to the Euclidean background

metric, satisfying (3.8), (3.9), and (3.10). Then

Z
r2!!

0

ˇ̌
ˇ

d

dt
MC 0

"
gt ; 'r!!

"
# ; t

r2

#
; r

#ˇ̌
ˇ dt

' c.n; '/"
2
r

n!2 C c.n; '/r
n!2Cn#=2!# exp

%
!D.Supp.'//r

#
&
;

where D D D.n/.

In particular, there exists Nr D Nr.n; %; Supp.'/; c0; #/ such that, for all r > Nr , the follow-

ing is true. Suppose that g0 is a continuous metric on Rn
such that kg0 ! ıkC 0.Rn/ ' c0r

!!

for some # > .n ! 2/=2. Suppose that .gt /t>0 is a smooth Ricci–DeTurck flow for g0, with

respect to the Euclidean background metric, satisfying (3.8), (3.9), and (3.10). Then

Z
r2!!

0

ˇ̌
ˇ

d

dt
MC 0

"
gt ; 'r!!

"
# ; t

r2

#
; r

#ˇ̌
ˇ dt ' c.n; '; c0/r

n!2!2!
:

Observe that, because of the specified lower bound for # , n ! 2 ! 2# < 0, so the right-
hand side decays to 0 as r ! 1. Typically, we will take g0 to be a continuous extension of
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a C
0 metric gjA.0;0:9r;1:1r/ where g is defined on A.0; 0:8r; 1:2r/ and satisfies

kg ! ıkC 0.A.0;0:8r;1:2r// ' c0r
!!

:

Remark 2.7. If u is any spherically symmetric solution to the backwards heat equa-
tion !tu D !'u on Euclidean space, then the evolution equation from (2.4) is precisely the
evolution equation for the radial derivative of u.

In order to address the case when .M; g/ has multiple ends, we now discuss what we
mean by a C

0-asymptotically flat end of .M; g/. We use the convention of [13, p. 201] to
describe the ends. Note that, because M is a topological manifold, it admits a compact exhaus-
tion. Let

K1 ( K2 ( K3 ( # # #
be an exhaustion of M by compact sets. Consider a sequence .Xi /

1
iD1

such that each Xi is
a connected component of M n Ki and such that X1 ) X2 ) X3 ) # # # . Suppose .K

0
i
/
1
iD1

is
another compact exhaustion of M and .X

0
i
/
1
iD1

is another such sequence, i.e. each X
0
i

is a con-
nected component of M n K

0
i

and X
0
1

) X
0
2

) X
0
3

) # # # . We say that .Xi /
1
iD1

and .X
0
i
/
1
iD1

are equivalent if, for all i 2 N, there exist j and k such that Xi ) X
0
j

and X
0
i

) Xk . The ends
of M are the equivalence classes of such sequences.

Suppose that U $ M is an open subset of M for which there exists a diffeomorphism

ˆW U ! Rn n B.0; 1/

such that ˆ satisfies (1.2) for some # > 0. Then ˆ determines an end of M as follows. Let
V D ˆ

!1
.Rn n B.0; 2//. Consider the sequence of annuli A

i D A.0; 2; 10i /. Observe that
ˆ

!1
.Ai / is compact because Ai is compact in Rn n B.0; 1/ and ˆ is a diffeomorphism onto

this region. We extend ˆ
!1

.Ai / to a compact exhaustion of M as follows. Let K
0
i

be any com-
pact exhaustion of M . Let Ki D .K

0
i

n V / [ ˆ
!1

.Ai /. Then the Ki are compact because they
are all unions of two compact sets, and they exhaust M since K

0
i

n V exhausts M n V and
ˆ

!1
.Ai / exhausts V (because Ai exhausts Rn n B.0; 2/).

For all i 2 N, let X
i denote the connected component of M n Ki that contains

ˆ
!1

.Rn n B.0; 10i //I

this is possible since ˆ is a diffeomorphism onto its image and hence ˆ
!1

.Rn n B.0; 10i // is
connected. We actually have that, for all sufficiently large i 2 N, X

i D ˆ
!1

.Rn n B.0; 10i //:
to see this, it is sufficient to show that ˆ

!1
.Rn n B.0; 10i // is clopen in M n Ki . Certainly,

it is open in M n Ki by continuity since Rn n B.0; 10i / is open in Rn and M n Ki is open
in M . To show closedness, let y 2 M n Ki be a limit point of ˆ

!1
.Rn n B.0; 10i // so that

there exists a sequence of points yk 2 ˆ
!1

.Rn n B.0; 10i // such that yk ! y. Then .yk/
1
kD1

is a Cauchy sequence with respect to g. Let xk D ˆ.yk/ 2 Rn n B.0; 10i / so that .xk/
1
kD1

is
Cauchy with respect to ˆ"g and hence is also Cauchy with respect to ı since ˆ"g is uniformly
bi-Lipschitz to ı outside of a large compact set. By completeness, xk ! x 2 Rn n B.0; 10

i
/,

so either x 2 Rn n B.0; 10i / or x 2 !B.0; 10
i
/. By continuity, we have

ˆ
!1

.x/ D lim
k!1

ˆ
!1

.xk/ D lim
k!1

yk D y:
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If x 2 !B.0; 10
i
/, then x 2 Ai and hence y 2 ˆ

!1
.Ai / ( Ki , a contradiction. Therefore,

x 2 Rn n B.0; 10i / and y 2 ˆ
!1

.Rn n B.0; 10i //;

so ˆ
!1

.Rn n B.0; 10i // is closed in M n Ki . In particular, ˆ
!1

.Rn n B.0; 10i // is a con-
nected component of M n Ki . Then X

1 ) X
2 ) # # # , so .X

i
/
1
iD1

determines an end of M .

Definition 2.8. We say that an end E of M is C
0-asymptotically flat if it is determined

by some such ˆ, and we say that ˆ is a C
0-asymptotically flat coordinate chart for E. We now

establish some terminology. If ˆ has the property that, for all jxj % r0,

j.ˆ"g/ij jx ! ıij j ' c0jxj!!
;

then we say that r0 is the decay threshold of ˆ, c0 is the decay coefficient, and # is the decay

rate.

Theorem 2.9. Let M be a smooth manifold and g a continuous Riemannian metric

on M . Suppose E is an end of M and that ˆW U ! Rn n B.0; 1/ is a C
0
-asymptotically flat

coordinate chart for E. Let 'W R ! R#0
be a smooth cutoff function with

Supp.'/ $$ .0:9; 1:1/:

For all r > 0 and % > 0, let 'r!!.`; t/ denote the smooth time-dependent function correspond-

ing to ' given by Lemma 2.6. Then the following is true.

(i) If g is C
2

and mADM.g; ˆ/ exists, then for all % > 0, we have

mADM.g; ˆ/ D lim
r!1 MC 0.g; ˆ; 'r!!. # ; 0/; r/:

(ii) If g has nonnegative scalar curvature in the sense of Ricci flow on U and (1.2) holds for

ˆ for some # > .n ! 2/=2, then for all 0 < % < 2# ! n C 2, the limit

lim
r!1 MC 0.g; ˆ; 'r!!. # ; 0/; r/

exists, is either finite or C1, and is independent of choice of C
0
-asymptotically flat

coordinate chart for E with decay rate # > .n ! 2/=2 and choice of ' with

Supp.'/ $$ .0:9; 1:1/:

Moreover, limr!1 MC 0.g; ˆ; 'r!!. # ; 0/; r/ is finite if and only if the following condi-

tion holds.

There exists a sequence of numbers rk ! 1 such that rkC1 > 1:1=0:9rk > 0 for all k,

and such that, for all k, there exists an extension g
k

0
of ˆ"gjRnnB.0;0:7rk/ to all of Rn

for which there is a Ricci–DeTurck flow .g
k
t
/t>0 satisfying (3.8), (3.9), and (3.10), such

that

(2.5) lim
k!1

sup
r 0>1:1=0:9rk

Z

A.0;0:9rk ;1:1r 0/
R.g

k

.0:9=1:1rk/2!!/ dx D 0:
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Remark 2.10. The limit limr!1 MC 0.g; 'r!!. # ; 0/; r/ is also independent of choice
of % 2 .0; 2# ! n C 2/, as we will explain in Section 7.

Remark 2.11. A keen reader will note that, while Theorem 2.9 is an analogous state-
ment to Theorem 1.1 for C

0 metrics, it deviates from Theorem 1.1 in the following way:
Theorem 1.1 assumes that the scalar curvature is in L

1 (1.4) in order to conclude that the ADM
mass is a well-defined, finite limit. On the other hand, Theorem 2.9 does not assume an inte-
grability condition for the scalar curvature, instead substituting this condition for the condition
that the scalar curvature of the metric is nonnegative (in a weak sense, in a neighborhood of
infinity), and concluding that the corresponding limit is well-defined, but possibly infinite.

The condition that the scalar curvature of the metric be nonnegative in a weak sense is
natural for the purposes of pursuing a C

0 version of the Riemannian Positive Mass Theorem,
and there is precedent in the literature for imposing this condition (see, for instance, [22, Theo-
rem 1.1 and Proposition 2.4 (2)]). Nonetheless, it is natural to ask whether this condition could
instead be replaced by a C

0 version of the condition that the scalar curvature be in L
1.

Question 3. Suppose g is a continuous Riemannian metric on a smooth manifold M .

Suppose that E is an end of M and that ˆW U ! Rn n B.0; 1/ is a C
0
-asymptotically flat

coordinate chart for E. Let ' and 'r!! be as in Theorem 2.9. Does there exist a condition .*/

such that

(i) if g satisfies .*/, then limr!1 MC 0.g; ˆ; 'r!!. # ; 0/; r/ is well-defined and finite, and

(ii) if g is C
2

and satisfies (1.2), (1.3), and R.g/ 2 L
1
.E/, then .*/ holds for g?

A C
0 condition .*/ should satisfy both of these items in order to be a C

0-weak ver-
sion of condition (1.4). We expect that a suitable modification of (2.5) would satisfy both of
these items, though we do not show such a thing in this paper. The proof of Theorem 7.3
implies that when condition (2.5) holds, then there exists a sequence of radii zrk ! 1 such that
limk!1 MC 0.g; '.zrk/!!. # ; 0/; zrk/ exists and is finite; the nonnegativity of the scalar curva-
ture is only used to guarantee that the limit does not depend on the sequence of radii. Whether
condition (2.5) can be modified to satisfy the second item in Question 3 is more subtle: in the
classical setting, McFeron–Székelyhidi [25, Lemma 10] showed uniform-in-time decay of the
integral of the scalar curvature outside of balls of large radii, for time slices of the Ricci flow.
Therefore, we would expect some version of condition (2.5) to hold in the classical setting
when R.g/ 2 L

1. However, this is not immediate from [25, Lemma 10] since, in this paper,
we use Ricci–DeTurck, rather than Ricci flow.

Finally, we remark that Lee–LeFloch [22, Proposition 2.4] have shown that, for metrics
g 2 C

0 \ W
1;n that are asymptotically flat in a suitable sense, condition (1.4) can be replaced

by the condition that the scalar curvature of g be a finite, signed measure outside of a com-
pact set. This condition is not available in our setting since the scalar curvature does not have
a distributional interpretation for general C

0 metrics.

The proof of first statement in Theorem 2.9 is relatively straightforward, as we will
explain in Section 7. The second statement follows from the monotonicity result Theorem 2.12,
as we will also explain in Section 7. Therefore, we devote the bulk of the paper to proving
Theorem 2.12.
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Theorem 2.12. Let M be a smooth manifold and g a continuous metric on M . Suppose

ˆ
1W U1 ! Rn n B.0; 1/ and ˆ

2W U2 ! Rn n B.0; 1/

are two C
0
-asymptotically flat coordinate charts for the same end so that, for m D 1; 2, there

exist cm > 0, rm > 1, and #m > .n ! 2/=2 such that

j.ˆm

" g/ij ! ıij j ' cmjxj!!m for all jxj > rm:

Then there exist Nr D Nr.ˆ1; ˆ2; '
1
; '

2
; %; ˇ; n/ and c D c.ˆ1; ˆ2; '

1
; '

2
; %; ˇ; n/ such that if

g has nonnegative scalar curvature in the ˇ-weak sense on U1 [ U2, '
1

and '
2

are smooth cut-

off functions with Supp.'
m

/ $$ .0:9; 1:1/ for m D 1; 2, and 0 < % < 2 min"#1; #2º ! n C 2,

then for all r > Nr ,

MC 0.g; ˆ
1
; '

1

.200r/!!. # ; 0/; 200r/ % MC 0.g; ˆ
2
; '

2

r!!. # ; 0/; r/ ! cr
n!2!2 min$!1;!2ºC#

;

where '
1

r!!.`; t/ and '
2

r!!.`; t/ are the smooth functions corresponding to '
1

and '
2

respec-

tively, given by Lemma 2.6. In particular,

lim
r!1 MC 0.g; ˆ

2
; '

2

r!!. # ; 0/; r/ D lim
r!1 MC 0.g; ˆ

1
; '

1

r!!. # ; 0/; r/:

We now will explain the structure of the rest of the paper: In Section 3, we introduce the
Ricci and Ricci–DeTurck flows and provide estimates for the heat kernel and scalar curvature
under the flows. We also record some elementary facts, and discuss properties of glued locally
bi-Lipschitz maps and transition maps between C

0-asymptotically flat coordinate charts. In
Section 4, we prove Lemma 2.6. In Section 5, we prove a preliminary version of the mono-
tonicity statement in Theorem 2.12, for a single C

0-asymptotically flat coordinate chart. In
Section 6, we prove the full version of the monotonicity statement in Theorem 2.12, using mol-
lification and gluing statements from Appendix B, which rely heavily on the results concerning
bi-Lipschitz maps and almost-isometries recorded in Appendix A. In Section 7, we prove the
full statements of Theorems 2.9 and 2.12.

3. Preliminaries

3.1. Ricci and Ricci–DeTurck flow preliminaries. If M is a smooth manifold and
.zgt /t2.0;T / is a smooth family of Riemannian metrics on M , recall that zgt evolves by Ricci
flow if

(3.1) !t zgt D !2 Ric.zgt /:

We use the notation zgt to distinguish this flow from the Ricci–DeTurck flow, which we use
more often in this paper, and which we will denote by gt . The Ricci–DeTurck flow, introduced
by DeTurck in [12], is a strongly parabolic flow that is related to the Ricci flow by pullback via
a family of diffeomorphisms. More specifically, we define the following operator, which maps
symmetric 2-forms on M to vector fields:

(3.2) X Ng.g/ ´
nX

iD1

.r Ng
ei

ei ! rg

ei
ei /;
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where "eiºn

iD1
is any local orthonormal frame with respect to g. Then the Ricci–DeTurck

equation is

(3.3) !tg.t/ D !2 Ric.g.t// ! LX Ng.t/.g.t//g.t/;

where Ng.t/ is a background Ricci flow.

Remark 3.1. If gt solves (3.3) with respect to some background Ricci flow Ngt for
t 2 .a; b/, then for all ( > 0, the parabolically rescaled flow g

0
t

´ (gt=$ solves (3.3) with
respect to the background Ricci flow Ng0

t
´ ( Ngt=$ for t 2 .(a; (b/.

In this paper, we work with Ricci–DeTurck flows on Rn with respect to a Euclidean
background, so we take Ng.t/ + ı and (3.3) becomes

(3.4) !tg.t/ D !2 Ric.g.t// ! LXı.g.t//g.t/:

As mentioned, if g.t/ solves (3.3), then it is related to a Ricci flow via pullback by diffeo-
morphisms. More precisely, if g.t/ solves (3.3) and .)t /t2.0;T /W M ! M is the family of
diffemorphisms satisfying

(3.5)

8
<

:
X Ng.t/.g.t//f D !!t .f ı )t / for all f 2 C

1
.M/;

)Nt D id;

then zg.t/ ´ )
"
t
g.t/ solves (3.1) with the condition zg.Nt / D g.Nt /.

It is known (see [3, Appendix A]) that if gt solves (3.3) with respect to the background
Ricci flow Ngt , and if ht D gt ! Ngt , then the evolution equation for ht is given by

(3.6) !tht D !Lht C QŒht &;

where

Lht D !'
Ngt ht ! 2 Rm Ngt Œht &

´ !'
Ngt ht ! 2 Ngpq

R
m

pij
hqm dx

i ˝ dx
j C Ngpq

.hpj Rqi C hipRqj /

(note that our notation convention for Rm Ngt Œht & differs slightly from that of [3] as we do not
use the Uhlenbeck trick in this paper) and Q denotes the quadratic term

.Q Ngt
Œht &/ij ´ .. Ng C h/

pq ! Ngpq
/.r2

pq
hij C R

m

pij
hmq C R

m

pji
hmq/

C . Ngpq ! . Ng C h/
pq

/.R
m

ipq
hmj C R

m

jpq
him/

! 1

2
. Ng C h/

pq
. Ng C h/

m`

& .!rihpmrj hq` ! 2rmhiprqhj` C 2rmhipr`hjq

C 2rphi`rj hqm C 2rihpmrqhj`/

D rp

%
.. Ng C h/

pq ! Ngpq
/rqhij

&

!
%
rp.. Ng C h/

pq ! Ngpq
/
&
rqhij

C .. Ng C h/
pq ! Ngpq

/.R
m

pij
hmq C R

m

pji
hmq/

C . Ngpq ! . Ng C h/
pq

/.R
m

ipq
hmj C R

m

jpq
him/
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! 1

2
. Ng C h/

pq
. Ng C h/

m`

& .!rihpmrj hq` ! 2rmhiprqhj` C 2rmhipr`hjq

C 2rphi`rj hqm C 2rihpmrqhj`/;

where here r denotes the covariant derivative with respect to Ngt . The second equality follows
from the Leibniz rule.

We often write QŒht & D Q
0
t

C r"
Q

1
t
, where

Q
0

t
´ !1

2
. Ng C h/

pq
. Ng C h/

m`

& .!rihpmrj hq` ! 2rmhiprqhjm C 2rmhipr`hjq

C 2rphi`rj hqm C 2rihpmrqhj`/

!
%
rp.. Ng C h/

pq ! Ngpq
/
&
rqhij C .. Ng C h/

pq ! Ngpq
/.R

m

pij
hmq C R

m

pji
hmq/

D . Ng C h/
!1

? . Ng C h/
!1

? rh ? rh C .. Ng C h/
!1 ! Ng!1

/ ? Rm Ngt ?h

and
r"

Q
1

t
´ rp

%
.. Ng C h/

pq ! Ngpq
/rqhij

&
D r

%
.. Ng C h/

!1 ! Ng!1
/ ? rh

&
;

where we use the notation A ? B for two tensor fields A and B to mean a linear combination
of products of the coefficients of A and B , and . Ng C h/

!1 and Ng!1 denote tensor fields with
coefficients . Ng C h/

ij and Ngij respectively. Henceforth, we will use the notation A *g B to
denote any linear combination of tensor fields obtained from A ˝ B by using g to raise or
lower any number of indices or by contracting any indices of such tensor fields using g, any
number of times. Since in this paper we often work on Euclidean space, we will use A * B to
denote any term such that jA * Bjı ' c.n/jAjı jBjı .

Henceforth, we take all covariant derivatives and measure all balls and all norms with
respect to the Euclidean metric ı on Rn, unless otherwise stated. When Ng.t/ + ı, (3.6) becomes
(see [20, (4.4)]) !thij D 'hij C 1

2
.ı C h/

pq
.ı C h/

m`

& .rihpmrj hq` C 2rmhiprqhjm ! 2rmhipr`hjp

! 2rphi`rj hqm ! 2rihpmrqhj`/

! rp..ı C h/
pq

/rqhij C rp

%
..ı C h/

pq ! ı
pq

/rqhij

&

µ 'hij C Q
0
Œh& C r"

Q
1
Œh&;

(3.7)

where

Q
0
Œh& D 1

2
.ı C h/

pq
.ı C h/

m`

& .rihpmrj hq` C 2rmhiprqhjm ! 2rmhipr`hjp

! 2rphi`rj hqm ! 2rihpmrqhj`/ ! rp..ı C h/
pq

/rqhij

D rh * rh;

r"
Q

1
Œh& D rp

%
..ı C h/

pq ! ı
pq

/rqhij

&
D r.h * rh/;

where ' denotes the usual Euclidean Laplacian.
We now record the following result concerning Ricci–DeTurck flows starting from small

C
0 perturbations of Euclidean space (cf. [20, Theorem 4.3], [7, Lemma 3.3 and Corollary 3.4]).
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Lemma 3.2. There exist N" D N".n/ < 1 and c D c.n/ such that the following is true. If

g0 is any continuous Riemannian metric on Rn
such that kg0 ! ıkC 0.Rn/ < N", then there exists

a smooth solution .gt /t>0 to (3.4) such that

gt

C
0
loc!!!!

t&0

g0;(3.8)

kgt ! ıkX ' ckg0 ! ıkC 0.Rn/;(3.9)

and for all k 2 N, there exists ck.n/ > 0 such that, for all t > 0,

(3.10) krk
.gt ! ı/kC 0.Rn/ ' ck.n/

kg0 ! ıkC 0.Rn/

tk=2
;

where k # kX is given by

khkX D sup
0<t<1

kh.t/kL1.Rn/ C sup
x2Rn

sup
0<r

.r
!n=2krhkL2.B.x;r/%.0;r2//

C r
2

nC4 krhkLnC4.B.x;r/%.
r2

2 ;r2///:

Moreover, if U; V $ Rn
are any two open sets with U $$ V and g is a continuous

Riemannian metric on V such that kg ! ıkC 0.V / < N", then there exists a continuous Riemann-

ian metric g0 defined on all of Rn
such that

g0jU D gjU and kg0 ! ıkC 0.Rn/ ' kg ! ıkC 0.V /;

so there exists a smooth solution .gt /t>0 to (3.4) satisfying (3.8), (3.9), and (3.10) for g0.

Proof. The existence of a smooth solution .gt /t>0 and estimates (3.9) and (3.10) are
due to [20, Theorem 4.3]. That the solution converges to the initial data as t & 0 follows in the
same way as in the proof of [7, Corollary 3.7].

Towards the second statement, let )W Rn ! Œ0; 1& be a smooth cutoff function with ) + 1

on U and Supp.)/ $ V . Then let g0 D )g C .1 ! )/ı. The .0; 2/-tensor g0 is continuous,
symmetric, and positive definite because g and ı are, so it is a C

0 Riemannian metric on Rn.
We also have

jg0 ! ıjjx D ).x/jg ! ıjjx ' kg ! ıkC 0.V / < N":

The existence of a solution gt satisfying (3.8), (3.9), and (3.10) then follows from the first
statement.

Remark 3.3. The result [20, Theorem 4.3] also guarantees a solution gt when g0 is
only in L

1
.Rn

/ with kg0 ! ıkL1.Rn/ < N".n/, but we will not address this situation in this
paper.

Observe that if gt is any solution to (3.4) satisfying (3.10), then we have

(3.11) R.gt / % !c.n/

t
:

3.2. Heat kernel estimates and evolution of scalar curvature under Ricci–DeTurck

flow. If gt evolves by Ricci–DeTurck flow (3.3), then the scalar curvature of gt satisfies
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(see [7, (2.24)])

(3.12) !tR.gt / % '
gt R.gt / ! hX; rR.gt /i C 2

n
R.gt /

2
;

where X is as in (3.2).
For a given solution .gt /t>0 to (3.3) with respect to a smooth background Ricci flow

. Ngt /t#0 on a smooth manifold M , let ˆ
RD

.x; t I y; s/ denote the scalar heat kernel for the
operator !t ! '

gt C rgt

X
, where X is as in (3.2), i.e. for fixed y 2 M and 0 < s < t ,!tˆRD

.x; t I y; s/ D 'gt ;xˆ
RD

.x; t I y; s/ ! rgt

X;x
ˆ

RD
.x; t I y; s/:

We refer the reader to [9] for a thorough discussion of the heat kernel. We now record an
estimate for ˆ

RD
.x; t I y; s/ (cf. [6, Lemma 3.8], [2, Lemma 3], [7, Lemma 2.9]).

Lemma 3.4. Suppose .gt /t>0 is a solution to (3.4) satisfying kgt ! ıkC 0.Rn/ < b and

(3.10) and let ˆ
RD

.x; t I y; s/ denote the scalar heat kernel for gt as described above. Then

there exist constants C D C.n; b/, D D D.n/ > 0 such that, for all t > 0 and all
t

2
' s ' t ,

ˆ
RD

.x; t I y; s/ ' C

.t ! s/n=2
exp

"
!

jx ! yj2
ı

D.t ! s/

#
:

Proof. Since gt is uniformly b-bi-Lipschitz to ı, there exists a constant c.n; b/ > 1 such
that, for all r > 0 and x 2 Rn,

(3.13) c.n; b/
!1

r
n ' volgt .Bgt .x; r// ' c.n; b/r

n
:

Let zgt D )
"
t
gt , where .)t /t>0 solve the differential equation from (3.5) subject to the condi-

tion )Nt D id for some Nt > 0. Then zgt is a Ricci flow, defined for t > 0, with zgNt D gNt . Let ˆ
RF

be the heat kernel for the operator !t ! '
zgt on the zgt -background. Let t0 > 0. By (3.10), zgt

satisfies the hypotheses of [7, Lemma 2.4]. Then, applying [7, Lemma 2.4] to the time interval
Œ
t0

2
; t0&, there exist C.n/; D.n/ such that, for s; t 2 Œ

t0

2
; t0&,

ˆ
RF

.x; t I y; s/ '
C exp

%
!

d
2
zg.t0=2/

.x;y/

D.t!s/

&

vol1=2

zg.t0=2/
Bzg.t0=2/

%
x;

q
t!s

2

&
vol1=2

zg.t0=2/
Bzg.t0=2/

%
y;

q
t!s

2

& :

Pushing forward by the )t and arguing as in the proof of [7, Lemma 2.9], we find, by (3.13),

ˆ
RD

.x; t I y; s/ D ˆ
RF

.)
!1

t
.x/; t I )

!1

s
.y/; s/

'
C exp

%
!

d
2
zg.t0=2/

.%
!1
t .x/;%!1

s .y//

D.t!s/

&

vol1=2

zg.t0=2/
Bzg.t0=2/

%
)

!1
t .x/;

q
t!s

2

&
vol1=2

zg.t0=2/
Bzg.t0=2/

%
)!1

s
.y/;

q
t!s

2

&

'
C exp

%
!d

2
g.t0=2/.x;y/

D.t!s/

&

vol1=2

g.t0=2/
Bg.t0=2/

%
x;

q
t!s

2

&
vol1=2

g.t0=2/
Bg.t0=2/

%
y;

q
t!s

2

&

' C

.t ! s/n=2
exp

"
!

jx ! yj2
ı

D.t ! s/

#
;

with C and D adjusted. Since C and D and (3.10) do not depend on choice of t0, the estimate
holds with t0 replaced by t , whence follows the result.
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3.3. Preliminary results for the local masses.

Lemma 3.5. Suppose that OW Rn ! Rn
is a rotation. If g is a C

0
Riemannian metric

on A.0; 0:9r; 1:1r/ for some r > 0 and 'W R ! R#0
is some smooth function not identically 0

on .0:9; 1:1/, then MC 0.O
"
g; '; r/ D MC 0.g; '; r/.

Proof. This is a calculation. Let O
j

i
denote the ij -entry of the matrix for O so thatP

n

`D1
O

i

`
O

j

`
D ı

ij . Then we have
Z

A.o;0:9r;1:1r/

"
n ! 2

jxj '

" jxj
r

#
C 1

r
'

0
" jxj

r

##
ı

ij
.O

"
gij ! ıij /

C
"

1

jxj'
" jxj

r

#
! 1

r
'

0
" jxj

r

##
.O

"
gij ! ıij /

x
i
x

j

jxj2 dx

D
Z

A.o;0:9r;1:1r/

"
n ! 2

jxj '

" jxj
r

#
C 1

r
'

0
" jxj

r

##
ı

ij
.O

a

i
gabO

b

j
jOx ! ıij /

C
"

1

jxj'
" jxj

r

#
! 1

r
'

0
" jxj

r

##
.O

a

i
gabO

b

j
jOx ! ıij /

x
i
x

j

jxj2 dx

D
Z

A.o;0:9r;1:1r/

"
n ! 2

jyj '

" jyj
r

#
C 1

r
'

0
" jyj

r

##
.ı

ab
gabjy ! ı

ij
ıij /

C
"

1

jyj'
" jyj

r

#
! 1

r
'

0
" jyj

r

##
.O

a

i
gabO

b

j
jy ! ıij /

O
`

i
y

`
O

m

j
y

m

jyj2 dy

D
Z

A.o;0:9r;1:1r/

"
n ! 2

jyj '

" jyj
r

#
C 1

r
'

0
" jyj

r

##
.ı

ab
gabjy ! ı

ij
ıij /

C
"

1

jyj'
" jyj

r

#
! 1

r
'

0
" jyj

r

##
.g`m ! ı`m/

y
`
y

m

jyj2 dy:

Similarly,
Z

!A.o;0:9r;1:1r/

.O
"
gij ! ıij /

x
i

jxj'
" jxj

r

#
"

j

! .O
"
gjj ! ıjj /

x
i

jxj'
" jxj

r

#
"

i
dS.x/

D
Z

!A.o;0:9r;1:1r/

.O
"
gij jx ! ıij /'

" jxj
r

#
x

i
x

j

jxj2

! .O
"
gjj jx ! ıjj /'

" jxj
r

#
.x

i
/
2

jxj2 dS.x/

D
Z

!A.o;0:9r;1:1r/

.O
a

i
gabO

b

j
jy ! ıij /'

" jyj
r

#O
i

`
y

`
O

j

my
m

jyj2

! .O
a

j
gabO

b

j
jy ! ıjj /'

" jyj
r

#.O
i

`
y

`
/
2

jyj2 dS.y/

D
Z

!A.o;0:9r;1:1r/

.g`mjy ! ı`m/'

" jyj
r

#
y

`
y

m

jyj2

! .ı
ab

gabjy ! ıjj /'

" jyj
r

#
.y

i
/
2

jyj2 dS.y/:
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We now introduce the following notation: if g is a C
2 Riemannian metric defined on

a region in Rn containing S.r/ for some r > 0, then we write

(3.14) mC 2.g; r/ ´
Z

S.r/

.!igij ! !j gi i /"
j

dS:

If g is a C
2 Riemannian defined on a subset of a smooth manifold M and ˆ is a coordinate

chart for M such that ˆ"g is defined on a region in Rn containing S.r/ for some r > 0, then
we let

mC 2.g; ˆ; r/ ´ mC 2.ˆ"g; r/:

Here we record a calculation concerning the classical local mass; cf. [4, Proposition 4.1]. We
will make use of this calculation in Section 5.

Lemma 3.6. Suppose g is a C
2

Riemannian metric on Rn n B.0; r0/ such that

kg ! ıkC 0.RnnB.0;r0// ' b:

For r0 < r1 < r2, we have

mC 2.g; r2/ ! mC 2.g; r1/ %
Z

A.0;r1;r2/

R.g/ ! c.n; b/jg ! ıjjr2
gj ! c.n; b/jrgj2 dVı :

Proof. First observe that

R.g/ D g
k`

.!m*
m

k`
! !`*

m

km
/ C g

k`
.*

q

k`
*

m

qm
! *

q

mk
*

m

`q
/

D g
k`

g
mp

2
Œ.!m!kgp` C !m!`gpk ! !m!pgk`/ ! .!`!kgpm C !`!mgpk ! !`!pgkm/&

C g
k`

2
Œ.!mg

mp
/.!kg`p C !`gkp ! !pgk`/

! .!`g
mp

/.!kgmp C !mgkp ! !pgkm/&

C g
k`

.*
q

k`
*

m

qm
! *

q

mk
*

m

`q
/

D
nX

m;kD1

1

2
Œ!m!kgmk C !m!kgmk ! !2

m
gkk ! .!2

k
gmm C !k!mgmk ! !k!mgkm/&

C .g
k`

g
mp ! ı

k`
ı

mp
/

2
Œ.!m!kgp` C !m!`gpk ! !m!pgk`/

! .!`!kgpm C !`!mgpk ! !`!pgkm/&

C g
k`

2
Œ.!mg

mp
/.!kg`p C !`gkp ! !pgk`/

! .!`g
mp

/.!kgmp C !mgkp ! !pgkm/&

C g
k`

.*
q

k`
*

m

qm
! *

q

mk
*

m

`q
/

D
nX

i;j D1

!j !igij ! !2
j

gi i

C .g
k`

g
mp ! ı

k`
ı

mp
/

2
Œ.!m!kgp` C !m!`gpk ! !m!pgk`/

! .!`!kgpm C !`!mgpk ! !`!pgkm/&

C g
k`

2
Œ.!mg

mp
/.!kg`p C !`gkp ! !pgk`/

! .!`g
mp

/.!kgmp C !mgkp ! !pgkm/&

C g
k`

.*
q

k`
*

m

qm
! *

q

mk
*

m

`q
/:
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To summarize, we have

R.g/ D
nX

i;j D1

!j !igij ! !2
j

gi i C Q
R

Œg&;

where

Q
R

Œg& ´ .g
k`

g
mp ! ı

k`
ı

mp
/

2
Œ.!m!kgp` C !m!`gpk ! !m!pgk`/

! .!`!kgpm C !`!mgpk ! !`!pgkm/&

C g
k`

2
Œ.!mg

mp
/.!kg`p C !`gkp ! !pgk`/

! .!`g
mp

/.!kgmp C !mgkp ! !pgkm/&

C g
k`

.*
q

k`
*

m

qm
! *

q

mk
*

m

`q
/:

Therefore, if Y is the vector field on Rn given by

nX

j D1

Y
j !j D

nX

i;j D1

.!igij ! !j gi i /!j
and En denotes the outward unit normal to A.0; r1; r2/, we have

Z

S.r2/

nX

iD1

.!igij ! !j gi i /"
j

dS !
Z

S.r1/

nX

iD1

.!igij ! !j gi i /"
j

dS

D
Z

!A.0;r1;r2/

hY; Eniı D
Z

A.0;r1;r2/

divı.Y / dVı D
Z

A.0;r1;r2/

R.g/ ! Q
R

Œg&

%
Z

A.0;r1;r2/

R.g/ ! c.n; b/jg ! ıjjr2
gj ! c.n; b/jrgj2 dVı ;

where r denotes the covariant derivative with respect to ı, as usual.

3.4. Some elementary analytic facts. We first record the following variant of the Inter-
mediate Value Theorem for integrals.

Lemma 3.7. Suppose that 'W Œa; b& ! R#0
is a nonnegative continuous function such

that
R

b

a
' ¤ 0, and let f W Œa; b& ! R be any continuous function. Then there exists c 2 Œa; b&

such that

f .c/ D
R

b

a
f .`/'.`/ d`

R
b

a
'.`/ d`

:

Proof. This follows from the usual Intermediate Value Theorem. We have

min
s2Œa;b"

f .s/ D
R

b

a
mins2Œa;b" f .s/'.`/ d`

R
b

a
'.`/ d`

'
R

b

a
f .`/'.`/ d`

R
b

a
'.`/ d`

'
R

b

a
maxs2Œa;b" f .s/'.`/ d`

R
b

a
'.`/ d`

D max
s2Œa;b"

f .s/;
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so the Intermediate Value Theorem applied to f implies that there exists c with

f .c/ D
R

b

a
f .`/'.`/ d`

R
b

a
'.`/ d`

:

We now record the following elementary result, concerning convergence of almost-mono-
tone sequences.

Lemma 3.8. Suppose that .ak/
1
kD0

is a sequence of numbers satisfying

ak % ak!1 ! bk!1;

for some sequence of nonnegative numbers .bk/
1
kD0

satisfying
P1

iD0
bi < 1. Then either ak

converges or ak ! C1.

Proof. Define the sequence .Ak/
1
kD1

by

Ak ´ ak C
k!1X

iD0

bi :

Then .Ak/
1
kD1

is (weakly) increasing. In particular, if .Ak/ is bounded, then it converges to
some finite limit A1, and if .Ak/ is unbounded, then it tends to C1. In the case that .Ak/ is
bounded and hence tends to A1 < 1, we have

lim
k!1

ak D lim
k!1

Ak ! lim
k!1

k!1X

iD0

bi D A1 !
1X

iD0

bi < 1:

In the case that .Ak/ is unbounded, and hence tends to C1, we have

ak % Ak !
1X

iD0

bi ;

so ak ! C1 as well.

3.5. Bi-Lipschitz maps and C 0
asymptotically flat transition maps. For 0 ' ı < 1,

we say that a map +W D ! C between open subsets of normed spaces is .1 C ı/-bi-Lipschitz
if, for all x; y 2 D such that x ¤ y, we have

.1 C ı/
!1 ' j+.x/ ! +.y/jC

jx ! yjD
' 1 C ı:

We will use this condition interchangeably with the condition that

1 ! ı ' j+.x/ ! +.y/jC
jx ! yjD

' 1 C ı

since we typically work with ı that are very small, and in this case, the two conditions agree,
up to multiplying ı by a constant. In this paper, we will usually take D and C to be subsets
of Rn, and when we say “bi-Lipschitz”, we mean bi-Lipschitz with respect to the Euclidean
metric.
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If C and D are open subsets of Rn and +W D ! C is C
1, then we say that + is locally

.1 C ı/-bi-Lipschitz for some ı < 1 if, for all x 2 D,

.1 C ı/
!1 ' jd+jjx ' 1 C ı:

As above, we use this condition interchangeably with the condition that

1 ! ı ' jd+jjx ' 1 C ı:

If D and C are open subsets of Rn and +W D ! C is a C
1 diffeomorphism onto its image

such that, for some ı < 1=2,

1 ! ı ' kd+kC 0.D/ ' 1 C ı;

then

(3.15) 1 ! 2ı ' kd+
!1kC 0.&.D// ' 1 C 2ı:

This is due to the fact that, for all x 2 D, we have (after rotation by some orthogonal matrix O

depending on x)

d+
!1j&.x/ D .d+jx/

!1 D I C .I ! d+jx/ C .I ! d+jx/
2 C # # # ;

so
jd+

!1j&.x/ ! I j ' 2jI ! d+jxj ' 2ı:

In particular, suppose C; D $ Rn are open sets and x; y 2 D such that D contains the
line from x to y and C contains the line from +.x/ to +.y/. If +W D ! C is a locally .1 C ı/-
bi-Lipschitz map for some ı < 1=2 and is also a diffeomorphism, then

.1 C 2ı/
!1jx ! yj D .1 C 2ı/

!1j+!1
.+.x// ! +

!1
.+.y//j

' .1 C 2ı/
!1kd+

!1kC 0.C /j+.x/ ! +.y/j
' j+.x/ ! +.y/j ' .1 C 2ı/jx ! yj:

(3.16)

If f W D ! C is any map such that, for all x; y 2 D, jjf .x/ ! f .y/jC ! jx ! yjDj ' ı,
then we say f is a ı-isometry. We will compare ı-isometries to .1 C ı/-bi-Lipschitz maps in
Appendix A.

Lemma 3.9. Let r0 > 0. Suppose that z+W Rn n B.0; r0/ ! Rn
is a local diffeomor-

phism such that, for some r > r0,

z+.x/jRnnB.0;r/ D LjRnnB.0;r/;

where LW Rn ! Rn
is a Euclidean isometry. Then z+jRnnB.0;r0/ is a diffeomorphism onto its

image.

Proof. Let r
00 2 .r0; r/. We will show that z+jRnnB.0;r 00/ is a degree one covering map

of its image. Fix some y 2 z+.Rn n B.0; r
00
//. We first show that there is a neighborhood

of y that is evenly covered. Write L.x/ D Ox C v, where O is an orthogonal matrix and
v 2 Rn. Now choose r

0
> r > r

00 as follows. Write y D z+.x/ for some x 2 Rn n B.0; r
00
/.

Take r
0
> max"jxj; rº. Then y 2 z+.A.0; r 00; r 0// since x 2 A.0; r 00; r 0/.
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Since z+ is a local diffeomorphism and A.0; r 00; r 0/ is compact, z+!1
.y/ \ A.0; r 00; r 0/ is

finite (otherwise, by compactness, there would exist some point x
1 2 A.0; r 00; r 0/ such that,

on any neighborhood of x1, z+ is not injective). There is at most one point in Rn n B.0; r 0/ that
maps to y under z+ since z+ agrees with L and hence is injective in this region. Therefore, we
write

z+!1
.y/ D "x1

; x
2
; : : : ; x

k
; x

kC1º;
where x

1
; x

1
; : : : ; x

k 2 A.0; r 00; r 0/ and x
kC1 2 Rn n B.0; r 0/. Since z+ is a local diffeomor-

phism, there exist disjoint open neighborhoods U
i of each x

i on which z+ is a diffeomorphism.
Let V D T

kC1

iD1
z+.U

i
/. Then V is a neighborhood of y that is evenly covered by z+jRnnB.0;r 00/.

Now note that, since Rn n B.0; r
00
/ and hence z+.Rn n B.0; r

00
// is connected (because

z+ is continuous), to show z+ is a degree one covering map, it is sufficient to show that there
is a point in the image of z+ that is evenly covered by a single sheet. Note that, by compact-
ness, z+.A.0; r 00; r 0// is bounded, but z+.Rn n B.0; r

00
// is unbounded because z+ agrees with L

on Rn n B.0; r/, which is unbounded. Therefore, there exists y 2 z+.Rn n B.0; r// such that
y … z+.A.0; r 00; r 0//. In particular, z+!1

.y/ consists of a single point in Rn n B.0; r/ since z+
agrees with L and hence is injective in this region. Therefore, z+ is degree-one.

We have shown that z+jRnnB.0;r 00/ is injective for all r
00

> r0. In particular, if

x; y 2 Rn n B.0; r0/ such that x ¤ y;

then there exists r
00

> r0 such that x; y 2 Rn n B.0; r
00
/, so z+.x/ ¤ z+.y/. Therefore, z+ is

injective on Rn n B.0; r0/ and hence is a diffeomorphism onto its image.

Lemma 3.10. Suppose that M
n

is a smooth manifold and g is a C
0

metric on M , and

that E is an end of M . Suppose that ˆ1 and ˆ2 are C
0
-asymptotically flat coordinate charts

for E so that there exist ck > 0, rk > 1 such that, for all jxj % rk , we have

(3.17) j..ˆk/"g/ij jx ! ıij j ' ckjxj!!k :

Let + denote the transition map + ´ ˆ2 ı ˆ
!1

1
. There exist

r0 D r0.ˆ1; ˆ2/ and r
0
0

D r
0
0
.ˆ1; ˆ2/ % r0

such that

(i) + is defined on Rn n B.0; r0=10/ and is a locally .1 C 1

2
/-bi-Lipschitz map in this region,

(ii) for all r % r0, + is locally .1 C cr
! min$!1;!2º

/-bi-Lipschitz on Rn n B.0; r=10/, where

c D c.ˆ1; ˆ2/,

(iii) +.Rn n B.0; r0=10// ) Rn n B.0; zr0/ for some zr0 D zr0.ˆ1; ˆ2/, and

(iv) for all r > r
0
0

and all x 2 Rn n B.0; r/, B.+.x/; r=4/ $ +.Rn n B.0; r0=10//.

Proof. As in the discussion preceding Definition 2.8, extend the

ˆ
!1

1
.A.0; 2; 10i // and ˆ

!1

2
.A.0; 2; 10i //

to compact exhaustions .Ki /
1
iD1

and .K
0
i
/
1
iD1

respectively, of M . Let .X
i
/
1
iD1

denote the
sequence of connected components of M n Ki that contain

ˆ
!1

1
.Rn n B.0; 10i //;
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and let .Y
i
/
1
iD1

denote the sequence of connected components of M n K
0
i

that contain

ˆ
!1

2
.Rn n B.0; 10i //:

By the discussion preceding Definition 2.8, we actually have that, for all sufficiently large i ,
X

i D ˆ
!1

1
.Rn n B.0; 10i // and Y

i D ˆ
!1

2
.Rn n B.0; 10i //. Choose some i sufficiently large

so that this holds. Since ˆ1 and ˆ2 are both C
0-asymptotically flat coordinate charts for E,

.X
i
/
1
iD1

and .Y
i
/
1
iD1

determine the same end, and hence there exists j > i such that X
i ) Y

j

and also there exists k > j such that Y
j ) X

k (see the discussion before Definition 2.8). In
particular, + D ˆ2 ı ˆ

!1

1
is defined on ˆ1.X

k
/ D Rn n B.0; 10k/. Now set r0 > 10

kC1. This
proves the first part of (i); the second part we will address after the proof of (ii). We will increase
r0 throughout the proof as needed.

We now show (ii). First, observe that, because of (3.17), there exist r
0
1

> r1 and r
0
2

> r2

depending on c1; r1; #1 and c2; r2; #2 respectively such that, for k D 1; 2, we have that

k.ˆk/"g ! ık
C 0.RnnB.0;r

0
k//

' 1

10
:

Increase r
0
1

if necessary so that r
0
1

> r0 and + is defined on Rn n B.0; r
0
1
/. Note that, by increas-

ing r
0
1

further, we may assume that, for all x 2 Rn n B.0; r
0
1
/, +.x/ 2 Rn n B.0; r

0
2
/; otherwise,

we could find a sequence of radii `i ! 1 and a sequence of points .xi /
1
iD1

with jxi j > `i

but +.xi / 2 B.0; r
0
2
/ \ +.A.0; r0=10; `i //, which is impossible because otherwise, after pass-

ing to a subsequence, we would find +.xi / ! y 2 B.0; r
0
2
/ \ +.A.0; r0=10; `i // and hence

xi ! +
!1

.y/. Then, for any unit vector v 2 Rn and any x 2 Rn n B.0; r
0
1
/, we have

0:9

1:1
D 0:9

1:1
ı.v; v/ ' 1

1:1
.ˆ1/"g.v; v/jx D 1

1:1
.ˆ2/"g.dx+v; dx+v/j&.x/

' ı.dx+v; dx+v/

' 1:1.ˆ2/"g.dx+v; dx+v/j&.x/ D 1:1.ˆ1/"g.v; v/jx

' 1:1

0:9
ı.v; v/ D 1:1

0:9
:

Therefore,
p

0:9=1:1 ' jdx+j '
p

1:1=0:9. In particular, if we increase r0 so that r0 > 10r
0
1
,

then for all r > r0 and all x 2 Rn n B.0; r=10/, we have

j+.x/j ' kd+k
C 0.RnnB.0;r

0
1//

distı.x; B.0; r
0
1
// C k+kC 0.!B.0;r

0
1//

' 1:1

0:9
distı.x; B.0; r

0
1
// C k+kC 0.!B.0;r

0
1// ' C jxj;

(3.18)

where C depends on + and r
0
1

but not x. Also, using (3.15), we have, for all r > r0 and all
x 2 Rn n B.0; r=10/,

jxj D j+!1
.+.x//j ' kd+

!1k distı.+.x/; B.0; r
0
2
// C k+

!1kC 0.!B.0;r
0
2// ' C j+.x/j;

where again C depends on r
0
2

and + but not on x.
Returning to the proof of (ii), let c D max"c1; c2º and # D min"#1; #2º. Now let r > r0

and x 2 Rn n B.0; r=10/. Condition (3.17) implies

j.ˆ1/"gjx ! ıij j ' cjxj!! and j.ˆ2/"gj&.x/ ! ıij j ' cj+.x/j!!
:
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Then, for any unit vector v 2 Rn, we argue as above to find

.1 C cjxj!!
/
!2 D .1 C cjxj!!

/
!2

ı.v; v/

' .1 C cjxj!!
/
!1

.ˆ1/"g.v; v/jx
D .1 C cjxj!!

/
!1

.ˆ2/"g.d+v; d+v/j&.x/

' ı.d+xv; d+xv/

' .1 C cj+.x/j!!
/..ˆ2/"g/&.x/.d+xv; d+xv/

D .1 C cj+.x/j!!
/.ˆ1/"g.v; v/jx

' .1 C cj+.x/j!!
/
2
ı.v; v/

D .1 C cj+.x/j!!
/
2
:

In particular, for any unit vector v 2 Rn,

1 ! 2cjxj!! ' kd+vkC 0.RnnB.0;r=10// ' 1 C 2cj+.x/j!!
:

By (3.18), this becomes

1 ! cjxj!! ' kd+vkC 0.RnnB.0;r=10// ' 1 C cjxj!!
;

where the constant c is adjusted. This establishes (ii). The second part of (i) follows from (ii)
after possibly increasing r0 depending on max"c1; c2º and min"#1; #2º so that

max"c1; c2ºr! min$!1;!2º ' 1

2
:

To see why (iii) is true, choose ` 2 N such that r0=10 < 10
`. Then

Rn n B.0; r0=10/ ) Rn n B.0; 10`/

and, by equivalence of .X
i
/ and .Y

i
/, there exists m > ` such that

ˆ
!1

1
.Rn n B.0; 10`// D X

` ) Y
m D ˆ

!1

2
.Rn n B.0; 10m/:

Then we have

+.Rn n B.0; r0=10// ) +.Rn n B.0; 10`// D ˆ2 ı ˆ
!1

1
.Rn n B.0; 10`// D ˆ2.X

`
/

) ˆ2.Y
m

/ D Rn n B.0; 10m/;

so the result follows from setting zr0 D 10
m.

We now show (iv). Choose r
0
0

% r0 depending on c1; r1; #1; c2; r2; #2; + so that, for all
r > r

0
0
, cr

! min$!1;!2º
< 1=100, where c is as in (ii). Then, by (ii), + is locally .1 C 1=100/-bi-

Lipschitz on Rn n B.0; r
0
0
=10/. We will increase r

0
0

further in the course of the proof.
Suppose jxj % r

0
0

% r0. By (iii), j+.x/j % zr0, so we have

j+.x/j % distı.+.x/; !B.0; zr0//

%
"
1 ! 1

100

#
distı.x; +

!1
.B.0; zr0///

%
"
1 ! 1

100

#ˇ̌
jxj ! k+

!1kC 0.B.0;zr0//

ˇ̌
:
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Increase r
0
0

depending on k+
!1kC 0.B.0;zr0// so that r

0
0

% 10k+
!1kC 0.B.0;zr0//. Then, if jxj % r

0
0
,

j+.x/j %
"
1 ! 1

100

#"
9jxj
10

#
% jxj

2
:

If in addition we require that r
0
0

% 4zr0, then it follows from the previous estimate that, for
r > r

0
0

and jxj % r ,

inf
y2B.&.x/;r=4/

jyj > j+.x/j ! r=4 % r=4 % zr0;

so
B.+.x/; r=4/ $ Rn n B.0; zr0/ $ +.Rn n B.0; r0=10//:

This establishes (iv).

4. Distortion of the C 0
local mass along Ricci–DeTurck flow

In this section, we prove Lemma 2.6. We first record some results involving the requisite
evolving test function.

Lemma 4.1. For all n 2 N, a > 0:9, b < 1:1, there exists N, D N,.n; a; b/ > 0 such that

the following is true. Suppose 'W R ! R#0
is a smooth cutoff function with

Supp.'/ $ .a; b/ $$ .0:9; 1:1/:

For all 0 < , < N, , there exists a function '' W R & Œ0; ,& ! R such that

(4.1)

8
<

:
!t'' .jxj; t / D !''' .jxj; t / C n ! 1

jxj2 '' .jxj; t / for .x; t/ 2 Rn & .0; ,/;

'' .`; ,/ D '.`/:

Moreover, '' .`; t/ % 0 for all ` 2 R and t 2 Œ0; ,&, and

(4.2)

sup
.x;t/2!A.o;0:9;1:1/%Œ0;'"

j'' .jxj; t /j ' c.n; k'kC 0.R//

,n=2
exp

"
!

d
2
a;b

4,

#
;

sup
.x;t/2!A.o;0:9;1:1/%Œ0;'"

j'0
'
.jxj; t /j '

c.n; k'kC 1.R//

,n=2
exp

"
!

d
2
a;b

4,

#
;

where da;b D min"a ! 0:9; 1:1 ! bº and '
0
'
.`; t/ ´ !!`'' .`; t/.

Proof. Let F Œ'&.`/ D
R

`

0
'.s/ ds, and let u solve

´!tu.x; t/ D 'u.x; t/;

u.x; 0/ D F Œ'&.jxj/:

Since x 7! F Œ'&.jxj/ is a spherically symmetric function, u. # ; t / is spherically symmetric for
all t > 0, and we may write u.x; t/ D zu.jxj; t / for all x 2 Rn, where zuW R & R#0 ! R is
smooth. Let '' .`; t/ D !`zu.`; , ! t /. Now observe that, because u is spherically symmetric,!t!jxju.x; t/ D !jxj!tu.x; t/ D !jxj

"!2jxj C n ! 1

jxj !jxj
#
u.x; t/
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D
"!3jxj C n ! 1

jxj !2jxj ! n ! 1

jxj2 !jxj
#
u.x; t/

D '!jxju.x; t/ ! n ! 1

jxj2 !jxju.x; t/;

where we use !jxj to denote the radial derivative. Therefore,!t'' .jxj; t / D .!!t!jxju/.x; , ! t / D !'!jxju.x; , ! t / C n ! 1

jxj2 !jxju.x; , ! t /;

so 8
<

:
!t'' .jxj; t / D !''' .jxj; t / C n ! 1

jxj2 '' .jxj; t /;

'' .`; ,/ D !`zu.`; 0/ D F Œ'&
0
.`/ D '.`/:

This proves (4.1). Let ˆt .x; y/ denote the usual scalar heat kernel on Euclidean space. To show
that '' .`; t/ % 0, observe that, for all x 2 Rn,

'' .jxj; t / D !jxju.x; , ! t / D !jxjˆ'!t * F Œ'&.j # j/jx

D
Z

Rn

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ x # y

jxjjyj dy

D
Z

$yWx&y#0º

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ x # y

jxjjyj dy

C
Z

$yWx&y'0º

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ x # y

jxjjyj dy

D
Z

$yWx&y#0º

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ x # y

jxjjyj dy

C .!1/
n

Z

$yWx&y#0º

1

.4!., ! t //n=2
exp

"
! jx C yj2

4., ! t /

#
'.jyj/x # .!y/

jxjjyj dy

%
Z

$yWx&y#0º

1

.4!., ! t //n=2

h
exp

"
! jx ! yj2

4., ! t /

#

! exp
"
! jx C yj2

4., ! t /

#i
'.jyj/ x # y

jxjjyj dy

% 0;

where the last step is due to the fact that if x # y % 0, we have

jx C yj2 D jxj2 C jyj2 C 2x # y % jxj2 C jyj2 ! 2x # y D jx ! yj2

and hence

exp
"
! jx C yj2

4., ! t /

#
' exp

"
! jx ! yj2

4., ! t /

#
:

Towards (4.2), observe that, for all x 2 !A.0; 0:9; 1:1/, we have

j'' .jxj; t /j D j!jxju.x; , ! t /j D
ˇ̌
ˇ
x

i

jxj!i .ˆ'!t * F Œ'&.j # j//
ˇ̌
ˇ

D
ˇ̌
ˇ̌ x

i

jxj

Z

Rn

ˆ'!t .x; y/!iF Œ'&.jyj/ dy

ˇ̌
ˇ̌
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D
ˇ̌
ˇ̌

nX

iD1

x
i

jxj

Z

A.o;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ y

i

jyj dy

ˇ̌
ˇ̌

' c.n; k'kC 0.R//

Z

A.o;a;b/

1

., ! t /n!2
exp

"
!

d
2
a;b

4., ! t /

#
dy

' c.n; k'kC 0.R/.1:1/
n
/

., ! t /n=2
exp

"
!

d
2
a;b

4., ! t /

#
:

Now observe that
d

ds

h
1

sn=2
exp

"
!

d
2
a;b

4s

#i
% 0

on .0; d
2
a;b

=.2n//. In particular, if 0 < , < N, < d
2
a;b

=.2n/, then for t 2 Œ0; ,&, we have

c.n; k'kC 0.R//.1:1/
n

., ! t /n=2
exp

"
!

d
2
a;b

4., ! t /

#
' c.n; k'kC 0.R//

,n=2
exp

"
!

d
2
a;b

4,

#
:

The argument to show the second estimate is similar since

j'0
'
.jxj; t /j D j!2jxju.x; , ! t /j

D
ˇ̌
ˇ̌x

j

jxj!j ! nX

iD1

x
i

jxj

Z

A.o;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ y

i

jyj dy

$ˇ̌
ˇ̌

'
ˇ̌
ˇ̌

nX

j D1

x
j

jxj

nX

iD1

" ı
i

j

jxj ! x
i
x

j

jxj3
#

&
Z

A.o;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ y

i

jyj dy

ˇ̌
ˇ̌

C
ˇ̌
ˇ̌

nX

j D1

x
j

jxj

nX

iD1

x
i

jxj

Z

A.o;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#

&
"
'

0
.jyj/y

j
y

i

jyj2 C '.jyj/
ı

i

j

jyj ! '.jyj/y
i
y

j

jyj3
#

dy

ˇ̌
ˇ̌

' c.n/

jxj

ˇ̌
ˇ̌
Z

A.o;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
'.jyj/ y

i

jyj dy

ˇ̌
ˇ̌

C c.n/k'
0kC 0.R/

Z

A.0;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
dy

C sup
y2A.0;a;b/

c.n; k'kC 0.R//

jyj

Z

A.0;a;b/

1

.4!., ! t //n=2
exp

"
! jx ! yj2

4., ! t /

#
dy

'
c.n; k'kC 1.R//

,n=2
exp

"
!

d
2
a;b

4,

#
;

arguing as before.

Lemma 4.2. There exists N, D N,.n/ such that, for all , < N, , the following is true.

Suppose g0 is a C
0

metric on Rn
such that kg0 ! ıkC 0.Rn/ < " < 1 and for which there

is a smooth Ricci–DeTurck flow .gt /t>0 satisfying (3.8), (3.9), and (3.10). If 'W R ! R#0

is a smooth cutoff function with Supp.'/ $ .a; b/ $$ .0:9; 1:1/ and '' .`; t/ is the function
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corresponding to ' and , given by Lemma 4.1, then

Z
'

'0

ˇ̌
ˇ̌ d

dt

!
MC 0.gt ; '' .t/; 1/

'Z
1:1

0:9

'' .`; t/ d`

($ˇ̌
ˇ̌ dt

' c.n/

,n=2
exp

"
!

d
2
a;b

4,

#
C c.n; '/

Z
'

0

Z

A.o;0:9;1:1/

jrhj2

C c.n; '/

Z
'

0

Z

A.o;0:9;1:1/

jhjjrhj

for all ,0 2 Œ0; ,/, where da;b D min"a ! 0:9; 1:1 ! bº.

Proof. Let N, be as in Lemma 4.1. Write !t'' .jxj; t / D !''' .jxj; t / C f .jxj/, where
f .`/ D n!1

`2 '' .`; t/, and let hij D gij ! ıij . We write '
0
'
.`; t/ for !`'' .`; t/ and f

0
.`/ for!`f .`/. We use (3.7) to obtain

Z
'

'0

d

dt

!
MC 0.gt ; 1; '' .t//

'Z
1:1

0:9

'' .`; t/ d`

($
dt

D
Z

'

'0

d

dt

Z

A.o;0:9;1:1/

"
n ! 2

jxj '' .jxj; t / C '
0
'
.jxj; t /

#
trı h

C
"

1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#
hij

x
i
x

j

jxj2 dx dt

C
Z

!A.o;0:9;1:1/

hij

x
i

jxj'' .jxj; t /"
j ! hjj

x
i

jxj'' .jxj; t /"
i
dS

ˇ̌
ˇ̌
'

tD'0

D
Z

'

'0

Z

A.o;0:9;1:1/

"
n ! 2

jxj Œ!''' .jxj; t / C f .jxj/&

C
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
'
.jxj; t / C f

0
.jxj/

i#
trı h

C
Z

'

'0

Z

A.o;0:9;1:1/

"
n ! 2

jxj '' .jxj; t / C '
0
'
.jxj; t /

#

& trı Œ'h C rh * rh C r.h * rh/&

C
Z

'

'0

Z

A.o;0:9;1:1/

"
1

jxj Œ!''' .jxj; t / C f .jxj/&

!
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
'
.jxj; t / C f

0
.jxj/

i#
hij

x
i
x

j

jxj2 dx dt

C
Z

'

'0

Z

A.o;0:9;1:1/

"
1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#

& Œ'h C rh * rh C r.h * rh/&ij
x

i
x

j

jxj2 dx dt

C
Z

!A.o;0:9;1:1/

hij

x
i

jxj'' .jxj; t /"
j ! hjj

x
i

jxj'' .jxj; t /"
i
dS

ˇ̌
ˇ̌
'

tD'0

D
Z

'

'0

Z

A.o;0:9;1:1/

"
n ! 2

jxj Œ!''' .jxj; t / C f .jxj/&

C
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
'
.jxj; t / C f

0
.jxj/

i#
trı h
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C '

"
n ! 2

jxj '' .jxj; t / C '
0
'
.jxj; t /

#
trı h

C
"

1

jxj Œ!''' .jxj; t / C f .jxj/&

!
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
'
.jxj; t / C f

0
.jxj/

i#
hij

x
i
x

j

jxj2

C '

""
1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#
x

i
x

j

jxj2
#
hij dx dt

C
Z

!A.o;0:9;1:1/

hij

x
i

jxj'' .jxj; t /"
j ! hjj

x
i

jxj'' .jxj; t /"
i
dS

ˇ̌
ˇ̌
'

tD'0

C
Z

'

'0

Z

A.o;0:9;1:1/

"
n ! 2

jxj '' .jxj; t / C '
0
'
.jxj; t /

#
rh *ı rh

C
Z

'

'0

Z

A.o;0:9;1:1/

r
"

n ! 2

jxj '' .jxj; t / C '
0
'
.jxj; t /

#
h *ı rh

C
Z

'

'0

Z

A.o;0:9;1:1/

"
1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#
x

i
x

j

jxj2 rh *ı rh

C
Z

'

'0

Z

A.o;0:9;1:1/

r
""

1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#
x

i
x

j

jxj2
#
h *ı rh

D
Z

'

'0

Z

A.o;0:9;1:1/

"
n ! 2

jxj Œ!''' .jxj; t / C f .jxj/&

C
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
'
.jxj; t / C f

0
.jxj/

i#
trı h

C '

"
n ! 2

jxj '' .jxj; t / C '
0
'
.jxj; t /

#
trı h

C
"

1

jxj Œ!''' .jxj; t / C f .jxj/&

!
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
'
.jxj; t / C f

0
.jxj/

i#
hij

x
i
x

j

jxj2

C '

""
1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#
x

i
x

j

jxj2
#
hij dx dt C C

µ
Z

'

'0

Z

A.0;0:9;1:1/

A trı h dx dt C
Z

'

'0

Z

A.0;0:9;1:1/

Bx
i
x

j
hij dx dt C C;

where

jC j ' c.n/

,n=2
exp

"
!

d
2
a;b

4,

#
C c.n; k'kC 1/

Z
'

0

Z

A.o;0:9;1:1/

jrhj2

C c.n; k'kC 2/

Z
'

0

Z

A.o;0:9;1:1/

jhjjrhj;

due to the fact that, by (4.2) and (3.9), khkC 0.Rn%Œ0;'"/ ' c.n/. Therefore, it is sufficient to
show that A D B D 0.
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Towards this objective, observe that

'

""
1

jxj'' .jxj; t / ! '
0
'
.jxj; t /

#
x

i
x

j

jxj2
#
hij

D '

"
1

jxj3 '' .jxj; t / ! 1

jxj2 '
0
'
.jxj; t /

#
x

i
x

j
hij

C 2r
"

1

jxj3 '' .jxj; t / ! 1

jxj2 '
0
'
.jxj; t /

#
r.x

i
x

j
/hij

C
"

1

jxj3 '' .jxj; t / ! 1

jxj2 '
0
'
.jxj; t /

#
'.x

i
x

j
/hij

D '

"
1

jxj3 '' .jxj; t / ! 1

jxj2 '
0
'
.jxj; t /

#
x

i
x

j
hij

C 2
d

d`

ˇ̌
ˇ
`Djxj

"
1

`3
'' .`; t/ ! 1

`2
'

0
'
.`; t/

#"x
k
.ı

i

k
x

j C x
i
ı

j

k
/

jxj
#
hij

C 2

"
1

jxj3 '' .jxj; t / ! 1

jxj2 '
0
'
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#
trı h:

Therefore,

A D
"

n ! 2

jxj Œ!''' .jxj; t / C f .jxj/& C
h
!''

0
'
.jxj; t / C n ! 1

jxj2 '
0
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.jxj; t / C f

0
.jxj/
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h
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Term A. We have
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so B D 0 as well.
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Corollary 4.3. There exists Nr D Nr.n; %/ such that, for all r > Nr , the following is true.

Suppose g0 is a C
0
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Observe that "B.zi ; 0:5r/ºk

iD1
is a cover of A.0; 0:9r; 1:1r/. Choose z1 and z2 from "ziºk

iD1

so that
Z

0:25r2

0

Z

B.z1;0:5r/

jrhj2.x; t/ dx dt

D max
iD1;:::;k

Z
0:25r2

0

Z

B.zi ;0:5r/

jrhj2.x; t/ dx dt;



Burkhardt-Guim, C
0 ADM mass and Ricci–DeTurck flow 33

Z
0:25r2

0

Z

B.z2;0:5r/

jhj.x; t/jrhj.x; t/ dx dt

D max
iD1;:::;k

Z
0:25r2

0

Z

B.zi ;0:5r/

jhj.x; t/jrhj.x; t/ dx dt:

We have k ' c.n/ since

k!n.:25r/
n D

kX

iD1

jB.zi ; 0:25r/j ' jA.0; 0:65r; 1:35r/j ' !n.1:35r/
n
;

so

1

r

Z
r2!!

0

Z

A.o;0:9r;1:1r/

jrhj2.x; t/ dx dt

C 1

r2

Z
r2!!

0

Z

A.o;0:9r;1:1r/

jhj.x; t/jrhj.x; t/ dx dt

' k

r

Z
0:25r2

0

Z

B.z1;0:5r/

jrhj2.x; t/ dx dt

C k

r2

Z
0:25r2

0

Z

B.z2;0:5r/

jhj.x; t/jrhj.x; t/ dx dt:

Note that, by Hölder’s inequality,
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This completes the proof.

Proof of Lemma 2.6. The first statement is due to Lemma 4.1. Towards the second, let
Nr be as in Corollary 4.3. Now observe, by Lemma 4.1,

ˇ̌
ˇ

d

dt

Z
1:1

0:9

'r!!.`; t/ d`

ˇ̌
ˇ D

ˇ̌
ˇ̌
Z

1:1

0:9

!'
00
r!!.`; t/ ! n ! 1

`
'

0
r!!.`; t/ C n ! 1

`2
'r!!.`; t/

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌!'

0
r!!.1:1; t/ C '

0
r!!.0:9; t/

!
!

n ! 1

`
'r!!.`; t/

ˇ̌
ˇ
1:1

0:9

!
Z

1:1

0:9

d

d`

h
n ! 1

`

i
'r!!.`; t/ d`

$

C
Z

1:1

0:9

n ! 1

`2
'r!!.`; t/ d`

ˇ̌
ˇ̌



34 Burkhardt-Guim, C
0 ADM mass and Ricci–DeTurck flow

D
ˇ̌
ˇ̌!'

0
r!!.1:1; t/ C '

0
r!!.0:9; t/

! n ! 1

1:1
'r!!.1:1; t/ C n ! 1

0:9
'r!!.0:9; t/

!
Z

1:1

0:9

n ! 1

`2
'r!!.`; t/ d` C

Z
1:1

0:9

n ! 1

`2
'r!!.`; t/ d`

ˇ̌
ˇ̌

' c.n; '/

.r!#/n=2
exp

"
!.da;b/

2

4
r

#

#
:
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Combining (4.3) and (4.4) with Corollary 4.3, we find
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This proves the second statement of the lemma. To prove the third, increase Nr and hence r

depending on n; %; a; b; c0, and # so that c0r
!!

< 1 for all r > Nr , and so that
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#
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where c.n; '/ and D.a; b/ are as in the previous estimate. Then the result follows from the
second statement of the lemma.

Remark 4.4. Let Nr be as in the third statement of Lemma 2.6, and let g0 and gt be as
in the hypotheses of that statement. Arguing in a similar way to the proofs of Corollary 4.3 and
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Lemma 2.6, we also have that, for all ˛ > 0,
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5. Monotonicity results for the C 0
local mass

We first record the following lemma, which is essentially a special case of [6, Lemma 5.9]
in the case of Ricci–DeTurck flows with a Euclidean background.

Lemma 5.1. There exists N, D N,.$0; n; ˇ/ such that, for all , < N, , the following is true.
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Proof. We show the contrapositive. We first prove a claim.
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Then, by (3.11), we have
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c.n/

,
exp

"
!.,=2/

2ˇ

D,

#
!

"
$0 C c.n/

,
exp

"
!.,=2/

2ˇ

D,

##
C

0
.n/ exp

"
!.,=2/

2ˇ

D,

#

! c
0
.n/C

0
.n/

,
exp

"
!.,=2/

2ˇ

D,

#
% 0;

i.e. if

c.n/

,
exp

"
!.,=2/

2ˇ

D,

#
%

"
1 ! C

0
.n/ exp

"
!.,=2/

2ˇ

D.,/

##!1

&
h

c
0
.n/C

0
.n/

,
exp

"
!.,=2/

2ˇ

D,

#
C $0C

0
.n/ exp

"
!.,=2/

2ˇ

D,

#i
:

This can be achieved by choosing c.n/ % 10c
0
.n/C

0
.n/ and N, sufficiently small depending on

ˇ, n, and $0 so that, for all , < N, ,

(5.1)
C

0
.n/ exp

"
!.,=2/

2ˇ

D,

#
' 1

2
;

$0C
0
.n/ exp

"
!.,=2/

2ˇ

D,

#
' c

0
.n/C

0
.n/

,
exp

"
!.,=2/

2ˇ

D,

#
:

Thus, by contradiction, there exists some x
1 2 B.x

0
; .,=2/

ˇ
/ such that

R
g

.x
1
; ,=2/ < $0 C c.n/

,
exp

"
!.,=2/

2ˇ

D,

#
:

We now iterate this process as follows: suppose that there exists x
k 2 B.x

k!1
; .,=2

k
/
ˇ

/

such that

R.x
k
; ,=2

k
/ < $0 C

kX

iD1

c.n/

,=2i!1
exp

"
! .,=2

i
/
2ˇ

D.,=2i!1/

#
;



Burkhardt-Guim, C
0 ADM mass and Ricci–DeTurck flow 37

but that

R. # ; ,=2
kC1

/ % $0 C
kC1X

iD1

c.n/

,=2i!1
exp

"
! .,=2

i
/
2ˇ

D.,=2i!1/

#

on B.x
k
; .,=2

kC1
/
ˇ

/. Arguing as above, we then have

$0 C
kX

iD1

c.n/

,=2i!1
exp

"
! .,=2

i
/
2ˇ

D.,=2i!1/

#

> R.x
k
; ,=2

k
/

%
Z

B.x;.'=2kC1/ˇ/

ˆ
RD

.x; ,=2
kI y; ,=2

kC1
/R

g
.y; ,=2

kC1
/ dy

C
Z

RnnB.x;.'=2kC1/ˇ/

ˆ
RD

.x; ,=2
kI y; ,=2

kC1
/R

g
.y; ,=2

kC1
/ dy

%
'

$0 C
kC1X

iD1

c.n/

,=2i!1
exp

"
! .,=2

i
/
2ˇ

D.,=2i!1/

#(

&
'

1 !
Z

RnnB.x;.'=2kC1/ˇ/

ˆ
RD

.x; ,=2
kI y; ,=2

kC1
/ dy

(

! c
0
.n/C

0
.n/

,=2k
exp

"
!.,=2

kC1
/
2ˇ

D,=2k

#

% $0 C
kX

iD1

c.n/

,=2i!1
exp

"
! .,=2

i
/
2ˇ

D.,=2i!1/

#
C c.n/

2k
exp

"
!.,=2

kC1
/
2ˇ

D,=2k

#

!
'

$0 C
kC1X

iD1

c.n/

,=2i!1
exp

"
! .,=2

i
/
2ˇ

D.,=2i!1/

#(
C

0
.n/ exp

"
!.,=2

kC1
/
2ˇ

D.,=2k/

#

! c
0
.n/C

0
.n/

,=2k
exp

"
!.,=2

kC1
/
2ˇ

D,=2k

#
:

Decrease N, further depending on n, ˇ, and $0 so that, in addition to (5.1), we also have, for all
0 < , < N, ,

1X

iD1

c.n/

,=2i!1
exp

"
!.,=2

iC1
/
2ˇ

D0,=2i

#
< c

0
.n/:

Arguing as in the base case, we produce a contradiction. This proves the claim.

Now suppose R.x; ,/ < $0, and let .x
k
/
1
kD0

be as in the claim. We show that there is
some

x
1 2 B.ˆ.x/; 2

ˇ
=.2

ˇ ! 1/,
ˇ

/

such that x
k ! x

1 and (2.2) fails at x
1. Towards the first assertion, observe that, for any n; m

with n < m, we have

d.x
n
; x

m
/ '

mX

iDn

,
ˇ

"
1

2ˇ

#i

;

which can be made arbitrarily small for n and m sufficiently large, since
P1

iD1
.

1

2ˇ /
k converges.
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In particular, .x
k
/ is Cauchy and hence converges to some x

1 2 M . Moreover, we have

d.x
k
; x

1
/ ' lim

m!1

m!1X

iDk

d.x
i
; x

iC1
/ '

1X

iDk

,
ˇ

"
1

2ˇ

#i

D
"

2
ˇ

2ˇ ! 1

#"
,

2k

#ˇ

and

d.x; x
1

/ '
1X

iD0

,
ˇ

"
1

2ˇ

#i

D
"

2
ˇ

2ˇ ! 1

#
,

ˇ
:

Therefore, x
1 2 B.x; 2

ˇ
=.2

ˇ ! 1/,
ˇ

/ and x
k 2 B.x; 2

ˇ
=.2

ˇ ! 1/.,=2
k
/
ˇ

/. Moreover, we
have

R.x
k
; t=2

k
/ < $0 C

1X

iD1

c.n/2
i!1

,
exp

"
! 2

D0.,=2i /1!2ˇ

#
;

so g does not have scalar curvature bounded below by

$0 C
1X

iD1

c.n/2
i!1

,
exp

"
! 2

D0.,=2i /1!2ˇ

#

in the ˇ-weak sense. Thus we have shown that if (2.2) holds on B.x; 2
ˇ

=.2
ˇ ! 1/,

ˇ
/ for the

lower bound

$0 C
1X

iD1

c.n/2
i!1

,
exp

"
! 2

D0.,=2i /1!2ˇ

#
;

then R.x; ,/ % $0. The result now follows from replacing $0 by

$0 !
1X

iD1

c.n/2
i!1

,
exp

"
! 2

D0.,=2i /1!2ˇ

#
:

Lemma 5.2. For all % > 0, A > 2, n 2 N, and ˇ 2 .0; 1=2/, there exist

c D c.n; A; ˇ; %/ and Nr D Nr.n; %; ˇ/

such that, for all r > Nr , the following is true. Suppose that .gt /t>0 is some smooth family of

Riemannian metrics on Rn
evolving by (3.4) and satisfying kgt ! ıkC 0.Rn/ < 1 and (3.10),

and that, for some ˇ 2 .0; 1=2/ and x 2 Rn
, condition (2.3) holds for gt at y with the lower

bound 0 for all y 2 B.x; 2
ˇ

=.2
ˇ ! 1/r

1!#ˇ
/. Then, for all t 2 .0; r

2!#
&,

R.gt /jx % !c.n; A; ˇ; %/r
!A

:

Proof. Choose Nr sufficiently large such that Nr!#
< N,.0; n; ˇ/, where N, is as in Lem-

ma 5.1. Let r > Nr and , ' r
!#. Consider yg.t/ ´ 1

r2 g.r
2
t /, which, by Remark 3.1, is a Ricci–

DeTurck flow with respect to the constant background yı ´ 1

r2 ı. By Remark 2.5, yg.0/ has
nonnegative scalar curvature in the ˇ-weak sense on Byı.x; 2

ˇ
=.2

ˇ ! 1/,
ˇ

/, so by Lemma 5.1,
we find

R
g

.x; , r
2
/ D r

!2
R

yg
.x; ,/ % !r

!2

1X

iD1

c.n/2
i!1

,
exp

"
! 2

D.,=2i /1!2ˇ

#
:
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Moreover, if A > 1, then
1X

iD1

c.n/2
i!1

,
exp

"
! 2

D.,=2i /1!2ˇ

#
D

1X

iD1

c.n/

"
2

i!1

,

#
exp

"
!c.D; ˇ/

"
2

i!1

,

#1!2ˇ #

'
1X

iD1

c.n; ˇ; A/

"
2

i!1

,

#"
2

i!1

,

#!A

D c.n; ˇ; A/,
A!1

1X

iD1

"
1

2A!1

#i!1

' c.n; ˇ; A/,
A!1

:

Then, for all t 2 .0; r
2!#

/, t D ,tr
2 for some ,t 2 .0; r

!#
/, so the previous analysis implies

that, for all A > 1,

R
g

.x; t/ D R
g

.x; ,tr
2
/ % !c.n; ˇ; A/r

!2
,

A!1

t
% !c.n; ˇ; A/r

!2
.r

!#
/
A!1

:

Replacing A by 2 C %A ! % > 2 yields the result.

Proposition 5.3. For all c0 > 0; # > .n ! 2/=2, ˇ 2 .0; 1=2/, 0 < % < 2# ! .n ! 2/,

there exists Nr D Nr.n; c0; #; ˇ; %/ such that, for all r > Nr , the following is true. Let g be a C
0

metric on A.0; 0:8r; 12r/ such that kg ! ıkC 0.A.0;0:8r;12r// ' c0r
!!

. Suppose g has nonneg-

ative scalar curvature in the ˇ-weak sense on A.0; 0:8r; 12r/, and suppose that there exists

a C
0

metric g0 on Rn
that agrees with g on A.0; 0:95r; 11:5r/, for which there is a smooth

Ricci–DeTurck flow .gt /t>0 satisfying (3.8), (3.9), and (3.10). If '
1

and '
2

are any two smooth

functions with nonzero integral over .0:9; 1:1/ that do not change sign on .0:9; 1:1/, then for

all r
0 2 Œ

1:1

0:9
r; 10r &, we have

MC 0.gr2!! ; '
1
; r

0
/ ! MC 0.gr2!! ; '

2
; r/ % !c.n; c0; #; ˇ; %/r

n!2!2!C#
:

Proof. Take Nr sufficiently large depending on c0 and # so that, for all r > Nr , c0r
!!

< 1,
and increase Nr as necessary depending on ˇ; %, and n so that Lemma 5.2 holds. Increase Nr
further depending on % and ˇ so that, for all r > Nr and all x 2 A.0; 0:9r; 11r/,

B.x; 2
ˇ

=.2
ˇ ! 1/r

1!#ˇ
/ $ A.0; 0:95r; 11:5r/:

Fix r > Nr . Now let r
0 2 Œ

1:1

0:9
r; 10r &. Using Remark 2.2, we find that, by Lemma 3.7, there exist

values `1; `2 2 Œ0:9; 1:1& such that, using the notation of (3.14), we have

MC 0.gr2!! ; r
0
; '

1
/ ! MC 0.gr2!! ; r; '

2
/

D
R

1:1

0:9
mC 2.gr2!! ; r

0
`/'

1
.`/ d`

R
1:1

0:9
'1.`/ d`

!
R

1:1

0:9
mC 2.gr2!! ; r`/'

2
.`/ d`

R
1:1

0:9
'2.`/ d`

D mC 2.gr2!! ; r
0
`1/

R
1:1

0:9
'

1
.`/ d`

R
1:1

0:9
'1.`/ d`

! mC 2.gr2!! ; r`2/
R

1:1

0:9
'

2
.`/ d`

R
1:1

0:9
'2.`/ d`

D mC 2.gr2!! ; r
0
`1/ ! mC 2.gr2!! ; r`2/:

Recall that r
0 % 1:1

0:9
r , so `1r

0 % 0:9r
0 % 1:1r % `2r and A.0; `2r; `1r

0
/ $ A.0;0:9r; 11r/. Also,

by Remark 2.4, (2.3) holds for gt at all y 2 A.0; 0:95r; 11:5r/. Therefore, we apply Lemma 3.6
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and Lemma 5.2 with A D 2 C 2# ! % to gt at t D r
2!# and use (3.9) and (3.10) to find

MC 0.gr2!! ; r
0
; '

1
/ ! MC 0.gr2!! ; r; '

2
/

D mC 2.gr2!! ; r
0
`1/ ! mC 2.gr2!! ; r`2/

%
Z

A.o;r`2;r 0`1/

R.gr2!!/ ! c.n/jg ! ıjjr2
gj ! c.n/jrgj2dx

%
Z

A.o;r`2;r 0`1/

!c.n; #; ˇ; %/r
!2!2!C# ! c.n; c0/r

!2!

r2!#
dx

% !c.n; c0; #; ˇ; %/.r
0
`1/

n
r

!2!2!C#

% !c.n; c0; #; ˇ; %/r
n!2!2!C#

:

Corollary 5.4. For all c0 > 0; # > .n ! 2/=2, ˇ 2 .0; 1=2/, 0 < % < 2# ! .n ! 2/, and

all smooth cutoff functions

'W R ! R#0
with Supp.'/ $$ .0:9; 1:1/;

there exists Nr D Nr.n; c0; #; Supp.'/; %; ˇ/ such that, for all r > Nr , the following is true. Suppose

g is a continuous metric on A.0; 0:8r; 12r/ $ Rn
such that kg ! ıkC 0.A.0;0:8r;12r// ' c0r

!!
.

Suppose also that g has nonnegative scalar curvature in the ˇ-weak sense on A.0; 0:8r; 12r/.

Let 'r!!.`; t/ be a smooth solution to (4.1) corresponding to ', given by Lemma 4.1. Then, for

all r
0 2 Œ

1:1

0:9
r; 10r &, we have

MC 0.g; '.r 0/!!. # ; 0/; r
0
/ ! MC 0.g; 'r!!. # ; 0/; r/ % !c.n; c0; '; #; ˇ; %/r

n!2!2!C#
:

Moreover, if z'W R ! R#0
is another smooth cutoff function with Supp.z'/ $$ .0:9; 1:1/,

then there exists Nr D Nr.n; c0; #; Supp.'/; Supp.z'/; %; ˇ/ such that, for all r > Nr , the following

is true. Let g and 'r!! be as in the previous statement. Suppose z'r!!.`; t/ is a smooth solution

of (4.1) corresponding to z', given by Lemma 4.1. For all r
0 2 Œ

1:1

0:9
r; 10r &, we have

MC 0.g; z'.r 0/!!. # ; 0/; r
0
/ ! MC 0.g; 'r!!. # ; 0/; r/ % !c.n; c0; '; z'; #; ˇ; %/r

n!2!2!C#
:

Proof. Take N" as in Lemma 3.2 and take Nr sufficiently large depending on c0; #; n so
that, for all r > Nr , c0r

!!
< N". Increase Nr as needed to guarantee that Nr is sufficiently large so

that both Proposition 5.3 and the last statement of Lemma 2.6 hold, and so that Lemma 4.1
holds for N, D Nr!#. Now fix r > Nr and let g0 be an extension of g to Rn that agrees with g on
A.0; 0:85r; 11:5r/ as given by Lemma 3.2, and let .gt /t>0 be a Ricci–DeTurck flow for g0,
whose existence is guaranteed by Lemma 3.2 as well.

Note that

'.r 0/!!

"
# ; r

2!#

.r 0/2

#

does not change sign on .0:9; 1:1/ by Lemma 4.1. Since g0 agrees with g on A.0; 0:85r; 11:5r/,
we have, by Lemma 2.6 and Proposition 5.3,

MC 0.g; '.r 0/!!. # ; 0/; r
0
/ ! MC 0.g; 'r!!. # ; 0/; r/

% MC 0.g; '.r 0/!!. # ; 0/; r
0
/ ! MC 0

"
gr2!! ; '.r 0/!!

"
# ; r

2!#

.r 0/2

#
; r

0
#

C MC 0

"
gr2!! ; '.r 0/!!

"
# ; r

2!#

.r 0/2

#
; r

0
#

! MC 0.gr2!! ; '; r/

C MC 0.gr2!! ; '; r/ ! MC 0.g; 'r!!. # ; 0/; r/
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% !
Z

r2!!

0

ˇ̌
ˇ

d

dt
MC 0

"
gt ; '.r 0/!!

"
# ; t

.r 0/2

#
; r

0
#ˇ̌
ˇ dt

C MC 0

"
gr2!! ; '.r 0/!!

"
# ; r

2!#

.r 0/2

#
; r

0
#

! MC 0.gr2!! ; '; r/

!
Z

r2!!

0

ˇ̌
ˇ

d

dt
MC 0.gt ; '

"
# ; t

r2

#
; r/

ˇ̌
ˇ dt

% !c.n; c0; '; #; ˇ; %/r
n!2!2!C#

;

where in the last step we have applied the last statement of Lemma 2.6 to the first and last terms
and made use of the fact that 'r!!. # ; r2!!

r2 / D '. # /, and we have applied Proposition 5.3 with

'
1 D '.r 0/!!

"
# ; r

2!#

r 0

2#
and '

2 D '

to the second term. This proves the first statement.
To prove the second statement, increase Nr so that Lemma 2.6 and Lemma 4.1 also hold

for z' with N, D Nr!#. Fix r > Nr , and argue in the same way to find that

MC 0.g; z'.r 0/!!. # ; 0/; r
0
/ ! MC 0.g; 'r!!. # ; 0/; r/

% MC 0.g; z'.r 0/!!. # ; 0/; r
0
/ ! MC 0

"
gr2!! ; z'.r 0/!!

"
# ; r

2!#

.r 0/2

#
; r

0
#

C MC 0

"
gr2!! ; z'.r 0/!!

"
# ; r

2!#

.r 0/2

#
; r

0
#

! MC 0.gr2!! ; '; r/

C MC 0.gr2!! ; '; r/ ! MC 0.g; 'r!!. # ; 0/; r/

% !c.n; c0; '; z'; #; ˇ; %/r
n!2!2!C#

;

where now we have applied Proposition 5.3 with

'
1 D z'.r 0/!!

"
# ; r

2!#

.r 0/2

#
and '

2 D ':

Remark 5.5. A similar argument also implies the following statement: for all c0 > 0,
# > .n ! 2/=2, ˇ 2 .0; 1=2/, %1; %2 2 .0; 2# ! .n ! 2//, and all smooth cutoff functions

'W R ! R#0 with Supp.'/ $$ .0:9; 1:1/;

there exists Nr D Nr.n; c0; #; Supp.'/; %1; %2; ˇ/ such that, for all r > Nr , the following is true.
Suppose g is a continuous metric on A.0; 0:8r; 12r/ $ Rn such that

kg ! ıkC 0.A.0;0:8r;12r// ' c0r
!!

:

Suppose also that g has nonnegative scalar curvature in the ˇ-weak sense on A.0; 0:8r; 12r/.
Let 'r!!1 .`; t/ and 'r!!2 .`; t/ be the smooth solutions to (4.1) corresponding to ', given by
Lemma 4.1. Then, for all r

0 2 Œ
1:1

0:9
r; 10r &, we have

MC 0.g; '.r 0/!!1 . # ; 0/; r
0
/ ! MC 0.g; 'r!!2 . # ; 0/; r/

% !c.n; c0; '; #; ˇ; %/r
n!2!2!Cmax$#1;#2º

:
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To see why this is true, let % D max"%1; %2º so that 'r!!1 .`; t/ and 'r!!2 .`; t/ are both
defined and do not change sign for t 2 .0; r

2!#
/. Let Nr be as in Corollary 5.4 for this value

of %. Then the result is proved by arguing as in the proof of the first statement of Corollary 5.4
but with Proposition 5.3 applied to

'
1 D '.r 0/!!1

"
# ; r

2!#

.r 0/2

#
and '

2 D 'r!!2

"
# ; r

2!#

r2

#
:

Lemma 5.6. Suppose g is a continuous metric on Rn n B.0; r0=10/ such that g has

nonnegative scalar curvature in the ˇ-weak sense and kg ! ıkC 0.RnnB.0;r0=10// < " ' N".n/,

where N".n/ is as in Lemma 3.2, and also jg ! ıjx ' c0jxj!!
for all jxj > r0=10. For all r > 0,

let L
r W Rn ! Rn

denote the map given by L
r
.x/ D x C v for some fixed vector v, where

jvj ' br . Then, for all b > 1 and all 0 < % < 2# ! n C 2, there exists Nr D Nr.b; r0; ˇ; %/ such

that, for all r > Nr and all r1 > .1 C b/r=0:9 and r2 > .br C 1:1r1/=0:9, we have

MC 0.g; '
r

!!
2

. # ; 0/; r2/ % MC 0..L
r
/
"
g; '

r
!!
1

. # ; 0/; r1/ ! c.n; c0; '; #; ˇ; %/r
n!2!2!C#

:

Proof. Let g0 be an extension of g to all of Rn that agrees with g on Rn n B.0; r0=5/,
such that kg0 ! ıkC 0.Rn/ < ". Let gt be the Ricci–DeTurck flow starting from g0 as in Lem-
ma 3.2. Let Nr > r0 and fix r > Nr . We will increase Nr as needed in the course of the proof. First,
we have a couple of observations.

(i) B.0; r0/ $ B.v; 0:9r1/ since r > r0.

(ii) B.v; 1:1r1/ $ B.0; 0:9r2/.

For all x 2 B.0; 1:1r2/ n B.v; 0:9r1/, if y 2 B.x;
2ˇ

2ˇ!1
r

1!ˇ#
/, then (i) implies that

jyj % jxj ! 2
ˇ

2ˇ ! 1
r

1!ˇ# % jx ! vj ! jvj ! 2
ˇ

2ˇ ! 1
r

1!ˇ#

% .1 C b/r ! br ! 2
ˇ

2ˇ ! 1
r

1!ˇ#
>

r0

5
;

where the last step is true provided that Nr and hence r is big enough depending on %, ˇ, and r0.
Therefore, g0 has nonnegative scalar curvature in the ˇ-weak sense on

B

"
x;

2
ˇ

2ˇ ! 1
r

1!ˇ#

#

since g0 agrees with g on Rn n B.0; r0=5/. In particular, by Lemma 5.2, if we take Nr % r0

depending on n; #; ˇ; % and let r > Nr , we have that, for all x 2 B.0; 1:1r2/ n B.v; 0:9r1/ and
all t 2 .0; r

2!#
/,

(5.2) R.x; t/ % !c.n; #; ˇ; %/r
!2!2!C#

:

Now note that if zg is any smooth metric, then we have

mC 2.L
" zg; r/ D c.n/

Z

S.0;r/

%!i .L" zg/ij ! !j .L
" zg/i i

&
"

j

ˇ̌
ˇ̌
x

dS.x/

D c.n/

Z

S.0;r/

.!i zgij ! !j zgi i /"
j

ˇ̌
ˇ̌
xCv

dS.x/

D c.n/

Z

S.v;r/

.!i zgij ! !j zgi i /"
j

ˇ̌
ˇ̌
x

dS.x/:
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Moreover, (ii) implies that B.v; `r1/ $ B.0; `
0
r2/ for all `; `

0 2 .0:9; 1:1/, so arguing as in the
proof of Lemma 3.6, we have

mC 2.zg; `
0
r2/ ! mC 2..L

r
/
" zg; `r1/

%
Z

B.0;`0r2/nB.v;`r1/

R.zg/ ! c.n/jzg ! ıjjr2 zgj ! c.n/jr zgj2 dVı :

(5.3)

Now observe that .L
r
/
"
gt is a Ricci–DeTurck flow with respect to .L

r
/
"
ı D ı, satis-

fying (3.8), (3.9), and (3.10) for .L
r
/
"
g0, so arguing as in the proofs of Proposition 5.3 and

Corollary 5.4 and applying (5.2) to (5.3) with zg D gr2!! , we find, for some `1; `2 2 .0:9; 1:1/,

MC 0.g; '
r

!!
2

. # ; 0/; r2/ ! MC 0..L
r
/
"
g; '

r
!!
1

. # ; 0/; r1/

% !
Z

r
2!!
1

0

ˇ̌
ˇ

d

dt
MC 0

"
gt ; '

r
!!
2

"
t

r
2

2

#
; r2

#ˇ̌
ˇ C

Z

B.0;`2r2/nB.v;`1r1/

R.g.`1r1/2!!/

! c.n/jg.`1r1/2!! ! ıjjr2
g.`1r1/2!! j ! c.n/jrg.`1r1/2!! j2 dVı

!
Z

r
2!!
1

0

ˇ̌
ˇ

d

dt
MC 0

"
.L

r
/
"
gt ; '

r
!!
1

"
t

r
2

1

#
; r1

#ˇ̌
ˇ

% !c.n; c0; '; #; ˇ; %/r
n!2!2!C#

:

6. Comparing masses in different coordinate charts via gluing

Proposition 6.1. There exist Nı D Nı.n/ < 1 and c D c.n/ such that, for all ı < Nı and

all r > 0, the following is true. Let +W D ! C be a diffeomorphism between some domains

C; D $ Rn
such that, for some r > 0, Rn n B.0; r=10/ $ D and, for all x 2 A.0; r; 10r/,

B.+.x/; r=4/ $ C . Suppose that + is locally .1 C ı/-bi-Lipschitz on Rn n B.0; r=10/. Then

there exist a Euclidean isometry L and a local diffeomorphism z+ defined on D such that

L.x0/ D +.x0/ for some jx0j D 9:5r , and

z+.x/ D
´

+.x/ for jxj ' r

L.x/ for jxj % 10r;

and

kz+"
ı ! ıkC 0.RnnB.0;r=10// ' c.n/ı:

Proof. Let c D c.n/ and Nı D Nı.n/ be as in Lemma B.1. Define -.`/ for ` 2 Œ1=10; 10&

by

-.`/ D

8
<̂

:̂

0 for ` ' 1;

e

16
exp

%
! 1

1! 6!`
5

&
for 1 < ` < 6;

1

16
for ` % 6;

so that - is smooth and -
0 is bounded on Œ1; 10&.

We first show the case where r D 1. By construction, - + 1=16 on Œ6; 10&. Fix some x0

with jx0j D 9:5. Then, for all x 2 B.x0; 2.1 C ı/
2
-.jx0j//, jxj % 19=2 ! .1 C ı/

2
=2 > 1=10,

so B.x0; 2.1 C ı/
2
-.jx0j// $ D. Also, 2.1 C ı/-.jx0j/ D .1 C ı/=8 < 1=4, so by hypo-
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thesis, B.+.x0/; 2.1 C ı/-.jx0j// $ C . Using the notation of Appendix B, by Lemma B.1,
there exists a Euclidean isometry L such that L.x0/ D +.x0/ and

16k+1=16 ! LkC 0.B.x0;1=16// C kd+1=16 ! dLkC 0.B.x0;1=16// ' c.n/ı:

Let x 2 A.0; 9; 10/, and let .xi /
k

iD1
be a sequence of points in A.0; 9; 10/ such that

jx0 ! x1j < 1=16, jxk ! xj < 1=16, and for i D 1; : : : ; k ! 1, jxi ! xiC1j < 1=16. Observe
that, by choosing the xi far enough apart, k can be bounded above by some constant depending
only on n. Arguing as above, we also have

B.xi ; 2.1 C ı/
2
-.jx0j// $ D and B.+.xi /; 2.1 C ı/-.jx0j// $ C;

so by Lemma B.1, there exist isometries L
i such that

16k+1=16 ! L
ikC 0.B.xi ;1=16// C kd+1=16 ! dL

ikC 0.B.xi ;1=16// ' c.n/ı:

Then we have

jdx0+1=16 ! dx+1=16j ' jdx0+1=16 ! dLj C jdL ! dx1+1=16j

C
! k!1X

iD1

jdxi
+1=16 ! dL

i j C jdL
i ! dxiC1

+1=16j
$

C jdxk
+1=16 ! dL

kj C jdL
k ! dx+1=16j

' 2.k C 2/c.n/ı ' c.n/ı:

(6.1)

Since this analysis holds for any such x, we also have

j+1=16.x/ ! L.x/j ' j+1=16.x0/ ! L.x0/j

C
Z

1

0

jd(.s/+1=16. P..s// ! dL. P..s//j ds

' j+1=16.x0/ ! L.x0/j

C
Z

1

0

%
jdx0+1=16. P..s// ! dL. P..s//j

C jd(.s/+1=16 P...s// ! dx0+1=16 P...s//j
&

ds

' c.n/ı;

(6.2)

where . is a path from x to x0 within A.0; 9; 10/, and in the last step, we have applied estimate
(6.1) at ..s/.

Let )W Rn ! R be a smooth cutoff function identically equal to 1 on B.0; 9/, with support
contained in B.0; 10/, such that kr)kC 0.Rn/ ' 10. Now define z+ on D by

z+.x/ D ).x/+).x/ C .1 ! ).x//L.x/:

Adjust Nı and c.n/ so that Corollary B.4 holds, and also so that 0:5.1 ! ı/ > 1=10 for all ı < Nı.
By Corollary B.4, kz+"

ı ! ıkC 0.A.0;1;9// ' c.n/ı since z+ D +) in this region, and this estimate
also holds trivially on Rn n B.0; 10/ since L is an isometry. Let x 2 A.0; 9; 10/. Then we have

dx
z+ D .rx)/ ˝ .+1=16.x/ ! L.x// C dL C ).x/.dx+1=16 ! dL/ D dL C E;
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where jEj ' c.n/ı by choice of L, and (6.1) and (6.2). In particular,

kz+"
ı ! ıkC 0.A.0;9;10// ' c.n/ı:

Now observe that, as ` ! 1, -.0/
C 1
!!!! 0, so if jxj ' 1, then by dominated convergence,

lim
y!x

z+.y/ D lim
y!x

+).y/ D lim
y!x

Z

Rn

+.y ! -.jyj/z//.z/ dz D +.x/;

where / is as in Appendix B. Also, for k % 1,

lim
y!x

d
k z+.y/ D lim

y!x
d

k
+).y/

D lim
y!x

Z

Rn

kX

iD1

d
i
+jy!).jyj/zd

k!i!1

"
I ! -

0
.jyj/y ˝ z

jyj
#
/.z/ dz

D d
k
+jx :

Therefore, z+ agrees with + on D \ B.0; 1/, and hence kz+"
ı ! ıkC 0.D\B.0;1// ' c.n/ı as

well. This proves the result for r D 1.
We now remove the assumption that r D 1. Suppose the hypotheses hold for some r , and

apply the previous analysis to the map +
0 defined by +

0
.x/ D r

!1
+.rx/ to find some smooth

map z+0, equal to a Euclidean isometry L
0 for jxj % 10, such that L

0
.x

0
/ D +

0
.x

0
/ for some

jx0j D 9:5 and
k.z+0

/
"
ı ! ıkC 0.D0/ ' c.n/ı;

where D
0 D "r!1

x W x 2 Dº.
Let z+.x/ D r z+0

.r
!1

x/. Then we have

kz+"
ı ! ıkC 0.D/ D kz+0"

ı ! ıkC 0.D0/ ' c.n/ı:

Also, if x0 D rx
0, we have

r
!1

L
0
.x0/ D r

!1
L

0
.rx

0
/ D L

0
.x

0
/ D +

0
.x

0
/ D r

!1
+.rx

0
/ D r

!1
+.x0/;

so L
0
.x0/ D +.x0/. This proves the result.

Theorem 6.2. Suppose that M
n

is a smooth manifold and g is a C
0

metric on M .

Suppose that E is an end of M and that ˆ1 and ˆ2 are two C
0
-asymptotically flat coordinate

charts for E so that, for m D 1; 2, there exist cm > 0 and rm > 1 such that

j.ˆm/"g ! ıjjx ' cmjxj!!m

for all jxj % rm, for some #m > 0.

Then there exist r0 D r0.ˆ1; ˆ2/, r
00
0

D r
00
0

.n; ˆ1; ˆ2/ > 0, and c D c.n; ˆ1; ˆ2/ such

that, for all r > r
00
0

, there exists a Euclidean isometry L
r

such that jLr
.0/j ' 25r and there

exists a map z+r W Rn n B.0; r0=10/ ! Rn
, which is a diffeomorphism onto its image, such that

z+r
.x/ D

´
ˆ2 ı ˆ

!1

1
.x/ for jxj ' r;

L
r
.x/ for jxj % 10r;

and

(6.3) k.z+r
/
"
.ˆ2/"g ! ıkC 0.A.0;0:9r;11r// ' cr

! min$!1;!2º
:
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Proof. Let + D ˆ2 ı ˆ
!1

1
and # D min"#1; #2º. We apply Proposition 6.1 to the map +.

We first show that, by Lemma 3.10, the hypotheses of Proposition 6.1 hold. Let r0 be as in
Lemma 3.10. Let r

00
0

% r
0
0

% r0, where r
0
0

is as in Lemma 3.10. Will we increase r
00
0

through-
out the proof as needed. Lemma 3.10 (i) implies that + is defined on Rn n B.0; r0=10/, and
by Lemma 3.10 (ii), for all r > r

00
0

, + is locally .1 C cr
!!

/-bi-Lipschitz on Rn n B.0; r=10/,
where c is as in Lemma 3.10 (ii).

Moreover, by Lemma 3.10 (iv), for all r > r
00
0

, B.+.x/; r=4/ $ +.Rn n B.0; r0=10//.
Increase r

00
0

further, depending on c, # , n so that, for all r > r
00
0

, we have cr
!!

< Nı.n/, where
Nı.n/ is as in Proposition 6.1. Since + is locally .1 C cr

!!
/-bi-Lipschitz on Rn n B.0; r=10/,

we may apply Proposition 6.1 to see that there exist a Euclidean isometry L
r and a local dif-

feomorphism z+r defined on Rn n B.0; r0=10/ such that L
r
.x0/ D +.x0/ for some jx0j D 9:5r

and

z+r
.x/ D

´
+.x/ for jxj ' r;

L
r
.x/ for jxj % 10r;

and

(6.4) k.z+r
/
"
ı ! ıkC 0.RnnB.0;r=10// ' cr

!!
:

The latter condition implies that z+r is a local diffeomorphism on all of Rn n B.0; r0=10/

since it also agrees with + on B.0; r/ n B.0; r0=10/. Therefore, Lemma 3.9 implies that z+r

is a diffeomorphism onto its image.
To see why (6.3) is true, observe that

k.z+r
/
"
.ˆ2/"g ! ıkC 0.A.0;0:9r;11r//

' k.z+r
/
"
.ˆ2/"g ! .z+r

/
"
ıkC 0.A.0;0:9r;11r//

C k.z+r
/
"
ı ! ıkC 0.A.0;0:9r;11r//

' kd z+rkC 0.A.0;0:9r;11r//k.ˆ2/"g ! ıkC 0.z&r .A.0;0:9r;11r///

C k.z+r
/
"
ı ! ıkC 0.A.0;0:9r;11r//

' cr
!!

;

where the last step is due to (6.4), and bounding k.ˆ2/"g ! ıkC 0.z&r .A.0;0:9r;11r/// by arguing
as in the last step of Lemma 3.10 (ii).

It remains to bound jLr
.0/j. Write L

r
.x/ D O

r
x C +.x0/ ! O

r
x0 for some orthogonal

matrix O
r , where we are using the fact that L

r
.x0/ D +.x0/. Then we have, by Lemma 3.10,

jLr
.0/j ' j+.x0/j C jOr

x0j
' inf

x2!B.0;r0/

"j+.x0/ ! +.x/j C j+.x/jº C jx0j

' kd+kC 0.RnnB.0;r0// dist.x0; !B.0; r0// C k+kC 0.!B.0;r0// C jx0j

'
"
1 C 1

2

#
.jx0j ! r0/ C k+kC 0.!B.0;r0// C jx0j

' 23:75r C k+kC 0.B.0;r0// ' 25r;

provided r
00
0

and hence r is increased once more depending on + so that

k+kC 0.B.0;r0// ' 1:25r
00
0

' 1:25r:

This completes the proof.
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We are now ready to prove the main result of the section.

Corollary 6.3. Suppose that M
n

is a smooth manifold and that g is a C
0

metric on M .

Suppose that E is an end of M and that ˆ1 and ˆ2 are two C
0
-asymptotically flat coordi-

nate charts for E with decay rates #1; #2 > .n ! 2/=2, decay constants c1; c2 > 0, and decay

thresholds r1; r2 > 1, respectively. Let # D min"#1; #2º, 0 < % < 2# ! .n ! 2/, 'W R ! R#0

be a smooth cutoff function with Supp.'/ $$ .0:9; 1:1/, and for r > 0, let 'r!!.`; t/ be the

smooth solution corresponding to ' given by Lemma 4.1. Suppose that, for some ˇ 2 .0; 1=2/,

g has nonnegative scalar curvature in the ˇ-weak sense on

ˆ
!1

1
.Rn n B.0; 1// [ ˆ

!1

2
.Rn n B.0; 1//:

Then there exist Nr.ˆ1; ˆ2; #; n; Supp.'/; %; ˇ/ and c D c.ˆ1; ˆ2; n; '; %; #; ˇ/ such that, for

all r % Nr ,

MC 0.g; ˆ2; '.150r/!!. # ; 0/; 150r/ ! MC 0.g; ˆ1; 'r!!. # ; 0/; r/ % !cr
n!2!2!C#

:

Proof. Let c and Nr be as in Corollary 5.4, where we take c0 to be the constant “c” from
Theorem 6.2, and increase Nr so that Nr % r

00
0

, where r
00
0

is as in Theorem 6.2. Increase Nr further
so that Nr is at least as large as the threshold Nr given by Lemma 5.6 with b D 25. For r > Nr ,
let z+r be as in Theorem 6.2. Let c be as in Corollary 5.4 and increase c so that c is at least
as large as the constant c from Theorem 6.2 and the constant c from Lemma 5.6. We apply
Corollary 5.4 to the metric .z+r

/ * .ˆ2/"g, which is defined on Rn n B.0; r0=10/ for r0 as in
Theorem 6.2, to find that, for r % Nr and all r

0 2 Œ
1:1

0:9
r; 10r &, we have

MC 0..z+r
/
"
.ˆ2/"g; '.r 0/!!. # ; 0/; r

0
/

! MC 0..z+r
/
"
.ˆ2/"g; 'r!!. # ; 0/; r/ % !cr

n!2!2!C#
:

(6.5)

Replace Nr by 1:1 Nr so that (6.5) also holds for r=1:1, for any r % Nr .
By definition of z+r , we have

.z+r
/
"
.ˆ2/"gjx D

´
.ˆ1/"gjx for jxj ' r;

.L
r
/
"
.ˆ2/"gjx for jxj % 10r;

where L
r is some Euclidean isometry such that jL.0/j ' 25r . Therefore, we have

MC 0..z+r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/

D MC 0..L
r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/;

MC 0..z+r
/
"
.ˆ2/"g; '.r=1:1/!!. # ; 0/; r=1:1/

D MC 0..ˆ1/"g; '.r=1:1/!!. # ; 0/; r=1:1/:

Therefore, (6.5) implies

MC 0..L
r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/

! MC 0..ˆ1/"g; '.r=1:1/!!. # ; 0/; .r=1:1//

D MC 0..z+r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/

! MC 0..z+r
/
"
.ˆ2/"g; '.r=1:1/!!. # ; 0/; r=1:1/
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% MC 0..z+r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/

! MC 0..z+r
/
"
.ˆ2/"g; '.r=0:9/!!. # ; 0/; r=0:9/

C MC 0..z+r
/
"
.ˆ2/"g; '.r=0:9/!!. # ; 0/; r=0:9/

! MC 0..z+r
/
"
.ˆ2/"g; '.r=1:1/!!. # ; 0/; r=1:1/

% !cr
n!2!2!C#

:

Moreover, by Corollary 5.4, we have

MC 0..L
r
/
"
.ˆ2/"g; '.50r/!!. # ; 0/; 50r/

! MC 0..L
r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/ % !cr

n!2!2!C#
:

Then, applying Lemma 5.6 with r1 D 50r and r2 D 150r=1:1, we find

MC 0..ˆ2/"g; '.150r=1:1/!!. # ; 0/; 150r=1:1/

% MC 0..L
r
/
"
.ˆ2/"g; '.50r/!!. # ; 0/; 50r/ ! cr

n!2!2!C#

% MC 0..L
r
/
"
.ˆ2/"g; '.10r=0:9/!!. # ; 0/; 10r=0:9/ ! cr

n!2!2!C#

% MC 0..ˆ1/"g; '.r=1:1/!!. # ; 0/; r=1:1/ ! cr
n!2!2!C#

;

where in the first step we have also used Lemma 3.5. Then replacing r=1:1 by r yields the
result.

7. The C 0
mass at infinity

7.1. Taking limits at infinity. In this section, we prove Theorem 2.12. We first record
the following.

Lemma 7.1. Let M be a smooth manifold and g a continuous Riemannian metric on M .

Suppose that E is an end of M for which there is C
0
-asymptotically flat coordinate chart

ˆ with decay rate # > .n ! 2/=2, decay threshold r0, and decay coefficient c0, and suppose

that g has nonnegative scalar curvature in the sense of Ricci flow on ˆ
!1

.Rn n B.0; 1//. Let

'W R ! R#0
be a smooth cutoff function with Supp.'/ $$ .0:9;1:1/. Fix % 2 .0;2# ! .n ! 2//.

For all r > 0, let 'r!!.`; t/ denote the smooth time-dependent function corresponding to '

given by Lemma 4.1. Then the limit

lim
r!1 MC 0.g; ˆ; 'r!!. # ; 0/; r/

exists and is either finite or C1.

Proof. Let ˇ 2 .0; 1=2/ be the parameter for which (2.2) holds everywhere for g. Let
Nr D Nr.n; c0; #; '; %; ˇ/ be as in Corollary 5.4. Let r > max"r0=0:8; Nrº. Applying Corollary 5.4
to ˆ"gjA.0;0:8r;12r/, we find that, for all r

0 2 Œ
1:1

0:9
r; 10r &, we have

MC 0.g; ˆ; '.r 0/!!. # ; 0/; r
0
/ ! MC 0.g; ˆ; 'r!!. # ; 0/; r/

% !c.n; '; c0; #; ˇ; %/r
n!2!2!C#

:

(7.1)
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As a shorthand, write a.r/ ´ MC 0.g; ˆ; 'r!!. # ; 0/; r/ so that (7.1) means that, for any suffi-
ciently large r > 0 and any r

0 2 Œ
1:1

0:9
r; 10r &,

a.r
0
/ ! a.r/ % !c.n; '; c0; #; ˇ; %/r

!ıC#
;

where ı D n ! 2 ! 2# so !ı C % < 0. In particular, Lemma 3.8 implies that, for any r > 0,
limk!1 a.10

k
r/ exists and is either finite or equal to C1. It remains to show that

lim
r!1 a.r/ D lim

k!1
a.10

k
/ µ a1;

say. Towards this objective, let " > 0. Choose k0 sufficiently large so that, for all k % k0, we
have ja.10

k
/ ! a1j < "=4 and c.10

k
/
!ıC"

< "=4, where c is the constant from (7.1).
Let r > 10

k0C1, and choose k % k0 C 1 such that r 2 Œ10
k
; 10

kC1
&. First suppose that

r 2
h

1:1

0:9
10

k
;
0:9

1:1
10

kC1

i
:

Then
r 2

h
1:1

0:9
10

k
; 10

kC1

i
and 10

kC1 2
h

1:1

0:9
r; 10r

i
;

so Corollary 5.4 implies

a1 ! "=2 < a.10
k
/ ! c.10

k
/
!ıC# ' a.r/ ' a.10

kC1
/ C cr

!ıC#
< a1 C "=2:

Now suppose

r 2
h
10

k
;
1:1

0:9
10

k

# "
resp. r 2

"
0:9

1:1
10

kC1
; 10

kC1

i#
:

Choose
r

0 2
"

1:1

0:9
r;

"
0:9

1:1

#2

.10r/

# "
resp. r

0 2
""

1:1

0:9

#2"
r

10

#
;
0:9

1:1
r

##
:

Then
r

0 2
h

1:1

0:9
10

k
;
0:9

1:1
10

kC1

i
;

so arguing as above, we have that ja1 ! a.r
0
/j < "=2 and ja1 ! a.r

0
=10/j < "=2. Similarly,

Corollary 5.4 implies

a1 ! " ' a.r
0
=10/ ! c.r

0
=10/

!ıC# ' a.r/ ' a.r
0
/ C c.r/

!ıC# ' a1 C ":

This completes the proof.

Proof of Remark 2.10. To see why Remark 2.10 is true, apply Lemma 7.1 to Remark 5.5
to find that

lim
r!1 MC 0.g; 'r!!1 . # ; 0/; r/ % lim

r!1 MC 0.g; 'r!!2 . # ; 0/; r/:

Exchanging %1 and %2 yields the result.

Remark 7.2. Assume we are in the setting of Lemma 7.1. Let g0 be an extension of
gjA.0;0:8r;1:2r/ for some large r , and let gt be a Ricci–DeTurck flow for g0 whose existence is
given by Lemma 3.2. Observe that, by Lemma 2.6, we have

lim
r!1 MC 0.g; 'r!!. # ; 0/; r/ D lim

r!1 MC 0.gr2!! ; '; r/:
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We are now ready to prove Theorem 2.12.

Proof of Theorem 2.12. Let Nr D Nr.n; c0; #; Supp.'
1
/; Supp.'

2
/; %; ˇ/ be as in the sec-

ond statement of Corollary 5.4, with c0 D max"c1; c2º and # D min"#1; #2º. Increase Nr as
needed so that Nr is greater than the threshold Nr given by Corollary 6.3. Also, let

c D c.n; c0; '
1
; '

2
; #; ˇ; %/

be as in Corollary 5.4, and increase c as needed so that c is at least as large as the constants “c”
given by Corollary 6.3 for '

1 and '
2. Applying Corollary 5.4 to .ˆ2/"gjA.0;0:8.150/r;12.150/r/

implies that

MC 0.g; ˆ2; '
2

.200r/!!. # ; 0/; 200r/ % MC 0.g; ˆ2; '
1

.150r/!!. # ; 0/; 150r/ ! cr
n!2!2!C#

:

Then, for all r > Nr , Corollary 6.3 implies that

MC 0.g; ˆ2; '
1

.150r/!!. # ; 0/; 150r/ % MC 0.g; ˆ1; '
1

r!!. # ; 0/; r/ ! cr
n!2!2!C#

;

so

(7.2) MC 0.g;ˆ2;'
2

.200r/!!. # ; 0/; 200r/ % MC 0.g;ˆ1;'
1

r!!. # ; 0/; r/ ! 2cr
n!2!2!C#

:

This proves the first statement, with c adjusted.
Towards the second, note that, for m D 1; 2, the limits

lim
r!1 MC 0.g; ˆ2; '

2

r!!. # ; 0/; r/; lim
r!1 MC 0.g; ˆ1; '

1

r!!. # ; 0/; r/

exist by Lemma 7.1, so letting r ! 1 in (7.2) implies that

lim
r!1 MC 0.g; ˆ2; '

2

r!!. # ; 0/; r/ % lim
r!1 MC 0.g; ˆ1; '

1

r!!. # ; 0/; r/:

Exchanging ˆ2 with ˆ1 and '
1 with '

2 proves the second statement of the theorem.

7.2. Finiteness conditions for the C 0
mass. In this section, we prove Theorem 2.9.

We first establish the finiteness condition for the C
0 mass at infinity.

Theorem 7.3. Suppose g is a continuous Riemannian metric on Rn n B.0; r0/ such

that, for some # > .n ! 2/=2, c0 > 0; Nr > r0, we have jg ! ıjjx ' c0jxj!!
for all jxj > Nr .

Suppose g has nonnegative scalar curvature in the sense of Ricci flow. Let 'W R ! R#0
be

a smooth cutoff function with Supp.'/ $$ .0:9; 1:1/. Fix % 2 .0; 2# ! .n ! 2//. For all r > 0,

let 'r!!.`; t/ denote the smooth time-dependent function corresponding to ' given by Lem-

ma 4.1. Then the limit limr!1 MC 0.g; 'r!!. # ; 0/; r/ is finite if and only if the following

condition holds.

There exists a sequence of numbers rk ! 1 such that rkC1 > 1:1=0:9rk > 0 for all k,

and for which, for all k, there exists an extension g
k

0
of gjRnnB.0;0:7rk/ to all of Rn

such that

there is a Ricci–DeTurck flow g
k
t

for g
k

0
satisfying (3.8), (3.9), (3.10), and (2.5).

Proof. First note that if jxj is large, then

jxj ! 2
ˇ

2ˇ ! 1

" jxj
0:9

#1!#ˇ

% jxj
2

> r0;
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so B.x; 2
ˇ

=.2
ˇ ! 1/.jxj=0:9/

1!#ˇ
/ $ Rn n B.0; r0/, and hence Lemma 5.2 implies that, for

all A > 2, there is a constant c.n; A; ˇ; %/ such that, for all t 2 .0; .jxj=0:9/
2!#,

R.gt /jx % !c.n; A; ˇ; %/jxj!A

or

(7.3) R.gt /!jx ' c.n; A; ˇ; %/jxj!A
;

where f! denotes the negative part of a function f .
For the sake of simplicity, let a.r/ ´ MC 0.g; 'r!!. # ; 0/; r/. We now show that

(7.4) lim
r!1 a.r/ < 1

if and only if there exists a sequence rk ! 1 such that

(7.5) lim
k!1

sup
r 0>1:1=0:9rk

a.1:1=0:9r
0
/ ! a.0:9=1:1rk/ D 0:

To see why these conditions are equivalent, suppose (7.5) fails. Let rk ! 1 be a strictly
increasing sequence. By assumption, there exists some "0 > 0 such that, for all k, there exists
j > k with

sup
r 0>1:1=0:9rj

a.1:1=0:9r
0
/ ! a.0:9=1:1rj / > "0:

We construct a new sequence zrk ! 1 inductively as follows. By assumption, there exists
j1 > 1 for which

sup
r 0>1:1=0:9rj1

a.1:1=0:9r
0
/ ! a.0:9=1:1rj1/ > "0:

Let zr1 D 0:9=1:1rj1 and choose r
0
1

> 1:1=0:9rj1 D .1:1=0:9/
2zr1 such that

a.1:1=0:9r
0
1
/ ! a.0:9=1:1rj1/ > "0=2:

Setting zr2 ´ 1:1=0:9r
0
1
, this becomes a.zr2/ ! a.zr1/ > "0=2. Now, given zr2k , choose m2kC1

sufficiently large so that rm2kC1
> .1:1=0:9/

3zr2k . Then there exists j2kC1 > m2kC1 such that

sup
r 0>1:1=0:9rj2kC1

a.1:1=0:9r
0
/ ! a.0:9=1:1rj2kC1

/ > "0:

Let zr2kC1 D 0:9=1:1rj2kC1
> .1:1=0:9/

2zr2k and set zr2kC2 ´ 1:1=0:9r
0
2kC1

where r
0
2kC1

is
chosen so that

a.1:1=0:9r
0
2kC1

/ ! a.0:9=1:1rj2kC1
/ > "0=2;

and hence a.zr2kC2/ ! a.zr2kC1/ > "0=2. Then zrk ! 1 and .a.zrk//
1
kD1

is not Cauchy, so (7.4)
fails. In particular, (7.4) implies (7.5). Conversely, suppose that (7.5) holds. Pass to a subse-
quence rkj

so that, for all j , rkj C1
> .1:1=0:9/

2
rkj

. Let zrj D 0:9=1:1rkj
. Then (7.5) implies

that

lim
j !1

sup
m>j

ja.zrm/ ! a.zrj /j ' lim
j !1

sup
r 0>.1:1=0:9/2zrj

ja.1:1=0:9r
0
/ ! a.zrj /j

D lim
j !1

sup
r 0>1:1=0:9rkj

ja.1:1=0:9r
0
/ ! a.0:9=1:1rkj

/j

D 0;
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so .a.zrj //
1
j D1

is Cauchy, and hence it converges to some limit a1 < 1. By Lemma 7.1, it
follows that (7.4) holds.

We now prove the theorem. First assume that the limit is finite. Let rk ! 1 be a sequence
of numbers such that rkC1 > 1:1=0:9rk > 0 for all k, sufficiently large so that

kg ! ıkC 0.RnnB.0;0:6rk// < N";

where N" is as in Lemma 3.2. For all k, let g
k

0
be the extension of gjRnnB.0;0:7rk/ to all of

Rn given by Lemma 3.2 so that there exists a Ricci–DeTurck flow g
k
t

for g
k

0
satisfying (3.8),

(3.9), and (3.10). Now fix k, and fix r
0
> 1:1=0:9rk . As in the proof of Proposition 5.3, by

Lemma 3.7, there exist `; `
0 2 Œ0:9; 1:1& such that

MC 0

"
g

k

.0:9=1:1rk/2!! ; '.1:1=0:9r 0/!!

"
.0:9=1:1rk/

2!#

.1:1=0:9r 0/2

#
; 1:1=0:9r

0
#

D mC 2.g
k

.0:9=1:1rk/2!! ; 1:1=0:9`
0
r

0
/;

MC 0

"
g

k

.0:9=1:1rk/2!! ; '.0:9=1:1rk/!!

"
.0:9=1:1rk/

2!#

.0:9=1:1rk/2

#
; 0:9=1:1rk

#

D mC 2.g
k

.0:9=1:1rk/2!! ; 0:9=1:1`rk/:

Then, using (7.3), Lemma 3.6 with (3.10) to bound the quadratic term, Remark 4.4, and
Lemma 2.6, we have

ˇ̌
ˇ̌
Z

A.0;0:9rk ;1:1r 0/
R.g

k

.0:9=1:1rk/2!!/ dx

ˇ̌
ˇ̌

'
ˇ̌
ˇ̌
Z

A.0;0:9=1:1`rk ;1:1=0:9`0r 0/
R.g

k

.0:9=1:1rk/2!!/ dx

ˇ̌
ˇ̌ C cr

n!2!2!C#

k

' jmC 2.g
k

.0:9=1:1rk/2!! ; 1:1=0:9`
0
r

0
/

! mC 2.g
k

.0:9=1:1rk/2!! ; 0:9=1:1`rk/j C cr
n!2!2!C#

k

D
ˇ̌
ˇMC 0

"
g

k

.0:9=1:1rk/2!! ; '.1:1=0:9r 0/!!

"
.0:9=1:1rk/

2!#

.1:1=0:9r 0/2

#
; 1:1=0:9r

0
#

! MC 0

"
g

k

.0:9=1:1rk/2!! ; '.0:9=1:1rk/!!

"
.0:9=1:1rk/

2!#

.0:9=1:1rk/2

#
; 0:9=1:1rk

#ˇ̌
ˇ

C cr
n!2!2!C#

k

' jMC 0.g
k

0
; '.1:1=0:9r 0/!!.0/; 1:1=0:9r

0
/

! MC 0.g
k

0
; '.0:9=1:1rk/!!.0/; 0:9=1:1rk/j C cr

n!2!2!C#

k

D ja.1:1=0:9r
0
/ ! a.0:9=1:1rk/j C cr

n!2!2!C#

k
:

Then we have, by (7.5),

lim
k!1

sup
r 0>1:1=0:9rk

ˇ̌
ˇ̌
Z

A.0;0:9rk ;1:1r 0/
R.g.0:9=1:1rk/2!!/ dx

ˇ̌
ˇ̌

' lim
k!1

sup
r 0>1:1=0:9rk

ja.1:1=0:9r
0
/ ! a.0:9=1:1rk/j D 0;

so (2.5) holds.
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Conversely, suppose that (2.5) holds. Let rk; g
k

0
, and g

k
t

be as given. Fix some k and
some r

0
> 1:1=0:9rk . Arguing as in the previous step, we find that there exist `; `

0 2 Œ0:9; 1:1&

for which we have

ja.r
0
/ ! a.rk/j ! cr

n!2!2!C#

k

'
ˇ̌
ˇ̌MC 0.g

k

.0:9=1:1rk/2!! ; '.1:1=0:9r 0/!!

"
.0:9=1:1rk/

2!#

.1:1=0:9r 0/2

#
; r

0
/

! MC 0.g.0:9=1:1rk/2!! ; '.0:9=1:1rk/!!

"
.0:9=1:1rk/

2!#

.0:9=1:1rk/2

#
; rk/

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌mC 2.g

k

.0:9=1:1rk/2!! ; `
0
r

0
/ ! mC 2.g

k

.0:9=1:1rk/2!! ; `rk/

ˇ̌
ˇ̌

D
ˇ̌
ˇ̌
Z

A.0;`rk ;`0r 0/
R.g

k

.0:9=1:1rk/2!!/ ! Q
R

Œg
k

.0:9=1:1rk/2!! &dx

ˇ̌
ˇ̌

'
Z

A.0;0:9rk ;1:1r 0/
R.g

k

.0:9=1:1rk/2!!/dx C cr
n!2!2!C#

k
;

where again we have used (7.3) in the last step. Therefore, (2.5) implies that

lim
k!1

sup
r 0>1:1=0:9rk

ja.r
0
/ ! a.rk/j D 0;

and hence (7.5) holds.

We are now ready to prove Theorem 2.9. The proof follows quickly from our previous
results.

Proof of Theorem 2.9. To prove the first statement, observe that if mADM.g; ˆ/ is finite,
then by Remark 2.2, we have

jMC 0.g; ˆ; 'r!!.0/; r/ ! mADM.g; ˆ/j

D
ˇ̌
ˇ̌
R

1:1r

0:9r

1

r
'r!!.

u

r
; 0/

)R
S.u/

.!j gij ! !igjj /"
i
dS ! mADM.g; ˆ/

*
du

R
1:1

0:9
'r!!.u; 0/ du

ˇ̌
ˇ̌

' max
u2Œ0:9;1:1"

ˇ̌
ˇ̌
Z

S.ur/

.!j gij ! !igjj /"
i
dS ! mADM.g; ˆ/

ˇ̌
ˇ̌ !!!!!

r!1 0;

so
lim

r!1 MC 0.g; ˆ; 'r!!.0/; r/ D mADM.g; ˆ/:

If mADM.g; ˆ/ D 1, then for all N > 0, there exists rN such that, for all r > rN ,
Z

S.r/

.!j gij ! !igjj /"
i
dS > N:

Then, for all r > rN =0:9, we have

MC 0.g; ˆ; 'r!!.0/; r/ % min
u2Œ0:9;1:1"

Z

S.ur/

.!j gij ! !igjj /"
i
dS > N;
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so
lim

r!1 MC 0.g; ˆ; 'r!!.0/; r/ D 1:

The proof to show the result when mADM.g; ˆ/ D !1 is similar.
We now prove the second statement. By Lemma 7.1, limr!1 MC 0.g; ˆ; 'r!!. # ; 0/; r/

exists. By Theorem 2.12, the limit is independent of choice of ˆ and '. By Theorem 7.3 applied
to ˆ"g, the limit is finite if and only if condition (2.5) holds.

A. A bi-Lipschitz map is C 0
-close to a Euclidean isometry

Lemma A.1. For all ı < 1, r > 0, the following is true. Suppose that C; D $ Rn
are

some domains and +W D ! C is a diffeomorphism. If, for some x0 2 D, B.x0; .1 C ı/r/ $ D,

B.+.x0/; r/ $ C , and + is locally .1 C ı/-bi-Lipschitz on B.x0; .1 C ı/r/, then + is a 4ır-

isometry on B.x0; r=.1 C ı//, i.e. if

k+
"
ı ! ıkC 0.B.x0;.1Cı/r// ' ı;

then for all x; y 2 B.x0; r=.1 C ı//, we have

ˇ̌
j+.x/ ! +.y/j ! jx ! yj

ˇ̌
' 4ır:

Proof. First assume that +.x0/ D 0 and x0 D 0. Note that, for all x 2 B.0; r=.1 C ı//,
we have

j+.x/ ! 0j '
Z

1

0

jd+sxjjxj ds ' .1 C ı/r=.1 C ı/ D r:

In particular, for all x; y 2 B.0; r=.1 C ı//, we have +.x/; +.y/ 2 B.0; r/, so the shortest path
from +.x/ to +.y/ is contained in the ball B.0; r/ $ C .

Now fix some x; y 2 B.0; r=.1 C ı// so that +.x/; +.y/ 2 B.0; r/. By (3.16), we have

(A.1) .1 ! 2ı/jx ! yj ' j+.x/ ! +.y/j ' .1 C 2ı/jx ! yj:

We now address the assumptions that x0 D 0 and +.0/ D 0. For general x0 and +.x0/, apply
(A.1) to the map y+.x/ ´ +.x C x0/ ! +.x0/. Then, for all x; y 2 B.x0; r=.1 C ı//,

x ! x0 2 B.0; r=.1 C ı//; y ! x0 2 B.0; r=.1 C ı//;

and
j+.x/ ! +.y/j D jy+.x ! x0/ ! y+.y ! x0/j

so by (A.1), we have

.1 ! 2ı/jx ! yj D .1 ! 2ı/j.x ! x0/ ! .y ! x0/j ' j y+.x ! x0/ ! y+.y ! x0/j
D j+.x/ ! +.y/j;

and similarly,

j+.x/ ! +.y/j D jy+.x ! x0/ ! y+.y ! x0/j ' .1 C 2ı/jx ! yj;

as above. In particular,
ˇ̌
j+.x/ ! +.y/j ! jx ! yj

ˇ̌
' 2ıjx ! yj ' 4r

ı

1 C ı
' 4rı:
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We now record the following result, which is a special case of [31, Theorem 1]. See
Section 3.5 for the definition of a ı-isometry.

Lemma A.2. There exist c D c.n/ and Nı D Nı.n/ < 1 such that, for all ı < Nı, the follow-

ing is true. If + is a continuous ı-isometry on some ball B.x0; r/, then there exists a Euclidean

isometry L such that L.x0/ D +.x0/ and

k+ ! LkC 0.B.x0;r// ' cı:

In particular, for all ı < Nı, if +W D ! C is a diffeomorphism between some domains

C; D $ Rn
such that B.x0; .1 C ı/r/ $ D, B.+.x0/; r/ $ C , and + is locally .1 C ı/-bi-

Lipschitz on B.x0; .1 C ı/r/, then there exists a Euclidean isometry L such that L.x0/ D +.x0/

and

k+ ! LkC 0.B.x0;r=.1Cı/// ' 4cır:

Proof. The second statement follows from the first statement and Lemma A.1. The first
statement is due to [31, Theorem 1].

B. Bi-Lipschitz multiplicative loss with varying mollification scale

Here we will fix some conventions involving mollified maps. Let /W Rn ! R denote the
standard mollifier,

/.z/ D c.n/ exp
"
! 1

1 ! jzj2
#
;

where c.n/ is a normalization constant chosen so that
Z

Rn

/.z/ dz D 1:

Observe that / 2 W
1;1

.Rn
/ and that / + 0 outside of B.0; 1/.

If D $ Rn is some domain and F W D ! Rn is any continuous map, then for any -0 > 0,
we use F)0 to denote the map, defined on "x 2 D W B.x; -0/ $ Dº, which is given by

F)0.x/ D
Z

Rn

F.x ! -0z//.z/ dz D
Z

Rn

F.x ! z//

"
z

-0

#
-

!n

0
dz

D
Z

Rn

F.z//

"
x ! z

-0

#
-

!n

0
dz:

If -W Œ0; 1/ ! Œ0; 1/ is any continuous function, then we use F) to denote the map given
by F).x/ D .F).jxj//.x/, i.e.

F).x/ D
Z

Rn

F.x ! -.jxj/z//.z/ dz;

so F) is defined on "x 2 D W B.x; -.jxj// $ Dº. For x such that -.jxj/ ¤ 0, we have

F).x/ D
Z

Rn

F.z//

"
x ! z

-.jxj/
#
-.jxj/!n

dz:

We first show the following result, for a constant mollification scale.
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Lemma B.1. There exist c D c.n/ and Nı D Nı.n/ such that, for all ı < Nı, the follow-

ing is true for all -0 > 0. Suppose +W D ! C is a diffeomorphism between some domains

C; D $ Rn
such that B.x0; 2.1 C ı/

2
-0/ $ D, B.+.x0/; 2.1 C ı/-0/ $ C . If + is locally

.1 C ı/-bi-Lipschitz on B.x0; 2.1 C ı/
2
-0/, then there exists a Euclidean isometry L

x0;)0 such

that L
x0;)0.x0/ D +.x0/ and

-
!1

0
k+)0 ! L

x0;)0kC 0.B.x0;)0// C kd+)0 ! dL
x0;)0kC 0.B.x0;)0// ' cı:

Proof. Let c and Nı be as in Lemma A.2. We will adjust c throughout the proof. By
Lemma A.2, there exists a Euclidean isometry L such that

L.x0/ D +.x0/ and k+ ! LkC 0.B.x0;2)0// ' cı-0;

so we have

k+)0 ! LkC 0.B.x0;)0// D sup
x2B.x0;)0/

ˇ̌
ˇ̌
Z

B.x;)0/

.+.z/ ! L.z///

"
x ! z

-0

#
-

!n

0
dz

ˇ̌
ˇ̌

' k+ ! LkC 0.B.x0;2)0// ' cı-0;

with c adjusted. Similarly,

kd+)0 ! dLkC 0.B.x0;)0// D sup
x2B.x0;)0/

ˇ̌
ˇ̌
Z

B.x;)0/

.+.z/ ! L.z// ˝ .r/.j # j//j x!z
"0

-
!n!1

0
dz

ˇ̌
ˇ̌

' c.n/

-0

k+ ! LkC 0.B.x0;2)0// ' cı;

with c adjusted.

Lemma B.2. Let L be any Euclidean isometry and let -W Œ0; 1/ ! Œ0; 1/ be any C
1

function. Then L) + L.

Proof. First note that, for any orthogonal matrix O , we have
Z

Rn

Oz/.z/ dz D 0:

This follows from the fact that
Z

Rn

y exp
"
! 1

1 ! jyj2
#

dy D 0;

after performing the change of variables y D Oz. Now write L.x/ D Ox C v for some ortho-
gonal matrix O and some fixed vector v. Then we have

L).x/ D
Z

Rn

L.x ! -.jxj/z//.z/ dz

D
Z

Rn

.Ox ! -.jxj/Oz C v//.z/ dz

D Ox ! -.jxj/
Z

Rn

Oz/.z/ dz C v

D Ox C v D L.x/:
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Lemma B.3. If +W D ! Rn
is any C

0
map defined on a subset D $ Rn

, L is any

isometry, and -W Œ0; 1/ ! Œ0; 1/ is a C
1

function, then for any point x such that -.jxj/ ¤ 0

and B.x; -.jxj// $ D, we have

jd+) ! dLjjx ' c.n/k+ ! LkC 0.B.x;).jxj///
ˇ̌
ˇ

1

-.jxj/ C -
0
.jxj/

-.jxj/
ˇ̌
ˇ:

Proof. Since L is invariant under mollification by Lemma B.2, dLjx D dL)jx . There-
fore, we have

jd+) ! dLjjx '
ˇ̌
ˇ̌
Z

Rn

.+.z/ ! L.z// ˝ .r//

"
x ! z

-.jxj/
#

&
h

I

-.jxj/ ! .x ! z/ ˝ -
0
.jxj/x

-.jxj/2jxj
i
-.jxj/!n

dz

ˇ̌
ˇ̌

C
ˇ̌
ˇ̌
Z

Rn

.+.z/ ! L.z// ˝ /

"
x ! z

-.jxj/
#

&
"
!n-.jxj/!n!1

-
0
.jxj/x
jxj

#
dz

ˇ̌
ˇ̌

' c.n/k+ ! LkC 0.B.x;).jxj///
ˇ̌
ˇ

1

-.jxj/ C -
0
.jxj/

-.jxj/
ˇ̌
ˇ

&
Z

Rn

jr/j
"

x ! z

-.jxj/
#h

1 C jx ! zj
-.jxj/

i
-.jxj/!n

dz

C c.n/k+ ! LkC 0.B.x;).jxj///
ˇ̌
ˇ
-

0
.jxj/

-.jxj/
ˇ̌
ˇ

&
ˇ̌
ˇ̌
Z ˇ̌

ˇ/
"

x ! z

-.jxj/
#ˇ̌
ˇ-.jxj/!n

dz

ˇ̌
ˇ̌

' c.k/kW 1;1.Rn/; n/k+ ! LkC 0.B.x;).jxj///
ˇ̌
ˇ

1

-.jxj/ C -
0
.jxj/

-.jxj/
ˇ̌
ˇ:

Corollary B.4. There exist c D c.n; b/ and Nı D Nı.n/ < 1 such that, for all ı < Nı and

all r > 0, the following is true. Suppose that +W D ! C is a diffeomorphism between some

domains C; D $ Rn
such that

A.0; 0:5.1 ! ı/r; .10:5 C 0:5ı/r/ $ D

and, for all x 2 A.0; r; 10r/, B.+.x/; r=4/ $ C . Suppose that + is locally .1 C ı/-bi-Lipschitz

on

A.0; 0:5.1 ! ı/r; .10:5 C 0:5ı/r/:

Let -W Œ1; 1/ ! .0;
1

4
& be a C

1
function with j-0j ' b. If -r.`/ D -.`=r/r , then

k+
"
)r

ı ! ıkC 0.A.0;r;10r// ' cı:

Proof. Let Nı and c be as in Lemma A.2. We will adjust c throughout the proof. We first
record a pointwise estimate. Fix some x 2 A.0; r; 10r/ so that

B.x; .1 C ı/-r.jxj// $ A.0; 0:5.1 ! ı/r; .10:5 C 0:5ı/r/ $ D:
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Then Lemma A.2 implies that there is a Euclidean isometry L
x;r such that

k+ ! L
x;rkC 0.B.x;)r .jxj/=.1Cı/// ' cı-r.jxj/:

In particular, Lemma B.3 implies that

jd+)r ! dL
x;r jjx ' cı-r.jxj/

"
1

-r.jxj/ C -
0
r
.jxj/

-r.jxj/
#

D cı.1 C -
0
.jxj=r// ' cı.1 C b/;

with c adjusted.
Therefore, for all x 2 A.0; r; 10r/, we have

j+"
)r

ı ! ıjjx ' .jd+)r jjx C jdL
x;r j/jd+)r ! dL

x;r jjx ' cı;

with c adjusted again.
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