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A new approach to stochastic relativistic fluid dynamics
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Abstract.We present a new general formalism for introducing thermal fluctua-
tions in relativistic hydrodynamics, which incorporates recent developments on
the causality and stability of relativistic hydrodynamic theories. Our approach
is based on the information current, which measures the net amount of informa-
tion carried by perturbations around equilibrium in a relativistic many-body sys-
tem. The resulting noise correlators are guaranteed to be observer-independent
for thermodynamically stable models. We obtain an effective action within our
formalism and discuss its properties.

1 Introduction
The matter formed during high-energy heavy-ion collisions is modeled as an expanding vis-
cous relativistic fluid known as the quark-gluon plasma (QGP). While this modeling has had
great success describing data, it is known that any dissipative system near equilibrium ex-
hibits spontaneous thermal fluctuations, which is the physics content behind the fluctuation-
dissipation theorem [1, 2]. Therefore, self-consistent hydrodynamic simulations of the QGP
should also investigate these stochastic fluctuations.

In this proceedings, we report on a new approach for including stochastic fluctuations in
relativistic systems developed in [3, 4]. This formalism is guaranteed to be causal and stable
against fluctuations around the equilibrium state in a Lorentz-invariant manner. Our construc-
tion relies on the information current [5], a quantity that measures how much information is
contained in a given perturbation around the equilibrium state. This information current can
be used to obtain the equilibrium probability distribution for the system to be in a given state.
We also construct an effective action for the fluctuating hydrodynamic system and show how
the noise can be obtained from a symmetry of this action.

2 The information current
The free energy describes the thermal state of a system at a given time. To define this in
relativity, we must foliate the spacetime into a set of spacelike hypersurfaces Στ with past-
directed timelike unit normal vectors nµ. The free energy depends on the thermodynamic
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variables and how we choose to foliate spacetime. On a given hypersurface, the free energy
variation from equilibrium, δΩ, is given by

δΩ = T
∫

Στ

dΣnµ
(
−δsµ − αIδJµI

)
, (1)

where δsµ is the variation of the entropy current from equilibrium, αI are the thermodynamic
conjugates to the conserved quantities evaluated at equilibrium, and δJµI are the variations
of the conserved currents from equilibrium. The quantity in parentheses is the information
current [5]

Eµ = −δsµ − αIδJµI . (2)

The probability distribution for the system to be in a given macroscopic state around equilib-
rium is then given by

p[δφA] ∼ e−δΩ/T = e−
∫
dΣnµEµ

, (3)

where δφA is a vector containing the hydrodynamic fields of the system. Note that this prob-
ability distribution seemingly depends on the choice of foliation. However, physical results
should be observer-independent, so ensuring that this dependence on the foliation drops out
when calculating the correlation functions for observable quantities is important.

While the utility of the information current should already be apparent through its connec-
tion to thermodynamics, it also has deep connections to causality and stability. In particular,
it has been shown in [5] that a relativistic system will be (linearly) causal and stable against
fluctuations if:

1. nµEµ ≥ 0 for any past-directed timelike nµ.

2. The bound nµEµ = 0 is saturated if and only if the system is in equlibrium, hence
equilibrium is unique.

3. Finally, the second law of thermodynamics, ∂µEµ ≤ 0 must hold.

As long as we ensure that the information current satisfies these conditions, our fluctuating
theory will be linearly causal and stable. To take advantage of these properties, we construct
a theory of fluctuations directly from the information current.

3 Fluctuations from information flow

The linearized dynamics of a relativistic hydrodynamic system can be extracted from the fact
that ∂µEµ = −σ, where σ is the entropy production. Using this, we can express the equations
of motion in terms of the hydrodynamic variables as

(
Eµ
AB∂µ + σAB

)
δφB = ξA, (4)

where capital letter indices run over the space of dynamical variables, Eµ = δφAEµ
ABδφ

B/2,
σ = δφAσABδφB, and ξA is a Gaussian stochastic vector with zero mean. This approach is par-
ticularly well-suited for Israel-Stewart-like hydrodynamic models [6] as these are constructed
from the entropy current, conserved quantities, and entropy production; the same ingredients
are used here. Using this equation of motion, we can write the momentum space correlation
function of the hydrodynamic variables as

〈δφAδφB〉 =
(
iEµACkµ + σAC

)−1 〈ξCξD〉
(
iEµDBkµ + σDB

)−1†
. (5)
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These correlation functions should match those obtained from the equilibrium probability
distribution of Eq. (3), which can be used to determine the form of the noise correlator
〈ξA(x)ξB(x′)〉. In particular, it is found that

〈ξA(x)ξB(x′)〉 = 2σABδ
(4)(x − x′), (6)

for thermodynamically stable systems. The full details of this derivation are provided in
[3], as well as proof that the corresponding noise correlators do not depend on the choice of
foliation.

3.1 Fluctuations in relativistic diffusion

We can apply this to the Israel-Stewart theory of a conserved current in the Landau hydrody-
namic frame. Such a system is defined by the conserved current Jµ = nuµ + Jµ, where n is
some density, uµ is the fluid velocity (with uµuµ = −1), and Jµ is the dissipative part of the
conserved current (where Jµuµ = 0). The corresponding entropy current is given by

sν = suν − µ

T
Jν − βJu

ν

2T
JλJλ, (7)

where s is the equilibrium entropy density, µ is the chemical potential associated with the
density n, and βJ is some new transport coefficient. The entropy production should be positive
definite, so we take it to be a quadratic form σ = 1

κTJλJλ, where κ is the charge conductivity.
The information current is then given by

Eµ =
uµ

2χT
δn2 +

1
χT
δn δJµ +

βJuµ

2T
δJλδJλ, (8)

where χ = ∂n/∂µ. It can be verified that the equations of motion from Eq. (4) are the lin-
earized versions of the conservation law and the Israel-Stewart relaxation equation for Jµ.
From Eq. (6), it follows that the conservation law does not fluctuate, while the relaxation
equation has a stochastic source, ξµ⊥, with noise correlator

〈ξµ⊥(x)ξν⊥(x′)〉 =
1
κT
∆µνδ(4)(x − x′). (9)

Here, ∆µν = gµν + uµuν is the projector orthogonal to uµ. From this, the symmetrized momen-
tum space correlator for the density n can be easily obtained. One finds

〈δnδn〉 = κχ2ωk2

|κk2 − iχω − κχβJω2|2 , (10)

which reduces to the standard first-order result in the suitable limit [3].

3.2 Actions for fluctuating hydrodynamics

Stochastic partial differential equations can be written as a path integral over the dynamical
variables and some set of auxiliary variables [7]. For systems obeying Eq. (4), we find that
the effective Lagrangian is

LEFT = −δφ̄A
(
Eµ
AB∂µ + σAB

)
δφB + iδφ̄AσABδφ̄

B. (11)

Here, δφ̄A are the auxiliary variables. The first term corresponds to the non-fluctuating equa-
tion of motion, while the second term gives the fluctuations.
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Above, we have inserted the fluctuation-dissipation relation of Eq. (6), but detailed bal-
ance provides a means to implement the fluctuation-dissipation theorem at the level of the
action. Let Θ denote a transformation under time reversal and parity. Then, employ-
ing a similar derivation to that used in [8], we find that the action should transform as
LΘ = L + iδφAEµ

AB∂µδφ
B under a transformation involving time reversal and parity. The

appropriate symmetry for a system with an effective action of the form Eq. (11) is

δφA → ΘδφA, δφ̄A → −Θδφ̄A − iΘδφA. (12)

This symmetry can be used to determine the noise correlators, implementing the fluctuation-
dissipation theorem. In principle, nothing about the derivation used to obtain this result re-
quired the equations of motion to be linear. Hence, we expect this property to be valid in
nonlinear systems [9]. Another approach for constructing effective actions for Israel-Stewart
theories was recently presented in [10].

4 Conclusions
In [3], a formalism for stochastic fluctuations was constructed using the information current.
This approach incorporates causality and stability conditions built into the information cur-
rent to ensure that noise correlators are independent of the choice of spacetime foliation. This
new framework is easily applied to linearized Israel-Stewart-like theories, as demonstrated
by the example involving a fluctuating conserved current. Using the Martin-Siggia-Rose
approach, it is possible to derive an effective action for any fluctuating system with an infor-
mation current and non-negative entropy production [4]. Demanding that the path integral
be consistent with the principle of detailed balance, we found a symmetry of the effective
action involving time reversal and parity that can implement the fluctuation-dissipation theo-
rem. This symmetry is derived without any assumptions regarding linearity, indicating that it
should be possible to generalize the results presented here to nonlinear systems.
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