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Abstract

In this paper, we explore the non-asymptotic global convergence rates of the Broyden-

Fletcher-Goldfarb-Shanno (BFGS) method implemented with exact line search.

Notably, due to Dixon’s equivalence result, our findings are also applicable to other

quasi-Newton methods in the convex Broyden class employing exact line search, such

as the Davidon-Fletcher-Powell (DFP) method. Specifically, we focus on problems

where the objective function is strongly convex with Lipschitz continuous gradient

and Hessian. Our results hold for any initial point and any symmetric positive definite

initial Hessian approximation matrix. The analysis unveils a detailed three-phase con-

vergence process, characterized by distinct linear and superlinear rates, contingent on

the iteration progress. Additionally, our theoretical findings demonstrate the trade-offs

between linear and superlinear convergence rates for BFGS when we modify the initial

Hessian approximation matrix, a phenomenon further corroborated by our numerical

experiments.
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1 Introduction

In this paper, we consider the unconstrained minimization problem

min
x∈Rd

f (x), (1)

where f : R
d → R is strongly convex and twice continuously differentiable. We

focus on the non-asymptotic global convergence properties of quasi-Newton methods

for solving Problem (1). The core idea behind quasi-Newton methods is to mimic the

update of Newton’s method using only first-order information, i.e., the gradients of f .

Specifically, the update rule at the k-th iteration is

xk+1 = xk − ηk B−1
k ∇ f (xk), (2)

where ηk is the step size and Bk ∈ R
d×d is a matrix constructed from the gradients

of f to approximate the Hessian ∇2 f (xk). Various quasi-Newton methods have been

developed, each distinguished by its strategy for constructing the Hessian approxima-

tion Bk and its inverse. The key methods among them are the Davidon-Fletcher-Powell

(DFP) method [11, 17], the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [5,

15, 19, 39], the Symmetric Rank-One (SR1) method [10, 26], and the Broyden method

[3]. Notably, these quasi-Newton methods directly maintain and update the inverse

matrix B−1
k using a constant number of matrix-vector multiplications. This results in a

computational cost of O(d2) per iteration and thus makes quasi-Newton methods more

efficient than Newton’s method, which involves computing the Hessian and solving a

linear system that could incur a computational cost of O(d3) per iteration.

Compared to other first-order methods, such as gradient descent and accelerated

gradient descent, the primary advantage of quasi-Newton methods is their ability to

achieve Q-superlinear convergence, i.e.,

lim
k→∞

f (xk+1) − f (x∗)

f (xk) − f (x∗)
= 0 or lim

k→∞
‖xk+1 − x∗‖
‖xk − x∗‖

= 0, (3)

where x∗ ∈ R
d denotes the optimal solution of Problem (1). Specifically, [6] and [13]

have established that both DFP and BFGS converge Q-superlinearly with unit step

size ηk = 1, where the initial point x0 is required to be within a local neighborhood of

the optimal solution x∗. Later, it has also been extended to various settings [1, 12, 18,

21, 28, 31, 42, 45]. However, these local convergence results are all asymptotic and

fail to provide an explicit convergence rate after a finite number of iterations.

Recently, there has been progress regarding non-asymptotic local convergence anal-

ysis of quasi-Newton methods. The authors of [38] showed that, if the initial point x0

is in a local neighborhood of the optimal solution x∗ and the initial Hessian approx-

imation matrix B0 is initialized as L I , then BFGS with unit step size attains a local

superlinear convergence rate of the form ( d L
μk

)k , where d is the problem’s dimension,

L is the Lipschitz parameter of the gradient, and μ is the strong convexity parameter.

Later in [37], the local convergence rate of BFGS was improved to (
d log (L/μ)

k
)k under
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similar initial conditions. Similar local superlinear convergence analysis has also been

established for the SR1 method [43]. In a concurrent work [25], it was demonstrated

that, if x0 is in a local neighborhood of the optimal solution x∗ and B0 is sufficiently

close to the exact Hessian at the optimal solution (or selected as the exact Hessian

at x0), then BFGS with unit step size achieves a local superlinear rate of (1/k)k/2,

which is independent of the dimension d and the condition number L/μ. While these

non-asymptotic results successfully characterize an explicit superlinear rate, they rely

heavily on local analysis, requiring the initial point to be sufficiently close to the

optimal solution x∗ and imposing conditions on the step size and the initial Hessian

approximation matrix B0. Consequently, these results cannot be directly extended to

a global convergence guarantee. We discuss this issue in detail in Sect. 6.

To guarantee global convergence, quasi-Newton methods must be combined with

line search or trust-region techniques. The first global result for quasi-Newton meth-

ods was derived by Powell in [34], where it was established that DFP with exact

line search converges globally and Q-superlinearly. Later, Dixon [14] proved that all

quasi-Newton methods from the convex Broyden’s class generate the same iterates

using exact line search, thus extending Powell’s result to the convex Broyden’s class

including BFGS. In order to relax the exact line search condition, the work in [35]

considered BFGS using inexact line search based on Wolfe conditions and showed

that it retains global superlinear convergence. This result was later extended in [9] to

the convex Broyden class except for DFP. Moreover, [7, 10, 26] showed that the SR1

method with trust-region techniques achieves global and superlinear convergence.

However, all these results lack an explicit global convergence rate; they only pro-

vide asymptotic convergence guarantees and fail to characterize the explicit global

convergence rate of classical quasi-Newton methods. The only exception is a recent

work in [27], where the authors also studied the global convergence rate of BFGS

with exact line search. Specifically, it was shown that BFGS attains a global linear

rate of (1 − 2μ3

L3 (1 + μTr(B−1
0 )

k
)−1(1 + Tr(B0)

Lk
)−1)k , where Tr(·) denotes the trace of a

matrix. We note that after k = O(d) iterations, their linear rate approaches the rate of

(1 − 2μ3

L3 )k , which is substantially slower than gradient descent-type methods. More

importantly, their study does not extend to demonstrating any superlinear convergence

rate and fails to fully characterize the behavior of BFGS.

The discussions above reveal a major gap in classical quasi-Newton methods: the

lack of an explicit global convergence rate characterization.

Contributions. In this paper, we present the first results that contain explicit non-

asymptotic global linear and superlinear convergence rates for the BFGS method with

exact line search. Note that due to the equivalence result by Dixon [14], our results

also hold for other quasi-Newton methods in the convex Broyden class with exact

line search. At a high level, our convergence analysis sharpens the potential function-

based framework first introduced in [8], leading to a unifying framework for proving

both the global linear convergence rates and the superlinear convergence rates. Our

convergence results are global as they hold for any initial point x0 ∈ R
d and any initial

Hessian approximation matrix B0 that is symmetric positive definite. Specifically, our

analysis divides the convergence process into three phases, characterized by different

convergence rates:
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(i) First linear phase: We show that

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − e− Ψ (B̄0)

k
1

κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

.

Here, B̄0 = 1
L

B0 is the scaled initial Hessian approximation matrix, Ψ (·) is a

potential function defined later in (18), κ = L
μ

denotes the condition number,

and C0 = 2M
√

2( f (x0)− f (x∗))
μ3/2 is based on the initial optimality gap with M as the

Hessian’s Lipschitz parameter. In particular, when k ≥ Ψ (B̄0), this leads to a

linear rate of

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

.

(ii) Second linear phase: Upon reaching k ≥ (1 + C0)Ψ (B̄0) + 3C0κ min{2(1 +
C0), 1 + √

κ}, the algorithm attains an improved linear rate matching that of

standard gradient descent:

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ

)k

.

(iii) Superlinear phase: when k ≥ Ψ (B̃0)+4C0Ψ (B̄0)+12C0κ min{2(1+C0), 1+√
κ}, BFGS achieves a superlinear convergence rate of

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

Ψ (B̃0) + 4C0Ψ (B̄0) + 12C0κ min{2(1 + C0), 1 + √
κ}

k

)k

,

where B̃0 = ∇2 f (x∗)−
1
2 B0∇2 f (x∗)−

1
2 is the normalized initial Hessian approx-

imation matrix.

To make our convergence rates easily interpretable, we focus on the global linear

and superlinear convergence rates of the special case where B0 = α I for a given

scalar α > 0. We also study the practical initialization, B0 = cI , where c = s� y

‖s‖2

with s = x2 − x1, y = ∇ f (x2) − ∇ f (x1), and x1, x2 being two randomly chosen

vectors. We further consider B0 = L I and B0 = μI as two specific cases. The global

convergence results with these initializations are summarized in Table 1. Our analysis

reveals a trade-off between the linear and the superlinear rates, depending on the choice

of the initial matrix B0. Specifically, while both initializations lead to the same linear

convergence rates, initiating with B0 = L I allows the algorithm to reach this rate

d log κ iterations earlier than with B0 = μI . On the other hand, for the superlinear

convergence phase, the difference between B0 = L I and B0 = μI essentially boils

down to comparing dκ against (1 + 4C0)d log κ . Thus, when C0 � κ , initializing

with B0 = μI enables an earlier transition to the superlinear convergence compared
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to B0 = L I , as well as a faster superlinear convergence rate. As we shall see in Sect. 7,

our experiments also demonstrate this trade-off.

Additional related work. In addition to the standard quasi-Newton methods such

as BFGS, the superlinear convergence of other variants of quasi-Newton methods

has also been studied in the literature. The greedy variants of quasi-Newton methods

were first introduced in [36] and developed in subsequent works [22, 29, 30]. Instead

of using the difference of successive iterates to update the Hessian approximation

matrix, the key idea is to greedily select basis vectors to maximize a certain measure

of progress. In [36], greedy BFGS is shown to achieve a local superlinear convergence

rate of (dκ(1 − 1
dκ

)
k
2 )k and the superlinear convergence phase begins after dκ ln (dκ)

iterations. Similar superlinear convergence rates are extended to other greedy quasi-

Newton updates in [22, 29, 30]. However, we note that their results are all local and

require the initial point to be sufficiently close to the optimal solution x∗. Recently,

along a different line of work, the authors in [23, 24] proposed quasi-Newton-type

methods based on the hybrid proximal extragradient framework [32, 40] and stud-

ied their global convergence rates. Specifically, it was shown that the quasi-Newton

proximal extragradient method in [23] achieves a global linear convergence rate of

(1 − 1/κ)k and a global superlinear rate of the form (1 +
√

k/O(κ2d))−k . However,

these methods are distinct from the classical quasi-Newton methods such as BFGS

analyzed in this paper, since they formulate the update of the Hessian approximation

matrices Bk as an online convex optimization problem and follow an online learning

algorithm to update Bk .

Outline. In Sect. 2, we provide an overview of the BFGS method with exact line search,

outline our assumptions, and introduce some preliminary lemmas for the exact line

search scheme. Sect. 3 presents our general analytical framework, which is employed

to establish global linear and superlinear convergence results for the BFGS method,

along with the intermediate results for the update of quasi-Newton methods. In Sect. 4,

we establish the global linear convergence rate of BFGS using exact line search that

applies to any choices of B0 and x0 and we consider specific initializations with

B0 = α I , B0 = cI , B0 = L I and B0 = μI . Building on the linear convergence

rates, Sect. 5 details our global superlinear convergence results. In Sect. 6, we com-

pare our analytical framework to both classical asymptotic analysis and recent local

non-asymptotic analysis of BFGS. Sect. 7 displays our numerical experiments that

corroborate our theoretical findings. Finally, we finish the paper by presenting some

concluding remarks in Sect. 8.

Notation. We use ‖ · ‖ to denote the �2-norm of a vector or the spectral norm of

a matrix. We denote S
d
+ and S

d
++ as the set of symmetric positive semidefinite and

symmetric positive definite matrices with dimension d × d, respectively. Given two

symmetric matrices A and B, we denote A 
 B if and only if B − A is positive

semidefinite. Given a matrix A, we use Tr(A) and Det(A) to denote its trace and

determinant, respectively.

123



Non-asymptotic global convergence rates of BFGS…

2 Preliminaries

In this section, we first outline the assumptions, notations, and lemmas essential for our

convergence proof. Following this, we explore the general framework of quasi-Newton

methods incorporating exact line search and provide an overview of the principal

concepts underpinning the update mechanism in the convex Broyden’s class of quasi-

Newton methods, which encompasses both the BFGS and DFP algorithms.

2.1 Assumptions

To begin with, we state our assumptions on the objective functions f .

Assumption 1 The objective function f is strongly convex with parameter μ > 0,

i.e., ‖∇ f (x) − ∇ f (y)‖ ≥ μ‖x − y‖, for any x, y ∈ R
d .

Assumption 2 The objective function gradient ∇ f is Lipschitz continuous with

parameter L > 0, i.e., ‖∇ f (x) − ∇ f (y)‖ ≤ L‖x − y‖ for any x, y ∈ R
d .

Both Assumptions 1 and 2 are standard in the convergence analysis of first-order

methods. Moreover, since f is twice differentiable, they imply that μI 
 ∇2 f (x) 

L I for any x ∈ R

d . Additionally, the condition number of f is defined as κ := L
μ

.

We also remark that Assumptions 1 and 2 are sufficient in our analysis to prove a

global linear convergence rate of BFGS with exact line search. In order to achieve

a superlinear convergence rate, we need to impose an additional assumption on the

Hessian of the function f , stated below.

Assumption 3 The objective function Hessian ∇2 f is Lipschitz continuous along the

direction of optimal solution x∗ with parameter M > 0, i.e., ‖∇2 f (x)−∇2 f (x∗)‖ ≤
M‖x − x∗‖ for any x ∈ R

d .

Assumption 3 is commonly used in the analysis of quasi-Newton methods, such

as in [8], as it provides a necessary smoothness condition for the Hessian of the

objective function. Importantly, we do not require Hessian smoothness for arbitrary

points x, y ∈ R
d ; rather, we impose a weaker condition, assuming that the Hessian is

Lipschitz continuous only along the direction of the optimal solution x∗.

2.2 Quasi-Newtonmethods with exact line search

Next, we briefly review the template for updating quasi-Newton matrices, focusing

specifically on the DFP and BFGS algorithms. Specifically, at the k-th iteration, the

update in (2) can be equivalently written as

xk+1 = xk + ηkdk, where dk = −B−1
k gk and gk = ∇ f (xk). (4)

Here, ηk ≥ 0 represents the step size, and Bk ∈ R
d×d is the Hessian approximation

matrix. Replacing Bk with the exact Hessian ∇2 f (xk) turns the update into the classical
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Newton’s method. Quasi-Newton methods aim to approximate the Hessian with first-

order information, typically adhering to a secant condition and a least-change property.

To elaborate, we define the variable difference sk and gradient difference yk as

sk := xk+1 − xk, yk := ∇ f (xk+1) − ∇ f (xk). (5)

The secant condition requires that Bk+1 satisfies yk = Bk+1sk , ensuring the gradient

consistency between the quadratic model hk+1(x) = f (xk+1) + g�
k+1(x − xk+1) +

1
2
(x − xk+1)

�Bk+1(x − xk+1) and f at xk and xk+1; that is, ∇hk+1(xk) = ∇ f (xk)

and ∇hk+1(xk+1) = ∇ f (xk+1) (see [33, Chapter 6]). That said, the secant condition

does not uniquely define Bk+1. Thus, we impose a least-change property to ensure

that Bk+1, satisfying the secant condition, is closest to Bk in a specific proximity

measure. Various proximity measures have been proposed in the literature [16, 19,

20] and here we follow the variational characterization in [16]. Specifically, for any

symmetric positive definite matrix A ∈ S
d
++, define the negative log-determinant

function Φ(A) = − log Det(A) and define the Bregman divergence generated by Φ

by

DΦ(A, B) := Φ(A) − Φ(B) − 〈∇Φ(B), A − B〉
= Tr(B−1 A) − log Det(B−1 A) − d.

(6)

Note that the Bregman divergence can be regarded as a measure of proximity between

two positive definite matrices, and DΦ(A, B) = 0 if and only if A = B. For the

BFGS update, it was shown in [16] that Bk+1 is given as the unique solution of the

minimization problem:

min
B∈S

d
++

DΦ(B; Bk) s.t. yk = Bsk,

which admits the following explicit update rule:

BBFGS
k+1 := Bk −

Bksks�
k Bk

s�
k Bksk

+
yk y�

k

s�
k yk

. (7)

Moreover, if we define Hk := B−1
k as the inverse of the Hessian approximation matrix,

it follows from the Sherman-Morrison-Woodbury formula that

HBFGS
k+1 :=

(

I −
sk y�

k

y�
k sk

)

Hk

(

I −
yks�

k

s�
k yk

)

+
sks�

k

y�
k sk

. (8)

The DFP update rule can be regarded as the dual of BFGS, where the roles of the

Hessian approximation matrix Bk+1 and its inverse Hk+1 are exchanged. Specifically,
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the DFP update rules are given by

BDFP
k+1 :=

(

I −
yks�

k

y�
k sk

)

Bk

(

I −
sk y�

k

s�
k yk

)

+
yk y�

k

y�
k sk

,

HDFP
k+1 := Hk −

Hk yk y�
k Hk

y�
k Hk yk

+
sks�

k

s�
k yk

.

Both BFGS and DFP belong to a more general class of quasi-Newton methods, known

as the convex Broyden’s class [4]. In this class, the Hessian approximation matrix Bk+1

is defined as

Bk+1 := φk BDFP
k+1 + (1 − φk)BBFGS

k+1 ,

where φk ∈ [0, 1] for any k ≥ 0. Accordingly, there exists ψk ∈ [0, 1] such that the

Hessian inverse approximation matrix Hk+1 is given by

Hk+1 := (1 − ψk)HDFP
k+1 + ψk HBFGS

k+1 .

The convex Broyden’s class exhibits a crucial property: if the initial Hessian approxi-

mation matrix B0 is symmetric positive definite and the objective function f is strictly

convex, then all subsequent Bk matrices produced by this class maintain symmetric

positive definiteness (see [33]).

To guarantee the global convergence of quasi-Newton methods in (4), it is necessary

to employ a line search scheme to select the step size ηk . In this paper, our primary

focus is on the exact line search step size, where we aim to minimize the objective

function along the search direction dk . Specifically,

ηk := arg min
η≥0

f (xk + ηdk). (9)

Remarkably, it was shown in [14] that, when employing the exact line search scheme,

the convex Broyden’s class of quasi-Newton methods produce identical iterates given

that the initial point x0 and the initial matrix B0 are the same. Thus, in the remainder of

the paper, we focus on the BFGS update in (7) as all results hold for other algorithms

in the convex Broyden family.

Finally, we introduce some intermediate results related to the exact line search step

size, as defined in (9). These standard results (see, e.g., [34]) are essential for the

forthcoming demonstration of the convergence rate of the quasi-Newton method.

Lemma 1 Consider the standard quasi-Newton method in (4) with the exact line search

specified in (9). The following results hold for any k ≥ 0:

(a) f (xk+1) ≤ f (xk).

(b) g�
k+1sk = 0 and y�

k sk = −g�
k sk .
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3 Convergence analysis framework

In this section, we introduce our theoretical framework for establishing the global

convergence rates of the BFGS algorithm with exact line search. Our framework builds

on two key propositions. In Proposition 1, we characterize the amount of function value

decrease in one iteration in terms of the angle θk between the steepest descent direction

−gk and the search direction dk given in (4). Subsequently, Proposition 2 presents a

potential function for the BFGS update, which leads to a lower bound on cos(θk).

To formally begin the analysis, we first present a weighted version of key vectors

and matrices as introduced from the previous work [13]. Specifically, given a weight

matrix P ∈ S
d
++ (also referred to as a transformation matrix), we define the weighted

gradient ĝk , the weighted gradient difference ŷk , and the weighted iterate difference

ŝk as

ĝk = P− 1
2 gk, ŷk = P− 1

2 yk, ŝk = P
1
2 sk . (10)

Similarly, we define the weighted Hessian approximation matrix B̂k as

B̂k = P− 1
2 Bk P− 1

2 . (11)

Note that the weight matrix P can be chosen as any positive definite matrix, and its

choice will be evident from the context. In particular, as we shall see later, we use

P = L I in Sect. 4 to prove the global linear convergence rate, and use P = ∇2 f (x∗)
in Sect. 5 to prove the global superlinear convergence rate. Moreover, since the above

weighting procedure amounts to a change of the coordinate system, the weighted

versions of the vectors and matrices defined in (10) and (11) retain the same algebraic

relations as their original forms. In particular, the weighted Hessian approximation

matrices generated by the BFGS algorithm follow the subsequent update rule:

B̂k+1 = B̂k −
B̂k ŝk ŝ�

k B̂k

ŝ�
k B̂k ŝk

+
ŷk ŷ�

k

ŝ�
k ŷk

. (12)

Before introducing our first key proposition, we define a quantity θ̂k by

cos(θ̂k) =
−ĝ�

k ŝk

‖ĝk‖‖ŝk‖
, (13)

which is the angle between the weighted steepest descent direction −ĝk and the

weighted iterate difference ŝk . It is well-known that the convergence of quasi-Newton

methods can be established by monitoring the behavior of cos(θ̂k). We next quantify

the link between functional value decrease and cos(θ̂k).

Proposition 1 Let {xk}k≥0 be the iterates generated by the BFGS method with exact

line search. Given a weight matrix P ∈ S
d
++, recall the weighted vectors and matrices

defined in (10) and (11). For any k ≥ 0, we have

f (xk+1) − f (x∗) =
(

1 − α̂k q̂k

m̂k

cos2(θ̂k)

)

( f (xk) − f (x∗)), (14)

123



Non-asymptotic global convergence rates of BFGS…

where we define

α̂k := f (xk) − f (xk+1)

−ĝ�
k ŝk

, q̂k := ‖ĝk‖2

f (xk) − f (x∗)
, m̂k :=

ŷ�
k ŝk

‖ŝk‖2
. (15)

As a corollary, we have that for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤

⎡

⎢

⎣
1 −

(

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

)

1
k

⎤

⎥

⎦

k

. (16)

Proof First, we use the definition of α̂k in (15) to write

f (xk) − f (xk+1) = −α̂k ĝ�
k ŝk = −α̂k

ĝ�
k ŝk

‖ĝk‖2
‖ĝk‖2. (17)

Moreover, note that we have −ĝ�
k ŝk = ŷ�

k ŝk by Lemma 1(b). Hence, using the defi-

nition of θ̂k in (13) and the definition of m̂k in (15), it follows that

−ĝ�
k ŝk

‖ĝk‖2
=

(ĝ�
k ŝk)

2

‖ĝk‖2‖ŝk‖2

‖ŝk‖2

−ĝ�
k ŝk

=
(ĝ�

k ŝk)
2

‖ĝk‖2‖ŝk‖2

‖ŝk‖2

ŷ�
k ŝk

= cos2(θ̂k)

m̂k

.

Furthermore, we have ‖ĝk‖2 = q̂k( f (xk) − f (x∗)) from the definition of q̂k in (15).

Thus, the equality in (17) can be rewritten as

f (xk) − f (xk+1) = α̂k q̂k

m̂k

cos2(θ̂k)( f (xk) − f (x∗)).

By rearranging the term in the above equality, we obtain (14). To prove the inequality

in (16), note that for any k ≥ 1, we have

f (xk) − f (x∗)

f (x0) − f (x∗)
=

k−1
∏

i=0

f (xi+1) − f (x∗)

f (xi ) − f (x∗)
=

k−1
∏

i=0

(

1 − α̂i q̂i

m̂i

cos2(θ̂i )

)

,

where the last equality is due to (14). Notice that the term 1 − α̂i q̂i

m̂i
cos2(θ̂i ) are non-

negative for any i ≥ 0. Thus, by applying the inequality of arithmetic and geometric

means twice, we obtain that

k−1
∏

i=0

(

1 − α̂i q̂i

m̂i

cos2(θ̂i )

)

≤
[

1

k

k−1
∑

i=0

(

1 − α̂i q̂i

m̂i

cos2(θ̂i )

)

]k

=
[

1 − 1

k

k−1
∑

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

]k

≤

⎡

⎢

⎣
1 −

(

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

)

1
k

⎤

⎥

⎦

k

.
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This completes the proof. ��
Remark 1 We note that similar results relating f (xk) − f (xk+1) to cos2(θ̂k) have

appeared in prior work such as [9, Lemma 4.2] and [8], though they are used in the

analysis of quasi-Newton methods with inexact line search. Compared with these prior

results, Proposition 1 is more general in the sense that we consider the weighted iterates

using a general weight matrix P . This flexibility enables us to obtain tighter bounds

and, more importantly, to obtain a global superlinear convergence rate under the same

framework (see Sect. 5). Another subtle yet important difference is that previous works

typically upper bound the term m̂k by L prematurely, leading to the worst dependence

on the condition number κ . Instead, we keep m̂k in (14) as is and lower bound the term

cos2(θ̂k)/m̂k together, as later shown in Proposition 2.

Remark 2 without loss of generality, we assume that xk �= x∗ for any k ≥ 0 throughout

the paper, meaning the exact optimal solution x∗ is never reached. Consequently, this

ensures that ĝk �= 0, ηk > 0, and ŝk �= 0 for any k ≥ 0. As a result, we have

ĝ�
k ŝk = ηk ĝ�

k B̂−1
k ĝk �= 0, since B̂k is symmetric positive definite. Moreover, under

this assumption, the definitions in equation (15) are valid since all the denominators—

−ĝ�
k ŝk , f (xk)− f (x∗), and ‖ŝk‖2—are nonzero. Similarly, m̂k = ŷ�

k ŝk

‖ŝk‖2 is well-defined

and nonzero, as ŷ�
k ŝk = −ĝ�

k ŝk �= 0.

Proposition 1 shows that BFGS’s convergence rate hinges on four quantities: α̂k ,

q̂k , m̂k , and cos(θ̂k). Note that α̂k and q̂k can be bounded using Assumptions 1, 2

and 3, independent of the quasi-Newton update, with details deferred to Sect. 3.1.

The focus here is to establish a lower bound for cos2(θ̂k)/m̂k . This involves analyzing

the dynamics of the Hessian approximation matrices {Bk}k≥0 through their trace and

determinant, leveraging the following potential function from [8] that integrates both:

Ψ (A) := Tr(A) − log Det(A) − d. (18)

Given (6), Ψ (A) can be regarded as the Bregman divergence generated by Φ(A) =
− log det(A) between the matrix A and the identity matrix I . In particular, Ψ (A) ≥ 0

and also we have Ψ (A) = 0 if and only if A = I . Now we are ready to state

Proposition 2, which is a classical result in the quasi-Newton literature (e.g., see [33,

Section 6.4]). For completeness, we provide its proof in Appendix A.

Proposition 2 Given a weight matrix P ∈ S
d
++, recall the weighted vectors and matri-

ces defined in (10) and (11). Let {B̂k}k≥0 be the weighted Hessian approximation

matrices generated by the BFGS update in (12). Then we have

Ψ (B̂k+1) ≤ Ψ (B̂k) + ‖ŷk‖2

ŝ�
k ŷk

− 1 + log
cos2 θ̂k

m̂k

, ∀k ≥ 0, (19)

where m̂k and θ̂k are defined in (15). As a corollary, we have for any k ≥ 1,

k−1
∑

i=0

log
cos2(θ̂i )

m̂i

≥ −Ψ (B̂0) +
k−1
∑

i=0

(

1 − ‖ŷi‖2

ŝ�
i ŷi

)

. (20)
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Taking exponentiation of both sides in (20), Proposition 2 provides a lower bound

for the product
∏k−1

i=0
cos2(θ̂i )

m̂i
in relation to the sum

∑k−1
i=0

‖ŷi ‖2

ŝ�
i ŷi

and Ψ (B̂0). We will

use Assumptions 1, 2 and 3 to bound the term
‖ŷk‖2

ŝ�
k ŷk

for any k ≥ 0, as shown in

Lemma 5 of Sect. 3.1. Moreover, the second term Ψ (B̂0) depends on our choice of the

initial Hessian approximation matrix B0. Specifically, we will consider two different

initializations: (i) B0 = L I ; (ii) B0 = μI . As we shall discuss in the upcoming

sections, these two choices result in different bounds and thus lead to a trade-off

between the initial linear convergence rate and the final superlinear convergence rate.

Having outlined our key propositions, Sects. 4 and 5 will merge Proposition 1

and Proposition 2 to demonstrate that BFGS achieves global non-asymptotic linear

and superlinear convergence rates, respectively. Our approach involves selecting an

appropriate weight matrix P and bounding the quantities in (16) to derive the overall

convergence rate. Specifically, we set P = L I for global linear convergence and P =
∇2 f (x∗) for superlinear convergence. The following section presents intermediate

lemmas that will be used to establish these convergence bounds.

3.1 Intermediate lemmas

Next, we provide some intermediate results that lower bound the quantities α̂k and

q̂k defined in (15) and the term
‖ŷk‖2

ŝ�
k ŷk

appearing in (19). To do so, we first define the

average Hessian matrices Jk and Gk as

Jk :=
∫ 1

0

∇2 f (xk + τ(xk+1 − xk))dτ, (21)

Gk :=
∫ 1

0

∇2 f (xk + τ(x∗ − xk))dτ. (22)

These two matrices play an important role in our analysis, since the fundamental

theorem of calculus implies that yk = Jksk and gk = Gk(xk − x∗) for any k ≥ 0.

We also define the weighted average Hessian matrix Ĵk = P− 1
2 Jk P− 1

2 for the given

weight matrix P ∈ S
d
++. Moreover, we define a quantity Ck that depends on the

function value at the iterate xk :

Ck := 2M

μ
3
2

√

2( f (xk) − f (x∗)), ∀k ≥ 0, (23)

where M is the Lipschitz constant of the Hessian in Assumption 3 and μ is the

strong convexity parameter in Assumption 1. Given these definitions, in the following

lemma, we characterize the relationship between different matrices that appear in our

convergence analysis.

Lemma 2 Suppose Assumptions 1, 2, and 3 hold, and recall the definitions of the

matrices Jk in (21), Gk in (22), and the quantity Ck in (23). Then, the following

statements hold:
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(a) For any k ≥ 0, we have that

1

1 + Ck

∇2 f (x∗) 
 Jk 
 (1 + Ck)∇2 f (x∗). (24)

(b) For any k ≥ 0, we have that

1

1 + Ck

∇2 f (x∗) 
 Gk 
 (1 + Ck)∇2 f (x∗). (25)

(c) For any k ≥ 0 and any τ̂ ∈ [0, 1], we have that

1

1 + Ck

Jk 
 ∇2 f (xk + τ̂ (xk+1 − xk)) 
 (1 + Ck)Jk . (26)

(d) For any k ≥ 0 and τ̃ ∈ [0, 1], we have that

1

1 + Ck

Gk 
 ∇2 f (xk + τ̃ (x∗ − xk)) 
 (1 + Ck)Gk . (27)

Proof Please check Appendix B. ��

After establishing Lemma 2, in the following three lemmas, we will provide bounds

on the quantities α̂k , q̂k and
‖ŷk‖2

ŝ�
k ŷk

, respectively. Note that α̂k is independent of the choice

of the weight matrix P ∈ S
d
++, while q̂k and

‖ŷk‖2

ŝ�
k ŷk

are determined by different options

of the weight matrix P . Moreover, Lemmas 4 and 5 are general results that hold for

any sequence {xk}k≥0 and are not specifically tied to our update rule.

Lemma 3 Let {xk}k≥0 be the iterates generated by the BFGS algorithm with exact line

search, and recall the definition α̂k = f (xk )− f (xk+1)

−ĝ�
k ŝk

in (15). Suppose Assumptions 1,

2, and 3 hold. Then, for any k ≥ 0, we have

α̂k ≥ max

{

1

1 + √
κ

,
1

2(1 + Ck)

}

. (28)

Proof To begin with, note that we have −ĝ�
k ŝk = ŷ�

k ŝk due to Lemma 1(b) and

ŷ�
k ŝk = y�

k sk for any choice of the weight matrix P . Thus, α̂k can be equivalently

defined as α̂k = f (xk )− f (xk+1)

y�
k sk

. We first prove the first bound in (28). By Assumptions 1

and 2, the function f is μ-strongly convex and its gradient is L-Lipschitz. Then for

any x, y ∈ R
d , it holds that

f (x) − f (y) − ∇ f (y)�(x − y) ≥ ‖∇ f (x) − ∇ f (y)‖2

2(L − μ)
+ μL‖x − y‖2

2(L − μ)

− μ

L − μ
(∇ f (y) − ∇ f (x))�(y − x).

(29)

123



Non-asymptotic global convergence rates of BFGS…

This is also known as the interpolation inequality; see, e.g., [41, Theorem 4]. By setting

x = xk , y = xk+1 in (29) and recalling that sk = xk+1−xk , yk = ∇ f (xk+1)−∇ f (xk)

and gk+1 = ∇ f (xk+1), we obtain that

f (xk) − f (xk+1) + g�
k+1sk ≥ 1

2(L − μ)
‖yk‖2 + μL‖sk‖2

2(L − μ)
− μ

L − μ
y�

k sk .

Moreover, Lemma 1 shows that g�
k+1sk = 0 due to exact line search. Thus, we can

simplify the above inequality as

f (xk) − f (xk+1) ≥ 1

2(L − μ)
‖yk‖2 + μL‖sk‖2

2(L − μ)
− μ

L − μ
y�

k sk

≥
√

μL

L − μ
‖yk‖‖sk‖ − μ

L − μ
y�

k sk

≥
( √

μL

L − μ
− μ

L − μ

)

y�
k sk = 1

1 + √
κ

s�
k yk, (30)

where we used Young’s inequality in the second inequality and the fact that

s�
k yk ≤ ‖sk‖‖yk‖ due to Cauchy-Schwartz inequality in the third inequality. Hence,

we conclude that α̂k = f (xk)− f (xk+1)

s�
k yk

≥ 1
1+√

κ
.

Now we proceed to establish the second lower bound on α̂k . Given Taylor’s theorem,

there exists τk ∈ [0, 1] such that

f (xk) = f (xk+1) + g�
k+1(xk − xk+1)

+ 1

2
(xk − xk+1)

�∇2 f (xk + τk(xk+1 − xk))(xk − xk+1)

= f (xk+1) + 1

2
s�

k ∇2 f (xk + τk(xk+1 − xk))sk,

where we used g�
k+1sk = 0. Moreover, based on (26) in Lemma 2(c), we have

s�
k ∇2 f (xk + τk(xk+1 − xk))sk ≥ 1

1 + Ck

s�
k Jksk = 1

1 + Ck

s�
k yk .

Hence, we obtain that

f (xk) − f (xk+1) = 1

2
s�

k ∇2 f (xk + τk(xk+1 − xk))sk ≥ 1

2(1 + Ck)
s�

k yk . (31)

By combining the inequalities in (30) and (31), the main claim follows. ��

Lemma 4 Recall the definition q̂k = ‖ĝk‖2

f (xk )− f (x∗)
in (15). Suppose Assumptions 1, 2,

and 3 hold. Then we have the following results:

(a) If we choose P = L I , then q̂k ≥ 2/κ .
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(b) If we choose P = ∇2 f (x∗), then q̂k ≥ 2/(1 + Ck)
2.

Proof We first prove (a). When P = L I , we have q̂k = ‖gk‖2

L( f (xk)− f (x∗))
. Since f is

μ-strongly convex by Assumption 1, it holds that ‖∇ f (xk)‖2 ≥ 2μ( f (xk) − f (x∗)
(see, e.g, [2, Section 9.1.2]). Hence, we conclude that q̂k ≥ 2μ/L = 2/κ .

Next, we prove (b). When P = ∇2 f (x∗), we have ‖ĝk‖2 = g�
k P−1gk =

g�
k (∇2 f (x∗))−1gk . By applying Taylor’s theorem with Lagrange remainder, there

exists τ̃k ∈ [0, 1] such that

f (xk) = f (x∗) + ∇ f (x∗)
�(xk − x∗)

+ 1

2
(xk − x∗)

�∇2 f (xk + τ̃k(x∗ − xk))(xk − x∗),

= f (x∗) + 1

2
(xk − x∗)

�∇2 f (xk + τ̃k(x∗ − xk))(xk − x∗),

(32)

where we used the fact that ∇ f (x∗) = 0 in the last equality. Moreover, by the funda-

mental theorem of calculus, we have

∇ f (xk) − ∇ f (x∗) =
∫ 1

0

∇2 f (xk + τ(x∗ − xk))(xk − x∗) dτ = Gk(xk − x∗),

where we use the definition of Gk in (22). Since ∇ f (x∗) = 0 and we denote gk =
∇ f (xk), this further implies that

xk − x∗ = G−1
k (∇ f (xk) − ∇ f (x∗)) = G−1

k gk . (33)

Combining (32) and (33) leads to

f (xk) − f (x∗) = 1

2
g�

k G−1
k ∇2 f (xk + τ̃k(x∗ − xk))G

−1
k gk . (34)

Based on (27) in Lemma 2(d), we have ∇2 f (xk + τ̃k(x∗ − xk)) 
 (1+Ck)Gk , which

implies that

G−1
k ∇2 f (xk + τ̃k(x∗ − xk))G

−1
k 
 (1 + Ck)G

−1
k . (35)

Moreover, it follows from (25) in Lemma 2(b) that 1
1+Ck

∇2 f (x∗) 
 Gk , which implies

that

G−1
k 
 (1 + Ck)(∇2 f (x∗))

−1. (36)

Combining (35) and (36), we obtain that

G−1
k ∇2 f (xk + τ̃k(x∗ − xk))G

−1
k 
 (1 + Ck)

2(∇2 f (x∗))
−1,

and hence

g�
k G−1

k ∇2 f (xk + τ̃k(x∗ − xk))G
−1
k gk ≤ (1 + Ck)

2g�
k (∇2 f (x∗))

−1gk .
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By using (34) and the fact that ‖ĝk‖2 = g�
k (∇2 f (x∗))−1gk , we obtain

q̂k = ‖ĝk‖2

f (xk) − f (x∗)
≥ 2

(1 + Ck)2
,

and the claim follows. ��

Lemma 5 Suppose Assumptions 1, 2, and 3 hold. Then we have

‖ŷk‖2

ŝ�
k ŷk

≤ ‖ Ĵk‖, ∀k ≥ 0.

As a corollary, we have the following results:

(a) If we choose P = L I , then
‖ŷk‖2

ŝ�
k ŷk

≤ 1.

(b) If we choose P = ∇2 f (x∗), then
‖ŷk‖2

ŝ�
k ŷk

≤ 1 + Ck .

Proof Note that by the fundamental theorem of calculus, we have yk = Jksk , which

implies that ŷk = Ĵk ŝk . Hence, we can bound

‖ŷk‖2

ŝ�
k ŷk

=
ŝ�

k Ĵk Ĵk ŝk

ŝ�
k Ĵk ŝk

=
ŝ�

k Ĵ
1
2

k Ĵk Ĵ
1
2

k ŝk

‖ Ĵ
1
2

k ŝk‖2

≤ ‖ Ĵk‖.

Hence, if P = L I , then ‖ Ĵk‖ = 1
L
‖Jk‖ ≤ 1 by Assumption 2, which proves the result

in (a). Moreover, if P = ∇2 f (x∗), then

‖ Ĵk‖ = ‖(∇2 f (x∗))
− 1

2 Jk(∇2 f (x∗))
− 1

2 ‖ ≤ 1 + Ck,

by (24) in Lemma 2(a), which proves the result in (b). ��

4 Global linear convergence rates

In this section, we establish the explicit global linear convergence rates for the BFGS

method using an exact line search step size, marking one of the first non-asymptotic

global linear convergence analyses of BFGS with a line search scheme. The subsequent

global superlinear convergence analyses are established based on these linear rates.

Specifically, we combine the fundamental inequality (16) from Proposition 1 with

lower bounds of the terms α̂k , q̂k , and cos2(θ̂k)/m̂k from Lemma 3, 4, 5 and Proposi-

tion 2 to prove all the global linear convergence rates. In this section, we set the weight

matrix P as P = L I and we define the weighted matrix B̄k as:

B̄k = 1

L
Bk, for k ≥ 0. (37)
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In the following lemma, we prove the global linear convergence rate of the BFGS

method for any choice of B0 ∈ S
d
++.

Lemma 6 Let {xk}k≥0 be the iterates generated by the BFGS method with exact line

search and suppose that Assumptions 1 and 2 hold. For any initial point x0 ∈ R
d and

any initial Hessian approximation matrix B0 ∈ S
d
++, we have the following global

linear convergence rate for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − e− Ψ (B̄0)

k
2

κ(1 + √
κ)

)k

. (38)

Proof Our starting point is applying Proposition 1 with the weight matrix P chosen

as P = L I . Specifically, (16) shows that to obtain a convergence rate, it suffices

to prove a lower bound on
∏k−1

i=0
α̂i q̂i

m̂i
cos2(θ̂i ). It follows from Lemma 3 that α̂k =

f (xk)− f (xk+1)

s�
k yk

≥ 1√
κ+1

for any k ≥ 0. Moreover, by applying Lemma 4 with P =

L I , we obtain that q̂k = ‖ĝk‖2

f (xk )− f (x∗)
≥ 2

κ
for any k ≥ 0. Furthermore, applying

Proposition 2 with P = L I , it follows from (20) that

k−1
∑

i=0

log
cos2(θ̂i )

m̂i

≥ −Ψ (B̄0) +
k−1
∑

i=0

(

1 − ‖ŷi‖2

ŝ�
i ŷi

)

≥ −Ψ (B̄0),

where in the last inequality we used
‖ŷi ‖2

ŝ�
i ŷi

≤ 1 by Lemma 5 with P = L I . Taking

exponentiation of both sides, this further implies that

k−1
∏

i=0

cos2(θ̂i )

m̂i

≥ e−Ψ (B̄0). (39)

Combining all the pieces above, we get

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i ) ≥
k−1
∏

i=0

(α̂i q̂i )

k−1
∏

i=0

cos2(θ̂i )

m̂i

≥
(

2

κ(
√

κ + 1)

)k

e−Ψ (B̄0).

Thus, it follows from Proposition 1 that

f (xk) − f (x∗)

f (x0) − f (x∗)
≤

⎡

⎢

⎣
1 −

(

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

)

1
k

⎤

⎥

⎦

k

≤
(

1 − e− Ψ (B̄0)

k
2

κ(1 + √
κ)

)k

.

This completes the proof. ��

Notice that this result holds without the Hessian Lipschitz continuity assumption. In

the next lemma, we present another version of the global linear convergence analysis
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with the additional assumption the Hessian of f is M-Lipschitz. We show that the

BFGS method with exact line search will eventually reach a global linear convergence

rate of (1 − 1/O(κ))k , which is the same as the gradient descent method.

Lemma 7 Let {xk}k≥0 be the iterates generated by the BFGS method with exact line

search and suppose that Assumptions 1, 2 and 3 hold. For any initial point x0 ∈ R
d

and any initial Hessian approximation matrix B0 ∈ S
d
++, we have the following global

linear convergence rate for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − e− Ψ (B̄0)

k
1

κ

1

1 + C0

)k

. (40)

Moreover, when k ≥ (1 + C0)Ψ (B̄0) + 3C0κ min{2(1 + C0), (1 + √
κ)}, we have

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ

)k

. (41)

Proof We follow a similar argument as in the proof of Lemma 6 but with a different

lower bound for α̂k . Specifically, by Lemma 3, we also have α̂k = f (xk )− f (xk+1)

s�
k yk

≥
1

2(1+Ck )
. Combining this with q̂k ≥ 2/κ and (39) leads to

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i ) ≥
k−1
∏

i=0

(α̂i q̂i )

k−1
∏

i=0

cos2(θ̂i )

m̂i

≥
(

1

κ

)k

e−Ψ (B̄0)

k−1
∏

i=0

1

1 + Ci

. (42)

To begin with, recall the definition that Ci = M

μ
3
2

√
2( f (xi ) − f (x∗)). Since the objec-

tive function is non-increasing by Lemma 1, it holds that Ci ≤ C0 for any i ≥ 0. Thus,

from (42) we have

(

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

)

1
k

≥ 1

κ
e− Ψ (B̄0)

k
1

1 + C0
.

Thus, by using Proposition 1 we obtain (40).

To prove the second claim in (41), we use the fact that 1 + x ≤ ex for any x ∈ R

to get
k−1
∏

i=0

1

1 + Ci

≥
k−1
∏

i=0

e−Ci = e−
∑k−1

i=0 Ci . (43)

Combining (42) and (43) leads to

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i ) ≥
(

1

κ

)k

e
−Ψ (B̄0)−

k−1
∑

i=0

Ci

. (44)
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Next, we prove an upper bound on
∑k−1

i=0 Ci . When k ≥ (1 + C0)Ψ (B̄0) +
3C0κ min{2(1 + C0), (1 + √

κ)}, we have that k ≥ (1 + C0)Ψ (B̄0), which implies

that k ≥ Ψ (B̄0). Then (38) in Lemma 6 and (40) together imply that

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

,

where we used the fact that e− Ψ (B̄0)

k ≥ e−1 ≥ 1
3

. Moreover, we decompose the sum
∑k−1

i=0 Ci into two parts by
∑k−1

i=0 Ci =
∑Ψ (B̄0)−1

i=0 Ci +
∑k−1

i=Ψ (B̄0)
Ci . For the first

part, we have
∑Ψ (B̄0)−1

i=0 Ci ≤ C0Ψ (B̄0). For the second part, by the definition of Ci ,

we have

k−1
∑

i=Ψ (B̄0)

Ci = C0

k−1
∑

i=Ψ (B̄0)

√

f (xi ) − f (x∗)

f (x0) − f (x∗)

≤ C0

k−1
∑

i=Ψ (B̄0)

(

1 − 1

3κ
max

{

2

1 + √
κ

,
1

1 + C0

})
i
2

≤ C0

1 −
√

1 − 1
3κ

max{ 1
1+C0

, 2
1+√

κ
}

≤ 3C0κ min{2(1 + C0), 1 +
√

κ},

where we used
√

1 − x ≤ 1 − 1
2

x for all 0 ≤ x ≤ 1 in the last inequality. Combining

both inequalities, we arrive at

k−1
∑

i=0

Ci ≤ C0Ψ (B̄0) + 3C0κ min{2(1 + C0), 1 +
√

κ}. (45)

Thus, when the number of iterations k exceeds (1 + C0)Ψ (B̄0) + 3C0κ min{2(1 +
C0), (1 + √

κ)}, by (44) we have

(

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

)

1
k

≥ 1

κ
e− 1

k
(Ψ (B̄0)+

∑k−1
i=0 Ci ) ≥ 1

eκ
≥ 1

3κ
.

Together with Proposition 1, this proves the second claim in (41). ��

We summarize all the global linear convergence results from the above two lemmas

in the following theorem.

Theorem 1 Let {xk}k≥0 be the iterates generated by the BFGS method with exact line

search and suppose that Assumptions 1, 2 and 3 hold. For any initial point x0 ∈ R
d
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and any initial matrix B0 ∈ S
d
++, we have the following global linear convergence

rate for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − e− Ψ (B̄0)

k
1

κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

, (46)

where B̄0 is defined in (37). When k ≥ Ψ (B̄0), we have that

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

. (47)

Moreover, when k ≥ (1 + C0)Ψ (B̄0) + 3C0κ min{2(1 + C0), 1 + √
κ}, we have

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ

)k

. (48)

In Theorem 1, we present three distinct linear convergence rates during different

phases of the BFGS algorithm with exact line search. Specifically, the linear rate in (46)

is applicable from the first iteration, but the contraction factor depends on the quan-

tity e−Ψ (B̄0)/k , which can be exponentially small and thus imply a slow convergence

rate. However, this quantity will be bounded away from zero as the number of itera-

tions k increases, resulting in an improved linear rate. In particular, for k ≥ Ψ (B̄0),

the quantity e−Ψ (B̄0)/k is bounded below by 1/3, leading to the second improved

linear convergence rate in (47). Furthermore, as shown in Lemma 7, after an addi-

tional C0Ψ (B̄0)+ 3C0κ min{2(1 +C0), 1 +√
κ} iterations, we achieve the last linear

convergence rate in (48), which is comparable to that of gradient descent.

From the discussions above, we observe that the quantity Ψ (B̄0) (recall that

B̄0 = 1
L

B0) plays a critical role in determining the transitions between different

linear convergence phases, and a smaller Ψ (B̄0) implies fewer iterations required to

reach each linear convergence phase. Thus, we consider a special case to simplify

our bounds, where B0 = α I and α > 0 is an arbitrary positive scalar. Given this

simplification, we obtain Ψ (B̄0) = Ψ ( α
L

I ) = α
L

d − d + d log L
α

. We apply this to

Theorem 1 to establish the corresponding global linear rates, as stated in Corollary 1.

Corollary 1 Let {xk}k≥0 be the iterates generated by the BFGS method with exact line

search and suppose that Assumptions 1, 2 and 3 hold. For any initial point x0 ∈ R
d

and the initial Hessian approximation matrix B0 = α I with α > 0, we have the

following global convergence rate for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − e−
α
L

d−d+d log L
α

k
1

κ
max

{

2

1 + √
κ

,
1

1 + C0

}

)k

. (49)
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When k ≥ d( α
L

− 1 + log L
α
), we have that

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

. (50)

Moreover, when k ≥ (1 + C0)d( α
L

− 1 + log L
α
) + 3C0κ min{2(1 + C0), 1 + √

κ}, we

have that
f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − 1

3κ

)k

. (51)

The above corollary characterizes the behavior of BFGS with exact line search

when the initial Hessian approximation is a scaled identity matrix. In the following

paragraphs, we refine these results by analyzing the bounds for specific values of α.

First, we examine two extreme cases for initialization: α = L (where B0 = L I )

and α = μ (where B0 = μI ). The former corresponds to an upper bound on the

eigenvalues of the Hessian, while the latter uses a lower bound. Note that in the case

where B0 = L I , we have d( α
L

− 1 + log L
α
) = d( L

L
− 1 + log L

L
) = 0 and we

achieve the global linear convergence rate in (50) for any k ≥ 1. Moreover, when k ≥
3C0κ min{2(1 + C0), (1 +√

κ)}, we reach the second linear convergence rate in (51).

In the case where B0 = μI , we have d( α
L

−1+ log L
α
) = d( 1

κ
−1+ log κ) ≤ d log κ .

We have the following global convergence rate for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

1 − e− d log κ
k

1

κ
max

{

2

1 + √
κ

,
1

1 + C0

})k

. (52)

When k ≥ d log κ , we achieve the global linear convergence rate in (50). Moreover,

when k ≥ (1 + C0)d log κ + 3C0κ min{2(1 + C0), 1 + √
κ}, we reach the second

linear convergence rate in (51). Comparing the above results, we observe that BFGS

with B0 = μI requires additional d log κ iterations to achieve a similar linear rate as

in the first case. However, as we present in the next section, the choice of the initial

Hessian approximation matrix B0 = μI could achieve a superlinear rate faster. This

trade-off between the linear and superlinear convergence phase is the fundamental

consequence of different choices of the initial Hessian approximation matrix in our

convergence analysis.

While the special cases discussed above are valuable for theoretical compari-

son, they may not be practical for selecting the initial Hessian approximation, as

the constants μ and L are often unknown. A more practical choice, which can

be easily computed, is to set B0 = cI , where c is determined based on gradient

and variable differences between two randomly selected points. Specifically, c is

given by c = s� y

‖s‖2 where s = x2 − x1 and y = ∇ f (x2) − ∇ f (x1), with x1 and

x2 being two randomly chosen vectors. This choice ensures that c ∈ [μ, L]. For

this initialization of B0, we can establish the bound d
(

c
L

− 1 + log L
c

)

≤ d log κ .

Applying this upper bound to our linear convergence result in Corollary 1, we

obtain that when k ≥ d log κ , we have the linear convergence rate in (50). When

k ≥ (1 + C0)d log κ + 3C0κ min{2(1 + C0), 1 +√
κ}, we have the linear rate in (51).
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5 Global superlinear convergence rates

In this section, we establish the non-asymptotic global superlinear convergence rate

of BFGS with exact line search, employing a similar approach to the global linear

convergence rate analysis from the previous section. We utilize the framework from

Proposition 1 and integrate the lower bounds from Lemmas 3, 4, 5, and Proposition 2.

The key distinction lies in the choice of the weight matrix: instead of P = L I used in

the linear convergence analysis, we opt for P = ∇2 f (x∗) for the global superlinear

convergence proof.

We define the weighted matrix B̃k as:

B̃k = ∇2 f (x∗)
− 1

2 Bk∇2 f (x∗)
− 1

2 , for k ≥ 0. (53)

In the following proposition, we first provide a general global convergence bound with

an arbitrary initial Hessian approximation matrix B0 ∈ S
d
++. All the global superlinear

convergence rates are based on the following proposition.

Proposition 3 Let {xk}k≥0 be the iterates generated by the BFGS method with exact

line search and suppose that Assumptions 1, 2 and 3 hold. Recall the definition of

Ck in (23) and Ψ (·) in (18). For any initial point x0 ∈ R
d and any initial Hessian

approximation matrix B0 ∈ S
d
++, the following result holds for any k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

Ψ (B̃0) + 4
∑k−1

i=0 Ci

k

)k

. (54)

Proof Recall that we choose the weight matrix as P = ∇2 f (x∗) throughout the proof.

From Lemma 3 and Lemma 4(b), we have α̂k ≥ 1
2(1+Ck )

and q̂k ≥ 2
(1+Ck )

2 . Hence,

using the inequality 1 + x ≤ ex for any x ≥ 0, it follows that

k−1
∏

i=0

(α̂i q̂i ) ≥
k−1
∏

i=0

1

(1 + Ck)3
≥

k−1
∏

i=0

e−3Ck = e−3
∑k−1

i=0 Ci . (55)

Moreover, by using the inequality (20) in Proposition 2 with P = ∇2 f (x∗), we obtain

that

k−1
∑

i=0

log
cos2(θ̂i )

m̂i

≥ −Ψ (B̃0) +
k−1
∑

i=0

(

1 − ‖ŷi‖2

ŝ�
i ŷi

)

≥ −Ψ (B̃0) −
k−1
∑

i=0

Ci ,

where in the last inequality we used the fact that
‖ŷi ‖2

ŝ�
i ŷi

≤ 1 + Ci from Lemma 5(b).

This further implies that

k−1
∏

i=0

cos2(θ̂i )

m̂i

≥ e−Ψ (B̃0)−
∑k−1

i=0 Ci . (56)
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Combining (55), (56), and (16) from Proposition 1, we prove that

f (xk) − f (x∗)

f (x0) − f (x∗)
≤

⎡

⎢

⎣
1 −

(

k−1
∏

i=0

α̂i q̂i

m̂i

cos2(θ̂i )

)

1
k

⎤

⎥

⎦

k

≤
[

1 −
(

e−3
∑k−1

i=0 Ci e−Ψ (B̃0)−
∑k−1

i=0 Ci

)
1
k

]k

=
(

1 − e− Ψ (B̃0)+4
∑k−1

i=0
Ci

k

)k

≤
(

Ψ (B̃0) + 4
∑k−1

i=0 Ci

k

)k

,

where the last inequality is due to the fact that 1 − e−x ≤ x for any x . ��

The above global result shows that the error after k iterations for the BFGS update

with exact line search depends on the potential function of the weighted initial Hessian

approximation matrix B̃0, i.e., Ψ (B̃0), and the sum of weighted function value opti-

mality gap, i.e.,
∑k−1

i=0 Ci . This result forms the foundation of our superlinear result,

since if we can demonstrate that the sum
∑k−1

i=0 Ci is bounded above, it leads to a

superlinear rate of the form O((1/k)k).

Having established the non-asymptotic global linear convergence rate of BFGS in

the previous section, we can leverage it to show that the sum
∑k−1

i=0 Ci is uniformly

bounded above, allowing us to establish an explicit upper bound for this finite sum.

In the following theorem, we apply the linear convergence results from Sect. 4 to

prove the non-asymptotic global superlinear convergence rates of BFGS with exact

line search for any initial Hessian approximation matrix B0 ∈ S
d
++.

Theorem 2 Let {xk}k≥0 be the iterates generated by the BFGS method with exact line

search and suppose that Assumptions 1, 2 and 3 hold. For any initial point x0 ∈ R
d

and any initial Hessian approximation matrix B0 ∈ S
d
++, we have the following

superlinear convergence rate,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

Ψ (B̃0) + 4C0Ψ (B̄0) + 12C0κ min{2(1 + C0), 1 + √
κ}

k

)k

,

(57)

where B̄0 and B̃0 are defined in (37) and (53).

Proof From (45) in Lemma 7, we know that for k ≥ 1,

k−1
∑

i=0

Ci ≤ C0Ψ (B̄0) + 3C0κ min{2(1 + C0), 1 +
√

κ}). (58)
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Leveraging (58) and (54) in Lemma 3, we prove that for k ≥ 1,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

Ψ (B̃0) + 4
∑k−1

i=0 Ci

k

)k

≤
(

Ψ (B̃0) + 4C0Ψ (B̄0) + 12C0κ min{2(1 + C0), 1 + √
κ}

k

)k

,

and the proof is complete. ��

This result indicates that BFGS with exact line search achieves a superlinear con-

vergence rate when the number of iterations satisfies the condition k ≥ Ψ (B̃0) +
4C0Ψ (B̄0) + 12C0κ min{2(1 + C0), 1 + √

κ}. The initial matrix B0 critically influ-

ences the required iterations to attain this rate, as it appears in the numerator of the

upper bound through B̃0 = ∇2 f (x∗)−
1
2 B0∇2 f (x∗)−

1
2 and B̄0 = (1/L)B0. Thus,

different choices of B0 yield different values for Ψ (B̃0) + 4C0Ψ (B̄0), affecting the

number of iterations required for superlinear convergence. Indeed, one can try to

optimize the choice of B0 to make the expression Ψ (B̃0) + 4C0Ψ (B̄0) as small as

possible.

Now we consider the special case where B0 = α I with α > 0 as any positive

constant. For this case, we have Ψ (B̄0) = Ψ ( α
L

I ) = α
L

d − d + d log L
α

and Ψ (B̃0) =
Ψ (α∇2 f (x∗)−1) = αTr(∇2 f (x∗)−1) − d − log Det(α∇2 f (x∗)−1) ≤ d( α

μ
− 1 +

log L
α
) from Assumptions 1 and 2. Applying these bounds in Theorem 2, we obtain

the following corollary.

Corollary 2 Let {xk}k≥0 be the iterates generated by the BFGS method with exact line

search and suppose that Assumptions 1, 2 and 3 hold. For any initial point x0 ∈ R
d

and the initial Hessian approximation matrix B0 = α I with α > 0, we have the

following superlinear convergence rate,

f (xk) − f (x∗)

f (x0) − f (x∗)
≤

(

d( α
μ − 1 + log L

α ) + 4C0d( α
L

− 1 + log L
α ) + 12C0κ min{2(1 + C0), 1 + √

κ}
k

)k

.

(59)

The above corollary characterizes the non-asymptotic superlinear convergence rate

of BFGS with exact line search when the initial Hessian approximation is an identity

matrix multiplied by a constant α. Similar to the linear convergence analysis, we

present the superlinear convergence rates for specific values of α in the following

paragraphs.
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When α = L (B0 = L I ), we have Ψ (B̄0) = d( α
L

− 1 + log L
α
) = 0 and Ψ (B̃0) =

d( α
μ

− 1 + log L
α
) ≤ dκ . Hence, we obtain the superlinear convergence rate

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

dκ + 12C0κ min{2(1 + C0), (1 + √
κ)}

k

)k

.

Similarly, when α = μ (B0 = μI ), we have Ψ (B̄0) = d( α
L

− 1 + log L
α
) ≤ d log κ

and Ψ (B̃0) = d( α
μ

− 1 + log L
α
) ≤ d log κ . This leads to the superlinear convergence

rate

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

(1 + 4C0)d log κ + 12C0κ min{2(1 + C0), 1 + √
κ}

k

)k

.

As shown in the above two results, choosing B0 = L I minimizes Ψ (B̄0), resulting in

Ψ (B̄0) = 0. However, Ψ (B̃0) in this case could be as large as dκ . On the other hand,

setting B0 = μI yields a more favorable upper bound, ensuring that both Ψ (B̄0) and

Ψ (B̃0) are bounded by d log κ . Hence, initializing the Hessian approximation with

B0 = μI instead of B0 = L I could result in fewer iterations to reach the superlinear

convergence phase. Generally, during the initial linear convergence stage, the iterates

generated by the BFGS method with B0 = L I outperform those with B0 = μI ,

due to a faster linear convergence speed. However, the BFGS method with B0 = μI

transitions to the ultimate superlinear convergence phase in fewer iterations compared

to B0 = L I . This phenomenon has also been observed in our experiments in Sect. 7.

As in the linear convergence analysis, we also consider the practical initial Hessian

approximation: B0 = cI , where c is
s� y

‖s‖2 , with s = x2−x1, y = ∇ f (x2)−∇ f (x1), and

x1, x2 as two random vectors. For this choice of B0, we can derive the following upper

bounds: Ψ (B̄0) ≤ d
(

c
L

− 1 + log L
c

)

≤ d log κ and Ψ (B̃0) ≤ d
(

c
μ

− 1 + log L
c

)

≤
2dκ . Applying these values of Ψ (B̄0) and Ψ (B̃0) to our superlinear convergence result

in Corollary 2, we can obtain the following convergence guarantees for B0 = cI :

f (xk) − f (x∗)

f (x0) − f (x∗)
≤
(

2dκ + 4C0d log κ + 12C0κ min{2(1 + C0), 1 + √
κ}

k

)k

.

(60)

While all of our presented results are global and do not impose any initial condition

on x0, in the following remark, we present a potential local result when B0 = μI .

Remark 3 Consider the scenario where BFGS starts at a point x0 near the optimal

solution x∗ such that the initial error condition C0 = O(1/
√

κ) is satisfied, i.e.,

f (x0) − f (x∗) = O(
μ4

M2 L
). In this case, we can establish that (1 + 4C0)d log κ =

O(d log κ) and C0κ min{1 + C0,
√

κ} = O(1). Thus, when B0 = μI , we obtain the

local superlinear convergence rate of O(
d log κ

k
)k , which aligns with the local conver-

gence result in [37]. It is noteworthy that the local result in [37] relied on a unit step

size, while our local side result is derived using exact line search.
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6 Discussions

Comparison with local non-asymptotic analysis. In this section, we discuss the

recent non-asymptotic local convergence results for BFGS and DFP in [25, 37, 38]

and explain why these results cannot be easily extended to achieve global complexity

bounds.

To begin with, note that these results are crucially based on local analysis and only

apply when the iterates are close to the optimal solution x∗ and the step size ηk is set

to 1 in this local region. Therefore, to extend their results into a global convergence

guarantee, one plausible strategy is to employ a line search scheme to ensure global

convergence, and then switch to the local analysis when the iterates enter the region

of local convergence. However, this approach faces several challenges.

First, it remains unclear how to explicitly upper bound the number of iterations until

the line search subroutine accepts the unit step size ηk = 1. Moreover, assume that the

iterates enter the region of local convergence after k0 iterations and we have ηk = 1

for all k ≥ k0. Even then, there is no guarantee that the Hessian approximation matrix

Bk0 will satisfy the necessary conditions required for the local analysis in [25, 37, 38].

Specifically, for the analysis in [25] to hold, Bk0 must be sufficiently close to the exact

Hessian matrix, which is not satisfied in general. Regarding [37, 38], we note that their

analyses depend on the condition number of Bk0 , which could be exponentially large

and thus render the superlinear rate meaningless. To be more concrete, inspecting

the proofs in [37, Lemma 5.4] and [38, Theorem 4.2] reveals that the superlinear

convergence rate occurs when k = Ω(Ψ (B̌−1
k0

)) and k = Ω(Ψ (B̌k0)), respectively,

where B̌k0 = J
−1/2
k0

Bk0 J
−1/2
k0

with Jk0 defined in (21) and Ψ (·) is the potential function

defined in (18). Consequently, it is essential to establish bounds for the smallest and

largest eigenvalues of B̌k0 . However, the current theory indicates (see e.g. [38, Theorem

4.1]) that e−2κ Mλ0 I 
 B̌k0 
 e2κ Mλ0 I , where λ0 = ‖(∇2 f (x0))
− 1

2 ∇ f (x0)‖ denotes

the initial Newton decrement. This suggests that without a sufficiently small λ0, the

extreme eigenvalues of B̌k0 will be exponentially dependent on the condition number

κ , leading to Ψ (B̌−1
k0

), Ψ (B̌k0) = Ω(de2κ Mλ0). Hence, a superlinear rate will be

achieved only after Ω(de2κ Mλ0) iterations.

Our convergence framework also diverges significantly from the previous works

[25, 37, 38] in terms of the proof strategy. Specifically, the approach in the afore-

mentioned studies employs an induction argument to control the largest and smallest

eigenvalues of the Hessian approximation matrix Bk and prove a local linear conver-

gence rate. In comparison, as presented in Sects. 4 and 5, we prove global linear and

superlinear convergence rates without explicitly establishing upper or lower bounds

on the eigenvalues of Bk . This marks a notable departure from the local convergence

analysis in [38], [37], and [25].

Comparison with global asymptotic analysis. As mentioned in Sect. 3, our con-

vergence analysis framework resembles the approach taken in [8, 9, 35] for proving

asymptotic linear convergence rates of classical quasi-Newton methods such as BFGS

and DFP. While these works considered inexact line search schemes and thus are

different from our exact line search setting, they used a similar inequality as (16) in

Proposition 1 to express the convergence rate in terms of the angle θ̂k . Moreover,
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the authors in [35] and [9] analyzed the traces and the determinants of the Hessian

approximation matrices {Bk}k≥0 separately to lower bound
∏k−1

i=0 cos (θ̂i ). Later, this

process was simplified in [8] by introducing the potential function Ψ (·) given in (18),

combining the trace and determinant together as in our Proposition 2. However, since

their main focus is on asymptotic convergence, we note that these previous works only

demonstrate that (
∏k−1

i=0 cos (θ̂i ))
1/k is lower bounded by a constant, without giving

an explicit form. Furthermore, our work builds upon previous analyses by incorpo-

rating a weight matrix P , while earlier works correspond to setting P = I . Another

notable difference is that we keep the term m̂k and lower bound the term cos2(θ̂k)/m̂k

as shown in Proposition 2, whereas previous works relied on a looser bound for m̂k .

These refinements enable us to provide a tighter linear convergence rate for the BFGS

method.

On the other hand, in demonstrating superlinear convergence, our approach deviates

significantly from that of [8, 9, 35]. Specifically, the previous works relied on the

Dennis-Moré condition, i.e., limk→∞
‖(Bk−∇2 f (x∗))sk‖

‖sk‖ = 0, to establish asymptotic

superlinear convergence. In comparison, we use the same framework outlined in Sect. 3

to establish both linear and superlinear convergence rates. The key distinction lies in

the choice of the weight matrix P: we choose P = L I for showing linear convergence

and P = ∇2 f (x∗) for showing superlinear convergence. Thus, we provide a unified

framework for studying the global non-asymptotic convergence of BFGS.

7 Numerical experiments

In this section, we present our numerical experiments to corroborate our convergence

rate guarantees, and in particular, we explore the difference between the convergence

paths of BFGS under different initializations of B0. We further compare these variants

of BFGS implementations with the gradient descent algorithm when deployed with

exact line search. In our numerical experiments, all the step sizes used in BFGS with

different B0 and gradient descent are computed by the exact line search condition

defined in (9). Specifically, we use MATLAB’s “fminsearch” function from its opti-

mization toolbox to determine the exact line search step size for all algorithms. In

our experiments, all initial points are chosen as random vectors in the corresponding

Euclidean vector spaces.

We focus on a hard cubic objective function defined in [44, Sect. 5], i.e.,

f (x) = α

12

(

d−1
∑

i=1

g(v�
i x − v�

i+1x) − βv�
1 x

)

+ λ

2
‖x‖2, (61)

and g : R → R is defined as

g(w) =
{

1
3
|w|3 |w| ≤ Δ,

Δw2 − Δ2|w| + 1
3
Δ3 |w| > Δ,

(62)
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Fig. 1 Convergence rates of BFGS with different B0 and gradient descent for solving the hard cubic

objective function when condition number and dimension is varied

where α, β, λ,Δ ∈ R are hyper-parameters and {vi }n
i=1 are standard orthogonal unit

vectors in R
d . This hard cubic function is used to establish a lower bound for second-

order methods.

In Fig. 1, we compare the gradient descent method and BFGS with different ini-

tialization of B0: B0 = L I , B0 = μI , B0 = 10L I , B0 = 0.1μI , B0 =
√

LμI and

B0 = cI where c = s� y

‖s‖2 . Here, s = x2 − x1, y = ∇ f (x2) − ∇ f (x1), and x1, x2 as

two randomly selected vectors. Note that c ∈ [μ, L] and the choice of B0 = cI is

the most commonly used initial Hessian approximation matrix in practice [33]. In (a),

(b), and (c) of Fig. 1, we vary the problem’s dimension while keeping the condition

number as 1,000. Conversely, in (d), (e), and (f), we fix the problem’s dimension as

600 and vary the condition number.

Several observations are in order.

– BFGS with B0 = L I initially converges faster than BFGS with B0 = μI in most

plots, aligning with our theoretical findings that the linear convergence rate of

BFGS with B0 = L I surpasses that of B0 = μI .

– The transition to superlinear convergence for BFGS with B0 = μI typically

occurs around k ≈ d, as predicted by our theoretical analysis. Interestingly, this

transition does not always coincide with the iterates approaching the solution’s

local neighborhood; in many cases, it occurs for BFGS with B0 = μI even when

its error is larger than that of gradient descent.

– Although BFGS with B0 = L I initially converges faster, its transition to superlin-

ear convergence consistently occurs later than for B0 = μI . Notably, for a fixed

dimension d = 600, the transition to superlinear convergence for B0 = L I occurs

increasingly later as the problem condition number rises, an effect not observed

for B0 = μI . This phenomenon indicates that the superlinear rate for B0 = L I is
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Fig. 2 Convergence rates of BFGS with B0 = cI for solving the hard cubic objective function with different

line search scheme: exact line search, inexact line search and approximate exact line search

more sensitive to the condition number κ , which corroborates our theory that the

number of iterations required for superlinear convergence is O(dκ) for B0 = L I

and is improved to O(d log κ) for B0 = μI .

– We observe that the performance of BFGS with B0 = 10L I is slightly worse than

with B0 = L I , while the convergence curve of BFGS with B0 = 0.1μI is almost

identical to that with B0 = μI . Moreover, the convergence behavior of BFGS with

B0 =
√

LμI is generally similar to that with B0 = μI , but it may become slower

when the number of iterations is large.

– Finally, we observe that BFGS with B0 = cI initially converges slower than the

case where B0 = L I , but faster than B0 = μI . After approximately d iterations,

the convergence rate of BFGS with B0 = cI surpasses that of B0 = L I , while

being slightly slower than the case where B0 = μI . This phenomenon is consistent

with the fact that c ∈ [μ, L], indicating that the performance of B0 = cI should

fall between the performance of B0 = L I and B0 = μI . These findings align

with our theoretical analysis of the trade-off between global linear and superlinear

convergence rates for different initial Hessian approximation matrices, as discussed

in Sects. 4 and 5.

Additionally, to analyze the sensitivity of BFGS to different line-search schemes,

we compare its performance when B0 = cI under three distinct line-search strategies,

as shown in Fig. 2.

The first approach is the Exact Line Search, which is the primary focus of our paper.

It is implemented using MATLAB’s “fminsearch” function.

The second approach is the Inexact Line Search, where the step size is determined

by enforcing the well-known strong Wolfe conditions:

f (xt + ηt dt ) ≤ f (xt ) + αηt∇ f (xt )
�dt , (63)

|∇ f (xt + ηt dt )
�dt | ≤ β|∇ f (xt )

�dt |. (64)
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Here, α and β are line-search parameters that satisfy 0 < α < β < 1 and 0 < α < 1
2

.

To implement this inexact line search, we use the Moré-Thuente line search scheme1,

which selects a step size ηt at iteration t that satisfies the strong Wolfe conditions (63)

and (64). In our experiments, we set α = 0.05 and β = 0.06 for the above inexact

line search and it requires around 10 iterations on average to find η satisfying the

conditions in (63) and (64).

The third and final line-search scheme we consider is the Approximated Exact Line

Search, in which we approximate the solution of the exact line search up to an accuracy

of ε. Please see Algorithm 1 in Appendix C for details.

From Fig. 2, we observe that the convergence of BFGS with an inexact line search

is slightly slower compared to BFGS with an exact line search, whereas BFGS with

an approximated exact line search exhibits a convergence behavior nearly identical to

the latter.

8 Conclusion

In this paper, we established explicit global linear and superlinear convergence rates

for the BFGS quasi-Newton method with the exact line search scheme, assuming the

objective function is strongly convex with a Lipschitz continuous gradient and Hessian.

Our results hold for any initial point x0 ∈ R
d and any initial Hessian approximation

matrix B0 ∈ S
d
++, and they depend on the condition number κ , the dimension d, and the

initial function value optimality gap C0. We highlighted the critical role of the initial

Hessian approximation matrix in influencing the transition between our established

non-asymptotic global linear and superlinear bounds. Furthermore, we specialized

our convergence guarantees for different choices of the initial Hessian approximation

matrix. Finally, we compared the convergence curves of BFGS with various initial

Hessian approximation matrices and line search schemes in the numerical experiments,

and the empirical results are consistent with our theoretical analysis.
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Appendix

A Proof of Proposition 2

First, we show that

Tr(B̂k+1) = Tr(B̂k) − ‖B̂k ŝk‖2

ŝ�
k B̂k ŝk

+ ‖ŷk‖2

ŝ�
k ŷk

, (65)

Det(B̂k+1) = Det(B̂k)
ŝ�

k ŷk

ŝ�
k B̂k ŝk

. (66)

Taking the trace on both sides of the equation in (12) and using the fact that Tr(ab�) =
a�b for any vectors a and b, we obtain the equality in (65). For the proof of (66), we

refer the reader to [38, Lemma 6.2] . Take the logarithm on both sides of the above

equation, we obtain that

log
ŝ�

k ŷk

ŝ�
k B̂k ŝk

= log Det(B̂k+1) − log Det(B̂k).

Recall that m̂k = ŷ�
k ŝk

‖ŝk‖2 and cos(θ̂k) = −ĝ�
k ŝk/(‖ĝk‖‖ŝk‖). Since B̂k ŝk = −ηk ĝk , we

also have cos(θ̂k) = ŝ�
k B̂k ŝk/(‖B̂k ŝk‖‖ŝk‖). Hence, we can write

ŝ�
k ŷk

ŝ�
k B̂k ŝk

= ‖B̂k ŝk‖2‖ŝk‖2

(ŝ�
k B̂k ŝk)2

ŝ�
k ŷk

‖ŝk‖2

ŝ�
k B̂k ŝk

‖B̂k ŝk‖2
= m̂k

cos2(θ̂k)

ŝ�
k B̂k ŝk

‖B̂k ŝk‖2
.

Thus, we obtain that

Ψ (B̂k+1) − Ψ (B̂k) = Tr(B̂k+1) − Tr(B̂k) + log Det(B̂k) − log Det(B̂k+1)

= ‖ŷk‖2

ŝ�
k ŷk

− ‖B̂k ŝk‖2

ŝ�
k B̂k ŝk

− log
ŝ�

k ŷk

ŝ�
k B̂k ŝk

= ‖ŷk‖2

ŝ�
k ŷk

− 1 + log
cos2 θ̂k

m̂k

−
(

‖B̂k ŝk‖2

ŝ�
k B̂k ŝk

− log
‖B̂k ŝk‖2

ŝ�
k B̂k ŝk

+ 1

)

≤ ‖ŷk‖2

ŝ�
k ŷk

− 1 + log
cos2 θ̂k

m̂k

.

where the last inequality holds since x − log x + 1 ≥ 0 for any x > 0. Hence, (19)

follows from the above inequality. Finally, the result in (20) follows from summing

both sides of (19) from i = 0 to k − 1, i.e.,

Ψ (B̂k) ≤ Ψ (B̂0) +
k−1
∑

i=0

(

‖ŷi‖2

ŝ�
i ŷi

− 1

)

+
k−1
∑

i=0

log
cos2 θ̂i

m̂i

,
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which further implies that

k−1
∑

i=0

log
cos2(θ̂i )

m̂i
≥ Ψ (B̂k) − Ψ (B̂0) +

k−1
∑

i=0

(

1 − ‖ŷi ‖2

ŝ�
i

ŷi

)

≥ −Ψ (B̂0) +
k−1
∑

i=0

(

1 − ‖ŷi ‖2

ŝ�
i

ŷi

)

,

where the last inequality holds since Ψ (B̂k) ≥ 0 for any k ≥ 0.

B Proof of Lemma 2

(a) Recall that Jk =
∫ 1

0 ∇2 f (xk + τ(xk+1 − xk))dτ . Using the triangle inequality,

we have

‖∇2 f (x∗) − Jk‖ =
∥

∥

∥

∥

∫ 1

0

(

∇2 f (x∗) − ∇2 f (xk + τ(xk+1 − xk))

)

dτ

∥

∥

∥

∥

≤
∫ 1

0

‖∇2 f (x∗) − ∇2 f (xk + τ(xk+1 − xk))‖dτ.

Moreover, it follows from Assumption 3 that ‖∇2 f (x∗) −
∇2 f (xk + τ(xk+1 − xk))‖ ≤ M‖(1 − τ)(x∗ − xk) + τ(x∗ − xk+1)‖ for any

τ ∈ [0, 1]. Thus, we can further apply the triangle inequality to obtain

‖∇2 f (x∗) − Jk‖ ≤
∫ 1

0

M‖(1 − τ)(x∗ − xk) + τ(x∗ − xk+1)‖dτ

≤ M‖xk − x∗‖
∫ 1

0

(1 − τ)dτ + M‖xk+1 − x∗‖
∫ 1

0

τdτ

= M

2
(‖xk − x∗‖ + ‖xk+1 − x∗‖).

Since f is strongly convex, by Assumption 1 and f (xk+1) ≤ f (xk), we

have
μ
2
‖xk − x∗‖2 ≤ f (xk) − f (x∗), which implies that ‖xk − x∗‖ ≤√

2( f (xk) − f (x∗))/μ. Similarly, since f (xk+1) ≤ f (xk), it also holds that

‖xk+1 − x∗‖ ≤
√

2( f (xk+1) − f (x∗))/μ ≤
√

2( f (xk) − f (x∗))/μ. Hence, we

obtain

‖∇2 f (x∗) − Jk‖ ≤ M
√

μ

√

2( f (xk) − f (x∗)) (67)

Moreover, notice that by Assumption 1, we also have Jk � μI and ∇2 f (x∗) � μI .

Hence, (67) implies that

∇2 f (x∗) − Jk 
 ‖∇2 f (x∗) − Jk‖I 
 M

μ
3
2

√

2( f (xk) − f (x∗))Jk ≤ Ck Jk ,

Jk − ∇2 f (x∗) 
 ‖Jk − ∇2 f (x∗)‖I 
 M

μ
3
2

√

2( f (xk) − f (x∗))∇2 f (x∗) ≤ Ck∇2 f (x∗).
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where we used the definition of Ck in (23). By rearranging the terms, we obtain

(24).

(b) Recall that Gk =
∫ 1

0 ∇2 f (xk + τ(x∗ − xk))dτ . Similar to the arguments in (a),

we have

∥

∥

∥
∇2 f (x∗) − Gk

∥

∥

∥
=

∥

∥

∥

∥

∫ 1

0

(

∇2 f (x∗) − ∇2 f (xk + τ(x∗ − xk))

)

dτ

∥

∥

∥

∥

≤
∫ 1

0

‖∇2 f (x∗) − ∇2 f (xk + τ(x∗ − xk))‖dτ

≤ M

∫ 1

0

‖(1 − τ)(x∗ − xk)‖dτ = M‖xk − x∗‖
∫ 1

0

(1 − τ)dτ

= M

2
‖xk − x∗‖ ≤ M

√
μ

√

2( f (xk) − f (x∗)). (68)

Moreover, notice that by Assumption 1 we also have Gk � μI and∇2 f (x∗) � μI .

The rest follows similarly as in the proof of (a) and we prove (25).

(c) For any τ̂ ∈ [0, 1], we have

∥

∥

∥
∇2 f (xk + τ̂ (xk+1 − xk)) − ∇2 f (x∗)

∥

∥

∥

≤ M‖xk + τ̂ (xk+1 − xk) − x∗‖ ≤ M(τ̂‖xk+1 − x∗‖ + (1 − τ̂ )‖xk − x∗‖)

≤ M
√

μ
(τ̂
√

2( f (xk+1) − f (x∗)) + (1 − τ̂ )
√

2( f (xk) − f (x∗)))

≤ M
√

μ
(τ̂
√

2( f (xk) − f (x∗)) + (1 − τ̂ )
√

2( f (xk) − f (x∗)))

= M
√

μ

√

2( f (xk) − f (x∗)).

Together with (67), it follows from the triangle inequality that

∥

∥

∥
∇2 f (xk + τ̂ (xk+1 − xk)) − Jk

∥

∥

∥

≤ ‖∇2 f (xk + τ̂ (xk+1 − xk)) − ∇2 f (x∗)‖ + ‖∇2 f (x∗) − Jk‖

≤ 2M
√

μ

√

2( f (xk) − f (x∗)).

Moreover, notice that by Assumption 1, we also have ∇2 f (xk + τ̂ (xk+1 − xk)) �
μI and Jk � μI . The rest follows similarly as in the proof of (a) and we prove

(26).
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(d) For any τ̃ ∈ [0, 1], we have that

∥

∥

∥
∇2 f (xk + τ̃ (x∗ − xk)) − ∇2 f (x∗)

∥

∥

∥
≤ M‖xk + τ̃ (x∗ − xk)) − x∗‖

= M(1 − τ̃ )‖x∗ − xk‖
≤ M‖x∗ − xk‖

≤ M
√

μ

√

2( f (xk) − f (x∗)).

Together with (68), it follows form the triangle inequality that

∥

∥

∥
∇2 f (xk + τ̃ (x∗ − xk)) − Gk

∥

∥

∥

≤
∥

∥

∥
∇2 f (xk + τ̃ (x∗ − xk)) − ∇2 f (x∗)

∥

∥

∥
+
∥

∥

∥
∇2 f (x∗) − Gk

∥

∥

∥

≤ 2M
√

μ

√

2( f (xk) − f (x∗)).

Moreover, notice that by Assumption 1, we also have ∇2 f (xk + τ̃ (x∗ − xk)) �
μI and Gk � μI . The rest follows similarly as in the proof of (a) and we prove

(27).

C Approximate Exact Line Search Algorithm

The approximation exact line search is implemented using the bisection Algorithm 1

with ε as the approximation error. The key idea is to select η such that ∇ f (xt +
ηdt )

�dt ≈ 0, since the exact line search step size ηexact satisfies the condition ∇ f (xt +
ηexactdt )

�dt = 0. We begin with an initial step size of η = 1 and iteratively double

it until ∇ f (xt + ηdt )
�dt > 0. Once this condition is met, we apply the bisection

algorithm, leveraging the sign of ∇ f (xt +ηdt )
�dt to refine η. The bisection algorithm

is well-suited for this task because the function h(η) = ∇ f (xt + ηdt )
�dt is strictly

increasing. This follows from the strong convexity of the objective function f , which

ensures that h′(η) = d�
t ∇2 f (xt + ηdt )dt > 0. Additionally, we note that h(0) =

∇ f (xt )
�dt = −g�

t B−1
t gt < 0, since Bt is symmetric positive definite, and that

h(ηexact) = 0 with ηexact > 0. In our experiments, we set the required accuracy for

this scheme to be ε = 10−8 and we observe that on average after 15 iterations the

bisection method converges.
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Algorithm 1 Bisection Algorithm for Approximation Exact Line Search

Input: Initialized step size η = 1 and approximation error ε

while ∇ f (xt + ηdt )
�dt < 0 do

η = 2η

end while

Set ηmin = 0 and ηmax = η

while ηmax − ηmin > ε do

η = (ηmax + ηmin)/2

if ∇ f (xt + ηdt )
�dt > 0 then

ηmax = η

else if ∇ f (xt + ηdt )
�dt < 0 then

ηmin = η

else

break

end if

end while
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