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The realization of synthetic gauge fields for charge neutral ultracold atoms and the simulation of quantum

Hall physics has witnessed remarkable experimental progress. Here, we establish key signatures of fractional

quantum Hall systems in their non-equilibrium quantum dynamics. We show that in the lowest Landau level

the system generically relaxes subdiffusively. The slow relaxation is understood from emergent conservation

laws of the total charge and the associated dipole moment that arise from the effective Hamiltonian projected

onto the lowest Landau level, leading to subdiffusive fracton hydrodynamics. We discuss the prospect of ro-

tating quantum gases as well as ultracold atoms in optical lattices for observing this unconventional relaxation

dynamics.

I. INTRODUCTION

In solid state systems, fractional quantum Hall states typ-

ically arise under extreme conditions of ultra-low tempera-

tures, large magnetic fields, and strong interactions [1, 2].

These exotic states of matter with topological order exhibit

charge fractionalization and anyonic excitations. Recent ex-

perimental and technical advances enabled the study of quan-

tum Hall physics with synthetic quantum systems as well,

which offer new routes to probe these exotic states. Syn-

thetic systems of ultracold atoms are charge neutral and hence

do not minimally couple to a magnetic field, instead artifi-

cial gauge fields have to be engineered. One way to realize

artificial gauge fields for ultracold quantum gases in the con-

tinuum is by using the equivalence of neutral particles under

rotation and charged particles in a magnetic field [3–7]. By

properly designing the rotating trapping potential, recent work

has demonstrated the geometric squeezing of a condensate

into the Lowest Landau Level (LLL) [8–11]. Moreover, few-

body Laughlin states have been created by rotating fermions

in an optical tweezer [12]. Artificial magnetic fields have also

been realized for ultracold quantum gases by spatially depen-

dent optical couplings [13–15] and in optical lattices by laser

dressing [16–24]. The latter approach enabled the observation

of interaction-induced propagation of chiral excitations [25]

as well as the preparation of fractional quantum Hall (FQH)

states in the few-body limit [26]. Furthermore, FQH states

have been investigated also with photons in circuit QED and

cavities [27–29].

Key experimental challenges in the field are to realize the

Hamiltonian with synthetic gauge fields, to cool the system to

the LLL with a finite density of particles, and to prepare the

FQH ground state. In this work, we propose to study the non-

equilibrium relaxation dynamics to identify key signatures of

the partially filled LLL at finite energy densities. Recently,

it has been shown that quenching the effective mass tensor

excites the dipole and graviton modes of FQH states [30–32].

These quench protocols are initialized with the ground state of

the system. By contrast, here, we will avoid the challenge of

preparing the interacting ground state and consider relaxation

at finite energy densities.

It is the common anticipation that generic quantum many-

body systems at finite energy densities relax diffusively in

time. How quantum systems quenched to the LL relax is

an interesting question, as they are subjected to strong con-

straints. In this work, we show that the relaxation dynamics is

strongly modified in these systems and becomes subdiffusive.

In particular, we explore the unique signatures of fractionally

occupied states in the LLL by investigating the relaxation of

density excitations in the far-from equilibrium dynamics of a

finite energy-density state in the LLL. It is known that inter-

acting particles in the LLL are described by effective models

which conserve both the global charge as well as the associ-

ated center of mass (or equivalently the dipole moment) [33–

43]. Due to these effective conservation laws, the mobility

of the particles is constrained. Following the predictions of

fracton hydrodynamics, that emerges in systems with both

charge and dipole conservation [44–46], we show that these

systems exhibit slow relaxation dynamics due to interaction-

induced intra-Landau-level scattering processes. This uncon-

ventional relaxation dynamics thus characterizes the partially-

filled LLL, which can be directly probed in experimental plat-

forms of ultracold atoms.

Our results are organized as follows. In Sec. II we introduce

the effective model for the LLL; in Sec. III we address effec-

tive high-temperature properties of states in the LLL by ana-

lyzing the emergent fracton hydrodynamics of interacting par-

ticles; we find anomalous relaxation dynamics of the density-

density autocorrelation function as well as the bipartite fluctu-

ations of the particle number in a subregion of the system. In

Sec. IV we discuss experimental platforms for realizing FQH

physics with ultracold atoms, focusing both on rotating quan-

tum gases and on laser-dressed atoms in optical lattices. In

both cases, we analyze the full, unprojected dynamics and de-

termine the conditions for conserving the dipole moment in

real space. An outlook and discussions are provided in Sec. V.

II. EFFECTIVE MODEL FOR THE LOWEST LANDAU

LEVEL

We will now consider particles confined to a two-

dimensional plane subjected to a strong perpendicular mag-
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Our goal is now to study this crossover at finite times by

tuning the typical interaction length scale σ. We numerically

compute the time evolution of the system in an infinite tem-

perature state of the LLL using exact diagonalization. The

initial state serves as a generic finite energy-density state in

the LLL. While the short-time dynamics depends on the de-

tails of the initial state, the emergence of hydrodynamics re-

lies only on the symmetries of the problem. Similar late-time

dynamics to the one presented here, will therefore also arise

when a single mode of the LLL is highly occupied [8] or for

other experimentally relevant initial states that are restricted

to the LLL. In order to numerically compute the correlation

functions of the high-temperature state, we sample product

states from the respective Hilbert space sector with fixed par-

ticle density of ν = Ñ/Ny = 1/2 and dipole moment P̃ = 0

(modulo Ny), corresponding to the largest sector. This sector

contains one of the two equivalent charge density wave states.

In fact, in the thin-torus limit, σ ∼ 0, these charge density

wave states correspond to the bosonic FQH ground states at

ν = 1/2 [36]. To set the matrix elements V lat
k,p

, we fix the ratio

α = Q/Ny = 2 and vary the effective length scale σ by tun-

ing ty/tx. We then compute the autocorrelation function of the

density C0(t) = ï∆n0(t)∆n0(0)ð, where ∆n0 = b
 

0
b0 − ïb

 

0
b0ðρ0

and ï...ðρ0
is the average over the sector; see Fig. 2. The data

is obtained for Ny = 22; finite size effects are discussed in

App. C. After some state-dependent transient dynamics, the

autocorrelation function approaches a powerlaw for late times

in the thick torus limit of large σ ≳ 1 with exponent of ∼ 1/4.

As will be shown later, this result is consistent with the late-

time behavior of a dipole-moment conserving system. De-

creasing σ, the dynamics remains stuck on the accessible time

scales indicating a prethermal-regime of strong Hilbert-space

fragmentation [53].

The late-time relaxation dynamics is solely determined by

the conservation laws and follows a hydrodynamics descrip-

tion. For a dipole-conserving systems, conventional diffusive

hydrodynamics does not hold because of the restricted mobil-

ity of the system. In particular, the mobile objects are dipoles

while single particles cannot move [45]. From Noether’s the-

orem for particle number conservation one has ∂tρ = −∂xJ,

where ρ is the coarse grained density and J is the particle cur-

rent on the effective one-dimensional lattice. Since the mobile

objects are dipoles, a finite charge current J is obtained when

dipoles are moving. The particle current J is related to the

dipole current Jd as J = −∂xJd, as dipoles can be interpreted

as particle-hole composites [44, 57, 58]. The microscopic def-

inition of the dipole current for our specific model can be

computed from the Heisenberg evolution of the local den-

sity operator. One obtains d
dt

nx(t) = ∂2
xJd(x), where Jd(x) ≈

− i
ℏ

∑

j,k V j,k j k (d j,k(x) − h. c.), d j,k(x) = bxb
 

x+ j
b
 

x+k
bx+ j+k are

the dipole hopping operators, and we approximated the lattice

derivative as f (x + a) − f (x) = a∂x f (x).

As a next step, hydrodynamic assumptions allow us to

express the dipole current in terms of density derivatives.

In particular, as the dipole current is invariant under spa-

tial inversion, the power of the spatial derivative needs to

be even, leading to the lowest-symmetry allowed expansion

Jd = −D∂2
xρ [45, 59]. Thus, one obtains the hydrodynamics

equation for dipole-conserving systems [44, 45]

∂tρ(x, t) = −D∂4
xρ(x, t). (6)

In the presence of long-range, powerlaw decaying couplings,

recently modifications of this hydrodynamic description have

been derived [60–62]. In our case, the coefficients of the

projected Hamiltonian, however, decay exponentially which

leads the effective fracton hydrodynamics of Eq. (6) un-

changed.

We now write the evolution of the local density as

ρ(x, t) =

∫

dx′K(x − x′, t)ρ(x′, 0), (7)

where K(x, t) is the kernel for the evolution. Writing Eq. (7)

in momentum space turns the convolution into a product

ρ(q, t) = K(q, t)ρ(q, 0), where ρ(q, t) =
∫

dxeiqxρ(x, t) and the

Kernel K(q, t) =
∫

dxeiqxK(x, t). The hydrodynamic equa-

tion ∂tK(q, t) = −Dq4K(q, t) has the solution K(q, t) = e−Dtq4

,

and K(x, t) =
F(x4/t)

Dt1/4 where the function F(·) can be written

in terms of hypergeometric functions. By considering a long

time approximation, one obtains C0(t) ∼ ïρ(0, t)ρ(0, 0)ð ∼
1

Dt1/4 . Our numerical results for the squeezing Hamiltonian are

thus consistent with the prediction of fracton hydrodynamics;

see Fig. 2. With increasing typical interaction length scale σ,

the time at which the hydrodynamic relaxation kicks in de-

creases. This is because the effective interaction is enhanced

with increasing range σ.

As a next step, we study the bipartite fluctuations of the

particle number in a partition A of the system

∆2N :=
∑

i, j∈A

[ïρ̃(xi, t)ρ̃(x j, t)ð]

=
∑

i, j∈A

[

ïn(i, t)n( j, t)ð − ïn(i, t)ðïn( j, t)ð
]

, (8)

following a quench from an initial product state, and ρ̃(xi, t) =

n(i, t) − ïn(i, t)ð. After the quench fluctuations of the particle

number build up, which follow hydrodynamic predictions [63,

64], as recently demonstrated experimentally for conven-

tional diffusive hydrodynamics [65]. From the hydrodynamic

description we obtain for the two-site, equal-time correla-

tions [63] ïρ̃(x, t)ρ̃(x′, t)ð − ïρ̃(x)ρ̃(x′)ðeq =
∫

dx1dx2K(x −

x1, t)K(x′ − x2, t)(ïρ̃(x1, 0)ρ̃(x2, 0)ð − ïρ̃(x1)ρ̃(x2)ðeq)). When

sampling over different initial product states in the particle

number (ïρ̃(x1, 0)ρ̃(x2, 0)ð − ïρ̃(x1)ρ̃(x2)ðeq) ∝ δ(x1 − x2). Us-

ing the Fourier transform of the kernel one finds
∫

dx1K(x −

x1, t)K(x′−x1, t) = K(x−x′, 2t). Then, the time dependence of

the fluctuations are given by ïρ̃(x, t)ρ̃(x′, t)ð − ïρ̃(x)ρ̃(x′)ðeq ∼

K(x − x′, 2t). After integration over the bipartition, we obtain

for times t k N4
y /D at which F(x4/t) → 1

∆2N − ï∆2Nðeq ∼
1

(2Dt)1/4
. (9)

Thus the fluctuations approach their finite-size saturation

value hydrodynamically.
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ties of the relaxation are tunable by the effective thickness of

the torus. The equivalence of dipole conservation in the LLL

and dipole conservation in real space along the x-direction al-

lows for a direct measurement of the unconventional relax-

ation dynamics, both in rotating quantum gases and in inter-

acting Harper-Hofstadter models with certain geometric con-

straints.

For future work, it will be interesting to analyze the short

time dynamics of specific initial states in more detail. Further-

more, one could study the consequences of non-flat bands in

the interacting Harper-Hofstadter model, that arise for exam-

ple with open boundary conditions, on the effective relaxation

dynamics. Moreover, excitations of the FQH system could

be studied in the low-temperature regime and related to the

different dynamical regimes of fracton excitations [66, 67].

It would be also exciting to explore relaxation processes in

the vortex dynamics of rotating quantum gases [8]. Previous

works have already interpreted vortices as fractons and dis-

cussed Hilbert-space fragmentation phenomena and fractonic

dynamics in vortex systems [68].

Data and Code availability.—Data analysis and simu-

lation codes are available on Zenodo upon reasonable re-

quest [69].

Note added.—While finalizing our manuscript, we became

aware of an experimental work which studies the interaction

induced dynamics of a condensate initially prepared at zero

momentum in the LLL [70]. This experiment observes the

squeezing dynamics for a specific initial state.
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Appendix A: Projection onto the lowest Landau level in the

flat-band lattice model

On the lattice, we consider a generic density-density in-

teraction of the form V =
∑

q V(q)ρ(q)ρ(−q), where ρ(q) =
∑

x,y e
i( 2π

Q
qx x+ 2π

Ny
qyy)
ρ(x, y) is the Fourier transform of the density

operator, and q = (qx, qy), qx ∈ 0, ...,Q − 1, qy ∈ 0, ....,Ny − 1

are in the original Brillouin zone of the lattice. The projection

of the density operator onto lowest band gives [48]

ρ̃0(q) = P0ρ(q)P0 = ρ0(q)dn(q), (A1)

where ρ0(q) fulfils the Girvin-MacDonald-Platzman (GMP)

algebra [ρ0(q1), ρ0(q2)] = 2i sin(− 1
2

2π
Ny

Cq1 × q2)ρ0(q1 +

q2) [71] and acts on a state of the LLL as ρ0(q)|Kyð =

e
− i

2
2π
Ny

Cqxqye+i 2π
Ny

CKyqx
|Ky + qyð. We also introduced the form

factor d0(q) = e
−i 1

2
2π
Ny

Cqxqy
∑

x ei2π x
Q

qx u∗
0,0

(x)u0,0(x+Cαqy). Pro-

jecting the Hamiltonian onto the LLL we thus obtain

P0HP0 =
∑

q

Ṽ(q)ρ0(q)ρ0(−q) (A2)

where Ṽ(q) = V(q)|d0(q)|2. For contact interactions, V(q) =

U/NxNy. We can rewrite this expression as

P0HP0 =

Ny−1
∑

q=0

Ny

2
−1
∑

p=0

Ny

2
∑

k=p+1

Vk,pb
 
qb

 

q+k+p
bq+kbq+p

(1 + δp,0)(1 + δ
k,

Ny

2

)
+h.c. (A3)

where we introduced the creation (annihilation) operators for

the bosons in the lowest band b
 

k
(bk) and k, p, q are momenta

in the y-direction. The projected Hamiltonian effectively con-

serves the dipole moment on that effective one-dimensional

lattice. Explicitly, we obtain

Vk,p =
U

A

∑

qx

|d0(qx, k)|2e
−i 2π

Ny
Cqx p
+

|d0(qx,−k)|2e
i 2π

Ny
Cqx p
+ |d0(qx, p)|2e

−i 2π
Ny

Cqxk
+

|d0(qx,−p)|2e
i 2π

Ny
Cqxk
. (A4)

Thus, when projecting onto the lowest band we obtain an ef-

fective dipole preserving potential on a one dimensional lat-

tice. In Eq. (A3) we report the potential for hard-core bosons

in the Lowest band, as considered in the main text.

We observe that Vk,p depends on the non-interacting

Hamiltonian via the form factor. For contact interactions

and geometries of the lattice P = 1, Q = αNy, the projected

interactions decay approximately as ∼ e
−

k2+p2

2σ2 , and the

parameter σ can be numerically estimated, see Fig. 6. The

dipole squeezing moves are suppressed by the Gaussian

shaped potential as one increases the distance |p − k| of the

particles and the distance of the hoppings p. When increas-

ing the overlap between eigenstates of the non-interacting

Hamiltonian, the width σ increases as well. The width

of the eigenfunctions can be changed by changing either

α = Q/Ny or the hopping ratio ty/tx, see Fig 6 (b,c). We

have used the latter to change the relaxation properties of

the system from a hydrodynamic to a prethermal regime.

The dynamics can be similarly tuned by modifying the

ratio α of the physical dimensions of the system. Thus,

changing the thickness of the torus or the ratio between the

hopping matrix elements in the x and y direction is equivalent.

Appendix B: Generalization to different geometries and non-flat

bands

The analysis in the main text focuses on the flat band condi-

tion, obtained directly for rotating quantum gases or for spe-

cific choices of lattice geometries in the Harper-Hofstadter
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