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Műegyetem rkp. 3., H-1111 Budapest, Hungary

(Received 3 October 2024; accepted 14 March 2025; published 7 April 2025)

We study the sine-Gordon quantum field theory at finite temperature by generalizing the method of random
surfaces to compute the free energy and one-point functions of exponential operators nonperturbatively. Focusing
on the gapped phase of the sine-Gordon model, we demonstrate the method’s accuracy by comparing our results
to the predictions of other methods and to exact results in the thermodynamic limit. We find excellent agreement
between the method of random surfaces and other approaches when the temperature is not too small with
respect to the mass gap. Extending the method to more general problems in strongly interacting one-dimensional
quantum systems is discussed.
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I. INTRODUCTION

Sine-Gordon (sG) quantum field theory is the low-energy
(or, equivalently, long-distance) description of a large spec-
trum of gapped one-dimensional (1D) systems [1], with
numerous applications ranging from quasi-1D antiferromag-
nets, carbon nanotubes and organic conductors [2,3], and
trapped ultracold atoms [4–8] to quantum circuits [9] and
coupled spin chains [10]. It is also a paradigmatic example
of quantum field theory with highly nontrivial nonperturba-
tive dynamics and a strong-weak coupling duality [11,12].
Due to its integrability, many exact results are available,
including its exact S matrix [13,14], its thermodynamics
via the thermodynamic Bethe ansatz [15] and the nonlinear
integral equation [16,17], its form factors [18], and ex-
act zero-temperature expectation values of local fields [19].
However, determining finite-temperature expectation values
and, more generally, correlation functions presents serious
challenges.

Correlation functions are among the most fundamental
quantities characterizing spatial correlations and dynamics
and are also. measurable in experiments. Besides their use
in reconstructing physical quantities such as susceptibility or
conductivity, cold atom experiments can directly access sG
correlation functions using atom wave interferometry [7]. De-
spite the integrability of the sine-Gordon model, the available
theoretical approaches face severe limitations. Perturbative
expansions only work for short distances/high temperatures.
For zero-temperature correlators, a long-distance expansion
can be written in terms of the exact form factors [3], which
also enables the computation of the low-temperature behavior
of expectation values of local fields [20]. However, extending

the form-factor expansion to finite temperature is much more
limited in scope [21,22].

An alternative is to consider approaches which are inde-
pendent of integrability. One possible approach is discretizing
the fields, putting the theory on a space-(imaginary) time lat-
tice, and using standard Monte Carlo techniques. The classical
2D sine-Gordon model was studied this way in connection
with the BKT roughening transition [23–25]. However, from
the point of view of the 1D quantum sine-Gordon theory,
these studies were carried out at zero temperature (infinite 2D
geometry).

Another possibility is provided by Hamiltonian truncation
[26], which was extended to the sG theory some time ago [27];
for recent reviews see Refs. [28,29]. It was recently utilized to
evaluate the time evolution of correlation functions both in
and out of equilibrium [30,31] and provides a fully nonper-
turbative approach to quantum dynamics. Still, it is limited
by the truncation to low-energy densities and by finite-size
effects that appear due to the finite volume setting [32].

Here we consider an alternative numerical approach to
sine-Gordon quantum field theory that relies on reformulat-
ing the problem in terms of random surfaces, which was
previously used to compute full distribution functions of in-
terference amplitudes [33]. The method of random surfaces
(MRS) is a type of Monte Carlo method, with the main ad-
vantage given by its simplicity and speed, with the necessary
computing resources scaling polynomially with the number
of modes retained in the computation. It is also free of the
well-known sign problem and can access multipoint func-
tions (including finite-temperature ones), which is a great
advantage given their experimental availability [7]. In addi-
tion, it is also possible to implement spatially inhomogeneous
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couplings, which are generally present in experimental real-
izations due to the traps used to localize the atomic clouds.
Previous applications of the method include experimental
analysis of variations of interference fringe contrast for pairs
of independently created one-dimensional Bose condensates
[34], and dissipative Landau-Zener transitions [35,36].

The present paper is devoted to developing the method
for the sine-Gordon model and demonstrating its validity
and efficiency, with results for the free-energy and operator
expectation values validated by using the nonlinear integral
equation (NLIE) as well as the minisuperspace extended trun-
cated Hamiltonian approach (MSTHA) previously developed
to study nonequilibrium dynamics in the model [37]. Ap-
plication of the MRS approach to more general correlation
functions is relegated to a follow-up paper [38].

The outline of the present work is as follows. Section II
introduces the model and the method of random surfaces, the
latter in two stages: first for the partition function and then for
the expectation values of vertex operators. Section III presents
our numerical results and their validation using the NLIE
and the MSTHA, while we give our conclusions and outlook
in Sec. IV. To keep the main argument uninterrupted, some
details were relegated to the Appendixes including technical
aspects of the method of random surfaces, a short summary of
the NLIE, and some additional numerical results.

II. MODEL AND METHOD

In this section, we introduce the sine-Gordon model and
provide a detailed derivation of the partition function and one-
point functions using the MRS approach.

A. The sine-Gordon model

The sine-Gordon model is a 1 + 1-dimensional relativistic
quantum field theory that at finite temperature T is defined by
the Euclidean action

SsG = S0 + SI ,

S0 =
∫ ∞

−∞
dx
∫ R

0
dτ

1

2
[(∂τφ)2 + (∂xφ)2],

SI = −λ0

∫ ∞

−∞
dx
∫ R

0
dτ cos(βφ). (1)

Here R = 1/T is the inverse temperature, 0 � τ � R is the
imaginary time, and φ(x, τ ) is a real scalar field satisfying pe-
riodic boundary conditions in the τ direction: φ(x, τ + R) =
φ(x, τ ). We work with units such that both the Boltzmann
constant and the speed of light are one (kB = 1, c = 1).

The model can be viewed as a perturbed conformal field
theory where the free boson CFT with action S0 is perturbed
by the cos(βφ) operator, which is relevant for 0 < β2 < 8π .
This work will focus on the so-called attractive regime 0 <

β2 < 4π .
The partition function of the model at an inverse tempera-

ture R can be written as a coherent state bosonic path integral
Z = Z0ZI , where Z0 = ∫ D[φ] e−S0 is the partition function of
the free boson, and

ZI =
∫
D[φ] e−S0−SI∫
D[φ] e−S0

≡ 〈e−SI 〉0, (2)

where we have introduced the average over free bosonic fields
〈. . . 〉0 = ∫ D[φ] (. . . )e−S0/Z0.

Using this representation, the partition function can
be evaluated by the MRS introduced in Ref. [33]. Here
we develop the MRS further to compute the free energy
F = −R ln Z and extend it to the one point functions 〈eiαφ〉.
In both cases, we ascertain the accuracy and speed of the
MRS when compared to other known available techniques to
study the sG model.

B. Method of random surfaces: Partition function

The MRS can be derived by considering a perturbative
expansion of Z in terms of λ0,

ZI =
∞∑
n=0

1

n!

(
λ0

2

)n

Z̃n, (3)

Z̃n =
n∏
j=1

∫
dx j

∫ R

0
dτ j

〈
n∏
j=1

(eiβφ̂(r j ) + e−iβφ̂(r j ) )

〉
0

, (4)

where ri = (xi, τi ) and the subscript 0 refers to the expecta-
tion value in the unperturbed free boson theory as defined in
Eq. (2). Expanding the product leads to the sum of n-point
functions of the operators e±iβφ̂(ri ). The multipoint functions
appearing in the integrand can be calculated by carrying out
the Gaussian path integral, which leads to the multiplicative
form of Wick’s theorem:〈

n∏
j=1

eiα j φ̂(r j )

〉
0

= e−∑n
j<k α jαk G̃(r j ,rk )−∑n

j α
2
j G̃(r j ,r j ), (5)

if the so-called neutrality condition
∑

j α j = 0 is satisfied and
zero otherwise [39]. Here

G̃(r j, rk ) = − 1

4π
log

∣∣∣∣ 1π sinh

(
π

R
(x jk + iτ jk + a)

)∣∣∣∣
2

(6)

is the Green’s function, i.e., a solution of the Poisson equa-
tion on an infinite cylinder of circumference R. Here we
introduced a regulator length a, and (x jk, τ jk ) = (x j − xk,
τ j − τk ) so the Green’s function is translational invariant;
moreover, it is periodic in the τ direction with period R.

Plugging Eq. (6) into Eq. (5) we obtain

〈
n∏
j=1

(eiα j φ̂(r j ) )

〉
0

= a
∑

j α2
j

4π

(
1

R

) (
∑

j α j )2

4π ∏
j<k

∣∣∣∣Rπ
× sinh

(
π

R
(x jk + iτ jk + a)

)∣∣∣∣
α jαk

2π

. (7)

The neutrality condition ensures the result is finite in the
R → ∞ (zero-temperature) limit. It is useful to note that
G̃(r j, rk ) can be shifted by an arbitrary constant without
changing the result in Eq. (7), which we will exploit shortly.

Substituting Eq. (7) into Eq. (3) and collecting the combi-
natorial factors we arrive at

ZI (λ,	,R) =
∞∑
m=0

1

(m!)2

(
λ

2R	

)2m

Z2m(	,R), (8a)
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Z2m(	,R) =
2m∏
j=1

∫
dr j exp

⎡
⎣−	

2m∑
j<k

ε jεkG(r j, rk )

⎤
⎦, (8b)

where only the n = 2m even terms survive due to the neutral-
ity condition. The R dependence is only through G(r j, rk ) =
4πG̃(r j, rk ), 	 = β2/4π is the scaling dimension of the op-
erators e±iβφ̂(r), and ε j = ±1, m of them being +1 and m
being −1. The explicit a power in the correlation function (7)
has been absorbed into a multiplicative renormalization of the
coupling constant,

λ = a
β2

4π λ0. (9)

If we define the so-called vertex operators as [40]

V̂α (r) = a− α2

4π eiαφ̂(r), (10)

then the perturbation can be written as

λ0 cos βφ̂(r) = λ

2
(V̂β (r) + V̂−β (r)). (11)

From Eq. (7) we can read off the two-point function of vertex
operators,

〈Vα (r1)V−α (r2)〉 =
∣∣∣∣Rπ sinh

(
π

R
(x12 + iτ12 + a)

)∣∣∣∣
− α2

2π

, (12)

which for |r12| → 0 behaves as 〈Vα (r1)V−α (r2)〉 ∼ a−α2/(2π )

(or without the regulator a, 〈Vα (r1)V−α (r2)〉 ∼ |r12|−α2/(2π )),
obeying the standard conformal normalization of scaling op-
erators.

In the attractive regime β2 < 4π (	 < 1), the multiple
integrals in Eq. (8b) are finite as a → 0 so we are allowed
to drop a in the expression of G(r j, rk ).

The series in Eqs. (8) can be interpreted as the grand-
canonical partition function of a classical 2D system of
particles with electric charge ε j that interact via the 2D
Coulomb potential G(r j, rk ). In this picture, 	 is related to
the inverse temperature, while λR−	 is related to the fugacity
of the classical system. The Coulomb gas partition func-
tion in Eq. (8) appears in the field-theoretical description of
the 2D XY model, 2D superfluids, and thin superconducting
films [41].

The first step in the MRS approach is to write G(r1, r2) in
a projector decomposition form (i.e., diagonalize with Fourier
series)

G(r1, r2) =
∑
f

Gfψf (r1)ψf (r2). (13)

This can be achieved by expanding the left-hand side in a
double Fourier series. To obtain a discrete series, we restrict
integration over the x j variables to the interval [−L/2,L/2]
and extend the function G(r12, 0) on x12 ∈ [−L,L] period-
ically in the x direction with period 2L (see Appendix A
for details). As a result, we integrate over a finite cylinder
but using the Green’s function of the infinite cylinder. This
introduces a finite-size effect that must be addressed in the
calculation. A necessary condition for L is that it must be
much larger than the correlation length of the exponential
decay of the two-point function (12), which gives R/L 	 α2.

Since G is a real symmetric function, it can be expanded in
a double cosine series, so

G(r1, r2) =
∞∑
m,n

Amn cos(πmx12/L) cos(2πnτ12/R) (14)

which, on using trigonometric subtraction identities, leads to
the form of Eq. (13) where f = (m, n, �) is a multi-index with
integers m, n > 0, 1 � � � 4, and the eigenfunctions for m 
=
0, n 
= 0 are

ψm,n,1(r) = cos(πmx/L) cos(2πnτ/R), (15a)

ψm,n,2(r) = cos(πmx/L) sin(2πnτ/R), (15b)

ψm,n,3(r) = sin(πmx/L) cos(2πnτ/R), (15c)

ψm,n,4(r) = sin(πmx/L) sin(2πnτ/R). (15d)

If m = 0, n 
= 0 or n = 0,m 
= 0, then there are only two
functions (sin and cos), and for m = n = 0 there is only one,
the ψ0,0,1 constant term.

The coefficients G(m,n,�) = Amn can be obtained by numer-
ical integration. For L/R � 1, they turn out to be very close to
the following simple expressions (cf. Appendix A):

A00 = 2 log(2π ) − πL/R, (16a)

Am0 =
{

8L
πR

1
m2 m odd,

0 m even, m 
= 0,
(16b)

and

Amn = 1

1 + δm,0

8π

LR

1(
πm
L

)2 + ( 2πn
R

)2 , n 
= 0. (16c)

The number of Fourier modes is truncated in a numerical
calculation to a finite value mmax, which naturally introduces
an ultraviolet cutoff. From now on, we assume that the number
of modes is finite and vary mmax to ensure that the results have
converged at a given L/R ratio and dimensionless coupling
constant λR−	.

Using the decomposition in Eq. (13) in Eq. (8b), we can
write Z2m as

Z2m =
2m∏
j=1

∫
dr j exp

⎧⎪⎨
⎪⎩−	

2

∑
f

Gf

⎛
⎝ 2m∑

j=1

ε jψf (r j )

⎞
⎠

2
⎫⎪⎬
⎪⎭

× exp

⎧⎨
⎩	

2

∑
f

Gf

2m∑
j=1

ψf (r j )2

⎫⎬
⎭. (17)

The last term factorizes into a 2m-fold product in terms of
the integration variables. However, due to the specific trigono-
metric form of the ψf functions in Eq. (15a), it is a constant
equal to exp(−m	

∑
m,n Amn). To factorize the first term, we

observe that all Gf are positive except G0,0,1 for which the
whole exponent is zero due to the

∑
j ε j = 0 neutrality con-

dition. To avoid numerical instabilities, we set G0,0,1 to zero,
which amounts to a constant shift of G(r1, r2), which can be
accounted for at the end of the calculation. We can thus apply
a Hubbard-Stratonovich decoupling using the identity

e− 1
2 x

2 =
√

1

2π

∫ ∞

−∞
e− y2

2 ±ixydy (18)
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and introducing a Gaussian field tf for each mode, which
yields

∏
f

exp

⎧⎪⎨
⎪⎩−	

2
Gf

⎛
⎝ 2m∑

j=1

εfψf (r j )

⎞
⎠

2
⎫⎪⎬
⎪⎭

=
∏
f

∫ ∞

−∞

dtf√
2π

e− t2f
2 exp

⎧⎨
⎩itf
√

	Gf

m∑
j=1

ε jψf (r j )

⎫⎬
⎭. (19)

Swapping the integrals over the tf with the space-time in-
tegrals, the latter factorizes to a product of m + m identical
integrals. This leads to

Z2m =
∫

D[tf ] [g({tf})g({−tf})]m, (20)

where
∫
D[tf ] =∏f

∫∞
−∞

dtf√
2π
e−t2

f /2 and

g({tf}) = C
∫

du exp

{
mmax∑
f

itf
√

	Gf ψf (u)

}
(21)

with a prefactor

C = exp

⎛
⎝	

2

mmax∑
m,n=1

Amn

⎞
⎠. (22)

The high-dimensional integral over {tf} can be performed in
a Monte Carlo fashion by averaging the random tf variables
drawn from a Gaussian distribution with zero mean and unit
variance. In this picture, the integrand of g({tf}) is a random
function of two variables, i.e., a fluctuating surface, hence the
method’s name.

Plugging Z2m in Eq. (20) into the expansion (8a), and
swapping the integral with the infinite sum, the latter can be
carried out exactly to yield

ZI (λ) =
∫

D[tf ] I0(λR−	
√
g({tf})g({−tf})), (23)

where I0(x) is the modified Bessel function of the first
kind. Remarkably, this sums up the entire perturbative series,
exactly. Importantly, as demonstrated by the following numer-
ical calculations presented in Sec. III, the MRS result fully
captures all the nonperturbative contributions as well, which
is a feature arising (somewhat miraculously) from the above
manipulations.

In the numerical calculations, dimensionful quantities are
measured in powers of R, i.e., one sets R = 1. We choose
an L/R ratio and determine the coefficients Amn up to a
maximal mode number mmax. We then draw a set of random
{tf} = {t(m,n,�)} from the Gaussian distribution with zero mean
and variance equal to unity. We compute the 2D integral
(21) for g({tf}) by discretizing the mode functions ψf on a
grid. We study the effect of the finite resolution of the grid
in Appendix D 1. ZI is then obtained by averaging over Ns

different {tf} samples. Note that once the g({tf}) are computed
and stored, the partition function can be easily evaluated for
any value of the coupling λ, showcasing one powerful aspect
of the MRS approach.

In the following, we consider aspect ratios of the two-
dimensional system in the range 6 � L/R � 12; this requires
taking on the order of 20 � mmax � 60 Fourier modes and the
number of Monte Carlo samples 104 � Ns � 106. A major
benefit of the MRS approach to the sG model is that it is
simple to implement (the length of the necessary code in C is
of the order of 50 lines), understand, and execute. Moreover,
being a Monte Carlo technique, it is amenable to paralleliza-
tion, which trivially reduces the running time. However, it
is far from obvious how the accuracy of the MRS approach
depends on the parameters used in it, and therefore, it is im-
perative to compare against exact results to establish both the
validity and power of the technique. As a result, we can under-
stand the convergence of the MRS as we tune the number of
Fourier modes, the number of Monte Carlo samples, and the
numerical accuracy in the numerical integration of Eq. (21).
Therefore, the present work serves as a benchmark for the
MRS and a stepping stone for the MRS to be further applied
to compute properties of models where such comparisons are
no longer possible.

C. Method of random surfaces:
Vertex operator expectation values

The MRS method can also be used to compute observables
that can be measured experimentally, such as expectation val-
ues and correlation functions of local operators. One family of
such observables is the finite-temperature expectation values
of the vertex operators V̂α (r) defined in Eq. (10). From the the-
oretical perspective, these are truly nonperturbative objects in
an interacting quantum field theory, so they are of fundamental
interest. From a more pragmatic standpoint, they are related
to physical observables in the various realizations of the
sine-Gordon model. For example, in the tunnel-coupled cold
atomic condensates system, this expectation value is called the
coherence factor and is routinely measured via matter-wave
interferometry [42,43]. Comparing the measured values with
theoretical results provides important information about the
effective temperature so it can be used for thermometry [44].

For generic exponent α, the expectation value can be
written as

〈V̂α (r)〉 = Z−1Z0
〈
a− α2

4π eiαφ̂(r)e−SI (λ)
〉
0. (24)

Expanding the numerator results in

〈V̂α (r)〉 = 1

ZI (λ)

∞∑
n=0

1

n!

(
λ0

2

)n n∏
j=1

∫
dx j

∫ R

0
dτ j a

− α2

4π

×
〈
eiαφ(r)

n∏
j=1

(eiβφ(r j ) + e−iβφ(r j ) )

〉
0

. (25)

Due to the neutrality condition, the expectation value in the
integral is only nonvanishing when α is an integer multiple
of β, i.e., α = sβ with s ∈ Z. The nonvanishing neutral terms
are those where out of the n terms, we pick the + exponentials
from n+ = (n − s)/2 and the − exponentials from n− = (n +
s)/2, so the parity of s and n must be the same. This gives

〈V̂α (r)〉 = 1

ZI (λ)

∞∑
n=0

′ 1

n+!n−!

(
λ

2R	

)n

Vn, (26)
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where the primed sum runs over integers n that have the same
parity as s, n+ + n− = n, n+ − n− = s, and

Vn =
n∏
j=1

∫
dr j a− α2

4π

〈
eisβφ(r)

n+∏
j=1

eiβφ(r j )
n−∏
j=1

e−iβφ(r j )

〉
0

= R−	α

∏
j

∫
dr j e−	

∑n
j<k ε jεkG(r j ,rk )e−s	

∑n
j ε jG(r,r j ),

(27)

where 	α = α2/(4π ) and now n+ of the signs are ε j = +1
and n− of them is ε j = −1. We proceed as above and decou-
ple the integration variables using the Hubbard-Stratonovich
transformation. It turns out to be convenient to perform the
decoupling in the G(r, r j ) terms as well, which leads to

Vn = R−	α

∫
D[tf ] g({tf})n+g({−tf})n−hα ({tf}, r), (28)

where

hα ({tf}, r) = Cs exp

(∑
f

[itfs
√

	Gfψf (r)]

)
(29)

with s = α/β andCs = exp 	s2/2
∑

m,n Amn = Cs2
. Plugging

everything back into Eq. (26), the infinite series can again be
summed up, yielding

〈V̂α (r)〉 = R−	α

ZI (λ)

∫
D[tf ]

(g({−tf}))
α

2β

(g({tf}))
α

2β

hα ({tf}, r) I| α
β |

× (λR−	
√
g({tf})g({−tf})). (30)

Compared to the partition function, the new ingredient is
hα ({tf}, r), the only term depending on the position r. In the
ideal L → ∞ case, the final result should be independent of
the position r, but in a numerical calculation, there are devia-
tions near the integration boundaries x = ±L/2. As shown in
Appendix D 2, these deviations decay exponentially fast with
the distance from the boundaries.
It is easy to see from Eq. (30) that 〈V̂−α (r)〉 = 〈V̂α (r)〉∗, as it
should be. However, the result for 〈V̂α (r)〉 is real, so

〈V̂α (r)〉 = 〈V̂−α (r)〉 = a− α2

4π 〈cos αφ̂(r)〉. (31)

As a nontrivial consistency check, consider the case α =
β and integrate both sides of Eq. (30) over r. Using∫
hβ ({tf}, r)dr = g({tf}) we find∫

dr〈V̂β (r)〉 = R−	

ZI (λ)

∫
D[tf ] I1(λR−	

√
g({tf})g({−tf}))

√
g({tf})g({−tf}) = ∂ log(Z )

∂λ
, (32)

where in the last step we used I ′0(x) = I1(x). Since from
Eqs. (9), (10), and (31) λ0〈 cos βφ̂(r)〉 = λ〈V̂β (r)〉, the above
result is nothing but the Hellmann-Feynman theorem [45,46],
demonstrating the validity of the MRS equations.

III. RESULTS

This section presents our numerical results obtained with
the MRS approach discussed in the previous section. To

provide evidence for the strong claim about the nonpertur-
bative nature of the approach and to justify the somewhat
dubious steps, such as swapping integrals and summation in
the perturbative expansion during the derivations in Secs. II B
and II C, we compare our predictions with exact nonpertur-
bative results obtained by exploiting the integrability of the
sine-Gordon model via the NLIE approach, as well as with
numerical results from the MSTHA.

A. Free energy

Let us start with the free-energy density, which in our
approach is given by

f = F

L
= − log Z

LR
= − log(ZIZ0)

LR
= − log ZI

LR
+ π

6R2
, (33)

where the last term is the free-energy density of the free
massless boson at inverse temperature R = 1/T .

The exact free energy can be computed from the NLIE,
which we review in Appendix B. It can also be deter-
mined using the thermodynamic Bethe ansatz, which was
derived recently for general (rational) values of the coupling
parameter [15]

ξ = β2/(8π − β2). (34)

The exact relation between the (renormalized) perturbing pa-
rameter λ and the soliton mass is [47]

λ = κ (ξ )M2/(ξ+1), (35)

where

κ (ξ ) = 1

π

�
(

ξ

ξ+1

)
�
(

1
ξ+1

)
[√

π�
(

ξ+1
2

)
2�
(

ξ

2

)
]2/(ξ+1)

. (36)

We then obtain the free-energy density in the form

f (ξ,	,R) = f̃ (MR) + B(ξ ), (37)

where f̃ (MR) is the free-energy density calculated from the
NLIE/TBA and B(λ) is the so-called bulk-energy density

B(ξ ) = −M2

4
tan

πξ

2
, (38)

which accounts for the different normalization of the free
energy. Alternatively, f /T can also be interpreted as the (zero-
temperature) ground-state energy in a finite volume R = 1/T .

In the MRS calculation, we can conveniently tune the di-
mensionless inverse temperature MR through M by changing
λ. The resulting free-energy density is plotted in Fig. 1 for four
different L/R ratios and the NLIE result (dashed line). The de-
viation is a finite-size effect which decreases with increasing
L/R. This is shown in the inset, where the difference between
our results and the NLIE value is shown as a function of L/R
on a log-log scale at three different MR values. The symbols in
the inset represent three different mode cutoffs, demonstrating
that the results have already converged with respect to mmax.
The dashed lines are linear fits, showing that the deviations
follow a power law with an exponent close to 1.
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L/R
L/R
L/R
L/R

L/R

M
L

FIG. 1. Free-energy density at β2 = 8π/25 (	 = 2/25) as a
function of the dimensionless inverse temperature MR for four dif-
ferent cylinder ratios L/R = 6, 8, 10, 12 for a fixed maximal mode
mmax = 20. The inset shows the difference between the NLIE and
MRS results for three different inverse temperatures MR = 4, 8, 12
and for different mode cutoffs (mmax = 20 in red triangle, 25 in blue
crosses, 30 in black plus signs). We find the results are smoothly
approaching the thermodynamic limit and have already converged
as a function of the number of Fourier modes at mmax = 20. The
MRS results were obtained using ∼105 Monte Carlo samples, the
statistical errors are smaller than the symbol size.

B. Vertex operator expectation values

Despite the integrability of the sine-Gordon model, there is
no analytic result for its finite-temperature expectation values,
only for ratios of expectation values of descendant and pri-
mary vertex operators [48]. The only exact result is for zero

temperature [19], which we quote in Appendix C. At nonzero
temperature, we benchmark the numerical results of the MRS
approach with results obtained using the recently developed
MSTHA method [37]. Exploiting the Lorentz invariance of
the sine-Gordon theory, expectation values calculated at zero
temperature on a ring of circumference R are equal to finite-
temperature expectation values at inverse temperature R in
infinite volume. The accuracy of the truncated Hamiltonian
approach can be well controlled by analyzing the convergence
of the results with respect to increasing the energy cutoff. In
the following, the truncation parameter is chosen so that the
results are accurate up to (at least) four decimal places.

We show the results of the two methods for the one-point
functions 〈V̂β (r)〉 and 〈V̂2β (r)〉, together with the analytic
T = 0 result, in Fig. 2 for β2 = 8π/25 (	 = 2/25) and in
Fig. 3 for β2 = 8π/15 (	 = 2/15). To track the finite-size
effects in the MRS method, we used different L/R ratios and
calculated the expectation value at the origin (at the center
of the cylinder). At small and medium inverse temperatures,
the deviations are due to finite-size effects, and by increasing
the L/R ratio, the agreement converges as a power law in
L/R. This is also demonstrated in the insets of both figures,
where we plot the difference between the MSTHA and the
MRS results. In the inset of Fig. 2, these differences are
shown for two different MR values and for three different
mode cutoffs (see the caption for details), demonstrating that
the results are nicely converged in the Fourier mode cutoff.
For large MR (low temperatures), we find deviations at larger
L/R due to an insufficient number of Monte Carlo samples
that become more severe as we increase L/R. This is natural
as larger L/R requires more modes, and more modes require
more averaging. We examine this further in Fig. 3, where the
convergence in L/R is no longer monotonic at sufficiently
low temperatures. In the insets of Fig. 3, we examine the

L/R L/R

L/R

T

L/R
L/R
L/R

FIG. 2. Expectation value of the V̂β (r) (left) and V̂2β (r) (right) vertex operator for β2 = 8π/25 (	 = 2/25). Main panels: Expectation
values as functions of the dimensionless temperature MR. The MRS results obtained with mode cutoff mmax = 20 for different L/R ratios are
shown in symbols, while the dashed line represents the MSTHA data. The horizontal solid blue lines show the exact T = 0 result. Insets:
Difference between the MRS and the MSTHA results at MR = 2.9 and MR = 5.3 on the left and at MR = 3.82 and MR = 5.3 on the right,
using different mode cutoffs (mmax = 20 in red triangles, 25 in blue crosses, 30 in black plus signs). The MRS results were obtained using
∼105 Monte Carlo samples, the statistical errors are smaller than the symbol size.
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T

L/R
L/R
L/R
L/R

L/RL/R

FIG. 3. Expectation value of the V̂β (r) (left) and V̂2β (r) (right) vertex operator for β2 = 8π/15 (	 = 2/15). Main panels: expectation
values as functions of the dimensionless temperature MR. The MRS results obtained with mode cutoff mmax = 20 for different L/R ratios
are shown in symbols, while the dashed line represents the MSTHA data. The horizontal solid blue lines show the exact T = 0 result. In the
MRS Ns = 5×105 Monte Carlo samples were used, the error bars show the standard deviation of the sampling, increasing whenever MR or the
ratio L/R becomes larger. In particular, the observed deviation at low temperatures (large MR) signals the need for more MC samples to get
accurate results. Insets: Difference between the MRS and the MSTHA results at fixed values of MR = 3 for different numbers of Monte Carlo
samples (magenta diamond and cyan diamond Ns = 3×105, green down-facing triangle and up-facing triangle 4×105, black cross and black
plus 5×105, for MR = 2.23 and MR = 4.46, respectively).

dependence on the number of Monte Carlo samples Ns of
the results, finding that our estimates are nicely converged at
small L/R ratios, but this increases the number of required
Monte Carlo samples.

We show some additional numerical results for other values
of β in Appendix E. At small β values much larger L/R
ratios are necessary to avoid finite-size effects, while for larger
couplings more Monte Carlo samples are necessary to obtain
accurate results.

The expectation value of 〈V̂β (r)〉 can also be computed
from the free energy via the Hellmann-Feynman theorem
[45,46], making it accessible to the NLIE approach as well;
we note that the result obtained from the NLIE agrees with
the MSTHA to a high accuracy. This is not the case for the
other vertex operators for which the only viable method is the
MSTHA, which we use to verify the MRS results in the right
panels of Figs. 2 and 3.

IV. CONCLUSIONS AND OUTLOOK

We generalized the method of random surfaces to com-
pute one-point functions of exponential operators in the
sine-Gordon quantum field theory at finite temperature. We
demonstrated the simplicity and effectiveness of the method
of random surfaces and validated its convergence by com-
paring the free energy and the one-point functions to the
results of alternative nonperturbative approaches, such as
the exact NLIE relying on integrability and the numerical
MSTHA truncated Hamiltonian method, finding excellent
agreement.

This work constitutes the first step in developing the
method. The next step is the computation of finite-temperature
multipoint correlation functions, which will be reported soon

in another publication [38], where such comparisons are no
longer possible. The method is clearly versatile enough to
treat additional refinements of the model, such as spatially
inhomogeneous couplings and the inclusion of a disorder
(notably being able to continue to work when direct quantum
Monte Carlo treatments suffer from a sign problem). It is
capable of treating finite systems with boundary conditions.
Additionally, the method of random surfaces has the potential
to be extended to time evolution after a quantum quench,
providing a promising alternative to the existing semiclassical
approximations [49–53] and Hamiltonian truncation meth-
ods [30,37,53]. These features make the MRS an invaluable
tool for the description of experimental realizations of sine-
Gordon quantum field theory [5–10] and we expect that its
applicability will be even further reaching than previously
anticipated.
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APPENDIX A: FOURIER MODES

In this Appendix, we analyze the Fourier coefficients ap-
pearing in Eqs. (16) in the main text. Let us recall that we
consider the translational invariant Green’s function of the
infinite cylinder

G(r, 0) = − log

∣∣∣∣ 1π sinh

(
π

R
(x + iτ )

)∣∣∣∣
2

(A1)

with r = (x, τ ) on the Euclidean space-time domain x ∈
[−L,L], τ ∈ [−R,R]. It is periodic in the τ direction with
period R, and we periodically extend it in the x direction with
period 2L. Therefore, it can be expanded in a double Fourier
series:

G(r,0) =
∞∑

m,n=0

Bmn cos(πmx/L) cos(2πnτ/R). (A2)

We observe that the Fourier coefficients Bmn are numerically
very close to the simple expressions

A00 = 2 log(2π ) − πL/R, (A3a)

Am0 =
{

8L
πR

1
m2 m odd,

0 m even, m 
= 0,
(A3b)

and

Amn = 1

1 + δm,0

8π

LR

1(
πm
L

)2 + ( 2πn
R

)2 , n 
= 0. (A3c)

This is shown for L/R = 10 in Fig. 4 for the coefficients
A0m and A1m and in Fig. 5 for Am0 and Am1. Increasing the
accuracy of the numerical integration decreases the difference
between the analytical and numerical values, showing that the
analytical expressions are indeed correct.

To understand these coefficients better, we take the
Laplacian of the function Ḡ(x, τ ) defined by the analytic

coefficients. The (n,m) dependence of the coefficients cancels
with the factors coming from the derivatives of the cosine
functions, and we are left with

	Ḡ(x, τ ) = 	

∞∑
m,n=0

Amn cos(πmx/L) cos(2πnτ/R)

= 4π

RL

[
2

∞∑
m=1
m odd

cos(πmx/L) +
∞∑
n=1

cos(2πnτ/R)

+ 2
∞∑

n,m=1

cos(πmx/L) cos(2πnτ/R)

]
.

(A4)

Applying the Poisson summation formula, this is equal to

4π

RL

⎡
⎣2
∑
k∈Z

(−1)k
L

2
δ(x − kL) +

∑
�∈Z

R

2
δ(τ − �R) − 1

2

+ 2

⎛
⎝∑

k∈Z
Lδ(x − 2kL) − 1

2

⎞
⎠
⎛
⎝∑

�∈Z

R

2
δ(τ − �R) − 1

2

⎞
⎠
⎤
⎦

= 4π

RL

⎡
⎣−L

∑
k odd

δ(x − kL) + LR
∑
k,�∈Z

δ(τ − kR)δ(x − 2�L)

⎤
⎦.

(A5)

On the domain x ∈ ] − L,L[ ,

	Ḡ(x, τ ) = 4π
∑
k∈Z

δ(τ − kR)δ(x), (A6)

so it is the Green’s function of the Laplace equation with
periodic boundary condition in the τ direction. As L → ∞,
it becomes the Green’s function on the infinite cylinder.

However, this does not specify the function completely,
since it also depends on the boundary conditions. We now
provide some analytic evidence supporting that Ḡ(x, τ ) goes

m m

FIG. 4. Numerical and analytical values for the Fourier modes A0m and A1m for L/R = 10.
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m m

FIG. 5. Numerical and analytical values for the Fourier modes Am0 and Am1 for L/R = 10.

to G(r, 0) for L � R. First, consider our function at x = 0,

Ḡ(0, τ ) =
∞∑
n=0

( ∞∑
m=0

Amn

)
cos(2πnτ/R)

=
∞∑
n=0

2

n
coth

(
2πnL

R

)
cos(2πnτ/R). (A7)

For L � R, the coefficients are exponentially close to 2/n, and
we obtain

Ḡ(0, τ ) ≈
∞∑
n=0

2

n
cos(2πnτ/R) = −2 log

[
1

π
sin

(
πτ

R

)]

= G(r, 0) (A8)

for r = (0, τ ).
As a second check, let us evaluate the function at x = ±L:

Ḡ(±L, τ ) =
∞∑
n=0

( ∞∑
m=0

Amn(−1)m
)

cos(2πnτ/R)

= 2 log(2π ) − 2πL

R
+

∞∑
n=1

2

n sinh
(

2πnL
R

)
× cos(2πnτ/R). (A9)

For L � R, the coefficients in the sum are exponentially sup-
pressed and we are left with the first two terms. It is easy to
check that for r = (±L, τ )

G(r, 0) ≈ − log

∣∣∣∣eπ (L+iτ )/R

2π

∣∣∣∣
2

= 2 log(2π ) − 2πL

R
, (A10)

up to exponential precision in 2πL/R, so Ḡ(±L, τ ) rapidly
approaches G(r, 0).

These analytic derivations hold for infinitely many modes.
In the numerical calculations, the double Fourier series is
truncated at a mode number mmax, which causes deviations
from the exact Green’s function even at large-enough L/R. We
show this truncation effect in Fig. 6 where we compare τ = 0
and x = 0 sections of the Green’s function with the truncated
Fourier series approximation. Naturally, there are significant
deviations near the divergence at the origin. Nevertheless, the

fact that it is an integrable singularity makes it possible to
obtain accurate results.

APPENDIX B: THE NONLINEAR INTEGRAL EQUATION

The NLIE [16,17] enables the calculation of the exact free-
energy density of sine-Gordon theory in an infinite volume at
finite temperature T . It has the form

Z (θ ) = M

T
sinh θ − i

∫ ∞

−∞
dθ ′G(θ − θ ′ − iε) log(1 + eiZ (θ ′+iε) )

+ i
∫ ∞

−∞
dθ ′G(θ − θ ′ + iε) log(1 + e−iZ (θ ′−iε) ),

G(θ ) = 1

2π

∫ ∞

−∞
dt

sinh
(
tπ
2 (ξ − 1)

)
2 sinh

(
πξ t

2

)
cosh

(
πt
2

)eiθt , (B1)

which can be solved iteratively for the function Z (θ ), from
which the free-energy density f̃ defined in Eq. (37) can be
obtained as

f̃

T
= −2 Im

∫ ∞

−∞

dθ

2π
M sinh(θ + iε) log(1 + eiZ (θ+iε) ).

(B2)

APPENDIX C: VERTEX OPERATOR EXPECTATION
VALUES AT ZERO TEMPERATURE

The exact expectation values of vertex operators at zero-
temperature expectation were obtained by Lukyanov and
Zamolodchikov [19] with the result:

〈V̂α〉 =
[
m�
( 1+ξ

2

)
�
(
1 − ξ

2

)
4
√

π

]	α

exp
∫ ∞

0

dt

t

×
[

sinh2(2αβt )

2 sinh(β2t ) sinh(8πt ) cosh((8π − β2)t )

− α2

4π
e−16πt

]
, (C1)

where 	α = α2/(4π ), m = 2M sin(πξ/2), and ξ =
β2/(8π − β2).
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FIG. 6. Sections of the exact (black dashed line) and the mode truncated (solid red line) Green’s function G(r, 0) at r = (x, 0) (left) and
r = (0, τ ) (right) for mmax = 30 and L/R = 10.

APPENDIX D: ADDITIONAL NUMERICAL RESULTS

1. Numerical integration via the trapezoidal rule

As discussed in the main text, we compute the integrals

g({tf}) = C
∫

du exp

{
mmax∑
f

itf
√

	Gf ψf (u)

}
, (D1)

by discretizing the mode functions ψf (u) and calculating the
Riemann sum. The discretization must be fine enough to get
a sufficiently accurate result. In Fig. 7, we plot the value of
the integral for three different mode cutoffs mmax versus the
ratio of the number of discretization points nd (used both in
the x and τ directions) and the mode cutoff mmax. A similar
accuracy is achieved for the same ratio in the different cases,
showing that the necessary resolution of the grid (i.e., nd) for
a desired accuracy is proportional to mmax. In our simulations,
we used nd/mmax between 2.5 and 4.

m
m
m

FIG. 7. Distinct typical instances (i.e., different samples of ran-
dom tf ) of |g({tf })|2 at three different mmax maximal mode numbers
versus its ratio with the number of grid points nd along each direction,
that is used in the numerical integration. (β2 = 2π/5, L/R = 6.)

2. Position dependence of the one-point function

Since we integrate the multipoint functions over a finite
space-time domain, our numerical results for the vertex op-
erator expectation values are not translationally invariant in
the x direction. We plot the x dependence of the expectation
value 〈Vβ (x, 0〉 in Fig. 8. The inset shows that the deviation
decays exponentially with the distance from the edges. The
associated correlation length depends on the dimensionless
inverse temperature MR.

APPENDIX E: ADDITIONAL NUMERICAL RESULTS
FOR SMALLER AND LARGER COUPLINGS

In this Appendix, we present some additional results for
vertex operator expectation values for smaller and larger val-
ues of β.

In Fig. 9 we compare our results obtained for the small cou-
pling β2 = 4π/125 (	 = 1/125) with two other approaches.

MR

FIG. 8. Position dependence of the expectation value for β2 =
2π/5, L/R = 10, MR = 4, and mmax = 30. The inset shows the devi-
ation from the maximal value at the center on a log-lin scale, showing
exponential convergence with a correlation length 0.9374/M.
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T

L/R
L/R

FIG. 9. Expectation value of V̂β (r) (left) and V̂2β (r) (right) vertex operator for β2 = 4π/125 (	 = 1/125) as functions of the dimensionless
temperature MR. The MRS results, shown in symbols, were obtained with mode cutoff mmax = 20 for two different L/R ratios and using 5×105

Monte Carlo samples. The MSTHA data is shown in dashed line, the horizontal solid blue line shows the exact T = 0 result, and the red crosses
represent the results of Ref. [56] obtained in the classical sine-Gordon model.

As can be seen from the plot, this β requires a large L/R
ratio due to the large correlation length of the conformal
correlator. As discussed in the main text, the condition for
V̂α is L/R � 1/α2, which for α = β yields L/R � 10. We
compare our results with the MSTHA data and, for α = β,
with the result of Ref. [56] obtained in the classical (β → 0)
limit of the sine-Gordon model. We find excellent agreement
between the three methods.

We present our results for the larger coupling β2 = 6π/5
(	 = 3/10) in Fig. 10. Here a larger number of Monte Carlo
samples are necessary to achieve an agreement with the
MSTHA data similar to the β values shown in the main text.
In the case of the vertex operator V̂β (r), 3×107 samples were
required to get a nice agreement. For V̂2β (r), even more sam-
ples would be necessary for accurate results at larger values
of MR.

T

L/R

FIG. 10. Expectation value of the V̂β (r) (left) and V̂2β (r) (right) vertex operator for β2 = 6π/5 (	 = 3/10) as functions of the dimension-
less temperature MR. The MRS results obtained with L/R = 6 and mode cutoff mmax = 20 using 3×106 Monte Carlo samples are shown in
triangles, while the dashed lines represent the MSTHA results.
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