POINTWISE CONVERGENCE OF THE NON-LINEAR
FOURIER TRANSFORM

A. POLTORATSKI

ABSTRACT. We prove pointwise convergence for the scattering data of a
Dirac system of differential equations. Equivalently, we prove an analog
of Carleson’s theorem on almost everywhere convergence of Fourier series
for a version of the non-linear Fourier transform. Our proofs are based on
the study of resonances of Dirac systems using families of meromorphic
inner functions, generated by a Ricatti equation corresponding to the
system.

INTRODUCTION

In this paper we study pointwise convergence of the scattering data for a
Dirac system of differential equations. Scattering transforms play an impor-
tant role in the study of various differential operators and related problems.
Extensive evidence generated in this area during the last several decades sug-
gests that scattering can be viewed as a non-linear version of the classical
Fourier transform, see for instance [1, 30, 28, 29].

These connections lead to natural problems of establishing versions of the
classical results of Fourier analysis in the non-linear settings of scattering.
Such problems have been appearing in various forms for most of the last
century and remain an object of active research today, see for instance [27]
for further references. As an example one can look at the non-linear version
of Parseval’s identity (5.3), which can be traced as far back as the work
of Verblunski in the 1930s, and a non-linear analog of Hausdorff-Young
inequality, which appears in more recent work of Christ and Kiselev [4, 3].

One of the fundamental results of classical Fourier analysis is the theorem
by L. Carleson (1966, [2]) which says that the Fourier transform

T
fr(z) = /_Tf(s)e_i“ds

converges to f(x) = foo(x) as T — oo at almost every point z € R for any
f € L*(R). Answering a question by Luzin from 1915, Carleson’s theorem
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finished a long and turbulent story of partial results and counterexamples
created by some of the most prominent mathematicians of the 20th century.
After more than fifty years the existing proofs are still challenging despite
several significant contributions by other analysts, including those by Fef-
ferman (1973, [11]) and by Lacey and Thiele (2000, [13]). The theorem and
its proofs opened a variety of directions for further research, see for instance
[8, 21] for some of the recent developments and references.

Our main goal is to prove an analog of this classical result in the scattering
setting, i.e., to establish pointwise convergence for a version of the non-linear
Fourier transform, see Theorem 1 in Section 5.

Our result implies in particular that generalized eigenfunctions of Dirac
systems on the half-line with real L2-potentials are bounded for almost every
real spectral parameter, answering a question by Muscalu, Tao and Thiele
[20]. For 1 < p < 2 this follows from the work of Christ and Kiselev [4, 5].

Convergence in the d-adic model, along with a statement on the maximal
operator, was established in [19]. Further discussion of these problems in
the context of Ablowitz-Kaup-Newell-Segur (AKNS) systems can be found
in the book by Muscalu and Schlag ([18], Vol. 2, Chapter 5).

Our proof is independent from the linear proofs and is based on a study of
resonances of Dirac systems using the methods of spectral problems for dif-
ferential operators and complex function theory. While our tools include the
basics of the Krein-de Banges theory and its later developments in [15, 16],
we are not using any of the deep results of the theory or any of the re-
cent advances of the non-linear Fourier analysis. The necessary background
material is presented in Sections 1, 2 and 3.

Convergence results are usually closely related to estimates of the maximal
operator, as was the case with the original version of Carleson’s theorem.
While some of such estimates for the non-linear transform can be extracted
from the results of this paper, sharpness and full extent of such estimates
remains unclear and will be studied elsewhere. Let us only mention that
pointwise convergence trivially implies finiteness of the maximal function at
almost every point, which was unknown up to now.

The plan of our proof is as follows. First we prove universality-type results
and show that near almost every point of a Szegd weight the reproducing
kernels of the de Branges spaces corresponding to the Dirac system resemble
standard sinc functions. Approximations for the reproducing kernels do not
imply approximations for the Hermite-Biehler functions generating the space
per se, but under an additional assumption of existence of a resonance of
the system near a point s € R, those functions can be approximated by sines
and cosines. Next we show that to keep a resonance near s in the case when
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the Hermite-Biehler function is a sine or a cosine, or a function close enough
to those, requires a large L?-norm of the potential function. Interestingly,
this step requires us to consider two substantially different cases: when
the resonance of the system restricted to the interval (0,t¢) moves near s
vertically or diagonally as t increases. The motion of resonances is studied
using families of inner functions satisfying a Ricatti equation related to the
original Dirac system. Obtaining a contradiction with the finiteness of the
L?-norm of the potential function, we show that for a.e. point s € R the
system restricted to (0,¢) cannot have a resonance within the distance of
= 1/t from s for large enough t. From that we deduce that the absolute
values of and the angle between the scattering functions, corresponding to
Neumann and Dirichlet boundary conditions, converge a.e. on R. Our main
result then follows.

The contents of the sections:

e In Section 1 we introduce the main object of the paper, a Dirac
system on R with real potential.

e Section 2 contains basics of Krein-de Branges theory for Dirac sys-
tems.

e Section 3 contains a definition and a brief discussion of meromorphic
inner functions (MIFs).

e In Section 4 we define families of Dirac inner functions satisfying
a Ricatti equation. These families will play a role in the study of
resonance dynamics later in the paper.

e The definition of the scattering matrix and the non-linear Fourier
transform, together with their relations with the Hermite-Biehler
functions are presented in Section 5.

e In Section 6 we prove universality results characterizing the behavior
of reproducing kernels of the de Branges spaces corresponding to the
Dirac system near regular points of the spectral measure on the real
line.

e Universality results are translated into approximations of the Hermite-
Biehler functions by elementary sines and cosines in Section 7.

e Simultaneous approximations for Hermite-Biehler functions corre-
sponding to Neumann and Dirichlet boundary conditions are ob-
tained in Section 8.

e In Section 9 we classify the time intervals according to the motion
of the resonances near a fixed point on R.

e In Section 10 we estimate the L?-norm of the potential function of
the Dirac system on the time intervals during which the resonances
move ’almost vertically’.

e Estimates for the intervals corresponding to the motion with large
horizontal component are obtained in Section 11.

e In Section 12 we finish the proof of the main result, Theorem 1.
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1. REAL DIRAC SYSTEMS

We study one of the basic models of scattering corresponding to the ’real’
Dirac system on the right half-line R,

QX = 2X — QX, (1.1)

where z € C is a spectral parameter,

Q- (01 é) ,and Q(t) = <f?t) fg))

for some real-valued locally summable function f. A slightly more general
form of the system allows for a locally summable functions g and —¢g on the
main diagonal of (). The function f 4 ig is then called the potential of the
system. To simplify our exposition, we keep the potential real, although our
methods will work similarly for the general potential.

We will be most interested in the scattering problems corresponding to the
case f € L?(Ry). For each value of the spectral parameter z the unknown

function
u(t, z)

x(e.s) = (4 3)

is assumed to be differentiable on R with respect to the time variable ¢t and
satisfy a self-adjoint boundary condition at ¢ = 0.

A special role will be played by solutions satisfying the Neumann,

x0.9=(y).
x09= (7).

initial conditions. The matrix function M whose columns are the Neumann
and Dirichlet solutions, i.e., the matrix-function which solves (1.1) with the

initial condition
1 0

is called the fundamental matrix, or the transfer matrix, of the system.

and Dirichlet,
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Any Dirac system can be rewritten in the so-called canonical form and
henceforth become a part of the Krein-de Branges theory of canonical sys-
tems, see [0, 10, 25, 26]. What follows is a brief outline of the basics of the
theory as applicable to the subclass of Dirac systems.

2. HERMITE-BIEHLER FUNCTIONS AND SPECTRAL MEASURES

x(e.2) = (40 )
is a solution of (1.1) with a self-adjoint boundary condition at 0 then for
each fixed ¢ € R the function
H(t,z) = u(t,z) —iv(t, 2)
is an Hermite-Biehler entire function, i.e., an entire function satisfying

[H(t, 2)| > |H(t, 2)]

If

for all z from the upper half-plane C,. Throughout this paper we will
denote by E(t,z) and E(t,z) the functions corresponding to the Neumann
and Dirichlet conditions at 0 correspondingly.

According to Krein’s formula for the exponential type (see for instance [25],
Theorem 11), the functions E(t,-), E(t,-) have exponential type ¢.

If
A(t,z) B(t,z2)
Mt 2) = (C’Et, zg D(t, z))

is the fundamental matrix then
E(t,z) = A(t,z) —iC(t, ) and E(t,z) = B(t,z) — iD(t, z).

Here A, B,C, D are real (real-valued on the real line) entire functions anal-
ogous to sine and cosine. This analogy becomes an equation in the free case
f =0 when
E(t,2) = " E(t,z) = —ie"?,
A(t,z) = —D(t,z) = costz and — C(t,z) = D(t, z) = sintz.
We will use the standard notation H #(z) for the Schwarz reflection of an
entire function H#(z) = H(Z). Using this notation,
E +E* — E7
A= LAbET and B = u
2 27

It follows from (1.1) that
det M (t,z) =1 (2.1)
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for all t and z. Rewritten in terms of F and E, this relation becomes
E E ,
det <E# E#> = 2i. (2.2)

Associated with every Hermite-Biehler function E(z) one can consider a de
Branges space B(FE), a Hilbert space of entire functions defined as

B(E) = {F|F is entire, F/E € H*(C,), F¥*/E € H*(Cy)},

where H?(Cy) denotes the standard Hardy space in the upper half-plane.
The Hilbert structure in B(E) is inherited from H?:

dx
|E(x)|*

< F.G > = /R F(2)G()

Each B(FE) consists of functions of exponential type at most that of E. In
particular, in our settings B(F(t,-)) contains functions of exponential type
at most ¢.

With this structure B(FE) is a reproducing kernel space: point evaluations
are bounded linear functionals on the space and, as follows from the repre-
sentation theorem, for each A € C there exists K (A,-) € B(H) such that for
any F' € B(E),

F()‘) =< FaK()‘7 ) >B(E) -

The function K (), z) is called the reproducing kernel for the point A. In the
case of the de Branges space B(F), K (A, z) has the formula
K\ 2) = 1 ER)E*(\) - EF(2)EQ) _ 1A(z)C() = C()A(N))
T omi A—z o7 A—z ’
where A = (E + E#)/2 and C = (E# — E)/2i are real entire functions such
that £ = A —iC.

In the free case f = 0 the Hermit-Biehler functions produced by the system
(1.1) are the exponential functions E(t,z) = e %* (E(t,z) = —ie %) and
B(E(t,z)) is the standard Paley-Wiener space PW;. The reproducing kernel
of PW; is the sinc function

1sin [t(z — )]

Sine(t, A, 2) = —— - (2.3)
Z p—

It follows from the definition of K (A, z) that

KA ) ey = 1K)/ Ellg2 = VK A) =

= sup IF(). (24)
FeB(E)||F||pp)<1
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We denote by II the Poisson measure on R, dIl(z) = dx/(1 + x2). We call
a measure g on R Poisson-finite if

dlp(z)]
/1 g < 0

The family of de Branges spaces B(E(t, z)),t € R4, possesses a unique pos-
itive Poisson-finite measure p on R such that the embedding B(E(t, z)) —
L2%(y) is isometric for all ¢ € Ry. Similarly, the family B(E(t,z)) gives rise
to a unique measure fi. The measures p and fi are called the spectral mea-
sures for the Dirac system (1.1) corresponding to the Neumann and Dirichlet
boundary conditions at 0 correspondingly. Let w(x) be the density of the
absolutely continuous part of p, dpe. = w(z)dz, and let @ be the density for
the absolutely continuous part of ji. For f € L?(R,) the spectral measures
satisfy the Szego condition

log |wl, log || € L'(IT),

see the paper by Denisov [9] for this and many related results. In particular,
w,w # 0 a.e. on R.

It is well known that in the case of locally summable potentials, and thus in
our case when f € L2(R,), the spaces B(E(t,z)) and B(E(t, z)) are equal
to the standard Paley-Wiener spaces PW; as sets (but with different norms).
Indeed, (2.5) below implies

|E(t,2)|, | E(t,z)] < elo lf()lds

for z € R and the condition det M = 1 implies that E and E are bounded
from below on R. Therefore the norms in B(F) and B(E) are equivalent
to the norm in L?(R). Together with the property that B(FE(t,z)) and

B(E(t, z)) consist of functions of exponential type at most ¢, we obtain that
they are equal to PW; as a sets.

Hence, for the reproducing kernels K(t,\,z) of B(E(t,z)), (2.4) can be
rewritten as

K (A ) BEE:)) = sup |f(M)]
FEPWIIflI L2 <1

and similarly for the reproducing kernels K (, \, z) of B(E(t, z)).
The equation (1.1) rewritten for the Hermite-Biehler function
E=E(t,z)=ul(t,z) —iv(t,z)

becomes

d :
aE(t, 2) = —(2v(t, 2) — fult,2)) —i(zu(t, z) — fo(t, 2)),
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which yields

;E(t, 2) = —izB(t, 2) + f() E*(t, 2). (2.5)

The initial condition is E(0,z) = 1 for E and E(0,z) = —i for E.
Some simple corollaries of the last equation will be useful to us below.

We denote by arg £ the continuous branch of the argument of E in the
closed upper half-plane satisfying arg £(¢,0) = 0 (arg E(¢,0) = —m/2 for
E). If E satisfies (2.5) then for |E(t,z)|, z € R, we have

2B, 2)] = £, )] cos[2arg B, ),

which results in
t
|E(t, )| = |E(to, z)| exp [ f(t) cos[2arg E(t,z)]dt| , (2.6)
to

for all t > tg > 0.

3. MEROMORPHIC INNER FUNCTIONS

Recall that an inner function in the upper half-plane is a bounded analytic
function whose non-tangential boundary values are unimodular a.e. on R,
see for instance [12]. An inner function in Cj is called a meromorphic
inner function (MIF) if it can be continued meromorphically into the whole
complex plane. It can be shown that every MIF has a representation

aeiaz ﬁ z = A_n

M2 — A

where « is a unimodular complex constant, a is a positive number, {\,} is
a sequence of points in C4 tending to infinity as n — co and satisfying the

Blaschke condition
PN
14 | An)? '

The subclass all inner functions consisting of MIF's appears in spectral prob-
lems for differential operators with compact resolvents, see [15, 16]. Such
functions also appear in problems of Fourier analysis, see [22, 23, 24].

Since every MIF is analytic in a neighborhood of the real line, their bound-
ary values and derivatives are well defined everywhere on R. We will need
the following simple lemma relating their derivatives and zeros.
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For a sequence A = {\,} C C satisfying the Blaschke condition we denote
by Bp the corresponding Blaschke product

An 2 — A\,
By = — —.
A An Z — Ap,
Lemma 1. Let 0 be a MIF and let 1 > e > 0. Let x, y € R be such that
16"()|/16'(y)] > 1 +e. (3.1)

Then the ball {|z — x| < |y — |/} contains at least one zero of 6.

Proof. As a MIF, 6 can be represented as
6(z) = e"* By

for some ¢ > 0 and a Blaschke sequence A = {\,} C C4. For a Blaschke
factor -
An 2 — An
Brn A, 7 — An’ n = Tn 1+ WYn
the derivative of its argument is
Yn
(.I' - xn)2 + y?% '
For |6'(x)|, which equals to the derivative of the argument of 6 at x, we have
Yn
0'(z) =c+ —_— .
0'()] ;(x_xn)2+y%
The sum on the right hand side is a sum of positive functions and for (3.1)
to hold we need a similar inequality to be satisfied by at least one of the
summands, i.e.,

Yn . (y_wn)2+yr21 — |y_)\n‘2
(x —2n)? +y2 Yn |z — Anl?

>1+4+¢

for at least one n. The last inequality holds when A, is in (the interior of
an Apollonian circle with foci x and y, which is contained in) the ball form
the statement.

O

4. DIRAC INNER FUNCTIONS

In this section we introduce families of inner functions related to the systems
(1.1). We call them Dirac inner functions. In addition to playing a role in
our arguments below, such families seem to present independent interest and
may prove useful in the studies of further properties of the system. Standard
formulas expressing Blaschke products in terms of their zeros establish, in
this context, the relation between resonances (poles of the inner function)
and spectra (level sets on R) of the system.
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If H(z) is an Hermite-Biehler entire function then the function

O(z) = H (2)/H(2)
is a meromorphic inner function in C;. Under the restriction that H has
bounded type, which is the case for functions related to Dirac systems with

locally summable potentials, H can be uniquely, up to a real constant mul-
tiple, recovered from 6p.

Recall that to each Dirac system we associate two families of Hermite-
Biehler functions E(t, z) and E(t, z) corresponding to Neumann and Dirich-
let boundary conditions at ¢ = 0. We will denote the corresponding MIFs
by

0=0p and 0 = 0.
Similarly, families of MIFs can be considered for any self-adjoint boundary
condition.

For § = 6(t, z) we have
u(t, z) +iv(t, z)

0(t,z) =
(t,2) u(t, z) —iv(t, 2)
and
) (Zu+ido)(u—iv) = (utiv)(Zu—idv) _udv—vly
79(t,2’) = . = 22 - =
ot (u— iv)? (u— iv)2
2 2 _ ,
2Z,zu + zv . 2fuv=22‘2’u+l'v—4z‘fu71}.:
(u —iv)? u— 1w (u—iv)?
i It in) = (= i)t iv) + (o = iv)]
u— v (u—iv)? )

which produces a Ricatti equation for the family of Dirac inner functions
corresponding to the system (1.1):

o)
a@:zne—fu—e%. (4.1)

This equation together with its derivatives will be used in our study of the
behavior of resonances of the system (1.1).

Remark 1. The Ricatti equation (4.1) and corresponding families of func-
tions pose some interesting questions. In our settings (4.1) is considered with
Neumann boundary condition 6(0,z) = 1 for 6 and Dirichlet 6(0,z) = —1
for 8. One can however consider other initial conditions. Conditions of the
type 0(0,z) = ¢(2), where ¢ is a bounded analytic function in C4, |p| < 1,
present a natural subclass. One can show that with such initial conditions
the solutions 0(t,z) will remain analytic in z and satisfy |0(t,z)] < 1 for
z € C,. Interpreting the complex values as vectors in R? one can see that
at the real points where |0(t,z)| = 1 the right-hand side of (4.1) is orthogo-
nal to O(t, z), which implies that 0 stays unimodular. Hence, with an inner
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initial condition 0(t,z) is a family of inner functions. One can also show
that 0(t, z) are MIFs if the initial condition is a MIF.

If 0(t,z) is a Neumann family of Dirac inner functions, each level set
{z | 0(t,z) = a}, |a| = 1 represents the spectrum of the system (1.1) re-
stricted to the interval (0,t) with the Neumann boundary condition at 0 and
the condition u(t) siny—v(t) costp = 0 at t, where o = e*¥. Analyzing (4.1)
one may follow the dynamics of the spectra of the system (1.1) as t — oo,
see Remark 2 below.

Let «(t) be a continuous curve in C such that 0(¢,«a(t)) = a for some
constant a € C. Then

C6(t,0(1)) = 0 = 1(t, (1)) + 0:(1, (1) (1),

which implies

o (t) =

_Zia(t)a + f(1)(1 ~a®) (4.2)
t

0.(t,a(t))

We will be especially interested in the behavior of the zeros of 6, whose
complex conjugates represent the resonances of the Dirac system (1.1). Let
z(t) be a curve in C4 such that 0(¢,z(t)) = 0 for all ¢ > 0. Then (4.2)
becomes
t)
opa— 0 13
0= 510 )
Remark 2. When a = 1 the point a(t) belongs to onn(t), the spectrum
of the restriction of the Dirac system to the interval (0,t) with Neumann
conditions on both ends. The dynamics of the eigenvalues N(t) of onn is
therefore given by
2iN(t)

0.(t,N(t))

Similarly, the eigenvalues of the Neumann-Dirichlet spectrum, D(t), obey
the equation

N'(t) = —

2iD(t)
0.(t, D(t))
Since for each fized t, 0 is unimodular on R and its argument is an increasing
function, the z-derivative of 0 is always co-linear with i0. Since

O(t,N(t)) =1 and 0(t,D(t)) = —1,

D'(t) =

the previous two equations imply that N'(t) and D'(t) are negative for the
positive eigenvalues and positive for the negative ones. This simple obser-
vation implies the known fact that the points of oyn and onp tend to zero
momnotonously as t — oo.
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When a in (4.2) is unimodular but not equal to £1, the point a(t) is an
etgenvalue for the Neumann condition at 0 and some other self-adjoint con-
dition at t, different from Neumann or Dirichlet. Notice that in this case
the function f does not disappear from the numerator in (4.2) and the mov-
ing eigenvalue changes direction when it reaches the point —f(t)(1—a?)/2ia
(note that this number is real for real f and unimodular a). This interesting
dynamics of Dirac eigenvalues, viewed as level sets of Dirac inner functions,
deserves a separate discussion which we hope to undertake elsewhere.

Let again z(t) be a continuous curve such that 6(t, z(¢)) = 0. Our next goal

is to study the change of derivative 0, at the zero z(¢). Using (4.1) and (4.2)

we obtain J

g0 (1 2(1) = 08, 2(8)) + 02 (8, 2(2)2'(¢) =
02(t,2(t))

These formulas will prove useful to us in Section 7.

2i20.(t, 2()) + f(t) (4.4)

5. SCATTERING FUNCTIONS AND NLEFT

Closely related to the Hermite-Biehler functions E(t, z) and E(t, z) corre-
sponding to the Dirac system (1.1) are the scattering functions

E(t,z) = e E(t,z) and £(t, z) = e E(t, 2).

Without going into a discussion of the physical meaning of the scattering
model, let us recall that e ** is the Hermite-Biehler function of the free
system and note that the functions £(¢, z) and £ (t,z) represent the propa-
gation of a wave (signal) up to time ¢ in the system described by (1.1) and
return of the same wave in the free system.

Note that scattering functions £ and € satisfy the equation
0 i O
B — vz —E frmd
até’(t, 2)=1i2E(t,z) +e o (t, 2)
= f(t)e¥*ER (L, 2). (5.1)

Further, for each ¢t > 0 define entire functions a(t, z) and b(t, z) as

at,2) = D TIEGD g ) it ),
- . (5.2)
E(t,z) —iE(t,z) €™

b(t,z) = (E(t,z) —iE(t, 2)).

2 2
(Note that our notations are slightly different from those in [29] where a
stands for a* in our definitions.)
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Using (5.1), or (2.5) for E and E, one can show that the matrix

a*(t,z) b#(t,z
a9 = (s i)

satisfies the differential equation

—2izt
Gy = <e2i2?f(t) ‘ Of(t)) G
with the initial condition G(0,z) = I. One can deduce from the IVP that
det G = 1 for all ¢t and z, which also follows from (5.2) and (2.1). Since
det G = |a>—|b]> =1 on R, |a| > |b| on R. Since both £(t, z) and £(t, z) are
functions of Smirnov class in Cy for each fixed ¢, so are a and b. Moreover,
it is well known and not difficult to show that a is outer in C;. Since
detG = |a|> — |b]> = 1 on R, |a/b| < 1 on R. Hence a/b is a bounded
analytic function in C4, |a/b| < 1. As was noticed in [29], since |a|? = |b]?+1,
a(t,0) > 0 and a is outer in C4, a,b and G can all be uniquely recovered
from a/b.

It is well known that under the restriction f € L?(R, ) the scattering matrix
=
f =G(c0,2) = lim G(t,z2)
t—00
exists, at least in some sense. In the discrete case discussed in [29] the con-
vergence is proved with respect to a metric on the unit circle (which replaces
the line in the discrete situation), see Lecture 2. Normal convergence in the
upper half-plane is established in [9] in the equivalent settings of Krein sys-
tems in Chapter 12; for the scattering functions € and € corresponding to
Dirac systems it follows from the relations established in Chapter 14 [9].
Normal convergence in C; for for a and b then follows from (5.2).

Note that since log |a(t,-)| is a non-negative function on R, convergence of
its Poisson integral at z = i is equivalent to the convergence of log |a(t, )|
in L!(II). For log, |b] = max(log|b|,0), since [b]* = |a|* — 1, it also implies
convergence in L'(IT). Note that for a family of functions from Smirnov
class pointwise convergence in C to a non-zero function from Smirnov class,
under a restriction that the outer part is positive at a fixed point, implies
pointwise convergence in C; for their outer and inner parts. Convergence
of the outer parts of b at i together with convergence of log, [b| in L!(II)
implies convergence of log_ [b| = log |b| —log, |b|, and therefore convergence
of log |b|, in L'(IT). For the inner components of b, pointwise convergence
implies convergence in measure on R. All in all, we obtain that a and b, and
therefore £ and &, converge in measure on R.

All of the functions a(t,z), including the limit function a = a(oo, 2) for
t = 00, satisfy the non-linear version of Parseval’s identity

1oglat, )| 11wy = |1 £l72(0,): (5-3)



14 A. POLTORATSKI

which was known in various forms for many decades, see [9, 19, 29] for proofs
and further references.

In this paper we pay special attention to the function b(¢, z)/a(t, z) and its
limit at infinity. Let us denote

A b(oc0, 2)

f(Z) - a(oo,z).
If fp is the restriction of the potential function f to the interval (0,7
(extended by 0 outside of the interval) then

A b(T, z)

fT(Z) - a(T, Z).

There is abundant evidence that various versions of the scattering trans-

A~ A
form, including f and f, can be viewed as non-linear analogs of the
Fourier transform, see for instance [19, 27, 28, 29] for a discussion and fur-

X
ther references. The transform f — f we are about to study shares the
modulation/shift property and the rescaling property with its linear prede-

A
cessor. Parseval’s identity in terms of f takes the form

1 A
5 llog(1 — [ f ) llrw) = 1172y

The analogy extends further by the property that the transform of a func-

A
tion f supported on a half-line produces a function f holomorphic in the
upper half-plane. As was mentioned before, the pair of functions (a,b), and

A
therefore the matrix GG, can be uniquely recovered from f since a is an outer
function in C4 which has absolute value

1
Vi-|f2

A
on R and is positive at 0, and b=a f .

jal =

In this paper we prove the following analog of Carleson’s theorem:
Theorem 1. For every real f € L*(Ry),

fT(s)—> f(s) as T — oo

for a.e. s € R, where fr denotes the restriction of f to the interval (0,T).

We actually prove a slightly stronger statement that for a.e. s € R and any
C >0,

A A
sup | fr(z)—= f(s)] = 0as T — oo,
|z—s|<C/T
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see Section 12. Such convergence is established for |E|, |E| and log |a|.

6. UNIVERSALITY-TYPE RESULTS

In this section we show that if the spectral measure of a chain of de Branges
spaces satisfies the Szegt condition, then near almost every point on the real
line the scaling limits of the reproducing kernels are equal to the sinc func-
tions, the reproducing kernels of the Paley-Wiener space. Similar problems,
motivated by universality results in random matrix theory, were previously
studied by Lubinski [14] for spaces of polynomials an by Mitkovski [17] for
de Branges spaces. In particular, an analog of Lemma 4 below was proved
in [17] for points s of continuity of density of a regular spectral measure.

We keep our notations of p and fi for the spectral measures of the Dirac
system (1.1) with Neumann and Dirichlet boundary conditions correspond-
ingly; w and w denote the densities of the absolutely continuous parts of the
measures:
dp = wdx + dps, dip = wdz + djis.

By K(t, A, z) we denote the reproducing kernel of the space B(FE(t,z)) for
the point A. All our statements can be similarly proved for the reproducing
kernels K (t, A, z) of B(E(t, z)).

We use the notations || - ||, and || - ||2 for the norms in L?(x) and in L*(R).
For an absolutely continuous measure p, dy = w(x)dz, we use || ||, in place
of [ {] -

For a Poisson-finite measure 4 on R we denote by Pu its Poisson extension
to the upper half-plane

. 1 ydu(t)
P =— | ———— .
plw +iy) 77/(x—t)2+y2
For x € R let I'(z) be the non-tangential sector
I'(z) ={z€Cy | |R(z —2)| < z}.

For any function ¢(z) in C4 we denote by M¢ its non-tangential maximal
function on R:

M¢(z) = sup |¢(z)].

z€l(x)
Thus M Py will stand for the maximal function of the Poisson extension of
Lb.

For s € R and C' > 0 we will denote by Q(s,C) the square box centered at
s:

Q(s,C) = {IR(z —5)| < C, [Sz[ < C}.
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The proximity of reproducing kernels K (¢, z, -) to sinc functions Sinc(t, z, -),
defined in (2.3), will be studied on boxes Q(s, C'/t) whose size decreases with
time.

We start with the following statement.

Lemma 2. For almost all s € R and any C > 0,

w(s)IK (22 1) _ o) (6.1)

sup :
z€Q(s,C/t) < ||Slnc(t’ Zy )||§

ast — oo.

Proof. Recall that

HK(t?Z? )HN = sup ‘f(Z)’
FePWy, |If]lp<1

and

||Sinc(¢, z, -)||2 = sup |f(2)].
FePWy, |If]l2<1

The relation we need to establish therefore becomes
Vw(s) sup |f(2)] = (1+0(1)) sup |f(2)]- (6.2)
fePWy, [|fll.<1 FePWy, ||f]l2<1

Let us first prove that the left hand side of (6.2) is no greater than the right
hand side for some choice of o(1).

Let G be an outer function in C; with |G|*> = w. Suppose that the non-
tangential limit G(s) exists at s and |G(s)| = \/w(s). Multiplying G by a
unimodular constant, we can choose G so that G(s) = y/w(s).

Due to the weak-(1,1) type of the non-tangential maximal operator, the
function R = /M Plogw is locally summable and we assume that s is its
Lebesgue point.

In this part we will assume that G(s) = y/w(s) = 1 (otherwise, since w(s) #
0 for a.e. s, we can divide w by w(s)). Notice that since || f||, > || f||w»

sup — |f(z)| < sup [f(2)],
FEPWy, |Ifllu<1 FEPWy, [|f|lws1

and it is enough to show that the last supremum is less or equal to the right

hand side of (6.2).
Put
Gt:G<s+Z;S>.
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For each t > 0 choose a point z; € Q(s,C). Then

€ Q(s,C/t).
Using that ||f||w = || fG]|2 and rescaling, we obtain

f(s+Z;S>:\/i sup £l

fEPWL, ||fGi]l2<1
The inequality we need to establish for every choice of z; € Q(s, C') becomes

sup [f(z0)] < (1 +o(1)) Dy, (6.3)
fEPW1, |[fGrll2<1

Zt — S
s+

sup
FePWs, |Ifllw<1

where

Dt = sup |f(Zt)|
fePWy, ||fll2<1

Suppose that f, is a sequence of functions from PWj such that

anGanQ <1
for some k,, — oo but
fn(zkn) > Dkn +e.
Notice that all the points zj, belong to Q(s,C) and therefore, by choosing
a subsequence if necessary, we can assume that z;, — 20 € Q(s,C). Let

D= suwp  [f(z0)l-
fePwi, [|fll2<1

Then Dy, — D.

Leg gn = € fnGy,,. Then all g, are H?(C)-functions of norm at most 1.
By choosing a subsequence if necessary, we can assume that g, converge to
some g € H? weakly in H? (and therefore pointwise in C, ).

Then ||g||2 < 1. Notice that since G(z) — 1 as z s Gy —last— o0

normally in C;. Therefore, the sequence e%*f,, converges to ¢ normally in
Cy.

Similarly, by choosing a subsequence if necessary, we can assume that e =% f,
converges normally in C_ to some analytic function g_ € H?(C_).

Recall that s is a Lebesgue point of /M P logw. Therefore, for an arbitrary
large constant L and every n we can choose ¢, L < ¢, < 2L, such that
Plogw is uniformly bounded on the union of the lines z — s = +¢,/ky,.

Let us consider a square R, whose sides lie on the lines 8z = ¢, and
R(z — s) = £c,. On the vertical sides of R,

because '
e fnGr, |2 <1
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and, by the choice of ¢, |G, | > 6 > 0. Hence, on the vertical sides of R,,
| fa(s£cn+iy)| <1/6+/]y]. From normal convergence of f,, in C and these
estimates, we obtain dominated convergence for Cauchy integrals for points
inside

R={|Rz| < L/2,|S(z — s)| < L/2}
and conclude that f,, converges uniformly on any compact inside R. Since
L can be arbitrarily large, it follows that f,, converge normally in C.

Since a normal limit of a sequence of entire functions is entire, the function
H defined as e~**¢g in C, and as ¢”*g_ in C_ extends to an entire function.
The property that g and g_ belong to H2(C4.) implies that H € PW;. From
normal convergence of f, to H it follows that

|H(20)| = lim | fn(2x,)| > Um Dy, +e =D +e.

Since ||H||2 = ||g||2 < 1 we obtain a contradiction.

To prove that the left hand side of (6.2) is no less than the right hand side,
let now z; be a point in Q(s,C/t) for each t. Notice that

s¢(x) = |Sinc(t, 2, 2)|*/||Sinc(t, 2, -)| |3
is an approximative unity at the point s and therefore

[ st@ldn(o) ~ w(s)
for a.e. s. Since Sinc(t, z¢,-) € PW4,
1K (820l = K (8 20, 20) >

> [Sinc(t, 21, 20) /IS, 2, )| |u]* =

= [Sinc(t, 2, z))*/ <]|Sinc(t,zt,-)|]§/stdu> >

> [Sinc(t, 2, 2)]?/ (]ISinc(t, 26, )3 (w(s) +0(1))) =
= [[Sinc(t, 2, -)|[5/(w(s) + o(1)).

=o(l) ast — ¢

O

From the asymptotic proximity of norms we can now pass to the proximity
of functions themselves.

Lemma 3. For a.e. s€ R and any C >0

2
=o(t) (6.4)

sup K(t,z,-) — Sinc(t, z, )

z€Q(s,C/t)

1
w(s)

ast — oo.
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Recall that w(s) # 0 at a.e. s and therefore the formula above makes sense
for a.e. s. We denote by < -,- >,, the inner product in L*(y).

Proof. Let z; € Q(s,C/t). Using the notation s; from the proof of Lemma 2,

1 1
< K(t,z,-) — w(S)Sinc(t,zt, D, K(t, 2¢,+) — @Sinc(t,zt, ) >u=
||Sinc(t, 2, )3 2 .
= K(t, Zt,Zt) + ’11)2—(8) std,u, — w(s) SlnC(t, zt,zt) =
1
= K(t,z,2t) — () Sinc(t, 2, z¢) + o(]|Sinc(t, 2, )H%)
Since
Sinc(t, 2, z) = ||Sinc(t, 2, -)||3 < t,
the statement follows from Lemma 2. O

From the L2-approximation of the kernels we now pass to the uniform ap-
proximation near s.

If I is an interval on R and C' > 0 we denote by C1 the interval with the
same center as I of length C|I|.

Lemma 4. For a.e. s € R and any C > 0,

sup K(t,\ z)—

Sinc(t, A, 2)| = o(t) as t = . (6.5
2\,z€Q(s,C/t)) w(s) ( ) ( )

Proof. Let zx € Q(s,C/t)). Let G again be an outer function satisfying
|G|?> = w. Define A(t,z2) as

Aty z) = K(t,z,2) — sz)Sinc(t,zt,z).

Then, by Lemma 3, for F(t,2) = e®*G(2)A(t, z) we have

1t )7 = oft).
From the strong L? type of the non-tangential maximal operator M it follows
that

IME(, )5 = o).

We will denote by I; the interval Q(s,C/t) NR. Consider the set 51; \ 31;
which is a union of two intervals J! and J2. On two-thirds of each of J}
and JZ,

2
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We denote by S} and S? the subsets of J} and J? correspondingly where
this inequality is satisfied.

Once again we notice that the function R = /M P log w is locally summable
and assume that s is its Lebesgue point.

It follows that for sufficiently large t there exist points 1,2 in S}, S?
correspondingly such that R(zy) < 2R(s) and therefore

A(t, 2)| < 2e3C 2B M F (23) = o(t),
e oo AN S 20O = o0

where the right hand side does not depend on a particular choice of z; €
Q(s,C/t)). In particular, the last inequality is satisfied on the part of the
boundary of the rhombus

C \ Umg(m,mﬁ(rx U fa;) (66)

in Cy. Since A is a real entire function for each fixed ¢, the last inequality
must also be be satisfied on the boundary of the rhombus in C_, and there-
fore inside the rhombus. It remains to notice that the rhombus contains the

box Q(s,C/t)). O

7. BACK TO F

From the estimates of reproducing kernels obtained in the previous section
we now obtain estimates for the Hermite-Biehler functions E and E. Recall
that E = A —¢C and £ = B —iD for

A(t,z) = u(t,z), B(t,z) =v(t,z), C(t,z) =1u(t,z) and D(t,z) = (¢, 2),

() s (1)

are Neumann and Dirichlet solutions of (1.1).

< &

We denote by D(t, A, z) and R(t, A, z) the numerators of the kernels K (¢, A, 2)
and Sinc(t, A, z) correspondingly:

B At,z) AN\ 1 E(t,z E(t,\)
D(t, A, z) = det (C(YZ 2) C(ta)‘)> = 2—Z,det (E#(t, ) EE( 5\)> , (7.1)

costz COStA\
sintz sint\ /)

R(t, A\, z) = det (

= costzsint\ — sintz costA = sin[t(\ — 2)].

Lemma 5. For a.e. s € R and any C > 0,

sup D(t,\, z) — R(t, N\, 2)| = (7.2)

A,z€Q(s,C/t)

b
w(s)
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1 _
= sup D(t, )\ z) — sinft(A — 2)]| = o(1
- (t, A, 2) ) [t(A = 2)]| = o(1)
as t — oo.
Proof. Note that
1 1 -
D - — =K - S — 2.
(t, A\ 2) w(s)R(t’)\’ 2) ’ (t,z,\) w(s) Slnc(t,z,)\)’ A —z|

Now the statement follows from Lemma 4 because |\ — z| < 1/t for A,z €

Q(s, C/).
O

The last lemma admits the obvious self-improvement: one can allow the
size of the box @ tend to zero slower than 1/t.

Corollary 1. For a.e. s € R there exists a function C(t) > 0,C(t) — oo as
t — o0, such that

sup D(t,\, z) — R(t, A\ 2)| = (7.3

A2€Q(s,C() /1) ) w(s) ( )

= sup D(t, A\, z) — ——sin[t(A — 2)]| = o(1
A2€Q(s,C(1)/1) ( ) w(s) g ) )

ast — oo.

We can now proceed to the approximation of the Hermite-Biehler function
FE near s in the case when s is close to a resonance.

We define Ty(s,C') C Ry as the set of all ¢ for which Q(s,C/t) contains a
zero of E(t,-). Here C' can be a constant or a function of ¢.

Lemma 6. For a.e. s € R such that Ty(s, D) is unbounded for some con-
stant D > 0 there exists C(t) > D,C(t) — oo as t — oo, with the following
properties.

Consider a continuous function z(t) = x(t) —iy(t) on To(s,C) such that for
each t € Ty(s,C), z(t) is one of the zeros of E(t,-) in Q(s,C(t)/t). Then

sup E(t, z) — a.\@
2€Q(s,C(t)/t) Vw(s) sinh[2ty(t)]

as t — oo, t € To(s,C) for some unimodular continuous function o =
a(s,t).

sinft(z — z(t))]| = o(1), (7.4)
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Proof. Let s and C1(t) be such that (7.3) is satisfied (with C' = C}).

Since E = A — iC vanishes at z(t),
A(t,z(t)) =iC(t,2(t)) = B
and
D(t, z(t),w) = pC(t,w) + iBA(t,w) = iSE(t,w).
Hence, iBE(t,w) satisfies

iBE(t,w) —

sup
wEQ(t,Cl/t)

by Corollary 1.

1 .
iy Sl = (0] = o(1)

Let us first establish (7.4) for Q(s, L/t) with a constant L > 2D in place of
C(t). On one hand, from the last equation for all z,w € Q(s, L/t),

det( iBE(t, 2) iBE(t, ) )
—iBE*(t,z) —iBE¥(t,w)

(
1 sinft(z — z(t))] sin[t(w — 2(t))]
Wdet<. : )) o(L)(t, 2,w) =
(

sin[t(z — z(t))] sin[t(w — z(t))]

[cos[t((z — w) = 2iy(t))] — cos[t((z — w)] + 2iy())]+

+o()Y1(t, z,w) = P sin[2ity(t)] sin[t(w — z)] + o(1)1(t, z,w), (7.5)

as t — oo for some bounded function ;. On the other hand, by (7.1) and
Lemma 5, for a.e. s, any z,w € Q(s,L/t) and t € Ty(s, L),
20 E(t,2) E(t w)
— t(w — = det ; 1 t
) sin[t(w — z)] e (E#(t, 2 E*(tw) +o(1)ya(t, 2z, w)

as t — oo for some bounded function ),.

Comparing the last two equations we obtain
2|81%w(s) = (1 + o(1)) sinh[2ty(t)]
as t — o0, t € Ty(s, L).

Altogether,
ay/2
sup |E(t,z) — sinft(z — z(t))]| = o(1)
2€Q(sL/1) Vw(s) sinh[2ty(1)]

for some continuous unimodular « as t — oo, t € Ty(s, L).

Once again, considering larger L the statement can be improved from con-
stant L to L(t) — oco. The function C from the statement can be chosen as
L/2.
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O

Let Q+(s,C) = Q(s,C)NCx. In terms of Dirac inner functions (¢, z) the
last Lemma can be reformulated as follows

Corollary 2. If s,C,« and z(t) are from (7.4) then

su z —@2M -0
Z€Q+(£C/t) (%, 2) sin[t(z — z(t))] (1) (7.6)

ast — oo,t € To(s,C).

We obtain the following property of resonances for Dirac systems (1.1).

Corollary 3. Let C' be an arbitrary positive constant. The set of all s €
R for which Q(s,C/t) contains a zero of E for all sufficiently large t has
Lebesgue measure zero.

Although we will need this statement as an intermediate step, it will even-
tually be improved from ’for all sufficiently large ¢’ to just ’for arbitrarily
large ¢’

Proof. Let 3, |X| > 0, be a set of s such that for some T'(s) > 0, Q(s,C/t)
contains a zero of F for all ¢ > T and (7.4) holds for all s € ¥. By Lusin’s
theorem we can assume that 7'(s) = T and o(1) are the same for all s € X.
Suppose that for all s € ¥ the left hand side of (7.4) is less than ¢ for t > T
for some Ty > T and some small € > 0 to be specified later. We can also
assume that w(s) < D < oo for all s € 3.

Let n be such that 2™ > Tj. Let us consider a cover of index 2 of the set X
with intervals of length 2-("*2). The equation (7.4) shows that for ¢ = 2
and for t = 2"*1 the functions E(2", z) and E (2"} ) are approximated on
those intervals by sines with frequencies 2" and 2"*! respectively. It follows
that on each of the intervals

[|E(2", z)| — ]E(Q”“,x)H >0>0

on at least 1/100-th of the interval for some small ¢, if € is small enough.
Since the intervals cover ¥ with index 2, the last inequality holds on a set
of measure at least ﬁ|2|. Since n can be chosen arbitrarily large, this
contradicts to the convergence of |E(t,x)| in measure on R. O

For two complex numbers z = x + iy and w = u + iv, Proj,w stands for
the complex number p + ig such that the vector (p,q) is the orthogonal
projection of (u,v) onto the direction of (z,y).
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Lemma 7. Let s,C(t), D and z(t) = z(t) —iy(t) be like in Lemma 6.

There exists T > 0 such that for every interval [t1,t2] C To(s, D) N [T, 00),
a = afs,t) from (7.4) satisfies

as,t) = e, (7.7)

on [t1,ta], where 1 is a function on [t1,ts] such that

(z2) — $(a1)| < 2cosh D / oL

for any t1 < x1 < 29 < to.

Proof. Since the two functions in the left hand side of (7.4) are close on
Q(s,2D/t) for large enough ¢, by the Cauchy estimates their derivatives
inside Q(s, D/t) must be within o(¢) from each other. Their absolute values
at Z(t) are = 1 and within o(1) from each other. The argument of the second
function at z(t) is —7/2 and the argument of F is within o(1) from —m/2
(mod 27). Noticing that

stz — () Dlemsiy = > 0,
we see that argia?6,(t,z(t)) = o(1) (mod 27). Hence o = a(s,t) can be
changed to satisfy

10, (t, 2(t)) = 1. (7.8)

The rest follows from the equation (4.4) for 6,(t, z(t)). Indeed, first note
that

. 0
Proj ig. (1,2()) 5,0%(t 2(1))

is the component of the vector

0
&ez(tv Z(t))

responsible for the change of the argument of §,. The equation (4.4) shows
that

. 0
Proj g, (1,2() 5,02(t,2(8)) =

0:(t2(1) = (1 + o)t s T

and
9 —2cos[2itIz(t)]

ba(t,2(0) = (L4 o) o s
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Hence
|A(t)] < 2cosh[ty(t)] + o(1) < 3cosh D

for large enough t. Now the statement follows from the equation
g +2arga(s,t) = —arg0,(t, 2(t))

which is implied, for properly chosen continuous branches of argument, by
(7.8). O

Consider again the box Q(s,C/t) from Corollary 1. Recall that we denote by

To(s,C) the set of ¢ such that Q(s, C/t) contains a zero of E(t,-). In Lemma
6 we used Corollary 1 to obtain approximations for E for ¢t € Ty(s,C') Let
us now discuss the case when (7.3) holds but t & Ty(s,C), i.e., Q(s,C/t)
does not contain a zero of E(t,-). Our goal is to show that then E can be
approximated by an exponential near s, see Corollary 4 below.

Let I; = RNQ(s,C/t). For z,w € I one can interpret D(t,z,w) as a scalar
product of two R2-vectors and write (7.3) as

D(t,z,w) = (A(t,a:),C(t,x))T (Clt,w),—A(t,w)) =

- wzs) sinft(w — 2)] + o(1)(t, ), (7.9)
as t — 0 for some uniformly bounded . Let us consider two fixed values of
w in I, wy and wy = wy + m/2t. Since the last formula must hold for both
w2 and every x € I;, we obtain that the vector-function (A(t,z),C(t,z))"
is within o(1) from a 27 /t-periodic function whose modulus is bounded away
from zero for large enough ¢ on I;.

Then there exist points xg and z1 on I; such that E(t,z¢) is positive and
E(t,z1) is negative imaginary. Then A(t,xo) = 1/y/w(s) + o(1), C(t,x0) =
0, A(t,z1) =0 and C(t,z1) = 1//w(s) + o(1). Using (7.3) with D(t, z, z¢)
and D(t,z,x1) we see that C(t, z) is within o(1) from

1

w(s)

sin[t(z — x0)]

and A(t,z) from

e cos[t(z — x2)]

on Q(t,C/t), where zo = x1 — /2. Therefore E(t, z) is within o(1) from

(cos[t(z — z2)] — isin[t(z — x0)])

1
Vw(s)
on Q(s,C/t).
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Let ¢(x) = arg E(t,z) and let J; = (s — 4n/t,s + 4w /t). Notice that if
|zo — x| > 9 mod 2, then
Suth ¢/
iant (25/
for some € = £(6) > 0. Since C(t) — oo, Lemma 1 implies that for large ¢

there is a zero of g, in Q(s,C/t), which contradicts our assumption that
t & To(s,C). Hence, |r2 — zo| = o(1) mod 27 and E(t, z) is within o(1)

from
B(t )
( ) e—ztz

>1+¢

on some Q(s,C1/t), Ci(t) — oo, for some 5(t), |B(t)] = 1.

Let z(t) = u(t) —ip(t). Then for the second function in (7.4) we have

iz )

/w(s) sinh[2tp(t)] sinft(z — z())] =
v -
= s T ) =

V2

Vw(s) sinh[2tp(t)]
Notice that

[sin[t(z — u(t))] cos[itp(t)] + sin[itp(t)] cos[t(z — u(t))]] .

.L cositp(t)] — 1 and L sinfitp(t)] — —i
sinh[2¢p(t)] sinh[2¢p(t)]
as p(t) — oo and therefore the second function in (7.4) tends to
_ia(t) itz
w(s)

which is within o(1) from E on Q(¢,C4/t) if we put o = i/5.

Summarizing the above discussion we see that (7.4) holds not only for ¢ €
To(s,C), for which z(t) in (7.4) can be chosen as a zero of E in Q(s, C/t) (or
a point close to zero as in Lemmas 9 and 10 below), but for all ¢ with some
z(t). When t &€ Ty(s,C), 2(t) in (7.4) needs to satisfy Jz(t) > C/t, in which
case the approximating function is close to an exponential on a smaller box.

We obtain the following

Corollary 4. 1) For a.e. s there exists C(t) > 0,C(t) — 0o ast — oo, and
z(t) € C_ such that

2
sup |E(t,z) — ov2

sin|t(z — z =o0(1 7.10
#€Q(e.Ct) e e O =) (710
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for some a = a(s,t), |a] =1 ast — oco. Fort € Ty(s,C), z(t) can be
chosen as a zero of E(t,-).

2) If (7.10) holds for some s € R and some C(t) > 0,C(t) = 00 ast — oo
then for any constant D > 0,

E(t,z) — Aem

=o(1 7.11
e = o) (.11)

sup
2€Q(s,D/t)

ast — o0, t & To(s,C).

8. JOINT APPROXIMATIONS FOR E AND E

Approximations obtained for the Neumann family of Hermite-Biehler func-
tions E(t, z) in the previous section are also valid for the Dirichlet family

E(t, z). It will be more convenient for us to use cosines instead of sines for

E, which corresponds to the substitution of z(¢) with z(t) + 7/2¢ in the last
statement.

In this section we establish relations between the parameters of the two
approximating functions.

We denote by v(p) the function

7(p) = V2/+/sinh[2p].

Lemma 8. For a.e. s there exists C(t) > 0, C(t) — oo with the following
properties.

For every t > 0 there exist z(t) = u(t) — ip(t),z2(t) = a(t) — ip(t) and
a(t) = afs,t) such that p(t) > 0, |a(t)| =1 and

sip |B(t2) — o) X s - z(t))]' — o(1)
z€Q(s,C/t) w(s)
and
= v(ty(t))

sup  |[E(t, z) — a(t)
2€Q(s.0/1) w(s)

as t — oo. The function p(t) satisfies p(t) > C(t) for t & To(s,C) and
p(t) < C(t) fort € To(s,C); u(t) and u(t) satisfy

coslt(a(t) — u(t))] = Vw(s)w(s).
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Proof. Applying Corollary 4 to F and then to E we obtain that for a.e. s,

sup |B(t,2) — B LD (42 — e4))))| = o(1) and
2€Q(s,D /1) w(s)
) (8.1)
sup | B(t,2) — 66 22D ooz é(tm]‘ — o(1)
2€Q(s,D /1) w(s)

on Q(s,D/t) for some £(t) = xz(t) — iy(t), &(t) = &(t) — if(t), any fixed
constant D > 47 and unimodular 3(t), ().

If the approximating functions from (8.1) are plugged into the determinant
(2.2) in place of F and F we get
Y (ty ()t () :

(55 (5) (B0 sint(z — &(t))] cos[t(z — £())]— (82)

B sin(t(z — £(1))] cosft(z — £(t)])-
Notice that (8.1) imply that |E|,|E| are bounded on Q(s, D/t) uniformly

with respect to ¢, which implies that the expression in (8.2) is within o(1)
from the determinant in (2.2) on Q(s, D/t).

For z = z € R, (8.2) becomes

_9ig (Wy(t)”(@“” B3 sinft(x — &(t))] coslt(a — E(tm) -

w(s)w(s)

i (’y(ty(t))v(tz](t)) 51
w(s)i(s) 2

Suppose that ¢|g(t) — y(t)] > A > 0. Then for a fixed ¢, with the first sine

being constant, the second has absolute value > sinh A and its argument

grows by more than 27 on I; = Q(s, D/t) NR. Hence the expression cannot

be within o(1) from 2 on I;. This shows that ¢|y(t) — y(t)| = o(1). Hence

we can replace §(t) with y(t) so that (8.1) still holds (with a different o(1)).

In the case £(t) € Q(s, D/t), setting z = £(t), £(t), we obtain the following
equations from (8.2):

w2<6>fu<> cos[t(#(t) — x(t))] = 2i + o(1) and
wiiff_p(s) cos[t(Z(t) — ()] = 2i + o(1).

From these equations we see that the unimodular constants must satisfy
Bo =1+ 0(1) and put a(t) = S(t) = 6(t) + o(1).
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Calculating the absolute values on each side of either of the equations we

obtain
cos[t(Z(t) — z(t))] = Vw(s)w(s) + o(1)

to see that Z(t) and x(t) can be changed into @(t) and wu(t) respectively to
satisfy the equations of the Lemma.

We obtain the statement with a constant D in place of C(t). Since D can
be chosen arbitrarily large, standard argument allows us to improve the
statement to C(t) — oo. O

Remark 3. It is well known (Alexandrov-Clark formulas) that for a certain
bounded analytic function ¢ in Cy, ||¢|]Hoo <1,

O PN 0 1— () ?
ws) = T g@E ™ = 77 o6) |2 A Vwls)Bls) = 7= g < b

One can see that there always exists 0 such that cosd = y/w(s)w(s). In the
last statement uy and uy = ug + 0/t satisfy

cos[t(ty — ug)] = cosd = Jw(s)w(s).

Because of periodicity one can assume that |0| < 5. Recall that for almost

all s € R, \Jw(s)w(s) # 0 and 6 can be chosen so that |§| < §

In Lemma 6 the approximation of E by a sine was constructed so that
one of the zeros of F was also a zero of the approximating function. In
some of our future calculations it will be more convenient for us to choose
the approximating functions so that their values at s coincided with the
value of the approximant. Our next Lemma states that it is possible to
achieve such an approximation simultaneously for E and E while keeping
the relations between the parameters of the approximating functions from
Lemma 8.

Lemma 9. Suppose that s € R and C > 1 is a constant. Suppose that

Vw(s)w(s) # 0.
There exists g > 0 such that for any € < g the following holds.
If

E(t,z) — O‘Zf(ys)) sin[t(z — (z — iy))]| < e

and

cos[t(z — (T —1y))]| < ¢
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on Q(s,3C/t) for some t > 0,z,%,y € R, a € C, satisfying 1 < ty <
2C, |a] =1 and

- g <tHF—w) < g cos[t(@ — z)] = v/w(s)d(s), (8.3)

then there exist /', 2’ & € R and o € C, |d/| =1, satisfying
[ta’ —tx| + |t7' —tZ| + |ty —ty| + |’ —a| < De, T —2 =7 —2/,
for some constant D = D(C,s) and such that

Bt s) = o' 29 Gntt(s — (of — i) and
w(s()) (8.4)
E(t,s)=d ’wa(s cos[t(s — (7' —iy))].

Proof. Put

/ (s) sin[t (x —iy))]
(s) cos[t (z —1iy))]

Note that under the restriction t]:n x| <m / 2, f is not constant. Denote by
J the middle third of I = Q(s,3C/t) NR.

Note that
|E(t,s)/E(t,s) — f(s)| < 2

for all s € J, if g9 is small enough. Under the restriction imposed on
y, |f'(z)/t| and |f”(z)/t?| are bounded and bounded away from zero in
1/2t-neighborhood of J for large enough t by constants depending only on
Vw(s)/w(s). Hence, for small enough ¢, there exists D; > 0 such that in the
disk B(s, D1e/t), f takes all values from B(f(s),2¢). Let a € B(f(s), 2¢) be
such that f(a) = E(s)/E(s). Then &’ = i4+R(a—s), ' = 24+ R(a—s), ¥ =
y — S(a — s) will satisfy

_ w(s) sinft(s + (2’ + iy'))]

BOVEC) =\ ws) coslts + @ + )]
Recalling that F, E satisfy (2.2), this implies that
IB(s)] = ij’()s) sinft(s + (& + i9))]
and
B(s)| = \}@%) cos[t(s + (% + iy))]

in addition to
arg L?(s) ~ arg sinft(s + (z + iy))] .
E(s) cos[t(s + (Z + iy))]
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Hence (8.4) will hold with some o, |o/| = 1. Then |a — /| < e will follow
automatically form the inequalities in the statement.

O

It will be convenient for us to restate the last lemma without ’¢’:

Corollary 5. For a.e. s € R and t > 0 there exist positive functions
C(t), C(t) = oo, P(t),¥(t) — 0 as t — oo, real functions x(t),z(t),y(t)
and a complex function «(t) € C, satisfying

1)
sup (Bt 2) — QW) b ) —ie))] < ) (8.5)
2€Q(s,3C(1)/1) w(s)
and
sup E(t, z) — a(t)ny(y(t)) cos[t(z — (Z(t) —iy(t)))]| < ¥(t). (8.6)
2€Q(5,3C(1) /1) w(s)
2)
—g < HE() — (1)) < g cos[t(E(t) — z(t))] = Vw(s)w(s), and |a(t)| = 1.
(8.7)
3) For large enough t for which 1 < ty(t) < 2C(t),
Blt,s) = Wsinws — (w(t) — iy(6)] (5.5)
and . .
Bt 5) = LI el (3(0) - (0] (39)

Let 0 < 0 < 1 be a small number. We will say that an interval ] C Ry is a

o-interval for f if
1—0 .

As one can see from the definition, a o-interval is an interval where f has
‘almost’ the same sign, which leads to limited cancellation in [ ; f- Note
that for a locally summable f almost every point where f = 0 is a Lebesgue
point and therefore has a neighborhood which is a o-interval.

For the rest of the paper we consider o-intervals for the potential f with a
fixed a small positive o < 1/100, whose exact value is unimportant.
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In our next statement we show that the approximating functions can be
chosen so that their zeros move in the same way as the zeros of E and E as
t changes over a o-interval, while the values of approximating functions at
s remain equal to E(s) and E(s).

Lemma 10. For almost every s € R there exists C(t) > 0,C(t) — oo and
P(t) > 0,9(t) = 0 as t — oo such that the following holds.

Let (t1,t2) C To(s, C(t)/t), toa —t1 < Mﬁ be a o-interval such that

to 1
< —,
[ i<

1

and C(t) > 107 for t > t1. Let A be a constant 8t < A < C(t) for
t > ty. Let & be a zero of E(t1,z) in Q(s, A/t1) which moves inside Q(t, A/t)
continuously to & as t changes from t1 to to (&2 is a zero of E(te,z) in
Q(s, A/ty)). Let £1,& be similar zeros of E inside Q(t, A/t). Assume that
e SEr, tuSEL > 2 fork=1,2.

Then the zeros of E and E change in similar ways as t changes from ty to
t2;

(62— &) — (& — &) < ()& — &l
and there exist real constants y, , x4, ,Tt, and complex oy, , k= 1,2, such
that
1) try, > 1 and (8.7) holds for t =ty, for k =1,2.
2) (8.5) and (8.6) hold for t = t;.
3) (8.8) and (8.9) hold fort =t1 and t = ts.

4) As t changes from t1 to ty the zeros of approzimating functions change
similarly to the zeros of £ and E, i.e.,

(e, + iyr,) — (e, +iysy)] — [§2 — &l < ¥(0)[§2 — &
and
[, + iyes) — (Foy +iy)] — [S2 — &) | < (1)l — &1,

Proof. Assume that s is such that the conclusion of Corollary 5 holds. Then
Yty.» Tty , Tty and ay, satisfying 1), 2) 3) exist.

Let S(t,z) be the solution to the equation (2.5) for t € [t1,t2] with the
initial condition

) iy (= — (ar, — iy, )

Vw(s)

S(t1,2) = oy,
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Let I(t, z) be the corresponding Dirac inner functions which solve (4.1) with
the initial condition

I(t1,2) = Is(, -

Since S(t, 2) = e*S(t, z) satisfies (5.1) it follows that for = € R,

0

15t 2)| < 1F@lIS(E )

and therefore

. Pl < 4 t 8
1S(t,2)] < |S(tn, ) e 1 < m@@+4“0§¢ag (8.10)

Using (5.1) once again we obtain

Stnn) - s < 2 [ s

for all t € (t1,t2) and = € R.

Let us denote by (s, = (1 the zero of S(t1,2) and by and (; the zero of
S(t, z) evolved from ;. We will assume that ¢; is the zero of S(t,z) closest
to &1 (or one of the closest zeros if there are more than one at the same
distance). Then &; = (1 + o(1/t) because of 2). Let & be the zero of E(t, 2)
evolving from &; = &, .

Since S(t,z) is outer in Cy, the previous inequality and the maximum
principle implies

t
S(t1,2) = S(t,2)] < | f
w(s) t1
for all z € C4. It follows that
8 t
S(t1,G) = S(t,¢) = [S(t, )| < ———= [ |f]
w(s) t1
and therefore .
2
G-l <ci [ Ifl/te (8.12)
t1

where the constant C; depends only on w(s) and A.

The same inequality holds for every zero v of S(t1,z) and its evolution v;.
We also have .
2
2 —ul<Co [ 1A/t
t1
for t € (t1,t2) for the zeros of E in Q(s,3C(t1)/t1) (including z; = &).
Indeed, by (8.5), 0.(t,2:)| < t for t € [t1,t2]. Hence (4.3) implies the last
inequality.
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Note that since, as follows from (8.5), &1 = (1 +0(1/t) the last two inequal-
ities imply
t2
6~ Gl <20y [ Ifl/ta +o(1/12).
t1
Since FE and S satisfy (8.5) at t = t1,
10-(t1, &) — L(t1, Q)| < o(1)t.

Since F satisfies (8.5) for all ¢ € (¢1,t2),

|02(t7 gt)‘a |922(t7 gt)/ez(t7£t)| < C4t
Since the zeros of S(t, z) are close to the zeros of S(t1, z) (see (8.12)),

|Iz(t> Ct)‘a |Izz (t> Ct)/Iz(t> Ct)’ < 051'L
for t € (t1,t2). From (4.4) we now obtain

’Iz(tagt) - 92(t7§t)‘ <

t
< / 20¢, — &(Ca + Co)t + (Ca+ Co)ELF ()] <
t1

< (Cy+ Cy)t </t 7] +0(1)> .

t1
for all t € (t1,t2). Since [0.(t, 2¢)],|1:(t, ()| > Cst fore some Cg > 0, (4.3)
now implies that

) (1) - &(8)] < Cs ( / 1+ o<1>) £ €]

t1

(Here and throughout the proof we use the notation (¢;)'(t), and similar
notations, for the rate of change of (; with respect to [ at the time t.)

Notice that (4.4) implies that the argument of 6, satisfies
arg 92 (ta {t) —arg 92 (tla gtl) <

t2
(ts — t1)s +/ Fl+0(1) <140(1) < 7 (8.13)
t1
for large enough t. Since by (4.3),
to to
52 - 51 - ; f(t)/az(tagt) a‘nd CQ - Cl - ] f(t)/-[z(tvgt)v

together with the property that (¢1,t2) is a o-interval, the last two inequal-
ities imply

(G2 —C1) — (&2 —&1) = o(&a — &1)-

Since (t1,t2) is a o-interval, by (4.3),
to

f()/6=(t,&)

t1

to
& — 1] = > / rons

t1
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Together with (8.12) we obtain that for all zeros of I(¢, z)
|Vt2 - Vt1| 5 |£2 - £1| (8'14)

Without loss of generality we can assume that C(t) < v/t. Then all zeros
of I(t1,2) in Q(s,C/t1) have the same imaginary parts and their real parts
differ by at most 1/4/t;. Since all zeros satisfy (4.4), their velocities (1)’
may differ by at most

cut (1/vE+ / 11) = ol

Similarly to (8.13), their arguments arg[(v;)'] change by less than /2, which
implies that for any such zero 14 for which 14, belonged to Q(s,C(t1)/t1),
we have, like for (1, (o,

(Ve —viy) — (§2 = &1) = 0(&2 — &1).

This estimate together with (8.14), which holds for the zeros of S which are
far away from Q(s, A/t), imply that

S(ta2, z) — Disin[ta(z — (G + (&2 — &)))]| = o(&2 — &)
for z € Q(s, A/t) for some complex constant D;. Once again, the constant
A in Q(s, A/t) can now be replaced with a slowly growing function and we

will assume that the last equation holds for z € Q(s,C(t)/t) (making C
grow slower if necessary).

Analogously, the solution S(t, z) of (2.5) with the initial condition

g(tl, z) = () cos[ti(z — 51)],
w(s
where 51 = Ty, — 1y, , will satisfy

|S(t2, 2) — Dy coslta(z — (G + (&2 — &))]| = o(&2 — &1)
on Q(s,C(t)/t) for some complex constant Dy (if C(t) is different from the
one above, we choose the minimum of the two for each t).

Since E, E satisfy (8.5) and (8.6),

16-(t1,&1) — 0:(t1,&1)| = o(t).
Since |& — &| < 1/t and 0.(t,&),0.(t, &) satisfy (4.4), via the argument
similar to the one used above, we get

16:(t,&) = 0:(t.&)| = o(t) (= 0(6:(t,&)))
for all ¢t € [t1,12].

Since the velocities of zeros of E and E satisfy (4.3),
(b2 — &) = (& — &) + o(&2 — &)
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Therefore,

S(ta, 2) — Dy coslta(z — (G + (&2 — €1))]| = o((&2 — &)
Because of the determinant equation (2.2), which must be satisfied by the
solutions S and S in place of E and E D7 and D9 can be chosen so that

2

DiDs >0, [DyDs| = — W) (8.15)

w(s)w(s)
If the point s; is such that t1s1 = t1(s + (21 — x1)) — 7/2 then
S(t1,s1) = S(t1,s).
Notice that since |s — s1| < 27/t2, (2.5) implies
~ to to
o(t) = arg(S(t,s1)/S(t, s)) < [s —s1|(t2 —t1) +2/ |f] <2/t +2/ | f]
t1 t1

for t € (t1,t2). For the absolute values, if we take into account the initial
condition }
]S(tl,sl)] ’ (t1,s )’—D<2
(2.6) implies
1S(t, s1) = [S(2, 8)\ =
( ftl ) cos[2 arg S(t, s1)] ft ) cos[2arg S(t, s)])

to to
s/ 1) [ 1
t1 t1
Therefore,

18(ta, 51)| — S(ts,5)] < Co (( / |f|>2 " / !fl/t2> .

Combining the last relation with (8.15) we obtain that the constants Dy, Do
can be chosen so that

A

W) 5o )
wis) o als)

for some unimodular constant as.

D1:Oé2

Next, notice that the uniqueness of solution for the differential equation
(2.5) implies that

S(ta,s) = E(ta,s), S(ta,s) = E(tg, s).
Combining this with earlier estimates, it follows that
sinfta(s — (G + (&2 — €1))))/ coslta(s — (G + (&2 — &1))] =
= E(tg, s)/E(t2, s) + o(& — &).
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Using the same argument as in the proof of Lemma 9, one can find a constant
A = 0(1)(&2 — &1)/t2 such that

sinfta(s — (G + (&2 — €1)) + A)]/ cosfta(s — (G + (&2 — &) + A)] =

= E(ty,s)/E(ta, s).
Using trigonometric identities one can show that

\}% sin[ta(s — (€1 + (5_2 - 5_1)) + %)] \}% cos[ta(s — (_C~1 + (f_z - 5_1)) + %)] _ o
s sinfta(s = (G + (&= &) + A)] T coslta(s = (G + (L - &) +A)]| T
Since E, E must satisfy the same relation (2.2) it follows that
Y(y2) .
——=sin[ta(s — (C1 + (&2 — &1)) + A)]| = [E(t2, 5)]
Vw(s)
and
V(y2) x
cos[ta(s — (€1 + (&2 — &) + A)]| = [E(t2, s)|.
Vw(s)
Finally the unimodular constant agy can be adjusted to satisfy 3). U

9. CLASSIFICATION OF TIME INTERVALS ACCORDING TO THE MOVEMENT
OF RESONANCES

In this section let C' > 0 be a fixed constant. Recall that for s € R, Ty(s, C)
is the set of t € R such that the box Q(s,C/t) contains a zero of E(s,-).
Suppose that there exists a set S such that |S| > 0 and the set Ty(s,C) is
unbounded for every s € S. It follows from Corollary 3 that Tp(s, 3C') cannot
cover a half-line except possibly for a zero set of s. We will assume that for
all s € S, Ty(s,C) is unbounded but Ty(s,3C) does not cover a half-line.
Then for each s € S there will exist time intervals (¢;,t2) arbitrarily far in
time such that a zero z(s,t) of E(t,z) enters Q(s,3C/t) at t = t; and enters
Q(s,C/t) at t = ta, while moving continuously inside Q(s,3C/t) during the
whole time period ¢ € (¢1,t2).

In particular, for every s € S there will exist infinitely many intervals with
the following properties, arbitrarily far in time.

Let Ly = (711, m) C To(s,3C) be a time interval satisfying

1) There exists a zero z(s,t) of E(t, z) in Q(s,3C/t) forallt € Lg; t — z(s,t)
is a continuous curve for ¢t € L.

2) Sz(s,m1) = 3C/T;

3)if 2" < 11 < 2"*! then 7 is such that either Sz (s, 7) = C /7 or 75 = 2712
(if the zero enters the box Q(s,C/t) after t = 27F2).
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As was mentioned before, for every s € S we can find infinitely many
disjoint intervals Ly with the above properties, arbitrarily far in time. We
will denote such an interval by L7 if 2" < 71 < 2"F1. (If there are more than
one such interval for a given s and n, we will choose one of them.) We will
denote by S™ the set of all s such that there exists an interval LY = (71, 72)
with the above properties. Then each s € S belongs to infinitely many S™.

We will also assume that the approximation formulas from our previous
lemmas and corollaries, which hold for a.e. s, hold for all s € S. By Lusin’s
theorem, we can also assume that all o(-) appearing in those statements are
majorated by uniform o(-) over s € S.

Next, observe that there exists A > 0, depending only on C, such for each
L? - (7—17 7—2)7

/T2 F(8)]dt > A. 9.1)

1

This follows from the property that
10:(t, 2(s, 1)) 2 t

for all ¢ € Ty(s,3C) (which is implied by (7.6)), from (4.3) and the property
that Sz(s, ) — Sz(s,72) 2 1/t

We will assume that 0 < A < 155755 and adjust L7 = (71, 72) in such a
way that

T2
2A>/ |f(t)]|dt > A >0

1

by decreasing 7o if necessary.

For t € Ty(s,3C) let a(s,t) be be the continuous function from (7.4) in
Lemma 6 satisfying the conclusion of Lemma 7. An interval I C Ty(s,3C)
is a Vi-interval if |Sa?(s,t)| < 1/100 for all t € I. Tt is an Hg-interval if
|Sa?(s,t)| > 1/200 for all t € 1.

Note that since a(s,t) is continuous on L7, the whole interval L? can be
covered, up to countably many points, by disjoint intervals each of which
is either V- or Hg-interval (or both). We will denote the first collection of
intervals VL? and the second HL?Y.

In our notations above, 'V’ stands for ’vertical’ and "H’ for ’horizontal’.
Indeed, according to (4.3), when |Sa?(s,t)| is small the resonance moves
almost vertically and when it is bounded away from zero the motion has
a horizontal component, comparable with the total increment. These two
cases of motion will require different estimates in the next two sections.

The set S™ can be split into disjoint subsets S7, and S7; defined as:
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[ 1=, m}
Sy = {s e s

99
[on<im ] fl}
Ureven!
Note that then for each s € S,

1
71> 555 | 111
/L:'IEHL?I‘ | 100 L?| |

10. VERTICAL INTERVALS

S{}—{SGS”

and

Let s € S§,. Since s € S™, for each such s there exists the interval L} =
(11, 72) with 2" < 71 < 27! defined in the last section. Split the interval
L? into three intervals, L7} =T UT; UT", where T" is the interval to the
left from 7' and T7 is the interval to the right, so that

/T i=ass /T 1> 873 /T NUERYE (10.1)

Without loss of generality we can assume that each interval from V L} and
HL? is either contained in 77" or is disjoint from 7T7'. Let fi denote the two
positive functions with disjoint essential supports such that f = f, — f_.
Since either | o[+ > A/6 or ng f— > A/6, we can also assume that the

inequality with fi holds for all T)'. Note that (10.1) implies that if 77
intersects 17" for some other g € Sy, then T3 C LY.

C0n51der the set W = Usesn T3 One can choose a finite collection 7% =
k=1,2,...,N such that

Sk7
A1) fynoge [f] < A/100

A2) Each T* intersects at most 2 other 7% and each point in UT™* is covered
by at most two intervals.

Note that, as follows from A1) and A2), for each T}, s € S, there exists an
interval from our collection, 7™, such that

/ fr > A/12.
TrOT™
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Furthermore, if the last inequality is satisfied then

‘ / elits f+(t)dt‘ > A/40.

Indeed, s € S§; and 7™ C L7 which implies
B1) fT’”\UIEVLgI f+ < A/100

B2) mem<UIEVL51) fr>A/6—A/100 > A/10
B3)

<

/ fr<2 / frat(s,t)
Tmﬂ(UIE‘/L?I) TmN(Urevigl)

<4

/ f+e42t$dt
Tm(Urevie,I)

The first inequality in B3) follows from the definition of vertical intervals
from VL? and the second inequality holds because on Ly = (71, 72), and
therefore on Ureyr, I, af(s,t) satisfies the relation from Lemma 7, which
yields

la(s, t)a(s, m) — | < 4A cosh3C < 1/10
fort € LY (C To(s,3C)).

Let 8™ be the set of all s € S{, such that meTm f+ > A/12. Then, as we
discussed before, US,, = S§;. ‘

We obtain that for all s € S™,
/ M f(t)dt > A/40.
Tm
Therefore, Hf+H2L?(7’m) > D|S™| and

SOl Ragrmy = DY 1S™] > DISY|

for some D > 0. Since each point of UT" is covered by at most two intervals
(see A2), this implies

Claim 1.
211 F1172(tan gn+2p) = 211172 rmy = DISH.
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11. HORIZONTAL INTERVALS

In this section we will estimate the scattering function a¢, ¢, corresponding
to an interval (¢1,t2) C Ry. The shortest way to define such a function is
to say that it is the function a, defined as in Section 5, corresponding to
the system (1.1) whose potential function is equal to f on (t1,¢2) and to 0
elsewhere.

More constructively, if M (t,z) is the transfer matrix of the system (1.1)
then one can define the transfer matrix from ¢t = ¢; to t = ¢y as

My, oy, (2) = <é§:§j§2 gi:zg’z%) = M(ta, 2) M~ (1, 2).

After that the Hermite-Biehler functions FEy, ,(z) and Ej, 4, (2) can be
defined as

Et1—>t2 = At1—)t2 - iCt1—>t27 E~t1—>t2 = Bt1—>t2 - iDt1—>t27
and )
atyosta(2) = 5T By (2) + By o1, (2)).

Note that My, ¢, is equal to the transfer matrix M*(ty — t1, z) of the real
Dirac system whose potential function f* is equal to f(t —¢1) for 0 < ¢ <
to —t1 and to O for ¢t > t9 — ¢;. Similarly, the functions Fy, _,, Et1—>t2 and
Gy, ¢, are equal to the functions E*(to — t1,2), E*(ty — t1,2) and a*(ty —
t1, z) generated by that system. In particular, Parseval’s identity for a;, .,
becomes

[Hoglas, ol L1y = I1f1L2((t1 22))-

One of the main tools in our estimates for the Hg-intervals will be the
following lemma.

Lemma 11. Let s be such that the conclusion of Lemma 10 holds. Let the
interval (t1,t2) C To(s, A), C(t), A,z and y; be like in Lemma 10. Let Let
ai,—t, be the scattering function and let I, be the interval (s — %, 5+ %)
Then

[Hog lat, -t | |lL1(1,) =

>

ST

(lta (e, — 8) — t1(2t, — 5)| + O|tays, — trys, I+
Hta(zr, — 5) = ti(ze, — 5)1%)]-

for some constant D > 0.

Proof. By Lemma, 10

E(s,ty) = oy, L

P — (T, — Yy,
Juls) [ti(s — (@, —iye,))]
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and
Blo 1) = o 7 cosfu(s = (7 — i)
for k =1,2. Then
([ 1/2 172\ ( E(ty,s) E(tg,s)\ _ [ 1/2  1/2
M(t, 5) = <_1/2i 1/21') <E#(]Zk,s) E#(I;k,s)> B <—1/2i 1/2i> g

YY) gty (s — (Fe, — iytk>>]>

t . ;
b Ly(?)) sinftr(s — (ze, — ey, )] ey 5(5)
x| Y(tkyey) 5 ;
coslti (s — (Ze, + iye,,))]

TR sinftn(s — (w, +ige))] Gn,

Xtp AV w(s)
for k=1,2.

The transfer matrix M, _,;, can be calculated as
Mt1—>t2 (Z) = M(tg, Z)M(tl, Z)_l

(0 (2 252) (B 2 )

2 E#(ty,z) FE#(ty,2)
Also

1 —1

I -1
Etyosty By, 11

- =2(. ) M,
<E# Ef ., i —i it

(g Bea)L (B o) (o)

After recalling that
1 .
‘at1—>t2‘ = 7‘Et1—>t2 + ZE7f1—>t2’
2

we obtain
|at1%t2 (Z) | =

(B, ) E#(t1, 2) — Blts, ) E* (11, )+

+(—E(t2, Z)E(tl, Z) + E(tg, Z)E(tl, Z))]
—I—i[—i(E(tg, Z)E#(tl, Z) — E(tg, Z)E#(tl, Z))—i—

+i(—E(tg, 2)E(t1, 2) + E(t2, 2)E(t1, 2))]]

1 ~
ZE\E(tQ,z)E#(tl,z) E(to, 2)E*(t1, 2)|.

To shorten our next series of formulas we will use the notations z;, = x4, —s,

Ty, =Ty, — s and yp, =y, for k£ =1,2.

The last equation leads to

o090 = o 2 sl i, Y L0 sl + i)
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atQV(Z’Z; coslta(ZTa — iy2)]au, 7(22; sinfty (z1 +iy1)]| =
_ oty (taye)

21/w(s)w(s) | sin[te(ze — iy2)] cos[t1(Z1 + iy1)]—

— coslta(ZTa — iy2)] sin[ti(x1 + iy1)]|.
Using several trigonometric identities and condition 1) from Lemma 10, the
last expression can be further simplified:

Sil’l[tz (1‘2 — ’Lyg)] COS[tl (531 + Zyl)] - COS[tQ(SEQ — lyg)] sin[t1 (561 + lyl)] =

= %(Sin[tz(xz —dy2) + t1(Z1 +iy1)] + sinfta(z2 — iy2) — t(21 + iy1)]—
— Sin[tl(l‘l + iyl) + tg(i‘z — Zyg)} — Sin[tl(l‘l + iyl) — tg(i‘g — ZyQ)D =

= cos B((tg(a:g —iy2) + t1(F1 4+ iy1)) + (t1(v1 +ay1) + ta(Te — z‘w)))] X

X sin %((tg(xg —iy2) + t1(E1 4 iy1)) — (t(21 +iy1) + ta(Zo — z’yz)))_ +

+ cos [;((tg(xg — in) — tl(fl + zyl)) + (t1($1 + iyl) — t2(.’i‘2 — Zyg))):| X

« sin %((tg(xg i) — (1 i) — (t1 (@1 + i) — ta(Fa — i) | =

= cos B(tg(xg + &) +t1(T1 + 1)) — i(tay2 — tlyl)] X
X sin |:;(t2($2 —T3) — ti(x1 — jl))] +
<+ cos [;(tz(xg — .fg) + tl(xl — .fl)):| X

X Sin |:2

Recall that by (8.7), cos[t(z; —Z1)] = Jw . Since x; changes continu-
ously with ¢, it follows that ta(xy — Z2) = tl(arl - xl) and the last expression
is equal to

(ta(w2 + T2) — t1(T1 +21)) — i(taye + t1y1)}

WEBEsin | 5(ta(ea +32) — (6 +01) it + )|

Altogether we obtain

t t 1 N B .
ol = Y i [y +-20) = a2+ 00) = e+ )] =
! '[1<t< ) — ta(@ 4 @1)) — iltayn +t >H
== Sin | — X X — X X — 1 =
\/\ sin[2it1y1] sin[2itovs]| g 22 2 1 ! 242 141

1
B V/| sin[2it1 y1] sin[2itavs]|

| sin[(tawa — t1x1) — i(taya + t1y1)].
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If we put t121 = u,texes = u + €1,t1y1 = v,toys = v + €9 then the last
equation becomes

1

a p—
(-~ /Tsin[2iv] sin[2i(v + e2)]]

|sine; — 2iv + ies]| =

= [1+ 3 coth{20] + O(Ie} + &3],
where O(-) depends only on A (recall that v = t1y; satisfies 2 < v < A in
Lemma 10).

Thus we obtain that
1
[log lat, ¢, (s)]] = 5 e +O(le5 + 1))

Note that Lemma 10 could be formulated with any any point u in I, =

(s—1/ta, s+1/t2) in place of s. Repeating our argument we could then obtain

the last inequality for any such u in place of s to estimate | 1, 110g |ai, e, (s)]
2

from below and deduce the inequality in the statement.

0

As was mentioned before, every Lebesgue point s of f such that f(s) # 0
has a neighborhood, which is a o-interval for f. Therefore, for each Hj-
interval I the set IN{f # 0} can be covered, up to a set of arbitrarily small
mass, by finitely many disjoint o-intervals contained in I. These intervals
will also be Hg-intervals.

Claim 2. If the interval J = (t1,t2) in the last statement is an Hy and a

o-interval then

to
1108 [ars o] 122 (st tgs1/ep) > D / F1/t2
1

for large enough t1 and some absolute constant D > 0.

Proof. Since J is a o-interval, | [ f| > 1% sIfl. Since J C Ty(s,30),
|0,(t,z¢)| < t for all t € J. Also, by the definition of H intervals, by
Corollary 2 and (7.8),

IR0 (t, z¢)| > 10:(t, z¢)| /300
for all t € J if ¢; is large enough. By continuity it implies that
RO, (t,z¢) > 10,(t, )] /300 or RO, (¢, 2) < —|0,(¢, z¢)|/300

on J. Assume that "
f(t
R >0
/Jez(tvzt) o
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(the case < 0 can be proved similarly). Then by (4.3), x4, — s > @, — s.
Since in Lemma 10, x4 is the real part of any zero in Q(s, A/t1) and A > 8,
one can pick the zero with z;, > s. Recall that t —¢; < 1. Then

(ta(wt, — 8) — ti(z, — 8)) > ti(ae, —a1y) >

t
> D1ty %/ @) 2D2/‘f‘,
J 62 (t, Zt) J
whereas
2
|taye, — tiys, |> < Ds </ \f\) :
J

Now the statement follows from the last lemma. O

Recall that we are considering the set S C R as defined in Section 9. We can
assume that |S| < oo. Once again, we can assume the condition ’for large
enough t’ in the last statement is uniform over S and that the inequality
holds for all s € S for large enough t.

The sets ST were also defined in Section 9.
Claim 3.
|S%| < DI|fI[72(2n an+2)

for some constant D > 0.

Proof. Note that |S};| < |S| < oo. Consider a finite collection of intervals
I, ... Iy centered at sq,...,sy € Sy of the size || = C27™ which covers at
least one half of S% so that no point on R is covered by more than two of
Ii. Consider the intervals Ly ,k =1,2,..., N as defined in Section 9.

Notice that if (t1,f2) from Claim 2 is inside Ly then each Ii,(sy) from
Claim 2 is inside Ij.

Consider a collection of disjoint intervals 71, ..., Tar, Te = (7F,7F) with the
following properties.

1) Each 7; belongs to HLj, for some k;
1) All 7; are o-intervals;

2) for each k, [, __ 5y [fl > A/500, where A > 0 is from (9.1).
1 Sk

Existence of such intervals 7; follows from the property that s, € S}, and
from the fact that for every Lebesgue point t of f, f(t) # 0, all small enough
intervals containing ¢ are o-intervals.
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Then by Claim 2

ZHlOglaTﬁTZI e =) Y Il =

=1 \'T'  kTeHL,,

<

N

N
= I NIl > oSl
(w3 [ >500 rk\_QOOOrsm

k=1 LT\CHLs,

Now applying Parseval’s identity to each rl_yrl in the above inequality we
obtain the statement.

]

12. PROOF OF MAIN THEOREM

Recall that the set S C R was defined as the set of s such that the set
To(s,C) is unbounded, i.e., such s for which there exist arbitrarily large ¢
such that the box Q(s,C/t) contains a zero of E(t,-). As was discussed in
Section 9, every s € S must belong to infinitely many subsets .S,, consisting

of those s for which the zero enters the box during the time period t €
[2717 2n+1>_

Since by Claims 1 and 3,

SIS = ST ISE IS S S I o iy < o0

the set of s that belong to infinitely many S™ has measure zero. Therefore,
|S| = 0 for any C. Hence, for a.e. s € R there exists C(t) > 0, C(t) = oo
as t — oo, such that Q(s,C(t)/t) has no zero of E(t,-). Corollary 4, part
2), now implies that for a.e. s and any D > 0,

—ia(s,t)

sup |E(t,z) — e = o(1) (12.1)
Q(s.D/1) w(s)
as t — oo. Since |a| = 1, it follows that
1
[E(t,5)] —
w(s)
for a.e. s.
Similarly, for a.e. s,
sup |E(t,z) — _ZNBQ e?| = o(1) (12.2)
Q(s.D/1) w(s)
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where « is the same as in the previous formula. The equation (2.2) implies
that B(t) can be chosen as a constant 8 = e~ ¢ = arcsin \/w(s)w(s).
Therefore

1
Elt,s)| - ——
Bt~

and

alt. s 1 1 cos|¢p + /2] :1; o
S ] o R e B I Worr R

at a.e. s and

1 1 cos[¢p + /2] 1 1
b(s, - — = - |—/——Vw(s
O ae T vam |2 vee Y

at a.e. s. Note that convergence of |a| a.e. and convergence of ||log |all|1,
which follows from Parseval’s identity, implies convergence of log |a| in L.

Also,
1 B
b w(s) . w(s) |
Squ a — ﬁ = 0(1)
QLY W@ Vo

A
and therefore f = b/a converges pointwise a.e. on R.

REFERENCES

[1] M. J. ABLowITZ, D. J. Kaup, A. C. NEWELL AND H. SEGUR, The inverse scattering
transform Fourier analysis for nonlinear problems. Stud. Appl. Math. 53 (1974), no.
4, 249-315

[2] L. CARLESON, On convergence and growth of partial sums of Fourier series. Acta
Math. 116 (1966), 135-157.

[3] M. CHRIST, A sharpened Hausdorff-Young inequality, Preprint (2014), available at
arXiv:1406.1210

[4] MICHAEL CHRIST AND ALEXANDER KISELEV, Mazimal functions associated to filtra-
tions, J. Funct. Anal. 179 (2001), no. 2, 409-425.

[5] MICHAEL CHRIST AND ALEXANDER KISELEV, WKB asymptotic behaviour of almost
all gemeralized eigenfunctions of one-dimensional Schéodinger operators with slowly
decaying potentials, J. Funct. Anal. 179 (2001), 426-447.

[6] DE BRANGES, L. Hilbert spaces of entire functions. Prentice-Hall, Englewood Cliffs,
NJ, 1968

[7] DEIFT, P. AND KILLIP, R. On the absolutely continuous spectrum of one-dimensional
Schrédinger operators with square summable potentials, Commun. Math. Phys. 203
[1999] pp. 341-347.

[8] C. DEMETER, A guide to Carleson’s theorem. Rocky Mountain J. Math. 45 (1) 169
212, 2015.

[9] S. DENisov, Continuous analogs of polynomials orthogonal on the unit circle and
Krein systems, International Mathematics Research Surveys, Volume 2006, 2006,
54517



48
(10]
(11]

[12]
(13]

(14]

(15]

[16]
(17]
(18]

(19]

20]

(21]
(22]
23]
24]
(25]
[26]

27]
28]

29]

(30]

A. POLTORATSKI

Dym H, McKEAN H.P. Gaussian processes, function theory and the inverse spectral
problem Academic Press, New York, 1976

FEFFERMAN, C., Pointwise convergence of Fourier series, Annals of Mathematics,
Second Series, 98 (3), 1973, 551-571

GARNETT, J. Bounded analytic functions. Academic Press, New York, 1981

M. LACEY AND C. THIELE, A proof of boundedness of the Carleson operator, Math.
Res. Lett. 7 (2000), 361-370.

D.S. LUBINSKY, A new approach to universality limits involving orthogonal polyno-
mials, Ann. Math. 170 (2009), 915-939.

MAKAROV, N., POLTORATSKI, A. Meromorphic inner functions, Toeplitz kernels, and
the uncertainty principle, in Perspectives in Analysis, Springer Verlag, Berlin, 2005,
185-252

MAKAROV, N., POLTORATSKI, A. Beurling-Malliavin theory for Toeplitz kernels, In-
vent. Math., Vol. 180, Issue 3 (2010), 443-480

M. MiTtKovsKI, Universality limits for entire functions, Proc. AMS, Vol. 141, No. 9
(September 2013), pp. 3119-3124

C. MuscAaLU, W. SCHLAG Classical and Multilinear Harmonic Analysis, Cambridge
University Press, 2013

CaAMIL MuscALU, TERENCE TAO, AND CHRISTOPH THIELE, A Carleson theorem for
a Cantor group model of the scattering transform, Nonlinearity 16 (2003), no. 1,
219-246.

CaAMIL MuscALU, TERENCE TAO, AND CHRISTOPH THIELE, A counterexample to a
multilinear endpoint question of Christ and Kiselev, Math. Res. Letters, 10, 237-246
(2003)

R. OBERLIN, A. SEEGER, T. TAo, C. THIELE AND J. WRIGHT, A variation norm
Carleson theorem. J. Eur. Math. Soc. (JEMS) 14 (2012), no. 2, 421-464.
POLTORATSKI, A. Spectral gaps for sets and measures, Acta Math., 2012, Volume
208, Number 1, pp. 151-209.

PoLTORATSKI, A., A problem on completeness of exponentials, Ann. Math., 178,
983-1016, 2013

PorTtoraTski, A. Toeplitz Approach to Problems of the Uncertatinty Principle, book
in CBMS seies, AMS/NSF, 2015

C. REMLING, Spectral Theory of Canonical Systems, De Gruyter Studies in Mathe-
matics, 70, (2018).

R. RoMANOV, Canonical systems and de Branges spaces, Lecture notes, (2014),
arXiv:1408.6022

SiLvA, D., Inequalities in nonlinear Fourier analysis, preprint

T. Tao, An introduction to the nonlinear Fourier transform, Unpublished notes
(2002), available at http://www.math.ucla.edu/ tao/preprints/Expository/

T. Tao AND C. THIELE, Nonlinear Fourier Analysis. IAS/Park City Graduate Sum-
mer School. Unpublished lecture notes (2003, 2012), available at arXiv:1201.5129.
V. E. ZAKHAROV AND A. B. SHABAT, Ezact theory of two-dimensional self-focusing
and one-dimensional self-modulation of waves in nonlinear media, Zh. Eksp. Teoret.
Fiz. 61 (1971), no. 1, 118-134 (Russian, with English summary); English transl.,
Soviet Physics JETP 34 (1972), no. 1, 62-69.

UNIVERSITY OF WISCONSIN, DEPARTMENT OF MATHEMATICS, VAN VLECK HALL, 480
LincoLN Drive, Mabpison, WI 53706, USA

FE-mail address: poltoratski@wisc.edu



