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TORSION IN LINEARIZED CONTACT HOMOLOGY FOR
LEGENDRIAN KNOTS

ROBERT LIPSHITZ AND LENHARD NG

ABSTRACT. We present examples of Legendrian knots in R3 that have
linearized Legendrian contact homology over Z containing torsion. As
a consequence, we show that there exist augmentations of Legendrian
knots over Z that are not induced by exact Lagrangian fillings, even
though their mod 2 reductions are.

1. INTRODUCTION

Holomorphic-curve invariants are powerful tools for studying Legendrian
submanifolds of contact manifolds. This paper concerns the basic setting
of Legendrian knots in R3, with respect to the standard contact structure
ker(dz — ydz), and the holomorphic-curve invariant known as Legendrian
contact homology.

In [5], Chekanov, inspired by ideas of Eliashberg, associated a differen-
tial graded algebra over Z/2 to a Legendrian knot A C R?; this DGA is
called the Chekanov—-FEliashberg DGA and its homology is Legendrian con-
tact homology. (As is fairly common, we will use these terms largely inter-
changeably; the homology itself plays no role in this paper.) Up to the ap-
propriate notion of equivalence—stable tame isomorphism—the Chekanov—
Eliashberg DGA is invariant under Legendrian isotopy, but it is difficult to
tell if two DGAs are stable tame isomorphic. To extract more tractable
invariants, Chekanov used augmentations (homomorphisms to Z/2) to con-
struct finite-dimensional chain complexes from the DGA. The homologies
of these complexes are called linearized (Legendrian) contact homology and
denoted LCH{(A;Z/2); Chekanov showed that the collection of linearized
contact homologies over all augmentations € is a Legendrian-isotopy invari-
ant. Using this, he gave the first example of a pair of Legendrian knots, of
topological type m(52), which have the same classical invariants (knot type,
Thurston-Bennequin number, and rotation number) but are not Legendrian
isotopic.

Since Chekanov’s work, the study of Legendrian contact homology has
developed into a rich subject with connections to areas including microlocal
sheaf theory, cluster algebras, homological mirror symmetry, and topological

string theory. We refer the reader to the survey [14] for a discussion of
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Legendrian contact homology in R®, but we briefly mention a couple of
developments that are relevant here.

First, although Chekanov introduced augmentations and linearized con-
tact homology as purely algebraic objects associated to the Chekanov—
Eliashberg DGA, we now understand certain augmentations as having geo-
metric origins. Specifically, in [11], Ekholm-Honda-Kalméan showed that
any exact Lagrangian filling L of a Legendrian knot A induces an aug-
mentation of the DGA of A. Furthermore, the linearized contact homology
associated to this augmentation is precisely the usual homology of the filling
L; this result is colloquially called the Seidel isomorphism.

Second, the coefficient ring of the Chekanov—Eliashberg DGA can be lifted
from Z/2 to Z by assigning coherent orientations to the Floer-type moduli
spaces underlying Legendrian contact homology. This was done first for
Legendrian knots in R? in [15] and then for more general Legendrian sub-
manifolds in arbitrary dimension in [9]. One can subsequently tensor with
an arbitrary field k and study Legendrian contact homology over k, as a
number of papers have done, or study Legendrian contact homology over Z
directly.

With Z coefficients, linearized contact homology is lifted from a graded
Z/2-vector space to a graded Z-module. This raises the possibility that
it might contain torsion. For Legendrians in high dimension (where the
contact manifold has dimension > 5), it is well-known that linearized contact
homology can indeed contain torsion. The earliest examples of torsion in
high dimension were provided in [9], where torsion is used to distinguish
between Legendrian submanifolds that share the same classical invariants
and Legendrian contact homology over Z/2. As another example, torsion
for knot conormal tori has been shown to encode the determinant of the
underlying smooth knot (see [21]). More recently, in [17] Golovko showed
that any finitely generated abelian group can appear as the linearized contact
homology of some high-dimensional Legendrian.

In this paper, we show that torsion in linearized contact homology also
appears for Legendrian knots in R®. To our knowledge, it was previously
an open question whether such torsion could exist. Throughout this paper,
we use LCH{(A) to denote the linearized contact homology of A over Z
associated to a Z-valued augmentation e.

Proposition 1.1. There are Legendrian knots A in R3 such that for any
n > 2, there is a Z-valued augmentation €,: Axn — Z of the Chekanov—

Eliashberg DGA of A for which the linearized contact homology LCHS™ (A)
contains a Z/n summand.

To prove Proposition 1.1, we give a particular Legendrian knot, of topolog-
ical type m(821), for which torsion exists for specific augmentations (Sec-
tion 2.2.1). Afterwards, we generalize this example to larger families of knots
which have the same property.
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By the universal coefficient theorem, Proposition 1.1 implies that the lin-
earized contact cohomology for these augmentations (which is more directly
connected to sheaf theory; cf. [25, 22]) also has torsion.

As a consequence of the proof of Proposition 1.1, we also establish an
analogue of Golovko’s result for Legendrians in R3.

Proposition 1.2. For any finitely generated abelian group G and any k € Z
with k # 0,1, there is a Legendrian knot A in R? and a Z-valued augmenta-
tion € of the Chekanov-Eliashberg DGA of A such that LCHj,(A) = G.

Here the index k is the grading on Legendrian contact homology; see Sec-
tion 2.1. The exclusion k # 0,1 is necessary because Sabloff duality [24, 10]
imposes constraints on LCHj,(A) for £ = 0,1. Proposition 1.2 is proven in
Section 2.3.1.

We also use our torsion examples to explore the question of when aug-
mentations are geometric, in the sense that they are induced by an exact
Lagrangian filling.

Proposition 1.3. For the family of Legendrian knots Ay defined in Sec-
tion 2.3, there are augmentations to Z that are not geometric, even though
their mod 2 reductions to 7./2 are geometric.

The obstruction to augmentations being geometric is provided by a version
of the Seidel isomorphism established by Gao and Rutherford [16].

We conclude the paper by discussing which knots in the Legendrian knot
atlas [6] do and do not have torsion, and some speculation based on these
observations.

Remark 1.4. In this paper, we consider contact homology linearized with
respect to a single augmentation. One can also linearize with respect to two
different augmentations. In terms of the augmentation category of [1, 4,
22|, these bilinearized contact homologies are the morphism spaces between
different objects, while the linearized contact homologies considered in this
paper are the endomorphism spaces of a single object. While writing this
paper, we learned that Frédéric Bourgeois and Salammbo Connolly have
completely solved the geography problem for bilinearized contact homologies
in dimension 3—that is, which graded homology groups can appear as the
bilinearized contact homology of some Legendrian knot with respect to two
augmentations. They also obtain some partial results in the linearized case,
so that there is some overlap between Bourgeois—Connolly’s results and ours.

Acknowledgments. We thank Frédéric Bourgeois, Dan Rutherford, and
Josh Sabloff for helpful conversations, and the referee for many further sug-
gestions. The results in this paper were observed while working on a related
project with Sucharit Sarkar, and we are particularly grateful to him for
his insights and suggestions. The first author conducted this research while
visiting Stanford University and, briefly, UCLA, and thanks both for their
hospitality.
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2. RESULTS

2.1. Legendrian contact homology, augmentations, and linearized
homology. We start with a brief review of Legendrian contact homology,
mostly to fix notation and conventions. For more details, see e.g. [14].

Throughout this paper, we consider only Legendrian knots in (R3 yEstd =
ker(dz —y d:z)) We will usually represent a Legendrian knot A by its front
projection Tl,.(A) in R2,. Assuming that A is generic, the front projection
IT,.(A) has only two types of singularities: transverse double points (cross-
ings) and semicubical cusps (left cusps or right cusps depending on whether
the cusp is a local minimum or local maximum for the x coordinate, respec-
tively). It is customary to omit the crossing information at double points of
II,., but this can be recovered from the front projection by noting that the
strand with lower slope crosses over the strand with higher slope.

All knots in this paper will have rotation number 0; in terms of the front
projection, this means that IT,,(A) has an equal number of up cusps and
down cusps (cusps traversed upwards and downwards, respectively, with
respect to some orientation of A). We will also restrict our attention to
knots whose front projections are simple in the sense of [23]: this assumption
means that all right cusps share the same = coordinate, and makes it easier
to compute the differential for Legendrian contact homology.

The Chekanov—Eliashberg DGA is most naturally defined in terms of the
Lagrangian projection I, of a Legendrian knot A. Crossings of the knot
diagram II,,(A) are the Reeb chords of A (flows of the Reeb vector field
0/0z with endpoints on A) and generate the DGA. In order to instead
produce a DGA associated to a front, we use a procedure called resolution
from [23] that takes the front projection of A and turns it into the Lagrangian
projection of a knot that is Legendrian isotopic to A. Resolution smooths out
left cusps, replaces double points of the front by crossings, and replaces right
cusps by loops with a single crossing. There is a one-to-one correspondence
between crossings and right cusps of the front of A and Reeb chords of the
resolved diagram, and we will sometimes accordingly abuse language and
use “Reeb chords” to mean the crossings and right cusps of II,,(A).

Label the Reeb chords of the front I1,,(A) by ay, ..., ay, and place a base-
point somewhere along II,,(A) away from the crossings; we introduce one
more indeterminate ¢ corresponding to this basepoint. We then construct
the free unital Z-algebra

Ap = Z(al,...,an,tﬂ),

generated by a1, ..., a,,t*", with no relations except for t-t~! =¢=1.¢t = 1.
The algebra A, is graded by setting |t| = [t~!| = 0 and assigning a particular
grading |a;| € Z to each a;: if a; is a right cusp then |a;| = 1, while if a;
is a crossing then |a;| is the difference between the number of up cusps and
down cusps traversed by a path along II,.(A) from the undercrossing of a;
(the strand of the crossing with higher slope) to the overcrossing of a; (the
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strand with lower slope). The fact that these gradings are well-defined and
Z-valued uses our assumption that the rotation number vanishes.

For the definition of the differential, see e.g. [23] or [14]. Since signs are
important for our computations, we note that our sign conventions follow
those references: the sign of a term in Jy is (—1) raised to the number
of corners of the disk that occur at a crossing of even degree and occupy
the downward-facing quadrant at that crossing. We will usually place the
basepoint at some right cusp a; of II,,(A), in which case the only place ¢
appears in da; for any j is in da;: da; =t+---. (The sign of ¢ here chooses
an orientation for A, but our results will be unchanged if we reverse the
orientation instead.)

An R-valued augmentation of Ay is a DGA map

e: Ay - R

where R is a unital commutative ring lying in degree 0, with trivial differen-
tial. (In this paper, R will usually be Z or a field k.) Specifically, this means
that (1) =1, e(a) = 0 for any a € Ap of nonzero degree, and € 0 9 = 0.

A fundamental result of Leverson states that for any augmentation e
valued in a field k, e(t) = —1; see [19]. (This uses the fact that A is a
knot, not a more general link.) It follows that the same holds for Z-valued
augmentations, as well.

There is a standard procedure that starts from (Ax, d) equipped with an
augmentation and produces a finitely generated complex of free R-modules,
whose homology is defined to be the linearized contact homology LCHY (A; R)
of A with respect to the augmentation €; see e.g. [14]. Here we present a
slight variant that may be useful for computations. Define

AR = (R[s]){ar, ..., an) = ((Ar ® Z[s]) ® R)/(t = €(t))
where s should be viewed as a parameter. There is an R-algebra map ¢°:
AR — AR defined by ¢¢(1) = 1, ¢¢(s) = s, and
¢ (a;) = sa; + €(a;)
for all i. It follows from the fact that e 0 @ = 0 that (¢(9a;))|s=0 = 0 for all

7. Define J
— “(Oa;).
G| o)

By construction, d¢a; is linear in ag, ..., a, for each i. Thus,
o0c: V=V,
where V is the free graded R-module generated by a1, ..., a,, and (0¢)% = 0

since > = 0. We now define the linearized contact homology of A with
respect to € to be

aeai =

LCHS(A; R) = H.(V,0°).
When R = Z, we will suppress it from this notation.
A fundamental property of linearized contact homology is Sabloff duality,
a relationship between linearized contact homology and its dual akin to



6 ROBERT LIPSHITZ AND LENHARD NG

<
- ay
>

FIGURE 1. The knot Ag. This knot appears as m(821) in
the Legendrian knot atlas, and has this topological knot type.

Poincaré duality for ordinary homology. Specifically, given a Legendrian A
in R? and a k-valued augmentation e for A for some field k, Sabloff duality
states that there are non-canonical isomorphisms

(1) LCHS(A; k) =2 LCHE;(A; k) 1 #1
(2) LCH{(A; k) = LCHE { (As k) & k.
(A canonical version of the first line identifies LCH§ with the dual of LCH¢

i
and the second becomes a short exact sequence.) This was first proved in the
case k = Z/2 by Sabloff, in [24], and then extended to higher dimensions and
more general rings by Ekholm—Etnyre—Sabloff, in [10]. The form we have
used here requires an understanding of what they call the manifold classes,
which follows either from Sabloff’s original argument or from Remark 5.6

of [10].

2.2. Torsion for m(82;). In this section we consider the Legendrian knot
Ag shown in Figure 1. This knot is of topological type m(821) and was
studied by Melvin and Shrestha, who showed in [20] that it has two different
linearized contact homologies corresponding to different augmentations over
Z/2. (The depiction of Ag in [20, Figure 2] differs from ours by reflection
in the z axis, but the two are Legendrian isotopic: the contactomorphism
(z,y,2) = (—x,—y,2), which in the front projection is reflection in the z
axis, is isotopic to the identity map through contactomorphisms.)

2.2.1. Linearized contact homology for m(821). The crossings and right cusps
of Ay are labeled in Figure 1, and are graded as follows:
|a7| = [ag| = |ag| = |aio| =1
|a1] = laz| = lag| = |as| = |as| = [ag| = 0
\au] = —1.

We place a basepoint at the cusp asg.
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The differential 0 on the Chekanov-Eliashberg DGA Ay, is:

das = agai Oag =t + a1 + as + ajasas + araiias
das = —aj1a1 dag =1 — (1 + azaz)arag — asz(ag + ag + asazag)
6(17 = —aiay 8&10 =1- a4 — ag — ga504 — Aga1107

da1 = dag = day = dag = dayy = Ot = 9t~ = 0.

Let R be a (unital) integral domain; of interest to us are the cases where
R is Z or a field. A (graded) augmentation e: A, — R is determined by
the 7-tuple (e(a1),...,€(ag),€(t)) € R”. By solving the system of equations
that arise from setting e 0 9 = 0 (e(a1)e(as) = —e(day) = 0, etc.), we find
that € is an augmentation if and only if one of the following two lines holds:

e(t)=—1 e(as) =0  €(ag) =1  €e(a1) + €(as) + e(ar)e(az)e(as) =1
e(t)=—-1 €(a1)=0 €(az) =1 €(aq) + €(ap) + €(aq)e(as)e(ag) = 1.

In particular, for any n € Z, there is an augmentation €,: Ay, — Z

defined by
6n(a1, az, as, a4, a5, a6, t) = (TL, _1) 1) 07 07 ]-7 _1)

If we write V for the graded Z-module generated by a1, ...,a11, then  and
€n, induce a linear differential 9»: V' — V as described in Section 2.1, and
the homology of (V,0) is LCH{" (Ag). Specifically, we have

0"as = —naqy O ar = —nay 0" ag = nag — (n — 1)as
O"ag = —ay —ag —naz + (n — 1)as 0" a1g = —a4 — ag
O"a1 = Oag = 0"az = Oay = O"ag = 0"a11 =0

and thus
7 * =1
7’87 =0
LCHE (Ag) = { 2 D2/
Z/n x=—1
0 otherwise.

This proves Proposition 1.1.

2.2.2. Geometric motivation. Here we discuss a geometric reason why the
existence of torsion for m(821), which was initially surprising to the authors,
could have been anticipated.

For a general Legendrian knot A and any field k, the set of augmen-
tations from the DGA A, to k forms a variety over k, the augmentation
variety Aug(A, k). As mentioned above, by [19], any augmentation ¢ must
satisfy €(t) = —1. Thus, if aq,...,a, are the degree-0 Reeb chords of A, an
augmentation is uniquely determined by (e(a1),...,€(ar)), and we can view

Aug(A, k) C kb

This is a variety because it is the vanishing set of a collection of polynomials
inay,...,ap given by da; where a; ranges over all degree-1 generators of A, .
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Given an augmentation e viewed as a point in Aug(A, k), we can con-
sider the Zariski tangent space to the augmentation variety at the point e,
Te Aug(A, k). It is an exercise in algebra to check that

Te Aug(A, k) = ker((0°)*: Ay — A})

where Ap and A; are the k-vector spaces generated by the degree 0 and
degree 1 Reeb chords of A, respectively. In the special case when A has
no degree —1 Reeb chords, A_; = 0 and so T, Aug(A, k) is isomorphic to
LCHY(A; k), the degree-0 linearized contact cohomology of A with respect
to € with coefficients in k. Even when A does have degree —1 Reeb chords,
there is a surjection T, Aug(A, k) — LCHY(A; k). We summarize this by the
heuristic “the larger the Zariski tangent space at ¢, the larger the linearized
contact (co)homology”: this slogan can be made more precise but will suffice
for our purposes. Note that the homology LCHf(A;k) and cohomology
LCHY(A; k) are isomorphic by the universal coefficient theorem.

In the case that A = Ay, if we use the obvious coordinates aq,...,ag on
kS, then

Aug(Ao, k) =V1UVL C k6

where

Vi = {a4 =0, ag =1, a1 + a3+ ajasaz = 1}
Vo={a1 =0, a3 =1, a4 + as + agasag = 1}.

Note that Vi and V, are smooth 3-dimensional subvarieties of Aug(Ao, k)
that intersect in the 2-dimensional subvariety V3 N Vo = {a1 = 0, a3 =
1, ay = 0, ag = 1}. The Zariski tangent space to a point € in Aug(Ao, k)
is larger for € € V3 NV, (where it has dimension 4) than for e € V3 \ V5 or
e € Vo \ V1 (where it has dimension 3). Consistent with the heuristic above,
this is borne out in linearized contact homology: one can calculate that

k* eeVin;,

LCH(Ag; k) = {}k2 ee (Vi \ Va)u (Vo \ ).

Consider the augmentation €,: Ap, — Z described in Section 2.2.1. For
any prime p, we can compose €, with the projection Z — Z/p to get the
mod p reduction €py: Ar, — Z/p. Then €, is in the component Vi of
Aug(Ao,Z/p) for all p, and is also in V3 if and only if p|n. Thus,

Cmip(n . - J@/p)* pln
(3) LCHy (A()vZ/p)—{(Z/p)g pin.

However, the complex whose homology yields LCH,"* (Ag; Z/p) is precisely
the tensor product of the complex whose homology yields LCH{" (Ag) with
Z/p. By the universal coefficient theorem, Formula (3) forces either LCH{" (Ap)
or LCH® (Ag) to have p-torsion if p | n; and indeed both of these groups have
p-torsion.
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FIGURE 2. The knot Ay for k& > 1. The depicted knot is
As. The Reeb chords ajg, ..., agt10 correspond to the cross-
ings on the vertical segment from ajg to ag410, and the chords
Qk+11s - - - » G2k+11 correspond to the right cusps on the verti-
cal segment from agy11 to aggr11-

2.3. Torsion for the family Aj;. The knot Ag is the smallest of a family
of Legendrian knots with augmentations whose linearized contact homology
contains torsion. Here we describe the rest of the family.

For &k > 1, let A denote the Legendrian knot shown in Figure 2. The
case k = 0 is exactly the m(82;) knot considered in Section 2.2; however,
restricting to k£ > 1 actually makes the computation of linearized homology
slightly simpler. (The knot A; is the second m(945) knot in the Legendrian
knot atlas [6].)

2.3.1. Linearized homology for Ay. The Chekanov—Eliashberg DGA of Ay
is (Ap,,0), where Ay, = Z{a1,...,a411,t') and the grading on Ay, is
given by

las| =k +1
lag] = k
lag| = |ag| = |ag 11| = -+ = |agkr11| =1
|a1| = |ag| = |az| = |aw| = - - = |ags10| = 7| =0
la7| = —k

]a6| =—k—1.
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A A
~eo—
O ><
A A

FiGURE 3. The connected sum. Left: two front diagrams.
Right: their connected sum. (Compare [13, Figure 2].) The
dots indicate our choice of basepoints; the new crossing is
called c.

The differential is nonzero on the following generators:

Oas = —ajay
daz = (=1)"agay
dag =t + a1 + ag + ajasas + asagas
Oag = 1 — (a1 + a3 + azaza; + azasar)aip
Oagy114i = 1 — a104ia114 for0<i<k—1
Oag11 = 1 — agy10(1 + agas + azay),
where we place the basepoint at the cusp as.
From this, it is easy to check that a graded algebra map e: Ay, — R is
an augmentation if and only if €(t) = —1, €(a1p) = -+ - = €(ar+10) = 1, and
e(a1) + €(as) + €(ar)e(az)e(as) = 1.

In particular, we can define an augmentation ¢, for any n € Z by €,(a1) = n,
en(az) = —1, €p(ag) = 1. Then the linearized differentials 0" a5 = —nay
and 9“ra; = (—1)¥"!nag produce n-torsion in linearized contact homology.
To be precise:

Z&®(Z/n) x=1
72 —
LCHY (Ay) = F0
Z/n * = —2
0 otherwise
7 *x=1
z? =0
LCH (Ag) = i k> 1.
Z/n x=korx=—k—1
0 otherwise
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Proposition 1.2, that any finitely-generated abelian group can be obtained
as a linearized contact homology group in any grading # 0,1, now follows
easily by using connected sums as in Melvin—Shrestha’s paper [20]. Given
Legendrian knots A and A’, we can form their connected sum A#A’ as in
Figure 3. Most Reeb chords for A#A’ are either Reeb chords for A or A’;
there is one additional chord ¢ with |¢|] = 0. If we choose basepoints as
indicated in Figure 3 (rather than at right cusps), the differential on A#A’
is induced from the differentials on A and A’ in an easy-to-describe manner:
replace t by c¢ in the differential on Ay, replace t’ by —tc in the differential
on Ay, and set d(c) = 0. Hence, augmentations for A#A’ (sending ¢ to —1)
correspond to pairs of augmentations for A and A’ (sending t,t',c to —1),
and with respect to this correspondence,

LCH* (A#A) = LCHS(A) & LCHS (A)
for all i # 0,1. (One can also analyze the behavior in gradings 0 and 1 using
Sabloff duality, as in [20].) Thus, to obtain a group G =Z" & Z/n1 & ---
Z/ny, in grading ¢ > 1, we simply take the connect sum of A; with itself
m + k times, with augmentation

m

——
€0FF -+ - FF€Q Freny F - - Heny,-

2.3.2. Geometric motivation. As in Section 2.2.2 for m(821), one can inter-
pret torsion for Ay in terms of the augmentation variety, but the interpre-
tation is slightly different for £ > 1 than for m(82;). Over a field k, the
augmentation variety of Ay is

Aug(Ak,Ik) = {a1 + a3z + arazaz = 1} C k3.

Unlike for Ag, this variety is smooth. However, the linearized homology
at an augmentation € € Aug(Ag, k) still depends on the point e:

ki1 Okpdkiokidk Dkt €(a;)=0
ky © k3 €(a1) # 0,

where subscripts denote grading. Thus given a Z-valued augmentation e
with €(a;) = n and a prime p, the linearized homology over Z/p at the mod
p reduction of € is larger if p|n than if p { n. As before, it follows from
the universal coefficient theorem that LCHS(Ax) contains p-torsion for any
prime p dividing n, in line with our calculation in Section 2.3.1.

LCHS (Ay; k) {

2.3.3. A more general family with torsion. The family Ay is itself part of
a larger family of Legendrian knots with augmentations whose linearized
homology contains torsion. Here we sketch this family.

Suppose that we have two Legendrian knots A’ and A” with fronts as
shown on the left of Figure 4, and z and y are the indicated crossings.
Further, suppose that the DGAs Aj/ and Ap» have Z-valued augmentations
¢ and €” satisfying the following conditions:

(1) €(z) =n for some n & {—1,0,1} (so in particular, |z| = 0);
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Y oY v

FIGURE 4. The knots A’, A”, and A. Inside the rectan-
gles, the knots A’, A” are arbitrary, subject to the condition
that they have augmentations €, ¢” with the specified prop-
erties. Base points are placed as shown.

F1GURE 5. The knots inducing the family A = Ay.
The knot A’ is the trefoil (left) while A” is the twist knot
(right).

(2) €"(y) = 0; and
(3) y does not appear as a term in the linearized differential d(c) for any
Reeb chord ¢ of A”.

Construct the Legendrian knot A shown on the right of Figure 4; this is
the connected sum of A’ and A”, but with an additional clasp. For example,
if A’ and A” are the trefoil and twist knot shown in Figure 5, then A is the
knot A, considered earlier.

Let (Aa,0n) denote the DGA of A. We can construct an algebra map
€: Ay — 7Z by combining ¢ and €’, as follows. Each Reeb chord a of A
corresponds to a Reeb chord of either A’ or A”, except for the chords labeled
v,w, z in Figure 4. Define €(t) = —1, ¢(v) = e(w) = €(z) = 0, and for all
other Reeb chords a of A, define €(a) to be either €¢'(a) or €’(a), depending
on whether a is a Reeb chord of A’ or A”. It can readily be checked that € is
an augmentation of (Ap,dp): €odp = 0. Indeed, when applied to chords of
A coming from A’ or A” (i.e., all chords besides z,v,w), € o Jp agrees with
eod on Ay or Apr. We have € 0 0y (v) = € 0 Oy (w) = 0 since Op(v) = —xy
and Jp(w) = 0. Finally, € 0 Or(z) = 0: the only contributions to € o dz(2)
come from terms in dj(z) not involving any of v, w, or y, and these terms
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correspond to the product of the terms (other than t¢) in the differentials of
the bottom right-cusp of A’ and the top right-cusp of A” (with no y factor).

By the given conditions on € and €’, we find that 9¢(v) = —ny, and
further that this is the only place y appears in 9°(a) for any Reeb chord a
of A. It follows that LCHS(A) contains a Z/n summand generated by y.

2.4. Geometric augmentations over Z and 7Z/2. When a Legendrian
knot has an exact, embedded Lagrangian filling, the filling induces an aug-
mentation (more precisely, a family of augmentations) of the Legendrian
knot. Here we investigate whether particular augmentations of the Leg-
endrian knot Aj introduced in Section 2.3 come from a filling, and prove
Proposition 1.3.

Recall that an exact Lagrangian filling of a Legendrian knot A is a La-
grangian surface L in the symplectization (R x R3, d(ef(dz — ydz))) such
that, for some sufficiently large T', LN ((T, 00) x R?) = (T, 00) x A, equipped
with a function f: L — R with e'(dz — ydz)|, = df. In this paper, all of
our fillings will be embedded and orientable; henceforth we use the word
“filling” to denote an exact, embedded, orientable Lagrangian filling.

Contact homology behaves functorially with respect to cobordisms. In
the setting of fillings, this result can be stated as follows.

Proposition 2.1 ([11, 18]). A filling L of a Legendrian knot A induces a
DGA map er,: Ay — Z[H1(L)] (where the right side has trivial differential).

Remark 2.2. For a filling L, the DGA map e; from Proposition 2.1 may
only preserve the Z/2 grading on A, induced from the Z grading; it is only
guaranteed to preserve the full Z grading if L has Maslov number 0. See
e.g. [14] for further discussion.

If we tensor by a field k, we obtain a DGA map Ay — k[H;(L)]. We can
obtain a k-valued augmentation of A by composing with a homomorphism
k[H1(L)] — k; this is equivalent to choosing a rank 1 local system on L, i.e.,
a group homomorphism H;(L) — k*. The same construction works over Z,
where by a local system we simply mean a homomorphism Hy(L) — {£1}.
Note that when k = Z/2, there is a unique rank 1 local system on L and
the filling L produces a unique augmentation of A.

Definition 2.3. A Z-valued augmentation e: Ay — Z of A is geometric if
there is a filling L of A and a group homomorphism H;(L) — {#1} such
that € is equal to the composition

Ax -5 Z[H (L) — Z.

Similarly, if k is a field, then a k-valued augmentation is geometric if there is
a group homomorphism H;(L) — k* such that € is equal to the composition

Ap -5 Z[H (L) — k.
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It is known that not all k-valued augmentations of Legendrian knots are
geometric, even for k = Z/2; see e.g. [3, 11, 12, 16]. However, less is known
for Z-valued augmentations. The rest of this section is devoted to proving:

Proposition 2.4. For any k > 1 andn € Z, let Ay, and €, be the Legendrian
knot and Z-valued augmentation defined in Section 2.8. If n is odd and
n # £1, then €, : Ap, — Z is not geometric, but the mod 2 reduction of €,
1S geometric.

To prove Proposition 2.4, we first show that €, is not geometric, and then
that its mod 2 reduction is geometric. For the former, we use the following
result, called the Seidel isomorphism, versions of which are due to many
authors (e.g., [8, 7, 18, 16]). The variant that we will use is due to Gao and
Rutherford [16].

Proposition 2.5 ([16, Proposition 3.4]). Let A be a Legendrian knot and let
e: Ax — k be a geometric augmentation induced by a filling L of A equipped
with a rank 1 local system. Then there is a 7./2-graded isomorphism

LCHS(A;K) = Hyq (L, A k).

Remark 2.6. Proposition 2.5 is actually a special case of [16, Proposition 3.4].
More precisely, that result states that if €, is a k-valued augmentation in-
duced by a filling L, then

H*Homy (er,er) = H*(L; k).

See [22] for the definition of Hom , but to deduce Proposition 2.5, it suffices
to note that H* Homy (e, er,) = LCHS_,(A; k) by Sabloff duality (see [22,
§5]), while H*(L; k) = Ha_.(L,A; k) by Poincaré duality. Also note that
the fact that the isomorphism is only Z/2-graded in general is because the
Maslov number of L might not be 0; cf. Remark 2.2.

Now consider the augmentation €,: Ay, — Z for n # 0,%1. If this
were geometric, then its mod p reduction €,.4,: Ap, — Z/p would also be
geometric for any prime p. But it follows from the calculation of LCH{" (Ag)
from Section 2.3 that if p is a prime dividing n, then LCH*" (Ay; Z/p) has
dimension 7 as a vector space over Z/p. On the other hand, by [3], any filling
L of Ay must satisfy 2g(L) —1 = tb(Ax) = 1, whence L is a punctured torus
and H,.(L,A;k) has total dimension 3. This contradicts Proposition 2.5,
and we conclude that €, is not geometric.

To complete the proof of Proposition 2.4, we will show that the mod 2
reduction €p0: Ap, — Z/2 is geometric when n is odd. To do this, we
construct an explicit filling L of Aj inducing the augmentation €.2.

Via the resolution procedure, we can assume that the Lagrangian projec-
tion Il (Ag) is as shown on the left of Figure 6. In the language of [11],
our filling L is decomposable and is constructed as follows. We concatenate
two saddle cobordisms that replace the crossings a; and a3 in Il (Ag) con-
secutively by their oriented resolution (in the standard knot theory sense).
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FIGURE 6. The cobordism L; built from two saddle
moves. Resolving the circled crossings on the left via two
saddle moves produces the cobordism L; from a standard
Legendrian unknot A’ (right) to Ag. The case k = 2 is shown.

The result is the Legendrian knot A’ shown on the right of Figure 6, and
the saddle cobordisms yield a cobordism L; from A’ at the bottom to A, at
the top. Now by inspection, A’ is a standard Legendrian unknot and thus
has a filling Lo. The concatenation L1 U Lo is the desired filling L of Ay.

In constructing the filling L, there is one important point to check: in
order for the saddle cobordism L; to be realized as an exact Lagrangian, we
need to verify that the Reeb chords a; and ag are contractible in the sense of
[11]. That is, we must find a Legendrian isotopy starting at Ay such that the
Lagrangian projections remain planar isotopic to the knot diagram II, (Ax)
throughout the isotopy and such that the height of the crossings at a; and
a3 both approach 0 at the end of the isotopy. To do this, modify II,,(Aj) by
a planar isotopy to obtain the diagram at the top of Figure 7. This diagram
is the Lagrangian projection of a Legendrian knot whose front projection
is given by the bottom diagram in Figure 7: recall that we translate from
xz to xy projection by setting y = dz/dx. In the front projection, we
have not drawn the entire front, but rather just the key portions drawn in
color. The remainder of the front, corresponding to the black portion of
the Lagrangian projection, is completed as in the resolution procedure from
[23, Proof of Proposition 2.2]. That is, we stretch the black portion of the
Lagrangian projection of Ay rightwards in such a way that it coincides with
the resolution of the corresponding portion of the front projection (which
in turn is given by line segments and small exceptional segments, as in that
proof). It is now apparent that the front can be perturbed by translating the
red portion in the negative z direction, in such a way that the two segments
labeled a1 and a3 both shrink to a point. This does not change any portion
of the Lagrangian projection (up to planar isotopy) apart from a; and as
and verifies that a; and ag are indeed contractible.

Now let €: Ap, — Z/2 be the augmentation to Z/2 induced by the filling
L. Since the cobordism L; from A’ to Aj consists of a concatenation of
two saddle cobordisms at contractible Reeb chords, there is a combinatorial
formula for the resulting DGA map ®r, : (Aa,,0) — (Aas,0) given by [11,
Proposition 6.18]. For our purposes, it suffices to note that ®1, (a1) =
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f\’)
y Q__gl as ag % fl\?; fp
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FiGUurE 7. The Reeb chords a; and as in the Lagrangian
projection of A, are simultaneously contractible. Top, the
Lagrangian projection for Ay; bottom, a corresponding front
diagram for Ag. The omitted portions of the front follow the
standard resolution procedure.

&7, (a3) = 1 since a; and ag are the Reeb chords being removed. Since e is
the composition of ®;, with a map Ay/ — Z/2 corresponding to the filling
Lo, we conclude that €(a;) = €(as) = 1.

The conditions that €(a;) = €(az) = 1 uniquely determine the augmen-
tation e: from the computation in Section 2.3.1, any augmentation € of Ay
satisfies €(a1) + €(az) + €(a1)e(az)e(asz) = 1, whence €(az) = 1 in our case,
and furthermore e is uniquely determined by e(a;) for i = 1,2,3. But €,
also satisfies €,.2(a1) = €n;2(a3) = 1 when n is odd. Hence, € = €2 and thus
€n;2 is geometric. This completes the proof of Proposition 2.4.

Remark 2.7. A similar but slightly more complicated calculation shows that
for the knot Ay from Section 2.2, the augmentation €, is geometric over Z/2
but not over Z when n is odd and n # +£1.

2.5. Further comments. We conclude with some observations about when
torsion appears for knots in the Legendrian knot atlas [6].

The knots m(821) and m(945)B are Ag and Ay discussed above. (Here we
write m(945)B for the second Legendrian representative of m(945) listed in
the atlas, and similarly for other knots below.) Direct computation shows
that three other knots have torsion: m(945)A, 11gs, and 1175 (note that



TORSION IN LINEARIZED CONTACT HOMOLOGY FOR LEGENDRIAN KNOTS 17

n here denotes “non-alternating”). Like the examples discussed above, for
any m € Z, one can find an augmentation ¢, for each of these knots so that
the Legendrian contact homology has a Z/m summand.

There are also many knots which can be shown not to have torsion:

Definition 2.8. A Legendrian knot is positive if it has rotation number 0
and is Legendrian isotopic to a knot for which all the Reeb chords have
nonnegative grading.

Proposition 2.9. Let A be a positive Legendrian knot with Thurston—
Bennequin number tb(A). Then the linearized contact homology for any
Z-valued augmentation € of A is given by:

7 * =1
LCHS(A) = S ztPW+1 5 — 0
0 otherwise.

In particular, no linearized contact homology for a positive Legendrian knot
can contain torsion.

Proof. This follows from Sabloff duality. Specifically, by the universal coef-
ficient theorem, it suffices to prove that for any field k,

k * =1
LCHE(A; k) =2 { ktPM+H =0
0 otherwise.

By hypothesis, for ¢ < 0, LCH§(A;k) = 0. So, Formula (1) implies that
LCH§(A;k) = 0 for ¢ > 1 and Formula (2) implies that LCH{(A; k) = k.
Finally, the Euler characteristic of LCH{(A) is equal to the writhe minus
the number of right cusps which, in turn, is tb(A), so LCH{(A; k) must have
dimension tb(A) + 1. O

Positivity of A can sometimes be deduced from a presentation of A as
a braid closure. For instance, it is immediate from the formula for grad-
ings of Reeb chords (see Section 2.1) that rainbow closures of positive
braids (see [25]) are positive; in the atlas, this means m(31), m(51), m(71),
819, 10124, 15};,45 (all torus knots), 10139, and 125,, are positive. More
generally, given an admissible positive braid in the sense of [2, Definition
2.5], the result of multiplying by A~2 and taking the closure gives a positive
Legendrian; see [2, Section 5.1]. (By [2, Proposition 2.7], any positive braid
containing a half-twist is admissible.) If the topological knot type has a
unique representative with maximal Thurston—Bennequin number, and ap-
pears in the atlas, then the representative in the atlas must be positive.
Alternatively, it is sometimes possible to check directly that a Legendrian
knot is positive. Via such considerations, the following knots are also posi-
tive:
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m(52)B7 m<72)B7 m(72>D7 73B7 74) m(75)B7 9497 10128B7
m(10142)B, m(10145), m(10161), 12g91.

This leaves 35 Legendrian knots in the atlas which admit (graded) aug-
mentations but may or may not have torsion. We gathered some computa-
tional evidence that none of these knots admits augmentations with torsion:

e The dimension of LCH} (A; k) is the same for all Z/2-valued and Z/3-
valued augmentations e (where k = Z/2 or Z/3). It follows from the
universal coefficient theorem that if € is a Z-valued augmentation for
which LCH] (A) has 2-torsion or 3-torsion, then in fact LCH?(A) has
a copy of Z/6.

e The Bockstein map induced by the short exact sequence 0 — Z/2 —
Z]/4 — 7Z/2 — 0 vanishes for all augmentations for these knots. So,
any 2"-torsion would have to arise as copies of Z/4 rather than Z/2
(and so the 6 in the previous point is, in fact, 12).

(For the 24 of these knots with crossing number < 9, the dimension of
LCH?(A;Z/5) was also constant, agreeing with the dimension over Z/2 and
7/3, for all Z/5-valued augmentations €, so any 2-, 3-, or 5-torsion would
have to arise as Z/60-torsion. For more complicated knots, the number
of Z/5-valued augmentations became too large for our naive programs to
check.)

Our limited computations support positive answers to the following ques-
tions:

Question 2.10. Suppose a Legendrian knot A has augmentations €1 and €9
to some field k so that LCH{' (A; k) 2 LCHZ(A; k). Does it follow that A
admits a Z-valued augmentation € so that LCHS(A) has torsion?

Question 2.11. Suppose a Legendrian knot A has a Z-valued augmentation
€ so that LCHS(A) has torsion. Does it follow that for every prime p there
is a Z-valued augmentation e, so that LCH{ (A) contains p-torsion? That
for every integer n there is a Z-valued augmentation €, so that LCH (A)
has a Z/n-summand?
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