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STRUCTURED AND BALANCED MULTICOMPONENT AND
MULTILAYER NEURAL NETWORKS �

SHIJUN ZHANG y , HONGKAI ZHAO z , YIMIN ZHONG x , AND HAOMIN ZHOU {

Abstract. In this work, we propose a balanced multicomponent and multi layer neural network
(MMNN) structure to accurately and e�ciently approximate f unctions with complex features in
terms of both degrees of freedom and computational cost. The main idea is inspired by a multicom-
ponent approach in which each component can be e�ectively ap proximated by a single-layer network,
combined with a multilayer decomposition strategy to captu re the complexity of the target function.
Although MMNNs can be viewed as a simple modi�cation of fully connected neural networks (FC-
NNs) or multilayer perceptrons (MLPs) by introducing balan ced multicomponent structures, they
achieve a signi�cant reduction in training parameters, a mu ch more e�cient training process, and
improved accuracy compared to FCNNs or MLPs. Extensive nume rical experiments demonstrate
the e�ectiveness of MMNNs in approximating highly oscillat ory functions and their ability to auto-
matically adapt to localized features. Our code and impleme ntations are available at GitHub.

Key words. structured decomposition, function compositions, deep ne ural networks, recti�ed
linear unit, Fourier series
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1. Introduction. The key use of neural networks is to approximate an input-
to-output relation, i.e., a mapping or a function in mathematical terms. In this work,
we continue our study of numerical understanding of neural network approximation
of functions from representation to learning dynamics. In our earlierstudy [45], we
demonstrated that a one-hidden-layer (also known as a two-layer or shallow) network
is essentially a \low-pass �lter" when approximating a function i n practice. Due
to the strong correlation among the family of activation functions (parameterized
by the weight and bias), such asReLU(recti�ed linear unit), the Gram matrix|
the element of which is the pairwise correlation (inner product) of the activation
functions|has a fast spectral decay. If initialized randomly, the ei genvectors of the
Gram matrix correspond to generalized Fourier modes from low frequency to high
frequency ordered corresponding to decreasing eigenvalues. Due to the ill-conditioning
of the representation, no matter how wide a one-hidden-layer network is, it can only
learn and approximate smooth functions or sample low-frequency modes e�ectively
and stably (with respect to noise or machine round-o� errors).
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C1060 S. ZHANG, H. ZHAO, Y. ZHONG, AND H. ZHOU

In this work, we propose a balanced multicomponent and multilayer neural net-
work (MMNN) structure based on our previous understanding of a one-hidden-layer
network. First, we show that a multilayer network with a multicom ponent structure,
each of which can be approximated well and e�ectively by a one-hidden-layer network,
can overcome the limitation of a shallow network by smooth decompositionand trans-
formation. Compared to a fully connected neural network of a similar structure, our
proposed MMNN is much more e�ective in terms of representation, training, and accu-
racy in approximating functions, especially for functions containing complex features,
e.g., high-frequency modes. The key idea of MMNNs is to view a linearcombination of
activation functions as randomly parameterized basis functions, calleda component,
as a whole to represent a smooth function. Each layer has multiple components all
sharing the common basis functions with di�erent linear combinations. The number
of components, calledrank, is typically much smaller than the layer's width and in-
creases to enhance the 
exibility of decomposition when dealing with more complex
functions. These components are combined and composed (through layers) in a struc-
tured and balanced way in terms of network width, rank, and depth to approximate
a complicated function e�ectively. Another important feature we used in practice is
that weights and biases inside each activation function are randomly assigned and
�xed during the optimization while the linear combination weights of ac tivation func-
tions in each component are trained. This leads to more e�cient training processes
motivated by our �nding that a one-hidden-layer neural network can be trained ef-
fectively to approximate a smooth function well using random basis functions. We
also demonstrate interesting learning dynamics based on Adam optimizer [16], which
is crucial for the successful and e�cient training of MMNNs. An importan t remark is
that a balanced and holistic approach needs to consider representation,optimization,
and their interplay in an integrated manner.

The structure of this paper is as follows. Section 2 introduces and details the
design of MMNNs. Section 3 provides a comparison between FCNNs and MMNNs.
In section 4, we present a mathematical framework for smooth decomposition and
transformation based on the MMNN architecture, showing that each component can
be e�ectively approximated by a single-hidden-layer network. Section 5 presents ex-
tensive numerical experiments to validate our analysis and demonstrate the capability
of MMNNs in approximating complex functions. Additional insights and imp lemen-
tation guidelines are discussed in section 6. Finally, section 7 concludes the paper
with �nal remarks.

2. Multicomponent and multilayer neural network (MMNN). In this
section, we present a novel network architecture called the multicomponent and mul-
tilayer neural network (MMNN). Let us begin with some notations. Let R represent
the set of real numbers. The indicator (or characteristic) function of a setA, denoted
by 1A , is a function that takes the value 1 for elements inA and 0 for elements not
in A. Vectors and matrices are denoted by bold lowercase and uppercase letters, re-
spectively. We use slicing notation for a vectorx = ( x1; � � � ; xd) 2 Rd, where x [n : m]
denotes a slice ofx from its nth to the mth entries for any n; m 2 f 1;2; � � � ; dg with
n � m, and x [n] denotes thenth entry of x . For example, if x = ( x1; x2; x3) 2 R3,
then (5x )[2 : 3] = (5x2; 5x3) and (6x + 1)[3] = 6 x3 + 1. A similar notation is used for
matrices. For instance,A [:; i ] refers to the i th column of A , whereasA [i; :] indicates
the i th row of A . Additionally, A [i; n : m] corresponds to (A [i; :])[n : m], extracting
the entries from the nth to the mth in the i th row.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1061

Later, we introduce the architecture of MMNNs in section 2.1. Following this, in
section 2.2, we outline the learning strategy of MMNN and highlight its advantages
over other methods.

2.1. Architecture of MMNNs. Here, we introduce the architecture of our
multicomponent and multilayer neural network (MMNN). Each layer of th e MMNN
is a (shallow) neural network of the form

h(x ) = A � (W x + b) + c

to approximate a vector-valued function f : Rdin ! Rdout , where W 2 Rn � din ;A 2
Rdout � n , and n is the width of this network. Here, � : R ! R represents the activation
function that can be applied elementwise to vector inputs. Throughout this paper,
the activation function is chosen asReLUunless otherwise speci�ed. One can also
write it in a more compact form,

h = A � (W x + b) + c = eA
�
� ( fW ex )

1

�
;(2.1)

where

fW =
�
W ;b

�
; eA =

�
A ; c

�
; ex =

�
x
1

�
:

We call each element ofh, i.e., h [i ] = eA [i; :]�[ � ( fW ex )
1

] for i = 1 ;2; � � � ; dout , a component.
Here are a few key features ofh.

1. Each component is viewed as a linear combination of basis functions� (W [i; :]�
x + b[i ]); i = 1 ;2; � � � ; n, which is a function in x , as a whole.

2. Di�erent components of h share the same set of basis with di�erent coe�cients
eA [i; :].

3. Only eA is trained while fW is randomly assigned and �xed.
4. The output dimension dout and network width n can be tuned according to

the intrinsic dimension and complexity of the problem.
In comparison, each layer in a typical deep FCNN takes the form� ( fW ex ), and each
hidden neuron is individually a function of the input x or each point x 2 Rdin is
mapped to Rn , where n is the layer width. All weights fW are training parameters.
In MMNNs, each layer is composed of multiple componentseA � ( fW ex ). Each com-
ponent is a linear combination of randomly parameterized hidden neurons� ( fW ex ),
which can be more e�ectively and stably trained through eA as a smooth decompo-
sition/transformation. Typically, the number of components dout |the dimension of
intermediate feature space|is (much) smaller than the layer width n, the number of
random neurons (or basis functions) in the MMNN. On the one hand, the intermedi-
ate feature space is compressed. On the other hand, there are diverserandom basis
whose linear combinations can have enough representation power in the feature space.

An MMNN is a multilayer composition of h i , i.e., h : Rdin 7! Rdout ,

h = hm � � � � � h2 � h1;

where eachh i : Rdi � 1 7! Rdi is a multicomponent shallow network de�ned in (2.1) of
width ni , where

d0 = din ; d1; � � � ; dm � 1 � ni ; dm = dout :

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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C1062 S. ZHANG, H. ZHAO, Y. ZHONG, AND H. ZHOU

The width of this MMNN is de�ned as max f ni : i = 1 ;2; � � � ; m � 1g, the rank as
maxf di : i = 1 ;2; � � � ; m � 1g, and the depth asm. MMNNs are designed to reduce the
dimensionality of the intermediate feature space, thereby simplifying optimization
while largely preserving the network's expressive power. To simplify, we denote a
network with width w, rank r , and depth l using the compact notation (w; r; l ). See
Figure 1(a) for an illustration of an MMNN of size (4 ;2;2). In contrast, an FCNN �
can be expressed in the following composition form

� = L L � � � L L � 1 � � � � � � � L 1 � � � L 0;

where L i is an a�ne linear map given by L i (y ) = W i � y + bi . Readers are referred
to Figure 1(b) for an illustration and a comparison with the MMNN.

We clarify the structural di�erences between FCNNs and MMNNs, omitti ng bias
terms for notational simplicity. In MMNNs, each layer is de�ned by a composition

h : Rr ! Rr ; h(x ) = A � (W x );

while in standard FCNNs, layers are typically written as

h : Rn ! Rn ; h(x ) = � (W x );

where r � n, and r denotes the MMNN rank, an internal dimensionality that helps
regulate network complexity. The core principle behind MMNNs is to limit the di-
mensionality of intermediate space, which helps streamline the optimization process
while maintaining the model's expressive power.

One might suggest that the product A j W j +1 in MMNNs can be collapsed into
a single matrix, making MMNNs a special case of FCNNs. However, this overlooks
two critical distinctions.

1. Asymmetric Parameter Roles: In MMNNs, W is randomly initialized
and �xed while A is learnable. This asymmetry is central to our representa-
tion and training strategy and cannot be replicated by simply reinterpreting
MMNNs as FCNNs with a low rank factorization of the weight matrix W
which needs to be learned fully posing a challenging task for the optimization.

2. Architectural Interventions: In practice, modern networks often employ
techniques, such as batch normalization, dropout, and residual connections,
which fundamentally alter the layer-wise composition. For instance,

� with batch normalization layers B i s:

hm � Bm � 1 � hm � 1 � � � � � B1 � h1;

� with dropout layers D i s:

hm � Dm � 1 � hm � 1 � � � � � D1 � h1;

� with residual connections:

hm � (I + hm � 1) � � � � � (I + h2) � h1:

In these scenarios, the clean compositional structure required to merge ad-
jacent matrices (e.g., A j and W j +1 ) is disrupted. Thus, MMNNs remain
distinct in both form and training philosophy.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1063

x h(x) = h2 � h1(x)W 1; b1 W 2; b2A 1; c1 A 2; c2

�
�
�
�

�
�
�
�

�rst shallow sub-network blockh1 second shallow sub-network blockh2

(a) MMNN of size (4 ; 2; 2), i.e., width 4, rank 2, and depth 2.

x h(x)W 1; b1 W 2; b2 W 3; b3

�
�
�
�

�
�
�
�

(b) FCNN of size (4, {, 2), i.e., width 4 and depth 2.

I

x h(x) = h3 � (I + h2) � h1(x)W 1; b1 W 2; b2 W 3; b3A 1; c1 A 2; c2 A 3; c3

�

�

�

�

�

�

�

�

�

�

�

�

�rst shallow sub-network blockh1 second shallow sub-network blockI + h2 third shallow sub-network blockh3

(c) ResMMNN of size (4; 2; 3), i.e., width 4, rank 2, and depth 3.

Fig. 1. Illustrations of � -activated MMNN, FCNN, and ResMMNN.

For very deep MMNNs, one can borrow ideas from ResNets [9] to address the gradient
vanishing issue, making training more e�cient. Incorporating this idea, we propose a
new architecture given by a multilayer composition of I + h i , i.e., h : Rdin 7! Rdout :

h = hm � (I + hm � 1) � � � � � (I + h3) � (I + h2) � h1;

where eachh i : Rdi � 1 7! Rdi is a multicomponent shallow network de�ned in (2.1)
with width ni ,

d0 = din ; d1 = � � � = dm � 1 = r � ni ; dm = dout ;

and I is the identity map. We call this architecture ResMMNN. See Figure 1(c) for
an illustration of a ResMMNN of size (4, 2, 3).

The above de�nition of ResMMNNs requiresd1 = � � � = dm � 1 = r . If this condition
does not hold, we can alternatively de�ne ResMMNNs via

h = ( I � hm ) � (I � hm � 1) � � � � � (I � h3) � (I � h2) � (I � h1);

where � is an operation de�ned as follows. For any functionsf : Rd 7! Rdf and
g : Rd 7! Rdg , the � operation is given by

f � g := ( ef + eg)[1 : dg ];

where

ef =
�
f
0

�
2 Rmax f df ;dg g and eg =

�
g
0

�
2 Rmax f df ;dg g:

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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C1064 S. ZHANG, H. ZHAO, Y. ZHONG, AND H. ZHOU

2.2. Learning strategy of MMNNs. Our learning strategy is motivated by
the following basic principle: a function can be decomposed in a multicomponent
and multilayer structure, each component of which can be approximated and trained
e�ectively using a one-hidden-layer network, which is a linearcombination of random
basis functions (e.g., of the form� (W i � x + bi ), see section 4). Therefore, optimiz-
ing the linear combination weights of the random basis functions, namelyA i s and
ci s, is both computationally e�cient and su�ciently expressive. On t he other hand,
optimizing the weights (orientations of the basis functions) W i s and biasesbi s to
make the basis functions more adaptive to �ne-tune features of the target function,
which would require capturing high-frequency information by a single layer network,
leads to not only signi�cantly more parameters to optimize but also di�c ulties in
training, as shown in [45]. Speci�cally, for each layer of an MMNN, we �x the activa-
tion function parameters (W i s and bi s) as per PyTorch's default setting during the
training process. This entails initializing both weights and biases uniformly from the
distribution U(�

p
k;

p
k), where k = 1

in features .1 The whole training process optimizes
all A i s and ci s simultaneously using the Adam optimizer [16]. Note that it is im-
portant to have a uniform sampling of orientations W i and biasesbi for the random
basis functions to be able to approximate an arbitrary smooth function well. Unless
stated otherwise, parameter initialization adheres to the default settings provided by
PyTorch in our experiments.

To demonstrate the advantages of our training approach (labeled S1), we conduct
a comparison with the typical strategy in deep neural networks, denoted as Strategy
S2, which uses the default PyTorch initialization and optimizes all parameters during
training. In our tests, we select an oscillatory target function f (x) = cos(36�x 2) �
0:6cos(12�x 2) and use fairly compact networks. The tests are performed on a total
of 1,0001000 uniform samples in [� 1; 1] with a minibatch size of 100 and a learning
rate for epochk set at 0:001� 0:9bk=400c for k = 1 ;2; � � � ; 20000, whereb�c denotes the

oor operation. The Adam optimizer [16] is applied throughout the training p rocess.

As illustrated in Table 1 and Figure 2, our learning strategy S1 is signi�cantly
more e�ective than strategy S2 with comparable accuracy. There are two main ad-
vantages of S1. First, S1 requires training only about half the number of parameters
compared to S2, which results in time savings. Second, S1 converges more quickly
and performs signi�cantly better when the training is not su�cient . We would like
to note that in certain speci�c cases, S2 may outperform S1, particularly when the
network size is relatively small, and S2 is well-trained. This is expected since S2 trains
all parameters, whereas S1 only trains a subset. Based on our experience, S1 is more
e�ective in practice, particularly for su�ciently large networks.

Table 1
Comparison of test errors averaged over the last 100 epochs.

network (width, rank,
depth)

#parameters
(trained / all)

test error
(MSE)

test error
(MAX)

training time

MMNN1 (S1) (400, 20, 6) 40501 / 83301 2 :01 � 10� 5 4:36 � 10� 2 23.9s / 1000 epochs
MMNN1 (S2) (400, 20, 6) 83301 / 83301 4 :26 � 10� 5 4:71 � 10� 2 30.2s / 1000 epochs
MMNN2 (S1) (590, 28, 6) 83331 / 170061 1:39 � 10 � 5 2:80 � 10 � 2 25.2s / 1000 epochs

1 It is noteworthy that this initialization approach is simil ar to the widely used Xavier initializa-
tion [5], which draws weights from the distribution U(�

p
k;

p
k) with k =

p
6

in features+out features and
sets the bias to 0.
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MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1067

high-frequency components. As we can see from Figure 5, the di�erences between
network approximations and the corresponding target functions show that FCNNs
approximate high-frequency parts of the target functions poorly. In contrast, the
approximation errors for MMNNs, especially with the S1 learning strategy, are more
evenly distributed across the entire domain, indicating their e�ectiveness in captur-
ing high-frequency components. The Adam optimizer [16] is applied throughout the
training process.

3.2. Solving partial di�erential equations. Next, we compare the perfor-
mance of MMNNs and FCNNs for solving PDEs. We consider a classical example:
the two-dimensional Poisson equation with zero Dirichlet boundary conditions:

� � u(x; y) = f (x; y); (x; y) 2 (� 1; 1)2; uj@
 = 0 ;

where the source term is given by

f (x; y) = � 113� 2 sin(7�x ) sin(8�y ) � 117� 2 sin(6�x ) sin(9�y ):

It is easy to verify that the exact solution is

u(x; y) = sin(7 �x ) sin(8�y ) + sin(6 �x ) sin(9�y ):

We approximate the solution u(x; y) by a neural network u� (x; y), where � denotes
the network parameters, and solve the Poisson equation using the physics-informed
neural network (PINN) [27] formulation. The PDE residual is de�ned as R(x; y) =
� � u� (x; y) � f (x; y), where � u� = @2 u �

@x2 + @2 u �
@y2 , and the neural network is trained

to minimize the loss function L total = � PDE L PDE + � BC L BC , combining the PDE loss
L PDE = 1

N r

P N r
i =1 R(x i ; yi )2 for collocation points (x i ; yi ) 2 (� 1; 1)2 and the boundary

lossL BC = 1
N b

P N b
j =1 u� (x j ; yj )2 for boundary points (x j ; yj ) 2 @
.

To compare FCNNs and MMNNs in terms of representation accuracy, we avoid
soft boundary condition enforcement by including the penalty term � BC L BC in the
loss, which requires careful tuning of� BC . We adopt a hard-constraint formulation
that guarantees the boundary condition is satis�ed exactly. Speci�cally, we de�ne the
network output as

u� (x; y) = h� (x; y) � cos
� �x

2

�
cos

� �y
2

�
;

whereh� (x; y) is modeled by either an FCNN or an MMNN. This construction ensures
that u� (x; y) = 0 on the boundary @
 for all values of � .

We select an MMNN of size (301, 16, 6), another MMNN of size (503, 20, 6),
and an FCNN of size (100, {, 6), denoted as MMNN1, MMNN2, and FCNN, respec-
tively, for simplicity. Since ReLUis not di�erentiable, we use the sine function as
the activation function. We sample 1002 data points for f (x; y) on a uniform grid
in ( � 1; 1)2 using a minibatch size of 2000 and setting� PDE = 0 :001. We adopt the
Adam optimizer, with the learning rate set to bk=200c=800 for k < 16000 and to
0:001� 0:9b(k � 16000) =1600c for k � 16000, wherek = 1 ;2; � � � ; 160000 denotes the train-
ing epoch. We note that for k < 16000, we use an increasing learning rate to facilitate
warm-up (see, e.g., [1, 15]), which enhances training performance.

Our experiments reveal that initial parameters signi�cantly impact training, par-
ticularly for FCNNs. To ensure experimental reliability, we repeated the experiments
with 16 di�erent seeds. As demonstrated in Figures 6, 7, and Table 3, both MMNNs
surpass the FCNN in solving PDEs with PINNs, even with comparable depth and
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MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1069

4. Multicomponent and multilayer decomposition. It has been shown in
[45] that a one-hidden-layer neural network acts as a low-pass �lter andcannot e�ec-
tively represent or learn high-frequency features. Using mathematical construction, we
demonstrate that MMNNs, which are composed of one-hidden-layer neural networks,
can overcome this di�culty by decomposing complexity through their components
and/or depth. We emphasize that the decomposition is highly nonunique.Our con-
struction is \man-made" which can be di�erent from the one by computer through
an optimization (learning) process. Our discussion begins with one-dimensional con-
struction in section 4.1 and later extends to higher dimensions in section 4.2.

4.1. One-dimensional construction. We begin with a two-component decom-
position in the one-dimensional as both an illustration and an example in section 4.1.1.
Later in section 4.1.2, we introduce the general multicomponent decomposition. Fi-
nally, in section 4.1.3, we use concrete examples for demonstration.

4.1.1. Two-component decomposition. We demonstrate a simple \divide
and conquer" strategy for an example functionf (x) = cos(2n�x ), a high frequency
Fourier mode whenn is large. De�ne

f 2 : (u; v) 2 [� 1; 1]2 7! cos
�
n� (u + 1)

�
+ cos

�
n� (v � 1)

�
2 R;

and f 1 = [ f 1; 1

f 1; 2
] : [� 1; 1] 7! [� 1; 1]2, where the componentsf 1;1 and f 1;2 are given by

f 1;1(x) = ReLU(2x) � 1 =

(
� 1 for x 2 [� 1; 0);
2x � 1 for x 2 [0;1];

(4.1)

and

f 1;2(x) = � ReLU(� 2x) + 1 =

(
2x + 1 for x 2 [� 1; 0);
1 for x 2 [0;1]:

(4.2)

Then, for any x 2 [� 1; 1] we have

f (x) = cos
�

n� � ReLU(2x)
�

+ cos
�

� n� � ReLU(� 2x)
�

= cos
�

n�
�
f 1;1(x) + 1

� �
+ cos

�
n�

�
f 1;2(x) � 1

� �
= f 2 � f 1(x):

Through this decomposition and piecewise linear transformation, whichcan be ap-
proximated easily by a single layer ofReLUnetwork, one only needs to approximate
a function that is smoother than the original f : f 1 is simpli�ed, while f 2 is reduced
to half of the frequency of the original target function f .

We observe that this decomposition approach is universally applicable for any
function f : [� 1; 1]7! R. Speci�cally, the decomposition is de�ned as

f 2 : (u; v) 2 [� 1; 1]2 7! f
�

u + 1
2

�
+ f

�
v � 1

2

�
� f (0) 2 R;

and f 1 = [ f 1; 1

f 1; 2
] : [� 1; 1] 7! [� 1; 1]2, where f 1;1 and f 1;2 are given in (4.1) and (4.2).

Hence, for anyx 2 [� 1; 1], we achieve the following reconstruction off (x):

f (x) = f
�

ReLU(2x)
2

�
+ f

�
� ReLU(� 2x)

2

�
� f (0)

= f
�

f 1;1(x) + 1
2

�
+ f

�
f 1;2(x) � 1

2

�
� f (0) = f 2 � f 1(x);
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MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1071

for a �xed j 2 f 1;2; � � � ; ng and any x 2 [x j � 1; x j ]. It follows that
nX

i =1

f i �  i (x) =
nX

i =1

f � L i �  i (x)

=
j � 1X

i =1

f � L i �  i (x) + f � L j �  j (x) +
nX

i = j +1

f � L i �  i (x)

=
j � 1X

i =1

f � L i (bi ) + f � L j � L � 1
j (x) +

nX

i = j +1

f � L i (ai )

=
j � 1X

i =1

f (x i ) + f (x) +
nX

i = j +1

f (x i � 1) = f (x) +
n � 1X

i =1

f (x i )

| {z }
constant

:

It follows that

f (x) =
nX

i =1

f i �  i (x) �
n � 1X

i =1

f (x i )

| {z }
constant

for any x 2 [x j � 1; x j ].

Sincej is arbitrary, the above equation holds for all x = [ n
j =1 [x j � 1; x j ] = [ x0; xn ].

For each smoother f i , one can use a shallow network component� i , a linear
combination of random basis functions, to approximatef i well on [ai ; bi ]. Then,

f (x) =
nX

i =1

f i �  i (x) �
n � 1X

i =1

f (x i )

| {z }
constant

�
nX

i =1

� i �  i (x) �
n � 1X

i =1

f (x i )

| {z }
constant

=: h(x);

h(x) is a one-hidden-layer neural network approximation of the target function f (x)
that can approximate a complex function better than a single layer. See Figure 9 for
an illustration. In practice, one can choose repeated decomposition using a multicom-
ponent and multilayer network structure which is the motivation for MMNN. It is
well-known that neural networks can approximate smooth functions well. For local-
ized rapid change/oscillation, our construction shows that a small network in terms
of the width and the number of components and layers can achieve adaptivedecom-
position and deal with it rather easily. Hence, MMNN is e�ective in appr oximating a
function with localized �ne features. This is an important advantage in dealing with
low-dimensional structures embedded in high dimensions. The most di�cult situation
is approximating global highly oscillatory functions, especially with diverse frequency
modes, for which wider networks with more components and layers are needed to deal
with both the complexity and curse of dimensions.

4.1.3. Examples. Here, we use two examples to demonstrate the complexity
decomposition strategy presented in the previous section. We start with the Runge
function f (x) = 1

25x 2 +1 and modify it to f (x) = 1
1000x 2 +1 , which has a localized

rapid change near 0. As an example, we use four componentsn = 4, choose points
x0; x1; x2; x3; x4 at � 1; � 0:2; 0;0:2;1, and let ai = � 1 and bi = 1 for all i . In prac-
tice, each component is approximated by a single-layer network|a linear combination
of basis functions and trained by an optimization method, e.g., Adam. Our exam-
ples here are just a proof of concept for the decomposition of a target function into
smoother components using MMNN structure in the form

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Proof. Fixing ( k; j ), for any (x; y) 2 [xk � 1; xk ] � [y` � 1; y` ], we have

 i (x) =

8
><

>:

bi if i � k � 1;
L � 1

1;k (x) if i = k;

ai if i � k + 1

and � j (y) =

8
><

>:

dj if j � ` � 1;
L � 1

2;` (y) if j = `;

cj if j � ` + 1 :

It follows that
nX

i =1

f i; 0

�
 i (x); y

�
=

nX

i =1

f
�

L 1;i �  i (x); y
�

=
k � 1X

i =1

f
�

L 1;i �  i (x); y
�

+ f
�

L 1;k �  k (x); y
�

+
nX

i = k+1

f
�

L 1;i �  i (x); y
�

=
k � 1X

i =1

f
�

L 1;i (bi ); y
�

+ f
�

L 1;k � L � 1
1;k (x); y

�
+

nX

i = k+1

f
�

L 1;i (ai ); y
�

=
k � 1X

i =1

f (x i ; y) + f (x; y) +
nX

i = k+1

f (x i � 1; y) = f (x; y) +
n � 1X

i =1

f (x i ; y);

implying

f (x; y) =
nX

i =1

f i; 0

�
 i (x); y

�
�

n � 1X

i =1

f (x i ; y):

For each i , using the one-dimensional decomposition technique described insec-
tion 4.1, we �nd the decompositions for f i; 0

�
 i (x); y

�
and f (x i ; y). We have

mX

j =1

f i;j

�
 i (x); � j (y)

�
=

mX

j =1

f i; 0

�
 i (x); L 2;j � � j (y)

�

=
` � 1X

j =1

f i; 0

�
 i (x); L 2;j � � j (y)

�
+ f i; 0

�
 i (x); L 2;` � � ` (y)

�

+
mX

j = ` +1

f i; 0

�
 i (x); L 2;j � � j (y)

�

=
` � 1X

j =1

f i; 0

�
 i (x); L 2;j (dj )

�
+ f i; 0

�
 i (x); L 2;` � L � 1

2;` (y)
�

+
mX

j = ` +1

f i; 0

�
 i (x); L 2;j (cj )

�

=
` � 1X

j =1

f i; 0

�
 i (x); yj

�
+ f i; 0

�
 i (x); y

�
+

mX

j = ` +1

f i; 0

�
 i (x); yj � 1

�

= f i; 0

�
 i (x); y

�
+

m � 1X

j =1

f i; 0

�
 i (x); yj � 1

�
;

implying

f i; 0

�
 i (x); y

�
=

mX

j =1

f i;j

�
 i (x); � j (y)

�
�

m � 1X

j =1

f i; 0

�
 i (x); yj

�
:(4.10)

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.

D
ow

nl
oa

de
d 

09
/1

8/
25

 to
 1

31
.2

04
.2

54
.1

02
 . 

R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
S

IA
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/te

rm
s-

pr
iv

ac
y



MULTICOMPONENT AND MULTILAYER NEURAL NETWORKS C1075

Moreover,
mX

j =1

f 0;j

�
x i ; � j (y)

�
=

mX

j =1

f
�

x i ; L 2;j � � j (y)
�

=
` � 1X

j =1

f
�

x i ; L 2;j � � j (y)
�

+ f
�

x i ; L 2;` � � ` (y)
�

+
mX

j = ` +1

f
�

x i ; L 2;j � � j (y)
�

=
` � 1X

j =1

f
�

x i ; L 2;j (dj )
�

+ f
�

x i ; L 2;` � L � 1
2;` (y)

�
+

mX

j = ` +1

f
�

x i ; L 2;j (cj )
�

=
` � 1X

j =1

f (x i ; yj ) + f (x i ; y) +
mX

j = ` +1

f (x i ; yj � 1) = f (x i ; y) +
m � 1X

j =1

f (x i ; yj );

implying

f (x i ; y) =
mX

j =1

f 0;j

�
x i ; � j (y)

�
�

m � 1X

j =1

f (x i ; yj ):(4.11)

Therefore, for any (x; y) 2 [xk � 1; xk ] � [y` � 1; y` ], by (4.10) and (4.11), we have

f (x; y) =
nX

i =1

f i; 0

�
 i (x); y

�
�

n � 1X

i =1

f (x i ; y)

=
nX

i =1

mX

j =1

f i;j

�
 i (x); � j (y)

�
�

nX

i =1

m � 1X

j =1

f i; 0

�
 i (x); yj

�

�
n � 1X

i =1

mX

j =1

f 0;j

�
x i ; � j (y)

�
+

n � 1X

i =1

m � 1X

j =1

f (x i ; yj ):

Since k and ` are arbitrary, the above equation holds for all (x; y) = [ n
k=1 [ m

` =1
[xk � 1; xk ] � [y` � 1; y` ] = [ x0; xn ] � [y0; ym ].

4.3. Related work. Several lines of research are closely related to this work,
including approximation theory, low-rank methods, random feature models, and ar-
chitectures inspired by the Kolmogorov{Arnold representation.

Approximation. Extensive research has examined the approximation capabilities
of neural networks, focusing on various architectures to approximatediverse target
functions. Early studies concentrated on the universal approximation power of single-
hidden-layer networks [4, 11, 12], which demonstrated that su�ciently large neural
networks could approximate speci�c functions with arbitrary preci sion mathematically
without quantifying the error relative to network size. Subsequent research, such
as [2, 3, 7, 8, 21, 23, 33, 34, 35, 36, 37, 38, 40, 41, 42, 43, 44, 46], analyzed the
approximation error for di�erent networks in terms of size characterized by width,
depth, or the number of parameters. Those studies have primarily concentrated on
the mathematical theory that supports the existence theory for such neural networks.
However, there has been limited focus on determining the parameters within these
networks computationally and the numerical errors, particularly those arising from
�nite precision in computer simulations. This gap motivated our current investigation,
which considers practical training processes and numerical errors. Speci�cally, the
balanced structure of MMNN, the choice of training parameters, and the associated
learning strategy discussed here are intended to facilitate a smooth decomposition of
the function, thereby promoting an e�cient training process.

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited.
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Low-rank methods. Low-rank structures in the weight matrix W of a fully con-
nected neural network have been investigated by various groups. For example, the
methods proposed in [13, 29, 31] focus on accelerating training and reducing memory
requirements while maintaining �nal performance. The concept of low-rank structures
is further extended to tensor train decomposition in [24]. The MMNN proposed here
di�ers in two key aspects. First, each layer contains two matrices: A outside and
W inside the activation functions. Each row of A represents the weights for a linear
combination of a set of random basis functions, forming a component in each layer.
The number of rows in A , which equals the number of components, is selected based
on the complexity of the function and is typically much smaller than the number of
columns corresponding to the number of basis functions. Each row of (W ;b) repre-
sents a random parameterization of a basis function, with the number of rows in W
corresponding to the number of basis functions, usually much larger than the number
of columns in W , which is the input dimension. Second, in our MMNN, only A is
trained while W remains �xed with randomly initialized values. Theoretical studie s
and numerical experiments demonstrated that the architecture of MMNN, combined
with the learning strategy, is e�ective in approximating complex f unctions.

Random features. Fixing ( W ;b) of each layer and use of random basis func-
tions in the MMNNs is inspired by a previous approach known as random features
[18, 25, 26, 30, 39]. In typical random feature methods, only the linear combina-
tion parameters at the output layer are trained, which also leads to theissue of ill-
conditioning of the representation. In MMNNS, matrix A and vector c of each layer
are trained. Our MMNN employs a composition architecture and learningmechanism
that enhances the approximation capabilities compared to random featuremethods
while achieving a more e�ective training process than a standard fully connected net-
work of equivalent size. Extensive experiments demonstrate thatour approach can
strike a satisfactory balance between approximation accuracy and training cost.

Komogolrov-Arnold (KA) representation. The KA representation theorem [17]
states that any multivariate continuous function on a hypercube can be expressed as
a �nite composition of continuous univariate functions and the binary operation of
addition. However, this elegant mathematical representation may result in composi-
tions of nonsmooth or even fractal univariate functions in general, a computational
challenge one has to address in practice. KA representation has been explored in sev-
eral studies [14, 19, 22, 35]. A recently proposed network known as the KA network
(KAN) utilizes spline functions to approximate the univariate func tions in the KA
representation. The proposed MMNN is motivated by a multicomponent andmulti-
layer smooth decomposition, or a \divide and conquer" approach, employing distinct
network architectures, activation functions, and training strategies.

5. Numerical experiments. We perform extensive experiments to validate our
analysis and demonstrate the e�ectiveness of MMNNs through the multicomponent
and multilayer decomposition studied in section 4. In particular, our tests show its
ability to (1) adaptively capture localized high-frequency features in section 5.1, (2)
approximate highly oscillatory functions in section 5.2, (3) approximatediscontinuous
functions with porous structures in section 5.3, (4) exhibit some interesting learning
dynamics in section 5.4, and (5) solve problems in three and higher dimensions in
section 5.5. All our experiments involve target functions that include high-frequency
components in various ways and are di�cult to handle by shallow networks (no matter
how wide), as shown in our previous work [45]. Moreover, our experience with these
tests shows that using a fully connected deep neural network wouldrequire many
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3. The number of layers (depth) is also related to the overall complexity of
the target function as for the number of components. Rank and depth are
complementary but work together e�ectively for a smooth decomposition of
the target function. The rule of thumb for depth is similar to that for t he rank.

Here, we use more concrete examples to illustrate the guidelines. For simplicity,
we �x the input dimension and domain of interest. As the domain size and dimension
increases, the network size needs to increase correspondingly. Fora smooth target
function, a compact MMNN in terms of width, rank, and depth is enough, and an
easy training process can render accurate results. Larger MMNNs are needed for
target functions with localized rapid changes. Even with a relative compact size, the
training process can allocate resources adaptive to the target function and render
good approximation. The most di�cult situation is to approximate globall y highly
oscillatory functions with diverse Fourier modes for which large MMNNsare needed.
For instance, if the oscillation frequency doubles, the network width should increase
by 2d, where d is the dimension. In general the network width needs to deal with the
curse of dimensionality just like a mesh based method. However, the growth in the
number of components and layers with the increase in complexity seems to be relative
mild (maybe polylogarithmic as suggested by our mathematical construction).

Overall, for a given target function, MMNNs can work well with quite a large
range of con�gurations with a trade-o� between the network size and training process.
For example, the training process for a network more of a compact size with respect
to the complexity of a given target function may become more subtle and challenging,
e.g., choosing the appropriate learning rate and batch size, due to thelack of 
exibility
(or redundancy) of the representation. On the other hand, a network of too large a
size (or redundancy) with respect to the complexity of a given targetfunction requires
unnecessarily expensive training costs. There is a trade-o� between representation and
optimization that one needs to balance in practice. An important question for future
research is how to develop a self-adaptive strategy to adjust the network size.

The most advantageous situation for using MMNNs is when approximating a
function in a relative high dimension which is mostly smooth, except for localized �ne
features, e.g., a distribution in high dimensions concentrated on a low dimensional
manifold. Through training, MMNNs can provide an automatic adaptive approxim a-
tion of the underlying structure which can be challenging for a mesh-based method.

We would like to remark that a learning rate scheduler can be a subtleand
important issue for all training processes in practice. For all our training process, the
Step Learning Rate su�ces. However, one could consider using other learning rate
schedulers, such as the Cosine Scheduler [20] or the gradual warm-up strategy [6].
Exploring and designing a more e�cient learning rate scheduler with some automatic
restart mechanism is a potential interesting topic for future work.

6.3. Beyond ReLUto other activation functions. We also tried using di�er-
ent activation functions for MMNNs, e.g., GELU[10], Swish [28], Sigmoid, and Tanh.
In general, ReLUprovides the overall best results for various target functions. How-
ever, in situations where a smooth (e.g.,Cs or real analytic) approximation is needed,
one might consider using smooth alternatives toReLU,such asGELUor Swish, which
generally yield results comparable toReLU.

Additionally, other popular S-shaped activation functions like Sigmoid and Tanh
have demonstrated poor performance in our tests, possibly due to thevanishing gra-
dient problem. For highly oscillatory target functions, when using Sigmoid or Tanh,
training errors did not even decrease during the training process.
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7. Conclusion. In this work, we introduced the multicomponent and multilayer
neural network (MMNN) and demonstrated its e�ectiveness in approximating complex
functions. By incorporating the principles of structured and balanced decomposition,
the MMNN architecture addresses the limitations of shallow networks, particularly
in capturing high-frequency components and localized �ne features. Our proposed
network structure as con�rmed by extensive numerical experiments can approximate
highly oscillatory functions and functions with rapid transitions e�c iently and ac-
curately. Additionally, we highlight the advantages of our training strate gy, which
optimizes only the linear combination weights of basis functions for eachcomponent
while keeping the parameters within the activation (basis) functions �xed, leading to
a more e�cient and stable training process.

The theoretical underpinnings and practical implementations presented in this pa-
per suggest that MMNNs o�er a promising direction for constructing neural networks
capable of handling complex tasks with fewer parameters and reduced computational
overhead. Future research can explore further generalizations and applications of
MMNNs, as well as investigate the interplay between representation and optimization
in more depth.
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