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The realization of synthetic gauge fields for charge neutral ultracold atoms and the simulation of quantum
Hall physics has witnessed remarkable experimental progress. Here, we establish key signatures of fractional
quantum Hall systems in their non-equilibrium quantum dynamics. We show that in the lowest Landau level
the system generically relaxes subdiffusively. The slow relaxation is understood from emergent conservation
laws of the total charge and the associated dipole moment that arise from the effective Hamiltonian projected
onto the lowest Landau level, leading to subdiffusive fracton hydrodynamics. We discuss the prospect of ro-
tating quantum gases as well as ultracold atoms in optical lattices for observing this unconventional relaxation

dynamics.

I. INTRODUCTION

In solid state systems, fractional quantum Hall states typ-
ically arise under extreme conditions of ultra-low tempera-
tures, large magnetic fields, and strong interactions [1, 2].
These exotic states of matter with topological order exhibit
charge fractionalization and anyonic excitations. Recent ex-
perimental and technical advances enabled the study of quan-
tum Hall physics with synthetic quantum systems as well,
which offer new routes to probe these exotic states. Syn-
thetic systems of ultracold atoms are charge neutral and hence
do not minimally couple to a magnetic field, instead artifi-
cial gauge fields have to be engineered. One way to realize
artificial gauge fields for ultracold quantum gases in the con-
tinuum is by using the equivalence of neutral particles under
rotation and charged particles in a magnetic field [3-7]. By
properly designing the rotating trapping potential, recent work
has demonstrated the geometric squeezing of a condensate
into the Lowest Landau Level (LLL) [8-11]. Moreover, few-
body Laughlin states have been created by rotating fermions
in an optical tweezer [12]. Artificial magnetic fields have also
been realized for ultracold quantum gases by spatially depen-
dent optical couplings [13—15] and in optical lattices by laser
dressing [16—24]. The latter approach enabled the observation
of interaction-induced propagation of chiral excitations [25]
as well as the preparation of fractional quantum Hall (FQH)
states in the few-body limit [26]. Furthermore, FQH states
have been investigated also with photons in circuit QED and
cavities [27-29].

Key experimental challenges in the field are to realize the
Hamiltonian with synthetic gauge fields, to cool the system to
the LLL with a finite density of particles, and to prepare the
FQH ground state. In this work, we propose to study the non-
equilibrium relaxation dynamics to identify key signatures of
the partially filled LLL at finite energy densities. Recently,
it has been shown that quenching the effective mass tensor
excites the dipole and graviton modes of FQH states [30-32].
These quench protocols are initialized with the ground state of
the system. By contrast, here, we will avoid the challenge of
preparing the interacting ground state and consider relaxation
at finite energy densities.

It is the common anticipation that generic quantum many-
body systems at finite energy densities relax diffusively in
time. How quantum systems quenched to the LL relax is
an interesting question, as they are subjected to strong con-
straints. In this work, we show that the relaxation dynamics is
strongly modified in these systems and becomes subdiffusive.
In particular, we explore the unique signatures of fractionally
occupied states in the LLL by investigating the relaxation of
density excitations in the far-from equilibrium dynamics of a
finite energy-density state in the LLL. It is known that inter-
acting particles in the LLL are described by effective models
which conserve both the global charge as well as the associ-
ated center of mass (or equivalently the dipole moment) [33—
43]. Due to these effective conservation laws, the mobility
of the particles is constrained. Following the predictions of
fracton hydrodynamics, that emerges in systems with both
charge and dipole conservation [44-46], we show that these
systems exhibit slow relaxation dynamics due to interaction-
induced intra-Landau-level scattering processes. This uncon-
ventional relaxation dynamics thus characterizes the partially-
filled LLL, which can be directly probed in experimental plat-
forms of ultracold atoms.

Our results are organized as follows. In Sec. II we introduce
the effective model for the LLL; in Sec. III we address effec-
tive high-temperature properties of states in the LLL by ana-
lyzing the emergent fracton hydrodynamics of interacting par-
ticles; we find anomalous relaxation dynamics of the density-
density autocorrelation function as well as the bipartite fluctu-
ations of the particle number in a subregion of the system. In
Sec. IV we discuss experimental platforms for realizing FQH
physics with ultracold atoms, focusing both on rotating quan-
tum gases and on laser-dressed atoms in optical lattices. In
both cases, we analyze the full, unprojected dynamics and de-
termine the conditions for conserving the dipole moment in
real space. An outlook and discussions are provided in Sec. V.

II. EFFECTIVE MODEL FOR THE LOWEST LANDAU
LEVEL

We will now consider particles confined to a two-
dimensional plane subjected to a strong perpendicular mag-
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Figure 1. Projection onto the lowest Landau level. (a) [llustration
of the continuum model on a cylinder. (b) Illustration of the Harper-
Hofstadter model on a torus in the Landau gauge; flat bands are re-
alized for specific lattice geometries, as discussed in the main text.
(c) When projecting onto the lowest band, the contact interaction
gives rise to center-of-mass (i.e., dipole-moment) conserving hop-
ping terms, whose matrix elements decay with typical length scale o.
(d) For the continuum model the typical length scale o~ depends only
on the ratio L,/I,,. (¢) For the interacting Harper-Hofstadter model o
can be tuned by changing the hopping ratio #,/t, (o is numerically
evaluated for system size of N, = 44 and N, = 22).

netic field, such that Landau levels form. When considering
a finite energy-density state within the LLL, their dynamics
remains restricted to the LLL when the interaction energy be-
tween particles is small compared to the energy gap between
Landau levels. Consequently, relaxation is governed by inter-
actions projected onto the LLL. As the matrix elements of the
projected interactions introduce a notion of distance between
different quantum numbers, the relaxation effectively occurs
in a one dimensional lattice. We will now derive the projected
models both in the continuum and on a lattice. In both cases,
we demonstrate that the system possesses an emergent dipole-
conserving dynamics within this effective one-dimensional
lattice.

We first focus on the continuum, where the single particle
Hamiltonian that describes the system is Hy = 5~ Lp - A2
Here, (p — A) is the generalized momentum in the presence
of the magnetic field, and A = B(0, x) is the vector poten-
tial in the Landau gauge. The properties of the system are

determined by the magnetic length [, = eB, the number
of magnetic fluxes Ny = %, and the cyclotron frequency
b

W, = %. Assuming an infinite cylinder geometry with pe-
riodic boundary conditions in the y-direction, Fig. 1(a), the
basis that diagonalizes the single-particle Hamiltonian is [33—

35, 420, W) = b (5 ) H ek, where H,

2
are the Hermite polynomials, x,,, = 27rmi—b withm € [0, Ny—1]

X—Xm

determine the center of the wave function, and k,,, = 2{—’" is

the momentum in y-direction. The associated single-particle
eigenvalues are EY' = hw.(y + %). Assuming that particles
initially occupy only one Landau level, density-density inter-
actions V = 3, ; V; jn;n; of magnitude much smaller than the
inter-level spacing w,, give rise to an effective dynamics that
is confined to the same Landau level. The Hamiltonian is ob-
tained by projecting the interacting Hamiltonian H = Hy + V
onto the Landau level [42]

Ny— IT— a3

PoHP, = Z Z Z (VESBEDY 1y baribgep+hc), (1)

q=0 p=0 k=p+1

where p,g,k € [0,Ny — 1] are integers that label the
y—component of the momenta in the LLL, and N¢ coincide
with the number of magnetic cells in the y—direction. The
effective model is one-dimensional and consists of squeezing
terms in momentum space, that conserve both the total charge
N =73, bib, as well as the dipole moment in the LLL # =

294 bf]bq; Fig. 1(c). The squeezing motion can be understood
from the conservation of total momenta in the y-direction,
since the momentum labels the sites of the one-dimensional
lattice. When assuming contact interactions in the unprojected
system and considering the LLL, the matrix elements of the
projected interaction depends only on the overlap in the x-
component of the eigenstates in the LLL. As such, they can
be tuned by changing the parameters in the Hamiltonian. For
our model, VC‘;,“ oc exp[— kzj’z’ 1/1(1 +5p 0)(1+5kN 2] [42,47],
where the typical length scale o = L,/2nl, and the denomi-
nator avoids double counting. The effective matrix elements
Vo of the projected Hamiltonian can be tuned by changing
the magnetic length [,, or equivalently the thickness of the
cylinder, see Fig. 1 (d). As [, increases the elements of the
potential decay faster, and in turn a slower dynamics in the
LLL arises. This is directly obtained from the dependence of
the single-particle eigenstates on the magnetic length.

An equivalent effective model can be obtained for interact-
ing bosons in a 2D lattice with magnetic field, described by
the interacting Harper-Hofstadter model

_ _ ¥ _ —i2nngx T
H= Z[ I,y Ay = Bye ay ey + h.c.]

U
t 5 Dy = =Ho+ V. ()

X,y

where n, = P/Q is the number of fluxes per unit cell, P, Q
integers and coprime. The non-interacting system Hj is in-
variant under magnetic translations,

_ i2nngy F
I, = Z ¢ aerl,yaxvy
Xy

T, = Z a;’c,y+1ax,)" 3)
X,y
as [Ho, Ty] = [Ho, T,] = 0; since moreover [T,ff), Ty] = 0, the

three operators Hy, TZand Ty can be diagonalized simultane-
ously. In contrast to the continuum, the bands of the Harper-



Hofstadter model for U = 0 are not flat for generic param-
eters. This leads to additional terms in the effective Hamil-
tonian projected onto the lowest band compared to Eq. (1).
Interestingly, it has been found that it is possible to define ge-
ometric constraints on the lattice such that for finite-size sys-
tems the resulting bands are flat, effectively one-dimensional,
and topologically non-trivial [48]. Due to the finite system
this result does not contradict certain no-go theorems on the
absence of flat topological bands in lattice systems with local-
ity [49].

Non-trivial, one-dimensional flat bands are obtained when
the lattice has N, = Q sites in the x-direction with Q =
aN,, a integer, and N, sites in the y-direction, that in this
direction corresponds also to the number of magnetic unit
cells. Then the form of the eigenfunctions is Yk, A(x,y) =
uK‘_,n(x)e_’%K"y / V(N,) where K, € [0,...N, — 1] are quantum
numbers of the operator Ty, n defines the energy level and
ug, »(x) are periodic functions in the x-direction ug, ,(x+ Q) =
u k‘,,n(x). For these parameters the Hofstadter equations

= Equk, »(x) = 2ty cos

K, P
271(# + ax)} ug, n(X)+

g
+tfug o(x + 1) +ug o(x— D] (4)

are the same as the momenta are changed, up to a translation
in the x—direction, guaranteeing flat bands [48]. Similarly to
the continuum case, one can interpret each flat band as a one-
dimensional lattice whose sites are identified by the quantum
numbers K. Moreover, due to the lattice geometry the func-
tions ug, ,(x) for different K, # Kj are the same apart from
a translation in the x-direction. Projecting the on-site inter-
action with a projector Py onto the LLL, again leads to an
effective one-dimensional dipole-conserving model

Ny

Ny-1 &’1 2

PoHPy = ' Z D (VD! s barkbgep +hc). (5)
q=0 p=0 k=p+1

We present the details of this calculation in App. A. The ma-
2 2
trix elements Vi“; ~ exp[—k /1L + 6,000 + Ok.n,/2)] are
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approximately scaling as a Gaussian, similarly to the contin-
uum, and are controlled by the width of the single-particle
orbitals that are tunable by the ratio of the hopping matrix
elements ¢,/t,; see Fig. 1(e). The dipole squeezing motion
is again suppressed with increasing overall separation of the
hopping processes via a Gaussian shaped potential V; ,. Even
thought the precise geometric constraints may be challenging
to realize experimentally, this flat-band model severs as a con-
trolled starting point for our analysis. Consequences of relax-
ing the flat-band conditions are discussed in App. B. From this
model, the continuum limit is recovered by sending Q — oo;
in this limit, up to exponentially small corrections, the number
of sites in the effective one-dimensional model Eq. (5) corre-
sponds to the number of magnetic fluxes [48, 50-52].

Thus, for both models analyzed in this section, we have ob-
tained effective dipole conserving dynamics in a one dimen-
sional lattice. For both cases, the mechanism that allows for
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Figure 2. Density-density autocorrelation function. Time evolu-
tion of the autocorrelation function C(r) = (Angy(t)Any(0)) for differ-
ent typical interaction length scales o, where Any = bgbo - (bgbo)po
and (...),, is the average over the chosen sector of the density opera-
tor.

the emerging dipole conservation in the LLL is the conserva-
tion of one of the components of momentum. We will now
show how this unconventional conservation law determines
subdiffusive behavior in the LLL and how the geometry of the
model can be used to tune dynamical properties.

III. DYNAMICS IN THE LOWEST LANDAU LEVEL

We now investigate the far-from equilibrium relaxation dy-
namics in the LLL. The effective models projected onto the
LLL in Egs. (1) and (5) consists of a sum of squeezing terms
with tunable coefficients which conserves both the total charge
and the total dipole moment on a one-dimensional lattice.

For concreteness, we focus here on the projected Harper-
Hofstadter model. The results apply similarly for the con-
tinuum model, as only the matrix elements of the squeezing
terms in Eq. (1) and Eq. (5) slightly differ. The matrix el-
ements are determined by the typical length scale o of the
Gaussian envelop function. For o < 1 the so-called thin torus
limit is realized and the dominant contribution to the Hamil-
tonian are on the one hand the density-density interactions
nghg+1, Where ng, = b%b and on the other hand the shortest-
distance squeezing term b b bq+1bq +2- When considering
only this contribution and a max1mum local occupation of one
boson per site, the system exhibits strong Hilbert space frag-
mentation: even when fixing the charge and dipole quantum
number, the Hilbert space fragments into exponentially many
Krylov subspaces, each of which is parametrically small com-
pared to the total dimension of the Hilbert space sector [53—
56]. As a consequence, correlation functions do not decay
in time. Longer-range terms in the Hamiltonian give rise to
weak Hilbert space fragmentation and restore ergodicity; for
a given charge and dipole density an excitation relaxes [53].
Even though contributions to the Hamiltonian are exponen-
tially suppressed at larger distances, they still exist and thus
lead, in the thermodynamic limit, to ergodic relaxation dy-
namics at a certain time scale.



Our goal is now to study this crossover at finite times by
tuning the typical interaction length scale o-. We numerically
compute the time evolution of the system in an infinite tem-
perature state of the LLL using exact diagonalization. The
initial state serves as a generic finite energy-density state in
the LLL. While the short-time dynamics depends on the de-
tails of the initial state, the emergence of hydrodynamics re-
lies only on the symmetries of the problem. Similar late-time
dynamics to the one presented here, will therefore also arise
when a single mode of the LLL is highly occupied [8] or for
other experimentally relevant initial states that are restricted
to the LLL. In order to numerically compute the correlation
functions of the high-temperature state, we sample product
states from the respective Hilbert space sector with fixed par-
ticle density of v = N/ /Ny = 1/2 and dipole moment P=0
(modulo N,), corresponding to the largest sector. This sector
contains one of the two equivalent charge density wave states.
In fact, in the thin-torus limit, o ~ 0, these charge density
wave states correspond to the bosonic FQH ground states at
v = 1/2 [36]. To set the matrix elements V'i‘), we fix the ratio
a = Q/N, = 2 and vary the effective length scale o by tun-
ing t,/t,. We then compute the autocorrelation function of the
density CO(f) = (Ano()Any(0)), where Angy = bgbo - (bgbo),,o
and (...),, is the average over the sector; see Fig. 2. The data
is obtained for N, = 22; finite size effects are discussed in
App. C. After some state-dependent transient dynamics, the
autocorrelation function approaches a powerlaw for late times
in the thick torus limit of large o > 1 with exponent of ~ 1/4.
As will be shown later, this result is consistent with the late-
time behavior of a dipole-moment conserving system. De-
creasing o, the dynamics remains stuck on the accessible time
scales indicating a prethermal-regime of strong Hilbert-space
fragmentation [53].

The late-time relaxation dynamics is solely determined by
the conservation laws and follows a hydrodynamics descrip-
tion. For a dipole-conserving systems, conventional diffusive
hydrodynamics does not hold because of the restricted mobil-
ity of the system. In particular, the mobile objects are dipoles
while single particles cannot move [45]. From Noether’s the-
orem for particle number conservation one has d,p = —3d,J,
where p is the coarse grained density and J is the particle cur-
rent on the effective one-dimensional lattice. Since the mobile
objects are dipoles, a finite charge current J is obtained when
dipoles are moving. The particle current J is related to the
dipole current J; as J = —d,.J4, as dipoles can be interpreted
as particle-hole composites [44, 57, 58]. The microscopic def-
inition of the dipole current for our specific model can be
computed from the Heisenberg evolution of the local den-
sity operator. One obtains ‘%nx(t) = 8§.Jd(x), where J;(x) =
—£ Sk Viki k(djg(0) = b ¢), djp(x) = bbbl b jok are
the dipole hopping operators, and we approximated the lattice
derivative as f(x + a) — f(x) = ad, f(x).

As a next step, hydrodynamic assumptions allow us to
express the dipole current in terms of density derivatives.
In particular, as the dipole current is invariant under spa-
tial inversion, the power of the spatial derivative needs to
be even, leading to the lowest-symmetry allowed expansion
Jg = —Daip [45, 59]. Thus, one obtains the hydrodynamics

equation for dipole-conserving systems [44, 45]
d,p(x,1) = =D p(x, 1). (6)

In the presence of long-range, powerlaw decaying couplings,
recently modifications of this hydrodynamic description have
been derived [60-62]. In our case, the coefficients of the
projected Hamiltonian, however, decay exponentially which
leads the effective fracton hydrodynamics of Eq. (6) un-
changed.

We now write the evolution of the local density as

p(x, 1) = fdx’K(x - x,Hp(x’,0), @)

where K(x,1) is the kernel for the evolution. Writing Eq. (7)
in momentum space turns the convolution into a product
p(g,1) = K(q,1)p(q,0), where p(q,1) = f dxe'¥p(x, f) and the
Kernel K(g,t) = f dxe'K(x,t). The hydrodynamic equa-
tion 8,K(q, 1) = —Dq*K(q, 1) has the solution K(g,1) = e 24",
and K(x,t) = £ [()’;?,{") where the function F(-) can be written
in terms of hypergeometric functions. By considering a long
time approximation, one obtains C°(t) ~ {(o(0,1)p(0,0)) ~
ﬁ. Our numerical results for the squeezing Hamiltonian are
thus consistent with the prediction of fracton hydrodynamics;
see Fig. 2. With increasing typical interaction length scale o,
the time at which the hydrodynamic relaxation kicks in de-
creases. This is because the effective interaction is enhanced
with increasing range o.

As a next step, we study the bipartite fluctuations of the
particle number in a partition A of the system

AN = ) [Pk, DP(xj, )]
i,jeA
= > [ onGi.0) = (G, DGl ()

i,jeA

following a quench from an initial product state, and p(x;, ) =
n(i,t) — (n(i, t)). After the quench fluctuations of the particle
number build up, which follow hydrodynamic predictions [63,
64], as recently demonstrated experimentally for conven-
tional diffusive hydrodynamics [65]. From the hydrodynamic
description we obtain for the two-site, equal-time correla-
tions [63] (H(x, NP(X', 1) = (PP Neq = [ dxidx,K(x —
x1, DK (X" = x2, )({0(x1, 0)p(x2, 0)) = (p(x1)P(x2))eq)). When
sampling over different initial product states in the particle
number ((B(x1, 0)p(x2, 0)) = (Fx1)P(x2))eq) o S(x1 = x2). Us-
ing the Fourier transform of the kernel one finds f dx K(x -
x1, )K(x'—x1,1) = K(x—x', 2t). Then, the time dependence of
the fluctuations are given by (5(x, )A(x’, 1)) — (P(X)P(X))eq ~
K(x — x',2t). After integration over the bipartition, we obtain
for times ¢ > N;}/D at which F(x*/r) — 1

1

A’N = (A’N)eq ~ ——.
(A" Neq (2Dr)1/4

€))

Thus the fluctuations approach their finite-size saturation
value hydrodynamically.
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Figure 3. Bipartite fluctuations of the particle number. (a) Growth
of the bipartite particle number fluctuations A’N = 3 i jeani(On;(1))
following a quantum quench from product states, where the partition
A is chosen to be half of the system. (b) The deviations of bipartite
fluctuations from the equilibrium value A’N — (AzN)cq signals the
anomalous sub-diffusive power law decay with exponent 1/4 (dashed
lines).

We evaluate the fluctuations numerically following a quan-
tum quench of a product initial state. The bipartite number
fluctuations A’N grow with time and saturate to a finite value
due to the finite system size; Fig. 3 (a). We can best extract the
hydrodynamic relaxation dynamics by directly computing the
deviations of the fluctuations from their late-time saturation
value; Fig. 3 (b). We observe that similarly to the autocorre-
lation function, the hydrodynamic behavior in the fluctuations
sets in at later times as the interaction length scale o is de-
creased. For o = 1.4 the onset time of hydrodynamics is
difficult to estimate due to the very slow relaxation in the non-
universal regime. For sufficiently small oo < 1, the hydrody-
namic regime is not observable on the time scales and system
sizes accessible in our numerical simulations; as the dominant
terms in the model are of shortest possible range giving rise to
strong Hilbert space fragmentation with exponentially many
disconnected Krylov subspaces [53]. Nonetheless, due to the
Gaussian decaying coupling terms, strong Hilbert space frag-
mentation is always formally avoided in our model for any
finite interaction length scale o, implying that in the thermo-
dynamic limit and at late times the system will ultimately be
able to thermalize.

IV. FRACTIONAL QUANTUM HALL PHYSICS WITH
ULTRACOLD ATOMS

Here, we explore how the dynamics is affected by consid-
ering all Landau levels and investigate the role of inter-level
transitions. We particularly focus on two types of experimen-
tal platforms: rotating quantum gases (Sec. IV A) and ultra-
cold atoms in optical lattices (Sec. IV B); and consider the
full unprojected continuum and lattice models. Our analysis
also clarifies the connection between the effective projected
one-dimensional lattice and real space.

The squeezing terms of the effective one-dimensional mod-
els projected to the LLL are expressed in momentum basis,
see Egs. (1) and (5). However, both in the continuum and
on the lattice, wave functions corresponding to different mo-
menta g in the LLL are the same apart for a translation in
the x-direction (which we discuss for the lattice in App. D,
while for the continuum this can be directly read off from the
wave function). As a consequence, we can equally interpret
the projected Hamiltonians to describe squeezing motion in x-
direction of real space and, hence, the dipole moment is also
conserved in real space along the x-direction P = 3, xny .
The aim of this section is to analyze the minimal requirements
for observing squeezing dynamics in real space for both ro-
tating quantum gases and ultracold atoms in optical lattices,
when the full unprojected dynamics is considered. The initial
states of the dynamics here considered are states where all the
particles are initialized in a finite energy density state in the
LLL, which will give rise to a similar relaxation dynamics to
the ones considered in the previous section.

A. Rotating quantum gases in the continuum

Using the analogy between the Lorentz force and the Cori-
olis force, synthetic gauge fields can be realized by rotating
quantum gases. Consider a Bose-Einstein condensate that
is confined in a three-dimensional harmonic trap with weak
isotropic in-plane confinement w, = wy, = w and strong
vertical confinement w, > w. In addition, the trap rotates
around the vertical axis with an angular frequency Q. The
single particle Hamiltonian is thus given by H = ﬁ[p)zc +
p§ + m?w?(x* +y?)] — QL,, where L, is the axial angular mo-
mentum operator. The rotational term QL, is mathematically
equivalent to an applied magnetic field in the vertical direc-
tion that in the symmetric gauge has the form A = mQ(-y, x):
H = ﬁ[(p - A)? + m*(w? - Q*)(x* +y?)]. When a small
anisotropy € is introduced in the in-plane trapping potential,
wy = V1 + ewand w, = VI - e w, the single particle Hamil-
tonian becomes

H= %[(p—A)2+m2((1+E)(u2—§22)x2+m2((1—E)wz—Qz)yz].

" (10)
The anisotropy in the trapping potential can be used to prepare
a state in the LLL [8-11]. This can be seen by considering the
regime of Q) = w, and small value of the anisotropy, for which
the evolution is equivalent to a squeezing operation. In that



limit, the single-particle Hamiltonian is given by [8]

= 2hw(a’ @ + %) + thw(/fﬁ% +BB), 11

1

where @ = § /%< (x— £ +j(y+ L)) and B =

i(y— £-)) are the lowering operators for the s1ngle particle ex-
citations in cyclotron and guiding center coordinates, respec-
tively. The evolution thus determines a geometric squeezing
of the guiding center phase space distribution, and effectively
drives the condensate into the LLL [8, 11]. Once the con-
densate is squeezed into the LLL, which has been recently
achieved experimentally [8], the anisotropy can be turned off,
the system starts evolving due to contact interactions U inside
the LLL. The interaction-induced dynamics remains confined
to the LLL in the limit of large separations between the bands,
Un <« w,., where the cyclotron frequency w, = 2€2, and is thus
governed by the effective slow relaxation dynamics discussed
in Sec. III.

In order to gain some insight into the dynamics of particles
prepared in the LLL, we can consider a minimal model of two
particles in a magnetic field, H = Hy + H, = 3[(p1 — a;)* +
(P2 — 32)2] where a;, = (0,x;2) in the Landau gauge. The
Hamiltonian is separable in center of mass P, R and relative
p. r degrees of freedom, H = 1[1(P-2A)>+2(p-1a)?], where
A = (0,X) and a = (0, x), with spectrum E, 5, = hw(y +
Y2+ 1).

It follows that, when the initial state is fully contained in
the LLL, both the center-of-mass wave function and relative
distance wave function will be eigenstates in the LLL. For
density-density interactions only the relative distance wave
function evolves, while the center-of-mass wave function is
still an eigenstate of the Hamiltonian. This implies that, even
in the presence of interband transitions, as long as the initial
center of mass component of the wavefunction lives in a sin-
gle LL, the real space dipole in the x-direction is conserved
by the dynamics. Thus, both average center of mass and its
higher-moments are constant, and the dipole moment in real
space is preserved to all orders. This reasoning can be directly
generalized to more particles as well.

When the center-of-mass wave function of the initial state
is not an eigenstate, i.e., when the initial state of the center
of mass is not confined in the LLL, higher moments of the
dipole moment will not be conserved in general. We con-
sider an initial state that is a superposition of different Lan-
dau levels both in the center of mass and relative coordinate
YR.T) = 35, CHWARIGE(T), where y(R) and ¢(r) are
eigenstates of the non mteractmg problem for the center of
mass and relative coordinate, respectively. Specifically they
are given by

V(R =

: Hy(X_Xn)e_%(XZ_:")zeiK”Y (12)

Y127, Lp
where K, = 27n/L,, X, = LZ%K,,, and the magnetic length for

the center of mass coordinate L, = as well as,
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Figure 4. Dipole-moment dynamics in the continuum model. Evo-
lution of the (a) average of the real-space center of mass (or dipole
moment) (P) and (b) its fluctuations (AP?) = (P?) — (P)? for an
initial state Wo(R, 1) = cgqud(R)GH(r) + 5503 (R)$S(x), for different

ratios of the coeflicients |c0O / co 0

where k,, = 2nrm/L,, xg = €§kn1, and the magnetic length for

the relative coordinate ¢, = [, V2. By using the properties of
the Hermite polynomials H,, we determine the evolution of the
moments of the center-of-mass in real-space in the x-direction
(i.e., dipole moment in the x-direction in real space) P = X
and find that for general initial states the center of mass is not
conserved.

As a concrete example, we consider an initial state where
the two particles have momenta k, = 0 and that is invariant
under inversion symmetry in the spatial coordinate. Since
the two particles are bosons the wave function Y(R,r) =
e pnmC "’”w"(R)qﬁ’”(r) where ¥(R) and ¢(r) must be invari-
ant under exchange of their coordinates W(R, -r) = Y(R,r),
which implies m must be even. Considering the state to be in-
variant under inversion symmetry, ¥(-R, -r) = ¥(R,r), n is
even as well. Under these assumptions, the average position of
the center of mass does not evolve. For concreteness, we show
the evolution of the initial state Wo(R,r) = Cg:glﬂg(R)(ﬁg(l') +
SWIRG)(r), for different ratios of |55 /cyl in Fig 4. The
fluctuations of the center of mass oscillate with frequency 2w,
when multiple Landau levels are occugled When the initial
state is fully contained in the LLL, ¢, = 0, the fluctuations

of the dipole-moment {(AP?) (as well as all higher moments)
are constant, as argued before. When creating such an initial
state in the LLL with a finite particle density, the subsequent
relaxation dynamics in real space will be governed by fracton
hydrodynamics; see discussion in the previous section.

B. Synthetic gauge fields for ultracold atoms in optical lattices

Charge neutral atoms in optical lattices with artificial gauge
fields are effectively described by the interacting Harper-
Hofstadter model, Eq. (2), and geometric conditions on the
lattice can be defined such as the non-interacting bands are
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Figure 5. Emergent dipole-moment conserving dynamics. (a)
Schematic illustration of the two-particle initial state in the 2D lat-
tice. (b) and (c) Evolution of the column density centered at x; and x,
respectively, as indicated in (a). (d) Fluctuations of the center of mass
indicate an emergent dipole-moment conservation as the strength of
the interaction is decreased. The fluctuations of the dipole moment
of the initial state are finite, as it is not an eigenstate of the dipole
operator.

flat. We now investigate the full dynamics of this model and
initialize the system at time ¢t = O with particles occupy-
ing orbitals of the lowest band of the non-interacting prob-
lem Hy. Experimentally, such a state can be obtained by
preparing plane-wave states in the y-direction, corresponding
to an eigenstate of the non-interacting Hofstadter model with
ty/t, — 0, followed by a slow increase of t./t,; c.f. Ref. [26]
where a similar approach has been considered. At time ¢t = 0
the on-site interaction energy is turned on and the particles
start to evolve.

In order to gain insights into the effective dynamics, we
simulate a minimal model for two particles and (N, N,) =
(5, 5) using exact diagonalization; see Fig 5(a). The column
density centered around the coordinate x; exhibits an oscilla-
tory dynamics associated with the average conservation of the
center of mass; see Fig. 5(b,c). The oscillation frequency is
given by the effective matrix elements of the local interaction
~ Un which we use to rescale time. We compare the dynamics
of the unprojected Hamiltonian Eq. (2) with the effective one
projected onto the LLL, Eq. (5). The lower the interaction, the
closer the effective dynamics and the full dynamics become.
This is because interband transitions are suppressed with de-
creasing interactions; as relevant energy scales the matrix ele-
ments of the local interaction ~ Un have to be compared with
the cyclotron frequency, i.e., with the energy difference of the
LLL to the first LL. We observe that as U decreases, the period
of the evolution decreases as well, meaning that the rescaled
energy is increasing. This is because the second order correc-
tions to the eigenvalues of the interacting Hamiltonian due to

interband processes on the ground state is negative, leading to
a larger oscillation period.

Contrary to the continuum case, the Hamiltonian is not
separable in center of mass and relative coordinate degrees
of freedom. Thus, although the states exhibit an average
conservation of the center of mass along the x-direction,
P = X,yXnyy, when their density profile is invariant un-
der inversion symmetry (not shown), the fluctuations (A?P) =
(P?) — (P)? will not be constant in the presence of interband
transitions (even when initially prepared in the LLL). On the
other hand, when the dynamics is projected in the LLL, the
value of the fluctuations (as well as higher momenta of the
center of mass) is preserved. This is because similarly to the
continuum the shape of the wave functions in the LLL remain
invariant for different momenta and only their wave func-
tion center shifts along the x-direction, see App. D. Hence,
a squeezing motion of the column density is expected in real
space provided the dynamics is confined to the LLL. This for-
mally follows also from the fact that the center of mass along
the x-direction P projected onto the LLL, commutes with the
projected interactions, see App. D. By contrast, for interlevel
processes P is not conserved in real space, despite the total
momentum }; kyn;, being conserved, where the occupation
of momentum &k, ’nky = Zy N,y is obtained by summing
over all Landau levels y. Eigenfunctions with the same k,
but on different Landau levels thus have different expectation
values of the dipole-moment # evaluated in real space. We
compute numerically the fluctuations of the dipole moment
(A’P) = (P?) — (P)? and find that they are reduced with de-
creasing interactions as the dynamics becomes increasingly
confined to the LLL, see Fig. 5(d), consistent with the discus-
sion above. In summary, on the lattice the real-space dipole
moment is only conserved when the dynamics is limited to
one LL, since interband processes do not preserve dipole mo-
ment (center of mass) in real space. Thus, for observables
integrated over the y-direction but local in the x-direction, a
subdiffusive relaxation dynamics will arise only in the limit
of small interactions compared to the difference of energies
between different bands.

V. DISCUSSION AND OUTLOOK

Recent experiments with ultracold atoms have realized
models with synthetic gauge fields. In these systems, non-
equilibrium quantum dynamics are most naturally accessible.
For this reason, it is crucial to understand relaxation processes
for states with partially filled Landau levels.

In contrast with the common anticipation that interacting
quantum many-body systems relax diffusively, we showed
that this is not the case for finite energy density states in the
lowest Landau level. Instead, the relaxation dynamics of finite
energy density states confined within a Landau level effec-
tively occurs in a one-dimensional lattice and is constrained
by dipole conservation in the effective lattice. Hence, the far-
from-equilbrium dynamics in the LLL are governed by fracton
hydrodynamics, characterized by a slow subdiffusive relax-
ation of density excitations and their fluctuations. The proper-



ties of the relaxation are tunable by the effective thickness of
the torus. The equivalence of dipole conservation in the LLL
and dipole conservation in real space along the x-direction al-
lows for a direct measurement of the unconventional relax-
ation dynamics, both in rotating quantum gases and in inter-
acting Harper-Hofstadter models with certain geometric con-
straints.

For future work, it will be interesting to analyze the short
time dynamics of specific initial states in more detail. Further-
more, one could study the consequences of non-flat bands in
the interacting Harper-Hofstadter model, that arise for exam-
ple with open boundary conditions, on the effective relaxation
dynamics. Moreover, excitations of the FQH system could
be studied in the low-temperature regime and related to the
different dynamical regimes of fracton excitations [66, 67].
It would be also exciting to explore relaxation processes in
the vortex dynamics of rotating quantum gases [8]. Previous
works have already interpreted vortices as fractons and dis-
cussed Hilbert-space fragmentation phenomena and fractonic
dynamics in vortex systems [68].

Data and Code availability.—Data analysis and simu-
lation codes are available on Zenodo upon reasonable re-
quest [69].

Note added.—While finalizing our manuscript, we became
aware of an experimental work which studies the interaction
induced dynamics of a condensate initially prepared at zero
momentum in the LLL [70]. This experiment observes the
squeezing dynamics for a specific initial state.
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Appendix A: Projection onto the lowest Landau level in the
flat-band lattice model

On the lattice, we consider a generic density-density in-
teraction of the form V = X, V(q)p(q)p(—q), where p(q) =

Dixy el(%q*”;’%q"y )p(x, y) is the Fourier transform of the density
operator, and q = (¢x,q,), 4« €0,...,0-1,4,€0,..,N, - 1
are in the original Brillouin zone of the lattice. The projection
of the density operator onto lowest band gives [48]

Po(q) = Pop(q)Po = po(@)d,(q), (A)

where po(q) fulfils the Girvin-MacDonald-Platzman (GMP)

algebra [po(d1). po(q2)] = 2isin(—3 7 Ca1 X Q2)po(dr +

q2) [71] and acts on a state of the LLL as po(qQ)K,) =
i 2
K, + gy).

e_ 2Ny quqye"'i,% CK_vq.r

_jl2n . N X
factor do(q) = ¢ 2™ Cady 3, e e ug o (X)uo,0(x+Cagy). Pro-
jecting the Hamiltonian onto the LLL we thus obtain

) We also introduced the form
PyHP) = Z V(@)po(@)po(—q)
q

(A2)

where V(q) = V(q)|do(q)|>. For contact interactions, V(q) =
U/N;N,. We can rewrite this expression as

N1 &

LEDIIPY

q=0 p=0 k=p+1

Al

Vk»qubq+k+pbq+kbq+p

(1 +6,0)(1+6, m)
)

+hc. (A3)

where we introduced the creation (annihilation) operators for
the bosons in the lowest band bZ(bk) and k, p, g are momenta
in the y-direction. The projected Hamiltonian effectively con-
serves the dipole moment on that effective one-dimensional
lattice. Explicitly, we obtain

U —i2cy,
Vip = = D ldo(gu kPS04
q’(

2 iZCq.p 2 —ifECq.k
ldo(gx, —k)|"e ™ +ldo(gx, p)IFe %+

2y k

\do(q, —p)PPe'™ SO, (A4)

Thus, when projecting onto the lowest band we obtain an ef-
fective dipole preserving potential on a one dimensional lat-
tice. In Eq. (A3) we report the potential for hard-core bosons
in the Lowest band, as considered in the main text.

We observe that Vi, depends on the non-interacting
Hamiltonian via the form factor. For contact interactions
and geometries of the lattice P = 1, Q = aN,, the projected

2,2
interactions decay approximately as ~ e_k2712, and the
parameter o can be numerically estimated, see Fig. 6. The
dipole squeezing moves are suppressed by the Gaussian
shaped potential as one increases the distance |p — k| of the
particles and the distance of the hoppings p. When increas-
ing the overlap between eigenstates of the non-interacting
Hamiltonian, the width o increases as well. The width
of the eigenfunctions can be changed by changing either
a = Q/N, or the hopping ratio f,/t,, see Fig 6 (b,c). We
have used the latter to change the relaxation properties of
the system from a hydrodynamic to a prethermal regime.
The dynamics can be similarly tuned by modifying the
ratio a of the physical dimensions of the system. Thus,
changing the thickness of the torus or the ratio between the
hopping matrix elements in the x and y direction is equivalent.

Appendix B: Generalization to different geometries and non-flat
bands

The analysis in the main text focuses on the flat band condi-
tion, obtained directly for rotating quantum gases or for spe-
cific choices of lattice geometries in the Harper-Hofstadter
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Figure 6. Analysis of the potential. (a) V, ,,/V; for the thick and thin torus limit, respectively. (b) Width of the potential o as a function of
the hopping #,/t, for @ = 2 and N, = 22. (c) Width o as a function of @ for #,/t, = 1 and N, = 22. The error bar of the fit is smaller than the
size of the markers. Insets: wave functions in the x-direction in the thick and thin torus limit, respectively.

model. Here, we generalize the considerations for lattice sys-
tems to non-flat bands. Non flat-bands arise in a lattice when
the condition N, = Q = aN,, is not satisfied and when the
boundary conditions are not met. However, for cases where
the width of the band A is small compared to the other energy
scales, A « U < hw,, our expectation is that this will not
modify the thermalization properties in the LLL.

We first consider N, = Q # aN, and a torus geometry
with periodic boundary conditions in the x- and y-direction.
The non-interacting Hamiltonian Hy is invariant under mag-
netic translations, see Eq. (3), and [T,CQ,Ty] = 0. Imposing
periodic boundary conditions both in the x- and y-direction,

we obtain Q bands with N, eigenstates characterized by the

—'2—"kv'
uantum numbers ky, Y o(x,y) = e %y .(x) where k, €
q 3 » y s y

[0, ...N, — 1]. However, in this case the set of Hofstadter equa-
tions (4) do not map onto themselves when changing k,. As a
consequence the bands are not flat. In this case, we can still
project the potential in the lowest band following a procedure
similar to before. In particular, we find that the projected den-
sity operator

p®) = Po ) €™ p(r)Py = > d(ky, P} biysp,,  (B1)
ky

r

where d(k,,p) = X, e"”*xukw,,(x)ukﬁpy,n(x), which coincides
with a distance in the effective lattice apart for a phase factor
dependent on k,. Moreover, bzv(bk}_) are, as usual, creation
(annihilation) operators in the lowest band. Then the projected
potential is

PyVPy = Z Viwe pbibis pbl b, (B2)
.k

which is dipole preserving in the effective one-dimensional
lattice. However, the single-particle band has a finite width,
and this needs to be considered in the effective dynamics,
leading to a potential that further reduces the relaxation dy-
namics as long as the its strength is comparable with the ef-
fective interaction.

For N, # Q = aN,, and N, = BQ the eigenstates of the

. . ke x o j2mp
non interacting problem |k, ky, n) = €' 7 2e'™ Y U, k,.n(X) are

defined also by the quantum number k, € O, ..., — 1, as well
as the usual k, € 0,..., Ny, — 1 and n the band index. The set

of Hofstadter equations does not map onto itself when k, and
k. are changed. As before, we can project the potential onto
the lowest band and obtain the dynamics in the effective 2D
lattice 8 X Ny. The projected density operator is given by

- L 2pxX l.zzrk;i
p(p) = § e e e
Xky ko K

2rky
=g

€7 Cuy g (Ot ky+p, (OB i pyp,- (B3)

Projecting the density-density contact interaction onto the
lowest band, we obtain the effective potential

v, ’ ’ ’
> V(D ky, K ey K ko K
Py ki K ekl

. .
b kyoki biap,i b K, k2. bg-pho (B4

that is dipole preserving along the y-direction of the effective
2-dimensional lattice. After integrating the column density,
however, the dynamics becomes dipole-conserving again.

Next, we relax the requirement of periodic boundary con-
ditions. We first discuss cylindrical boundary conditions for
N, = Q = aNy; other generalizations follows from the con-
siderations above. When open boundary conditions in the x-
direction are considered (cylinder geometry), the bands will
not be flat anymore, since the set of Hofstadter equations do
not map one on the other. Similarly to the above, a projection
of the potential to the lowest band still gives a dipole pre-
serving potential. The effective one dimensional lattice does
not have periodic but open boundary conditions. In the large
systems limit, this does not influence the relaxation behav-
ior. For open boundary conditions in both directions analyti-
cal solutions cannot be obtained, however, we expect that for
sufficiently large systems effective dipole-conserving dynam-
ics will emerge. We emphasize that these considerations are
only required for lattice systems. Rotating quantum gases in
the continuum automatically realize flat bands and thus more
directly realize the emergent fracton hydrodynamics.

Appendix C: Results for different systems sizes

We evaluate the density-density autocorrelation function
for different values of N, in Fig. 7. In the thin torus limit
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Figure 7. Density-density autocorrelation function. Evolution of
the density-density autocorrelation function C°(f) = (Any(1)Any(0))
for different values of Ny, @ = 2 and for (a) o = 0.8 and (b) o = 1.7,
where Any = ny — (ny),, and (...),, is the average over the chosen
sector of the density operator.

(a), the system does not immediately relax but instead en-
ters a prethermal regime. As exponentially small longer-range
terms are inevitably present in the Hamiltonian, the system
will ultimately relax in the thermodynamic limit. This will
occur only on exponentially long scales. By contrast, in the
thick torus limit (b), subdiffusive hydrodynamic relaxation is
evident for sufficiently large systems.
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Appendix D: Dipole conservation in real space

As remarked in the main text, dipole conservation in the
LLL can be connected to dipole conservation in real space
along the x-direction # = 3’ , xn,,, when both the dynamics
and the dipole moment are projected in the LLL. The present
analysis focuses on the lattice case, since dipole conservation
in real space for the continuum model follows from the sep-
arability of center of mass and relative coordinate degrees of
freedom; here we consider the two particle model, but this
analysis can be easily generalized to arbitrary number of par-
ticles. We define \P,‘j;f;(r], ) = %[ei’m Uy 0(X1)e P21 0(x1) +
X] © x,y1 © Yy2] the (symmetrized) wavefunction for
two bosons in a product state in the LLL. The expectation
value of the dipole operator in the x-direction, (‘I’O O gt O) =
Stkghipd) Loxy (X1 + X2 — @C(k = @)l o (x1)Ilu, e is the
same for every wavefunction with the same dlpole moment in
the LLL, (‘PQ:SP‘PQ:S) = (‘I‘OO l}f°°> Vp,l:p+l=k+gq.

From these considerations 1mmed1ately follows that a
dipole-conserving evolution in the LLL PyVP, commutes
with the projected dipole operator in real space PyPPy, as
formally proved in the following. Given the basis for the
two-particle states in the LLL {\P?},-:{k,q} (where the two quan-
tum number k,q where grouped for compactness to one

index i), we want to show that (‘P?lPOVPoPoPPOPI’?) z
(‘{’?lPOPPOPOVPOP{‘(}) Vi, j. We insert a resolution

of the identity on both sides ZSCI’?IVI‘P?)(‘PQIPI‘I’?) z
ZSCP?IPI‘P?)(‘{‘?lVl‘P‘;); by using our previous considerations,
we find for the left hand side (‘I’?IPI‘P?) o ¢ ; and for the
right hand side (PO[PIP0) oc . Then (POIVI¥O)HOPN0) £
(‘P?IPI‘I‘?)(‘P?WPI‘?). Two cases should be distinguished. On

the one hand, when the two states are not connected by the
interactions, <‘1J,.°|V|‘119> = 0, the relation is trivially fullfilled.
On the other hand, when (‘{’?|VI‘P9> # 0, then since the inter-
actions V conserves the dipole moment in the LLL, we must
have (‘I‘OIPI‘PO) = (‘I‘OIPI‘PO) which concludes our proof.

This same analy31s can be generalized to the fluctuations of
the dipole operator and higher moments; indeed by following
the same steps outlined above one easily finds that Py Py
commutes with the projected interactions for every m.

As a last point, we notice that the average dipole moment
projected in the LLL, PP P coincide with the dipole operator
in the LLL.
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