A BORDERED HF~ ALGEBRA FOR THE TORUS

ROBERT LIPSHITZ, PETER OZSVATH, AND DYLAN P. THURSTON

ABSTRACT. We describe a weighted Ac-algebra associated to the torus. We give a combinatorial
construction of this algebra, and an abstract characterization. The abstract characterization also
gives a relationship between our algebra and the wrapped Fukaya category of the torus. These
algebras underpin the (unspecialized) bordered Heegaard Floer homology for three-manifolds with
torus boundary, which will be constructed in forthcoming work.
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1. INTRODUCTION

This is a tale of an algebra. In fact, it is a tale of several algebras:

e A, the algebra introduced in | | governing HF for 3-manifolds with torus boundary.
(In | |, A'is denoted A(T?).) The algebra A is a finite-dimensional, associative algebra

over Fy with a grading by a particular group G with a distinguished central element A.

. A?’as, an associative algebra over Fy containing A as a subalgebra. The algebra A% g
also graded by . The algebra A% g infinite-dimensional, but is finitely generated and is
finite-dimensional in each grading. The definition of A% g an unsurprising extension of
the definition of A.

e A% an A.-algebra over Fo[U], with trivial differential (m; = 0). The algebra A° is free
over Fy[U], and the Ao-operations are U-equivariant. Since m; =0, A° has an underlying
associative algebra; this algebra is A>**[U] = A @ Fo[U].

e A_= A4, the main algebra of interest for studying HF~ for 3-manifolds with torus boundary.
This is what we call a weighted A-algebra (see Section 2 and | |). The weight-zero
part of A% is A°.

Although weighted As-algebras are discussed in detail in Section 2, perhaps a few words are
in order now. In brief, a weighted As-algebra is a curved As-algebra A[[t]] = A ®p, Fo[[t]] over
F2[[t]], such that the curvature lies in the ideal tA[[¢t]]. The operations p: T*A[[t]] - A[[t]]
are determined by the maps p¥: A®" — t* A, which we call the weight k part of p,. Weighted
Ao-algebras are also called one-parameter deformations of As-algebras (see, e.g., | , Section
3b)).

While this paper is self contained, we explain briefly how the algebra fits into the broader bordered
context from | ) |. The algebra A is an algebra of Reeb chords that are not permitted
to cross a certain basepoint adjacent to the boundary; multiplication is encoded by collisions of
curves at “east infinity”. The algebra A% s a larger algebra, consisting of all Reeb chords. The
A deformation A is needed to account for boundary deformations, i.e. holomorphic curves whose
boundary lie entirely in the a-tori. Indeed, the deformation A% is the one which counts the disk
that covers the torus once. (See | , Figure 7].) The weighted deformation A_ is the algebraic
object which also encodes the Reeb orbits. (See | , Figure |.)

The main goal of this paper is to define A_. In fact, we give two paths to defining A_. The
first construction is based on the combinatorics of certain kinds of planar graphs. We give this
construction in Section 3. Interpreting the planar graphs as coverings of the torus, one can think of
this definition as an almost trivial case of the theory of pseduoholomorphic curves; see Section 3.5.

The second path to defining A_ is more indirect. As mentioned above, it is easy to define the
algebra A%*. The algebra A% turns out to have a unique nontrivial Ae-deformation over Fo[U]
respecting the gradings, up to As-isomorphism; see Theorem 5.45. This deformation is A%. (The-
orem 5.45 follows from a computation of the Hochschild cohomology of A(_)’as.) Similarly, A° turns
out to have a unique extension to a weighted A.-algebra subject to the conditions that the curva-
ture is a particular element (the sum of the “length 4 chords”) and respecting particular gradings;
see Theorem 5.71. (Again, Theorem 5.71 follows from computing the Hochschild cohomology of
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AQ.) This extension is A_. In particular, the uniqueness theorem implies that the two definitions
of A_ agree.

Auroux showed that A is derived equivalent to a certain partially-wrapped version of the Fukaya
category of the torus | ) ]. We show that A is equivalent to the fully wrapped Fukaya
category of the torus.

We note that various versions of the Fukaya categories of Riemann surfaces have been studied
extensively. For instance, Abouzaid explicitly computed Ky of (a particular variant of the) Fukaya
category of a surface | | (see also | |). In a previous paper | |, we gave an explicit
description of the mapping class group action on a partially-wrapped Fukaya category of a surface,
and showed this action was faithful and captures the dilatation, a point rediscovered by Dimitrov-
Haiden-Katzarkov-Kontsevich | |. Lekili-Perutz studied a different variant of the Fukaya
category of the torus, giving an explicit description of it and showing it is not formal | |. A
reformulation of bordered HF with torus boundary in terms of (a version of) the Fukaya category
of the torus was given by Hanselman-Rasmussen-Watson | |. There have been many papers
about mirror symmetry for Riemann surfaces (e.g., | , , , , |, and many oth-
ers). There has also been substantial interest in the Fukaya category from the representation theory
community (e.g., | , D).

This paper is organized as follows. In Section 2 we introduce weighted Ao.-algebras, the algebraic
structure underlying A_. In Section 3 we define A”*, A% and A_; the gradings on these algebras
are deferred to Section 4. Section 5 uses computations of Hochschild homology groups to prove
uniqueness theorems for A% and A_. Section 6 gives a Fukaya-categorical interpretation of .A°. In
Section 7, we explain how to lift the constructions from this paper to arbitrary characteristic.

Acknowledgements. We thank Rumen Zarev for helpful conversations. We also thank Mo-
hammed Abouzaid, Tim Perutz, and Nick Sheridan, for helpful conversations, and Tom Hockenhull
for corrections to an earlier version. We also thank the referee for many helpful comments and
corrections.

2. WEIGHTED Ao, ALGEBRAS AND MODULES

2.1. Definition and first properties. The HF™~ extension of bordered Floer homology associates
to the torus 72 an object A_ = A_(T?), having a particular algebraic structure, which we will
call a weighted Ao -algebra. (Such objects have appeared in the literature already in several forms;
see Remarks 2.10, 2.11 and 2.12.) A more detailed discussion can be found in our previous pa-
per | , Section 4.

For now, we will discuss ungraded weighted A..-algebras, and defer the discussion of gradings to
Section 2.2.

Fix a unital commutative ring R of characteristic 2.

Definition 2.1. A curved As-algebra over R consists of R-bimodule maps

L A®Rn S A
for n >0 satisfying the structure equation
n—-1 n-k
Z Z P (@1 ® - ® aj—1 ® fig+1(A; ® -+ ® Ajrk) ® Qjks1 ® - @ ay) = 0.
k=—1 i=1

for alln and all ay,...,a, € A. (In the graded setting, the map py, decreases the homological grading
by 2-n.)

In the special case n =0, A®RY = R, s0 pg: R — A, so g is determined by po(1) = po, which is
the curvature of the curved Ao -algebra.
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A curved Ac-algebra A = (A,{un}) over R is strictly unital if there is an element 1 € A so that
for all a € A, us(a,1) = pa(l,a) = a and for all n + 2, and aq,...,a, € A, if some a; = 1 then
pm(ai, ... a,) =0.

Definition 2.2. A weighted As-algebra over R is a curved Ac-algebra (A[[t]], {un: A[[t]]®" —
A[[t]]}e) over R[[t]] (where A[[t]] = A®R R[[t]] for some R-module A) such that the curvature
wo lies in tA[[t]] c A[[t]].

Convention 2.3. Henceforth, all curved or weighted Ao -algebras will be assumed strictly unital.
We will identify elements r € R with their images r-1 € A.

Lemma 2.4. A weighted As-algebra over R is specified by an R-bimodule A and maps p: A®R™ —
A for n,w € Zsy such that:

(1) ug =0.

(2) For anyre R, pu3(a,r) =ar =ra=pud(r,a).

(3) For any (n,w) # (2,0), u?(a1,...,an) =0 if some a; € R.

(4) For each n,w € Zsy and aq,...,a, € A,
n-q
(2.5) Z Zp;(a1®---®ai®u;’(ai+1®---®ai+q)®ai+q+1®---®an) =0.
p+g=n+1 =0
u+v=w
Proof. Immediate from the definitions. [l

Definition 2.6. Given a weighted Aco-algebra A= (A, {uk}), the operations {ud} make A into an
ordinary Ae-algebra. We call (A, {10}) the undeformed A.-algebra of A.

Definition 2.7. Given weighted A -algebras A and B, a homomorphism f: A - B is a homo-
morphism of curved As-algebras (i.e., a sequence of maps fn: A[[t]]®" - B[[t]], n = 0,..., 00,
over R[[t]], satisfying the As-algebra homomorphism relations) so that fy € tB[[t]] c B[[t]]. A
homomorphism is called uncurved if fo =0 (which implies that fl(,u64) = ,ug).

The identity homomorphism of A is given by fi =1 and f, =0 for n # 1. The composition of
homomorphisms of weighted Ao -algebras is induced by the usual composition of homomorphisms of
curved Ao -algebras, i.e.,

(9o f)n= Z gmo(fk1®"'®fkm)-

ki+-+km=n
ki>0

Convergence of this sum follows from the fact that fo € tB[[t]]. Also, since
(g°f)o=g0+391(fo) +9g2(fo, fo) +-,

a composition of uncurved homomorphisms is uncurved.
An isomorphism of weighted A -algebras is an invertible homomorphism.

Given a weighted A-homomorphism f: A - B we let f¥: A®" > B be the coefficient of ¢ in f,,
(restricted to A®™ c A[[t]]®"). So, for example, the identity homomorphism is given by I9(a) = a
and I¥ = 0 for (n,k) # (1,0).

Lemma 2.8. / , Lemma 4.19] If f: A - B is a homomorphism of weighted A -algebras so
that Y is an isomorphism of R-modules then f is an isomorphism.

Definition 2.9. An augmentation of a weighted As-algebra A over R is a A-homomorphism
f+A[[t]] = R[[t]], where R[[t]] has py, =0 for n+2 and pe the usual multiplication.

Notice, in particular, that any augmentation f: A[[t]] = R[[t]] sends the curvature pg to 0, i.e.,
fi1(po) = 0.

With these properties established, we turn to some alternate formulations of weighted Aeo-
algebras.
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Remark 2.10. A weighted Ao-algebra A = (A, {uk}) is the same as a one-parameter deformation of
(A, {9}), in the sense of (for instance) | , Section 3b]|, except that we allow curved deformations.
See also Section 5.4.

Remark 2.11. A weighted Ac-algebra is a special case of a gapped, filtered Ac-algebra | |.
Remark 2.12. Let A = (A, {un}) be an uncurved A-algebra so that (A, pui,pe) is an associative

differential algebra, and let w € A be an element such that:

e w is central with respect to po.
e A=B@®wB is a free Fy[w]/(w?)-module.
e Ifay,...,a, e Bu{w} and n > 2 then p,(a,...,a,) € B.

Then there is an associated weighted As-algebra (B, {x*}) where

k k-1
k ——~ —_——~
(a1, .. an) = ppep(W, ..o w, a1, ... an) + ek (w, .. w a1, w, a2, ... an) + -
is the sum of all ways of inserting k copies of w into the sequence (aq,...,a,) and then applying
the operation p,,. In particular, & = ux(w, ..., w).

Let T be a rooted, planar tree with n distinguished input leaves, and one distinguished output,
the root. We call the vertices of T other than the inputs and the output internal. (Note that this
definition allows for some leaves that are neither inputs nor the output.) A weight function on T
is a function w from the internal vertices of T" to the non-negative integers, with the property that
any internal vertex v with valence 1 or 2 has weight w(v) > 1. A weighted tree is a rooted, planar
tree T', a choice of input leaves for T, and a weight function on the internal vertices of T'. The
dimension of a weighted tree T with n inputs, ¢ internal vertices, and total weight w is

(2.13) dim(T)=n+2w-i-1.
A weighted A, algebra structure on A associates a map
w(T): A®™" — A

to a weighted tree T' with n inputs. Specifically, the operation pu,, specifies the action of the n input
corolla (planar graph with one internal vertex) with weight w, ¥7'; actions of more complicated
trees are obtained from these actions by suitable compositions. In partlcular, the valence-1 internal
vertices correspond to operations of the form .

If S and T are two rooted, planar, weighted trees, and ¢ is some input to S, let S o; T" denote
the rooted, planar, weighted tree obtained by joining the output to T to the Q" input to S. The
weighted A relation can now be phrased as the identities (indexed by pairs of non-negative integers
w and n)

IDWICIR TS

a+b=n+11=1
u+v=w

2.2. Gradings. Fix a set S. By an S-graded R-module we mean an R-module M together with a
decomposition M = @5 M. Elements of M are called homogeneous of grading s. (The element
0 € M is viewed as being homogeneous of all gradings.)

Now, fix a group G and central elements Ay and A\, in G. By a (G, \g, \y)-graded weighted
Aso-algebra we mean a weighted As-algebra A = (A, {p®}) and a G-grading of A so that p
is graded of degree )\m‘2)\w More explicitly, if aq,...,a, are homogeneous of gradings gi,...,gm
then p;0 (a1, ..., am,) is homogeneous of grading AJ'~ 2)\wg1 -gm- Equivalently, viewing A as a curved
Ac-algebra over Fo[[t]], t has grading A;! and p,,, has degree A2,

Remark 2.14. In the notation of our previous paper | |, where we considered only integer-
valued gradings, Ay was —1 and \,, was denoted k.
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D A A"
N, 7

(0%) p

FiGURE 1. The torus. Left: the torus 72 with a; and as drawn on it and the
corners 1,...,4 labeled. Center: the same torus, as an identification space of the
rectangle S. Right: the pointed matched circle for the torus and labeling of the
points, matching, and indecomposable chords.

3. DEFINITIONS OF THE ALGEBRAS VIA PLANAR GRAPHS

3.1. The associative algebra A%*. The associative algebra A% is the path algebra with rela-
tions

P1

/02\
(3.1) L0 ‘/F 1 /(P2P1 = p3p2 = pap3 = p1pa =0)
\_/

S

over the ground ring Fa.
The idempotents ¢, ¢t1 and elements

Pii+1,...5+n = PiPi+1"" Pi+n,

i € ZJAZ, n € Zo form a Fa-basis for A% We call these elements basic elements of the algebra; we
call the elements of the form p = p;---p;rn Reeb elements. to distinguish them from ¢g and ¢1. The
length of p; . iwn is n+1 and is denoted |p; . i+n|; the idempotents are defined to have length 0:

|tol = |e1] = 0.

The idempotents ¢y and ¢; generate a 2-dimensional subalgebra k = Fo & o A8,

To put this algebra into a wider context, recall from | | the pointed matched circle Z =
(Z,a, M, z) for T?; see Figure 1. Then each p; is a chord in (Z,a) (as indicated in the figure), and
the p;. . i+n are chords of length n + 1. In particular, each chord p; . ;+n has a support in Hy(Z, a).
Explicitly, identify Z = [0,4]/(0 ~ 4) and a = {0, 1,2, 3}, so that p; corresponds to the interval [1,2],
p2 to the interval [2,3], and so on. Declare that the support of p; is [i,7 + 1] and that the support
of a product pp’ is the sum of the support of p and the support of p’. We will write the support of
p as [p] = (ni(p),n2(p),n3(p),ns(p)). So, for instance, [p1] = (1,0,0,0), [p2] = (0,1,0,0), and so
on. We have

ol = n1(p) +n2(p) + n3(p) +na(p)

Remark 3.2. Let I be the 2-sided ideal of A% generated by ps. Then A%*/I is the algebra A(T?)
associated to the torus in | ].

We will extend the length grading on Fo[U] ® A%, by declaring |U| = 4.
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ili+1 i|
i+3]i+2 i+3]
FIGURE 2. Conventions on a valid labeling. The labels are in {1,...,4} (mod 4).

3.2. The definition of A_. We will define a weighted Ao-algebra structure A_ on A**[U] =
Fo[U] ® A% The higher operations will be defined in terms of combinatorial objects associated
to certain planar graphs, as follows. These are interpreted as certain maps of the disk into the

torus in Section 3.5. (Note that these graphs play a different role from the rooted, planar trees in
Section 2.1.)

Definition 3.3. By a rooted, planar graph, we mean a graph I', together with an embedding of T’
into the disk D, so that I' meets 0D in its leaves, together with a choice of a distinguished leaf of T'.
This distinguished leaf is called the root (and we will no longer refer to it as a “leaf”). Let T be a
rooted, planar, graph with the following properties:

e ' is connected.

I' has at least one internal verter.

Each internal vertex in I' has valence 4.

Each component of D\T either meets 0D, or it meets exactly 4 edges and vertices of I'. In
the second case, these embedded, 4-edged cycles in I' are called short cycles.

Let Q denote the set of sectors (quadrants) around all of the internal vertices. A valid labelling on
T is a function A: Q — {1,...,4} with the following properties:
e If q1,q2,q3,q4 are the four quadrants around some vertex, labelled in clockwise order (around
that vertex), then, up to cyclic reordering,

(A(QI)a s 7A(Q4)) = (17 27374)

o Let v1 and vy be two wvertices that are connected by an edge e. Orient e, and let q1 and
g2 be the two sectors around vy and vy to the right of e, labelled in the order given by
the orientation of e. Then, A(q1) +1 = A(q2) (mod 4). (This is required to hold for both
orientations of e.)

A centered tiling pattern is a rooted planar graph with the above properties, equipped with a valid
labelling A.

Observe that a valid labelling is uniquely determined by its value on any single sector. The
conventions of a valid labelling are summarized in Figure 2.
We will extend slightly our graphs:

Definition 3.4. Let I' be a centered tiling pattern as in Definition 3.3. Let e be the edge of T’
adjacent to the root; orient e so it points towards the root. Enlarge the graph to obtain a new graph
IV by inserting a sequence of 2-valent vertices along e. A valid labeling on I'' is now a labelling on
certain distinguished sectors, as follows. Near each 2 wvalent vertex, there are two sectors. For a
left-extended (respectively right-extended) tiling the sectors to the left (respectively right) of e are
distinguished; in both cases, we will also think of all the quadrants as being distinguished sectors.
A valid labelling of T' is a function A from the distinguished sectors to {1,...,4} satisfying the
conditions of Definition 3.3. An extended tiling pattern is a planar, rooted graph I as above,
together with a valid labelling. A tiling pattern is either a centered tiling pattern or an extended
tiling pattern. For a tiling pattern, the underlying graph has first homology Hy1(T') isomorphic to Z"
for some w > 0. This integer w is called the weight of the tiling pattern.

Definition 3.5. Let T be a tiling pattern. The graph T' divides 0D into k intervals I, . .., Iy, starting
and ending at the root, labelled in the order they appear with respect to the boundary orientation.
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wLe

(a) (b) (c)

\ el

FiGURE 3. Tiling patterns. When these are extended (as in (b) and (c) above),
we indicate the distinguished sectors by writing the labels in those sectors. The root
is indicated by the large dot on the boundary.

(d)

Let (qi1,-..,qm) be those distinguished sectors which are visible from the boundary, ordered as one
traverses the boundary with its orientation, starting at the root vertex. There is a sequence 1 =nq <
ng < -+ < ny < m, with the property that qn,,...,qn,,,-1 are the sectors visible along I;. The chord

sequence of a labelled tiling pattern is defined to be the element of (A?’as)g’]km given by

no—1 ngy1—1 m
( q pA(qi)) ®“'®( I1 pA(qi)) ®® (H pA(qi))-
1= 1=y 1=Np

Lemma 3.6. IfI' is a tiling pattern, its chord sequence pl®---® p" is non-zero; and moreover for
eachi=1,...,n—1, we have that p' - p'*! = 0.

Proof. This is immediate from the conventions on a valid labelling, and the definition of the chord
sequence. ]

Lemma 3.7. If I' is a tiling pattern, then length k of its chord sequence is even.

Proof. The boundary of I' cuts 0D into arcs. The number of arcs is the length of the chord sequence.
Since the graph underlying I' is 4-valent, we can think of this graph as a union of ¢ arcs embedded
in I, which intersect transversely. The boundary of each arc meets JD in a pair of points; so I'
meets 0D in 2¢ points. Clearly, k = 2/. O

Definition 3.8. Given an extended tiling pattern, let d denote the number of valence 4 vertices.
The output element in Ag’as[U] of the tiling pattern is U times the following element of A8
e If the tiling pattern is centered, the element is the left idempotent of pp(q,y, which coincides
with the right idempotent of py(q,.)-
e If the tiling pattern is extended, the element is the product of py(q), taken over all the
distinguished valence 2 sectors (taken in their natural order).

Example 3.9. Consider Figure 3. We have illustrated five tiling patterns: (a), (d), and (e) are
centered; (b) is right extended; (c) is left-extended. The weights of (a)-(d) are 0; (e) has weight 1.
We have chord sequences: (a) ps ® p3 ® p2 ® p1; (b) p34 ® p3 ® p2 ® p1; (C) pa ® p3 ® p2 ® p123; (d)
P4 ® P341 ® P4 ® P3 ® P23 ® P2 ® 12 ® p1; and (€) pa1 ® P4 ® P34 ® p3 ® P23 ® P2 ® p12 ® p1. The outputs
are (a) Ug; (b) Ups; (c) Upasz; (d) Utg; and (e) Uip.
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F1GURE 4. Composite labelling convention. We require that A changes as
shown, as we cross S between the two components I'; and I's.

Definition 3.10. As an Fo[U]-module, the weighted As-algebra A_ is A>**[U]. The operations
p: (A)®" - A are defined as follows. First, the operations are U-multilinear, so it suffices to
define them on basic elements of.Ag’as. The operation ug 15 given by the multiplication on .A?’as, and
(a1, ... a,) =0 if (n,w) # (2,0) and some a; € {19,11}. So, it remains to define u(p',...,p"),
where the p' are Reeb elements.

The element i} is

(3.11) 140 = P1234 + P23a1 + P3a12 + Pa123,
the sum of the length-4 chords. For all w # 1, we have py = 0.
For the remaining pairs (n,w), the function u(pl, ..., p") is the sum of all the output elements

(in the sense of Definition 3.8) of labelled tiling patterns which have weight w and chord sequence
1 n

Interpreted in terms of the algebra, Lemma 3.7 states that p, =0 if n is odd.
In Sections 5 and 6 we will also be interested in the ordinary As-algebra underlying A_:

Definition 3.12. Let A° denote the undeformed Ao -algebra underlying A_, i.e., A = (A(_]’aS[U],
{u2}), where the operations O are as in Definition 3.10.

In other words, the operations on A° count tile patterns whose underlying graph I is a tree.

3.3. Verifying the A, relations. The aim of this section is to prove that the operations from
Definition 3.10 make A_ into a weighted A -algebra. To establish this property, it is helpful to
have a graphical representation of the composition of tiling patterns.

Definition 3.13. A centered composite pattern consists of the following data:

e a rooted, planar graph I' satisfying the conditions of Definition 3./, except that now rather
than being connected, the underlying graph is required to have exactly two components, la-
belled Iy [I1T'y; and each component is required to have at least one 4-valent vertex.

o An arc S on the boundary of D, with the following property. If we cut D along I'y ul's, there
is a distinguished region D that meets both 'y and I'y. This region meets the boundary in
two arcs. The arc S is required to be one of those two arcs.

o A walid labelling A as in Definition 3.3, which is also required to satisfy a compatibility
condition at the distinguished edge e, as shown in Figure /.

A composite pattern is called extremal if the arc S meets the root vertexr; otherwise it is called
generic. An extended composite pattern is defined similarly, but has a sequence of valence two
vertices adjacent to the root vertex, with distinguished sectors, all of which lie on the same side of
the arc from the root to the first 4-valent vertex.

See Figure 5 for an example.

Let T'y ¢ Dy be a tiling pattern with chord sequence p! ® --- ® p", fix some i € {1,...,n}, and let
I'y c Dy be an extended tiling pattern with chord sequence ¢! ® --- ® ¢ whose output element is
p'. We will compose these two tiling patterns, to obtain a composite in the sense of Definition 3.13,
as follows. Let J c 0Dy be the boundary segment that meets the distinguished 2-valent sectors: i.e.
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(D1, T)
(D,T)

- /
¥

(Do, T2) 0

N

N4 3 S

FiGUurE 5. Example of a composite pattern. Here, I'; and I's are two tiling
patterns; we can form their composition I'y #2 ' to obtain the composite pattern I'
on the right. The red dot is the root vertex of I'y, which is to be joined to the 29
boundary arc of I'y.

this is immediately after the root if I'g is left-extended, and it is immediately before the root if I's is
right-extended. Let I'), be obtained from I'y by removing all the 2-valent vertices. The composition
I'y #; ' is the boundary connected sum of Dy with Do, gluing I; to J, which we think of as a disk
D, equipped with the graph I' = T'; [IT%. Let S c D be the interval that connects the root vertex
of Iy, with some vertex in I';. See Figure 5 for an illustration.

Each composite pattern I' can be uniquely decomposed as I'y #; ['s for suitable choices of I'y
and I's. Explicitly, cut D in two along an arc A that intersects S exactly once and is disjoint from T'.
Let (D1,T'1) be the component that contains the root of I'; the other component is (Dg, '), equipped
with the root vertex induced from S. The sequence of 2-valent vertices needed to reconstruct I'o
from I}, can be read off the I'; side.

Definition 3.14. The chord sequence of a composite pattern I' is defined as in Definition 3.5, with
the understanding that the factor in the tensor product of chords coming from the sectors adjacent to
the interval S is dropped. Let d denote the number of valence 4 vertices in I'. The output element
of the composite pattern T is U? times the product of the chords associated to the distinguished
valence 2 sectors. FEquivalently, if I' = 'y #; I'a, the output element of I is the output element of 'y
times UdQ, where do denotes the number of valence 4 vertices in I's.

For example, consider the picture on the right of Figure 5. Reading the chords in order as they
are seen from the boundary (starting at the root) gives the sequence
P4 ® P3412 @ P1 @ P4 @ P3 ® P2341 ® P4 @ P3 @ P23 @ P2 ® P12 @ P1.
For the chord sequence, though, we drop the second tensor factor ps412, since that is the term visible
from S; thus, thus the chord sequence associated to the composite is:
P4 ® P1 & Ps ® P3 ® P2341 @ P4 ® P3 ® P23 ® P2 ® P12 ® P1.
By construction, the chord sequence of I'1 #; I'y is obtained from the chord sequence for I'; by

replacing the i tensor factor with the chord sequence for I's.

Lemma 3.15. Fiz a sequence of Reeb elements p',. .., p" ong’aS, with the property that p*®---@p™ €
(A%2)®rn g non-zero and PRt =0 for all k (cf. Lemma 3.6). Fiz some 1 <i < n and fir a
factorization p* = o1 - 09 into two Reeb elements. Consider the following sets.



A BORDERED HF~ ALGEBRA FOR THE TORUS 11

NSRS ST

FI1GURE 6. Pushing out the edge. Illustration of the 1:1 correspondence from Lemma 3.15

7

e The set &y of tiling patterns with weight w and chord sequence p* ® ---® p.
o The set P of composite patterns with weight w and chord sequence
i+1

e 0p lernecmep e -®p

These composite patterns are always generic in the sense of Definition 3.13.
o The set X of tiling patterns with weight w — 1 and chord sequence
i+1

e 0plerneremnep e -op",

where T has length 4.
o (Wheni=1) the set £ of centered or left-extended tiling patterns I with weight w and chord
sequence
2@ p @ ®p".
If T has output element Up, then when viewed as an element of £ we take its associated
output element to be Uy - p.
o (When i = n) the set R of centered or right-extended tiling patterns T' with weight w and
chord sequence
plepe--epteo.
If T has output element Up, then when viewed as an element of R we take its associated
output element to be Ulp - os.

Then there is a one-to-one correspondence between &1 and P u T u £ U R which preserves the
associated output elements

Proof. Fix an element of &;. The factorization p’ = oy - o3 corresponds to an arc A whose interior
is disjoint from I', with one endpoint on some edge e in I' and the other endpoint on 9. Assume
first that ¢ ¢ {1,n}. The one-to-one correspondence from &; to P U T is obtained by pushing e out
to the boundary along A, as shown in Figure 6.

If pushing out e disconnects I', we label the newly introduced arc on dD by S, and the result is a
composite pattern, which is in . If pushing out e does not disconnect I' (i.e., if e is part of a cycle
in I'), the result is another tiling pattern, which is in ¥. Examples are illustrated in Figure 7.

In the case i = 1, pushing out e from I' may result in a disconnected graph, one of whose
components has no valence 4 vertices. In this case, the operation of pushing e out to the boundary
along A results in a configuration which is not a composite pattern in the sense of Definition 3.13,
as one of the two components 'y and I's consists of a chain of 2-valent vertices. Deleting that
component, and placing the new root as for composite patterns, gives a tiling pattern which is
either left-extended or centered, with chord sequence o9 ® p? ®...p". View the result as an element
of £. With this addition, we obtain the desired one-to-one correspondence between &1 and LUPuUF.

The case where ¢ = n is analogous to the case when i = 1, except in that case the tiling pattern
is either centered or right-extended, and we view it now as an element of $R. This gives the desired
one-to-one correspondence between G and RuUPuT. 0

Remark 3.16. If ¥ is non-empty, the newly-introduced length 4 chord p appearing in its chord
sequence is determined by oy: it is the length four chord for which o1 ® p # 0 (i.e., with matching
idempotents), and for which o1-p=p-09=0.
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FIGURE 7. Pushing out the edge: examples. On the upper left is an arc A
connecting an edge to the boundary, so that if we push the edge out along A, we
obtain a composite pattern, as illustrated on the upper right. On the middle left
is an arc connected to a non-disconnecting edge; pushing out along that arc gives
another tiling pattern (with one smaller weight), as illustrated on the middle right.
On the bottom left is a left-extended tiling pattern and an arc A which disconnects
the graph; but pushing out the edge, as illustrated on the lower right, does not give
a composite pattern. Rather, if we delete the component with no 4-valent vertices,
we obtain a (centered) tiling pattern of type £.

Lemma 3.17. Let I' be a composite pattern, and write I' = 'y #; I's. Let n be the length of the
chord sequence for T'y. Then T is generic (in the sense of Definition 3.13) if and only if one of the
following conditions holds:

o 1<i<ny

e =1 and 'y is left-extended; or

e i =n and 'y is right-extended.
The composite pattern I' is extremal, and its distinguished 2-valent sectors, if any, lie in the region D
(see Definition 5.13) if and only if one of the following conditions holds:

e =1, I'1 is centered or left-extended, and 'y is right-extended; or

e i =n, I'1 is centered or right-extended, and I's is left-extended.
The composite pattern I is extremal, extended, and its distinguished 2-valent sectors lie in a region
other than D if and only if one of the following conditions holds:

o =1, 'y is right-extended, and I'y is right-extended; or
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FIGURE 8. Generic and extremal compositions. We have drawn here composi-
tions I'y #1 Ty and T'y #1 T'S. In the top line, we use a left-extended I'y and the result
is generic; while in the second line, we use a right-extended T';, and the result is
extremal.

- &
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FIGURE 9. An extremal composite pattern. In this case, I'; is centered and I'y
is left-extended.

e i =n, I'1 is left-extended, and I'y is left-extended.

Proof. 1t is clear from the definitions that I'y #; I's is extremal precisely when ¢ = 1 and I's is right-
extended or ¢ =n and I's is left-extended. See Figure 9. The case of an extremal composite pattern
with no distinguished 2-valent sectors is illustrated in Figure 8. O

Lemma 3.18. Let Gy denote the set of extremal composite patterns whose distinguished 2-valent
sectors are in the region D. This set ©9 admits a fized-point-free involution which preserves the
chord sequence, output element, and total weight.

Proof. The involution is obtained by placing the root vertex on the other endpoint of S and then
moving the 2-valent sectors (if there are any) so that they remain adjacent to the root vertex. See
Figure 10. (In the bottom row, we have an example where 2-valent vectors need to be moved). O

Theorem 3.19. The operations from Definition 3.10 give A_ the structure of a weighted Aeco-
algebra.

Proof. We must verify the Ao, relation for each fixed input sequence of algebra elements and fixed
weight. This relation is a sum of contributions of weighted, rooted trees with two internal vertices.
(Note that we consider a leaf with positive weight internal.)
The Ay relations with < 2 inputs or with 3 inputs and weight 0 are easy consequences of the
following facts:
e 1y =0 except when w = 1.
e 1y =0 for all w>0.
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)
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N0
It
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i

N9
;

FiGURE 10. Involution from Lemma 3.18. The involution is given by moving the
root vertex from one endpoint of S to the other (as indicated by the double arrows).
In the second row, we also had to move a 2-valent vertex during this operation. We
have also included compositions that give rise to the composites. As before, we use
the conventions on compositions: the red dot lies on the tree I's, which is joined to
some input of I';.

o 18 =0 for all w> 0.
o A% is an associative algebra.
e u} is a central element of A%,

Consider an A, relation, then, with at least 4 inputs or with 3 inputs and weight > 1. We
describe these terms according to the type of the two Ao, operations involved, with the outer p,,
written first, using a symbol

e 0 for the curvature yf,

e 2 for a multiplication ,ug,

o L for a left-extended p? with n >4,
e (C for a centered p,’ with n >4, and
e R for a right-extended pu,’ with n > 4.

In addition, we add a final symbol +, —, or g describing whether the inner p,, is fed into the leftmost
input, rightmost input, or any other input of the outer p,’. We will also use a * for a wild-card any
of these symbols.

We thus have terms of the following types, classified according to the number of inputs of the
smaller ;.

e Terms of type (0) involve u(l), which is necessarily the inner A, operation. The other
operation is associated to a tiling pattern I'. The overall term is written, for example,
(C0+) for a term where T is centered and the curvature is fed into the first input of the
corresponding p,, .

e Terms of type (2) involve ,u(2)7 which can be the inner or outer operation, giving terms like
(2L-), from a left-extended tiling pattern T' fed into the second input of the u9, or (R2g),
from a ,ug fed into a generic input of a right-extended tiling pattern. Note that if the 2
comes first, then the last symbol cannot be a g, since yg has no generic inputs.



A BORDERED HF~ ALGEBRA FOR THE TORUS 15

Term Cancellation Term  Cancellation Term  Cancellation
(LO+) Cancels (R0-) (L2+) & in Lem. 3.15 (2L+) See Table 2
(LOg) ¥ in Lem. 3.15 (L2g) &; in Lem. 3.15 (2L-) £in Lem. 3.15
(LO-) See Table 2 (L2-) & in Lem. 3.15 (2C-)* £in Lem. 3.15
(C0+) Cancels (C0-) (C2+) &; in Lem. 3.15 (2C-)°  See Table 2
(C0g) % in Lem. 3.15 (C29) & in Lem. 3.15 (2C+)* M in Lem. 3.15
(C0-) Cancels (CO+) (C2-) &; in Lem. 3.15 (2C+)?  See Table 2
(RO+) See Table 2 (R2+) 6; in Lem. 3.15 (2R+) R in Lem. 3.15
(ROg) % in Lem. 3.15 (R2g9) 6 in Lem. 3.15 (2R-) See Table 2
(RO-) Cancels (LO+) (R2-) &;j in Lem. 3.15

[LL+] ‘P in Lem. 3.15 [CL+] P in Lem. 3.15 [RL+] ‘B in Lem. 3.15
[LLg] B in Lem. 3.15 [CLg] P in Lem. 3.15 [RLg] P in Lem. 3.15
[LL-] See Table 2 [CL-] 632 in Lem. 3.18 [RL-] &3 in Lem. 3.18
[LR+] &3 in Lem. 3.18 [CR+] &3 in Lem. 3.18 [RR+] See Table 2
[LRg] ‘B in Lem. 3.15 [CRg] ‘B in Lem. 3.15 [RRg] ‘B in Lem. 3.15
[LR-] P in Lem. 3.15 [CR-] P in Lem. 3.15 [RR-] P in Lem. 3.15

TABLE 1. Types of terms in A, relations not involving idempotents, and how they cancel.

e Terms of type [] involve two higher multiplications p with n > 2. These correspond to
composite patterns in the sense of Definition 3.13, and are written with square brackets to
distinguish them from types (0) and (2). So, for example, [C'R+] means a right-extended
operation feeding into the first input of a centered operation. The second letter cannot
be C': the output of a centered operation is a power of U times an idempotent, and if such
an output is channelled into another pY with (w,n) # (0,2), the result vanishes.

Finally, we make one further distinction: we divide terms of type (2C-) into two types:

e (20-)°, where p' - p? =0, and

e (2C-)*, where p'-p? £ 0.

We similarly distinguish (2C+) into (2C+)?, where p"~!-p" = 0, and (2C+)*, where p" 1. p" £ 0.

Our goal is to explain how these terms cancel in the A, relations. Before proceeding to the main
verification, we make some remarks about the sequence of incoming algebra elements. By linearity,
it suffices to verify the Ao relation when the sequence of incoming algebra elements consists of basic
algebra elements. Moreover, the case where at least one of those elements is an idempotent can
be handled easily. Since the pug (a1,...,am) = 0 if some a; is an idempotent and (n,w) # (2,0), if
(a1,...,ay) is a sequence of inputs to a non-zero term in the A, relation and a; is an idempotent,
then either ¢ = 1, in which case we have two cancelling terms in the A relation of types (2%-)
and a (*2+); or i = n, in which case we have two cancelling terms of types (2%+) and (%2-). For
example, in the weight 0 A, relation with inputs 11 ® ps ® p3 ® p2 ® p1, there are two non-zero terms
of type (2C+) and (C2-) respectively:

N(Q)(Llaﬂé(PZLaPS’PzaPl)) = Mé(ﬂg(blap4),P3a027P1))y

We now proceed to the verification of the A., relation, assuming that the input sequence consists
of Reeb elements p! ® --- ® p", with n >4 or n =3 and w > 1. See Table 1 for a listing of the term
types, and how they cancel in the following proof.

Terms of types (L0+) and (R0-) cancel, as follows. A term of type (LO+) is determined by
a left-extended tiling pattern I', which has a string of at least 1 but at most 3 distinguished 2-
valent sectors after the root vertex. The corresponding term of type (R0-) is obtained from I' by
moving the root vertex of I" to the next position (with respect to the boundary orientation) of the
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FiGURE 11. Cancellation of type (L0+) and (R0-); and (C0+) and (C0-).
The first three pictures illustrate cancellations of (L0+) and (R0-), while the last
one is a cancellation of (C0+) with (C0-). For each picture there are three other
cases obtained by cyclically permuting the subscripts.

intersection of I' with 0D, and moving around the valence 2 vertices as needed, as illustrated in
Figure 11. For example, in the weight 1 A relation with inputs p3 ® p2 ® p1, there are two non-zero
terms, of type (L0+) and (R0-), respectively:

19(110s p3, P2, p1) = 19(P1234, P34 P2, p1) = Up1as

Mg(P37027p1,u(1)) = M2(03,p2,,01,p4123) =Upras.
Another pair of cancelling terms of type (L0+) and (R0-) is given by

16(p3a12, P1, P4, P34, P3, p2) = U2 paa = pg (p1, pa, pass p3, P2, p1234)-

There is a similar cancellation of terms of types (C0+) and (CO0-), as shown in the last picture of
Figure 11. An example is provided by the cancellation of

130(p1234, P3, P2, P12, P1, Pa1, Pas P34, 3, p2) = U™ - 10 = 180 (3, p2, P12, P1, Pt pa, P3as p3, P2, P1234).

The patterns of type &1 from Lemma 3.15 contribute terms of types (#2%). According to that
lemma, these cancel against the following types of terms:

e generic composition patterns (i.e., the terms in 3) which, by Lemma 3.17, are the terms of
type [+xg], [*L+], and [+R-];
e terms corresponding to configurations in ¥, which are of type (*0g);
e configurations in £ from the notation of Lemma 3.15, which in turn correspond to all terms
of type (2L-) and (2C-)*; and
e configurations in R, which in turn correspond to all terms of type of type (2R+) and (2C'+)*.
For example, we have the following cancellations from Lemma 3.15. The terms

18 (pa, 13 (ps, par), pa, p3, p2s, p2, pra, p1)  and 1] (pa, ps, 113 (par, pa, p3, pas, P2, p12), 1),
are of types (C2g) and [CRg] respectively; they correspond to the diagrams on the top row of
Figure 7. Likewise,

1 0 0 1

11 (a1, pa, 12 (p3, pa), 3, P23, 2, P12,01)  and i (pas pa, P3, 10, P45 P35 P23, P2, P12, 1)
are of types (C2g) and (C0g) respectively; they correspond to the diagrams on the middle row of
Figure 7. Finally,

p6(15(p23, pa), p3, pas, p2, p1spa1)  and  p5(pas, g (pas p3, P23, P2, pas pa1))

are of types (L2+) and (2C'-)* respectively; they correspond to the diagrams from the bottom row
of Figure 7.
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ol < '] ol = p'] ol > p']
lol < 1p" | [LL=], (LO-); [RR+], (R0O+) (2C-)% [RR+], (R0+) (2R-); [RR+] (RO0+)
ol = 1p"| [LL-], (L0-); (2C+)° (20-)% (2C+)° (2R-); (2C+)°
ol > 0" [LL-], (LO-); (2L+) (2C-)°; (2L+) (2R-); (2L+)

TABLE 2. Remaining cancellation of terms

By Lemma 3.17, the following terms correspond to extremal composite patterns, all of whose
distinguished 2-valent sectors lie in the region D from Definition 3.13: [LR+], [CR+], [CL-], and
[RL-]. By Lemma 3.18, these terms cancel each other. For example, the terms

19 (p1, pa, P31, p3, p2. 19(p123, p2. p1.pa))  and  pd(pd(p1, pas p3a, p3, p2, p123), P2, P1, P1)

are of types [CL—] and [C R+], and cancel by Lemma 3.18; they correspond to the diagrams on the
top of Figure 10. Likewise,

1o(p1, pa, p3a, 3, p2, 14 (p123a, 3, p2. 1)) and  pd(ud(p1, pa, p3a, p3, P2, P1234), P35 P2, P1)

are of types [RL—-] and [LR+], and correspond to the diagrams on the bottom of Figure 10.

The remaining possible terms are of types (2L+), (2R-), (2C+)°, (2C-)°, [LL-], and [RR+].
For cancellations among these remaining terms, we take a closer look at the sequence of algebra
elements (p! ® --- ® p") entering the Ao, relation. For all of these terms, we have that p’- p**t = 0
foralli=1,...,n—1; this follows from Lemma 3.6.

We will now construct a bijection M between terms of types [LL-], (L0-), (2C-)°, and (2R-)
with terms of types [RR+], (RO+), (2C+)°, and (2L+), preserving the input sequence and output
element. Indeed, for each given chord sequence (p!®---®p™) and output element U™ ® p, exactly one
of [LL-]u (L0-), (20-)°, and (2R-) can be non-empty; similarly, exactly one of [RR+] U (R0+),
(2C+), and (2L+) is non-empty. These possibilities are subdivided according to these according
to the relative lengths of p, p', and p", as follows.

For a left-extended operation [Lx**] or (L=*+), the output chord is shorter than the first input;
whereas for a ,ug operation (2x-), the output chord is at least as long as the first input. Thus, if
lp| < |p!], there can be no terms of type (2+-); if |p| > |p!|, there can be no terms of types [LL-]
or (LO-). Symmetrically, |p| < |p"| excludes terms of type (2x+), and |p| > |p"| excludes terms of
types [RR+] or (RO+). Thus, the relative sizes of (|p|,|p*|) and (|p|,|p"|) exclude all but the types
of remaining terms as shown in Table 2.

The map M is defined as follows. Suppose the input to M is an element of type (2C-)° or (2R-)
(so that |p| > |p!]). Let I' be the tiling pattern appearing in the configuration. When |p| > |p"|, the
map M gives a result of type (2C+)" or (2L+), whose tiling pattern is obtained from I by moving
the root vertex one spot back (with respect to the boundary orientation) and reshuffling the 2-valent
vertices, as needed. When |p| < |p"|, there is an arc A that connects some edge in I" to the a point
on 9D, corresponding to the factorization p" = 7 - p for some suitable choice of 7 (in the sense that
one endpoint of A is on the edge corresponding to the factorization). In that case, M is defined by
pushing A to the boundary, moving the root vertex back, and reshuffling the 2-valent vertices. In
that case, the result of M is a term of type [RR+] or (R0+) (depending on whether or not the edge
pushed out disconnects). In all these cases, the ability to do the necessary reshuffling depends on
the fact that p'-p? = 0. See Figures 12 and 13 for illustrations.

Starting from a composite pattern I' of type [ LL-], we proceed similarly. Provided that |p| > |p"|,
we pull in the arc S and then move the root vertex one spot backwards, to find cancelling terms
of type (2C+)° or (2R+). When |p| < |p"|, we find an arc A to push out to the boundary (again,
as before). Now, when we pull in S and push out along A, we obtain the cancelling term of type
[RR+] or (R0O+). When the input is a configuration of (L0-), we perform the same operations
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(2R-)

P123

]

(2R-) (20+)°

P23 "P234

]

(2R-)
RR+]

P3: 3

!

[
FIGURE 12. Defining M (2R-). At the left are elements of (2R-); the image of
the term under M is indicated on the right. In the first line, p = p1234; in the second,
p = p234; and in the third, p = p34. We have also listed the types of the result. In all
cases, p" = pa34.

(20-)° (2L+)

p123 pa3

(20+)°
MRH

FIGURE 13. Defining M (2C-)°. The element of type (2C-) is on the left column.
In the first line, p = p1o3; in the second, po3; and in the third, p = p3. In all cases,
p" = pas.

!

(2C-)°

P23

!

(2C-)°

pP3

!

as in the case of [LL-], thinking of S as the last interval before the root vertex. See Figure 14.
Examples are provided by the cancelling terms

(3~20) NZ(P34,/33,P2,M91(P127Pl,P4,P3)) and Mg(ﬂg(P?A,p3,p2,p12,p1,p4),p3)

which are of type [LL-] and (2C+)° respectively. Cancelling terms

(3.21) 15 (p23a, p3, p2, 14 (p12, p1, pa,p3))  and  p9(ug(p2sd, p3, p2, P12, P1, P4, P3)
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L] J (2L+)
2 2 ’ p3
)0
[LL-] > > (2C+)
[LL-] [RR+]

FIGURE 14. Defining M[LL-]. In these pictures, p = pas.

are of types [LL-] and (2L+) respectively. Finally, terms
(3.22)

11(p3a, p3, P2, 1G(P12: pr, par, pas paspas))  and i (ug(p3as p3s p2, pr2, p1, par), pa, P3, p23)
are of types [LL—] and [RR+] respectively. The map M in these three cases is illustrated in
Figure 15.

An inverse to M is constructed by pushing out along an arc A and then moving the vertex one
spot forwards. In cases where |p| < [p"|, we must first pull an interval on the boundary in before
pushing out along A: when the configuration is of type [ RR+], the interval to be pulled in is the
interval S; when the configuration is of type (R0+), the interval to be pulled in is the first interval
after the root vertex. O

3.4. First properties of A_.

Lemma 3.23. Ifa',...,d" are basic algebra elements, then for every non-zero operation,

k
i (a' @ ®a¥)| = 4w+ |a’].

i=1
Proof. The cases ug and ué are immediate. Otherwise, let I' be a graph that contributes to the
operation. From Definition 3.10, we see that |1 (a' ® ---® a¥)] is the total number of distinguished
sectors in I'. On the other hand, the number of distinguished sectors in I' is given by 4w + Zf;l |a‘|,
since the sectors visible from the boundary are the ones in Y% |a|, and the ones that are not occur
4 times in each short cycle, and there are w short cycles. (I

The following properties of A_ will be useful when studying the gradings:

Lemma 3.24. For any n+2w > 4, if ot " are Reeb elements with pl(pt,...,p") 0 then there
exists an i so that p* factors nontrivially (i.e., p' = pp’ for some Reeb elements p, p'). In fact, there
are at least two such integers i.

Proof. If n + 2w > 4, the tile pattern contains at least 2 internal vertices. There is some internal
edge connecting 2 distinct vertices that is visible from the boundary. That edge corresponds to a
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FIGURE 15. Cancellation of terms of type [LL-]. The three lines represent the
cancellations from Equation (3.20), (3.21), and (3.22) respectively.

factorization of p’ = pp’. Further, there is either more than one such internal edge or there is one
internal edge visible from the boundary in two different places; so, there are at least two integers ¢
so that p* factors. O

Lemma 3.25. Suppose that p',...,p" are Reeb elements so that p(pt, oo ) =b# 0 for some
w > 0. Then there is an i and a factorization p' = pp' so that p7a(p,...,p" Y, pyud, 0’y o™, .0 p™)
has b as a term.

Proof. Some edge on a short cycle is visible from the boundary. That edge corresponds to the
desired factorization. O

Finally, we note a boundedness property of the algebra, which is useful for working with twisted
complexes (type D structures) over it, and for defining certain kinds of bimodules over it.

Definition 3.26. Recall that a weighted tree T with n inputs, i internal vertices, and total weight
w has a dimension dim(T) =n—-1+2w—1i (Equation (2.13)). A weighted algebra A is called bonsai
if there is an integer N with the property that for all weighted trees T with dim(T) > N, u(T) = 0.
A weighted algebra A over Fo[U] is called pre-filtered bonsai if, for every m, the quotient AJU™A
1s bonsai.

If A is pre-filtered bonsai, then its completion with respect to the sequence of (weighted As)
ideals
UA->U*A-U3A> ...
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is filtered bonsai, in the sense of | , Definition 9.3].
The algebra A_ constructed here satisfies these hypotheses, according to the following:

Proposition 3.27. If T is a weight w operation tree with n inputs then u(T) maps A®™ into
Udm(D/2 A In particular, the weighted algebra A_ is pre-filtered bonsai.

Proof. We start by verifying that u maps A®" to U wn/2-1 A this verifies the lemma when T = .
This is vacuous for ug and u(l). Let I' be a tiling pattern that contributes to p; . e the number of
edges of I', v the number of vertices, x the number of valence 2 internal vertices, and d the number
of valence 4 internal vertices. Then v =n+z +d, 2e = 2z + 4d + n, and the Euler characteristic of I'
is 1-w; s0 1-w = (n+z+d) - (x+2d+n/2) = n/2—d; and the operation contributes U? = U%*+"/2-1,
as desired.

Suppose now that 7" is a weighted operation tree with n inputs, e edges, i internal vertices, and
weight w, where an internal vertex v has n,, inputs, weight w,, and contribution u, to the U power.
It is elementary to see that

n-1-= > (ny—1).

internal vertices v
Since we have already verified that u, = w, +(n,—1)/2-1/2, it follows that the total U contribution
is
Zuv:ern_—l_i:—dim(T)' u
2 2 2
3.5. From tiling patterns to immersions. The weighted algebra operations have an interpreta-
tion in terms of immersions of the disk into the torus, as follows.

Mark the torus, drawing a pair of curves ay, a on the torus so that a; M as in a single point p.
Label the four corners near p by 1,2, 3,4 in clockwise order around p. (The reason for this ordering
is that we will sometimes think of p as a puncture; then this is the orientation induced on the circle,
thought of as the circle at infinity on 72 \ {p}.) Cutting along a; U aa, we obtain a square with
opposite sides identified, as shown in Figure 1, whose four corners are labelled 1,...,4.

Given a centered tiling pattern (I, A), there is an immersion of the disk to the torus (with possible
branching at the corners), defined as follows. To each vertex v in I', we associate a copy of the
standard square S(v) with labelled corners (as in Figure 1). If I" has an edge from v; to ve, we
perform an identification of S(v1) with S(v2) along a shared edge. The result of these identifications
is a topological disk A(T"), equipped with a tiling by squares. The map which projects each tile to
T? induces a map from A(T') to T2, which is an immersion away from the corners of A(T").

An inverse operation is given as follows. Given a square-tiled disk with an immersion as above,
let o (respectively oy ) be a disjoint, isotopic translate of ay (respectively o) so that a; h o and
o) th ay in a single point each. Then T is the preimage of @} Uy under the map u: D — T2.

If the tiling pattern has d internal vertices, then the degree of the corresponding immersion is
d/4. The weight of the operation is the number of preimages of p in the interior of A(T).

This compelling geometric interpretation of the A, operations, as counts of immersions, is closely
connected to pseudo-holomorphic curve theory; but we will not make further use of it in this paper.

4. GRADINGS

This section is devoted to the gradings on A_. As in the HF case, the algebra A_ is graded by
a non-commutative group. (See Section 2.2 for a discussion of gradings of weighted As-algebras
by non-commutative groups, and | , Section 2.5] for a more leisurely discussion of gradings
of Ae-algebras by non-commutative groups.) Also as in the HF case, there are three different
groups that can be used to grade A_. Consider the pointed matched circle (Z,a, M, z) for the torus
(Figure 1). The largest of the grading groups, denoted G’, is a central extension

(4.1) 0—2Z—G — H(Z,a)2Z'—0.
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(This is analogous to G'(4) from | , Section 3.3.1].) The smallest of the grading groups,
denoted G(T), is a central extension

(4.2) 0 — Z — G(T) — H(T?) 22> — 0.

(This is analogous to G(Z) from | , Section 3.3.2].) An intermediate grading group G is
described in Section 4.2 (analogous to | , Section 11.1]). In Section 5, we will primarily work

with this intermediate group.

The gradings by G and G(T) are inherited from the grading by G’, but through different processes.
The grading by G is induced by a homomorphism G’ - G (Section 4.2). The grading by G(T) is
defined using grading refinement data (Section 4.3).

We also define two other gradings, the winding number grading and total weight grading, in
Section 4.4, and a (rather boring) mod-2 grading coming from the grading by G(T) with respect to
suitable choices, in Section 4.5.

4.1. The big grading group. Elements of Hi(Z,a) are linear combinations of connected compo-
nents of Z \ a. There is a map m: Hy(Z,a) ® Hy(a) - Z given by defining, for I a component of
Z ~ a and p € a, a multiplicity

1/2  if p is the terminal endpoint of I
m(I,p) =4-1/2 if p is the initial endpoint of I

0 if p is disjoint from the closure of I

and extending bilinearly. We can use m to define a linking pairing L: H1(Z,a) ® H1(Z,a) — %Z by
setting L(ai,az) = m(ag, 0ay) = -m(ay, 0ag).

The big grading group G’ is the central extension as in Formula (4.1) with commutation relation
gh = )\QL([Q]’[hDhg where [g] denotes the image of g in Z* and X is a generator of the central Z.
Explicitly, consider the set of quintuples (m;a,b,c,d) € ((%Z) X Z4). Define a multiplication by
setting

(m; a, b7 ¢, d) : (m,; a,7 blv Clv d’)
1

:(m+m’+§

a b
a' b

b ¢
b

c d
c d

+ &

+ ja+ad b+ c+cd d+d)

1
t3

1 1
2 2
Lemma 4.3. This operation makes (%Z) x Z* into a group. Further, the elements (=1/2;1,0,0,0),
(-1/2;0,1,0,0), (-1/2;0,0,1,0) and (-1/2;0,0,0,1) and A = (1;0,0,0,0) generate an index 2 sub-
group isomorphic to G'.

Proof. Straightforward; see also | , Proposition 3.37] (which also makes the index 2 subgroup
explicit). O

Given an element g = (m;a,b,c,d) € G' we refer to m as the Maslov component of g and (a,b, ¢, d)
as the spin® component of g.

To define the grading of A_ by G’, recall from Section 3.1 that the algebra A% has an Fo-basis
given by idempotents ¢o, ¢1 and chords p; i1, i+n for some i € {1,2,3,4} and n > 0. Each p;__jn
has a support [p; . i+n] € H1(Z,a).

Define gr'(o) = gr'(¢1) = 0. Define the grading of p; _j+n to be

n+l.,

=25 1pi,in]) 4in+1

4.4 v’ (pi,...ivn) =
(4.4) & (Piv..ivn) {(—1/2—["7”J;[pi,...,i+n]) 4tn+l.
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For example:

gr’(p1) = (-1/2;1,0,0,0) gr'(p2) = (-1/2;0,1,0,0)
gr'(ps) = (-1/2;0,0,1,0) gr'(pa) = (~1/2;0,0,0,1)
gr’(p12) = (-1/2;1,1,0,0) gr’(p23) = (-1/2;0,1,1,0)
gr'(p3a) = (=1/2;0,0,1,1) gr'(pa1) = (=1/2;1,0,0,1)
gr'(p123) = (-1/2;1,1,1,0) gr'(p2sa) = (-1/2;0,1,1,1)
g’ (pra3a) = (-1;1,1,1,1) g’ (pasa) = (-1;1,1,1,1)

gr’(p12sa1) = (-3/2;2,1,1,1)
Lemma 4.5. Formula (4.4) defines a grading on the associative algebra A% by @
Proof. First, note that gr'(p; i+1,i42,+3) = (-1;1,1,1,1) is central, and the grading satisfies
gr'(ﬂ@...,us) grl(pi,...,i+n) = grl(pz‘,...,z‘+n+4).
So, it suffices to verify that if n,m <2 and p; . i+n - pj,... j+m # 0 then

gt’(pi,..in) 8 (0j,....jem) = & (Pi._isn * Pj,....j+m)-

By symmetry, we may assume ¢ = 1. Further, it suffices to check the cases n =1 or m =1, as we can
factor any chord into length 1 chords. So, we check:

gr'(p1) gr’(p2) = (-1/2;1,0,0,0)(~1/2;0,1,0,0) = (-1/2;1,1,0,0) = g’ (p12)

gr’(p12) gr'(ps) = (-1/2;1,1,0,0)(-1/2;0,0,1,0) = (-1/2; 1,1,1,0) = gr'(p123)
gr'(p23) g’ (pa) = (-1/2;1,1,1,0)(~1/2;0,0,0,1) = (=151, 1,1,1) = g1’ (p1234)

g’ (p1) gr'(pa3) = (-1/2;1,0,0,0)(-1/2;0,1,1,0) = (-1/2;1,1,1,0) = gr'(p123)
gr'(p1) gr'(p2sa) = (=1/2;1,0,0,0)(~1/2;0,1,1,1) = (=151, 1,1,1) = g1’ (p1234)-

This proves the result. U]
Next, to grade A, define

(4.6) gr'(U) = (-1;1,1,1,1).

Proposition 4.7. Formulas (4.4) and (4.6) define a grading on the A-algebra A° by G with

(4.8) M=) = (1;0,0,0,0).

Proof. Since p, is U-equivariant and gr’(U) is central, it suffices to prove that for any n, basic
elements aq,...,a, and term b € pu,(ay,...,ay,),

(4.9) gr'(b) = A" gt (ar)- g’ (an).
Lemma 4.5 implies Equation (4.9) when n = 2.
The operation p3 vanishes identically. For pg4, note that

gr,(#4(ﬁ47,037 P%pl)) = gI‘I(U) = (_17 17 1a 1’ 1)
N gr’(pa) gr’ (p3) gr’ (p2) g’ (p1) = A*(=3/2;0,0,1,1)(-3/2;1,1,0,0)
= (2:0,0,0,0)(~3:1,1,1,1) = (~1;1,1,1,1).

Similar computations hold for cyclic permutations of the indices.
We prove Equation (4.9) in general by induction on the total length of the inputs L = Y7 | |a,|.
If L > 4, there is some 7 so that a; factors as a product a; = a}-a] of Reeb elements. This is obvious
when n = 4 and it follows from Lemma 3.24 when n > 4. Consider the A, relation with inputs

! 7 : : : ! 14
(ai,...,ai-1,a;,a; ,ais1,...,a,). One term in the relation is py(a,...,p2(a},a;),...,an) =b. By
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Lemma 3.6, the only other non-zero terms have the form pi,_g+2(a1,...,al, pp(al’, ..., aisk), ..., an)

or fin—k+2(a1, ..., pi(@izks1,---,a,),al ..., ay), for some k > 2; and there must be a non-zero term

of at least one of these two forms. (In the language of Lemma 3.15, in the unweighted case, we
cancel & against patterns of type P, £, and R, all of which are of the above form.) So, in view of
Lemma 3.23, the inductive hypothesis ensures that

gt (UY) = NN 2 gt (ay)- g’ (af) gr' (a)) )+ gt (an) = X" gt (1) g1’ (an),
as desired. (]

Finally, to define a grading on A_, we need to specify an element A, so that ,uf?n has degree
AM=2)\F (or equivalently, the formal variable ¢ has grading A;!); see Section 2.2. Define:
(4.10) Ao = (1;1,1,1,1).
Theorem 4.11. Formulas (4.4), (4.6), (4.8), and (4.10) define a grading on the weighted As-
algebra A_ by G'.

Proof. The proof is by induction on the weight. The case of weight 0 is Proposition 4.7. Next,
suppose that we know the statement for weight k-1, and that u* (a1, ...,a,) = b # 0. By Lemma 3.25,
we can find an i and a factorization a; = aja}’ so that p¥ 3(ay,...,al, ud,all,. .. a,) has b as a term.
Then

gr'(b) = Ay "N e (@) g’ (af) g’ () gr' (af )+ gr’ (an)
= AN e () ' (an)-+ g (an).
So, the result follows from the fact that
ML o (ud)y = (k= 1;k -1,k -1,k -1,k -1)(n;0,0,0,0)(-1;1,1,1,1)
= (k+n—-2kkkk)=\An2 O
4.2. The intermediate grading group. As in the case of bordered HF with torus (but not higher

genus) boundary | , Section 11.1], there is a grading group G between G’ and G(T) which
admits a homomorphism from G’. That is, let the intermediate grading group be

(2a + 1)(a2+b+ 1)+1 ] Z}.

The second arithmetic condition for m, a, and b is equivalent to: m € Z if and only if a,b € Z and
a=b (mod 2). The multiplication on G is

(4.13) (m;a,b)-(n;e,d)=(m+n+ad-be;a+c,b+d).

The homological grading element is

a+beZ,m+

(4.12) G = {(m; a,b) € (AZ2)°

Aa = (1;0,0).
Lemma 4.14. This operation makes G into a group.

Proof. The only nontrivial part is verifying that G is closed under multiplication. The condition
that a + b € Z is certainly closed under multiplication. If we let
. 2a+1)(a+b+1)+1

2

f(m;a,b) =m

then
4ac + 2ad + 2bc — 2
2

which is an integer, since ¢+ d is. O

f((m;a,b)-(n;e,d)) = f(m;a,b) — f(m;e,d) = ad-be +

=2a(c+d) (mod1)
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There is a homomorphism G’ — G defined by

(4.15) (j;a,b,c,d)l—»(j—d;a+b_c_d,_a+b+c_d).
2 2
(See also | , Section 11.1].) Composing with this homomorphism allows us to turn the grading
by G’ into a grading by G, with
ar(p1) = (-1/2:1/2,-1/2) ar(p) = (=1/2:1/2,1/2)
gr(ps) = (-1/2;-1/2,1/2) gr(pa) = (=3/2;-1/2,-1/2)
gr(pi2) = (-1/2;1,0) gr(pzs) = (-1/2;0,1)
gr(pss) = (=3/2;-1,0) gr(par) = (=3/2;0,-1)
gr(pies) = (-1/2;1/2,1/2) gr(pass) = (=3/2;-1/2,1/2)
gr(pi23a) = (-2;0,0) gr(pzsa1) = (-2;0,0)
gr(piasa) = (=5/2;1/2,-1/2)
gr(U) = (-2;0,0) Aw = (0;0,0).

In particular, having the term j — d instead of just j in Formula (4.15) ensured that A, = (0;0,0).

4.3. Grading refinements and the small grading group. The small grading group G(T) is a
central extension as in Formula (4.2) with commutation relation

gh = N2 Mg

where [g] denotes the image of g in H;(F') and - is the intersection pairing; that is, the central
extension corresponding to the 2-cocycle on Hy(T?) given by the intersection form (not twice it).
We have several explicit models for this group:

Lemma 4.16. The group G(T) is isomorphic to the following:

(SG-1) The subgroup {(m;a,b,c,d) e G'|b=a+¢c, d=0} c G
(SG-2) The subquotient {(m;a,b,c,d) e G'/(1;1,1,1,1) [a+c=b+d} c G'/{(1;1,1,1,1)).
(SG-3) The subgroup {(m;a,b) e G|a,beZ} c@G.

Proof. Model (SG-1) for the small grading group is the one given in our first paper and is identified

with the abstract definition there | , Section 3.3.2|. The isomorphism between model (SG-1)
and (SG-2) is clear. The isomorphism between model (SG-1) and (SG-3) is given by (m;a,b) —
(m;a,a+b,b,0). O

We will most often use the third of these ways of realizing G(T), viewing elements of G(T) as
triples (m;a,b) € %Z x 7 x 7 with m + “T”’ € Z, equipped with group law

(m;a,b) - (m'5a’,b') = (m+m'+ s b sa+a,b+b).
The grading elements are, again,
Aa=A=(1;0,0) Aw = (0;0,0).

Note that the surjection G’ - G does not send G(T) c G’ to G(T) c G.
To define a grading on A_ by G, we use the notion of grading refinement data, which we review
first.
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4.3.1. Grading refinement data in general. The following is an abstract reformulation of material
from our earlier papers | , Section 3.3.2], | , Section 3.2.1].

Recall that a groupoid is a category in which every morphism is invertible. All groupoids relevant
later will also be connected, i.e., Hom(i, j) #+ @ for all objects 7, j. Since we will think of a groupoid
as a group with many objects, given a groupoid G and morphisms g € Homg(z,y), h € Homg(y, 2),
let

g-h=hog.
From here on, we will drop the subscript G from Homg when it will not cause confusion.

Definition 4.17. A central element of G consists of an element A\, € Hom(x,x) for each object
x € Obj(G) so that for any g € Hom(x,y), Az - g =g-Ay. We will typically denote the collection of
elements Az by .

Let k = @ cx Fo for some finite set X and let A be a strictly unital weighted algebra over k. So,
each x € X corresponds to some idempotent Iy = u9(x,1) € A.

Definition 4.18. Let G be a groupoid and \g and Ay, central elements of G. A grading on A by G
consists of a map of sets m: X - Obj(G) and, for each x,y € X, a decomposition

IX-A'IyZ @ (IX‘A'IY)Q
geHom (7 (x),m(y))

satisfying the following property. For each pair of integers w,m > 0, (w,m) # (0,0), sequence
X0, .-, Xm € X, elements g; € Hom(7w(x;-1),7(x;)) fori=1,...,m, and elements a; € (Ix, ,-A-Ix;)qg:,
we have

/’Lrur)b(alv ceey am) € (IXO “A- Ixm))\zﬂ*2)\$gl...gm'

This generalizes the notion of group-valued gradings. If G’ is a group, there is an associated
groupoid with one object. Any G’-graded algebra A can be viewed as graded by this associated
groupoid.

Definition 4.19. With notation as in Definition /.18, grading refinement data consists of an ele-
ment xg € X, called the base idempotent, and for every object x € X an element 1(x) € Hom(xg,x).

Definition 4.20. Let A be a G-graded algebra, and let G = Homg(x¢,Xg). Given grading refinement
data {1}, there is an induced G-grading on A, denoted Ay, specified by

gry(Ix-a-Iy) = (x) - gr(a) - (y) ™"

for each G-homogeneous element a with a = Ix-a-1Iy. We call this the G-valued grading the refined
grading with respect to .

We can also un-refine gradings:

Lemma 4.21. Let A be a weighted As-algebra over k, (G, \g, \w) be a groupoid with distin-
guished central elements, and (xq,{1x}) be grading refinement data. Suppose A is graded by
(G =Homg(x%0,%0), A\d, \w)- Let gry, denote this G-valued grading. Then setting

gr(a) = () erg(a)d(y)  ifuay=a
defines a grading on A by G.

Proof. This is immediate from the definitions. O
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4.3.2. Grading refinement data for the torus algebra. Consider the groupoid G with two objects, 0
and 1, and

Hom(i,7) = {(m;a, b) e G

a+ ) € Z}.
2
Lemma 4.22. Multiplication in G makes G into a groupoid.

Proof. Tt is straightforward to verify that G is closed under multiplication (composition) and inverses.
O

Observe that for ¢ € {0,1}, we have that Hom(i,i) = G(T), the smallest of the three grading
groups.
The element A € G induces an element A € Homg(7,1), i € {0,1}, forming a central element of G.

Lemma 4.23. The G-grading on A_ induces a G-grading on A_.

Proof. It suffices to verify that the grading of each algebra element a with t;ac; = a (7,7 € {0,1}) lies
in Hom(4, 7). To see this, it suffices to check the result for p1, p2, ps, and p4, which is straightforward.
O

We define grading refinement data for the torus algebra. Choose the base idempotent zg = ¢g,
and let 9(10) = e and ¥(¢1) = gr(p1). This induces a grading gr,, on A- by G(T). Explicitly, we
have:

gry(p1) = (0;0,0) gry(p2) = (-1/2;1,0)
gry(ps) = (0;-1,1) gry(pa) = (-5/2;0,-1)
gty (p12) = (-1/2;1,0) gry(p23) = (1/2;0,1)
gry(psa) = (-3/2;-1,0) gry (pa1) = (=5/2;0,-1)
gry(p123) = (1/2;0,1) gry(p234) = (-2:0,0)
gty (p1234) = (-2;0,0) gty (p23a1) = (-2;0,0)
gry(p12341) = (=2;0,0) gry (pasarz) = (=5/2;1,0)
gry(U) = (-2;0,0) Aw = (0;0,0).

4.4. The winding number and total weight. The algebra A° has two other gradings: the length
and the multiplicity at the chord py. The length was defined in Section 3.1; recall in particular that
|U| = 4. We will think of the multiplicity at ps as the winding number, and denote it by wn.
Specifically, define wn(p;) = wn(p2) = wn(ps) =0 and wn(ps) = wn(U) =1, and extend wn to all of
A® by wn(ab) = wn(a)+wn(b). Equivalently, there is a homomorphism G’ - Z by (m;a,b,c,d) - d
and wn is the composition of gr’ with this projection. In particular, wn sends A, to 1.

Sometimes, it is convenient to combine the above gradings. In Section 5, we will formulate a
uniqueness result for the algebra, phrased in terms of a grading

(4.24) v =grxwn
with values in the group I' = G x Z.

4.5. A mod-2 grading. We conclude with the rather dull mod-2 grading:

Lemma 4.25. The map e: G(T) - Z/2Z, defined by e(m;a,b) =m + “T_b +ab (mod 2) is a homo-

morphism. Further, the map € sends X to 1 and the grading grw(a) of every homogeneous algebra
element a to 0.



28 LIPSHITZ, OZSVATH, AND THURSTON

Proof. To verify that € is a homomorphism, observe that

e(m;a,b) +e(n;c,d) =m+n+%+ab+cd

a+c—-(b+d)
2

=m+n+ad-bc+ +(a+c)(b+d)

=e(m+n+ad-bc;a+c,b+d).
To verify the statement about the gradings of algebra elements, it suffices to compute e(gr,,(p1)) =
e(gry(p2)) = €(gry(ps3)) = e(gry(pa)) = e(gry,(U)) = 0. Similarly, e(A) =1+ S040=1. O

Remark 4.26. A homomorphism G(T) - Z/2Z sending X to 0 is an element of H'(T;Z/2Z). The
homomorphisms sending A to 1 are obtained from e by adding one of these four maps.
Note that since A is a commutator in G’, there is no homomorphism G’ — Z/27 sending A to 1.

Remark 4.27. For the case of HF, modulo-2 gradings on the bordered algebras and modules have
been constructed previously by Petkova | | and Hom-Lidman-Watson | |, for surfaces of
arbitrary genus.

5. ABSTRACT APPROACH TO EXISTENCE AND UNIQUENESS OF THE TORUS ALGEBRA

The goal of this section is to provide a more algebraic characterization of the weighted algebra

A

5.1. A, deformations and Hochschild cohomology. In this section, we show that A, de-
formations of an associative algebra are controlled by Hochschild cohomology. This material is

well-known, but we recall it here for the reader’s convenience. See, for instance, | , Section
3al, | I, | , Section 2.3| and the references therein. In particular, the group-graded context
of | , Section 2.3| is close to the setting of interest here (cf. Section 6).

Fix a commutative ring k; for us, k will be a finite direct sum of copies of Fy or Fo[U]. Unless
otherwise specified tensor products are over k.

By an A,-algebra we mean a projective k-module A together with k-linear maps {u;: A®" —
A}T, satisfying those Ac-algebra relations with at most n + 1 inputs. (So, in this section, we are
only considering A,-algebras with trivial differential.) A homomorphism of A,-algebras f: A - B
consists of maps {f;: A% — B}?:_ll, satisfying the relations for an A..-algebra homomorphism with
at most n inputs.

Fix an associative algebra A and an augmentation e: A — k. Let A, = ker(¢) be the augmentation
ideal and let II: A — A, denote the projection to the augmentation ideal.

We are interested in As-algebra structures on A so that p; = 0, po is the given multiplication

on A, and the operations are strictly unital and k-multilinear. (Unitality of the As-algebra can

K3
——

be formulated as the condition that the operations p; for ¢ > 2 satisfy p; = ;o (II®---®1II).)
We will define such structures inductively. The obstructions to extending, and different choices of
extensions, will be given in terms of the Hochschild cochains.

Definition 5.1. The (reduced) bar complex of an augmented associative algebra A over k is given
by
Bar(A)=AQA«— A®A, @ A«— AQA, A, ® A «— ---

where the differential A® A®"® A > A® A?(n_l) ® A is specified by
n

(5.2) ag® - Q Apy1 Z A ® - ®A;jGj+1 A2 R ® Apt1-
i=0

This is a chain complex of (A, A)-bimodules, and in fact is a resolution of A.
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The Hochschild cochain complex of A is given by
(5.3) HC*(A) = Homgg a00 (Bar(A), A).
The grading is chosen so that Hom(A ® A, A) lies in grading 0.
Note that we can absorb the A factors on the left and right into the Hom, to get
(5.4) HC"™(A) = Homyg (A%™, A).
Let 0 denote the differential on this model for the Hochschild complex.

Remark 5.5. In the terminology of | |, HC*(A) = Mor(“[I]4,[I]4), the complex of type DA
bimodule morphisms from the identity DA bimodule of A to itself.

Definition 5.6. Given an associative algebra A (with no differential), an A, -algebra structure A
on A with pg the given multiplication on A (and py =0) is an A, deformation of A.

Proposition 5.7. Let A be an associative algebra and let A be an Ay, —1-algebra that is a deformation

of A. Then there is a Hochschild cochain obstruction class O, ¢ HC"*1(A) so that:

(AD-1) O, is a cocycle.

(AD-2) O, is a coboundary if and only if there is an operation pu, making A into an A,-algebra;
indeed, the operation p, € HC™(A) is a cochain with 6(uy) = Op.

(AD-3) If uy and p), are cochains with 6(py) = d(ul,) = Oy then w, — ul, is itself a coboundary if
and only if there is an A,-homomorphism f between the corresponding structures with fi =1
and fj =0 for 1<j<n-1.

(AD-4) If A and A" are two A, deformations with p; = p. for alli <n, and p, —p, is a coboundary,
then their respective obstruction cocycles Opi41,9",1 € HO™?(A) are cohomologous.

There are analogous statements for maps. In particular, given A, deformations A and A’ of

A and an Ap,_1-homomorphism f: A - A’ so that fi1: A - A is the identity map, there is an

obstruction class §n € HC"(A) so that:

(AF-1) §n is a cocycle.

(AF-2) §n is a coboundary if and only if there is an Ay-homomorphism extending f.

Proof. Given a map f: A%" — A, we will also let f denote the extension foII®": A% — A. To define
the obstruction cocycle O,,, we use a composition map

Hom(A%', A) ® Hom(A%/, A) - Hom(A®™ 1 A),
which we denote by *, defined by

i—j+1

(5.8) fi* g; = z fi(]IAgf ®0g; ® HA®(1'—€—1)) =
=0 *

o e—

(This uses the extension of f, via pre-composition with II.) Let

|

Mg
(5.9) On= D mirpi= . !
,j>3 ,j>3 14

i+j=n+2 i+j=n+2

|
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The A relation with n + 1 inputs is the condition that

(5.10) Opim = D i * U5
0,523
i+j=n+2
ie., Oy =9O,. Property (AD-2) follows.
To verify that O, is a cocycle, it helps to have the following easily verified identity: for any
fi: A®" - A and gj* A% A,

(5.11) 0(fi* g;) = (8fi) x gj + fi * (695) + pa(fi> 95) + pa(9js fi)-
Using this identity and Equation (5.10), we see that

6Dn = >0 (Opa) * pu + prs * (Sp) + pro(pras o) + pro(poies i)
i,k>3
z‘+Zk:=jz+2

=l > (urp)rme |+ D max (o) |-
1,5,k>3 1,7,k>3
i+j+k=n+4 i+j+k=n+4

Note that * is not associative; rather,

(5.12) (axb)xc+ax(bxc)=ao(I®b®l®cel)oA’+ao(l®c@lobel)o A,
where
(5.13) AT THAL) > (T (A 8- 8 T (A,))

denotes the comultiplication map on 7*(A,) applied m — 1 times. Property (AO-1) follows.

To verify Property (AD-3), we argue as follows. Let A and A’ be the A, algebras such that
wi = g for all ¢ < n, but with possibly different p,, and p;,. The Ao relation with n inputs for a
map f: A— A" with fi =T and f; =0 for 1 <j <n -1 is precisely the condition that

0(fn-1) = bn = fiy-
To verify Property (AO-4), observe that the hypothesis that p; = p for all i <n ensures that
Dot = Opi1 = fn * 113+ [13 % oy + [y, * [13 + [13 * [1y,.
Our hypotheses also give us a ¢,-1 with
0Cn-1 = fn — M;’l'
Now, using Equation (5.11) (and using the fact that dus = 0), we see that
Oni1 =051 =0(Cno1 * p3 + pg * Cpo1).

We now turn to the statements for maps. Fix A, deformations A and A’ of A and an A, _1-
homomorphism f: A - A" with f; the identity map. To define the obstruction cocycle §,, we
introduce some notation. Extend {f;: A% - A}ic, o to a map F,: A®™ - T*A by summing over
all ways of parenthesizing A®" into strings of < n — 2 elements and applying the appropriate f; to
each string. For example, for n =4,

F4(a1 ® as ® as ®a4)
= fi(a1) ® fi(a2) ® fi(a3) ® fi(as) + f2(a1 ® az) ® fi(a3) ® fi(as) + fi(a1) ® fa(az ® az) ® fi(as)

+ fi(a1) ® fi(a2) ® fa(az ® ay) + fa(a1 ® az) ® fa(az ® as).
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Define the obstruction class by
(5.14) En:( Z fi*uj)+(u0Fn):A§”—>A,

Jj=3
i+j=n+1

\ / !
J<n- 2  fen-2
/

Jen—2 ,uzz
! |

The condition on a map f,_1: A®""! - A that

5fn 1= gn
is precisely the Ao relation with n inputs for the map {f;};- !, so Part (AF-2) holds.

or graphically by

To verify that § is a cocycle, we introduce a little more notation. Given g;: A?j - A, let
Gj: T*(Ay) = T*(A) be the map defined by

(5.15) g~j(a1 ®---®a7;) = Z al ®~--®am®gj(am+1,...,am+j) ® Am+j+1 @ -+ ® a;.

In particular, f » g = f o §;. (Again, recall that we are abusing notation so f = f o II®".) There is a
differential D: Hom(7*(A),7T*(A)) - Hom(7*(A),T*(A)) defined by

(5.16) D(®) = 70+ P o 1.

The fact that ps is associative implies that D? = 0.

Given maps {¢; € Hom]k@,]k(A?],A)} 1, with ¢1 = L, let qZ) T*(Ay) - T*(A) denote the map
defined by

(517) a(alu"')at): Z ¢i1(ala"'7a’i1)®¢i2(ai1+17"')ai1+i2)®"'®¢’ik(am—ik+1)"'at)'

114+ =t

Given maps {f; € Hom(A® A)}", we will let f = ¥ fi: T*(A) - A, and similarly let fo, =
Y1 fi, and so forth. Conversely, let (g),, denote the m-input component of g. Observe that

(518) 3((f 0 D)m) = (5(F) 0 Dmar + (fo Dmar+ Y. paldi, (f 0 8);) + pa((F 0 6)j, 81):
z'+j:mf-]+1,z‘>1

In this notation,

Sn = fen-2* p3 + 12 0 fan-2 = fan—2 * >3 + [>3 0 fap 2 + Z p2(fis f5)-
i>1, j>1
ijinel
By hypothesis, we have maps {f;: A®" —» A}Z 1°, that satisfy the A relation with & inputs for
all k <m—1. As noted earlier, the Ao, relation on these maps with k inputs can be formulated as

0(freo1) = fehoo * o3 + 120 feka =] D fz'*Mj*‘MjOJ%sk + > pa(fi fi),

i+j=k+1 i>1,5>1
j>3 itj=k

which we abbreviate

(5.19) 0(fr-1) = (fakoz * p23)k + (p23 0 Fero2 )i + 2 (for, fo1 )k




32 LIPSHITZ, OZSVATH, AND THURSTON

We will also use a reformulation of the A,-algebra homomorphism relations, stated in terms of
the map D from Equation (5.16). Abusing notation, given a tensor product ¢! ® ---® ¢* of maps

T*(A) > A (such as fep-1 or D(f<p-1)), let (¢'®---®g*) <, denote the restriction that no individual
g* has more than n inputs. Then the reformulation is
(5.20) (D(fSn—l))Sn = (fSn—Q o [i>3 + fiz3 ofSn—Q)Sn

Another identity we shall use is that
6(u2(f,9)) = n2(6(f), g) + n2(f,6(g)).

With these preliminaries in hand, we compute
5((fan—2 * p123)n) = (6(fen2) * p23 + fan-3 * 0(pz3) + p2(for, p23) + papi=3, >1)), .,

= (30 fen-s 0 153 + pa(fo1 * ps3, fo1) + pa(for, fo1 * ps3)

(5.21)
+ pa(for, pe3) + p2(pe3, f>1)),

= (p=3 o Fens o 153 + p2(f * psg, fo1) + pa(for, [ * p153))

n+l’
In going from the first to the second line above, we are using a cancellation of (fep-1 * p>3) * L3
against fep_o * (>3 * ps3), which uses Equation (5.12).

Next, we compute

((pz3 o fin:—:z)n) = (6(ps3) Femoo + 11330 D(Jen2) + pa (153 0 J for) + pa(for, s 0 D),
(5.22) = (M230J%0@+M2(M230ﬁf>1) +M2(f>17M23°f~v))n+17
and also
(5.23)  8(p2(for, f51)n) = 12(6 for, forInet + 2(fo1, 6 fs )ne1 = p2(8 £, fo1 Ine1 + 2 (o1, 6 f Int-

Adding Equations (5.21), (5.22), and (5.23), and using associativity of ua, and once again using
Equation (5.19), we see that

5(Fn) :ﬂ2(5f+f*ﬂ23+ll23°.f;,f>1)n+1 + pa(fs10f + f * ps3 +M23of:)n+1

=u2(5f+f*uz3+u2307+ pa(fs1, f51)5 fo1)na1 +M2(f>1,5f+f*uzs+uz3°?
+ p2(fo1, f>1) )n+1
-0,

verifying Property (AF-1). 0

Corollary 5.24. Let A be an A, -structure on the associative algebra A. If HH™?(A) = 0 for all
m >n then A extends to an Ae-algebra structure on A. If in addition HH™(A) =0 for allm>n
then this extension is unique up to isomorphism.

Proof. Suppose that HH™2(A) = 0 for all m > n. By Properties (A9-1) we can inductively find
the requisite sequence of elements uy, € HC* with & (k) = O for all k> m + 1, giving an extension
of A to an A algebra.

Suppose that HH™(A) = 0 for all m >n, and let A and A’ be two A deformations of A that
agree as A, algebras. Choose f; =1 and f; =0 for all £ =1,...,n. By hypothesis, these are the
components of an A,-homomorphism from A to A’. For the inductive step, suppose that we have
components {f;: A% — A}f:1 for n < k of an A homomorphism, the obstruction §; to extending
it to an A, ;-homomorphism lies in HH*(A) by Properties (AF-1) and (AF-2). This map is an
isomorphism since f; is invertible. O
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We will actually be interested in deforming a (G, \)-graded associative algebra to a (G, \)-graded
Aso-algebra (so that p, has grading \"2). (For G abelian, this case was studied by Sheridan | ,
Section 2.3|.) We will assume further that the distinguished central element A € G has infinite order.

In this setting, define a grading on the bar complex Bar(A) by viewing the n'" term as A ®
(AL [1])®" ® A, ie., gr(ag®a; ® =+ ® ap ® ans1) = N'gr(ag)--gr(ans1). Then, the differential
has grading A™!. If we are interested in deformations which preserve this grading—and we are—
then we are interested in the subcomplex HC{(A) ¢ HC*(A) of morphisms which respect the
grading by G/(A), i.e., maps f: Bar(A) — A[1] so that gr,p7(f(x)) = Ak 8r'Bar(4) (2), or equivalently
gra(f(z)) = A1 8Bar(4) (2), for some k € Z. In addition to the grading by n, this complex has an
obvious Z-grading (by k), and the differential decreases this grading by 1. A graded Ao, operation
lies in grading —1.

Let HCZ/ (A) denote the part HC;(A) consisting of (k ® k)-module maps A [1]® - A[1] of
grading j. Explicitly, if f € HC 7/ (A), then

gr(f(x, .. mi) = XN gr(an)-- gr(@).
The differential has the property that
d 1,d-1
§: HOP'(A) » HC 1 (A).
Proposition 5.7 has the following (G, \)-graded analogue:

Proposition 5.25. Let A be a (G, \)-graded associatve algebra and let A be a (G, \)-graded Ay_1
deformation of A. Then, the bigradings of the obstruction classes are given by O,, € HCZH’_Z(A) and
Sn € HCg’_l(A), and an operation p, defining a (G, \)-graded A, -deformation lies in HC?;’_I(A).
Moreover, 9,, is the obstruction to extending the (G, \)-graded A,_1 deformation to a (G, \)-graded
Ay, deformation. If A and A" are two (G, \)-graded A,, deformations of A, and f is a (G, \)-graded
homomorphism of the underlying An,—1 deformations, then §, is the obstruction to extending f to a
(G, \)-graded A,, homomorphism.

Proof. This is a straightforward adaptation of the proof of Proposition 5.7. U

Corollary 5.26. Let A be a (G, \)-graded associative algebra and A a (G, )\)-graded A,—1 defor-
mation of A. If HHZYZH’_Q(A) =0 for all m > n then A extends to a (G,\)-graded Ac-algebra

structure on A. If HHg’_l(A) =0 for all m > n then any two (G, \)-graded As-algebra structures
on A extending A are As-isomorphic.

Proof. This follows from Proposition 5.25 exactly as Corollary 5.24 follows from Proposition 5.7. [

Remark 5.27. The discussion in our previous paper | , Section 2.5.3.] gives a grading on the
space of morphisms from Bar(A) to A by G xgxg G, which is the set of conjugacy classes in G. The
definition of HC75"(A) then restricts to morphisms lying over the conjugacy class {\"} for n € Z.

5.2. The cobar complex of the torus algebra. Let k be a finite direct sum of copies of Fo, A
be an augmented associative k-algebra and A, be the augmentation ideal. Note that the dual space
Hom(A4,F2) is a k-bimodule.

Definition 5.28. The reduced cobar algebra Cob(A) is the dual chain complex to Bar(A), that is,
the direct sum over n of the dual of (Ay)®™. The multiplication on Cob(A) is the transpose of the
comultiplication A on Bar(A), which in turn is defined by

Ala1 ® - ®ap) =Y (a1 ®®a;) ® (ais1 ® - ®ay) € Bar(A) ® Bar(A).
i=0
The differential on Cob(A) is the transpose of the map
> 1P @ pp @ I°": Bar(A) - Bar(A).

m,n>0
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Under modest finiteness assumptions, we can describe Cob(A) more explicitly. The easiest case is
if A is finite-dimensional over Fo, in which case Cob(A) is the tensor algebra on A}, with differential
given by

n
6 (af @ ®ay) =y aj ® @ pu3(af) ® ®a,
i=1

where 5 is the dual of the multiplication po on A. (Here and below, undecorated tensor products
are over k.) We use the convention that

(apn®--®a1)"=a]®--®a,.

For example, when A = A%* we have that w5 (pis) = p5 ® pi.

More generally, suppose that A is filtered by subspaces FpAc F1Ac--c A with A=U; F;A, and
so that each FjA is finite-dimensional, k ¢ FyA, and pa(F;A, FjA) ¢ Fi;A. There is an induced
filtration on Bar(A), which we also denote F;, and

Cob(A), = (AS")* = lim(F;(A%"))*

Cob(A) = é Cob(A),.
n=1

Explicitly, given an Fa-basis {e;} for A,, let AK be the subspace of A} spanned by the dual basis
elements e;. Then Cob(A),, is the completion of (A1)®" with respect to the (descending) filtration
dual to Fj.

Turning to the example of interest to us, the algebra A% from Section 3.1 has a filtration by
the winding number grading, wn, so that each filtration level is finite-dimensional. Hence, the cobar
algebra Cob(A%*) is the completion of the tensor algebra on (A%*)! with respect to this filtration.

The algebra A% also has a grading by I = G x Z, with grading given by v = gr x wn, as defined
in Section 4. This induces a I-grading on Cob(A%*) by the formula

(5.29) 7P (a1 @@ ap) = Ay (ar) ey (an)

(Since the cobar algebra is the completion of the tensor algebra on (A(,)’as)i, not every element is a
finite linear combination of homogeneous elements.)
There is an automorphism «: I' - I' defined by

(5.30) a((ji a,b) x i) = (j + 205 -a, ~b) x (~i).
The following relationship between A% and its cobar algebra can be seen as a kind of Koszul

self-duality.
Lemma 5.31. There is a quasi-isomorphism of I'-graded differential algebras
¢: (Cob(A2™),7%P) - (A2*, a0)
specified by ¢(to) = t1, ¢(11) =to, ¢(p]) =[pi] fori=1,...,4, and ¢(a”*) =0 if |a| > 1.

(When thinking of A”>® as a bimodule quasi-isomorphic to Cob(.A%**), we will write elements of
A% inside brackets.)

Proof. By construction, ¢ is a ring homomorphism. Direct computation shows that if p;---pp # 0
then
A () ()T = ey (pi) v (pe))-
It follows that ¢ respects the grading.
Consider the homomorphism j: A»* — Cob(A%®) specified by j(10) = t1, j(¢1) = o, j(pi) = p}
fori=1,...,4. Clearly,

(5.32) ¢poj=1
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The image of j is spanned by elements of the form p; ® p;,; ®---® p;. Any element of Cob(A(_)’as)
can be written as a series in elements in the image of j and further elements of the form

(5.33) Pi ®pi 1@ ®p;®a] ® B ap,

where the a; are basic algebra elements and a; is the first element in the sequence with length
greater than one or for which a; = py_1. Given such an element, let k = 0 if the element is in the
image of j and k = ¢ —i+ 1 otherwise, and consider the homotopy operator

(5.34)
k

pi®p @ 8 p; @ (a1 p)* ®az @ ®ap, ifk>0
H(p;®P;+1®“'®pzf®a;®...®a;):{z i+ / *

if k=0.

Since the total winding number of the output of H and the input of H are the same, H extends
(continuously) to all of Cob(A%*).
We claim that the following formula holds:

(5.35) 6CP o H4+ Hod®P =T+ j0¢.

It suffices to verify Equation (5.35) for each element £ = pf ® p/,; ® ---® p; ® a] ® ---® a,,,. There
are three cases:

o If £ eIm(y), H(€) =0, §°°P(£) =0, and j o (&) = £, so Equation (5.35) is immediate.

e Suppose that k > 0 and aj - p; = 0; or alternatively, that k = 0. Then, H({) =0, ¢(£) =0
and the only non-zero term in H(6°P(€)) is € itself, corresponding to the factorization
aj = pes1 - @y for some af.

e Suppose that k>0 and a1 - py # 0. In that case, £ is the term in 6°P o H corresponding to

the factorization of a; - py as aj times pg. All other terms in §°°" o H cancel corresponding
terms in H o §°°P.

Together, Equations (5.32) and (5.35) ensure that ¢ is a quasi-isomorphism, as claimed. O

The cobar algebra is of interest to us because of its relationship with the Hochschild complex.
Suppose that A is an augmented associative k-algebra (such as .A(_)’as). Assume that A is endowed
with an increasing filtration so that each F; A finite-dimensional. The tensor product A®ygi Cob(A)
inherits a decreasing filtration from the filtration on Cob(A) (which does not use the filtration on
the A-factor). Let A ®kgk Cob(A) denote the completion with respect to this filtration on each
A ®ygk Cob(A),. Equivalently, A ®kgr Cob(A) is the direct sum over n of the completion of
A®pei(AL)®". Given a (potentially infinite) basis {e; } for A, , define a differential on ABygrCob(A)
by

(5.36) Ab®e)=b® (6°P(¢))+Yebo (E®e)) +be;® (e ®€)

i
and then extending linearly to the completion (which contains infinite sums of elements of the form
b® [£]). The assumption that each F;A is finite-dimensional implies this gives a well-defined map.

(The last two terms come from partly dualizing the operation ps: A® A - A to maps A > A® A*
and A > A*® A.)

Lemma 5.37. If A is a filtered algebra, and each F;A is finite-dimensional, there is an isomorphism
of chain complezes

(5.38) A ®]k®]k COb(A) = HC*(A)
where on the left side we use the differential from Equation (5.36).

Proof. This is straightforward from the definitions. O
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In the application to Ag’as, we actually want to extend scalars from Fy to Fo[U]. So, given an
algebra A as above, let A[U] = A®p, Fo[U]. Consider A[U]®xkgK Cob(A); note that the U-variable
appears only on the A[U]-factor. The increasing filtration on A induces a decreasing filtration on
A[U] ®kgk Cob(A), and we again have a completed tensor product A[U] ®kei Cob(A) and, given
a basis {e;} for A, a differential induced by Equation (5.36). We have the following analogue of
Lemma 5.37, reformulating the Hochschild cochain complex of A[U] over k[U]:

Lemma 5.39. If A is a filtered algebra, and each F;A is finite-dimensional, there is an isomorphism
of chain complezes

(5.40) A[U] ®kex Cob(A) 2 HC*(A[U]).
On the left side of Equation (5.40), the differential is given by Equation (5.36). On the right side
of Equation (5.40), U is viewed as an element of the ground ring.

Proof. Again, this is straightforward from the definitions. O

Ezample 5.41. We consider the torus algebra. Since (as proved below) pg = 0, it follows that
the obstruction class from Proposition 5.7 satisfies D4 = 0. (See Eq. (5.9).) There is a map
pa: (A28 o AY3S[U] constructed in Section 3.1, whose non-trivial operations are

pa(pa, p3, p2,p1-a) =Ua, pa(b- pa, p3, p2,p1) = U,

and the additional operations obtained by cyclically permuting p4, p3, p2,p1. The 5-input Aeo-
relation (which holds by a very easy special case of Theorem 3.19) is equivalent to the statement
that dug = 0; i.e., pug € HC*(A) is a Hochschild cocycle.

Under the isomorphism from Equation (5.40), this cocycle u4 corresponds to the element of
A[U] ®kek Cob(A) specified by

U® (p1 ®p3®p3 ® py) +Upa ® (pla ® p3 ® p3 ® py) + Upaz ® (pia3 ® p5 ® p3 ® py) + -+
+Up3 ® (p1 ® p3 ® p3 ® p34) + Upaz ® (p1 ® p3 ® p3 ® pagy) + - +

(where the last --- corresponds to cyclically permuting the set 1,2,3,4). For this sum to make sense,
we need the completed tensor product A[U] ®kgi Cob(A).

We use Lemma 5.31 to obtain a useful small model for the Hochschild complex (compare | D,
which we describe after introducing some notation.

Definition 5.42. The small model Hochschild complex C* is defined as follows. As a vector space,
C* is generated by a ® [b] with a € A% and [b] € A>™ are basic elements with the property that
i-a-j=a and [j"-b-i'] = [b], for some idempotents i,j € {to,t1} and complementary idempotents
i',j". (That is, if i = 1o then i’ = 11.) We endow C* with the following further structure:
e a Z-grading, the length grading specified by |a® [b]| = |b| (when b is a basic algebra element).
o a G x Z-grading, specified by

(@@ [b]) = A-v(a) - a(y(b)).
e a differential

4
(5.43) d(a®[b]) = Zl (pi-a®[b-pi]l +a-pi®[pi-bl]).

We let Cf c C* be the portion in grading 0 x Z c G x Z, i.e., generated by a ® [b] with the property
that

y(a)-a(y(b)) = A1,
for some integer k, called the homological grading of a ® [b]. Let C’{f’k c C’{f’k denote the portion
with length grading n and homological grading k. The differential sends C™* to C™1F-1,
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For example, pa341 ® [p1234] € Cff’_l. (The element Ut ® [p1234] also lies in this bigrading.)
To see that C* is a chain complex, note that for any 4,5 € {1,...,4}, at least one of p;p; and p;p;
vanishes.

Proposition 5.44. The chain complez C}. is quasi-isomorphic to the complex HC;(AQ’%[U]); in
particular H"*(Cr) = HH™*(A>™[U]).

Proof. Recall that elements of H C?’k A%5) ¢ A% @per (A(_)’as)?” are series with terms of the form

ap ® (a] ® --- ® ay,), where the a; are all basic algebra elements, with the property that the right

idempotent of a; (which is the left idempotent of a}) agrees with the right idempotent of ag, and

the left idempotent of a,, (which is the right idempotent of a) agrees with the left idempotent of

ap. The T-grading is computed by A-v(ag) -7°°P(aj ® ---® a}}) = v(ao) - A" (v(a1) " t-vy(an) ™).
Consider the map HC*(A%*) - C* induced by

I® ¢: A(E,as Okek COb(Ag’aS) - A(z,as Okek A?’as,

where ¢ is the map from Lemma 5.31. Since ¢ sends any element of Cob(Ag’as)n with filtration
greater than n/4+1 to 0, I® ¢ indeed induces a map from A[U]®ygi Cob(A) = HC*(A[U]) to C*.

Comparing the differential on HC*(A%*) from Equation (5.36) (with basic algebra elements as
the basis) with Equation (5.43), we see that I ® ¢ is a chain map.

Observe that HC'2* (A%™) is a direct summand of HC*(AY™), C&* is a direct summand of C*,
and [® ¢ takes HO 2 (A%™) to Cp*.

If we filter H C;’*(Ag’as) by the sum of the lengths of the input elements and filter C* by the
length grading from Definition 5.42 then 1 ® ¢ is a filtered chain map. The induced map at the
E1-page of the associated spectral sequence is [® ¢, where ¢, is the isomorphism H, (Cob(A%*)) -
A% from Lemma 5.31 (or, rather, its restriction to the I'-graded part). It follows that I® ¢ is a
quasi-isomorphism from the completion of HC;’*(AQ’%) to the completion of Cfi’*. However, for
each fixed T'-grading on HC;’*(A(_)’%), for any element b® [£] € HC’?’k(AQ’aS) there is a bound on
the difference between the length of b and four times the winding number of £. Hence, for each pair
of integers (n, k), HC?’k A(_)’as) is already complete with respect to the length filtration on A%,
Similarly, for C’lf’*, there are finitely many elements in each grading (see the proof of Proposition 5.46
below) so Ci* is also already complete. Hence, [®¢ is a quasi-isomorphism HC7(AY*[U]) - Cp*,
as desired. g

5.3. Uniqueness of AY.

Theorem 5.45. Up to isomorphism, there is a unique Aw deformation of A% oper Fo[U] satis-
fying the following conditions:

(1) The deformation is I' = G x Z-graded, where the gradings of the chords p; is defined by
v(pi) = gr(pi) xwn(p;). (The gradings gr and wn are defined in Section 4.)
(2) The operations satisfy pua(pa, p3, p2,p1) = Ut1 and pa(ps, p2, p1,pa) = Utg.

The conditions of the theorem immediately imply that v(U) = (-2;0,0) x 1. Also, the relation
wa(pa, p3, p2, p1) = Uty implies the relation u4(ps, p2, p1,p4) = Utg, by considering the 5-input Aso-
relations.

A key step in the proof is a computation of (part of) the Hochschild cohomology of A%,
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Proposition 5.46. The graded Hochschild cohomology HH;’*(AQ’%[U]) of AY*[U] over k[U]
satisfies

HHn,—l(AO,aS[U]) IFQ n=4
r B - 0 otherwise
Fg n=>5

0 otherwise

HHY 2 (AY™[U]) = {

Moreover, suppose £ € HC;{’_l Ag’aS[U]) is a cycle and £(ps ® p3 ® pa ® p1) =U. Then & represents
a generator of HHi‘i’_l AY=[U]).

Proof. Proposition 5.44 supplies a smaller quasi-isomorphic model for this complex C, where
C'lrj’k c .A(_]’as OLek Ag’as,

is generated by elements of the form a ® [b] with a,b € A% for which:

(HC-1) the right idempotent of b is complementary to the left idempotent of a and the left idem-
potent of b is complementary to the right idempotent of a.
(HC-2) the gradings satisfy

y(a® [b]) = A-v(a) - a(v(0)) = A,
where « is as in Equation (5.30) and |b] = n.

(We will typically suppress the ® symbol from a ® [b].)
The above conditions ensure that any such element a[b] must be one of:

(C-1) the following elements a ® [b]

pilp1l, p123[p123], tolen], Ik

(C-2) any of the elements obtained by multiplying the above b by some further element b with
|b| = 4s, and while also multiplying a by some further element o’ with |a’| = 4s;

(C-3) any element obtained by adding some i € Z/47 to all the indices in any of the above obtained
elements.

(In particular, the elements p1o34[ pai23], p1234[p23a1], and U[pi234] are all obtained from a[b] = ¢1[¢o]
by multiplying both a and b by length four algebra elements.)

In a little more detail, suppose that a[b] = U"p; . j+1[pr,...m+1] is such an element; so that
la| = j —i+4n and |b] = £ = m. Then, the G/(\) factor of Condition (H(C-2) ensures that |a| = [b|
mod 4; furthermore, if |a| # 0 (mod 4), then i = ¢ (mod 4) and j =m (mod 4). Condition (HC-1)
now excludes the possibility that |a| =2 (mod 4). Finally, the Z factor of Condition (HC-2) now
ensures that wn(a) = wn(b) and so |a| = |b]. The above classification follows.

Direct computation of the homological grading k gives:

E(p1lp1]) =0,  k(pi2s[p123]) =0,  K(wo[e1]) = k(e1e0]) = 1,

and the usual symmetry obtained by adding i € Z/4Z to all the subscripts in the first two equations
above. All other homological gradings are determined by the property that

k(a-a'[b-b']) = k(a[b]) - 2s,
if |a’| = |b'| = 4s. In particular,
k(p123a[pars]) = k(U[p1234]) = k(p1234[ p23a1]) = - 1.
It follows that HH™ ™' = 0 unless n =4, and HC™ 2 = HH™ 2 =0 unless n=5,7.
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We now compute the differentials of elements involving terms with k= -1 and k = -2:

O(p123[p123]) = p123a[pa123] + pa123[p1234]
9(pr23alpa123]) = parsa[ par2za]
9(pa123[p1234]) = par234] pa1234]
O(U[p1234]) = Upa[par23a] + Up1[p12341]
O(p12341[p12341]) = 0
d(Up1[p1234123]) =0
O(p1234123[ p1234123]) = p12341234[ p41234123] + Pa1234123[P12341234]
(U p123[p1234123]) = U p123al par23a123] + U pa123[ p12341234]
All other such terms are obtained by adding i € Z /47 to all of the indices in any of these expressions.
For n = 4, there are two kinds of cycles,
p1234[ pa123] + pa123[p1234] = O(p123[p123])

(there are four cycles of this form), and

(5.47) Ulpi2sa] + Ul p2sar] + Ul psai2] + Ul pai23]

(there is a unique cycle of this form). This proves the claim about HH ?’_1.
Turning to HH?’_Z, for n = 5, the single homology class is

Upi[pi2zar] ~ Upz[p2zaiz] ~ Ups[psai23] ~ Upa[pai23a].

Finally, for n =7 there are no cycles at all. O

Proof of Theorem 5.45. Throughout this proof, by “deformation” we mean “I'-graded deformation”.

It is immediate from Proposition 5.25 and Proposition 5.46 that there is no nontrivial Ag de-
formation of A%*. Thus, taking us = 0, [O4] = 0 since taking puy = 0 defines an A, algebra.
(In fact, O, vanishes as a chain.) Thus, the choices of A4 deformation of A%*
HH fi’_l(.Ag’aS) > [Fy. Thus, there is a single nontrivial A4 deformation. Moreover, from the descrip-

correspond to

tion of the generator of HH fi’_l(Ag’aS) ~ Fy in Proposition 5.46, this deformation satisfies and is
characterized by Property (2) of the statement of Theorem 5.45. Now, again by Proposition 5.46,
HH;”H’_Q(AQ’%) = HH?’_I(A(_)’aS) =0 for all m >4, so by Corollary 5.26, this deformation extends

uniquely to an A, deformation of A%, O

Remark 5.48. The non-trivial deformation from Theorem 5.45 appears in bordered Floer homology.
For example, consider the Ao module for the solid torus, as in | , Figure 2¢]. This has a single
generator a with mg(a,t1) = a, and actions ms(a, p2, p1) = a, ms(a, ps, p3) = U-a. Composing these
two actions gives a non-zero term in the A relation with input sequence (a, p4, p3, p2, p1). Since
mq = 0, the only possible term that can cancel this sequence is ma(a, ua(p4, p3, p2,p1)), forcing
ta(pa, p3, p2,p1) as in the theorem. This is a formalization of the more geometric observation:
composing the holomorphic disks giving the mg operations, we obtain a one-dimensional moduli
space whose other end consists of a curve that covers T2 once, with boundary asymptotics as given
by p4, p3, p2, p1; compare also Section 3.5; and see | , Figure 7|. (This deformation also appears
from the wrapped Fukaya category, as discussed in Section 6.)

5.4. Weighted algebras and Hochschild cohomology. Next, we discuss deforming A.,-algebras
into weighted algebras. This is similar to the discussion in | , Section 3b| and | , Section
2.4]; again, the group-graded setting of | , Section 2.4] is particularly relevant.

Fix an augmented Aq.-algebra A° = (A, {1 }) over k with underlying vector space A and augmen-
tation ideal A, c A. By a weighted deformation of A° we mean a weighted Ao-algebra (A, {uF })
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with the same underlying vector space as A” and whose weight-zero operations are the same as for
A% e, 0 = iy, for all m > 0. Suppose that A and B are both weighted deformations of the same
undeformed A algebra. A homomorphism of deformations from A to B is a sequence of maps
fo={f":T*(A.) - B}, satisfying the weighted Ac homomorphism relations

(5.49) S ffo(leu’el)oA’+ 3 o (fr e ®fUm) o A™ =0

a+b=W a+wy ++wm=W
for each W > 0. In words, the second sum expresses the sum of all ways of parenthesizing the
tensor product into disjoint bundles and applying some f% to each bundle, and then channeling the
outputs into a u® so that the total weight of the f’s plus the weight a is W.

Like Ao deformations, we will build weighted deformations step-by-step. By a W -truncated
weighted As-algebra we mean a vector space A and operations ul: A®™ — A for m > 0 and
0<w<W, (m,w) # (0,0), satisfying the weighted A-algebra relations up to weight W (i.e., the
ones only involving the operations defined). A W -truncated weighted deformation of an As-algebra
AY is a W-truncated weighted Aq-algebra A" whose undeformed (unweighted) Ao-algebra is A°.

Let A" and B" be W-truncated weighted deformations of A°. By a homomorphism of W -
truncated weighted deformations from A" to BY we mean maps s A®™ > A for 0 < w < W and
all m >0 with (m,w) # (0,0), such that:

o =1L

o fO =0form#1, and

e the f satisfy the weighted As-algebra homomorphism relations in Equation (5.49) up to
weight W.

(The first two conditions specify that f© is the identity map of A.-algebras.) An isomorphism is
an invertible homomorphism; by the proof of Lemma 2.8, every homomorphism of W-truncated
weighted deformations is an isomorphism.

Definition 5.50. Let A° be an augmented Ao -algebra over k, with underlying vector space A and
augmentation ideal A, c A.

Let A’ [1] 40 denote the identity type DA bimodule over A° (see [ /). The Hochschild cochain
complex of A° is given by

HC*(A) = Mor(*"[1] 10, [1] o)
AO

of strictly unital type DA bimodule morphisms from " [1] 40 to itself. HH(A®) is the homology of

this complez.

Explicitly, as a vector space,

HC*(A”) = ] Homper (k ® (4:+)®", A® k) = [ | Homygl ((4+)®", A).
n=0 n=0

The differential is given as follows. Recall the operation * from Equation (5.8). Let u® = ¥, u €
[12; Hom(A®", A,). Then the differential of f is given by

\ﬁ/ \i/

f ul

S(f)=p* f+frp’= l - 1 :
0 f

! !

Unlike the associative case (Definition 5.1), in the As-setting the Hochschild cohomology is not
graded unless A is graded.
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Proposition 5.51. Let A° be an As-algebra and AV=" o (W —1)-truncated weighted deformation
of AY. Then there is a Hochschild cochain obstruction class O € HC*(A°) so that:

(00D-1) OV is a cocycle.

(00D-2) OW is a coboundary if and only if there are operations p'"V = {MTVX};’;:O making AV into a
W -truncated weighted Ao algebra; indeed, the operation "V is a cochain with §(uV) = OW.

(009-3) If )V and @ are cochains with §(pu"V) = §(@"V) = OW, then vV —1" is itself a coboundary
if and only if there is a homomorphism f of W -truncated deformations between the structures
induced by WV and WV with f¥ =0 for all 0 <w < W.

(009-4) Suppose A and A are two W -truncated deformations, W >0, with u* = u® for all w < W.

—W+1
If !V =W is a coboundary then their respective obstruction cocycles OV and O " are

cohomologous.

There are analogous statements for maps. In particular given W -truncated deformations A and A

—<W-—
of A%, for some W >0, and a homomorphism f<W=1: ASW-1 A ! of W = 1-truncated weighted
deformations, there is an obstruction class 'V € HC*(A®) so that:

(00F-1) §V is a cocycle.

(00F-2) §V is a coboundary if and only if there is a homomorphism AW — ZW of W-truncated
weighted deformations extending f.

Proof. Let u¥: T*A, — A, be the direct sum of the maps pu’: A®" - A,.
We think of the operation * from Equation (5.8) as follows. Given f: T*(A;) - A and g¢:
T(4,) > A,

frg=go(I® fel)oA®

where A3 is as in Equation (5.13). We extend the operation * to sequences of maps f* = {f"V:
T*(Ay) > Aidiypand g° = {g": T*(A)) - A"} letting f*xg® = {(f*a)": T*(AL) - Ao
be the sequence of maps whose components are given by

(fxgM)" = ; fio(l®g’®l)o A’
a+b=W

Given a sequence of maps f* = {f"V': T*(A:+) — A )5, let f°2! denote the sequence of maps
¢* = {o": T (As) > A} with ¢0 =0 and ¢" = fV for all W > 0.
The obstruction class O is defined by
DW _ (M.Zl . ,UJozl)W.

9

ie., OW:T*(A,) - A, is the map

w a b
O = > e
a+b=W
1<as<W-1

n
—_——~

whose components DTVLV: A, ®---® AL > A, are given by

Oy = XX uiu

at+b=W i+j-1=n
1<as<W-1 1<i<n+1
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Graphically,

=W
Given f* = {f“:T"(Ay) - Ay }w 9, we define a sequence of maps f ={f :T"(Ay) -
T*(A4)}w—o whose components f are defined by

(5.52) Z > (fw1 ® - ®fU")o A",

m=1 wy++wm=

Given ¢* = {g": T*(A;) - A}, and ¢° = {qﬁw: T*(Ay) - T*(Ay)} oy, we can define their
weighted composition ¢g® o ¢® = {(g° 0 ¢*)": T*(As) > As}or o b
(9700 = 3 g0
a+b=W

In this notation, the W weighted As-homomorphism relation is
Y

(f* )+ (o f ) =0
Now, suppose that f is only a (W —1)-truncated homomorphism, with components { f": 7*A; —
A }WSL. The obstruction class § is defined to be

FV = () (e £
which, in turn, is shorthand for
SW: Z fa*Hb+ Z ,l,LaOFb.
a+b=W a+b=W
0<a<W-1 0<asW

We represent this equation graphically by

l l

(We write here f<"'~! to bear in mind that there are no terms f* with i > W.)
Having defined O% and §V, we now check they satisfy the requisite properties.
The weight W A, relation for u* can be written

(5.53) o' = (=t W = 07

which is Property (c09-2).
We verify Property (co9-1) after introducing some notation.
Equation (5.11) generalizes, as follows. Given f: T*(A;) > Ay and g: T*(Ay) - Ay, let

n(f,9): T (Ay) — Ay
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be the map
(5.54) n(f,9)=plo(I® feIegal) oA+ o (IogeI® f&l)o AP,

\ 7 & /
fl9 glf
n(f,g) = X,OJ + &OJ :
| |

(So, for an associative algebra, n(f,g) = p2(f,9) + p2(g, f).) Equation (5.11) readily generalizes to
(5.55) 5(f xg)=(3f) =g+ f~*(09) +n(f.9)-

Extend 7 to sequences of maps f* and ¢* as usual, letting 7°(f*,¢°) = ("W (f*,9°): T*(A,) -
AL }pp_o be the sequence of maps whose W component is given by

()= Y n(fhd").

a+b=W

Graphically

Equation (5.55) generalizes to
(5.56) 6(f**g")=(0f") g"+ [~ (6g") +n*(f*,9%).
To verify Property (c0-1), observe that
SO =5« p )Y = (")« )Y (e 3 ()

1) g =)W s (1w (u

= (1™ > p =t

=0
(Here, the last step uses the analogue of Equation (5.12).)
Let A and A be the W-truncated deformations with weighted operations p* and " respectively.

The weight W A, relation for a W-weighted map f: A - A with fO=Tand f*=0forall 0 <w < W
is precisely the condition

s(f") = pu" ="
and this is Property (c09-3). _
To verify Property (c0-4), observe that if A and A have p* = g® for all w < W, and

pV - = e

for some ¢ € HC*(A), then

W+ w

1 _ —
SR G R e T Y T T
= (" =) gt gt (@Y -7
=6(cxpt +put xc).

DW+1 _ 5

(The last line uses Equation (5.55), n(p"V =", p*) +n(p!, u"V =) = 0, and the A, relation that
guarantees that du! = 0.)

Next, we consider the case for maps. Fix two W-truncated deformations A and A of A°, and a
homomorphism of the underlying (W — 1)-truncated deformations

fgW—l, AW, ZSW—l
* )
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with f2: A — A the identity map and f0 = 0 for n > 1. We wish to extend this to a homomorphism
of W-truncated deformations by introducing a new component f":7*(A,) - A,. The weight W
Ao relation has the form
af" =35";
so Property (coF-2) follows.
To verify Property (coF-1), we introduce some more notation.
Given ¢: T*(Ay) » Ay, let ¢: T*(Ay) - T*(A,) be the induced map

¢ = (Ir«(a,) @ ¢ Iye(4,)) 0 A”
There is a differential
D: Hom(T*(A+),T*(Ay)) > Hom(T " (Ay), T (Ay))

defined by o o

D(®)=ulo®+dopd.

Equation (5.18) has the following analogue:

(5.57) 5(f 0 )=(38(f)od )+ (fToDd )+ (u'* fod +pu’+(f*06).
(The last term is a * of a single map u® € Mor(7*(A,), A,) with a sequence of maps g* = f*o o:¢..

This is to be interpreted as a sequence of maps whose w component is p® x g"'.) Equation (5.57)
follows from the following identities:

6 0d ) = (700 ) + (f o6 o)
froDg = (fom’ o6 )+ (f1 00 oF')
(7)o do= (1 [*)0d +(f**u®)od .
The maps f*® = {f": T*(As) > A}, form the components of a weighted Ao, homomorphism
if
(5.58) 1200 ?. + ?. ou20=0.
When f* is merely a homomorphism of W-truncated deformations, i.e. f* = {f": T*(4;) -

A}V, we require that Equation (5.58) holds for the components indexed by w =0, ..., W.

The w" component of Equation (5.58) has two alternative formulations. We begin with the
analgue of Equation (5.19), which states that if f* is a homomorphism of W-truncated deformations,
then for each w=0,...,W,

—e =w
(5.59) Sf = (f xp=) "+ (u= o f) 4o o p”x fY
ie.,
=b
5= Y (frent o) F We (1 eee ) o AT
a+b=w W1+ Wy =W
b>1
Equation (5.59) follows immediately from the homomorphism relation

0 = w 0y _ . >1 o>1 o\ w
oo (f )+ (fY ) = (f" ™+t )Y,
together with the definition
S(fY) = px f+ 2 x .
=w
Since fO =1, the terms in u’o f that involve the f* component cancel against the terms in p0 x f%;

thus, we can rewrite Equation (5.59) as:

—o<W

(5.60) SFY = (F ey (P o T ) il (F )Y
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—o<w
Here, i’ o (f )% is the map which, given an element of 7*(A,), splits the element into m tensor

factors, applies f%¢ to the i™ tensor factor, for all choices of (w1,...,w,,) with 0 <w; <w -1 and
Y™ w; =m, and then applies 1, to the outputs.
The analogue of Equation (5.20) is

(5.61) DY =@ o HY + (For=H™.
Using the A, homomorphism relation for all w < W, we get the following version:
—o<W — —e = —
D = (T (Fo )

(5,62) + (NO ° f.<W)W + (N'Zl ° f.<W)W _ (f.<W N M.Zl)w

With this notational background in place, we turn to the verification of Property (coF-1). By
hypothesis, Equations (5.60) holds. In particular, although we cannot assume that Equation (5.59)
holds for w = W, we do have that

(5.63) @ = u=Y = (7 1)+ o T )4 (00 T + (0 7)) /ﬁl)w,
using Equation (5.60) in the components w = 0,...,W — 1. Thus, by Equations (5.55) and (5.63),
S = () ) () e ()
S (™) )Y (o T ) Y (00 T i 5 )« )Y
(T (=Y (0 )
(5.64) (U 0 T ) YW (100 T7) % iYW (W0 5 1) )W W (2, ).

Note that we cancelled above the terms (f®*u*>1) * u*>! and f®* (u*>! + u*>!) as in Equation (5.12).
Similarly, using Equation (5.61) for w < W, we see that

—=e R w
(5.65) (u™ o Df )V = ( o (1o )+ i o ( ou'zl))
Thus, by Equations (5.57), (5.65), and (5.53)
S(u™ o T = (5(u™) 0T + 1™ o (DT )+ (10w u™) o T 4%+ (w10 7))
(=) o F o (o T )+ o (F o)
— —e —e W
# (0o (o f )40 (u o )
>1 o>1 —e W
(5.66) = (n® o (F o)+ (1o (=10 T )4 (u™' o ] )

o>1 >1 o>]1 —e>1

Above, we have used that p*= ~ pu*=* = u*= o u®*
By Equation (5.57), and using the identities (5(u0) =0 and p® » u® = 0, we see that
5(H0 o (F)W) = (5p°) 0 f*W 40 (DF* )W 4 (40w %) 0 foW 405 (40 o fo)W

(5.67) =10 o (DY i 10 s (0 foV)W,

Applying p° to Equation (5.62), we find that
1o D(F )W = 100 (=T o F )W 4 100 (7 ou)

(5.68) 40w (100 YW 4 0w (o fr)W 0 s (W)W
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Adding up Equations (5.64), (5.66),(5.67), and (5.68), together with the following case of Equa-
tion (5.12)
W05 (P )Y (1 % Y gV () = 0,
we find that
BEY) = 0(f w0 o )Y <0,
verifying Property (coF-1). O
We turn next to the graded case. Fix a group I' and central elements Ay and A,,. Assume further

that Ay and )\, generate a subgroup isomorphic to Z2 (We will be working here with T' = G x Z,
where Z is winding number grading, as in Section 4.4.)

If A is a (T, \y)-graded A, algebra then we can consider the complex H C’gv (A") generated by
elements of Mor([I], [I]) which shift the grading by A5} for some .
More explicitly, the T'-grading on HC*(A°) is specified by

Y((a1 @ ®an) = b) = A5 y(b) - y(an) "y (ar) ™
Let HCIKV’Z be the portion with
v((a1 ® - ®ay) —b) = )\E//\fl.

Then 6 maps HCIEV’K to HC?/’K_l.
With these remarks in place, we have the following graded version of Proposition 5.51 (compare
Proposition 5.25, as well as | , Section 2.4]):

Proposition 5.69. Given a (', \g, \y)-graded (W —1)-truncated, weighted Ao deformation AW 1
of A°, the obstruction class OV e HC’l‘:V’fz(AO) is the obstruction to extending A" to a W-

truncated, weighted Ao deformation of A°. Given two (I', \g, Ay )-graded W -truncated deformations
A and A" of A° and a (T',\g, \y)-graded homomorphism f between their underlying (W - 1)-

truncated parts, the class §" e HHIKV’_l(AO) is the obstruction to extending f to a (T',; A\g, \w)-graded
W -truncated homomorphism.

Corollary 5.70. Let A% be a (T, \y)-graded As-algebra and AV a (T, Mg, \y)-graded W -truncated
weighted deformation of A°. If HH?’fQ(AO) =0 for all w > W then AW eatends to a (T', A\g, \y)-
graded weighted Aoo-algebra structure on A. If HH?’J(AO) =0 for all w > W then any two
(T, \d, Mo ) -graded weighted Ao -algebra structures on A extending AV are isomorphic.

Proof. This follows readily from Proposition 5.69; cf. the proof of Corollary 5.24. O

5.5. Uniqueness of A_. In this section, we view the ground ring for A% as k = Fo ® Fy, not k[U].
So, our augmentation is a map A% - k, and there is a corresponding augmentation ideal.

Theorem 5.71. Up to isomorphism, there is a unique weighted deformation A_ of A% such that:
(1) A_ is T =G x Z-graded and
(2) 11§ = p123a + pasa1 + psa12 + pa123.

It follows that the distinguished central elements in G x Z are
(5.72) Ag=X=(1;0,0)x0
(5.73) Aw =(0;0,0) x 1

(as in Section 4.2).
Like Theorem 5.45, Theorem 5.71 follows from a computation of certain Hochschild cohomology
groups. Before giving that computation, we adapt the material from Section 5.2 to A%,
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Under mild assumptions on an augmented Ao, algebra A%, we can construct its cobar algebra
Cob(A%), as follows. Given an augmented Ae-algebra A° = (A, {u,: A" - A}2,), let Cob(A%)
be the component-wise dual of the bar complex,

Cob(A°) = @ Hom(A®",Fy)
n=0
with multiplication induced by the comultiplication on the bar complex. Let
(1O)*: AF > Hom(@ A?”,Fg) = H(Af”)*
n=1 n=1
be dual to the operations ul: A®™ - A,. Call A° bounded enough for cobar if the image of (u°)*
lies in
Cob(A") = @ Hom(A®",Fs) c [] Hom(A®",Fy).
n=1 n=1
Under this assumption, the differential on the bar complex dualizes to a differential on Cob(A°).
As in Section 5.2, we will make the differential more explicit with the help of a filtration. Assume
that A is filtered by subspaces FpA ¢ F1A c --- ¢ A with A = U, F;A, and so that each F;A is
finite-dimensional, k ¢ FyA, and p,(F;, A, Fi, A, F;, A) ¢ F; 1...4i, A. Then the n-input part of
Cob(A%) is given by Cob(A%), = H(Fl(f@”))* Pick a basis {e;} for A, and define Al c (A4,)*
to be the subspace spanned by the elements e;. Then Cob(A%),, is the completion of (Ai)m. The
differential on Cob(.A") is induced by the formula

k
5P (aj @ ®ap) =Y aj @ e () (af) ®- ®aj.
i=1

There is also a grading on Cob(.A%) as defined in Equation (5.29), though Cob(.A°) is not the direct
sum of its graded pieces.

In the application to the torus algebra, a suitable filtration F; is given, for instance, by the
winding number wn. We will always take the elements U™p; . ; and U™; as the basis {e;}. Call
elements of this basis Fo-basic elements.

Ezample 5.74. For Cob(A?), the differential of U* is given by
Cob * * * * * * * * * * * * * * * * *
6P (U™) =p1 ®ps ® p3 ® pj+p3 ® p3 ® py @ pi +p3 ® py ® p1 ® p3 + py ® p1 ® p3 ® p3.
The differential of (Up1)* is given by
C * * * * * * * * * * * * *
3P ((Up1)") =U" @ pi +pi @ U™ + p3 ® p} @ pi ® pia + pi1 ® pi ® p3 ® p3.
The differential of (U?)* is given by
C * * * * * * * * * * * * * * *
sP((UH) =U"oU" +(Up1) @ p3 @ p3 @ pi + pi @ (Up2)* ® p3 ® pji + pi @ p3 @ (Ups)* @ p}
+p] ® p3 ® p3 ® (Ups)™ + (cyclic permutations of indices in these terms)
+ 11 ® Pl ® p5 ® s ® p3 ® py + (cyclic permutations of these 6 chords)
+pla ® p5 ® p3 ® 3y ® py ® pi + (cyclic permutations of these 6 chords).

The following lemma will quickly lead to a proof that AY is bounded enough for cobar:

Lemma 5.75. Let A° be a T-graded deformation of A“®. Given h = (7;a,0) xm e T, there is an
upper bound on n for which there is a sequence (ay,...,a,) of Fo-basic elements in the augmentation
ideal A, of A>*[U], with the following properties:
(c-1) The tensor product (a, ® - ®aj) + 0 € A®™, or equivalently (a] ® - ® a}) 0 in (AT)®".
(c-2) The gradings satisfy \'y(an)--y(a1) = h™, or equivalently v°°’(at ® ---® a’) = h.
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Proof. Recall that a Fa-basic element a; of A, is of the form U%p’, where ¢; > 0, or Uy, where
£>0.

Let a be a basic algebra element. Fori=1,...,4, let wn;(a) denote the multiplicity of an element
of A at p;; i.e., for a chord p, gr'(p) = (=1/2;wny(p), wna(p), wnsz(p),wnys(p)), and wny was the
winding number grading wn of Section 4.4. We extend this to (a] ® --- ® a,,) by

n
wn(af ®---®a) =- > wn(a;).
j=1

Perusing the gradings from Section 4.2, we see that if gr(p) = (j;a, ), then a+ 8 = wna(p) —
wny(p). Thus, a+ b =—-wng+wny. Since wng = m, wng is now determined by (j;a,b).
Suppose that z of the a; have the form U, and let y = n — z. Property (c-1) ensures that

(5.76) —wng —wny > |y/2],

for if some element a; has wna(a;) +wng(a}) =0 but wn;(a])+wng(a’) # 0, then the next j > i so
that a} # (U"7¢;;)" has the property that wna(aj) + wna(a}) # 0.
Now, there are only finitely many sequences b] ® --- ® b, with the following properties:

e The length of the sequence is fixed. (It is y, as above.)
e Each b; is a Reeb element
o wny(b] ®--®by) is fixed. (It is m, as in the statement.)

Thus, for all sequences as above, there is a constant ¢ with the property that the Maslov component
of gr(by)~!-gr(b,)~! is bounded below by c.

Next, y“°P((U1;)*) = A2, Tt follows that the Maslov component j of A" gr(a;) ™!+ gr(a,)™"
satisfies

(5.77) jzz+e.

The upper bounds from Equation (5.76) and (5.77) give the desired upper bound in terms of A on n
for which there is a sequence (ay,...,a,) with Properties (c-1) and (c-2): n < j—c+2a+2b-4m+1. O
Corollary 5.78. Any I'-graded deformation of A% s bounded enough for cobar.

Proof. The I'-grading hypothesis ensures that

FEP((n) (7)) = AT AP (b7).
So, this is immediate from Lemma 5.75. U
Remark 5.79. For the particular I'-graded deformation AY of A% constructed geometrically in

Section 3, Lemma 3.23 (applied to operations with w = 0) immediately implies that A% is bounded
enough for cobar.

Lemma 5.31 identifies the cobar algebra of A% We promote this to an identification of the
cobar algebra of A°, as follows. Consider A’ = A>*[h]/(h?), equipped with the differential & that
vanishes on A”* ¢ A’ and satisfies

9'h = praga + pa3ar + p3a12 + paias.
A T-grading on A’ is specified by
v'(h) = (-1;0,0) x 1
and the condition that the natural inclusion map i: A%* — A’ (with image the elements without
factors of h) satisfies

¥ (i([a])) = a(v(a)),

where « is as in Equation (5.30).
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Lemma 5.80. There is a quasi-isomorphism of I'-graded algebras ¢': Cob(A°) — A’ satisfying

@' () =1, ¢'(11) =, ¢'(p}) =[pi] fori=1,...,4, ¢'(U*) = [h], and ¢'(a*) = 0 for all Fo-basic
elements a with a + U and |a| > 1.

(Here, by quasi-isomorphism, we mean a ring homomorphism that induces an isomorphism from
each graded part of the homology of Cob(A%) to the corresponding graded part of A’; recall that
Cob(A%) is not the direct sum of its homogeneous pieces. )

Proof. The map ¢ extends continuously to A* c Cob(A%) because all elements with sufficiently
large wny are in the kernel. It is well-defined on Cob(A%) because we defined Cob(A%) using a
direct sum instead of a direct product. The fact that ¢’ is a chain map and respects the gradings
is straightforward.

As a chain complex, Cob(A?) is generated by elements of the form

Pi ® P ® - ®pP;®AT ® By,

m >0, where a; has length greater than one, or a; = pj—1. (Recall that the length of U is defined to
be 4.)
Consider the chain map
j'+ A" > Cob(A%)
defined by j'(v0) = t1, j'(¢1) = 1o and

j'([r]) =U"
k

. ,—/H * *

i'([pi---pi]) = p; ® - ®pj k>1
k

. — * * * * * * * * *
J'([hpi-pi])=pi @ @p; @U" +p] ® - ®p;_1 ®(pj-1p;)" ®p; ®pj1 ® pj0 k21

(The map j’ is a chain map, but it is not a ring homomorphism.) We will prove that j' and ¢’
are homotopy inverses. It is easy to see that ¢’ o j' = I as chain maps, so we focus on the reverse
direction.

Consider a pure generator b] ® --- ® b}, and suppose that there is some j € 1,...,m so that U
divides b;. Let £ be the minimum ¢ so that U divides b;. We then associate to the pure generator

the following integer:
m

V= Z |b2|

i={
In cases where there is no j so that U divides bj, let v = 0. Let F“ c Cob(.A%) denote the subset
generated by all generators with v < vg. Clearly, F* is a subcomplex of Cob(AY). The image
of j' is contained in F*. (Not every element of Cob(.A%) lies in some F¥, but Cob,(A°) is the
completion of U, (F? n Cob,(A")) with respect to the winding number filtration.)
Consider the map H': Cob(A%) - Cob(A%) defined by

0 if Vj, U does not divide b;.
H(bi®--eb;,)=40 if by #U or by=U and £ =m.
bi® - ®b;_1 ®(bps1-U) ®bj,,®---®by, ifb=U and £ <m.

and extending continuously to the completion.
Obviously, H'(F") c F". Moreover, if v > 4, then we claim that

(5.81) (I+6° o H' + H' 0 §°°P)(F) c 7L
We check this for each element of the form

r=b® @b,
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as follows.
o If there U does not divide any of the b; then z € F* and H'(x) = H'(§%P(x)) = 0, so
(I+6%°P o H' + H' 0 5%°P)(z) = x still lies in F° c F*.
e Suppose that by # U. In this case, H'(z) = 0, and H' 0 §°°?(z) = z; in particular,

I+ o H + H 05°°P =0,

e Suppose that by = U and m > ¢. Terms in §°°° o H' arising from §°°°(b}) for k > £+ 1 cancel
with corresponding terms in H' o §°°P. Terms in §°°" o H' arising from 6°P((by,1-U)*) are
of the following types:

— those (using the part of “°" adjoint to p3) that cancel against the terms in H’
coming from 6°°P(by,1);

— the term z;

— terms arising from p; with i > 2; these automatically lie in Fv4; and

— additional terms corresponding to factorizations of by,1 - U = ay - a2 (which dualize to
a3 ® a}), where U does not divide ap. These lie in FV~1.

On the other hand, on ,7-'4, H' vanishes, so 5Cb o ' + H' 0 5C°P = .
Define

° 6Cob

G = lim (I+6°°P o H' + H' 0 6°°?)": Cob(A%) - F*.

n—00

To see this limit exists, note that by Lemma 5.75, for any particular grading and winding number
filtration level, every basis element lies in F? for some bounded v. Since I + 6P o H' + H' 0 §¢°P
decreases the filtration level until we get to F*, where it is the identity, G is a well-defined continuous
map. For the same reason, the map G is homotopic to the identity map. So, Cob(A°) is quasi-
isomorphic to its subcomplex F*.

Next, let H be the homotopy from the proof of Lemma 5.31. Consider the homotopy operator
H": F* - F* defined by

" H(x) if z e FO
H"(x) =
H(zg)®U* if =200 U* with zg e F°
and extending continuously to all of F*. (In particular, H”(U) = 0.) We claim that
(5.82) (5Cob oH"+ H" o 5Cob +]I)|]:4 Zj, o qb'.

Specifically, for zg € F° of the form zg = ai ®---®a; with |a;| # 1 for some i or a;41-a; # 0, the proof
of Equation (5.35) proves that (69°" o H"” + H" 0 §°°*)(z) = z. This argument readily adapts also
to x € F* of the form z = g ® U* with zy as above. For the remaining generators = of the form
P;®p;1® - ®p; or pi®p;,®-®p;@U™ for which H” vanishes, Equation (5.82) is a straightforward
verification. Equation (5.82) finishes the proof that ¢’ and j" are inverse quasi-isomorphisms of chain
complexes. O

Our interest in the cobar algebra comes from its relation to the Hochschild complex. (Compare
Equation (5.40).) First,
(5.83) A Brpr Cob(A%) = HC(AY),
where ® denotes the completed tensor product with respect to the filtration on @,, A"®@Hom(A%", Fy)
induced by the length filtration on A®™. (This completion also completes the direct sum over n in
the definition of Cob(A°) to a direct product.) Note that for each grading on A% ® Cob(A°), by

Lemma 5.75, it is equivalent to complete by the length filtration on the first, A°, factor.
Define a differential on A° & Cob(A") by setting, for a € A° and 2* € Cob(A”),

(5.84) da®z*)=a® i (@*)+ > d®c; @ ®c]®r" @b, ®--- ®b]
w9 (b1,..,b,a,¢1 4. 50)=d
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(with the b; and ¢; in the sum being basic algebra elements) and extending continuously. The fact
that this sum converges follows from the fact that each filtration level on A is finite-dimensional.
With respect to this differential, Equation (5.83) is an isomorphism of chain complexes.

Lemma 5.80 leads to a smaller model of the Hochschild complex, as follows. Define an analogue €*
of the complex C* from Definition 5.42. As a vector space, €* = A° ®ei A’, where ® indicates
we are completing with respect to the winding number filtration on A’. (Again by Lemma 5.75, in
each grading this is equivalent to completing with respect to either the winding number ﬁltratlon
or the length filtration on A%.) Write an element a ® b € A° ® A’ of €* as a[b]. The fact that
the tensor product is over k ® k means that the right idempotent of b is complementary to the left
idempotent of a, and the left idempotent of b is complementary to the right idempotent of a. An
arbitrary element of €* is a possibly infinite linear combination of elements of the form a[b], with
finitely many terms where b has winding number < k.

The I'-grading on €* is specified by y(a[b]) = A-~(a) -7'(b). Define the differential on basic
elements by

(5.85) d(ab]) zm [b- pi] +a- pilpi b))

4
+ 3 (1a(pixss pixas pis1, ) (b pivtiv2,ies] + pa(Pis2, Pist, @ pia1)[pi-1 - b+ pistiva]
-1

+ 14 (pist, @, Pi-1, pi-2) [ pi-2,i-1 - b+ pix1] + pa(a, pi-1, pi-2, pi-3) [ Pi-3,i-2,i-1 - b]

and extend continuously.
For example,

(5.86) O(p123alt1]) = pr2zar[p1] + paraza[pa] + Upi2z[p123] + Upaza[p234]
(5.87) I(wol[e1]) = prlp1] + palp2] + pslps] + palpal = O([wo])
(5.88) d(p1lp1]) = Ulpr234] + Ul paar2] + Ul par23] + Ul p23a1]-

Observe that the differential commutes with the Fo[U]-module structure.
Lemma 5.89. This differential makes € into a chain complex.

Proof. Write
O1(alb]) = a[0b]

4
) Z(pz b Pz +ta- pz[pz b])

4

d4(a[b]) = > pa(piss, piras pis1, ) [b- pir1ivaiss] + Ha(pis2, Pis1; @ pi-1)[Pi-1 - b+ pis1iv2]
i1

+ 114 (pis1s @, pict, pi-2) [ pi-2,i-1 - b+ piv1] + pa(a, pi-1, pi-2, pi-3) [ pi-3,i-2,i-1 - b].

It is immediate that

0% = 010y + 020y = 104 + 0401 = 03 = 0
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To see that 9204 + 0402 = 0 is a case check. The most interesting case is when a has length 1, say,
a = p1. In that case, we have
92(04(p1[b])) = D2(14(pas p3, p2, p1)[b- pasa] + pa(p3, p2, p1. pa)[pa-b- pas]
+ 114 (p2; p1, pas p3)[p3a-b- p2] + pa(py, pa, p3, p2)[p2sa - b])
=Up1[b- pa3ar] + Upa[p2-b-paza] + Upa[ps-b- p234]
+Ups[p3a-b-pas] + Upa[pa-b-pasa] + Upa[pasa-b-pa] +Ups[pss-b- pas]
+Up1[p123a-b] + Upa[p2ssa-b- p2] + Ups[paza-b- ps]
=Up1[p1234-b] + Up1[b- p23ar] + Upa[p2 - b- p2sa] + Upa[paza - b- pa]
01(02(p1[b])) = Oa(pr2lp2 - b + par[b- pal)
= pa(p12, p1, pa, p3)[p3arz - b] + pa(pa, p3, p2, p12)[p2 - b+ pasa]
+ pa(par, pa, p3, p2)[p23a - b- pa] + pa(p3, p2, p1, pa1) [0~ paras]
=Up1[p3arz-b] + Upa[p2-b- paza] + Upa[paza-b- pa] + Up1[b- pa123].
So,

02(04(p1[b])) + 04(02(p1[b])) = Up1[(p1234 + p3a12) - b] + Up1[b- (p23ar + pa123)] = 0.

Finally, we check that 95 = 0. Suppose a'[pi,..;j-b-pr,.. ¢] appears in 03(a[b]). Then there
is a composition of two jp4-operations taking p; ® - ® p, ® a ® pj ® - ® p; to a’. It follows that
the first operation must be left-extended or right-extended, and have a (which must have length
> 1) as the left-most or right-most term, respectively. If the output of the first operation is not
the right-most (respectively left-most) term of the second operation then the product in brackets
vanishes: if we write a = pp, ., then in the left-extended case, say, the result of the first operation is
Pm,...;n-1Pn-3n-2.,n-10] and if py, . »-1 is not the last input to the next operation then the coefficient
of b has a term pp-2pp-3 n-2n-1 = 0. In the remaining case, the pair of operations must be either

,U4(,U4(pk+270k+1,pkaa)»P€+27P€+17,0€) or ,u4(pk+27pk+17pkaﬂ4(a7p£2ap€+1ap€))-
These two cases cancel with each other. OJ

For integers W, ¢, let 61‘:” c €* denote the subspace spanned by elements a[b] with
(5.90) Y(a[b]) = Aa-y(a) -7 (b) = A A,

and
¢ =@t
Wl
The following is an analogue of Proposition 5.44:

Proposition 5.91. The chain complex €1 is quasi-isomorphic to the complex HCF(A%); in partic-
ular HV*(€r) = HHF(A°).
Proof. Consider the map
Ie¢: HC*(AY) = A° ® Cob(A°) - A° gy A’
where ¢’ is as in Lemma 5.80. That is, define

(Te ¢ ) (Y ai®a]) =2 ail¢ ()]
Since ¢’ preserves the winding number, this induces a well-defined map of completed tensor products.

It is immediate from the definitions that this respects the I'-gradings.

To see that I®¢' is a chain map, write the differential on €* as 91 +d>+0, as in Lemma 5.89. Given
an element a ® * € HCO*(AY), it is straightforward to check that (I® ¢')(a ® §°°P(z*)) = 91 (a[z]):
both sides are only non-zero if z* = U*. Similarly, terms of the form d ® ¢* ® x* (respectively
d® x* ® b*) in the differential on HC*(A°) coming from operations pJ(a,c) = d (respectively
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13 (b, a) = d) (Equation (5.84)) are mapped to zero by I® ¢’ unless ¢ (respectively b) has length 1, in
which case these terms correspond to do. Similarly, the only terms in the differential on HC*(A”)
coming from Mg—opera‘cions involving a which are not mapped to zero by I ® ¢’ have the other three
chords of length 1, and these terms correspond to 4. Finally, by Lemma 3.24, every non-zero ul
with n > 4 has at least two inputs with length > 1, and hence the corresponding terms are mapped
to zero by [ ® ¢'.

To see that I ® ¢’ is a quasi-isomorphism, filter both HC}.(A%) and € by the total length of
the element of A%. Both are complete with respect to this filtration. By Lemma 5.80, the map
I® ¢' induces an isomorphism of E!'-pages of the resulting spectral sequences, hence is a quasi-
isomorphism. ]

Proposition 5.92. The Hochschild cohomology groups HHII:V’k(AQ), W >0, have

HH) (A% = {(FQ)z el

0 otherwise

and HHIW’_Q(AQ) is entirely supported in weight (W) grading 1. Moreover, one can choose a basis

for HHIIJ_I(A(_)) so that one basis element sends 1 € k to p123a + posa1 + p3a12 + paies and the other
sends 1 ek to U =U(to+11).

Proof. By Proposition 5.91, we can use €. to compute the I'-graded Hochschild cohomology. In
turn, this complex is generated by the following elements a[b]:
(€-1) the elements
a[b] € {p1[p1]; pr23[pr23], wole1], e [eo]},

(€-2) any of the elements obtained by multiplying the above b by some further element b’ with
|b'| = 4s1, and also multiplying a by some further element o’ with |a’| = 4s9. Here, a’ might
contain factors of U, and b’ might contain (at most one factor of) h; with the understanding
that |U| = |h| = 4.

(€-3) any element obtained by adding some i € Z/4Z to all the indices in any of the above elements.

The proof is straightforward. Observe that in Case (¢€-2), s; and sy can be distinct. (Compared
with Case (C-2), we now have more flexibility in the gradings.)

Next, we compute the (W, k) bigradings. The elements p1[p1] and p123[p123] have (W, k) = (0,0),
as do the additional six elements obtained by cyclically permuting indices; moreover, ¢o[¢1] and ¢1[eo]
have (W, k) = (0,1). All other bigradings are determined by the relations

W(a-a'[b-b']) = W(a[b]) + 51 — s2 and  k(a-a'[b-b']) = k(a[b]) - 251
where |a’| = 4s1 and |b'| = 4s5, provided b’ is not divisible by h; and
W(a[b-h]) =W (a[b]) -1 and k(a[b-h]) = k(a[b]) + 1.

Thus, provided that W > 0, there are no non-zero elements with k£ = 0 and the following elements
with k=-1 or k=-2:

o k=-1: p1agafe1], pazar[eo]s p3arafe1], pareseo], Utole1] and Ueq[eo].
o k=-2: progaras[pras], Upras[pios], prosailpi], Upilp1], pizsarzsa[h], Upiasa[h], U?eo[hed]
and U?:1[htp] and 18 more obtained by shifting the indices of all but the last two terms.
From the computation above, all of these elements have weight W = 1, proving the claim about
HH] 72 (A%).

Differentials of terms with k& = —1 are specified by Equations (5.86) and (5.87) (along with the
usual symmetry of adding i € Z/4Z to all the subscripts in Equation (5.86)). It follows that
H>0’_1(€) z (FQ)Q, generated by p1234[L1] + 02341 [LO] + p3412[L1] + ,04123[L0] and ULo[Ll] + UL1 [Lo],
as desired. ]
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Proof of Theorem 5.71. Throughout this proof, by deformation we will mean a I'-graded deforma-
tion.

Since the trivial deformation (u% =0 for all w > 0) defines a weighted As-algebra, the class O*
must vanish. Thus, by Proposition 5.51, the isomorphism classes of 1-truncated weighted deforma-
tions correspond to HH %’_1(A9). By Proposition 5.92, this group is isomorphic to (F2)?, and there
is a unique generator satisfying Condition (2) of the theorem. By Corollary 5.70 and the fact that
HH}:VF2 = HHIIQVF1 =0 for W > 1 from Proposition 5.92, this deformation extends uniquely to a
weighted Ao-algebra structure. O

Finally, we note that Theorems 5.45 and 5.71 also hold with the refined grading, by G(T?):

Corollary 5.93. Up to isomorphism, there is a unique Ao -deformation of A% ouer Fo[U] satis-
fying the following conditions:

(1) The deformation is G(T?) x Z-graded, where the gradings of the chords p; is defined by

V(i) = gry(pi) x wn(p;).
(2) The operations satisfy pa(ps, p3, p2,p1) = Uty and ps(ps3, p2, p1,ps) = Utg.
Similarly, up to isomorphism, there is a unique weighted deformation A_ of A% such that:
(1) A_ is G(T?) x Z-graded and
(2) p1g = p123a + pasa1 + psa12 + pai2s.

Proof. For the unweighted case, by Lemma 4.21, any such deformation of A% induces a G x Z-
graded deformation. So, the result follows from Theorem 5.45. The weighted statement is similar,
but using Theorem 5.71. (|

Remark 5.94. The non-trivial weighted deformation from Theorem 5.71 is the one which appears in
bordered Floer homology. Weighted actions on the modules are counts of rigid pseudo-holomorphic
curves, where the weights signify the total number of Reeb orbits on the curve. In one-dimensional
families, these Reeb orbits can wander off on the a-side, limiting to Reeb orbits either on boundary
degenerations or curves at east infinity. (See | , Section ].) The term u} above comes from
counting certain rigid curves at east infinity; see for example | , Figure «].

6. THE TORUS ALGEBRA AND THE WRAPPED FUKAYA CATEGORY

Let A° denote the undeformed Ao.-algebra of A_. In this section we give an alternate interpre-
tation of A? in terms of the wrapped Fukaya category of the punctured torus.

Recall | , | that the wrapped Fukaya category W(M) of a symplectic manifold (M,w)
with convex, conical ends has objects Lagrangians L c (M, w) which are conical at infinity. Typically,
these Lagrangians are also equipped with brane data—gradings and pin-structures—but we will not
use brane data in this section. We will also later restrict to simply-connected Lagrangians. To
define the morphism spaces, one chooses a Hamiltonian function H so that on the conical end
[1,00) x Z, H(r,z) = r2. If ¢! denotes the time-1 flow of H then Hom(Lg, L1) = CF(¢'(Lg), L1).
The As-composition map

Hom(Lg,L1) ® ---® Hom(L,,_1, Ly,) > Hom(Lo, Ly,)
counts holomorphic polygons with Maslov index 2 — n with boundary on

(6" (Lo),¢" " (L1), ¢"*(L2), -, 6" (Ln-1), Ln)
(in counterclockwise order) to obtain an element of CF(¢"(Lo), Ly,) and then uses a rescaling trick
and a continuation map to map CF(¢"(Lo),Ly) to CF(¢'(Lo), L) = Hom(Lg, L,) via a quasi-
isomorphism.
(We have followed Auroux’s exposition; Abouzaid-Seidel’s original definition is more algebraic.
Note that we are not using composition order, but rather the order of “morphisms” which is more
natural for an algebra. See Figure 16 for our convention on the orientations of polygons.)
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Y Y,

é(Lo) Ly ¢*(Lo) Lo

N Ty d(L1) \T2

FIGURE 16. Orientations of polygons. Left: the model for a bigon contributing a
term y in pq(x). Center: the model for a triangle contributing a term y in uo (21, x2).
Right: the model for a pentagon contributing a term y in p4(x1,x2,z3,24). This
convention is consistent with Auroux’s | | but is the opposite convention
from | |.

We are interested in the case that M = T2 \ {p} is a punctured torus, where the holomor-
phic curve counts are combinatorial (by the Riemann mapping theorem) and the rescaling map
CF(¢™(Lo),Ln) - CF(¢'(Lo),Ln) = Hom(Lg, Ly) is induced by an obvious surface diffeomor-
phism.

Let a1 and as be the arcs from Figure 1, where the puncture p is a; nas. The following is a
special case of a result of Auroux | , Theorem 4.7]:

Theorem 6.1. [ , , | The wrapped Fukaya category of the punctured torus,
W(T? ~ {p}), is quasi-equivalent to Endyy (o @ o).

We consider a relative version of the wrapped Fukaya category of T2 \ {p} by fixing a point
z € T2\ {p} not in the conical end, considering Lagrangians disjoint from z, and a Hamiltonian
function H which vanishes in a neighborhood of z. We can then enhance the Floer complexes
CF(¢*(Lo), Ly) to be modules over Fo[U] by counting holomorphic disks u: D? - T2 \ {p} with
weight U ”Z(“), where n,(u) is the multiplicity of w at z. The polygon counts used to define the
higher compositions on the wrapped Fukaya category inherit a similar weight. Let W.(T? \ {p})
denote this relative Fukaya category. (For a more general discussion of relative Fukaya categories,

see | |.)

With these definitions in hand, the goal of this section is to prove:
Theorem 6.2. There is an Aq-quasi-isomorphism A° ~ Endyy. (a1 ® az).

Corollary 6.3. There is an (ungraded) Ao -quasi-isomorphism A°|y—1 =~ Endyy (o ® ag) ~ W(T? N

{r})-

(In fact, the proof of Theorem 6.2 also specifies a grading on A% |;7—; so that this becomes a graded
quasi-isomorphism.)

We will deduce Theorem 6.2 from the uniqueness theorem for A%, Theorem 5.45. Since gradings
play an essential role in the uniqueness theorem, we introduce a corresponding notion of gradings
on the wrapped Fukaya category in Section 6.1, before returning to the model computations needed
to prove Theorem 6.2 in Section 6.2.

6.1. Gradings on the wrapped Fukaya category. In this section, we define a grading on the
wrapped Fukaya category using (a variant of) the notions of anchored Lagrangians | |.
Fix a symplectic manifold (M,w) with m2(M) = 0; for instance, (M,w) = (T%\ {p}, Area) Let
Lag(M) denote the space of Lagrangian subspaces of TM. The space Lag (M) fibers over M,
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with fiber diffeomorphic to the Grassmanian Lag of Lagrangian planes in R?". Any Lagrangian
submanifold L ¢ M has a canonical lift L c Lag(M).

Recall that Lag is path connected and 71(Lag) = Z; the isomorphism is given by the Maslov
index. Thus, since mo(M) = 0, for basepoints b € M and b € Lag(M), we have an exact sequence

0 - Z = m(Lag) - m1(Lag(M),b) — w1 (M,b) — 0.
Lemma 6.4. The action of m(M,b) on w1 (Lag) is trivial.

Proof. Recall that the action of v € 71 (M,b) on n € w1 (Lag(TpM),b) is given by applying the
homotopy lifting property to the diagram

[0,1] x {0} —— Lag (M)

-
-
Ps
-
-~

[0, 1] X [O, 1] (s,t)—»—ry(t)) M

and restricting the dashed arrow to [0,1]x{1}. (We may be negligent about basepoints since 71 (Lag)
is abelian.) Since 71(Lag) = Z and v acts by a group automorphism on 71 (Lag), the induced element
~-n has the form +7. So, it suffices to show that for each ~ there is some nontrivial n with v-n = 7.

Fix an almost complex structure J on M compatible with w, making T'M into a Hermitian vector
bundle. Consequently, TM inherits an action of S* which takes Lagrangian subspaces to Lagrangian
subspaces. Hence, we have an action -: S* x Lag(M) — Lag(M). Observe that the image of b under
the action of S is n = dim(M)/2 times a generator of 7 (Lag(T,M),b) = Z. Let 1 be this loop in
m1(Lag(TyM),b). Then we can take the dashed arrow to be the map (s,t) ~ €™ - ~(s), and the
restriction to {1} x [0,1] is again 7. O

Consequently, 7 (Lag(M),b) is a Z central extension of (M, b). Let A € w1 (Lag(M),b) be the
image of the positive generator of 71 (Lag) (the one with p = 1 or, equivalently, the direction induced
by an almost complex structure; in the one-dimensional case, this is counterclockwise rotation).

Given a pair of connected Lagrangians L, L' ¢ M, let S(L, L") be the set of homotopy classes of
maps ([0,1],{0},{1}) = (Lag(M),L,L"), i.e., the homotopy classes of paths from L to L’. The
group m1(Lag) = Z acts on S(L, L") by concatenating with loops in the fiber. In particular, we can
view A as an element of S(L,L).

The following is a simple extension of Definition 4.18 to As-categories (rather than algebras):

Definition 6.5. Given a groupoid G with a central element \s or A (Definition 4.17) and an Ac-
category €, with composition operations denoted p,, a grading of € by G consists of:

e For each object L € Ob(%), an object s(L) € Ob(G).
e For each pair of objects L, L’ of €, a decomposition
Hom(L,L') = P Hom(L,L';).
veHomg (s(L),s(L"))
An element x € Homg(s(L),s(L");7) is called homogeneous, and we write gr(z) = .

These data are required to satisfy the condition that for homogeneous elements x; € Hom(L;, Lis1),
i=1,...,n, the element pup(x1,x2,...,2,) is homogeneous and

(6.6) gr(un(xl,xg, e l‘n)) = N2 gr(x) gr(zg)-gr(zy,).

If the Lagrangian submanifolds L are all simply-connected then we can form a groupoid G whose
objects are Lagrangians in M, whose morphism sets are Hom(L, L") = S(L, L"), and whose composi-
tion Hom(L, L") xHom(L’, L") - Hom(L, L") sends (v,~") to the concatenation v*nx*~', where n is
a path in L’ from v(1) to 4/(0). This concatenation is well-defined because L’ is simply-connected.
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For any Lagrangian L, S(L,L) = m(Lag(M)) which, in particular, contains an element A7, and
these elements A are central in the sense described in Definition 6.5.

The grading on the Fukaya category by G is given as follows. Consider the following two kinds
of paths in the Lagrangian Grassmanian:

e Given Lagrangians L and L’ with L h L’ and = € L n L' let v2~%" be the standard path
in Lag(T,M) from T,L to T,L’, corresponding to moving in the negative direction from
T, L and remaining transverse to T, L for all positive time. (“Negative” means opposite the
direction induced by an almost complex structure, that is, negative means moving from Juv
towards v; compare | |. In the one-dimensional case, this is clockwise in the plane.)

e Given m,n € R and x € ¢™(L) let nﬁm(L)qw(L) be the path in Lag(M) from T,¢™(L) to
Tyn-m(z)®" (L) induced by the Hamiltonian isotopy of L. (That is, the Hamiltonian induces
a path of Lagrangians, hence a path in the Lagrangian Grassmanian bundle.)

Then, given Lagrangians Lo and L; with ¢'(Lo) h L1 and an element = € ¢'(Lg) n Ly the element
gr(x) € S(Lo, L) is the concatenation
= @ (Lo)=>0"' (Lo) @ (Lo)=La

(6.7 (@) =S
of the path from T-1(,)Lo to T¢'(Lo) induced by the Hamiltonian isotopy and the positive path
in T, M from T,¢'(Lo) to Ty L.

It is sometimes convenient to view all the elements gr(z) as having the same endpoints, by
defining some additional paths:

e Given z,y € L, let eﬁ_,y be a path in L from T, L to T,L.

Then if we choose a point gy € Ly and ¢ € L1 we can also write

O(Lo)—~¢' (L -
(6.8) gr(@) = b0 oy e ) g b el
Proposition 6.9. Equation (6.7) or (6.8) defines a grading of the wrapped Fukaya category W (M)
of simply-connected Lagrangians in M by the groupoid G.

Proof. We need to check the compatibility condition (6.6). The idea is that if zp appears as a
term in g, (21, -, 2,) then there is a holomorphic disk connecting ¢"'(z1), ¢" 2(x2),...,z, and
xo with Maslov index 2 —n. We will use the following lemma, which relates the gradings on points
in ¢"(Ly,) N Lo and ¢'(L,) N Lo, so the product of the gradings of the z; is equal to A" 2 times the
grading of xg.

Lemma 6.10. Let z € ¢*(Lo)nL,, and let 2’ be a point in ¢"(Lo)n Ly, which corresponds to x under
dilation. Let qo € Lo and qy, € Ly, be any points. Then we have the following equality in S(Lg, Ly):
L ¢*(L)=o' (L) ¢1(L )>Ln , Ln L " (L)=>¢™(L) ,  ¢"(Lo)>Ln  Ln
€971 () * 1671 (2) T € = € () * g (a) * Var " Cal gy
Proof. The statement is clearly independent of the choice of H (defining ¢), go, and ¢, and of
compactly supported Hamiltonian isotopies of Lg and L,. So, let qg = g, € Lo M L, outside the
conical end and choose H to vanish in a neighborhood of ¢g. Then the two loops are homotopic to

o' (Lo) ¢1(L )>Ln , Ln ¢>”(L0) ¢"(Lo)>Ln , _Ln
€z * ’ * €aoqo and - eg L+ Yy * Carosgor
So, we want to show that the loop
L Lo)—Ln , Ln Ln ¢"(Lo)=Ln )™ ¢"(Lo)
QOLOCO) * ’Y"L“ (ko) * €x—qo * 6qo—>:t:’ (fyx’ ’ ) Cxr —><1(§)

¢(L0) ¢1(L0)—>Ln n *(,},Gﬁ,"(LO)—’Ln) ¢"(Lo)

q()—m: * PY.I :1: —qo
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is nullhomotopic. Applying the homotopy given by dilation (with varying dilation parameter) to
the last three terms, this loop becomes

1 N 1 o 1
) nf Gl (B0
which is nullhomotopic, as desired. U

Returning to the proof of Proposition 6.9, for i = 1,...,n let ; € ¢*(L;_1) n L; and let zq €
¢'(Lo) N Ly, and suppose that xq appears as a term in ju, (1, ,). Since this composition map
counts holomorphic disks with Maslov index 2 — n, we have

¢" (Lo) ¢"(Lo)~>¢" (L) e (L) ¢" N (L1)—>¢" 2 (La) & *(L2)

(611) omeen T e Con-t(@)mon-2(az) o2 (z2) Con-2(2) 4" (s)
' L, Lo)—Ln
e, Bl (g O =
See, for instance, | , Definition 1.8 and Formula (2.5)|, and note in particular that the inverse

of the negative path 74’ (Lo)~Ln

On the other hand,

gr(a1) gr(x2)-gr(zn) gr(zo) ™
¢0(L0)”¢1(L0) ¢>1(L0)—>L1 Ly ¢0(L1)*¢1(L1) <1>1(L1)—>L2 Lo
= p=1(an) g1 (w2) ¥ o1 () ¥ Crpg (a3)
¢O(Ln 1)_’¢1(Ln 1) ¢1(Ln 1)_’L7’l * ELn ( QSO(LO)_)(Z&I(LO) ¢1(L0)_>L")
¢~ (wn) a0 g1 (a0)
¢°(Lo)—¢" (Lo) ¢1(L0)—>L1 v el ¢ (L1)—¢"(L1) ¢1(L1)»L2 . b2
671 (1) 21971 (22) © o1 (a2) A )
e L) =M (Lnet) 6N (Ln1) L, Ln 6°(Lo)=6"(Lo) . ¢™(Lo)~Ln ™"
T () P, TR (% "(wh) *Va, )
where the second equality uses Lemma 6.10. Since Hamlltoman isotopies take standard paths
associated to Lagrangian intersections to standard paths associated to Lagrangian intersections and
paths in Lagrangians to paths in Lagrangians, we have, for instance,
¢'(Lo)~L1 I P(L)=0H (L) _ o (Lo)=¢(Lo) A" (Lo)=(Ln)  o(L1)
o 21671 (22) 971 (a2) = To(a1) ¥ Cp(a1)>ae”
Consequently, commuting the copies of n to the left gives

¢°(Lo)—>¢"(Lo) ,  ¢"(Lo)—>¢" " (L1) & '(L1)

at zo from ¢"(Lg) to L, is the positive path at zg from L, to Lg.

1
ke k)

gr(xl)"'gr($n)gr($0) = Np=n(z0) * Vpn-1(z1) €pn- 1(w1)_>¢n 2(2)
- "(Lo)— O(Lo)—¢™(L
* ook 'yin(Ln 1)=Ln * 65 - (fy;bo (Lo) Ln) (nz 7(1(;1;03) o™ ( 0))
By Formula (6.11), since X is central, this is equal to A>™™ € S(Lg, Lg), as desired. O

We can reduce this groupoid grading to a grading by a group, as in Section 4.3.2, as follows.
Fix a basepoint b e Lag(M). For each Lagrangian L choose a point by, € L and a path 7y, in
Lag(M) from b to by, i.e., an anchor for L. Let G = w1 (Lag(M),b). For each pair Lo, L, there is
an induced identification S (Lo, L1) = G which sends a path v from Lo to L; to the concatenation
MLy * VO * 7Y * U1 * ni} where v; is a path in f/z from Z?L,- to y(i). Since L; is simply connected, this is
independent of the choice of paths 1y and v1. Further, this construction defines a homomorphism
of groupoids from G to G sending A to A. Hence, it induces a grading of W(M) by G.

We are interested in the case that M = T2\ {p} and the Lagrangians are a; and as. In this case,
the grading group m (Lag(T? ~ {p}),b) is a Z central extension of the free group Fy. Indeed, the
circle bundle

Lag - Lag(T* ~ {p}) > T*~ {p}
is trivial, since any surface bundle over a punctured surface is, so we have m(Lag(T? ~ {p}),b) =
Zx Fy. This isomorphism is not canonical; to fix one, let a = S'x{q} and b= {g} xSt in S'xS' =T
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viewed as oriented loops so that a-b = 1. The curves a,b are Lagrangian, so have canonical lifts
a,b ¢ Lag(T? ~ {p}). Then {\ a,b} is a set of generators for mi(Lag(T? \ {p},b)), giving an
isomorphism 1 (Lag(T? \ {p},b)) 2 Z x Fy.

If we impose the relation aba 'b~' = A2 we obtain the group (G. Hence, we have a surjection
71 (Lag(T? ~ {p}),b) - G, and we can consider the Fukaya category of T2\ {p} graded by G.

We will also exploit one further winding number grading, coming from the fact that we are
considering a relative Fukaya category. Fix a path «, from z to p so that:

e -, approaches {p} from the region labeled p4 in Figure 1.
e -, is disjoint from aq U as.

(See, e.g., Figure 18.) Choose the Hamiltonian H so that ¢! has a single fixed point o on o and a
single fixed point ¢ on as, and H is constant in a neighborhood of z. Given a point p € ¢'(oy) N aj,
let wn(p) be the algebraic intersection number of the path in ¢'(o;) from ¢; to p with .. More
generally, given p € 0" (oy) N @™ (), m > n, let 1, (respectively v,) be the path in ¢ («;) from ¢;
to p (respectively in ¢" (o) from ¢; to p), and set

wn(p) =z (Mp * Vp),
the difference of algebraic intersection numbers. Finally, define wn(U) = 1.

Lemma 6.12. If p € ¢" () N ¢"(ej) and p’ is the corresponding point in ¢ "(a;) N oy then
wn(p) = wn(p'). Similarly, if p € ¢"(c;)nay and p' is the point in ¢'(a;) Nay which corresponds to
p under rescaling then wn(p) = wn(p’). Finally, the composition maps in Endyy, (a1 & ag) preserve
wi.

Proof. The first statement follows from the observation that the loops (1, * 7,) and (1, * v}) are
isotopic in T2 \ {p, z}. The second statement is clear. The third statement follows from the fact
that the intersection number of the boundary of a polygon with -, is the same as the multiplicity
with which the polygon covers z. (Il

6.2. Model computations and the proof of Theorem 6.2. In this section, we prove Theo-
rem 6.2, i.e., that Endyy, (a1 ® az) is quasi-isomorphic to A%, In fact, we will choose perturbations
defining Endyy, (a1 ® a2) so that the two algebras are isomorphic.

The identification of an Fo-basis for A% and Endyy. (a1 ® ag) is shown in Figure 17. In words,
let M = T2\ {p}, fix a cylindrical neighborhood V of the puncture, and choose o; and s so
that, in cylindrical polar coordinates around the puncture, a; N9V ={(0,0), (0,7)} and ayndV =
{(0,7/2),(0,37/2)}. Choose a perturbation &; of «; so that the two intervals in &; NV are slightly
counter-clockwise of the a; NV and so that &; intersects a; in a single point.

Let qjg = a1 Ny and ¢f ; = ap N @z, and let aFf = ¢*(&;). Then, still using cylindrical polar
coordinates, we have

n—e,O)|n:1,2,...}u{(n—e,ﬂ')|n:1,2,...}u{q870}
n—e,7r/2)|n=1,2,...}u{(n—e,37r/2)|n:1,2,...}u{q?’1}
n+1/2,0)|n=0,1,...}u{(n+1/2,7)|n=0,1,...}
n+1/2,7/2)|n=0,1,...} u{(n+1/2,37/2) |In=0,1,...},

apnaj ={
apnad =1

apnad =1

~ o~ o~ o~

asnaj = {

where the es are small, unimportant positive real numbers.
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FiGurE 17. Wrapped Fukaya category of the torus. The puncture is in the
middle of the picture. The shaded triangle corresponds to the operation us(p1,p2) =
p12- Here, we have perturbed the a-curves slightly to resolve the triple intersections
at the fixed points ¢p and ¢; (which are fixed points of ¢).
The identification between these generators and A° is given by
40,0 < Lo IR
2 1)/2
p34p$341)/ n odd Pl?p:(sZu)/ n odd
(n-¢0) < (n-e€m) <
p1234 n even p3412 n even
1 1
prspliizy)” modd P41P§§41)/ n odd
(n-¢€,7/2) < nf2 (n—-¢3m/2) <
P41o3 n even 2341 n even
n/2 n/2
4( 01234 n even P2\ pP3412 n even
(n+1/2,0) o | P10 o (n+1/27) o |P2P312)" o
p23a(p23a1) "D n odd pa12(p3a12)'"” n odd

p123(par23) D2 noodd

p341(p23a1)

(=172 odd.
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Ficure 18. Identifying the gradings on the Fukaya category of the torus.
Left: the base paths to the two Lagrangians used to identify the gradings (dotted).
Right: the loop giving the grading of ps. The short black segments indicate the
lifts of the paths to the Lagrangian Grassmannian bundle. The paths vy and 73
correspond to the planes turning at the end; more precisely, these happen at the
intersection points where «y ends, but we have merged them slightly with 74, and v
to make the drawing legible.

We will henceforth abuse notation and use py to refer to both the element of A% and the corre-
sponding element of Endyy_ (o @ ag).

Lemma 6.13. The above identification of basis elements intertwines the winding number gradings.
Further, there is a homomorphism from Z x Fy to G(T?) so that if we let grp denote the induced
G(T?)-valued grading on the Fukaya category then the identification of basis elements intertwines
the grading grp —(2wn;0,0) on the Fukaya category and the grading gry, from Section 4.5.2 on A_.

Proof. 1t is clear that the identification respects the winding number grading; see Figure 18 on the
left for the curve ~,.

To specify the grading on the Fukaya category, choose anchors for the two Lagrangians as shown
in Figure 18. There is then a loop of Lagrangian subspaces of the tangent space to T associated to
each intersection point; an example is shown on the right in Figure 18. Trivialize the Lagrangian
Grassmanian bundle using the section of lines at slope /4 in the figure, so to extract an integer
from the Maslov (fiber) component of the grading, one counts with sign how many times the loop
of Lagrangian subspaces passes through slope 7 /4.

We will construct the homomorphism Z x F» to G(T?) below. To see that it intertwines the
gradings of generators, it suffices to show that it intertwines the gradings of p1, p2, p3, p4, and U.

It is straightforward to compute that the Z x Fy-valued grading gt is given by

g (o) = (0;1) gp(p2) = (-La7h)
g (ps) = (0;b % a) Gp(ps) = (1070,
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FIGURE 19. No triangles cover z. The segment S on o discussed in the proof of
Lemma 6.14 is in bold, and the region R is indicated.

(The final computation is illustrated on the right in Figure 18.) By construction, we have gr,(U) =
(0;0). The winding number grading is given by

wi(pr) = wa(ps) = wn(pg) = 0 wi(ps) = wn(U) = 1.
Consider the homomorphism from Z x Fy to G(T?) defined by
(1;0) = A =(1;0,0) (0;0) = (-1/2;-1,0) (0;6) ~ (=1/2;0,1).
The image of gty under this map is
grr(p1) = (0;0,0) grr(p2) = (-1;0,0) - (1/2;1,0) = (-1/2;1,0)

grp(ps) = (=1/2;0,1) - (-1/2;-1,0) = (0;-1,1)  grp(pa) = (-1;0,0) - (1/2;0,-1) = (=1/2;0,-1)

To identify this with the grading on A_ we subtract two times the winding number grading from
the Maslov component of the grading, to get

gr(p1) =(0;0,0) gr(p2) = (-1/2;1,0)
gr(ps) = (0;-1,1) gr(pa) = (=5/2;0,-1) gr(U) = (=2;0,0).
This agrees with the grading gr,, in Section 4.3.2, as claimed. g

Lemma 6.14. The above identification of basis elements intertwines the operations po.

Proof. This is similar to the computation for 7%S | |. For any of the operations prps = pros
there is a unique small triangle contained in the conical end of T2 \ {p} connecting ¢'(pr), ps, and
the image of pr,; under rescaling. This is straightforward to verify, for instance, by considering
lifts of the a-arcs to the universal cover of the conical end of T2 \ {p}. We may take the lift of each
component of a; N [0,00) x Z to be a straight line at slope 0, and ¢!(a;) and $?(«;) to be straight
lines at slopes m and 2w. The choice of a lift of a; N[0,00) x Z and the points py,; and p; fixes
the other two lifts, and the three lines cut out a triangle. We just need to verify that the third
vertex of the triangle is at the point ¢'(p;). Writing ¢! (z,y) = (x,y + mz) for the induced action
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on [0,00) x Z, this is a straightforward computation. Triangles realizing the operations ¢;p; = py
and pjyt; = py can be found similarly.

Further, we show that there is no immersed triangle in 72 \ {p} with boundary on o, ¢! (o))
and ¢2(ozk) covers the region R containing z. If all of the «; that appear are the same, then R is
a non-trivial annulus that cannot be part of a disk. Otherwise, one «; appears one time; suppose
it is ¢'(aw), as in Figure 19, and consider the resulting segment S, indicated there, which has R
on both sides. The boundary of such a triangle would then have to traverse S an even number of
times (since R is on both sides of the segment). Since the boundary of the triangle is immersed, in
fact .S must be traversed 0 times. Then the purported triangle contains a non-nullhomotopic loop,
the preimage of the loop in R passing through S once, which is a contradiction. Hence, terms of
the form U™ pg for m > 0 do not appear in prpy. So, it follows from Lemma 6.13 that there are no
more terms in prpJ. O

Lemma 6.15. The operation g on Endyy, (a1 ® ag) satisfies

pa(pa, p3, p2,p1) =Uu
pa(ps, p2, p1,pa) = Uso.

Proof. By inspection, there is a holomorphic pentagon contributing each of these terms. See Fig-
ure 20. O

Proof of Theorem 6.2. This is immediate from Corollary 5.93 and Lemmas 6.13, 6.14, and 6.15. [J

Remark 6.16. While A° has a grading by Z x Fy, A_ does not: with respect to this grading, the
element ué = p1234 + P2341 + p3412 + pa123 does not have grading a central element of Z x Fy (as
required) and, in fact, is not even homogeneous. After quotienting by the relation aba bt = A2,
the grading of ,u(l) becomes well-defined and central.

7. SIGNS

In this section, we lift the discussion above from Fs-coefficients to Z-coefficients. Specifically, we
lift the weighted algebra A_ to a weighted algebra over Z, denoted A_.7, and extend the uniqueness
theorems, Theorems 5.45 and 5.71, to Z-coeflicients. Note that for the case of TI?, there is also
work of Knowles-Petkova lifting not just the bordered algebra but also the modules over it (defined
via nice diagrams) to Z-coefficients | |.

7.1. Weighted algebras over Z. So far, we have discussed group-graded algebras with character-
istic 2. We explain how to extend this to arbitrary characteristic.

In order to define A-algebras with characteristic # 2, the algebra needs to be equipped with a
Z|27Z-valued grading, which we denote by |- | here. This grading is needed to formulate the Leibniz
rule:

d(a-b) = (da) b+ (-1)*la - (db)

or, more generally, the n-input A relation

(7.1) Z (—1)T+St,u,,+1+t o (I®" ® ps @ I%) = 0.

n=r+s+t
In interpreting the above expression, we follow conventions of Keller | |, according to which
(7.2) (feg)(zey) = (-1 f(2) @ g(y).

The Ao-algebra homomorphism relation on {f,: A®™ - B, } takes the form

Z (_1)T+Stfr+1+to(H®r®ﬂs®ﬂ®t) = Z (_1)Uﬂmo(fi1 ®"'®fim)7

n=r+s+t n=i1+...im
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FiGURE 20. The pu4-operation. The shaded region is the image of the penta-
gon contributing 4 (p2, p1, pa,p3) = Uty. Lightly shaded regions are covered once,
medium-shading twice, and darkly-shaded regions are covered three times.

where o = o (i1,...,4,) is given by
m—1

(7.3) o= (m-k)(ip-1).
k=1

The Ao relation has the obvious weighted generalization (for each n,w)

(7.4) Y (D)l 0 (17 @l @ %) = 0.

n=r+s+t
w=u+v
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(That is, the weight is treated as having even grading, so does not contribute to the sign.) Similarly,
the a weighted A homomorphism relation (for each n and w) is given by

(7:5) > N (e p el) = 3 (1) o (fi @ e [,
neresl n=i1tim
w=w1+w2 W= W]+t W,

with o as in Equation (7.3).
Another convention we adhere to is the following: if (C,,d) and (C%,9") are Z/27Z-graded com-
plexes, then Mor(C,,C}) is also Z/2Z-graded, with differential given by

(7.6) a(f)=00f- (-l o0,

7.2. Construction of the bordered algebras over Z. Define A(_)’%s exactly as in Section 3.1,
with the understanding that the path algebra is taken over Z, rather than 5. For the purposes of
signs, we equip this algebra with the Z/27Z grading with the property that all of A?’,}S is supported
in degree 0. In other words, use the grading e from Section 4.5. 7

Define the operations on A_.7 as in Definition 3.10, by counting tiling patterns; every tiling
pattern counts positively. Similarly, no signs appear in the definition of x} from Equation (3.11).
The operations p,; are non-zero only when n is even. This simplifies the sign computations: the
sign appearing in the weighted Ao relation (Equation (7.4)) is (-1)". Additionally, since A_.7 is
supported in Z/2Z-grading 0, the sign in Equation (7.2) drops out.

A more careful look at the proof of Theorem 3.19 gives the following generalization:

Theorem 7.7. The operations above give A_.7, the structure of a weighted As-algebra over Z.

Proof. We must check that the cancelling terms in the proof of Theorem 3.19 indeed come with
opposite signs.

We leave the case with < 3 inputs or < 2 inputs and weight > 1 to the reader.

We consider the other cancellations in the order they are verified in Theorem 3.19, now with
sign. As in that proof, we can consider input sequences of basic algebra elements, with at most one
element which is an idempotent (i.e., not Reeb-like); and the idempotent comes either as the first
or last element in the sequence. When the idempotent is the first element, we have terms of type
(2%—) and (*2+). Evidently, the term of type (2%—) has r =1 (and ¢ = 0), so it contributes to the
A relation with sign —1; while the term of type (*2+) has r =0 (and s = 2), so it contributes to
the A relation with sign +1. Thus these terms cancel with sign. Similarly, when the idempotent
comes at the end, we obtain cancellation of terms of type (2%+), which counts with sign +1 (as it
has r = 0 and even s), against terms of type (*2-), which counts with sign -1 (as it has odd r and
t=0).

Next, we consider the cancellation of terms as in Lemma 3.15. For the factorization of p = oy - 09,
we have a term of type (*2x) in the notation of the proof of Theorem 3.19; or 9B, in the notation
of Lemma 3.15. The ps node has r =i — 1. Consider the corresponding element of G UT U LUR
under the correspondence from Lemma 3.15. If the term is of type ¥, the term has r = ¢. If the
terms is of type P u LUR we have a composition of two terms; and the higher one can have p;.1 as
its first input, in which case r = i; or it can have p; as its last input, in which case r =i — s, where
the second term has s inputs. In any of these cases, by Lemma 3.7, the composite contributes with
a sign of (-1)°.

For the remaining cases—the cancellations coming from the bijection M from the proof of The-
orem 3.19-all cancellations are between a term of type + (i.e., (x0+), (2%+), (*2+), and [**+],
where each * € {L,C, R}) and a term of type —. By construction, terms of type + contribute +1,
and terms of type — contribute —1, so the cancellation holds with signs, as well. O
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7.3. Section 5.1 revisited. There are two equivalent formulations of the A relations, and we
will find it to convenient to move between them. One formulation is stated in Equation (7.1). There
is an alternative, somewhat simpler formulation, as follows.

To set notation, let A[1] denote A with the following grading shift: A[1], = A \-1. In particular,
if Ais Z-graded, then A[1],, = A,,—1. Thus, the identity map can be viewed as a map o: A - A[1], of
degree +1. (Note that we follow homological conventions, rather than the cohomological conventions
of [iKel02].)

We now view the Ao, operations as maps p;: A, [1]®% - A[1] of degree —1. With this normal-
ization, the Ao relation takes the simpler form:

(78) Z Hri1+t © (]I®T ® Hs ® H®t) =0.

n=r+s+t

(Our p,, are the maps b, from | , |.) Formula (7.8) is equivalent to Formula (7.1), as
follows. The operations p,, and pu, are related by the following commutative diagram:

Then, the relation 0 = (g o ), o o®" gives

0= > o (Lyper @ p® Lo 0 (0% ® 0% @ 0®)
{r,slr+1+s=n}
= Z (_1)”HSH~”0®THHT+1+S o (O.®(s+1) ® HA[1]®t) ° (]IA§T ® (0.—1 o py o O,®S) ® O_®t)
{r,s|lr+1+s=n}

Al BT
=X (I e (0% 9Ly pge0) o (Ligr @ 1, @ )

{r,slr+1+s=n}

= 3 (_1)HHSH~IIU®TI\+HMS H~H0®t|\u ®(s+1+t))

r+l+s © (U ° (]IA§T ® s ® ]IA?t)

{r,s|r+1+s=n}
— Z (_1)r+stur+1+s(ﬂA§>r ® s ®]IA§t),
{r,slr+1+s=n}
since g, =0 Lo, 00®", || = -1, [6®| = =, so |us| = s —2. We prefer to use the normalization
W,, in the proofs below, since the formulas are a little simpler.
We also normalize the A.-homomorphism relation as follows. For us, an As-homomorphism is
a collection of maps {f,: A:[1]" — B4[1]} of degree 0, satisfying

(7.9) Z fr+1+to(H®T®/J‘s®]I®t): Z Moy (fiy ® @ f; ).

n=r+s+t n=i1+...0m

The bar complex is defined by
Bar(4) =@ A® (A:[1])®" ® A,
n=0

with differential
9:A® (A1) 0 A—> Ae (A [1)°" Ve A
defined by
Z Lper [r-1] ® M2 ® ]IA‘X’("*PT)[n—Q—T]'
r=0
(Compare Equation (5.2).) We can define the Hochschild complex as in Definition 5.1, by

HC*(A) = Homgg 00 (Bar(A), A),
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with its induced differential.
Equivalently, the analogue of Equation (5.4) gives

HO™(A) = Homygen ((4,[1])°", A),

with differential
n-1

(7.10)  6f, = po(Ta, 1) ® fr) - (D)l £ o (Z LA [1]er ® po ® HZ@]) +pg o (Fr,®la,n))-
r=0

(The sign comes from Equation (7.6).)
The isomorphism of chain complexes

®: (P Homyg(AZ", A) > Hom g 400 (Bar(A), A)

is defined by
O(f) = (poo(la®py))o(la® fely).
In particular, if an A,, algebra has only gy and p,,, the Ao relation with n + 1 inputs is
op,, = 0.
From its construction the Hochschild complex inherits a Z/2Z grading.

Proposition 7.11. The statement of Proposition 5.7 holds in arbitrary characteristic.

Proof. Signs are incorporated into the definition of x, as follows:

fi*gm:fio( Z H®T®gm®ﬂ®t)'

1=r+1+t

Thus,
5fn = Mo * fn - (_1)an”fn * M-
With these sign conventions, define
Op =- Z Hog % fhy.
i,j>3
i+j=n+2
With this notation, using Equation (7.10) and the fact that ||p,,| = 1, the A relation with n + 1
inputs (Equation (7.8)) becomes
Oty + Z pi*xp; =0
ij>3
i+j=n+2

(compare Equation (5.10)). Thus, Property (A9-2) holds in arbitrary characteristic.
To verify Property (A9D-1), we use the following refinement of Equation (5.11):

(7.12) 5(fixg;)=0F) *g;+ (Dl £ (8g;) - o F1,9;) - ()Tl s (g, £)).

The last two terms, for example, cancel against terms in (0 f;) * g;, as follows. Note that (Jf;)
includes a term py o (I® f;). When computing (,u2 o(Ie fz)) * g;, the term with r =0 is given by

T £,) 0 (g;01%) = (-1)Hlg e £,
Also, (0f;) includes another term, po(f; ® I). The r =4, ¢t =0 term in (,u2 o(fi®l))* g is

oo (fiel)o(I®g,)=ps(fi9;)
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Thus, since [p;] = [p5] =1, we have that

5(On) == 3 [(@m) * ;- i+ (0]
4,723
i+]7'j=2+2
= 2 [y e s ()|
1,7,k>3
i+j+k=n+2

To complete the verification of Property (A9-1), we use the following signed version of Equa-
tion (5.12):

(713)  (axb)xc—ax(bxc)=ao(I@balec®l)oA’+(-1)IPldgo(Iocelabal)o A’

To verify Property (A9-3), observe that the existence of a homomorphism f: A — A’ is equivalent
to the existence of ¢,y with 0(¢,-1) = pn — 1, The proof of Property (AO-4) from before applies
similarly. B

Turning to the statements about maps, we define f as in Equation (5.15), D as in Equation (5.16),
and ¢ as in Equation (5.17).

We will assume that the components of ¢; all have Z/27 grading equal to zero. In particular,
under the assumption that |¢;|| = 0, Equation (5.18) is replaced by
5(FoDn) = (5 oDt + ((DOI(Fo DD = % (malons(FoD)) +ma(F23);0))-

i+j:7'f'7jil,’i>1

Summing the maps p;: A, [1]®¥ - A over all k <n gives a map

Hept @ A+[1:|®k - A

k<n
Let
5= ( Z;) Fir )= (pen 0?)n: AL1)%" - A,
7>
i+j=n+1

where (-), denotes the restriction of a map from 7*A,[1] to the summand A,[1]®". Moreover,

since the components of f all have degree zero, the A,_1-homomorphism relation is equivalent to

0fn-1 = (Fan—a * Ms3)n + (Hsg 0 ?)n =0,
ie.,
5fn—1 = Sn

Property (AF-2) follows in arbitrary characteristic.
Analogous to Equation (5.19), we can formulate this A relation for maps as

(714) 5(fn—1) - (fSn—Q * l"’23)n + (/1/23 ° fSn—Q)n - (“2(f>17 .f>1))n = 0.
If we define
D(®) =iz 0 ® - (-1)I*1® o i,

then the Ae relation for maps can be reformulated (analogous to Equation (5.20)) as

(7.15) D(fSn—l)_(fSn—2°@+Nz3°f5n—2)n =0
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Analogous to Equation (5.21), we find that

O((Fenmz* 1250 ) = (0(Fen2) * tos + Fanos * 3(t33) = o (For 133) = o (B3, 1))

n+1

= ((fgn—:s * fsg) * g = (B3 © Feno3) 0 Boz = po(Fo1 * Bsgs Fo1)
=B (fo1s For * Bs3) = Fanog * (B3 * Hsg) = po(Fors 3) — Ho(Bss, f>1))

= (_(N23 ° fgn—?,) o sy — o (f * M237f>1) —po(for, f Hz3))

Analogous to Equation (5.22):

5((#23 © fgn—z)n) = (5(ﬂz3) o Fen—2 = Ms3° D(fepa) — Ho(ps3 0?7 Fo1) —po(for, pss 0?))

= (_(“23 *s3) © Fepo+ sz o (Hsz0 fepo)

n+1

n+1

n+1

~ t230 (Fars 0 53) = bz © Fo for) = t2(fors 1230 1)

- (_“23 ° (ﬁ o lz3) — o (Hs3 O?af>1) = 1o(fo1s Hs3 0?))

and analogous to Equation (5.23):

5(#2(f>1> f>1)n) = —po(6fs1s For)net = o(Fo1, 6 F s )nar = —pa (6., For)ner = o (Fo1, 0 )naa-
Adding these expressions up, we find that

5(Fn) = 0((Ferz = Hs3)n) = (155 0 Fanzdn) = 0( (a2 Fors £1))n)

= _(“2(f3n—2 * H>3 — >3 O’]\é - 5f§n—27 f>1) + Nz(f>1> fSn—2 * H>3 — B3 O’J\é - 5f3n—2))
=0.

n+1

n+1

n+1

Property (AJ-1) follows in arbitrary characteristic. ]
7.4. Uniqueness of .A(_),Z. The following analogue of Theorem 5.45 holds:

Theorem 7.16. Up to isomorphism, there is a unique Ao -deformation ong’%s over Z[U] satisfying
the following conditions:
(1) The deformation is I' = G x Z-graded, where the gradings of the chords p; is defined by
v(pi) = gr(pi) x wn(p;). (The gradings gr and wn are defined in Section 4.)
(2) The operations satisfy pa(pa, p3, p2,p1) = Ut1 and pa(ps, p2, p1,pa) = Utg.

This follows from a Hochchild homology computation, which is facilitated by a signed analogue
of Lemma 5.31, which we state after a few remarks. Recall that the cobar algebra is obtained by
dualizing the tensor algebra over A,[1]. We will use the trivial Z/2Z grading on the torus algebra
(cf. Section 4.5). The cobar algebra inherits a Z/27Z grading from this description. Concretely, the
elements p; in Cob(.A?’%s) all have odd Z/27Z grading.

Lemma 7.17. There is a quasi-isomorphism of I'-graded algebras (over Z)
¢: (Cob(A25),7") = (A2, a0 y)

specified by ¢(o) = t1, ¢(e1) = o, ¢(p;) = [pi] for i = 1,...,4, and ¢(a*) = 0 if |a] > 1. The
map ¢ shifts 7|27 gradings: it identifies Cob(.A(_)’%s) with the above Z27 grading with the algebra

(A(_)’Es’,a 07), with a Z|2Z grading which is the mod-2 reduction of the length grading.
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Proof. The proof of Lemma 5.31 can be adapted, noting that the element p; ® p;’ ;- ® pp_1 ® pj €
Cob(A?’%s) has Z/2Z grading specified by ¢ —i+ 1, which coincides with the length of ¢(p} ® p;,; ®

Equation (5.35) (now in characteristic different than 2) follows, using the following sign refinement
of the homotopy operator from Equation (5.34):

k .
(_1)Z_ZP%®P% ®--®p, 1®(a1-pr)* ®as®---@ay, k>0
H(p} ® pj,1 ® -+ ® pj ®aj®--®ay,) = Lo “! 2 m
0 k=0.
This completes the proof. ]

We have the following sign refinement of Proposition 5.46:

Proposition 7.18. The graded Hochschild cohomology HH;’*(AQ’_%S QZ[U]) of A(i’.%s ®z Z[U] over
k ® Z[U] satisfies
n=4

n,—1 0,as Z
HH (.A_’,Z QZ[U]J) =
k 0 otherwise

n,—2 0,as Z n=5
HH (A2 ® Z[U]) = ‘
’ 0 otherwise
Moreover, suppose & € HC?’J(A(_)’,&ZS@Z[U]) is a cycle and (ps®@p3s®pa®p1) = U. Then £ represents

a generator of HHi‘i’_l(A?’_}s ®Z[U])).
Proof. As in the proof of Proposition 5.46, we will perform the Hochschild cohomology computations

with the help of a small model of the cobar algebra.
Specifically, define C7 to be the sign-refined analogue of Definition 5.42, defined using A%

as .
Z

place of A™®. That is, C7 is the free Z-module generated by elements of the form a ® [b] where
ae A(j’%s and [b] € A(_)’%S are basic elements with the property that i-a-j = a and [j-b-i] = [b], for some
idempotents 4, j € {¢0,¢1}. The differential is defined by the following analogue of Equation (5.43):

4
oas b)) = ()i a® (b pil +a-pi [pi-bl]).

Define Cr.; ¢ C* to be the portion in grading 0 x Z ¢ G x Z. The analogue of Proposition 5.44
gives a quasi-isomorphism

H"¥(Cryz) = HE™ (AYS © Z[U]).

(This proof uses Lemma 7.17 in place of Lemma 5.31, which was used to prove Proposition 5.44.)

With these remarks in place, the proof of Proposition 5.46 applies, with minor modifications.
The vanishing of homology for grading reasons follows exactly as before. In the present case, the
differentials appearing in the computation of that proposition involving elements with k£ = —1 and
-2 have signs in them. For example:

O(p123[p123]) = p123a[ pa123] — pa123[p1234]
O(U[p1234]) = Up1[p123a1] + U palpar23a]-
The homology class HH fi_l is represented by the cycle
Ulp1234] = Ul paza1] + Ulpaarz] — Ul pa123]
The homology class HH>! is represented by
Upilp123ar] ~ Upz[p2sa12] ~ Upsl[p3ar23] ~ Upa[par234]- 0
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Proof of Theorem 7.16. This proof is the same as the proof of Theorem 5.45, replacing the use of
Proposition 5.7 (which required characteristic 2) with its analogue, Proposition 7.11, and replacing
the characteristic 2 Hochschild cohomology computation of Proposition 5.46 with the more general
Proposition 7.18. O

7.5. Weighted algebras and Hochschild cohomology revisited. We explain how to put signs
into the discussion of Section 5.4.

Let kk be an algebra that is free as a Z-module. Fix an augmented Ag-algebra A° = (4, {p,,})
over k with underlying Z-module A and augmentation ideal A, c A. By a weighted deformation
of A’ we mean a weighted Ao-algebra (A, {u* }) with the same underlying vector space as .A°
and whose weight-zero operations are the same as for A% pl = u,, for all m > 0. If A and B are
both weighted deformations of the same undeformed Ao.-algebra, a homomorphism of deformations
from A to B is a sequence of Z/2Z-grading-preserving maps f* = {f": T*(A.[1]) — A.[1]}5-,
satisfying the weighted A, relation

Y o ffo(leop’e oA’ - Y (fU @@ fUm)oA™=0
a+b=W w1+ twm =W

for each W > 0.
In this case, the Hochschild complex of A° is given, as a Z-module, by

HC*(A°) = [] Homyg (k ® (A,)®", A® k) = [ | Homyg((4:)®", A),
n=0 n=0
with differential specified by
S(f)=p’ f- (_1)\\f|\f « 0,

with x as in Proposition 7.11.
Proposition 7.19. The statement of Proposition 5.51 holds in arbitrary characteristic.

Proof. In place of Equation (5.53), the signed weight W A, relation takes the form

5“W + (“021 « H.Zl)W = 0.

Letting
DW _ _(Mozl % ”OZI)W
the Ao relation is equivalent to
sV = oW,
Hence, Property (c09-2) follows in arbitrary characteristic.
We verify Property (co-1) as follows. We modify the definition of n: if || f°| = ||g°| = 1, then let

nV(f,9")=plo(Ie f'oleg* @) oA’ - ulo(Ieg°®I® f*®l)oA°.
Equation (5.56) generalizes to
(7.20) O(f* %) = (0f) wg* + (DL £+ (39%) = 0" (£*.6")

(cf. Equation (7.12)). (We are using here that |f*| = |g°| =1.)
To verify Property (c0-1), observe that

(SDW _ _5(u021 « HoZl)W _ _(6(1"/.21) . Hozl) 4 ('u-zl . 6(H.21))W +770(u’021’”021)

= (=t x ™ty )
=0,

w

+ (H’Ozl « (uozl */J’.Zl))w

in view of Equation (7.13).
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Defining ?. as in Equation (5.52), we find that the weight W' A.-homomorphism relation (Equa-
tion (7.5)) takes the form

(=1t = (o F )V =0

(cf. Equation (7.9)). Analogous to Equation (5.60), we can formulate this as

SFV = (£« p=HW = (u*! O?.)W 0o (P

Equivalently, if we let

§V = (e u )Y - (o PO o ()Y
(Y (o T o (FOY 0 gt
then the Ao..-homomorphism relation takes the form
sV =5".

Property (coF-2) follows.
To verify Property (coF-1), we use the following signed version of Equation (5.61):

D(F )"+ (o F )" = (F ou)" =0
(cf. Equation (7.15)) where
D(®)=pdo®— (-1)I®1@ o .

=

In place of Equation (5.63), we have

@ oD = (£ ™) = (= o F) = (00 £*)) )"

In place of Equation (5.57), we have:
8(F 06 ) = (0(f*) 06 )+ (DI 0 DG) = (W w ) 06+ (f709)

(cf. Equation (7.14)). In place of Equation (5.62), if we know that the weight < W As-homomor-
phism relations hold, we have

D)+ (@ o F)Y - (F o)™

= (u00 fTW (et o frOW - (F I e )
In place of Equation (5.64):
S(F * Y = (5« w )Y (5 - (5 )
= ((f’ ) w o (T ) e = (W0 F )t (0 f7) ¢ u’ﬂ)w
(7 e V()

= (o T ) x )Y (00 F ) x )Y+ (1% )+ )
-V (f, nth).

W
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In place of Equation (5.66):
—e —e —e —e —e W
St o FOV = (8o F —pl o (DF )= ('« p™) o F + ¥+ (u' o F))
= (e w) o F o (W o F ) o (F o p)
—e —e W
—(o (o F )+l « (u o f))

—_—e _ _ e —_—e w

=(~u o (F ow ) o (uE o T )+’ x (ut o F)

In place of Equation (5.67):

61 o (F* M) = (81) o (F*)Y = p 0 (DY = (4 5 )0 (f*HY

+u0 « (MO o f-<W)W

_ _FLO o (Dfo<W)W +“O N (FLO of'<W)W,

In place of Equation (5.68):

W o D(FTNY = o T o )Y 4o (F o )

+M0 " (,U’O Oj:o<W)W +“O % (uozl Oj:o<W)W _“0 « (f-<W " H.21)W-

Finally, using
(b x £ x ™2t = (F7 ™) =™V (F7, 0% = 0

(a special case of Equation (7.13)), it now follows that 6(§") = 0, that is, that Property (cog-1)
holds in arbitrary characteristic. (Il

7.6. Uniqueness of A_z. In this section, we view the ground ring for .A(_);Z as k = Z ® Z, rather

than Z[U]; so our augmentation is a map .A(_).Z — Lk, and there is a corresponding augmentation
ideal.

Theorem 7.21. Up to isomorphism, there is a unique weighted deformation A_.z of A(_].Z such that:

(1) Az is T = G x Z-graded and
(2) M(l) = p1234 T P2341 t P3412 + P4123-

We sketch the modifications needed to make to the discussion in Section 5.5 to hold over Z.
Endow A/, = A?’,zs[h] /(h?), with the Z/2Z-grading which coincides with the mod 2 reduction of the

length grading on A(_)’%S c A7, and so that |h| is odd. With this understood, we have the following
analogue of Lemma 5.80:

Lemma 7.22. There is a quasi-isomorphism of T x Z|2Z-graded algebras ¢': Cob(AQ;Z) - A,

determined by ¢'(t0) = 11, ¢'(u1) = w0, ¢'(p]) = [pi] fori=1,...,4, ¢'(U*) = [h], and ¢'(a”) =0 if
a + U and length |a| > 1. This map is Z]27Z-grading preserving, using the induced Z /27 grading on
Cob(Alz;Z), corresponding to a length grading on A}, (with the understanding that |h| is odd).

Proof. The proof of Lemma 5.80 applies, with signs added as in the proof of Lemma 7.17. U
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The small model of the Hochschild complex is defined as before, as €, = A(_];Z Skek A, as before.
Signs are now inserted into the differential, as follows:

4
A(a[b]) = alov] + 3 ((~1)pi - alb- pi] + a- pillpi - b])

=1
+ Z((—1)|b‘ﬂ4(p¢+3, Pi+2s Pi+1, @) [0+ pistiv2,iv3] + a(piv2, Picis @, pie1)[Pi-1- b pis1,iv2]
i1

+ (D) g (i1, as pict, pi-a)[pivoir - b- pisi] + pa(a, pi1, pi-os pi-s, ) pi-s.i-o.i-1 - b).
For example, Equation (5.88) is replaced by

(p1[p1]) = =Ulpi23a] + U[p2sa1] = Ulpsar2] + U[pa12s]-

Lemma 5.89 has the following analogue:
Lemma 7.23. This differential makes €, into a chain complex.

Proof. The proof follows along the lines of Lemma 5.89. Again, we break up the differential into
its components 0; for ¢ = 1,2,4, according to which p; action contributes. It is immediate that
07 = 0. The identity & o Oy + O 0 1 follows quickly from the fact that |h| = 1 (mod 2), as does
61 84 + 8481 =0

Again, verifying 9,04 + 0402 = 0 is a case check. For example, as in the proof of Lemma 5.89, only
now keeping track of signs, we find that

0204(p1[b]) + 0402(p1[b]) = Up1[(p1234 + p3a12) - b] = Up1[b- (par2s + p23ar)] =

The cancellation in 93 = 0 is also straightforward, and is left to the reader. O
Specializing gradings, we have Qﬁ?f ’ZZ c ¢ (analogous to Q:II:V £ ¢ ¢*; see Equation (5.90)). We now

have the following analogue of Propé)sition 5.91:

Proposition 7.24. The chain complex &}, is quasi-isomorphic to the complex HC;(AE);Z); in
particular H*(Cr.z) = HH?”C(A(_);Z).

Proof. The proof of Proposition 5.91 applies with minor changes. O

Proposition 5.92 now has the following analogue:

Proposition 7.25. The Hochschild cohomology groups HH;”k(AQ;Z), w >0, have

72 w=1
HHY M (AY,) =
’ 0  otherwise
and HHlFU’72(A(_),Z) is entirely supported in weight (w) grading 1. Moreover, one can choose a basis

for HH;’_l(AQ,Z) so that one basis element sends 1 € k to p1234 + pasa1 + p3a12 + pa123 and the other
sends 1 ek to U =U(wo+11).

Proof. This follows as in the proof of Proposition 5.92. Again, the generators of the homology are
p1234[e1] + p2saifto] + paar2[e1] + par2sfeo] and Urol[e1] + Ur[eo]. U

Proof of Theorem 7.21. As in the case of Theorem 5.71, this follows from the above Hochschild
computation (Proposition 7.25) and deformation theory (Proposition 7.19). O
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7.7. Application to the Fukaya category. Sheridan showed that the anchored Fukaya category
can be defined with Z, instead of Fy, coefficients | |. In particular, his construction makes
Endyy. (a1 @ ag;Z) into an As-algebra over Z[U]. For his, or any other, way of lifting the wrapped
Fukaya category of the torus to Z-coefficients, we have:

Theorem 7.26. There is an A -quasi-isomorphism AQ;Z ~ Endyy, (a1 ® ag;Z).

Proof. This follows from Theorem 7.16 and the observation that for any way of assigning signs in
the multiplication on A?’%S = (Endyy, (a1 ® a2), pi2) there is an isomorphism to A?’%s, and similarly
if one negates the equations in Theorem 7.16 (2) above one obtains an isomorphic As-algebra (by
sending U to -U). (Note that the As-relation with inputs (p4, p3, p2, p1,p4) ensures that both

equations in Theorem 7.16 (2) have the same sign.) O
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