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CscK metrics near the canonical class
By Bin Guo at Newark, Wangjian Jian at Beijing, Yalong Shi at Nanjing

and Jian Song at Piscataway

Abstract. Let X be a Kähler manifold with semiample canonical bundle KX . It is
proved in [W. Jian, Y. Shi and J. Song, A remark on constant scalar curvature Kähler metrics on
minimal models, Proc. Amer. Math. Soc. 147 (2019), no. 8, 3507–3513] that, for any Kähler
class 
 , there exists ı > 0 such that, for all t 2 .0; ı/, there exists a unique cscK metric gt in
KX C t
 . In this paper, we prove that ¹.X; gt /ºt2.0;ı/ have uniformly bounded Kähler poten-
tials, volume forms and diameters. As a consequence, these metric spaces are pre-compact in
the Gromov–Hausdorff sense.

1. Introduction

The existence of constant scalar curvature Kähler (cscK) metrics and the related moduli
problem are fundamental problems in complex differential geometry. The work of Chen–Cheng
[2] proves that the cscK metric equation can be solved if the Mabuchi K-energy is proper.
Such properness of the Mabuchi K-energy is closely related to the J -equation in the case
when the canonical class of the underlying Kähler manifold is semipositive [1, 25]. In fact, if
X is a minimal model, i.e., the canonical bundle KX is nef, it is proved in [12, 16] that there
always exists a unique cscK metric in any Kähler class sufficiently close to KX . Naturally, one
would like to establish a compactness result and to gain further understanding of geometric
degeneration for such cscK metrics in relation to the moduli problem.

Let X be a compact Kähler manifold of complex dimension n. Suppose the canonical
line bundleKX is semiample, i.e.,KmX is base point free for somem � 1. For sufficiently large
m 2 ZC, the linear system jmKX j induces a holomorphic map

(1.1) � WX ! CPN
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for some N 2 N. The image of X via � , �.X/, coincides with the unique algebraic canonical
modelXcan determined by the canonical ring ofX . The dimension � D dimXcan is the Kodaira
dimension of X , where X is of general type if � D n, and in this case, there exists a geomet-
ric (singular) Kähler–Einstein metric !can on Xcan (see [17]) satisfying Ric.!can/ D �!can. If
� < n, then � WX ! Xcan is a holomorphic fibration overXcan, whose generic fiber is a Calabi–
Yau manifold. There exists a unique canonical (singular) Kähler metric !can (see [18, 19]) on
Xcan defined by

Ric.!can/ D �!can C !WP;

where !WP is a positive current induced by the L2 or Weil–Petersson metric of Calabi–Yau
fibration � WX ! Xcan. Furthermore, !can are smooth on Xı

can, away from the critical values
of � .

We now fix a Kähler class 
 and consider the perturbation of KX by

(1.2) 
t D KX C t


for sufficiently small t > 0. By [12], there exists ı D ı.
/ > 0 such that, for all t 2 .0; ı/, there
exists a unique cscK metric !t 2 
t . It is natural to ask what is the asymptotic behavior of this
family of cscK metrics when t ! 0. The following is a natural extension of the conjecture
in [12].

Conjecture 1.1. The above cscK metric spaces .X; !t / converge to

.Xı
can; !can/;

the metric completion of .Xı
can; !can/, in Gromov–Hausdorff topology as t ! 0. Furthermore,

.Xı
can; !can/ is homeomorphic to the algebraic variety Xcan.

When X is of general type, it is proved in [15] that !t converges smoothly to !can on
Xı

can. Furthermore, .X; gt / have uniformly bounded diameter [9]. The main goal of this paper
is to establish uniform geometric bounds for .X; gt / for all X with semiample KX .

When X is not of general type, i.e., � < n, it is much more challenging to obtain both
analytic and geometric estimates since the total volume approaches 0 as t ! 0. In particular,
the corresponding cscK metrics must collapse, whereas there is very limited understanding for
the behavior and regularity of collapsing canonical Kähler metrics. We would like to point out
that, concerning the compactness of non-Einstein cscK metrics, the known results [3, 24] all
implicitly require certain non-collapsing conditions and integral control of curvatures, neither
of which holds in our study when � < n.

In [8,9], geometric estimates such as diameter, lower bound of Green’s function, Sobolev
constants are established under the assumptions of normalized Nash entropy for the Monge–
Ampère measures, where collapsing is allowed to take place. Such estimates also lead to
a relative volume non-collapsing

Vol.B.x;R//
Vol.X/

� cR˛ for all R 2 .0; diam.X; !//;

for some constants c > 0 and ˛ > 0, which suffices to conclude the Gromov–Hausdorff com-
pactness in many cases. Our goal is to apply the Sobolev inequality to our study and to establish
uniform L1-estimates for local potentials and volume measure of the cscK metrics !t , which
we will also write as gt . Indeed, we prove the following theorem.
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Theorem 1.1. Let X be an n-dimensional compact Kähler manifold with semiample
canonical bundle KX . For any Kähler class 
 , there exists ı D ı.
/ > 0 such that there exists
a unique cscK metric !t 2 KX C t
 for t 2 .0; ı/ as in [12]. Then there exist ˛ D ˛.n/ > 0

and C D C.n;X; 
; ı/ such that, for any t 2 .0; ı/, we have

(1.3) diam.X; !t / � C;
Vol!t

.B!t
.x;R//

Vol!t
.X/

� C�1R˛

for any R 2 .0; 1/, where B!t
.x;R/ denotes the geodesic ball in .X; !t / with center x 2 X

and radius R > 0. Consequently, the family of metric spaces ¹.X; !t /ºt2.0;ı/ is pre-compact
with respect to the Gromov–Hausdorff topology.

In fact, we obtain uniform estimates for the Sobolev constant and a lower bound of
Green’s function associated to gt as in [8, 9] due to the uniform estimates in Theorem 2.1.
Consequently, for any sequence ¹tj º ! 0, the metric spaces .X; gtj / subsequently converge
in Gromov–Hausdorff sense to a compact metric space Z. It is interesting to investigate the
geometry of the limit space Z. If Conjecture 1.1 holds, then the twisted Kähler–Einstein space
.Xcan; gcan/ arises as the unique geometric limit of cscK metrics in the Kähler classes near
the canonicalKX . These phenomena should be compared to the normalized Kähler–Ricci flow
onX , where the solution converges to gcan pointwise onXı

can with bounded diameter and scalar
curvature [13, 20].

In the next section, we shall prove Theorem 1.1 assuming a uniform L1 estimate of
the cscK system. Then, in Section 3, we prove a uniform entropy bound based on a uni-
form L1 estimate of J -equations. Finally, in Section 4, we prove the uniform L1-estimate
(Theorem 2.1) based on the entropy bound in Section 3.

2. Reduction to uniform a priori estimates for cscK system

Let !FS be the Fubini–Study metric on CPN from the pluricanonical map � WX ! CPN

in (1.1) induced by jmKX j and let

� D
1

m
��!FS 2 KX ;

which is a semipositive .1; 1/-form. By Yau’s theorem [26], there is a unique Kähler metric
� 2 
 such that Ric.�/ D ��. Let !t be the unique cscK metric !t 2 
t and let

�t D �C t� 2 
t

as in (1.2) be the reference metric for each t 2 .0; ı/ for fixed ı D ı.
/ > 0. Then there exists
a unique 't satisfying

!t D �t C i𝜕N𝜕't ; sup
X

't D 0:

Furthermore, 't solves the following coupled system:

(2.1)

´
.�t C i𝜕N𝜕't /n D Vte

Ft �n

�!t
Ft D �Rt � tr!t

.�/;
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where

Vt D Œ
t �
n
D

Z
X

�nt and Rt D
nŒKX � � Œ
t �

n�1

Œ
t �n
:

We also have
R
X e

Ft �n D 1 from the first equation of (2.1).
We shall prove that Theorem 1.1 follows from the following uniform L1 estimates.

Theorem 2.1. There exists a uniform constant C D C.n;X; 
; ı; �/ > 0 such that, for
all t 2 .0; ı/, we have

sup
t2.0;ı/

.k'tkL1.X/ C kFtkL1.X// � C:

We remark that, by Theorem 2.1, the metrics !t (after possibly passing to a subsequence)
converge weakly to a positive current with bounded local potentials on Xcan.

Proof of Theorem 1.1 assuming Theorem 2.1. We first recall the following results of [9]
for the convenience of readers.

Let .X; !X / be a compact Kähler manifold. The p-Nash entropy of another Kähler form
! is

N!X ;p.!/´
1

Œ!�n

Z
X

ˇ̌̌
log

� 1

Œ!�n
!n

!nX

�ˇ̌̌p
!n:

Denote by K.X/ the set of Kähler metrics on X . Consider the class of Kähler metrics

W.!X ; A; p;KI �/´

²
! 2 K.X/

ˇ̌̌̌
Œ!� � Œ!X �

n�1
� A; N!X ;p.!/ � K;

1

Œ!�n
!n

!nX
� �

³
;

where � � 0 is a continuous function. Through Green function’s estimates, Guo–Phong–Song–
Sturm proved in [9] that if dimH ¹� D 0º < 2n � 1 and p > n, then we can find constants
C D C.!X ; n; A; p;K; �/ > 0, c D c.!X ; n; A; p;K; �/ > 0 and ˛ D ˛.n; p/ > 0 such that,
for any ! 2 W.!X ; A; p;KI �/, diam.X; !/ � C and, for any x 2 X and R 2 .0; 1�,

Vol!.B!.x;R//
Vol!.X/

� cR˛:

In our case, note that, since

N�;p.!t /´
1

Vt

Z
X

jFt j
p!nt ;

if we have Theorem 2.1, then N�;p.!t / � Cp for any p, and

1

Œ!t �n
!nt
�n

D eFt � e�C ;

where C is the constant in Theorem 2.1. So we can simply take � to be the constant function
e�C and hence the conditions of the main theorem of [9] are all fulfilled. Consequently, we
obtain the desired uniform diameter bound and relative non-collapsing estimate (1.3).

The proof of Gromov–Hausdorff pre-compactness from (1.3) is standard: from the rel-
ative non-collapsing estimate, for any � > 0 sufficiently small, the maximal packing number
using disjoint geodesic balls of radius � is uniformly bounded from above. Then the family is
pre-compact by Gromov’s pre-compactness theorem [6, Proposition 5.2].
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3. Uniform entropy bounds

To prove Theorem 2.1, we first need a 1-Nash entropy bound. Let t 2 .0; ı/ be fixed. All
the relevant constants in this section are independent of t . Let .'t ; Ft / be the solution to the
coupled system (2.1). Note that, since

N�;1.!t / D
1

Vt

Z
X

jFt j!
n
t D

Z
X

jFt je
Ft �n �

Z
X

Fte
Ft �n C

2

e
Œ��n;

it suffices to bound
R
X Fte

Ft �n by the following proposition.

Proposition 3.1. There is a constant C > 0 that depends on n; �; � such that

1

Vt

Z
X

log
� !nt
Vt�n

�
!nt D

Z
X

Fte
Ft �n � C:

To prove this upper bound, we start with a family version of the well-known ˛-invariant
argument in [23], based on a local version of [11].

Lemma 3.1. There is a constant c0 D c0.n; �; �/ > 0 such that

1

Vt

Z
X

log
� !nt
Vt�n

�
!nt � 2c0.I�t

.'t / � J�t
.'t // � C

for some uniform constant C > 0, where I�t
; J�t

are Aubin’s functionals.

Proof. Note that �t D �C t� � C� for some uniform constant C > 0. So any function
in PSH.X; �t / satisfies a uniform ˛-invariant estimate (see [11, 23])Z

X

e�˛0't �n � C

for some ˛0 D ˛0.n;X; �; �/ > 0. This implies that

1

Vt

Z
X

e�˛0't�Ft!nt D

Z
X

e�˛0't�Ft eFt �n � C:

Taking log on both sides and applying Jensen’s inequality, we obtain

1

Vt

Z
X

.�˛0't � Ft /!
n
t � logC:

Rearranging the terms gives

(3.1)
1

Vt

Z
X

Ft!
n
t �

˛0

Vt

Z
X

.�'t /!
n
t � logC:

The lemma then follows from equivalence of the functionals I�t
� J�t

and 1
Vt

R
X .�'t /!

n
t and

choosing 2c0 D ˛0 > 0.

The proof of Proposition 3.1 makes use of the fact that the entropy of Ft is a component
of the Mabuchi K-energy. We recall the following modified form of Chen–Tian’s formula for
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the K-energy: for any ' 2 PSH.X; �t /,

(3.2) K�t
.'/ D

1

Vt

Z
X

log
� �nt;'
Vt�n

�
�nt;' �

1

Vt

Z
X

log
� �nt
Vt�n

�
�nt C J�;�t

.'/;

where �t;' D �t C i𝜕N𝜕'. In fact, the usual Chen–Tian formula gives

K�t
.'/ D

1

Vt

Z
X

log
��nt;'
�nt

�
�nt;' C J�Ric.�t /;�t

.'/

since

1

Vt

Z
X

log
��nt;'
�nt

�
�nt;' D

1

Vt

Z
X

log
� �nt;'
Vt�n

�
�nt;' �

1

Vt

Z
X

log
� �nt
Vt�n

�
�nt;'

D
1

Vt

Z
X

log
� �nt;'
Vt�n

�
�nt;' �

1

Vt

Z
X

log
� �nt
Vt�n

�
�nt

�
1

Vt

Z
X

log
� �nt
Vt�n

�
.�nt;' � �

n
t /:

By writing �nt;' � �
n
t as

R 1
0
d
ds
�nt;s' ds, it is straightforward to check that the last term equals

J�CRic.�t /;�t
.'/, which in turn implies (3.2).

It is well known that cscK metrics are minimizers of K-energy; hence we have

K�t
.'t / � K�t

.0/ D 0;

which implies that (recall that !t D �t;'t
)

1

Vt

Z
X

log
� �nt
Vt�n

�
�nt �

1

Vt

Z
X

log
� !nt
Vt�n

�
!nt C J�;�t

.'t /

�
1

2

1

Vt

Z
X

log
� !nt
Vt�n

�
!nt C J�Cc0�t ;�t

.'t / � C;

where we use Lemma 3.1 and the following equation of the J -functionals:

c0
�
I�t
.'t / � J�t

.'t /
�
C J�;�t

.'t / D J�Cc0�t ;�t
.'t /:

By straightforward calculations, we have

1

Vt

Z
X

log
� �nt
Vt�n

�
�nt � C

for some constant C D C.n; �; �/ > 0. Combining these inequalities, we get

(3.3)
1

Vt

Z
X

log
� !nt
Vt�n

�
!nt C 2J�Cc0�t ;�t

.'t / � C:

To get an upper bound of
1

Vt

Z
X

log
� !nt
Vt�n

�
!nt ;

from (3.3), we see that it suffices to prove a uniform lower bound of J�Cc0�t ;�t
.'t /.

In the next step, we will use the existence of a minimizer of the J�Cc0�t ;�t
-functional to

show the lower bound. For notational convenience, we denote �t D �C c0�t , which satisfies

c0�t � �t � .1C c0/�t :
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By [12, 21], the minimizer �t 2 PSH.X; �t / of J�t ;�t
exists and solves the J -equation

(3.4) .�t C i𝜕N𝜕�t /n�1 ^ �t D ct .�t C i𝜕N𝜕�t /n;

where we normalize supX �t D 0 and ct D c0 C at � c0 > 0 with

(3.5) at WD
1

Vt

Z
X

�n�1t ^ �:

We claim that if we can prove a uniform L1 bound for the solutions �t of (3.4), then we
will finish the proof of Proposition 3.1.

In fact, if �t is uniformly bounded, we obtain a uniform lower bound for J�Cc0�t ;�t
.'t /

as follows:

J�t ;�t
.'t / � J�t ;�t

.�t / D
1

Vt

Z
X

Z 1

0

n�t .�t � ct�t;s�t
/ ^ .�t;s�t

/n�1 ds � �C

for some uniform C D C.k�tkL1.X// > 0. Consequently, by (3.3), we immediately get a uni-
form upper bound for

R
X Fte

Ft �n.
To prove the uniform L1 bound for �t , we will apply the trick of [22] by Moser’s

iteration. However, we would need the uniform Sobolev inequality from [8] for the reference
metric �t .

Lemma 3.2. There exists C > 0 such that, for all t 2 .0; ı/, we haveˇ̌̌
at �

�

n

ˇ̌̌
� Ct

for at in (3.5).

Proof. By direct computation, it follows that

at D

P��1
iD0 t

n�1�i
�
n�1
i

� R
X �

iC1 ^ �n�1�iP�
iD0 t

n�i
�
n
i

� R
X �

i ^ �n�i
D

�
n�1
��1

��
n
�

� CO.t/ D
�

n
CO.t/:

Lemma 3.3 ([12]). There exists a uniform ı0 > 0 such that

(3.6) nct .�t /
n�1

� .n � 1/�t ^ .�t /
n�2

� ı0.�t /
n�1

if 0 < t � Nt for some Nt D Nt .n; �; �/ sufficiently small.

Proof. This lemma follows from straightforward calculations as in [12]. Indeed, we
have

nct�
n�1
t � .n � 1/�t ^ �

n�2
t

D nct .�C t�/n�1 � .n � 1/� ^ .�C t�/n�2 � .n � 1/c0�
n�1
t

D .nat C c0/

�X
iD0

�
n � 1

i

�
�i ^ .t�/n�1�i � .n � 1/

��1X
iD0

�
n � 2

i

�
�iC1 ^ .t�/n�2�i

D .nat C c0/.t�/
n�1

C

�X
iD1

Ai�
i
^ .t�/n�1�i ;



160 Guo, Jian, Shi and Song, CscK metrics near the canonical class

where the coefficients (for i D 1; : : : ; �) are

Ai D .nat C c0/

�
n � 1

i

�
� .n � 1/

�
n � 2

i � 1

�
.by Lemma 3.2/ D .� C c0 CO.t//

�
n � 1

i

�
� .n � 1/

�
n � 2

i � 1

�
D

�
n � 1

i

�
.� C c0 CO.t/ � i/ �

c0

2

if t � Nt for some sufficiently small Nt D Nt .n; �; �/ > 0. Combining the above inequalities, we
finally arrive at

nct�
n�1
t � .n � 1/�t ^ �

n�2
t �

c0

2

�X
iD0

�i ^ .t�/n�1�i � ı0�
n�1
t ;

where we may take
ı0 D

c0

2maxiD0;:::;�¹
�
n�1
i

�
º
:

From now on, we additionally impose that 0 < t � Nt . For any s 2 Œ0; 1�, we denote

�t;s D �t C i𝜕N𝜕.s�t /;

where �t is the solution to the J -equation (3.4).

Lemma 3.4 ([22]). There exists a uniform constant c1 D c1.n; �; �/ > 0 such that

nct .�t;s/
n�1

� .n � 1/�t ^ .�t;s/
n�2

� c1.1 � s/
n�1.�t /

n�1:

Proof. The proof of this lemma is the same as that of [22, Lemma 2.3]. The point is that
the constant c1 here is independent of t . For completeness, we include a proof here. We view
�t as the reference form in the definition of Hessian operators: for any positive .1; 1/-form � ,

�n.�/ D
�n

�nt
; �n�1.�/ D

n�n�1 ^ �t

�nt
:

We write
y�t D �t C i𝜕N𝜕�t D �t;1:

It is clear that �t;s D sy�t C .1 � s/�t . Since, for each i D 1; : : : ; n, the function

s 7!
�n�1Ii .�t;s/

�n�2Ii .�t;s/

is concave, it follows that

(3.7)
�n�1Ii .�t;s/

�n�2Ii .�t;s/
� s

�n�1Ii .y�t /

�n�2Ii .y�t /
C .1 � s/

�n�1Ii .�t /

�n�2Ii .�t /
:

The first term on the right-hand side of (3.7),

�n�1Ii .y�t /

�n�2Ii .y�t /
;
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is bigger than 1
nct

(see [21]). By the cone condition (3.6), the second term on the right-hand
side of (3.7),

�n�1Ii .�t /

�n�2Ii .�t /
;

is no less than
1

.1 � ı0

nct
/nct

�

�
1C

ı0

nct

� 1

nct
� .1C Nı0/

1

nct
;

where
Nı0 D

ı0

maxt2.0;Nt� nct

is a uniform positive constant. Thus inequality (3.7) yields

(3.8)
�n�1Ii .�t;s/

�n�2Ii .�t;s/
�

s

nct
C
.1 � s/.1C Nı0/

nct
:

In terms of .n � 1; n � 1/-forms, (3.8) is equivalent to

(3.9) nct�
n�1
t;s � .n � 1/�t ^ �

n�2
t;s � Nı0.1 � s/.n � 1/�t ^ �

n�2
t;s :

On the other hand, since the function s 7! �n�1Ii .�t;s/
1=.n�1/ is concave, we have

�n�1Ii .�t;s/
1=.n�1/

� s�n�1Ii .y�t /
1=.n�1/

C .1 � s/�n�1Ii .�t /
1=.n�1/

� .1 � s/�n�1Ii .�t /
1=.n�1/;

which implies that
�t ^ �

n�2
t;s � .1 � s/n�1�t ^ �

n�2
t :

Combining this with (3.9) gives that

nct�
n�1
t;s � .n � 1/�t ^ �

n�2
t;s � Nı0.1 � s/

n.n � 1/�t ^ �
n�2
t � c0 Nı0.n � 1/.1 � s/

n�n�1t :

The lemma is proved with c1 D c0 Nı0.n � 1/.

We will use the Moser iteration argument to prove the C 0 estimates of �t . To this end,
we need the following uniform Sobolev inequality for the reference metrics �t . (Note that, by
direct computations, the metric �t satisfies the conditions in [8]; see also [8, Example 4.1].)

Lemma 3.5 ([8, Theorem 2.1 and (4.10)]). There exist a constant q D q.n;X/ > 1 and
a constant C D C.n; �; �/ > 0 such that, for any u 2 C 1.X/,

(3.10)
� 1
Vt

Z
X

juj2q�nt

�1=q
�
C

Vt

Z
X

.u2 C jruj2�t
/�nt :

From these, we can now prove the uniform L1 estimate for �t , which finishes the proof
of Proposition 3.1.

Proposition 3.2. There exists a uniform constant C > 0 that is independent of t 2 .0; Nt �
such that supX .��t / � C .
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Proof. We follow the arguments in [22] closely. For any p > 1, we consider the integral

(3.11)
Z
X

e�p�t
�
ct .�

n
t;�t

� �nt / � �t ^ .�
n�1
t;�t

� �n�1t /
�
:

On one hand, this integral is

(3.12)
Z
X

e�p�t .�ct�
n
t C �t ^ �

n�1
t / � C

Z
X

e�p�t �nt :

On the other hand, the integral in (3.11) isZ
X

e�p�t i𝜕N𝜕�t ^
�Z 1

0

nct�
n�1
t;s � .n � 1/�t ^ �

n�2
t;s ds

�
D p

Z
X

e�p�t
p
�1𝜕�t ^ N𝜕�t ^

�Z 1

0

nct�
n�1
t;s � .n � 1/�t ^ �

n�2
t;s ds

�
� p

Z
X

e�p�t
p
�1𝜕�t ^ N𝜕�t ^

�Z 1

0

c1.1 � s/
n ds �n�1t

�
� c2p

Z
X

e�p�t
p
�1𝜕�t ^ N𝜕�t ^ �n�1t

for some c2 > 0 that depends on n; �; � but is independent of t and p. This inequality together
with (3.12) yield that, for some uniform constant C 0 > 0,

(3.13)
1

Vt

Z
X

jre�
p
2
�t j
2
�t
�nt �

C 0p

Vt

Z
X

e�p�t �nt :

Applying the Sobolev inequality (3.10) to u´ e�p�t=2 and using (3.13), we obtain

(3.14)
� 1
Vt

Z
X

e�qp�t �nt

�1=q
�
Cp

Vt

Z
X

e�p�t �nt :

We now apply inequality (3.14) with pk D qk for k D 1; 2; : : : , and (3.14) reads

(3.15)
� 1
Vt

Z
X

e�pkC1�t �nt

�1=pkC1

� C 1=qp
1=q

k

� 1
Vt

Z
X

e�pk�t �nt

�1=pk

:

Iterating (3.15) gives� 1
Vt

Z
X

e�pkC1�t �nt

�1=pkC1

� C
Pk

jD1 q
�j

q
Pk

jD1 jq
�j

� 1
Vt

Z
X

e�q�t �nt

�1=q
� C

� 1
Vt

Z
X

e�q�t �nt

�1=q
:

Letting k ! 1 yields that

(3.16) sup
X

e��t � C
� 1
Vt

Z
X

e�q�t �nt

�1=q
:

Finally, note that 1
Vt
�nt � C�n for a uniform constant C > 0, so� 1

Vt

Z
X

e�q�t �nt

�1=q
� C

�
sup
X

e��t
�q�˛0

q

�Z
X

e�˛0�t �n
�1=q

.by ˛-invariant/ � C
�
sup
X

e��t
�q�˛0

q ;

which combined with (3.16) gives the desired estimate supX e
��t � C .
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4. From entropy bound to L1 estimates

Given the uniform entropy bound of Ft , theL1 estimates of 't and Ft have been proved
in [7]. For completeness, we provide a sketched proof.

Note that, by Proposition 3.1, we have

(4.1)
Z
X

jFt je
Ft �n � C;

and from (3.1), we also have

(4.2)
1

Vt

Z
X

.�'t /!
n
t � C:

Denote ˇ D 1=10. We solve the auxiliary complex Monge–Ampère equations as in [7, 10],

.�t C i𝜕N𝜕 k/n D
�k.�'t C ˇFt /

Ak
Vte

Ft �n; sup
X

 k D 0;

where �k.x/WR ! RC is a family of positive smooth function that decreases to x�RC
.x/, and

Ak is a constant that makes the equation solvable,

Ak D

Z
X

�k.�'t C ˇFt /e
Ft �n !

Z
�

.�'t C ˇFt /e
Ft �n µ A1;

and here � D ¹�'t C ˇFt > 0º. Equations (4.1), (4.2) imply that A1 is uniformly bounded
from above. So we can find a uniform constant C > 0 such that, for any t > 0, we can find
a k0 (possibly depending on t ) such that Ak � C for any k � k0. In the following, we always
assume that k � k0.

Consider the test function

‰ D �".� k Cƒ/
n

nC1 � 't C ˇFt ;

with the constants chosen such that

ƒ
1

nC1 D
2n

nC 1
"; " D

Œ.nC 1/.nC ˇRt /�
n=.nC1/

n2n=.nC1/
A
1=.nC1/

k
:

We claim that supX ‰ � 0. If the maximum of ‰ is obtained at some point in Xn�, we are
done. So assume ‰ takes a maximum at xmax 2 �; then, at xmax,

0 � �!t
‰ �

n"

nC 1
.� k Cƒ/�

1
nC1 tr!t

�t; k

�
n"

nC 1
.� k Cƒ/�

1
nC1 tr!t

�t

� nC tr!t
�t � ˇRt � ˇ tr!t

�

�
n2"

nC 1
.� k Cƒ/�

1
nC1

��nt; k

!nt

� 1
n
� n � ˇRt

by the choice of the constants ";ƒ. This implies that, at xmax,‰ � 0. Hence the claim is proved.
Since " � C and ƒ � C , we obtain

ˇFt � �'t C ˇFt � C.� k Cƒ/
n

nC1 :
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Then, for any � > 0, we can find a constant C� > 0 such that ˇFt � �.� k/C C�. Again,
using the ˛-invariant, this shows that, for any p > 1,

(4.3)
Z
X

epFt �n � Cp:

By the family version of Kołodziej’s uniform estimate [14], developed in [4, 5], we have
k'tkL1 � C (see also [10]).

To show the L1 estimates of Ft , we need the following mean-value inequality in [9] for
the Laplace operator �!t

.

Lemma 4.1 ([9, Lemma 5.1]). Under condition (4.3) on Ft , there is a uniform constant
C D C.n; p; �; �/ > 0 such that, for any C 2 function u with �!t

u � �a for some a > 0, the
following inequality holds:

sup
X

u � C
�
aC

1

Vt

Z
X

juj!nt

�
:

We first apply Lemma 4.1 to the function u WD Ft � 't , which satisfies

�!t
u D �Rt � tr!t

� � nC tr!t
�t � �Rt � n;

and this implies that

sup
X

Ft � sup
X

u � C
�
Rt C nC

Z
X

.jFt j C j't j/e
Ft �n

�
� C:

To get the lower bound of Ft , we apply Lemma 4.1 to the function u WD �Ft , which fulfills
the equation

�!t
u D ��!t

Ft D Rt C tr!t
� � �Rt ;

and we obtain
sup
X

.�Ft / � C
�
jRt j C

Z
X

jFt je
Ft �n

�
� C I

thus the lower bound of Ft follows, and we finish the proof of Theorem 2.1.
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