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Josephson scanning tunneling microscopy (JSTM) is a powerful probe of the local superconducting order
parameter, but studies have been largely limited to cases where superconducting sample and superconducting tip
both have the same gap symmetry- either s-wave or d-wave. It has been generally assumed that in an ideal s-to-d
JSTM experiment the critical current would vanish everywhere, as expected for ideal c-axis planar junctions.
We show here that this is not the case. Employing first-principles Wannier functions for Bi2SroCaCu20Osg45, we
develop a scheme to compute Josephson critical current (/) and quasiparticle tunneling current measured by
JSTM with sub-angstrom resolution. We demonstrate that the critical current for tunneling between an s-wave
tip and a superconducting cuprate sample has largest magnitude above O sites and it vanishes above Cu sites. I.
changes sign under 7 /2-rotation and its average over a unit cell vanishes, as a direct consequence of the d-wave
gap symmetry in cuprates. Further, we show that /. is strongly suppressed in the close vicinity of a Zn-like
impurity owing to suppression of the superconducting order parameter. More interestingly, /. acquires non-
vanishing values above the Cu sites near the impurity.The critical current modulations produced by the impurity
occur at characteristic wavevectors distinct from the quasiparticle interference (QPI) analogue. Furthermore,
the quasiparticle tunneling spectra in the JSTM set-up shows coherence peaks and impurity-induced resonances
shifted by the s-wave tip gap. We discuss similarities and differences in JSTM observables and conventional

STM observables, making specific predictions that can be tested in future JSTM experiments.

INTRODUCTION

The electron pair amplitude in a superconductor is the ulti-
mate quantum mechanical fingerprint for the many body state.
Its symmetry and structure give clues to the physical origin of
the processes that bind the pair together. One great goal of
superconductivity research is to probe the nature of the super-
conducting state by imaging this pair condensate directly.

Recent technical advances have resulted in dramatic im-
provement in JSTM, allowing for high-resolution maps of the
critical current. The technique has recently been applied to
the underdoped BisSroCaCuy0g4.5 (BSCCO) to study a puta-
tive pair density wave (PDW) [1, 2] and the interplay of elec-
tron pair density and charge transfer energy scale [3]. The
technique has provided information on the atomic scale varia-
tion of the superfluid condensate in Pb [4] and the iron-based
superconductor FeTeq 555¢g.45 (FeTeSe) [5]. Ref. [4] stud-
ied the critical current /. near magnetic impurities, while the
I. maps in Refs. [1, 5] were shown to reflect strongly inho-
mogenous “intrinsic" superconducting order. More recently,
JSTM studies helped to identify possible PDW states in on
2H-NbSe,[6, 7], CsV3Sbs [8] and UTe,[9].

The Pb and Fe(Se,Te) measurements used Pb tips, such
that the tunneling in both these cases was expected to be be-
tween an s-wave tip and sample surface. The simplest the-
ory of JSTM [10] assumed a pointlike tip and constant ma-
trix elements for tunneling. In these experiments, one should
therefore observe a nonzero critical current proportional to the
product of the two s wave order parameters of tip and sample,
AyA,. Asin any SIS tunneling process, peaks from the quasi-
particle branch are expected at a bias voltage eV correspond-
ing to A; + A,. The inhomogeneous critical current in such

a system in the presence of impurities, applicable in principle
to Ref. [4], was discussed theoretically in Ref. [11].

By contrast, the BSCCO JSTM experiment [1] used an ex-
foliated BSCCO flake of roughly 10 A in size, such that the
tunneling is taking place between two d-wave superconduc-
tors, identical except for the finite size of the tip. In the limit
of a pointlike tip, the critical current vanishes in the frame-
work of Ref. [10], essentially because at one spatial point the
system cannot accommodate an intrinsically extended d-wave
pair function. However if one accounts for the nonzero size of
the tip, as in Ref. [12], a nonzero critical current is expected.
In real space, this occurs simply because of the tunneling be-
tween adjacent tip and sample bond pair amplitudes that have
an identical phase structure.

Josephson tunneling between a pure s-wave tip made of
conventional superconductor and a d-wave cuprate (or other
unconventional) superconducting sample could potentially
provide a much simpler probe of the unconventional pair wave
function. However, the symmetry mismatch dictates a vanish-
ing critical current in both the momentum space-based theory
of Ref. [10] and the real-space formalism[12]. While JSTM
of this type seems a priori useless, it is interesting to remem-
ber that over the years there have been many reports of pla-
nar Josephson tunneling between s-wave superconductors and
cuprates. These have been explained by appealing to details
of the tunneling process: surface roughness, or pits, or impu-
rities, which destroy the momentum conservation of the pair
at the interface [13]. In addition, a JSTM experiment with a
Pb tip on a BSCCO surface was discussed in Ref. [14], and
a Josephson I — V' characteristic demonstrated. In that work,
the existence of a nonzero /. was attributed to inhomogeneity
in the BSCCO sample but spatially resolved JSTM was not



reported.

In this work, we re-examine the problem of JSTM of a d-
wave superconductor using an s-wave tip, accounting for the
details of the tunneling process using a Wannier-based frame-
work developed for conventional quasiparticle STM [15, 16].
We show that while symmetry indeed dictates a vanishing of
the average critical current, there is a large variation of the
local critical current within the unit cell. In particular, in
BSCCO I, vanishes above the Cu sites, and displays maxi-
mum magnitude near O sites. We further study the effects of
Zn-like strong impurity substitution and show that I, is sup-
pressed in the vicinity of the impurity, owing to the decay of
the d-wave order parameter[12]. In contrast to the homoge-
neous case, I, assumes non-zero values above Cu sites near
impurity. Moreover, we show that the Fourier transform of the
I.-map in a large field of view centered around a weak non-
magnetic impurity shows characteristic wavevectors, which
are distinct from the energy-integrated quasiparticle interfer-
ence (QPI) obtained from conventional STM studies [16, 17].
These real-space and wavevector-space results constitute our
main predictions for signatures of d-wave pairing in cuprates
for future JSTM experiments measuring I. using an s-wave
tip.

Finally, we study tunneling obtained from the dispersing
branch of the quasiparticle spectrum in the same SIS set-up
and show that the tunneling conductance spectrum has coher-
ence peaks at £(A, + A;), as expected, and a full gap span-
ning —A; < w < A;. Moreover, non-magnetic impurity-
induced resonance peaks are also shifted by A;; however,
real-space patterns of tunneling conductance at the shifted en-
ergies turn out to be almost identical to the corresponding con-
ventional STM result.

MODEL

We consider a JSTM set-up with pointlike s-wave tip and
superconducting BSCCO sample. The d-wave superconduct-
ing state of the sample is described by the following mean-
field Hamiltonian H.

H= HO+HSC+Himp7 (D
Hy = Ztijcjgcja — Mo Z clycia, 2)
1jo 0
Hse =Y Ayclel, +He 3)
ij
Himp = Z V;mpcl*aci*o~ “4)

Here, H, describes a tight-binding model of the normal
state of BSCCO obtained by Wannier downfolding of den-
sity functional theory (DFT) results as obtained in Ref. [18].
CZU creates an electron with spin o at lattice site R, ¢;; is the
hopping amplitude, and i is the chemical potential. Hgc de-
scribes d-wave superconducting state driven by an attractive
nearest-neighbor interaction leading to pairing mean-fields

A;j. Himp models a pointlike substitutional non-magnetic im-
purity, with potential Vi, located at site 4*. The Hamiltonian
in Eq. 1 is solved within the self-consistent Bogoliubov-de
Gennes (BdG) framework described in the Supplemental Ma-
terial [19].

Josephson tunneling current between an s-wave tip and
the lattice site R of the sample is given by I;(R) =
I.(R) sin A¢, where A¢ is the phase difference between su-
perconducting order parameters of the tip and the sample, and
1. is the critical Josephson tunneling current, which, to the
lowest order in the tunneling amplitude ¢y, can be expressed
as [11, 20]

I.(R) :ao/g—:nF(M)lm[Fj(R, Riw)F(w)], )

where ag = Set?) /I is a constant, F; (Fy) is the anomalous
lattice Green’s function of the tip (sample). We can generalize
Eq. 5 to continuum space discretized into a fine mesh with
several intra-unit cell grid points r by replacing the anomalous
lattice Green’s function with its continuum analog,

I.(r) oc/g—:np(w)lm[FJ(r,r;w)Ft(w)], (6)

where, F(r,r;w) is the anomalous local Greens function in
continuum space, which can be obtained employing a Wannier
basis transformation as [15].

Fy(r,r;w) = Z Fy(R,R;w)wgr (r)wgr/(r). 7
RR’

Here, wgr is the Wannier function centered at lattice site
R. We have used a DFT-derived Cu-d,>_,» surface Wannier
function as obtained in Ref. [18]. To compare JSTM observ-
ables with conventional STM results, we compute the sam-
ple’s continuum local density of states (LDOS) p(r, w) using

p(r,w) = —%Im[Gs(r,r; w)l, 8)

where the continuum Greens function G(r, r;w) can be ex-
pressed as [15, 16, 18]

Gs(r,T;w) = Z Gs(R,R;w)wr (r)wg, (r). )
RR/

Here, Gs(R,R/;w) is the lattice electron Greens function,
calculational details of which we provide in the Supplemen-
tal Material [19]. In addition to I.(r), the JSTM set-up can
also measure quasiparticle tunneling current I(r, V') between
the tip (with density of states p;(w)) and sample as a function
of applied bias voltage V and tip position r. I(r, V') can be
expressed as[21]

I(r,V) x /jo dwpr(w)p(r,w + eV)[np(w) — np(w + eV)).
(10)



Figure 1. Critical Josephson current (I.(r)) in the JSTM set-up with
an s-wave superconducting tip and a clean superconducting BSCCO
sample. (a) Lattice DOS spectrum in the tip and the sample, normal-
ized with respect to the normal-state Fermi surface DOS Nr, show-
ing a spectral gap of A; = 0.01 eV and As = 0.033 eV, respec-
tively. I.(r)-map (b) and its magnitude (d) at a height ~ 5 A above
the BiO surface, normalized with respect to its magnitude above O
sites (|Ic0|). Cu positions are marked with cross symbols. (c) Con-
tinuum LDOS p(r,w)-map at energy w = A, normalized with re-
spect to the Fermi surface LDOS pr above Cu positions. Line-cuts
of (e) p(r, As)- and (f) I.(r)-map (shown in panels (b) and (c), re-
spectively) along Cu-O, (blue), O,-O, (red), and Cu-Cu (black) di-
rections, marked by arrows in panel (c). Position z is measured in
the unit of in-plane lattice constant a.

RESULTS

We consider a BSCCO sample with 15% hole-doping
and model its superconducting state through an attractive
interaction on NN bonds with amplitude Vi, = 0.164
eV, resulting in a d-wave superconducting gap Az(k) =
Ao(cos kg — cosky), which yields coherence peaks at
+A, = 33 meV in the density of states plot (blue curve)
shown in Fig. 1(a). We first consider for clarity an s-wave tip
with unrealistically large gap A; = 10 meV (see Fig. 1(a)).
Subsequent results will be shown for an s-wave gap of 1.14
meV corresponding to a Nb tip [22]. We compute I.(r) in

this JSTM set-up, assuming that the tip is located at a height
z ~ 5 A above the BiO cleavage plane. Fig. 1(b) shows
map of I.(r), normalized with its magnitude above the O posi-
tion. I.(r) vanishes along the Cu-Cu directions, changes sign
under four-fold rotation, and exhibits the largest magnitude
in the vicinity of O positions. A lattice-space calculation of
Josephson critical current in the same JSTM setup [11] leads
to I.(R) = 0 everywhere since the on-site lattice anoma-
lous Greens function Fs(R,R;w) = >, F,(k,w) vanishes
for a d-wave superconductor [23, 24], thereby suggesting that
a JSTM experiment on a d-wave sample with an s-wave tip
should yield a null result. However, the continuum anomalous
Greens function Fy(r,r;w) vanishes only along Cu-Cu direc-
tions, where d »>_,» symmetry is exact, and remains nonzero
at other positions, leading to non-zero I.(r). The Supplemen-
tal Material [19] provides an analytical proof for the same.
Further, the sign change of I.(r) under 7 /2-rotation is inher-
ited from A, (k) and leads to a vanishing average of I.. over
a unit cell. We emphasize that these results are independent
of the particulars of the s-wave tip and details of the sample’s
Wannier function, and thus, can be regarded as signatures of
dy2_y2 superconducting gap symmetry. Current JSTM tech-
nology can only measure |I.(r)|[6], which we show in Fig.
1(d). It can be easily contrasted with differential tunneling
conductance dI/dV measured in a conventional STM experi-
ment which is proportional to the sample’s continuum LDOS
p(r,w). Fig. 1(c) shows p(r,w = Ay), exhibiting maxima in
the vicinity of Cu positions, in sharp contrast to I.(r) varia-
tion. Note that this behavior of p(r,w) remains the same for
all values of w. In Fig. 1(e) and (f), we further show a detailed
contrast between I..(r) and p(r,w) by plotting line cuts along
Cu-Cu, Cu-Oy, and Oy-Oy directions.

Next we study Josephson critical current in the vicinity of
a non-magnetic impurity in an JSTM setup with Nb tip. We
model a strong, Zn-like, non-magnetic impurity with Vi, =
—5¢eV [16, 18] and solve the BAdG equations self-consistently.
We find impurity-induced resonances at energies £ ~ 4
meV (see Supplemental Material [19] for details). Contin-
uum LDOS map p(r,w = —), shown in Fig. 2(d), exhibits
a maximum above the impurity site [16, 18] as observed in
conventional STM experiments [25]. In contrast, I.(r) above
O sites is suppressed close to the impurity and recovers to
its homogeneous value after a few lattice constants as shown
in Fig. 2(a),(b). The suppression of I, can be attributed to
the suppression of the superconducting order parameter near
a pair-breaking defect [11, 12]. Note that the characteristic
behaviors of homogeneous I..(r) vanishing in diagonal direc-
tions and changing sign under 7 /2 rotation are preserved even
in the presence of the impurity at the origin. More importantly,
we find that the presence of impurity leads to non-zero I, over
its neighboring Cu positions, in sharp contrast with the homo-
geneous case. Fig. 2(c) shows that the magnitude of impurity-
induced I, can be comparable to its largest value near O sites
in the homogeneous case. This effect is a consequence of lat-
tice anomalous Greens functions F (R, R;w) # 0 for sites R
around the impurity which do not lie in the diagonal directions
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Figure 2. I. (r) in the vicinity of a strong, Zn-like, non-magnetic
impurity in BSCCO. I.(r)-map (a) and its magnitude (b) at a height
~ 5 A above the BiO surface, normalized with respect to its magni-
tude above O sites (|I.o|) in the homogeneous system. Cu positions
are marked with cross symbols, and the impurity, modeled with an
on-site potential Vin, = —5 eV, is located at the center. (c) |Ic(r)|
above Cu positions along z-axis (blue) and diagonal direction (red).
(d) Continuum LDOS (p(r,w)/pr)-map obtained at the impurity-
induced resonance energy {2 = —4 meV and within the same spatial
region as (a).

(see Supplemental Material [19] for more details). Current
JSTM experiments should be able to measure |I.(r)| around
a Zn impurity in BisSroCaCuyOg4 5 and test our predictions
(Fig. 2(b) and (c)).

QPI studies have proven instrumental in confirming the d-
wave symmetry of the superconducting gap in BSCCO [26].
An impurity will give rise to decaying order parameter oscil-
lations similar to the Friedel oscillations of the LDOS, which
can be studied in momentum space to obtain information on
important pair scattering processes. We therefore compute the
Fourier transform of the I.(r) and |I.(r)| maps in a BSCCO
sample with a weak impurity (Vin,, = 0.3 €V) at the center,
which models native defects (Fig. 3(a) and (b), respectively),
and compare it with the energy-integrated QPI “fingerprint”
A(q)-maps measured in the conventional STM set-up (Fig.
3(c)) [16, 17]. The Supplemental Material [19] provides de-
tails of the calculation of A(q). The I.(q) map shows intense
structures around q ~ (0.25, 0), (0.35, 0.25) and correspond-
ing symmetry-related wavevectors, and features near (£1,0),
(0,+£1) in regions bounded by the normal-state Fermi surface
(Fig. 3(a)). Most importantly, I.(q) vanishes along the nodal
directions, in stark contrast with A(q) map (Fig. 3(c)), which
exhibits intense blobs along the same directions. The magni-
tude spectrum of the Fourier transform of |I.(r)|, which can
be measured by present JSTM technology, shows the most in-

q, (2n/a)

a, (2r/a)

©) 4

0.5

a, (2r/a)

-1 -0.5 0 0.5 1
q, (2r/a)

Figure 3. Critical Josephson current in wavevector-space. (a) Magni-
tude spectrum of Fourier transform I.(q) of critical Josephson cur-
rent maps in presence a weak impurity with Vi, = 0.3 eV, used to
model native defects in BSCCO. (b) Magnitude spectrum of Fourier
transform |I.|(q) of critical current magnitude |I.(r)|. (c) Energy-
integrated QPI A(q)-map due to the same impurity. The normal-
state Fermi surface in positive quadrant is shown by the black curve
in (a)-(c). (d) Line-cuts of panel (b) (blue) and panel (c) (orange)
along g, = gy-direction. The vertical dashed line in black identifies
the Fermi momentum in the same direction.

tense features around q = (0, 0), (0.25,0.25) and symmetry-
related wavevectors (Fig. 3(b)). Moreover, it has no “Fermi
surface tracing features", unlike I.(q) and A(q). These differ-
ences are further highlighted by the line-cuts of Fig. 3(b) and
(d) taken along a nodal direction, as shown in Fig. 3(d). While
such QPI features can be understood for a d-wave supercon-
ductor in the framework of the “octet model" [27], a theoreti-
cal framework explaining the origin of prominent wavevectors
in I.(q) has not yet been proposed.

To predict quasiparticle tunneling observables in an JSTM
set-up with Nb tip and BSCCO sample, we first compute the
sample’s continuum LDOS p(r,w) using the T-matrix for-
malism (see Supplemental Material [19] for details, then use
Eq. 10 to calculate tunneling current I(r,V’), and, finally,
compute the differential tunneling conductance g(r,w) =
dI/dV|,—cv. The T-matrix formalism allows for high en-
ergy resolution, necessary to resolve small Nb gap, at a much
lower computational cost and without any qualitative differ-
ence from direct diagonalization [18]. Fig. 4(a) shows g(r, w)
above a Cu position in the homogeneous state (normalized
by the normal state Fermi level LDOS pp at the same posi-
tion) compared with the continuum LDOS pg(r,w). The low-
energy spectrum in g(r,w) exhibits a full gap in the range
|w| < Ay and coherence peaks are shifted to ~ £(As + Ay),
which is expected since the SIS tunneling current at low tem-
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Figure 4. Quasiparticle tunneling conductance (g(r,w)) in JSTM
set-up. (a) g(r,w) (blue) and p(r,w) (orange) above Cu positions in
the homogeneous state. Both quantities are scaled with the normal-
state Fermi energy LDOS pr. Inset shows zoomed-in view around
w = A;. (b) g(r,w) (blue) and p(r,w) (orange) above a Zn-like
impurity.

peratures is simply proportional to the convolution of tip and
sample LDOS [1]. Next, we consider the g(r,w) spectrum
in the vicinity of a Zn-like impurity. The g(r,w) spectrum
above the impurity site shows a full gap with coherence peak
at w = A, which is inherited from the superconducting tip
(Fig. 4(b)). Moreover, the impurity-induced resonance peak
gets shifted by an amount A;. We find that the real-space pat-
tern at the shifted energies are almost identical to the corre-
sponding continuum LDOS patterns. Furthermore, the analog
of the energy-integrated QPI map for quasiparticle tunneling
A4(q) too, is very similar to the A(q) map measured in con-
ventional STM experiments, see Supplemental Material [19]
for more details. These predictions can be readily verified in
future JSTM experiments.

CONCLUSIONS

In this work, we have addressed the question whether an
s-wave superconducting tip can be used to probe a BSCCO
sample with d-wave gap symmetry in the JSTM set-up. Us-
ing first-principles Wannier function, we extended the for-
malism for computing Josephson critical current in lattice
space [11, 12] to continuum space, allowing for sub-Angstrom
spatial resolution while capturing filtering effects of inter-
vening layers between CuO plane and the STM tip, which
have been shown to be crucial for understanding conventional
STM results[16]. Contrary to the lattice results predicting no
Josephson signal whatsoever, we find that the continuum crit-
ical current remains finite everywhere except along Cu-Cu di-
rections, changes sign under four-fold rotation such that its
average over a unit cell vanishes, and attains maximum mag-
nitude around O sites. Further, we showed that, similar to
the d-wave gap order parameter, I.(r) is suppressed near a
strong non-magnetic impurity. More importantly, the pres-
ence of the impurity results in non-zero I, above neighboring
Cu positions. Furthermore, by Fourier transforming I..(r), we
obtained an analog of energy-integrated QPI (A(q)) for JSTM

set-up and showed that it exhibits characteristic wavevectors
which are qualitatively different from that in A(q). Finally,
we calculated quasi-particle tunneling conductance in a ho-
mogeneous BSCCO sample as well as in the presence of an
impurity. We found that the conductance spectra inherits the
full gap structure of the tip, and that the sample’s coherence
peaks as well as impurity-induced resonances are shifted by
an amount equal to the tip gap. Moreover, we find that the
real-space pattern of the tunneling conductance at the bound
state and energy-integrated QPI are very similar to the corre-
sponding conventional STM results. Present JSTM technol-
ogy can test our predictions of observables related to |I.(r)|
and g(r,w). The formalism presented here is not limited
to BSCCO but can be applied to any JSTM set-up with s-
wave superconducting tip and unconventional superconduct-
ing sample. Also, it is straightforward to extend the formal-
ism to include a flake-like tip [12]. Most importantly. we have
shown that the orthogonality of the tip and sample’s supercon-
ducting gap functions does not imply null JSTM results even
for a perfectly homogeneous sample.
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