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ABSTRACT. Many reaction networks arising in applications are multistationary, that is, they have
the capacity for more than one steady state; while some networks exhibit absolute concentration
robustness (ACR), which means that some species concentration is the same at all steady states.
Both multistationarity and ACR are significant in biological settings, but only recently has atten-
tion focused on the possibility for these properties to coexist. Our main result states that such
coexistence in at-most-bimolecular networks (which encompass most networks arising in biology)
requires at least 3 species, 5 complexes, and 3 reactions. We prove additional bounds on the number
of reactions for general networks based on the number of linear conservation laws. Finally, we prove
that, outside of a few exceptional cases, ACR is equivalent to non-multistationarity for bimolecular
networks that are small (more precisely, one-dimensional or up to two species). Our proofs involve
analyses of systems of sparse polynomials, and we also use classical results from chemical reaction
network theory.
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1. INTRODUCTION

A mass-action kinetics system exhibits absolute concentration robustness (ACR) if the steady-
state value of at least one species is robust to fluctuations in initial concentrations of all species [27].
Another biologically significant property is the existence of multiple steady states, that is, multi-
stationarity. Significantly, this property has been linked to cellular decision-making and switch-like
responses [21, 33].

As both ACR and multistationarity are important properties, it is perhaps surprising that their
relationship was explored only recently, when the present authors with Joshi showed that ACR
and multistationarity together — or even ACR by itself — is highly atypical in randomly generated
reaction networks [18]. This result dovetails with the fact that the two properties are somewhat in
opposition, as multiple steady states are not in general position in the presence of ACR.

The results of Joshi et al. are asymptotic in nature (as the number of species goes to infinity),
and they pertain to networks that are at-most-bimolecular (which is typical of networks arising in
biology) and reversible (which is not) [18]. This naturally leads to the following question:

Question 1.1. For multistationarity and ACR to coexist, how many species, reactions, and com-
plexes are needed? Which networks (without the requirement of being reversible) of small to
medium size allow such coexistence?

Another motivation for Question 1.1 comes from synthetic biology. In order to design reaction
networks with certain dynamical properties, we need to better understand the design principles
that allow for such behaviors, as well as the constraints on the size (such as the minimum numbers
of species, reaction, and complexes) of such networks. Another possible measure of size is the
dimension of a network, which is the difference between the number of species and the number of
linearly independent linear conservation laws.

Our work focuses on answering Question 1.1. Broadly speaking, our results fall into two cate-
gories: (i) results that give lower bounds on the dimension of a network or its number of species,
reactions, or complexes; and (ii) results for certain classes of networks (one-dimensional, up to 2
species, and so on). Our primary focus is on at-most-bimolecular networks, but we also present
results on general networks.

In the first category, our results are summarized in the following theorem, which gives some
minimum requirements for ACR and nondegenerate multistationarity to coexist. This coexistence
is typically on a nonzero-measure subset of the parameter space of reaction rate constants.

Theorem 1.2 (Main result). Let G be an at-most-bimolecular reaction network with n species such
that there exists a vector of positive rate constants k* such that the mass-action system (G, K*) has
ACR and is nondegenerately multistationary. Then G has:
(1) at least 3 species (that is, n > 3),
(2) at least 3 reactant complexes (and hence, at least 8 reactions) and at least 5 complexes
(reactant and product complexes), and
(8) dimension at least 2.

If, additionally, G is full-dimensional (that is, G has no linear conservation laws), then G has:

(4) at least n + 2 reactant complexes (and hence, at least n + 2 reactions), and
(5) dimension at least 3.

For the proof of Theorem 1.2, we refer the reader to Section 3 for part (3) (Lemma 3.20); Section 4
for parts (1), (2), and (5) (Theorem 4.1); and Section 5 for part (4) (Theorem 5.1). Additionally,
many of the lower bounds in Theorem 1.2 are tight. Indeed, this is shown for parts (1)—(3) through
the following mass-conserving network: {A + B — 2C — 2B, C — A} (Example 4.10). As for
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part (4), this bound is proven for networks that need not be at-most-bimolecular, and its tightness
is shown in that context (Proposition 5.3).

While Theorem 1.2 concerns nondegenerate multistationarity, we also investigate the capacity for
ACR together with degenerate multistationarity, specifically, in networks with 4 reactant complexes
(Proposition 4.15). Finally, we prove two additional results in the spirit of Theorem 1.2. The first
states that 3 is the minimum number of pairs of reversible reactions needed (in reversible networks)
for multistationarity, even without ACR (Theorem 3.21). The second concerns networks that
are not full-dimensional, and states the minimum number of reactant complexes needed for the
coexistence of ACR and nondegenerate multistationarity is n — k 4+ 1, where 1 < k < n — 2 is the
number of linearly independent conservation laws (Theorem 5.5).

As for our second category of results, we start with one-dimensional networks, a class of networks
for which ACR [23, 24], multistationarity [20, 28], and even multistability [31] is well studied. Such
networks do not allow for the coexistence of ACR and nondegenerate multistationarity (Proposi-
tion 3.10). Moreover, one-dimensional bimolecular networks can only be multistationary if they are
degenerately so (Lemma 3.20). Moreover, we explicitly characterize all such degenerate networks
(Lemma 3.19). Here our proofs make use of recent results of Lin, Tang, and Zhang [22, 31].

Another class of at-most-bimolecular networks we analyze are those with exactly 2 species (Sec-
tion 4.1). For such networks that are reversible, we characterize the property of unconditional
ACR, which means that ACR occurs for all possible values of rate constants (Theorem 4.4). As
for networks that need not be reversible, we show that ACR and multistationarity can coexist, but
only in a degenerate way. Moreover, up to relabelling species, only two such networks allow such
coexistence for a nonzero-measure subset of the space of reaction rate constants (Theorem 4.8).

Our works fits into a growing body of literature that explores the minimal conditions needed for
various dynamical behaviors, including the two properties that are the focus of the current work:
multistationarity [20, 22, 28] and ACR [23, 24]. There are additional such studies on multistabil-
ity [29] and Hopf bifurcations [5, 6, 30, 31, 34] (which generate periodic orbits). For instance, in
analogy to Theorem 1.2 above, the presence of Hopf bifurcations requires an at-most-bimolecular
network to have at least 3 species, 4 reactions, and dimension 3 [5, 34].

This article is organized as follows: Section 2 introduces reaction networks, multistationarity,
and ACR. Section 3 contains several results on steady states and their nondegeneracy. We use these
results in Sections 4 and 5 to prove our main results. We conclude with a discussion in Section 6.

2. BACKGROUND

This section recalls the basic setup and definitions involving reaction networks (Section 2.1), the
dynamical systems they generate (Section 2.2), absolute concentration robustness (Section 2.3),
and a concept pertaining to networks with only 1 species: “arrow diagrams” (Section 2.4).

2.1. Reaction networks. A reaction network G is a (loopless) directed graph in which the ver-
tices are non-negative-integer linear combinations of species X1, Xs,...,X,. Each vertex is a
complez, and we denote the complex at vertex i by y; = > 7, y;;X; (where y;; € Zxo) or
yi = (Yi1,Yi2, - -,Yin). Throughout, we assume that each species X;, where i = 1,2,...,n, ap-
pears in at least one complex.

Edges of a network G are reactions (in chemistry, these are ‘reaction steps’), and it is standard
to represent a reaction (v;,vy;) by y; — y;. In such a reaction, y; is the reactant complez, and y;
is the product complex; and y; # y;, as G is loopless. A species X}, is a catalyst-only species in
reaction y; — y; if yix = yji. In examples, it is often convenient to write species as A, B,C, ...
(rather than Xi, Xo, X3,...) and also to view a network as a set of reactions, where the sets of
species and complexes are implied.
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Example 2.1. The reaction network {0 <~ A — 24, B + A+ B} has 2 species, 5 complexes, and
3 reactions. The species B is a catalyst-only species in the reaction B < A + B.

A reaction network is reversible if every edge of the graph is bidirected. A reaction network is
weakly reversible if every connected component of the graph is strongly connected. Every reversible
network is weakly reversible.

Example 2.2. The following network is reversible: {A + B=2A, 2B<A,0 < B}. The network
{A+ B — 2A — 2B — A+ B} is weakly reversible, but not reversible.

One focus of our work is on at-most-bimolecular reaction networks (or, for short, bimolecular),
which means that every complex y; satisfies y;1 +yi2+- - - +yin < 2. Equivalently, each complex has
the form 0, X;, X; + X, or 2X; (where X; and X are species). The networks in Examples 2.1-2.2
are bimolecular.

2.2. Mass-action systems. Let r denote the number of reactions of G. We write the i-th reaction
as y; — vy, and assign to it a positive rate constant k; € Rsg. We use x = (x1,x2, ..., 2,) to denote
the vector of species concentrations. The mass-action system arising from a network G and a
vector of positive rate constants K = (K1, ke, ..., Kky), which we denote by (G, k), is the following
dynamical system arising from mass-action kinetics:

1) B Y kit w) =t ela)
=1

where z¥% := H;'L:1 xé’” Observe that the right-hand side of the ODEs (1) consists of polyno-
mials fy(x), for i = 1,...,n. For simplicity, we often write f; instead of f.;. Hence, f.(z) :=
(f1(x), fa(x),..., fu(x)) is a vector-valued polynomial function.

The question of which polynomials f; can appear as right-hand side of mass-action ODEs is

answered in the following result [15, Theorem 3.2].

Lemma 2.3. Let f : R™ — R"™ be a polynomial function, that is, assume that f; € Rlx1,x2. .., xy]
fori=1,2,...,n. Then f arises as the right-hand side of the differential equations (1) (for some
choice of network G and vector of positive rate constants k) if and only if, for all i = 1,2,...,n,
every monomial in f; with negative coefficient is divisible by x;.

Next, observe that the mass-action ODEs (1) are in the linear subspace of R™ spanned by all

reaction vectors y; —y; (for i =1,2,...,7). We call this the stoichiometric subspace and denote it
by S. The dimension of a network is the dimension of its stoichiometric subspace. (This dimension
is sometimes called the “rank” [, 29].) In particular, if dim(S) = n (that is, S = R"), we say that

G is full-dimensional.
A trajectory x(t) of (1) with initial condition z(0) = 2% € R?, remains, for all positive time, in
the following stoichiometric compatibility class of G [11]:

(2) Py == (2(0) +S)NRE, .

For full-dimensional networks, there is a unique stoichiometric compatibility class: P = RZ,. For
networks that are not full-dimensional, every nonzero vector w in S* yields a (linear) conservation
law (w,r) = (w,z(0)) that is satisfied by every x € P,(q), where (—, —) denotes the usual inner
product on R"”.

Remark 2.4. A common linear conservation law is mass conservation, where w = (1,1,...,1).
In fact, several examples in our paper include mass-conserving networks (i.e. networks with mass
conservation). However, in general it is not required that the components of w are non-negative.
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Example 2.1 (continued). The network {0 & A 83 24, B & A + B} has a one-dimensional
stoichiometric subspace (spanned by (1,0)) and generates the following mass-action ODEs (1):

Cll‘l
(3) = TRmL Tt Rary — k3 py = r1(—K1 + K2 — K3T2)

d(EQ
dt
Observe that the negative monomials in the first ODE are —x121 and —k3x1x2, and each of these

is divisible by x7, which is consistent with Lemma 2.3. Next, the stoichiometric compatibility
classes (2) are rays of the following form (where T' > 0):

(4) {(z1,22) EREy |22 =T} .

The equation xo = T is the unique (up to scaling) conservation law.

= 0.

A steady state of a mass-action system is a non-negative vector x* € R, at which the right-hand
side of the ODEs (1) vanishes: f.(z*) = 0. Our main interest in this work is in positive steady
states z* € RY,. The set of all positive steady states of a mass-action system can have positive
dimension in R™, but this set typically intersects each stoichiometric compatibility class in finitely
many points [14]. Finally, a steady state x* is nondegenerate if Im(df.(z*)|s) = S, where df,(z*)
is the Jacobian matrix of f,; evaluated at z*.

We consider multiple steady states at two levels: systems and networks. A mass-action system
(G, k) is multistationary (respectively, nondegenerately multistationary) if there exists a stoichio-
metric compatibility class having more than one positive steady state (respectively, nondegenerate
positive steady state). A reaction network G is multistationary if there exists a vector of positive
rate constants x such that (G, «) is multistationary. For a reaction network G, we let cap,,s(G)
(respectively, cap,,ongeq(G)) denote the maximum possible number of positive steady states (respec-
tively, nondegenerate positive steady states) in a stoichiometric compatibility class.

Example 2.1 (continued). We return to the network G = {0 & A 3 24, B & A + B} and
its ODEs (3). A direct computation reveals that when k1 > kg, there is no positive steady state.
On the other hand, when ko > k1, the steady states form exactly one stoichiometric compatibility
class (4) — namely, the one given by T' = (k2 — k1)/ks — and all such steady states are degenerate.
Hence, G is multistationary but not nondegenerately multistationary.

Example 2.2 (continued). The following (full-dimensional) reaction network and indicated rate

constants yield a mass-action system with 3 nondegenerate positive steady states [18, Remark 3.6]:
1/32 1 1

(5) A+B S 24, 2BS A, 0SB .
1/4 1/4 1

Therefore, this network is nondegenerately multistationary.

2.3. Deficiency and absolute concentration robustness. The deficiency of a reaction net-
work G is 6 = m — ¢ — dim(S), where m is the number of vertices (or complexes), ¢ is the number
of connected components of G (also called linkage classes), and S is the stoichiometric subspace.
The deficiency is always non-negative [11], and it plays a central role in many classical results on
the dynamical properties of mass-action systems [1, 2, 3, 10, 16, 17].

Two such results are stated below. These results, which are due to Feinberg and Horn [12, 13, 16],
are stated for weakly reversible networks (the setting in which we use these results later).
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Lemma 2.5 (Deficiency-zero theorem). Deficiency-zero networks are not multistationary. More-
over, if G is a weakly reversible network with deficiency zero, then for every vector of positive rate
constants k, the mass-action system (G, k) admits a unique positive steady state in every stoichio-
metric compatibility class.

Lemma 2.6 (Deficiency-one theorem). Consider a weakly reversible network G with connected
components (linkage classes) G1, Ga, ..., Gy. Let 0 denote the deficiency of G, and (for all
i=1,2,...,0) let §; denote the deficiency of G;. Assume the following:

(1) 6; <1 foralli=1,2,...,4, and

(2) 61+ 92+ -+ g =0.
Then G is not multistationary: for every vector of positive rate constants k, the mass-action system
(G, k) admits a unique positive steady state in every stoichiometric compatibility class.

Our next topic, ACR, like multistationarity, is analyzed at the level of systems and also networks.

Definition 2.7 (ACR). Let X; be a species of a reaction network G with r reactions.

(1) For a fixed vector of positive rate constants ~ € RL,, the mass-action system (G,x) has
absolute concentration robustness (ACR) in X; if (G, k) has a positive steady state and in
every positive steady state x € RZ of the system, the value of x; is the same. This value
of x; is the ACR-value of X;.

(2) The reaction network G has unconditional ACR in species X; if, for every vector of positive
rate constants k € RL ), the mass-action system (G, k) has ACR in Xj.

Remark 2.8 (Existence of positive steady states). ACR requires the existence of a positive steady
state (Definition 2.7(1)). This requirement is sometimes not included in definitions of ACR in the
literature. However, this is not an extra requirement for some of the networks we consider, namely,
weakly reversible networks, for which positive steady states are guaranteed to exist (Boros [7]).

Remark 2.9. The property of unconditional ACR is often too restrictive. Thus, many of our results
focus on ACR (or other properties) that hold for some full-dimensional subset of the parameter
space of rate constants RZ ; (where r is the number of reactions of a given network). The Lesbesgue
measure of such a subset is nonzero. For simplicity, we use “measure” to mean Lebesgue measure.

Example 2.1 (continued). We revisit the network {0 &~ A "3 24, B £ A+ B}. From our earlier
analysis, the mass-action system has ACR in B when ks > k1 (which defines a nonzero-measure
subset of the rate-constants space R2 ), but lacks ACR when kg < 1 (as there are no positive
steady states).

Example 2.10. Consider the following network G, which is bimolecular and full-dimensional:

(2B & B2 A4 B 4),

K2
The mass-action ODEs are as follows:
.i'l = K12 — R2X1xX9 = (Kl — 162.7,'1)%‘2
(6) Tg = K3Ty — K4T1Ty = (K3 — K4T1)T2 .

When % #+ :—i, there are no positive steady states and hence no ACR. Now assume % = Z—i In this
case, the positive steady states are defined by the line x1 = :—;, and so the system is multistationary

and has ACR in species A. However, all the steady states of this system are degenerate.

In the next example, the steady states are nondegenerate.
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Example 2.11. Consider the following full-dimensional network [18, Example 2.6], which we call

G:
K4 K1 K5
{2B<:>B<:’A+B, 2A<:>3A}.

K3 K2 K6

The mass-action ODEs (1) are as follows:

dxl 2 3
—dt = K1T2 — K2T1T2 + K5X] — KeZj
d:L‘2 2
—— = K3T92 — K4X5.
dt 2

The existence of positive steady states comes from the fact that G is reversible (recall Remark 2.8).

Indeed, it is straightforward to see from the ODEs that G admits up to 3 positive steady states,
and that the steady-state value of xg is k3/k4. It follows that G has unconditional ACR in species
B with ACR-value k3/Ka4.

The following result, which is [24, Lemma 5.1], concerns ACR in one-dimensional networks.

Lemma 2.12. Let G be a one-dimensional network with species X1, Xo, ..., Xy. If G has uncondi-
tional ACR in some species X;=, then the reactant complexes of G differ only in species X;+ (more
precisely, if y and y are both reactant complexes of G, then y; = y; for alli € {1,2,... ,n} ~ {i*}).

2.4. Arrow diagrams. In this subsection, we recall the arrow diagrams associated to one-species
networks. These diagrams are useful for stating results about such networks [20, 24, 25].

Definition 2.13 (Arrow diagram). Let G be a reaction network with only one species Z. Let
m denote the number of (distinct) reactant complexes of G, which we list in increasing order of
molecularity: a1Z,a27,...,amZ (so, a1 < ag < --- < a,,). For each index i (corresponding to the
reactant complex a;7), we define p; as follows:

— if for every reaction a;Z — bZ in G, the inequality b > a; holds
pi = <  if for every reaction a;Z — bZ in G, the inequality b < a; holds
< otherwise.

The vector p = (p1,p2, .-, pm) € {—, <, >} is called the arrow diagram of G.
Example 2.14.

(1) The network {0 <— A, 2A — 3A} has 2 reactant complexes {A,2A}. The arrow corresponding
to the reactant complex A is < and the arrow corresponding to the reactant complex 24 is —.
Thus the arrow diagram of the network is («, —).

(2) The network {0« A, A —2A, 2A — 3A, 2A — 4A} has 2 reactant complexes {A,2A4}. The
arrow corresponding to the reactant complex A is << and the arrow corresponding to the
reactant complex 2A is —. Thus the arrow diagram of the network is (+——>, —).

It is often useful to consider the arrow diagrams of “embedded” one-species networks, as follows.

Definition 2.15. Let G be a reaction network with species X1, Xo,...,X,,. Given a species X,
the embedded one-species network of G (with respect to X;) is obtained by deleting some (possibly
empty) subset of the reactions, replacing each remaining reaction a1 X; + a2 Xo + -+ + as X5 —
b1 X1 + b2 Xo + -+ - + bs X by the reaction a; X; — b; X;, and then deleting any trivial reactions (i.e,
reactions of the form a;X; — a;X;, in which the reactant and product complexes are equal) and
keeping only one copy of duplicate reactions.
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Example 2.16. Consider the network G = {0 = B — A}. The following networks are embedded
one-species networks of G: {0 = B}, {0 — B}, {0 < B}, and {0 — A}.

3. RESULTS ON STEADY STATES AND NONDEGENERACY

This section contains results on the steady states of mass-action systems. We use these results in
later sections to prove our main results. Section 3.1 analyzes the steady states of full-dimensional
networks (i.e., those without conservation laws), while Section 3.2 pertains to non-full-dimensional
networks. Next, Section 3.3 focuses on bimolecular networks and investigates scenarios in which the
right-hand side of a mass-action ODE vanishes. Finally, Section 3.4 concerns bimolecular networks
that are reversible.

3.1. Full-dimensional networks. Consider a reaction network GG with n species, r reactions, and
exactly j reactant complexes'; and let k* € RZ, be a vector of positive rate constants. We often
rewrite the mass-action ODE system (1) for (G, *) as follows:

dx 1 / dt miq

d:L'Q / dt me9
(7) : =N : ’

dx,,/dt m;
where N is an (nxj)-matrix (with real entries) and m1, ma, ..., m; are the distinct monic monomials
in x1,x2,...,%y given by the reactant complexes. A monomial is monic if its coefficient is 1.

K
Example 2.10 (continued). The full-dimensional network {2B <2 B = A+B " A} has two re-

K2
actant complexes, which yield the monomials m; := 9 and mg := x122. Consider (], K3, K3, K}) =

(1,2,3,6) (so 5= %‘E holds). Now the matrix N, as in (7), is as follows:
4

’K/;
1 -2
e

This matrix N does not have full rank, and we saw earlier that all steady states of this mass-action
system are degenerate. In the next result, part (1) asserts that this phenomenon holds in general.

Proposition 3.1 (Nondegenerate steady states and the matrix N). Let G be a full-dimensional
reaction network with n species, and k* be a vector of positive rate constants. Let N be a matrix
defined, as in (7), by the mass-action ODE system of (G,K*).
(1) If rank(N) < n — 1, then every positive steady state of (G,Kk*) is degenerate.
(2) If rank(N) =n and G has exactly n + 1 reactant complexes, then the positive steady states
of (G,K*) are the positive roots of a system of binomial equations (sharing some common
monomial mg) of the following form:

m; — Bimp1 = 0 fori=1,2,....n,

where B, B2, ...,0n € R and my, ..., muyy1 are distinct monic monomials in x1,xa,...,Ty.
(3) If G has exactly n + 1 reactant complezes and (G, k*) has a nondegenerate, positive steady
state, then (G, k") is not multistationary.

Proof. Assume (G, k*) is a full-dimensional mass-action system in n species, and let N be as in (7).
First, we prove (1). Assume rank(N) < n — 1, and let 2* be a positive steady state. It follows
that the polynomials f;, as in (1), are linearly dependent (over R). Hence, the Jacobian matrix —

L A network has ezactly j reactant complezes if the set of distinct reactant complexes has size j.
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even before evaluating at z* — has rank less than n. Thus, the image of the Jacobian matrix, after
evaluating at x*, has dimension less than n, i.e, Im(df (z*)|s) # R™ = S. Hence, x* is degenerate.
Next, we prove (2). As in equation (7), we write the mass-action ODEs for (G, k*) as

d]:l/dt mi
dw2/dt :
: - my |
dx,/dt Mpt1
where N is n x (n 4 1) and the m;’s are distinct monic monomials in z1, zg, ..., z,.

As G is full-dimensional and rank(/N) = n, we can relabel the m;’s, if needed, so that the square
sub-matrix of N formed by the first n columns has rank n. Thus, by row-reducing N, we obtain a
matrix of the following form (where /1, 52, ..., By € R):

—b
N/ — In _52
_Bn
We conclude from the above discussion that the positive steady states of (G, k*) are the positive
roots of the following n binomial equations (which are in the desired form):

(8) mi—ﬁimnﬂ =0 fOl“’iZl,Q,...,?’L.

Before moving on to part (3), we summarize what we know (so we can use it later). The positive
steady states are the roots of the binomials (8), which we rewrite using Laurent monomials (our
interest is in positive roots, so there is no issue of dividing by zero):

(9) R N AR E L= B fori=1,2,...,n.
Mp+1

We apply the natural log to (9) and obtain the following, which involves the n xn matrix A := (a;;):

In(zy) In(51)
In(x In

(10) A (: 2 = (62) =: In(B) .
In(zy,) In(f,)

Now we prove (3). Assume z* is a nondegenerate, positive steady state. (We must show that no
other positive steady states exist.) By part (1), the n x (n+ 1) matrix N has rank n, so the proof of
part (2) above applies. Assume for contradiction that z** is a positive steady state, with z** # z*.
Then, by (10), the linear system Ay = In(/3) has more than one solution, and so rank(A4) < n — 1.
It follows that the set of positive steady states, {(e¥',e¥2,... e¥") | Ay = In(B)}, is positive-
dimensional and so (by the Inverse Function Theorem and the fact that G is full-dimensional) all
positive steady states of (G, k*) are degenerate. This is a contradiction, as z* is nondegenerate. [

Remark 3.2. For algebraically inclined readers, observe that the equations in Proposition 3.1(2)
define a toric variety. Additionally, every such variety has at most one irreducible component that
intersects the positive orthant [8, Proposition 5.2]. This fact can be used to give a more direct
proof of Proposition 3.1(3).

Remark 3.3. The end of the proof of Proposition 3.1 concerns nondegenerate positive steady
states and their relation to the dimension of the set of positive steady states. More ideas in this
direction are explored in the recent work of Feliu, Henriksson, and Pascual-Escudero [141].
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Corollary 3.4 (When f; is zero). Let G be a full-dimensional reaction network with n species, let
Kk* be a wvector of positive rate constants, and let fi, fa,..., fn denote the right-hand sides of the
mass-action ODEs of (G,k*). If f; is the zero polynomial, for some i € {1,...,n}, then every
positive steady state of (G, k*) is degenerate.

Proof. This result follows directly from Proposition 3.1(1) and the fact that, in this case, the rank
of N, as in (7), is strictly less than n. O

The next two results pertain to networks with few reactant complexes (at most n, where n is
the number of species) and many reactant complexes (at least n), respectively.

Proposition 3.5 (Networks with few reactants). Let G be a reaction network with n species.

(1) If G has exactly 1 reactant complez, then, for every vector of positive rate constants k*, the
mass-action system (G, k*) has no positive steady states.

(2) If G has exactly j reactant complexes, where 2 < j < n (in particular, n > 2), and G is
full-dimensional, then every positive steady state (of every mass-action system defined by
G) is degenerate.

Proof. Assume G has n species, which we denote by X1, X, ..., X,,, with exactly j reactant com-
plexes, for some 1 < j < n. Let * be a vector of positive rate constants. As in (7), we write the
mass-action ODE system arising from (G, k") as follows:

dl"l/dt mi fl
(11) =N =]

dx,,/dt m; fn
where N := (N;;) is an (n x j)-matrix (with entries in R) and my,...,m; are distinct monic
monomials in 1, ...,z, (as G has n species and j reactant complexes).

We first prove part (1). In this case, the right-hand sides of the ODEs have the form f; =
¢i [1i_y xi¥, with at least one ¢; # 0. It follows that there are no positive steady states.

We prove part (2). Assume that G is full-dimensional (the stoichiometric subspace is R™) and
that 2 < j <n. Let 2* = (27,23, ...,x}) be a positive steady state. We must show z* is degenerate.

We first consider the subcase when the rank of the matrix N is at most (n — 1). By Proposi-
tion 3.1(1), every positive steady state is degenerate.

Now we handle the remaining subcase, when N has rank n (and hence, N is n xn). Now, solving

the steady-state equations f; = --- = f, = 0 can be accomplished by multiplying the expression
in (11) by N~!, which implies that every monomial my, ..., m, evaluates to zero at steady state.
Hence, no positive steady states exist. ]

Proposition 3.6 (Networks with many reactants). If G is a full-dimensional network with n species
and exactly j reactant complexes, where j > n, then:

(1) There exists a vector of positive rate constants k*, such that the corresponding matriz N,
as in (7), has rank n.
(2) If there exists a vector of positive rate constants k* such that the matrix N does not have

rank n, then there exists a vector of positive rate constants k** such that (G,k**) has no
positive steady states.

Proof. Assume G is full-dimensional, with n species, r reactions (denoted by y1 — ¥, ... yr — y.),
and exactly j reactant complexes, where j > n.

We begin with part (1). Let k = (k1, ..., K,) denote the vector of unknown rate constants (each
ki is a variable). Let N be the (n x j) matrix for (G, «) in the sense of N in (7). More precisely,
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the entries of N are Z-linear combinations of the K;’s, such that, for every vector of positive rate
constants k* € RL, the evaluation N|p—p+ is the matrix N as in (7) for (G, x*).

As G is full-dimensional, there are no R-linear relations among the n rows of N. Hence, the
size-n minors of N define a (possibly empty) measure-zero subset V' C RL,. Thus, R{, \ V is
nonempty, and every x* € R{;\V yields a matrix N = N |k=r+ with rank n. This proves part (1).

For part (2), suppose that there exists k* € R, such that the resulting matrix N has rank
strictly less than n. It follows that there is a linear relation:

(12) len*,l“‘"'"i'cnfli*,n = 07

where c1,...,c, are real numbers — not all 0 — and the f.+; denote the right-hand sides of the
mass-action ODEs for (G, k*).

On the other hand, for unknown rate constants «, as in the proof above for part (1), ¢1fe1 +
-+ 4 cpfrn is not the zero polynomial. Thus, when we rewrite this expression as a sum over r
reactions y; — v, as follows: ¢1fu1 + -+ cnfron = dik12¥ + -+ - + dpkpa¥r, where d; € Z for all 1,
we conclude that d; # 0 for some i. By relabeling reactions, if needed, we may assume that ¢ = 1.

Now consider the following vector of positive rate constants k! := (k] + €, k5, ...,k}), for some
€ > 0. Assume for contradiction that (G,«}) has a positive steady state z*. At steady state, fix ;
evaluates to 0, for all 4, and this yields the first equality here:

0 = (lenz,l + -+ Cnfn:,n) |z=x* = len*,1|m=x*+' : '+Cnfn*,n|x=m* +edyx?? ‘:chx* = edja? |x:x*7

and the second and third equalities come from the fact that the mass-action ODEs are linear in
the rate constants and from equation (12), respectively. We obtain x¥!|,—,+ = 0, which contradicts
the fact that z* is a positive steady state. This concludes the proof. O

The next proposition returns to a topic from Proposition 3.1, namely, networks with n species
and n + 1 reactant complexes.

Proposition 3.7 (Networks with n + 1 reactants). Assume G is a full-dimensional network, with
n species and exactly n + 1 reactant compleres, which we denote as follows:

Yi1 X1 + vioXo + ... yinXn fori=1,2,...,n+1.

Let A denote the n x n matriz obtained from the (n + 1) x n matriz Y := (y;;) by subtracting the
last row from every row and then deleting the last row.

(1) If rank(A) = n, then G is not nondegenerately multistationary.
(2) If rank(A) < n—1, then there exists a vector of positive rate constants k* such that (G, k")
has no positive steady states.

Proof. Case 1: rank(A) = n. Fix an arbitrary vector of positive rate constants £*. We must show
that (G, k*) is not nondegenerately multistationary. Let N denote the n x (n 4 1) matrix defined
by (G, k"), as in (7). We consider two subcases.

Subcase: rank(N) < n — 1. In this subcase, Proposition 3.1(1) implies that every positive
steady state of (G, k*) is degenerate, and so (G, k*) is not nondegenerately multistationary.

Subcase: rank(/N) = n. Part (2) of Proposition 3.1 pertains to this setting, so we can follow
that proof. In particular, equation (9) — the (n x n) matrix A there exactly matches the matrix A
here — implies that the positive steady states are defined by a linear system of the form Ay = In(3),
where y = (In(z1),...,In(z,))". Hence, as rank(A) = n, we have at most one positive steady state
and so (G, k") is not multistationary.

Case 2: rank(A) < n— 1. We must show that there exists a choice of rate constants so that the
resulting system has no positive steady states.
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Proposition 3.6(1) implies that there exists «* such that the following holds:
(13) the matrix N defined by (G, £*) has (full) rank n.

Fix such a choice of k*. If (G, k*) has no positive steady states, then we are done. Therefore, for
the rest of the proof, we assume that (G, £*) admits a positive steady state.

In what follows, we need to consider additional vectors of positive rate constants (besides x*)
and their corresponding matrices N, as in (7). Therefore, as in the proof of Proposition 3.6(1), let
k= (K1,...,kr) (where r is the number of reactions) denote the vector of unknown rate constants,
and let N be the n x (n+ 1) matrix for (G, &) in the sense of N in (7), so that for every vector of
positive rate constants £* € RL ), the evaluation N|p—p is the matrix N as in (7).

We now follow the ideas in the proof of Proposition 3.1, part (2), with the difference being that
we now consider unknown rate constants k. The mass-action ODEs for (G, k) are given by:

d.%'l/dt miq
=N )
dx,/dt Mpt1
where my, ..., my41 are distinct monic monomials in 1, z9, ..., Zy.

Our next aim is to row-reduce N (over the field Q(ky, ..., ,)). Accordingly, for 1 < k < n+ 1,
let [By] denote the determinant of the matrix obtained from N by removing the k-th column. By
construction, each [By] is in Z[k1, ..., ky).

We claim that, for all 1 < k < n+ 1, the polynomial [By]| is nonzero. By symmetry among the
monomials m;, it suffices to show that [Bj,+1] is nonzero. To show this, assume for contradiction
that [Bp+1] = 0. Then, N can be row-reduced to a matrix in which the last row has the form
(0,0,...,0,w), where 0 # w € Q(k1, ..., k). Now consider the evaluation at k = k*. By (13), the
matrix N = N|s—n+ has (full) rank n, so w|e—- is nonzero. However, this implies that positive
steady states of (G, k") satisfy w|i—r+mnt1 = 0, much like in (8). Thus, (G, x*) has no positive
steady states, which is a contradiction, and hence our claim holds.

Next, as [By+1] is nonzero, we can apply a version of Cramer’s rule to row-reduce N to the
following matrix (where I,, denotes the size-n identity matrix):

Thus, as in (8), the positive steady states are the positive roots of the equations m; — B;m,+1 =0
(fori=1,2,...,n), where:

[Bi]
[Bn+1}
Thus, Bi|x=k+ > 0 (for all i =1,2,...,n), since (G, k*) admits a positive steady state. We conclude

from this fact, plus the claim proven earlier (namely, that [By] # 0 for all £), that the following is
an open subset of RL; that contains x*:

B; = (=1t fori=1,2,....,n.

S = {RERY) : Bilscr > 05 -ors Baloer > 0, [Bllscr £ 0. [Busa]lees # 0}
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For the rest of the proof, we restrict our attention to rate constants, like x*, that are in X. For
such rate constants, like in (8-10), the positive steady states are the roots of the following equation

In(x1) In(51)
In(z In

(14) A (: )| (:62) — In(g) .
In(x,) In(5n)

Next, as rank(A) < n — 1, there exists a nonzero vector v € R" in the orthogonal complement of
the column space of A. By relabeling the m;’s (which permutes the columns of N ), if needed, we
may assume that v; # 0. By construction of v and equation (14), we have (v, In(3)) = 0, which is
readily rewritten as follows:

(15) (i) (o) (o) =

For € > 0, let k¥ denote the vector of rate constants obtained from x* by scaling by (1 + ¢) all
rate constants of reactions in which the reactant generates the monomial m;. As ¥ is an open set,
ki € ¥ for e sufficiently small. Also, by construction, the matrix N |k=x: is obtained from N [
by scaling the first column by (1 +¢). So, for 2 <i <n + 1, we have [Bj]|x=rr = (1 + €)[B]|x=r~

Thus, by replacing £* by &%, the left-hand side of equation (15) is scaled by (1 + €)™, and so
there exists € > 0 for which equation (15) does not hold (when evaluated at k = k}). Hence, this
vector k} yields a mass-action system (G, k%) with no positive steady states, as desired. O

Proposition 3.6 implies that for networks with at least n reactant complexes (where n is the
number of species), some choice of rate constants yields a matrix N with (full) rank n. Our next
result shows that when this condition holds (even for networks with fewer reactants), every species
appears in at least one reactant complex.

We introduce the following shorthand (which we use in several of the next results): a complex
Yy X1+ yeXo + - - - + yen Xy involves species X; if yg; # 0. For instance, X1 + X5 involves X, but
X1 + X3 does not.

Lemma 3.8 (Reactants involve all species). Let G be a full-dimensional reaction network with n
species, let kK* be a vector of positive rate constants, and let N be the matriz for (G,k*), as in (7).
If rank(N) = n and (G, k") has a positive steady state, then for every species X;, at least one
reactant complex of G involves X;.

Proof. We prove the contrapositive. Assume that there is a species X; such that for every reactant
complex a1 X1 +a2Xo+- -+ apX,, we have a; = 0. Then, by Lemma 2.3, the right-hand side of the
mass-action ODE for X;, which we denote by f;, is a sum of monomials, all of which have positive
coefficients. But (G, k*) has a positive steady state, so f; must be 0. We conclude that the i-th
row (of the n rows) of N is the zero row and so rank(N) < n — 1. O

3.2. Networks with conservation laws. The following result is similar to several results in the
prior subsection, but pertains to networks that are not full-dimensional (including, but not limited
to, networks with mass conservation).

Proposition 3.9 (Networks with conservation laws and few reactants). Let G be a reaction network
with n > 3 species. Assume that G is (n — k)-dimensional, where k > 1 (so, G has k conservation
laws). If G has exactly j reactant complezes, for some j € {2,3,...,n — k}, then every positive
steady state (of every mass-action system defined by G ) is degenerate.
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Proof. We mimic the proofs of Propositions 3.1(1) and 3.5. Let x* be a vector of positive rate
constants. Let N be an (n X j) matrix defined, as in (7), by (G, k*):

dxy/dt my f1
(16) =N ] = ]

dx,,/dt m; In
where my, ..., m; are distinct monic monomials in x1,...,zy,.

We consider two cases. First assume that rank(/N) < n — k — 1. Then the polynomials f; span
a subspace of dimension < n — k — 1 and hence the Jacobian matrix — even before evaluating at a
positive steady state — has rank < n — k — 1. Every positive steady state is therefore degenerate.

Consider the remaining case: rank(N) =n —k (so, j = n— k). In this case, multiplication by N
defines an injective map R"™* — R™. Hence, by (16), the steady-state equations f; = --- = f, =0
imply the monomial equations my = --- = m; = 0. Thus, there are no positive steady states. [

The next result concerns networks with n—1 conservation laws, that is, one-dimensional networks.

Proposition 3.10 (One-dimensional networks). Let G be a one-dimensional reaction network, and
let K* be a vector of positive rate constants. If (G,r*) has ACR, then (G, k") is not nondegenerately
multistationary.

Proof. Assume that G is one-dimensional, with n species. Thus, G has n — 1 linearly independent
conservation laws. Let k* be a vector of positive rate constants for which there is ACR. We may
assume that the ACR species is X; (by relabeling species, if needed). Let f1,..., f, denote the
right-hand sides of the mass-action ODEs arising from (G, k*).

Let * = (x7,...,z}) denote an arbitrary positive steady state of (G,x*). (The ACR-value is
x7.) Let Py« denote the (one-dimensional) stoichiometric compatibility class that contains xz*. It
suffices to show that (1) z* is the unique positive steady state in Py« or (2) z* is degenerate.

We consider two cases.

Case (a): X is not a catalyst-only species (in some reaction of G). This implies that fa,..., fy
are all scalar multiples of fi, and that the compatibility class P,~ is defined by n — 1 conservation
laws of the form z; = a;x1 + bj, where a;,b; € R, for j € {2,3,...,n}. By substituting these n —1
relations into f;, we obtain a univariate polynomial in z1, which we denote by h. If A has multiple
positive roots, then there is no ACR, which is a contradiction. If, on the other hand, h does not
have multiple positive roots, then P,+ does not contain multiple positive steady states (that is, z*
is the unique positive steady state in Py« ).

Case (b): X is a catalyst-only species in all reactions of G. In this case, fi =0, and z; = 27 is
a conservation law of GG, and it is one of the defining equations of the compatibility class Py-. By
relabeling species X, ..., X, if needed, we may assume that X5 is not a catalyst-only species (as
G is one-dimensional). Thus, we can “extend” the conservation law z; = T to a “basis” of n — 1
conservation laws that define the compatibility class P+, by appending n — 2 conservation laws of
the form x; = a;x + bj, where aj,b; € R, for j € {3,4,...,n}.

Next, we substitute these n — 2 conservation relations into fa, which yields a polynomial in z;
and xo, which we denote by g. Consider the following set, which is the positive variety of g in R2>0
(the values of z3,...,z, are free, so we ignore them):

(17) Y = {z € R%| g(x1,72) = 0}.

By construction and the fact that there is ACR in X;, the set ¥ is contained in the hyperplane
(line) z; = x7, and so is either one-dimensional or zero-dimensional. We consider these two subcases
separately. First, assume that X is one-dimensional. In this subcase, ¥ equals the subset of the
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hyperplane z1 = 27 in the positive quadrant ]R2>0, and so the compatibility class P, consists
entirely of positive steady states. The Inverse Function Theorem now implies that every positive
steady state of P« (in particular, z*) is degenerate.

Consider the remaining subcase, in which 3 is zero-dimensional (that is, ¥ consists of finitely
many points). It follows that g is either non-negative on R2>0 or non-positive on R2>0, and so fy is
either non-negative on P« or non-positive on P,«. Consequently, as every f; is a scalar multiple of
fo, the steady state z* is degenerate. O

3.3. Bimolecular networks. We begin this subsection with a result that clarifies how the poly-
nomials arising in mass-action ODEs are constrained when the network is bimolecular.

Lemma 3.11 (Bimolecular networks). Consider a bimolecular mass-action system (G,r*) with n
species. Let f; be the right-hand side of the mass-action ODE for species X; (for some 1 <i <n).
Fix positive values aj > 0 for all j € {1,2,...,n} ~{i}. Let g; denote the univariate polynomial
obtained by evaluating f; at v; = a; for all j € {1,2,...,n} N {i}. If the polynomial g; is nonzero,
then g; has at most one sign change and hence has at most one positive root.

Proof. Let g; denote the nonzero polynomial obtained by evaluating f; at x; = a; for all j # i.
Several properties of g; arise from the fact that G is bimolecular: (1) deg(g;) < 2, (2) the coefficient
of x? is non-positive, and (3) the constant coefficient is non-negative. Thus, g; has at most one sign
change, and so Descartes’ rule of signs implies that g; has at most one positive root. O

The next two results pertain to bimolecular mass-action systems in which the right-hand side
of some ODE vanishes (Propositions 3.14) or vanishes when evaluated at an ACR-value (Proposi-
tion 3.15). We motivate these results through the following example.

Example 3.12 (Enlarged Shinar-Feinberg network). A common way to construct a network with
an ACR species (e.g., A) is through the existence of an f; that becomes zero when we substitute
the ACR-~value in place of the species. We illustrate this idea through the following network:

G ={A+B52B B2 A 0& B+C 228,05 0} .

This network is constructed from a well-studied network first introduced by Shinar and Feinberg [27]
by adding three reactions involving a new species (C). We examine the mass-action ODE for B:

dCL‘Q
dt
where g := xo(k121 — K2) (which is the right-hand side of the ODE for X5 in the original Shinar-
Feinberg network) and h := xox3(—k3 + k4) (arising from the additional reactions, involving X3).
Assume k3 = k4. It is easy to check that (G, k) has a positive steady state and also has ACR in
species X1 with ACR-value oo = ka/k1. Also, observe that fa|,,—o = 0, as a result of the equalities
9lzy=a = 0 and h = 0 (which is due to the equality k3 = K4).
The next two results characterize which reactions can exist in such a situation. More precisely:

= K1Z1T2 — KoZp — K3Ta3 + K4aZoxy = To(K121 — K2) + Tox3(—K3 +kK4) = g+ h = fo,

e Proposition 3.14 gives conditions that hold when a mass-action ODE is zero (effectively
characterizing what reactions can yield h = 0 in this case).

e Proposition 3.15 gives conditions that hold when a mass-action ODE is zero when evaluated
at the ACR-value (effectively characterizing what reactions can yield fa|z,—o = 0 in this
case, involving a decomposition like the one we observed above: fo|z;—a = glay=a + h).

The next result uses the following notation:

Notation 3.13 (Empty complex). We introduce the dummy variable X := 0, so that (for instance)
Xy is the empty complex and X; + Xo := X; for any species Xj;.
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The following result clarifies which reactions can exist if some mass-action ODE is zero.

Proposition 3.14 (When f; is zero). Let G be a bimolecular reaction network with n species
X1,X9,...,Xn. Fixl <i<n. Let kK* denote a vector of positive rate constants for G, and let f;
denote the right-hand side of the mass-action ODE for species X; in the system (G,k*). If f; is
the zero polynomial, then the set of reactions of G in which X; is a non-catalyst-only species is a
(possibly empty) subset of the reactions listed here (where our use of Xo follows Notation 3.13):
(1) the reactions of the form X; + X;j — 2X; (and we denote the rate constant by k7 ;), where
j€{0,1,...n} ~{i},
(2) the reactions of the form X; + X; — = (with rate constant K5 ;o> where £ is an index for
such reactions), where j € {0,1,...n} ~{i} and x is any complex that does not involve X,

and, additionally, the following relationships among the rate constants hold:

(18) Kij = D Kb for all j € {0,1,...n} ~ {3},
l

where a rate constant is set to 0 if the corresponding reaction is not in G.

Proof. Let k* be a vector of positive rate constants for a bimolecular network G with n species,
and let f; be the right-hand side of (G, k™) for the species X;. Let ¥ denote the set of reactions
of G in which Xj; is a non-catalyst-only species. Reactions not in ¥ do not contribute to f;, so we
ignore them for the rest of the proof.

We claim that for all reactions in X, the reactant complex is not one of the following 5 types:
0, X;, X; + Xy, 2X;, 2X; for any j,7" € {1,2,...,n} ~ {i}. Indeed, any of the first 4 types of
complexes would yield a constant term in f; (when viewed as a polynomial in x;) consisting of a
sum of monomials with positive coefficients; similarly, the last type (2X;) would yield a negative
x? term (the fact that G is bimolecular is used here). However, f; is zero, so the claim holds.

It follows that, for every reaction in X, the reactant complex either is X; or has the form X; + X
for some j € {1,2,...,n} ~ {i}. It is straightforward to check that all possible such reactions (in
which X; is a non-catalyst-only species) are listed in the proposition. Next, reactions of type (1) in
the proposition contribute positively to f;, while those of type (2) contribute negatively, as follows:

¢ je{1,2,....,n}~{i} 14

As f; = 0, the coefficient of z; and the coefficient of each x;; in (19) must be 0, which yields the
desired equalities (18). O

Proposition 3.14 concerns general (bimolecular) mass-action systems, and now we consider those
with ACR. The next result characterizes which reactions can exist if some mass-action ODE be-
comes zero when evaluated at the ACR-value.

Proposition 3.15 (When f; is zero at the ACR-value). Let G be a bimolecular reaction network
with species X1, Xa, ..., Xy, wheren > 2. Let k* denote a vector of positive rate constants. Assume
that the mass-action system (G, k*) has ACR in species X1 with ACR-value a > 0. Fiz 2 <i <n.
Let f; denote the right-hand side of the mass-action ODE for species X; in the system (G,k*).
If fi # 0 and filz,=a is the zero polynomial, then the set of reactions of G in which X; is a
non-catalyst-only species is a nonempty subset of the following reactions (the same as the ones in
Proposition 3.14):

(1) the reactions of the form X; + X; — 2X; (and we denote the rate constant by k7 ;), where

j€A{0,1,...n} ~ {i},
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(2) the reactions of the form X; + X; — * (with rate constant &3 ; ,, where € is an index for
such reactions), where j € {0,1,...n} ~ {i} and % is any complex that does not involve X;.

Additionally, the following relationship between the ACR-value o and the rate constants holds:
(Ze “3,0,z> — Kl
’5{71 - (th “3,1,5)

In particular, the numerator and denominator of (20) are nonzero. Finally, if n > 3, then the
following relationships among the rate constants hold:

(21) Kij = > kb forall je{2,3,...n}~{i}.
£

(20) a =

(In equations (20)—(21), a rate constant is set to 0 if the corresponding reaction is not in G.)

Proof. Assume that f; is nonzero, but f;|;, = is zero. Using properties of polynomial rings over a
field, it follows that (z; — «) divides f;. From the fact that G is bimolecular, we conclude that:

fi = (.%'1—04) ,8$i+’}/+ Z 6ja;j
JenIN{i}
(22) = Briz; +yr1 + Z djr1w; | — afr; —ay — Z adjz; |
JenIN{i} JenN{i}

for some real numbers 3,7, d;, at least one of which is nonzero.
In the right-hand side of (22), the variable x; does not appear in any of the following monomials
(here the hypothesis ¢ # 1 is used):

yr1, —avy, ojrixy, —adjT;,

for j € {1,2,...,n} ~ {i}, so Lemma 2.3 implies that the coefficients of these monomials must be
non-negative. Since a > 0, we conclude that v =0 and §; =0 (for all j € {1,2,...,n} \ {i}).

Thus, using (22), we have f; = fz1z; — afz;, for some 8 € R\ {0}. Next, we investigate which
reactions contribute to the two monomials in f;. For Sziz;, the contributing reactions have the
form X7+ X; — 2X; and X7 + X; — *, where x does not involve X;. The first reaction contributes
positively, while the second type contributes negatively. Let /ﬁ’il be the reaction rate constant for
X1+ X; — 2X; (as in the statement of the lemma) and x3, , be the rate constant for reactions of
type X1 4+ X; — %, where / is an index for all the reactions of this type. We conclude that

(23) K11 — Z’iz,u = p.
¢

Similarly, the monomial —afx; in f; comes from reactions of the form X; — 2X;, which con-
tributes positively, and X; — %, which contributes negatively, where x is a complex that does not
involve X;. Hence,

(24) K10 — Z Kyoe = —af .
¢

Now the equations (23) and (24) together imply the desired equality (20).

Next, let 3. denote the set of reactions of GG in which X; is a non-catalyst-only species. We showed
above that 3 contains a (nonempty) subset of reactions with rate constants labeled by K1 0s K115
/13,075, /13,17(. Let X' C X denote the remaining reactions, and let G’ denote the subnetwork defined
by the reactions in ¥/. Let x’ be obtained from x* by restricting to coordinates corresponding to
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reactions in ¥'. By construction, the mass-action ODE of (G’, k') for species X; has right-hand side
equal to 0. So, Proposition 3.14 applies (where reactions arising from j = 0,1 in that proposition
are absent from G’ by construction), and yields two conclusions. First, 3 is a subset of the reactions
listed in Proposition 3.15 (specifically, with j # 0, 1), and so X is a subset of the full list (including
j =0,1). Second, the equations (18) hold (for j # 0, 1), which are the desired equalities (21). O

Remark 3.16. The reactions listed in Propositions 3.14 and 3.15 (the lists are the same) are not
reversible. Hence, if GG is a reversible network satisfying the hypotheses of either proposition, then
X, is a catalyst-only species in every reaction of G.

Example 3.12 (continued). We revisit the enlarged Shinar-Feinberg network, G = {A + B =%
2B, B A, 0 B+C 25 2B, 05 C'}. Recall that, when k3 = k4, the mass-action system
(G, k) has ACR in X; with ACR-value @ = ka/k1, and that fa]|;;—o = 0. In the notation of
Proposition 3.15, the rate constants of reactions in which X5 is non-catalyst-only are:

* * * *
K11 =K1, Kip=K2, K931 =HK3  Kiz=HKe.

Now the formula in Proposition 3.15 for the ACR-value (20) exactly yields the ACR-value computed
earlier: o = ko/kK1, and the relationship among rate constants (21) recapitulates k3 = k4.

Remark 3.17. The formula for the ACR-value, in (20), is related to the concept of “robust ratio”
introduced by Johnston and Tonello [32].

3.4. Three reversible reactions are necessary for multistationarity. Recall that, in (5), we
saw an instance of a (nondegenerately) multistationary, bimolecular network that consists of 3 pairs
of reversible reactions. In this subsection, we prove that bimolecular networks with fewer pairs of
reversible reactions are non-multistationary (Theorem 3.21). Our proof of Theorem 3.21 requires
several supporting lemmas on one-dimensional networks.

For the next lemma, recall from Section 2.2 that cap,,,s(G) (respectively, cap,,y,q4e4(G)) denotes
the maximum possible number of positive (respectively, nondegenerate and positive) steady states
of a network G. In Lemma 3.18 below, part (1) was conjectured by Joshi and Shiu [20] and then
proved by Lin, Tang, and Zhang [22, Theorem 4.3] (see also [20]). Part (2) is due to Tang and
Zhang [31, Theorem 6.1].

Lemma 3.18. Let G be a one-dimensional reaction network.
(1) If G is multistationary and cap,,s(G) < oo, then G has an embedded one-species network

with arrow diagram (<, —) and another with arrow diagram (—,<—).
(2) If cappos(G) < oo, then capnondeg(G) = cappOS(G).
Joshi and Shiu showed that the network G = {0 <— A — 2A} is the only one-species, bimolecular

network for which cap,,,s(G) = oo [19]. The following lemma generalizes this result from one-species
networks to one-dimensional networks.

Lemma 3.19 (One-dimensional bimolecular networks with infinitely many steady states). Let G
be a one-dimensional and bimolecular reaction network with n species. The following are equivalent:
(1) capyes(G) = oo.
(2) Up to relabeling species, G is one of the following networks:
(a) {2X1 + X1 + X2 — 2Xo},
(b) {X1 — 2X1}UX, where ¥ consists of at least one reaction from the following set:

{O%Xl}U{XZ(*XlJer‘l:Q,?),,n}

Additionally, for the networks listed above in 2(a) and 2(b), every positive steady state (of every
mass-action system arising from the network G) is degenerate.
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Proof. Let G be a one-dimensional, bimolecular reaction network. Up to relabeling species, the
one-dimensional stoichiometric subspace is spanned by one of the following seven vectors:

(25) (1’070""’0)’(1’7170707""0)7
(26)  (1,1,0,0,...,0),(1,-2,0,0,...,0) ,(1,1,-1,0,0,...,0) ,(1,1,-2,0,0,...,0) ,(1,1,—1,-1,0,0,...,0) .

We first consider the case when the stoichiometric subspace is spanned by one of the five vectors
listed in (26). The network G is then a subnetwork of one of the following networks (where we use
A, B,C, D in place of X7, X9, X3, X, for ease of notation);

{05 A+B}, {AS2B}, {A+BSC}, {A+B=20}, {A+BSC+D}.

A direct calculation shows that the deficiency of G is 0, so the deficiency-zero theorem (Lemma 2.5)
implies that G is not multistationary. In particular, cap,,(G) < oo.

Having shown that the case of (26) is consistent with Lemma 3.19, we now consider the remaining
two cases, from (25), separately. First, assume the stoichiometric subspace of G is spanned by
(1,0,0,...,0). It follows that the reactions of G form a subset of the following 2n + 4 reactions:

mo Lo £y
05 X1 52X, 052X,
ko mi k1

m;
X, s5sXi+X;, fori=23,....,n.
ki

The ODEs for species Xo, X3,...,X, are dft" =0so, x; = T; (with T; > 0) for ¢ = 2,3,...,n are

the corresponding conservation laws. We substitute these conservation laws into the ODE for Xj:

dx
(27) CT;IM:TQ,...M:TTL = (ko +2k1) + (k2To + - - - + knT3,) + mizy

— (mo 4+ maTy + -+ mpTp)xy — (bo + 201) 3 .

When at least one k; is positive and all other k;’s are non-negative, the right-hand side of (27),
viewed as a polynomial in x1, has a nonzero constant term and, hence, is not the zero polynomial.
Similarly, if ¢y or ¢; is positive and £y, ¢; > 0, then the right-hand side of (27) has a nonzero
coefficient of #3 and is again a nonzero polynomial. We conclude that if G' contains at least one of
the reactions labeled by k; or /;, then cap,,s(G) < co, which is consistent with Lemma 3.19.

We now consider the case when G contains no reactions labeled by k; or ¢;, that is, every reaction
of GG is one of the following n + 1 reactions:

0 X1 52X,
XZ&Xl"f'Xz fori=2,3,...,n.

The right-hand side of the ODE for X7, as in (27), becomes x1(m1 — mo — maoTy — -+ — m,T},).
In order for this polynomial in z; to become the zero polynomial for some choice of positive rate
constants of G (equivalently, cap,,s(G) = 00), we must have m; > 0 and m; > 0 for at least one of
j=0,2,3,...,n. This gives exactly the reactions listed in Lemma 3.19(2)(b). In this case, given
m; > 0 for the reactions appearing in the network, we can always choose T > 0, such that the
right-hand side of the ODE for X vanishes (i.e., cap,,s(G) = 00). Moreover, when this right-hand
side vanishes is the only situation in which there are positive steady states, and an easy calculation
shows that all such positive steady states are degenerate. This concludes our analysis of networks
with stoichiometric subspace spanned by the vector (1,0,0,...,0).
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Our final case is when the stoichiometric subspace is spanned by the vector (1,—1,0,...,0). In
this case, the reactions of G form a subset of the following 2n + 4 reactions:

0 Oy my L3
X155 Xy 2X1 52X, 2X1 5 X1+ X9 S 2Xy

k1 ko ks ma

lit1
X1+ X, 5 Xo+X; fori=3,4,...,n.

kit1
The conservation laws are x1 + xo = T5 and z; = T; for i = 3,4,...,n. The ODE for species X is:
dx
(28) ditl = - (2]{?2 + ]’Cg)ﬂ?% — k‘l:L‘l — (k‘4l’3 + -+ anJrlI‘n)l‘l + (m1 — TTL2)£C1£L‘2

+ (flxz + 2521’% + 531'%) + (64373 + -4 £n+1:cn)x2 .

Consider the subcase when at least one of the ¢; is positive and all other ¢;’s are non-negative.
After substituting the expressions arising from the conservation laws (namely, xo = T5 — x1 and
x; =T; for i = 3,4,...,n) into the right-hand side of the ODE (28), we obtain a polynomial in z;
that has a positive constant term (see the second line of the right-hand side of (28)). Hence, if G
contains at least one of the reactions labeled by /;, then cap,,,(G) < oo.

By symmetry, if G has at least one of the reactions labeled by k;, then again cap,,s(G) < oo.
Hence, if G contains a reaction labeled by ¢; or k;, then this subcase is consistent with the lemma.

Consider the remaining subcase, when G is a subnetwork of {2X; PX 4+ X ™ 2X5}, and so
consists of only one or two reactions. If G has only one reaction, then Proposition 3.5 implies that
cap,,s(G) = 0 < oo (which is consistent with the lemma).

Now assume that G has two reactions, that is, G = {2X; & X1 + Xo 75 2X5}. If my # mo,
then the ODE for X; is % = (my — mgy)z122 and so there are no positive steady states. When
mj = mg, the ODE for X; becomes dd% = 0 and it follows that cap,,;(G) = co. Moreover, a simple

computation shows that all the positive steady states are degenerate. This concludes the proof. [J

Example 2.1 (continued). The network {0 <~ A — 24, B <— A + B} is one of the networks
listed in Lemma 3.19.2(b), where n = 2.

Lemma 3.20 (One-dimensional bimolecular networks). If G is a one-dimensional, bimolecular
network, then G s not nondegenerately multistationary.

Proof. Assume that G is a one-dimensional network that is nondegenerately multistationary. We
must show that G'is not bimolecular. We claim that cap,,,(G) is finite. Indeed, if cap,,,,(G) = oo,
then Lemma 3.19 implies that all positive steady states are degenerate and so G is not nondegen-
erately multistationary, which is a contradiction. Hence, cap,,,s(G) < oo.

The hypotheses of part (1) of Lemma 3.18 are satisfied, that is, cap,,s(G) < oo, and G is one-
dimensional and multistationary. Therefore, G has an embedded one-species network with arrow
diagram (-, —). Such an embedded network (e.g., {0 <+ A, 2A — 3A}) involves at least one
complex that is not bimolecular, and so G is also not bimolecular. ]

Theorem 3.21 (Networks with up to two reversible reactions). If G is a bimolecular reaction
network that consists of one or two pairs of reversible reactions, then G is not multistationary.

Proof. Assume that G is bimolecular and consists of one or two pairs of reversible reactions. Let p
denote the number of pairs of reversible reactions (so, p =1 or p = 2), and ¢ the number of linkage
classes. Let s be the dimension of the stoichiometric subspace (so, s =1 or s = 2).

Case 1: p = 1. The deficiency of Gis d =2 —1—1 =0 and G is weakly reversible. Hence, by
the deficiency-zero theorem (Lemma 2.5) the network is not multistationary.
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Case 2: p=s=2. If £ =1, then the deficiency is 6 =3—1—2 = 0. If £ = 2, then the deficiency
is 0 =4 —2—2 = 0. Therefore, for either value of ¢, the deficiency-zero theorem (Lemma 2.5)
implies that the network is not multistationary.

Case 3: p =2 and s = 1. G is one-dimensional, bimolecular, and reversible. So, Lemma 3.19 im-
plies that cap,,;(G) < co. Now Lemma 3.18(2) yields cap,,s(G) = cap,ondey(G), and Lemma 3.20
implies that cap,,pnqe,(G) < 1. Thus, cap,,,(G) < 1, or, equivalently, G is non-multistationary. [

4. MAIN RESULTS ON BIMOLECULAR NETWORKS

In this section, we establish minimal conditions for a bimolecular network to admit ACR and
nondegenerate multistationarity simultaneously. These minimal conditions are in terms of the
numbers of species, reactions, and reactant complexes. The main result is as follows.

Theorem 4.1 (Conditions for coexistence of ACR and nondegenerate multistationarity). Let G be
a bimolecular reaction network. If there exists a vector of positive rate constants k* such that the
mass-action system (G, k*) has ACR and also is nondegenerately multistationary, then:

(1) G has at least 3 species.
(2) G has at least 3 reactant complexes (and hence at least 3 reactions) and at least 5 complexes
(reactant and product complezes).
is full-dimensional, then as at least 5 reactant complexes (and hence at leas
3) If G is full-di jonal, then G has at least 5 tant l dh t least 5
reactions).

This section is structured as follows. In Subsection 4.1, we prove part (1) of Theorem 4.1 (specifi-
cally, part (1) follows from Proposition 4.3 and Theorem 4.8). Theorem 4.8 also analyzes two-species
bimolecular networks with ACR and degenerate multistationarity. Additionally, we characterize un-
conditional ACR in two-species bimolecular networks that are reversible (Theorem 4.4).

Subsequently, in Subsection 4.2, we prove parts (2) and (3) of Theorem 4.1 (Theorem 4.9 and
Proposition 4.12). We also consider full-dimensional, 3-species, bimolecular networks with only 4
reactant complexes. By Theorem 4.1, such networks do not allow for the coexistence of ACR and
nondegenerate multistationary. Nevertheless, ACR and degenerate multistationarity is possible,
and we characterize the possible sets of reactant complexes of such networks (Proposition 4.15).

4.1. Bimolecular networks with one or two species. This subsection characterizes uncondi-
tional ACR in reversible networks with only one or two species (Proposition 4.3 and Theorem 4.4).
Notably, our results show that such networks with unconditional ACR are not multistationary.

Remark 4.2 (Reversible networks). Our interest in reversible networks comes from our prior work

with Joshi [18]. In that article, our results on multistationarity in randomly generated reaction
networks arise from “lifting” this property from the following (multistationary) motif:
(29) (BS0SASB+C, CS20) .

The question arises, Are there multistationary motifs with fewer species, reactions, or complezres
than the one in (29)¢ Discovering more motifs might aid in analyzing the prevalence of multista-
tionarity in random reaction networks generated by stochastic models besides the one in [18].

4.1.1. Networks with one species. When there is only one species, say X;, and the network is
bimolecular, there are only 3 possible complexes: 0, X:,2X;. Hence, every such network is a
subnetwork of the following network:

(30) Gx, = {05 X, 52X, S0}
Therefore, the possible reversible networks, besides Gx, itself, are listed here:
(31) {05 X1}, {X152X1), (052X}, {05 X, 52X}, {X1 S052X,), {052X, S X1} .
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Proposition 4.3. Every bimolecular network in only one species is not nondegenerately multista-
tionary. Every reversible, bimolecular network in only one species has unconditional ACR.

Proof. Let G be a bimolecular network with only one species. Then G is a subnetwork of Gx,,
in (30), and the first part of the proposition now follows readily from Lemmas 3.18-3.19.

Next, assume G is a reversible, bimolecular network with only one species. Then G is either the
network Gx, or one of the networks listed in (31). Each of these networks is weakly reversible and
satisfies the conditions of either the deficiency-zero or deficiency-one theorem (Lemmas 2.5-2.6).
Thus, for every choice of positive rate constants , the mass-action system (G, k) has a unique
positive steady state. Hence, G has unconditional ACR. ]

4.1.2. Rewversible networks with two species. We now consider reversible, bimolecular networks with
two species. Among such networks, the ones with unconditional ACR are characterized in the
following result, which is the main result of this subsection.

Theorem 4.4 (Unconditional ACR in reversible, 2-species networks). Let G be a reversible, bi-
molecular reaction network with exactly two species (and at least one reaction).

(1) If G is full-dimensional, then the following are equivalent:
(a) G has unconditional ACR;
(b) G is not multistationary.
(2) If G is one-dimensional, then the following are equivalent:
(a) G has unconditional ACR;
(b) Up to relabeling species, G is the (non-multistationary) network {Xo = X1 + Xo}.

Theorem 4.4 encompasses Propositions 4.5 and 4.6 below.

Proposition 4.5. Let G be a full-dimensional, reversible, bimolecular reaction network with exactly
two species. Then the following are equivalent:

(a) G has unconditional ACR;
(b) G is not multistationary.

Proof. Let G be a full-dimensional, reversible, bimolecular network with exactly 2 species.

We first prove (b) = (a). Assume that G is non-multistationary, and let x* be a choice of
positive rate constants. Then, the mass-action system (G, k*) admits at most one positive steady
state (x7, z3) (here the assumption that G is full-dimensional is used). However, the fact that G is
reversible guarantees at least one positive steady state (Remark 2.8). Hence, (G, k*) has a unique
positive steady state (x7,x3) and therefore has ACR in both species with ACR-values z} and z3,
respectively. So, G has unconditional ACR.

Next, we prove (a) = (b). Assume that G has unconditional ACR. Let £* be a choice of positive
rate constants. By relabeling species, if necessary, we may assume that the system (G, *) has ACR
in species X; with some ACR-value a@ > 0. Every positive steady state of (G, k*), therefore, has
the form (o, %), where 25 € Ro. We must show that there is at most one such steady state.

Write the mass-action ODEs of (G, k*) as dd% = f1 and d% = fo. Consider the univariate
polynomial fa|,,—=o € R[za]. We claim that this polynomial is not the zero polynomial. To check
this claim, assume for contradiction that fa|;,—q is zero. As G is reversible, Remark 3.16 (which
relies on Propositions 3.14-3.15) implies that Xs is a catalyst-only species of every reaction of
G. We conclude that G is not full-dimensional, which is a contradiction. Having shown that the
univariate polynomial fa|,,— is nonzero, we now use Lemma 3.11 to conclude that (G, £*) has at
most one positive steady state of the form (a, z3). O
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Proposition 4.5 fails for networks that are not reversible. Indeed, a network without positive
steady states (such as {0 — A, 0 — B}) is not multistationary and also lacks unconditional ACR.
We end this subsection by considering two-species networks that are one-dimensional. Up to
relabeling species, each such network is a subnetwork of exactly one of the following networks G;:

G = {05 X1 + Xy}
(32) Gy = {X1 5 2X5)
Gy = {05 X1 52X, 50, Xo5 X; + Xy}
Gy = 2X1 S X1+ X, 52X, 52X, X1 S Xo)

The next result, which is part (2) of Theorem 4.4, states that among the reversible subnetworks
of the networks Gj listed in (32), only one has unconditional ACR (namely, {X2 = X; + Xa}).

Proposition 4.6. Let G be a one-dimensional, reversible, bimolecular reaction network with exactly
two species. Then the following are equivalent:

(a) G has unconditional ACR;
(b) Up to relabeling species, G is the (non-multistationary) network {Xs = X1 + Xo}.

Proof. Let G be a two-species, one-dimensional, reversible, bimolecular reaction network. From the
list (32), we know that G is a subnetwork of one of G, Go, G3, and Gjy.

Assume G is a subnetwork of Gy, Ga, or G4. Then, G # {X2 S X; + X2} and G is not a
subnetwork of {0 = X; < 2X; < 0}. So, it suffices to show G does not have unconditional ACR.

In networks G1, G2, and Gy, the reactant and product complexes of every reaction differ in both
species X7 and Xs. Also, all reactions in G are reversible, so every complex of G is a reactant
complex. We conclude that G has two reactant complexes that differ in both species, and hence,
Lemma 2.12 implies that G does not have unconditional ACR.

We now consider the remaining case, when G is a subnetwork of G3. We write G3 = N1 U No,
where N} := {0 S X; S 2X; S 0} and Ny := {Xo S X + Xo}. If G = Ny, the mass-action
ODEs are dxy/dt = K129 — kow1xe and dxzy/dt = 0, and so G has unconditional ACR in species
X1 with ACR-value ’Z—; If G is a subnetwork of Ni, then G has only one species (recall that every
species of a network must take part in at least one reaction), which is a contradiction.

Our final subcase is when GG contains reactions from both N; and No. Then, from Ny, the
complex Xo is a reactant complex of (. Similarly, from N7, at least one of X; and 2X; is a
reactant complex of G. Hence, G contains two reactant complexes that differ in both species, X3
and X5. Therefore, Lemma 2.12 implies that G does not have unconditional ACR.

Finally, the fact that the network {Xs = X; 4+ X2} is non-multistationary follows easily from
the deficiency-zero theorem (Lemma 2.5). O

4.1.3. Irreversible networks with two species. In [24], the following network was called a “degenerate-
ACR network,” because it has unconditional ACR and yet every positive steady state is degenerate:

(33) {A+B— B, A—2A}.

This degeneracy arises from the fact that a single (one-dimensional) stoichiometric compatibility
class consists entirely of steady states [21, Example 2.12]. The main result of this subsection,
Theorem 4.8 below, shows that only one additional two-species network exhibits both ACR and
multistationarity for a nonzero-measure set of rate constants; this network is obtained by adding
to (33) the reaction A — 0. Both networks, therefore, are one-dimensional, two-species networks.

To prove Theorem 4.8, we need the following lemma, which concerns the network in (33) (and
others as well).
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Lemma 4.7. Let G be a subnetwork of the network {X1 + Xo — Xa, 0+ X1 — 2X,}. Then:

(1) Every positive steady state (of every mass-action system defined by G) is degenerate.

(2) LetX: denote the set of vectors of positive rate constants k for which the mass-action system
(G, k) both has ACR and is multistationary. If ¥ has nonzero measure, then G is one of the
following networks: {X1 + Xo — Xo, X1 — 2X1} and {X1 + X2 — Xo, 0+ X7 — 2X}.

Proof. This result is straightforward to check by hand, so we only outline the steps, as follows.

Assume G is a subnetwork of {X; + X» LY X5, 0 L x; B 2X,}. If G admits a positive steady
state, G must contain the reaction X; — 2X;. Hence, there are three subnetworks to consider:

(1) G =A0 Lx 3 2X,}, then ¥ is empty.
(2) If G = {X1 + X2 5 Xo, X1 52X}, then ¥ = {(k,m) € R2}.
(3) f G = {X1 + X2 5 Xo, 04 X3 22X, }, then ¥ = {(k,£,m) € RS, | m > (}.

In cases (2) and (3), the set ¥ has nonzero measure. Finally, for all three of these networks, every
positive steady state is degenerate (some of these networks are also covered by Lemma 3.19). O

Theorem 4.8. Let G be a bimolecular reaction network with exactly two species, X1 and Xo. Let
Y. denote the set of vectors of positive rate constants k for which the mass-action system (G, k) both
has ACR in species Xo and is multistationary. Then:

(1) For every k* € ¥, every positive steady state of (G, k*) is degenerate.
(2) If ¥ has nonzero measure, then G is one of the following networks: {X; + X2 — X2, X; —
2X1} and {Xl 4+ Xo = X9, 0 X7 — 2X1}

Proof. Assume that G is bimolecular and has exactly two species. If ¥ is empty (for instance, if G
has no reactions), then there is nothing to prove. Accordingly, assume that ¥ is nonempty (and in
particular G has at least one reaction).

We first claim that G has a reaction in which X; is a non-catalyst-only species. To prove
this claim, assume for contradiction that X; is a catalyst-only species. Then the stoichiometric
compatibility classes are defined by the equations 1 = T, for T' > 0 (we are also using the fact
that G has at least one reaction). But this does not allow for multistationarity and ACR in X5
to coexist, because two positive steady states in the same compatibility class would have the form
(T,y) and (T, z), with y # z, which contradicts the assumption of ACR in Xs. So, the claim holds.

For an arbitrary vector x of positive rate constants, let f, 1 and f, o denote the right-hand sides
(for species X7 and X, respectively) of the mass-action ODE system of (G, k). Consider the
following partition of >:

Y= En{k| fe1=0HUEnN{k]| fu1#0}) = SouUX;.

By construction, o N 37 = (). We first analyze Xy. If ¥( is empty, then skip ahead to our
analysis of 1. Accordingly, assume Y is nonempty, and let k* € ¥g. We must show that every
positive steady state of (G, k*) is degenerate.

We claim that G is two-dimensional (assuming that Yo is nonempty). We prove this claim
as follows. We saw that GG contains a reaction in which X is a non-catalyst-only species, so
Proposition 3.14 implies that for j = 0 or j = 2 (or both, where we are using Notation 3.13) our
network G contains the reaction X+ X; — 2X; and at least one reaction of the form X +X; — «,
where % is a complex not involving X;. Consider the subcase j = 0. If some % involves X5, then
G contains X7 — 2X7 and X; — *, which yield linearly independent reaction vectors and so G is
two-dimensional. If none of the complexes x involve Xo, then G must contain additional reactions
in which X5 is not a catalyst-only species (to avoid fo = 0), and so again G is two-dimensional.
The subcase j = 2 is similar.
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Next, as G is two-dimensional and f.+1 = 0, Corollary 3.4 implies that every positive steady
state of (G, k*) is degenerate, as desired. Additionally, as X; is a non-catalyst-only species and (for
all Kk € ¥g) f.1 = 0, Proposition 3.14 implies that there is a nontrivial linear relation that every
K € X satisfies. Hence, X has zero measure.

To complete the proof, it suffices to show the following about the set X1: (1) For every k* € %1,
every positive steady state of (G,x*) is degenerate; and (2) If ¥; has nonzero measure, then
G = {X1+XQ — X9, X4 —>2X1} or G:{X1+X2 — X9, 0+ X —>2X1}.

Assume ¥ is nonempty (otherwise, there is nothing to prove). We introduce the following
notation: for k € ¥y, let B(k) denote the ACR-value for Xs.

We now claim the following: For every & € ¥, the univariate polynomial fz |,,—s@) is the zero
polynomial. To verify this claim, we first note that f3 |x2:5(g) has at least two positive roots (as
(G, k) is multistationarity), so the polynomial fz, |,,—g(), if nonzero, must have at least two sign
changes (by Descartes’ rule of signs). However, by Lemma 3.11, the polynomial fz |lzo—=p(%) has at
most one sign change, and so the claim holds.

We now know that for every x* € ¥y, we have fi-, # 0, but fi«  [5,—g+) = 0. Hence, G has
at least one reaction in which X is a non-catalyst-only reaction and (by Proposition 3.15) every
such reaction must be one of the 8 reactions displayed here:

K4,3

(34) 080 X Mhox 42 X+ X o, X &2 x ™ax, X &2 X+ X, ek,

For every k* € X1, Proposition 3.15 yields the following ACR-value formula:

* *
(35) Blr7) = e,
Ko — K3
where k3, 1= K3 1 + K3 o + K3 5 and ki, 1= K} | + K]+ K] 5. For reactions in (34) that are not in G,
the corresponding rate constants, x; or Hfj, are set to 0.

Next, the possible reactions in which X; is a catalyst-only species are as follows:

K K K K
(36) 02 Xo 22X, =0, X12 X1+ Xo
K6 K8 K10 K12

We proceed by considering three subcases, based in part on whether f, o (which is a polynomial
in the unknowns 1, 2, and k) is zero:

(a) fr2 =0, and X3 is a catalyst-only species in every reaction of G,
(b) fu2 =0, and X is a non-catalyst-only species in some reaction of G, or
(C) f K,2 7& 0.

We first consider subcase (a). By inspecting reactions in (34) and (36), we conclude that G must
be a subnetwork of {X; + Xy — X3, 0+ X; — 2X;}. This subcase is done by Lemma 4.7.

Next, we examine subcase (b). Let G1 := {X; + X2 — X9, 0+ X7 — 2X1}, Go:= {0+ Xy —
2Xs}, and G := {0 + X1 + X2 — 2X,, X3 + Xj + X2 — 2X;}. By Proposition 3.14 (and by
inspecting reactions in (34) and (36)), G must be a subnetwork of G; U G2 U G3 with at least one
reaction in Go U G'3. Moreover, there is a nontrivial linear relation in the rate constants that holds
for all k € ;. It follows that X is contained in the hyperplane defined by this linear relation and
hence has zero measure.

Let k* € ¥1. By examining G1UG3UG]3, we see that the possible reactants of G are X1, Xo, X1+
Xo. Next, G has at least 2 reactants (as otherwise, Proposition 3.5 would imply that G admits
no positive steady states). Hence, by inspection, G either is full-dimensional or is a subnetwork
of {0+ X3 — 2X9, X1+ X2 — Xi}, which we already saw in Example 2.1 (where A = X5 and
B = X3) has ACR in X; but not in Xo (and the analysis of its subnetworks is similar). Hence, G
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is full-dimensional, and so Corollary 3.4 (and the fact that f.-2 = 0) implies that every positive
steady state of (G, k*) is degenerate.

Consider subcase (c). Let x* € X (so, in particular, fy«2 # 0). We claim that fi« 2[z,—g(x+) = 0.
To see this, observe that, in the reactions (34) and (36), the complex 2X; appears only as a product,
never as a reactant. Hence, fﬁ*,2|x2:5(,{*) (which is a univariate polynomial in z1) has degree at
most 1. However, the fact that (G, ") is multistationary implies that fu« 2|z,—pg(+) has two or
more positive roots. Hence, fq« 2[z,—pg(x) is the zero polynomial.

Now we show that every positive steady state of (G, k*) is degenerate. Such a steady state has
the form (p, ), and we also know that fi« 1]p,—g(e) = fu*2las=pes) = 0. Hence, (v2 — B(k*))
divides both f.« 1 and fi+ 2. Consequently, the derivatives of fi+1 and fe« 2 with respect to z1 at
(p, B) are both zero. It follows that the first column of the 2 x 2 Jacobian matrix, when evaluated
at (p, ), is the zero column. Hence, if the stoichiometric subspace of G, which we denote by S, is
two-dimensional, then (p, 3) is degenerate.

We now assume dim(S) =1 (and aim to reach a contradiction). Recall that G contains at least
one reaction from those in (34), so in order for dim(S) = 1 it must be that G contains no reaction
from (36). Hence, from the expression for fo (which we know is not zero), in (37), the only possible

reactions in G are the ones labeled by ko, K33, K42, k4,3. Hence, the one-dimensional network G is
K4,2

either the network {X; 3 2X5} or a subnetwork of {2X; X+ X T3 2X5, X1 — Xo}.
Now it is straightforward to check that G is not multistationary, which is a contradiction.

To complete the proof, it suffices to show that, in subcase (c), the set 3; has measure zero.
Accordingly, let k € ¥;. As noted earlier, the ACR-value of X5 in (G, k) is B(k) = 4=l

K2—K3e

From (34) and (36), the right-hand side of the mass-action ODE for (G, k) has the following form
(with rate constants set to 0 for reactions not in G):

(37) fu2 = (K33 — ko — Ki2)T12o + (K11 + Kao + 2k43)71 — (kg + 2K0)23 + (K7 — Ke)Ta + (K5 + 2K10) -

By assumption, at least one of the rate constants (the x; and k; ;) in (37) is nonzero. By our
earlier arguments, at the beginning of subcase (c), we conclude that fﬁ,g\m:ﬁ(ﬁ) = 0. Hence, the
linear and constant terms of fy 2|,,—g(x) are both 0, which, using (37), translates as follows:

Kie — K
(38) (ch,g — K9 — 512)2 + (/111 -+ K4,2 -+ 2&473) = 0 and
K2 — R3e
2
Kie — K Kie — K
— (kg + 2k9) <41) + (k7 = K6)¥ + (ks +2K10) = 0.
K92 — K3e K2 — K3e

It follows that ¥ is constrained by the equations (38), at least one of which is nontrivial. Hence,
Y1 is contained in a hypersurface and so has measure zero. O

4.2. Bimolecular networks with at least three species. In the previous subsection, we showed
that a bimolecular network must have at least 3 species in order for ACR and nondegenerate
multistationarity to coexist. Consequently, this subsection focuses on bimolecular networks with at
least 3 species. We prove that the coexistence of ACR and nondegenerate multistationarity requires
a minimum of 3 reactant complexes and a minimum of 5 complexes (Theorem 4.9). The remainder
of this subsection focuses on a family of networks with n species and n reactants, for which ACR
and nondegenerate multistationarity coexist (Section 4.2.1), and then analyzes full-dimensional
networks with 3 species (Section 4.2.2).

Theorem 4.9 (Minimum number of complexes). Let G be a bimolecular reaction network with at
least 3 species. If there exists a vector of positive rate constants k* such that (G,k*) has ACR and
1s nondegenerately multistationary, then:

(1) G has at least 3 reactant complexes (and hence, at least 3 reactions), and
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(2) G has at least 5 complezes (reactant and product complezes).

Proof. We first prove part (1). Let (G, k*) be as in the statement of the theorem and let n denote
the number of species, where n > 3. By relabeling species, if needed, we may assume that (G, x*)
has ACR in species Xy. Let f1, fa,..., fn denote the right-hand sides of the mass-action ODEs of
(G,k*). As (G, k*) has ACR, we know that at least one of the right-hand sides is nonzero. Let f;
denote one of these nonzero polynomials.

Assume for contradiction that G has only 1 or 2 reactant complexes. Since G admits a nonde-
generate positive steady state, Proposition 3.5 implies that G is not full-dimensional and G has
exactly 2 reactant complexes.

We claim that all the right-hand sides fy are scalar multiples of each other. More precisely, we
claim that for all j € {1,2,...,n}~{i}, there exists ¢; € R such that f; = ¢;f;. Indeed, each f; has
at most two monomials (because G has exactly two reactant complexes), so if f; is not a constant
multiple of f;, then some R-linear combination of f; and f; is a monomial and hence (G, x*) has
no positive steady state (which is a contradiction).

Thus the positive steady states of (G, k*) are precisely the positive roots of f; = 0 and the linear
equations given by the conservation laws. Since X; is the ACR species and G is bimolecular, we
must have f; = (o — z1)(Bo + B1x1 + - - - + Bnan), where « is the (positive) ACR-value and 3; € R
for all j =0,1,...,n.

We consider several cases, based on how many of the coefficients Bs, 33, ..., B, are nonzero. We
begin by considering the case when By = 3 = --- = £, = 0. In this case, f; is a (nonzero)
polynomial in z; only, and so has the form f; = y127"" + y227"?, where 71,72 € Rand 0 < m; <
my < 2. As (G, k") has a positive steady state, we conclude that v; and 75 are nonzero and have
opposite signs. Now Lemma 2.3 implies that i = 1 (so, fi = f; # 0) and fo = f3 =--- = f,, = 0.
In fact, Lemma 2.3 implies that Xs,..., X,, are catalyst-only species of G (equivalently, the mass-
action ODE right-hand sides for Xy, ..., X, are zero for all choices of positive rate constants). Such
a system is not multistatationary, which is a contradiction.

Now consider the case when two or more of the 3, 33,..., 3, are nonzero. In this case, there
exist distinct ji,jo (where 2 < ji,j2 < n) with §;,,8;, # 0. Then f; contains the monomials
Zj, Tjy, T1Tj, T12j, which contradicts the fact that G has exactly two reactant complexes.

The final case is when exactly one of the (B2, B3, ..., B, is nonzero. Relabel the species, if needed,
so that B2 # 0. In this case, the two reactant complexes of GG involve only species X7 and Xo.
By using Lemma 2.3 again, much like we did for the prior case, we conclude that X3s,..., X, are
catalyst-only species of G and so (G, k*) is effectively the mass-action system of a (bimolecular)
network with only two species, X; and Xs. Now it follows from Theorem 4.8 that (G, x*) is not
nondegenerately multistationarity, which contradicts our assumption. This completes part (1).

We prove part (2). Assume for contradiction that G has at most 4 complexes. By Proposi-
tion 3.10, the dimension of the stoichiometric subspace of G must be at least 2. So, the deficiency
of G satisfies

d =m—{¢—dim(S) < 4-1-2 = 1.

Hence, the deficiency of G is 0 or 1, and the latter requires G to have exactly one linkage class.
Now Lemmas 2.5-2.6 imply that G is not multistationary, which is a contradiction. O

Theorem 4.9 gives a lower bound on the number of reactant complexes and the number of all
complexes (reactants and products), and the next example shows that these bounds are tight. The
example also shows the tightness of the lower bounds on the number of species and the dimension
of the network (from Theorem 1.2).
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Example 4.10. Consider the following bimolecular network with 3 species and 3 reactant com-
plexes and 5 complexes:

G = {Xl + Xo i> 2X3, X3 H—2> X1, 2X3 N—3> 2X2} .

This network is two-dimensional, as the total amount of X7, X5, X3 is conserved. For every vector
of positive rate constants x, the system (G, k) is nondegenerately multistationary and also has ACR
in X3 with ACR-value ko9/(2k3). Details are given in the proof of Proposition 4.11, below, which
pertains to a family of networks that includes the network G.

4.2.1. Non-full-dimensional networks. The bimolecular network in Example 4.10 is the n = 3 case
of the networks G,, that we introduce in the next result. These networks have the property that
every reactant complex is bimolecular, but (when n > 4) one of product complexes is not.

Proposition 4.11 (ACR and multistationarity for all rate constants). For all n > 3, consider the
following network with n species, n reactant complexes, and n reactions:

n
G = { X1+ X2 " 2X5 + 3 X)) X3 ™ X1, 2X5 ™% 2X, U{)Q%O,...,Xnﬂﬁo}.
j=4

Each such network G, satisfies the following:

(1) there is a unique (up to scaling) conservation law, which is given by x1+xo+x3 =T, where
T represents the total concentration of species X1, Xo, X3; and

(2) for every vector of positive rate constants k € RZ, the system (G, k) is nondegenerately
multistationary and also has ACR in species X3, Xa,...,X,.

Proof. Fix n > 3. The mass-action ODEs for G, are as follows:

dxl +

— = —K1T1T2 + Kow

7 12122 273

d.CCQ 2

— = —K1X1T2 + 2K3T

gt 17122 373

dx

=3 = 2kix120 — Koy — 2K373
dt

dx;

7; = mxixy — Kz for je{4,...,n}.

The network G, has exactly one conservation law (up to scaling), and it is given by z1+zo+x3 =
T. Additionally, using the first two ODEs, we compute that the value of species X3 at all positive
steady states is 2’% Next, we use this steady-state value for X3, together with the first and fourth

2
ODE:s, to obtain the expression 2;;%{” for the steady-state value for Xj, for j > 4. Thus, ACR in
X3, Xy, ..., X, will follow once we confirm the existence of positive steady states.

Next, we investigate the steady-state values of X; and X5. Using the steady-state value of

X3, the conservation law, and the first ODE, we see that the steady-state values of X; and X»
2

. . . . K
correspond to the intersection points of the line x1 + z9 + 2’% = T and the curve x129 = 2}412,{3.

This is depicted qualitatively below (by [green] dashed lines and a [red] solid curve, respectively).
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X2

X

It follows that, given any vector of positive rate constants x € RZ, when T is sufficiently large,
there are two pairs of (nondegenerate) positive steady-state values for X; and Xs, and so (G, k)
is nondegenerately multistationary (and thus admits a positive steady state, and so has ACR). [

4.2.2. Full-dimensional networks with 3 species. Consider a bimolecular network G that has 3
species. We saw that if G admits ACR and nondegenerate multistationarity simultaneously, then
G has at least 3 reactant complexes (Theorem 4.9). If, however, G is full-dimensional, then more
reactants are required, as stated in the following result.

Proposition 4.12 (Minimum number of reactants for full-dimensional 3-species networks). Let G
be a full-dimensional bimolecular reaction network with exactly 3 species. If there exists a vector of
positive rate constants k* such that (G,k*) has ACR and is nondegenerately multistationary, then
G has at least 5 reactant complexes (and hence at least 5 reactions)

Proposition 4.12 is a direct consequence of Propositions 3.1(3) and 3.5, and a stronger version of this
result appears in the next section (Theorem 5.1). Proposition 4.12 implies that if a full-dimensional
bimolecular network with 3 species and fewer than 5 reactions has both ACR and multistationarity,
then this coexistence happens in a degenerate way. We illustrate this situation with two examples,
and then characterize all such networks with exactly 4 reactant complexes (Proposition 4.15).

Example 4.13. Consider the following full-dimensional network with 3 species, 4 reactions, and
4 reactant complexes: {27 - Z, X +Y — Z =Y 4+ Z, 0 — X}. When all rate constants are 1,
the mass-action ODEs are as follows:

CC% = 1l—-2ay
dy

e
dz 9

P = —z2+uay.

For this system, the set of positive steady states is {(x,y, z) € R?;O | zy = z = 1}, and every positive
steady state is degenerate. We conclude that this system is multistationary (but degenerately so)
and has ACR in species Z (with ACR-value 1).

Example 4.14. Consider the following network: {X +72 — Z, Y+ 72 S Y — 0, 2X + X —
X +Y}. Like the network in Example 4.13, this network is full-dimensional and has 3 species, 4
reactions, and 4 reactant complexes; however, the set of reactant complexes differs. When all rate
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constants are 1, the mass-action ODEs are as follows:

dx
E = xr — Iz
dy
@ Y
dz
@ - YR

For this system, the set of positive steady states is {(z,y,z) € ]R3>0 | x =y, 2 = 1}, and every
positive steady state is degenerate. Thus, this system is (degenerately) multistationary and has
ACR in species Z (with ACR-value 1).

The next result shows that Examples 4.13 and 4.14 cover all cases of three-species, four-reactant
networks with ACR and (degenerate) ACR occurring together, in the sense that these two networks
represent the only two possibilities for the set of reactant complexes (when a certain full-rank
condition is met, which we discuss below in Remark 4.16).

Proposition 4.15 (Networks with 3 species and 4 reactants). Let G be a full-dimensional bi-
molecular reaction network with exactly 3 species — which we call X,Y,Z - and ezxactly 4 reactant
complexes. If k* is a vector of positive rate constants such that:

(a) rank(N) = 3, where N is the matriz for (G, k") as in (7),

(b) (G,k*) has ACR in species Z, and

(c) (G, k") is multistationary (which is degenerately so, by Proposition 4.12),
then the set of reactant complexes of G is either {X, X +Z, Y, Y+ Z} or {0, X +Y, Z, 2Z}.

Proof. Let G, k*, and N be as in the statement of the proposition. In particular, G has 3 species
and 4 reactants, and (G, ") admits a positive steady state, which we denote by (z*,y*, ) (so «
is the ACR~value of Z). Also, N has rank 3 and so Proposition 3.1(2) and its proof imply that
steady-state equations can be “row-reduced” so that the positive steady states of (G,k*) are the
roots of 3 binomial equations of the following form:

hi == mi—pBimg = 0
hQ = mg—ﬂ2m4 =0
hg == m3z—fB3my = 0,

where §; € R (for j =1,2,3) and m; = x%ybiz% (for i = 1,2,3,4) are 4 distinct monic monomials
given by the reactant complexes. Also, each m; (for ¢ = 1,2, 3, 4) has degree at most 2 in z,y, z (as
G is bimolecular). In other words, a;, b;, ¢; are non-negative integers that satisfy the following:

We infer that £1, 82, 83 > 0, because otherwise A1 = hy = hg = 0 would have no positive roots.
For i € {1,2,3}, consider the following, where we recall that « is the ACR-value of Z:

i bi U b.
9i = hi|lzma = dix®y” — djx®y™ |

where d; := % > 0 and d} := ;o™ > 0. For i € {1,2,3}, by construction, g;(z*,y*) = 0 and so
the subset of the positive quadrant R2>0 defined by g; = 0, which we denote by S;, is nonempty.
There are four possible “shapes” for each set S;:

(1) S; = R2>0= when (a;j, b;) = (a4, bs) (and necessarily, d; = d;, to avoid S; = 0).

(2) S; is the horizontal line y = y*, when a; = a4 and b; # by.

(3) S; is the vertical line x = z*, when a; # a4 and b; = by.



ABSOLUTE CONCENTRATION ROBUSTNESS AND MULTISTATIONARITY 31

(4) S; is a strictly increasing curve (passing through (z*, y*)) defined by the following equation,
when a; # a4 and b; # by:
1
d;\ ba=bi %i—a4
v= ()"

Any two lines/curves of the form (2)—(4) either coincide or intersect only at (z*,y*). Hence, the
intersection S7 N S5 N S3 is either

(a) the single point (z*,y*),

(b) a single line or curve of the form (2) — (4), or

(c) the positive quadrant RZ .

By construction and the fact that « is the ACR-value, the set of all positive steady states of (G, k*)
is the set {(z,y, @) | (z,y) € S1NS2NS3}. Hence, in the case of (a), (G, k*) is not multistationary,
which is a contradiction.

Next, we show that case (c) does not occur. On the contrary, assume that it does. Then S} =
So = S3 = R2>0, which implies that (a1,b1) = (a2,b2) = (as,b3) = (aq,bs). Since mi,ma, ms,my
are 4 distinct monomials, it must be that ¢y, co, c3, ¢4 are 4 distinct non-negative integers. However,
as noted earlier, ¢; € {0, 1,2} for each 4, which yields a contradiction.

Finally, we consider case (b). This case happens only when one of the following subcases occur:

Subcase 1: Fxactly 1 of the 3 subsets S; is the positive quadrant, and the other two coincide.
Without loss of generality, assume S; = ]R2>0 and so Sy = S3 # ]R2>0. Hence, (a1,b1) = (a4,bs) #
(ag,b2) = (as, bs). However, mi # my and mgy # mg, and so:

(40) c1 # ¢4 and ¢ # c3 .
We rewrite the inequalities (39), using the equalities (a1,b1) = (a4,bs) and (a2, b2) = (a3, bs):
(41) ap+br+c <2, ar+bites <2, axtbrter <2, axt+bytez < 2.

Finally, Lemma 3.8 implies that each of species X and Y takes part in some reactant complex, so
we obtain the following (again using (a1,b;) = (a4,b4) and (ag,b2) = (a3, bs)):

(42) a1 +ay > 1 and by +by > 1.

The only non-negative solutions to the conditions in (40), (41), and (42) are as follows:
ea;=az3=1,a2=a3=0,by =by =0,by=b3 =1, {c1,¢c4} = {ca,c3} = {0,1};
® a1 — az — 0, a2 = a3 = 1, bl = b4 = 1, bg = b3 = O, {01704} = {62,63} = {0,1}.
In all of these solutions, the set of reactant complexes is {X, X +Z, Y, Y + Z}.

Subcase 2: Exactly 2 of the 8 subsets S; are the positive quadrant. Without loss of generality,
assume that S7 = Sy = R2>0 # S3. This implies the following:

(43) (a1,b1) = (a2,b2) = (as,bs) # (as,bs3) .

However, mi,mg, my are 3 distinct monomials, so ci,co,cq are 3 distinct non-negative integers.
Now inequality (39) implies that {c1,c2,cs} = {0,1,2}. Let i* € {1,2,4} be such that ¢;+ = 2.
Next, the equalities in (43) and the inequality (39) for i = i* together imply that (aj,b1) =
(az,b2) = (a4,bs) = (0,0). Therefore, the set of reactant complexes corresponding to my,mg, my is
{0, Z, 2Z}. Finally, Lemma 3.8 implies that the fourth reactant complex must involve both X and
Y and so (by bimolecularity) is X+Y . Therefore, the set of reactant complexes is {0, X+Y, Z, 27}.

Subcase 3: None of the subsets S; are positive quadrants, and the 3 sets coincide. This implies
that (a1,b1) = (a2,b2) = (a3, bs) # (aq,bs). These conditions are symmetric to those in subcase 2,
and so the reactant complexes are {0, Z, 27, X +Y }. This completes subcase 3 (and case (b)). O
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Remark 4.16 (Rank condition). Proposition 4.15 includes the hypothesis that the matrix N for the
system (G, k*) has (full) rank 3. If we remove this hypothesis, we can obtain more full-dimensional
networks with 3 species and 4 reactants that allow ACR and (degenerate) multistationarity to occur
together. We present one such network in Example 4.17.

Example 4.17. Consider the following full-dimensional network with 3 species and 4 reactants:
G={0-X—>Y =22V, Y+<Y+Z—>27}.
The system (G, k*) obtained by setting all the reaction rates to 1 has the following ODEs:

dx/dt 10 0 11|° o
dy/dt| = |1 1 -1 0 yZ =N yz
dz/dt 0 0 0 0 yl yl

The matrix N (defined above) has rank 2, the set of positive steady states is {(z,y,2) € RS, |z =
1, y(z —1) = 1}, and every positive steady state is degenerate. Thus, this system is (degenerately)
multistationary and has ACR in species X (with ACR-value 1).

In the next section, we see that the exceptional networks in Proposition 4.15 — namely, full-
dimensional, three-species networks with reactant-complex set {0,7,2Z2, X + Y} or {X,Y, X +
Z,Y + Z} — do not have unconditional ACR. Indeed, this fact is a direct consequence of a more
general result concerning networks with n species and n + 1 reactants (Theorem 5.4).

5. MAIN RESULTS ON GENERAL NETWORKS

The results in the prior section pertain to networks that are bimolecular, while here we analyze
networks that need not be bimolecular. We consider full-dimensional networks (Section 5.1) and
non-full-dimensional networks (Section 5.2) separately.

5.1. Full-dimensional networks. In Proposition 4.11, we saw a family of networks that admit
ACR and nondegenerate multistationarity together. These networks have n reactants (where n
is the number of species), but are not full-dimensional. In this subsection, we show that for full-
dimensional networks, the coexistence of ACR and nondegenerate multistationarity requires at
least n + 2 reactants (Theorem 5.1). We also show that this lower bound is tight (Proposition 5.3).
Additionally, we consider full-dimensional networks with only n 4+ 1 reactants and show that if
such a network is multistationary (even if only degenerately so), then the network can not have
unconditional ACR (Theorem 5.4).

Theorem 5.1 (Minimum number of reactants for full-dimensional networks). Let G be a full-
dimensional reaction network with n species. If there exists a vector of positive rate constants k*
such that the mass-action system (G,k*) has ACR and also is nondegenerately multistationary,
then n > 2 and G has at least n + 2 reactant complexes and hence, at least n + 2 reactions.

Proof. Tt follows readily from definitions that ACR and multistationarity do not coexist in networks
with only one species, so n > 2. We proceed by contrapositive. We consider two cases. If G has at
most n reactant complexes, then Proposition 3.5 (which requires n > 2) implies that every positive
steady state of (G, k") is degenerate and so (G, k*) is not nondegenerately multistationary. In the
remaining case, when G has n + 1 reactant complexes, Proposition 3.1(3) implies that (G, k") is
not nondegenerately multistationary. O

The next example shows that the bound in Theorem 5.1 is tight for n = 2.
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Example 5.2. The following network is full-dimensional and has 2 species, 4 reactant complexes,
and 4 reactions (the out-of-order labeling of the rate constants is to be consistent with Proposi-
tion 5.3, which appears later):

{A+B32B® 2B+ A, BB 05 A).

Observe that all reactant complexes are bimolecular, but one of the product complexes is not. In
the next result, we show that this network exhibits ACR (in species A with ACR-value k2/k1)
and nondegenerate multistationarity when x2 > 4rgk4. (Proposition 5.3). Among full-dimensional
networks for which ACR and nondegenerate multistationarity coexist, this network is optimal in the
sense that it has the fewest possible species, reactant complexes, and reactions (by Theorem 5.1).

In the next result, we generalize the network in Example 5.2 to a family of networks that show
that the lower bound on the number of reactions in Theorem 5.1 is tight for all n. The networks in
the following result are also optimal in terms of the molecularity of the reactant complexes (they
are bimolecular), although two of the product complexes have high molecularity.

Proposition 5.3. For all n > 2, consider the following full-dimensional network with n species,
n + 2 reactions, and n + 2 reactant complexes:

G, = {X1+X2'32X2+X3+~--+Xn, Xy ™30, 2Xy 52X, + X, oiﬁxl}
UJtx; ™03 <) <n).

For every vector of positive rate constants k* for which (k3)? > 4kik}, the system (Gy,k*) has
nondegenerate multistationarity and has ACR in species X1.

Proof. The mass-action ODEs are given by:

dxl 2
— = K3T5 — K1T1T2 + K4
dt
dl‘g
= R1T1T2 — RK2X2
dt
d:L“j .
il K1T1T2 — Kj42; forj€3,...,n.

The steady-state equation for Xs implies that x; = ko/k1 at all positive steady states, so there is
ACR in X7 (whenever positive steady states exist). Next, the steady-state equations for X; and

/k2_
Xo imply that the steady state values of X9 are ZE;E = %ﬂ. Both of these steady state

values are positive precisely when the discriminant k3 — 4ksk, is positive (this is a straightforward
computation; alternatively, see [9, Proposition 2.3]). Now we use the steady-state equation for X},
where j > 3, to compute the two positive steady states that exist whenever (r3)? > 4k}k}:
K1 K1 I - K1 -
i, of, —atzt, ..., —atad and i, T,, —x{T5, ..., —TiT
<17 2’,1312 ’Km12 1721%312’ anIQ’

where z] := k2/k1. Finally, nondegeneracy can be checked by a computing the Jacobian matrix. [

Our next result concerns full-dimensional networks with one more reactant than the number of
species, as follows.

Theorem 5.4 (Networks with n + 1 reactants). Let G be a full-dimensional network, with n
species and exactly n + 1 reactant complexes. If G is multistationary, then there exists a vector of
positive rate constants k such that (G, k) has no positive steady states, and hence G does not have
unconditional ACR.
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Proof. Assume that G is full-dimensional, has exactly n + 1 reactant complexes (where n is the
number of species), and is multistationarity. By definition, there exists £* € R, where r is the
number of reactions, such that (G, £*) is multistationary. Let N be the n x (n + 1) matrix arising
from (G, k"), as in (7); and let A be the n X n matrix defined by G, as in Proposition 3.7.

We claim that rank(N) < n — 1 or rank(A) < n — 1. Indeed, if rank(/N) = n and rank(A) = n,
then the proof of Proposition 3.7 shows that (G, £*) is not multistationary, which is a contradiction.

If rank(N) < n — 1, then Proposition 3.6(2) implies that there exists x** € RL, such that
(G, k™) has no positive steady states. Similarly, in the remaining case, when rank(N) = n and
rank(A) <n — 1, the desired result follows directly from Proposition 3.7(2). O

5.2. Non-full-dimensional networks. In an earlier section, we saw a family of networks with n
species, n reactant complexes, and exactly one conservation law, for which ACR and nondegenerate
multistationarity coexist (Proposition 4.11). Our next result shows that this n is the minimum
number of reactant complexes (when there is one conservation law), and, furthermore, as the number
of conservation laws increases, the minimum number of reactant complexes required decreases.

Theorem 5.5 (Minimum number of reactants). Let G be a reaction network with n > 3 species
and k > 1 conservation laws (more precisely, G has dimension n — k). If there exists a vector of
positive rate constants K* such that the system (G, k") is nondegenerately multistationary and has
ACR in some species, then G has at least n — k + 1 reactant complezes.

Proof. If G has k > 1 conservation laws and at most n — k reactant complexes, then Proposi-
tions 3.5(1) and 3.9 together imply that G is not nondegenerate multistationarity. O

As noted earlier, the bound in Theorem 5.5 is tight for £ = 1, due to Proposition 4.11. We also
know that, for £ = n — 1, the bound holds vacuously (Proposition 3.10). Our next result shows
that the bound is also tight for all remaining values of k (namely, 2 < k <n — 2).

Proposition 5.6. Let n > 3, and let k € {2,3,...,n —2}. If k # n — 2, consider the following
network:

n n
Gn,k = ¢ X1+ X9+ Z Xj N—%2)(3—{—2)(]', X3N—2>X1, 2X3K—3>2X2
j=n+2—k Jj=4
U {X4 SO X A 0} .
On the other hand, if k =n — 2, consider the following network:
n n
Gn,k = X1+X2—|—ZX]‘H—1>2X3+ZXJ‘, X3H—2>X1, 2X3H—3>2X2

j=4 J=4

Each such network G, ;. satisfies the following:

(1) Gp i has n species, n — k + 1 reactants, and n — k + 1 reactions;

(2) Gy 1 has dimension n — k, and the following are k linearly independent conservation laws:
r1+axot+az3=Tandx; =Tj forje{n—k+2,...,n}.

(3) for every vector of positive rate constants k, the system (Gn, k) is nondegenerately multi-
stationary and also has ACR in species X3, Xy, ..., Xn—k+1-

Proof. This result can be checked directly, in a manner similar to the proof of Proposition 4.11.
Indeed, for every vector of positive rate constants, there is ACR in species X3, X4, ..., X,_x+1 and
exactly two nondegenerate positive steady states when T is large enough. O
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The reaction networks in Proposition 5.6 are not bimolecular, and they contain reactions with
many catalyst-only species (namely X,,_rio,...,X,). We do not know whether there exist reaction
networks that are bimolecular and do not contain reactions with catalyst-only species, and yet (like
the networks in Proposition 5.6) show that the lower bound in Theorem 5.5 is tight.

6. DISCUSSION

In this article, we proved lower bounds in terms of the dimension and the numbers of species,
reactant complexes (and thus reactions), and all complexes (both reactant and product complexes)
needed for the coexistence of ACR and nondegenerate multistationarity. Additionally, we showed
that these bounds are tight, via the network {A+ B — 2C — 2B, C — A} (Example 4.10).

Networks like the one in Example 4.10 contain special structures that may be biologically sig-
nificant. Exploring such structures will aid in establishing design principles for creating networks
with ACR and multistationarity. We plan to explore such networks and their architecture in the
future.

In the present work, our interest in multistationarity comes from the fact that it is a necessary
condition for multistability. Another interesting direction, therefore, is to investigate conditions
for coexistence of ACR, and multistability, rather than multistationarity. The “minimal” networks
in the current work admit only two positive steady states and are not multistable. Hence, we
conjecture that the lower bounds (on dimension and the numbers of species, reactant complexes,
and all complexes) for the coexistence of ACR and multistability are strictly larger than the bounds
proven here for ACR and multistationarity.

Finally, we are interested in the conditions for the coexistence of other combinations of biologi-
cally significant dynamical properties, such as ACR and oscillations. In addition to the minimum
requirements for their coexistence, we also hope to discover new network architectures or motifs
that can be used to design synthetic networks possessing these dynamical properties.
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