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ARTICLE INFO ABSTRACT

Editor: Hubert Saleur It is known that for the Heisenberg XXZ spin - % chain in the critical regime, the scaling limit of
the vacuum Bethe roots yields an infinite set of numbers that coincide with the energy spectrum of
the quantum mechanical 3D anharmonic oscillator. The discovery of this curious relation, among
others, gave rise to the approach referred to as the ODE/IQFT (or ODE/IM) correspondence. Here
we consider a multiparametric generalization of the Heisenberg spin chain, which is associated
with the inhomogeneous six-vertex model. When quasi-periodic boundary conditions are imposed
the lattice system may be explored within the Bethe Ansatz technique. We argue that for the critical
spin chain, with a properly formulated scaling limit, the scaled Bethe roots for the ground state
are described by second order differential equations, which are multi-parametric generalizations
of the Schrodinger equation for the anharmonic oscillator.

Contents

1.  Introduction and SUMIMATY . . . . . v vttt vt e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e 2
2.  Thecaseoddrand A= % .................................................................... 5
2.1.  Scaling limit of the Bethe roots for the free fermion point . . . ... ... ... .. .. ... . L 5

2.2.  Differential equUation . . . . . . . . ... e e e e e e e 7

2.3.  Relation between the RG invariants and the coefficients of the ODE . . . ... ... .. ... . ... ... . 9

2.4.  Some remarks about the scaling limit. . . . . . . .. ... e 13

2.5. Low energy spectrum in the scaling limit . . . . . . . .. . ... e e e e 15

2.5.1.  Low energy spectrum for the Z, invariantspinchain . . . .. ...... ... .. ... .. . . L e 15

2.5.2.  Some comments on the low energy spectrum away from the Z, invariant point . . ... .................. 17

3. Basic constraints on ODEs for spin chain with anisotropy 0 <y <7 . ... ... .. i 18
31, Thecase A=r— 1. . . . e e e e 19

3.2.  General restrictions on integers g and j . . . .. ... e e e 20

4.  ODE with single coefficient Cuj for Au>rjand A=1,...,r =2 e e 20
4.1. Bohr-Sommerfeld quantization condition . . . . . . . . . ... e e e e 21

4.2.  Specification of the scaling limit . . . . . . . . ... e e 22

4.2.1.  Example: r=5 A=1and (1, j) =(2,0) . . o oot e 23

* Corresponding author.
E-mail address: kotoousov@physics.rutgers.edu (G.A. Kotousov).

https://doi.org/10.1016/j.nuclphysb.2024.116624
Received 19 June 2024; Accepted 6 July 2024

Available online 11 July 2024
0550-3213/© 2024 The Author(s). Published by Elsevier B.V. Funded by SCOAP®. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/nuclphysb
http://orcid.org/0009-0008-6534-8880
mailto:kotoousov@physics.rutgers.edu
https://doi.org/10.1016/j.nuclphysb.2024.116624
http://crossmark.crossref.org/dialog/?doi=10.1016/j.nuclphysb.2024.116624&domain=pdf
https://doi.org/10.1016/j.nuclphysb.2024.116624
http://creativecommons.org/licenses/by/4.0/

S. Gehrmann, G.A. Kotousov and S.L. Lukyanov Nuclear Physics, Section B 1006 (2024) 116624

4.2.2. Example:r=5, A=1and (u,j) =(1,0) . . . e e 23

4.2.3. Example: combining thecases y=1land u=2forr=5 A=1,7=0 ... .. .. 24

4.2.4. Example: r=7, A=1and (1, j) = (1,0) . . o oottt e e e 25

4.25. The case%{‘<,4<ﬁl(j+%) ....................................................... 26

5. Thecase Au=rjwWith A=, ... r— 2 e e 27
5.1.  Special features of the scaling limit . . . . . . ... . . L e 27

5.2, Relationto A =0 . . . .. e e e e e 29

6. General differential equation for A =1,2,...,7 =2 . . . . L e e e e 30
6.1. Thecase A=1 . . . . . . e e 31

6.2. The case even rand A = % R T 32

6.3. The case even r and A= % ............................................................... 33

6.4, Thecase A=r—2. . . . . e e e 33

7. ODESTOr A=0 . . . .ttt e e 34
8. Concluding remarks . . . . . . ..t e e e e e e e 37
Declaration of competing intereSt . . . . . . . v o ittt e e e e e e e e e e e e 37
Data availability . . . . . .. e 38
Acknowled@ements . . . . . . .. i e e e e e e 38
AppendixA.  Auxiliary functions appearing in the sum rules . . . ... ... . L e 38
AppendixB. Lagrange formula. . . . . . . ... e 39
AppendixC.  Relations between a,;,; and ¢,;,, for r=3,5,7 and A= % ........................................... 39
AppendixD.  Scaling limit at the free fermion point with #, = (=1)" e BT 40
AppendixE.  Scaling limit for r, A even and (u, j) = (g, %) .................................................... 42
AppendixF.  Supplementary tables . . . . . . . . . i e e e e e e 44
REfOIONCES . . . o ot e 46

1. Introduction and summary

Since the seminal work of Polyakov [1], it is believed that the isotropic and homogeneous scaling behaviour of a critical statistical
system can be adequately described within the framework of Conformal Field Theory (CFT). While this fundamental insight remains
unproven in general, there exists an enormous amount of supporting evidence. Much of it comes from the study of 2D classical
statistical models. In many cases, such models admit an equivalent description in terms of 1D quantum spin chains. Then the problem
of identification of the underlying CFT can be approached by studying the scaling limit of the spectrum of a spin chain Hamiltonian
[2]. This provides a convenient way for a numerical investigation of the critical behaviour. For the so-called integrable statistical
systems, a detailed analytical study is also possible. By integrable, what is usually meant is that the model can be explored via the
Bethe Ansatz approach or some variant thereof [3].

In the case of integrable systems at criticality, apart from the conformal structure of the underlying continuous theory, it is natural
to investigate also the integrable structure of the corresponding CFT [4-6]. The latter is encoded in the scaling limit of the Bethe
roots — the solutions of the Bethe Ansatz equations. The most powerful approach for studying the integrable structure of CFT or,
more generally, QFT is the so-called ODE/IM correspondence [7-10]. The abbreviation IM stands for Integrable Model. For the most
interesting examples these are 2D Integrable Quantum Field Theories (IQFT) and, as such, we prefer to use the term ODE/IQFT
correspondence rather than ODE/IM.

One of the simplest manifestations of the ODE/IQFT correspondence, which is directly relevant to this work, occurs in the scaling
limit of the XXZ spin - % chain. The latter is the archetypical example of an integrable model and, in fact, the Bethe Ansatz approach

was originally introduced for its special (isotropic) case [11]. The Hamiltonian of the spin-% XXZ chain of length N is given by

N

—_ X X y Y z Z

HXXZ——Z<6m0'm+1+0'm0'm+1+AO'mO'm+l> . (1.1)
m=1

With quasi-periodic boundary conditions imposed [14],

X

Ea
N+mi16

o N+m

_ . x2 X sy z _ -z
=w (Gmilam), ONgm =Cm> 1.2)

Hyxz commutes with the z - component of the total spin operator and the eigenstates are labelled by the (half-)integer numbers S=.
The energy spectrum is described in terms of solutions of the Bethe Ansatz equations:

(”‘?“ §f>N 2 05 N/ﬁsz G-4a7g (1.3)
— = - q —_—, .
14471 ¢; =1 Ci—472Cj

where g parameterizes the anisotropy as A = %(q + ¢~ ). It turns out that the system is critical when —1 < A < 1 [12-14] or, equiva-
lently, ¢ is a unimodular number, i.e.,



S. Gehrmann, G.A. Kotousov and S.L. Lukyanov Nuclear Physics, Section B 1006 (2024) 116624

g=e" . 1.4

In this case, for an even number of sites, the ground state of Hyxy, i.e., the state with the lowest energy, is non-degenerate and occurs
in the sector .S = 0. It was proven in the work of Yang and Yang [15] that for y € (0, z] and periodic boundary conditions (@ = 1),
the solution set to the Bethe Ansatz equations corresponding to the ground state has {; all real, distinct positive numbers. The proof
may be extended to quasi-periodic boundary conditions when

o= eiirk (15)
with sufficiently small real k, namely,
14
k| < —. 1.6
el < 5~ (1.6)
The vacuum Bethe roots can be naturally ordered as

0<g << <8y 1.7

In the limit when the number of sites N goes to infinity, most of the roots become densely distributed such that (¢ = Cie) /¢ i~ 1 /N.
However, at the edges of the distribution the Bethe roots develop a certain scaling behaviour. In particular, keeping j fixed as N — oo
the following limits exist

lim N2I-7/n¢. (1.8)
N-oo J
j—fixed

and form an infinite set of non-vanishing numbers. These turn out to admit a remarkable description in terms of the Schrodinger
equation for the 3D anharmonic oscillator [9],

(_ d_2 N I(1+1)
dx2 x2

Namely, the differential equation possesses only a discrete component of the spectrum and the corresponding energy levels E;,
coincide with the limits (1.8) up to an overall factor provided the parameters of the ODE are taken to be

+x2"—E>‘P=0. (1.9)

a=Z%_1, jel_mk (1.10)
Y 2y
A similar relation between the scaling behaviour of the Bethe roots of not only the ground state, but also the class of so-called low
energy excited states, holds true (see, e.g., ref. [16]). Moreover such a phenomenon, i.e., the ODE/IQFT correspondence, has been
observed for a number of other integrable, critical statistical models as well [17-21].
The XXZ spin chain belongs to the integrability class of a 2D classical statistical system known as the six-vertex model. As was
shown by Baxter in the work [22], the latter admits a multiparametric generalization, which is solvable within the Bethe Ansatz
approach. In this case, the equations (1.3) are modified to

N +1 N/2-S* +2
ny+q ¢ - Gi—q¢;
=0’ 11 — (j=12...2-5% (1.11)
=Mt aTg izl Gimag
and involve the complex parameters {7, }’JV: I the so-called inhomogeneities. The corresponding statistical system is known as the

inhomogeneous six-vertex model. With the parameters ¢ and #; obeying certain conditions, the lattice system develops critical
behaviour. We’ll assume that the number of sites N is divisible by r and the inhomogeneities obey the r-site periodicity condition

Nysr =Ny J=12,...,N—-r; N/rez). (1.12)

In the scaling limit, N — oo while the integer r is kept fixed. This ensures the presence of translational invariance for the continuous
theory.

The critical behaviour of the r - site periodic inhomogeneous six-vertex model can be explored by studying the spectrum of the
Hamiltonian H of a certain spin chain. For the case r =1 it coincides, up to an overall multiplicative factor and additive constant,
with Hyx, (1.1). The explicit form of H with r > 2 is rather cumbersome (see, e.g., [23,24] and the work [25], where the same
notation as in this paper is used). What is important is that H is given by a sum over terms that describe the interactions of up to r + 1
adjacent % spins, i.e., the corresponding Hamiltonian density is local. The quasi-periodic boundary conditions (1.2) are still assumed
and, similar to the homogeneous case, the Hamiltonians commute with the z - projection of the total spin operator.

A numerical investigation shows that the spin chain governed by the Hamiltonian H exhibits critical behaviour when the anisotropy
parameter ¢ is a unimodular number, g = e'7. It turns out that the phase can be restricted to the domain y € (0, ) and the critical
behaviour is described differently as % A<y < % (A +1). Inside each segment labelled by the integer A we will parameterize y by
real positive n such that

Y= Za+Z
r n+r

(A=0,1,....r=1,n>0). (1.13)
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Mapping out the critical surfaces in the space of the parameters (y, {n, }) is a complicated problem that, apart from some special
cases, has not been fully achieved. A useful starting point is when the inhomogeneities are given by

ne=(=1yer @D =1,...r) (1.14)
for which the model possesses Z, invariance (see, e.g., sec. 7 in ref. [25]). In this case the description of the scaling limit for the

ground state is especially simple. For N divisible by 2r and .§% = 0 the corresponding Bethe roots are split into r groups of equal size.
The Bethe roots within each group lie on the rays

arg(é’):—%A, %(Z—A), %(Z(r—l)—A) (mod27) . (1.15)

These can be labelled by the integer a = 1,2, ..., r and we denote by ,(,,a) the roots lying on the a'" ray ordered by their absolute value.

Then the real positive numbers )g,ﬁ,”)r withm=1,2,..., N/(2r) are the same for any a. They turn out to coincide with the solution to
(1.3) with S* =0 and the substitutions g — e , N = N /r which corresponds to the ground state of the XXZ spin chain. It follows
that the limits

2n

. N\ e+
E@= 1 A (@) 1.16
m—fixed

exist and are non-vanishing. Here for later convenience, an extra n dependent factor has been introduced with

Ny YTU*ED)

Fa— 1.17)
rl"(’i + %)
(a)

The numbers E,,

would be expressed in terms of the spectrum of the ODE (1.9). For the purpose of this work, it is convenient to

1
re-write the differential equation using the variables y = % log(x) + 2 log(%) and y = x~ 2 ¥, so that it becomes’

n+r
- a§ +p> ey _(—DAE" Y|y =0 (1.18)
with
pzn;rk. (1.19)

The above differential equation admits the Jost solution y,(y), which is uniquely defined through the asymptotic

v, () =e” as y— —c0 (ERe(p) >0). (1.20)

For generic E the solution grows unboundedly as y — +o0. However, at the special values E = Efn”) (1.16), one has

v, () 0 a y-o+oo. (1.21)

N
E=E{"

In this work we consider the spin chain, where the Z, symmetry is “softly” broken for finite system size. This is carried out by
treating the inhomogeneities #, as N - dependent bare couplings of the spin chain Hamiltonian which tend to the values (1.14) as
N — oo. The quantities

dg r
1/ N\*1 »
== == - 1.22
o=~ <rN0) p ;:l(nf) (1.22)

will be taken to be independent of N, i.e., they play the role of the RG invariants. With their proper specialization (which, among
other things, involves fixing the exponent d; > 0) the Bethe roots possess a scaling behaviour similar to that as for the Z, invariant
case. In particular, for the ground state in the sector with .S* = 0, the roots may still be split into r groups with roughly equal phases.
Then there exist the limits (1.16), where the integer m labels the roots according to their absolute values. We will argue that E,(,f ) can
be described as above, but with the differential equation (1.18) replaced by the ODE of the form

o\ ntr
—24pr eV (DA ET Y - Y ¢, B elAnrn=Eeu)y | g (1.23)

(H.J)EE, 4

2n
1 With some abuse of notation we use the same symbol E in eqgs. (1.9) and (1.18). In fact, E from (1.9) coincides with the combination (—1)4 (2/r)w E" with E
from (1.18). Also, a = E and [ + % = %.
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The coefficients ¢, are related to the values of the RG invariants a, from eq. (1.22), while the summation indices y and j run over
a certain integer set. The latter is given by?

Eoa={wj: ’71'<;4<A+r1(j+1) & j=0} for A=12,...r-2, (1.24)

while for A =0,

Eo={(Jj): n=12...,r—1 & j=0}. (1.25)

As 0 < A <r—1 we expect that it is possible to organize the scaling limit in such a way that the differential equation (1.23) appears
for any given values of the coefficients c,, ; (some restrictions on the domain of n may be required). In particular, the specification
of the RG invariants such that there is only one non-vanishing term occurring in the sum in (1.23) can be found in Appendix F for
r=3,4,...,10. When A =0 only the coefficient ¢, ; with y > < can be chosen at will, while the others turn out to be not independent.
The case A =r — 1 was already discussed in ref. [21]. Its peculiar feature is that all of the exponents d; in (1.22) turn out to be zero.
The scaling of the Bethe roots for the ground state is still described by means of the differential equation of the form (1.23) with

E, i ={wj: p=j+1 & j=0,1,...,r-2} (A=r-1). (1.26)

2. The case odd r and A = %

An important source of intuition in the study of the spin - % Heisenberg chain comes from the XX spin chain — the special case
when the anisotropy parameter A in (1.1) is set to zero or, equivalently, ¢ = i. By means of the Jordan-Wigner transformation, the
lattice model can then be mapped to a system of free fermions, which dramatically simplifies the analysis. A similar phenomenon
occurs for the spin chain associated with the r-site periodic inhomogeneous six-vertex model for any odd r,

r=3,517,..., 2.1

when the integer A in formula (1.13) for the argument of ¢ is chosen to be

r—1

A= 2.2
2 (2.2)
In this case
iz(r—n)
q=ie2n (2.3)

so that as n = r one has g = i. Below we discuss the scaling limit of the ground state for the spin chain in the regime (2.2) (r odd)
using the “free fermion” point as a launch pad.

2.1. Scaling limit of the Bethe roots for the free fermion point

At g =1 the Bethe Ansatz equations (1.11) for the r-site periodic model (1.12) become

N

r .
( My +1§] ) r _ _eiﬂ(2k+sz) ) (2.4)
/=1 Ne — lgj

Taking the logarithm of both sides, one obtains

"1+ /n
llog(H i/ =2n; - 1+2k+ 57 (2.5)

izr o 1=id/ne
with n; being certain integers. For the vacuum state of the Z, invariant case, where the inhomogeneities are given by (1.14), the

Bethe roots are split into the groups §,(na) with a=1,...,r. Then it turns out that with a proper choice of the branch of the logarithm,

L +ig
N 10g<H# —2m— 142k (m=1,2,...,N/@r) (2.6)
r e=11=1," /n,
where 7 has been set to zero. One may expect that the above formula remains true when the inhomogeneities 7, differ slightly from

the values (—l)re% @r=D,

2 The number of admissible pairs (u,,) (1.24) coincides with the total number of solutions of the Diophantine equations Ay — rj = L subject to the constraints
1<u<r—L&j>0for L=1,2,....
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To perform the scaling limit, we write ¢ in the form
1
z \r*
() e @)
and keep E fixed as N — oo. Further, the inhomogeneities are assigned an N - dependence in such a way that the quantities
12l

a0 =_L (2N g
T2+ \
r—1

remain independent of the length of the spin chain. For j = A= = the exponent of the N - dependent factor in the r.h.s. vanishes
and, without loss of generality, a, can be set to be any positive number. We take its value to be the same as for the Z, invariant case
(1.14),i.e., a,= % This way, in the scaling limit, the Bethe Ansatz equations (2.6) simplify to

% >y (j=1...5) (2.8)
=1

=4
r

A-1
E’+Z(—l)j ay;p1 E¥H =2m—1+2k (m=1,2,..). (2.9)
j=0

For given m, the above algebraic equation possesses exactly r complex solutions, which we denote as E,(,f' ), Assuming that the absolute
value of ay;,; is sufficiently small, the roots may be specified by the condition that

iz 1
E@ ~er @ (2m—1+2K)r)7 for m> 1 (2.10)
and E,(,f) are split into r groups of roots which have approximately the same phase

arg(Ef:))z% (2a—A) (a=1,....r. (2.11)

As such, the scaling limit of the Bethe roots for the ground state is described by the formula

1
@_ 2N\ @
m—fixed

This provides an illustration of the scaling relation (1.16) discussed in the Introduction.
It is clear how to come up with a differential equation, whose spectrum is given by E,(,f ). One just takes (1.18) with n =r and
replaces (—1)A E” by rA(E), where

r=3

_pA 2 , ,
aEy =" E 4+ ) (=1) a4, E¥ (2.13)
r N
Jj=0
The ODE becomes
~ 0+ P+ —ri(E) efY] w=0, 2.14)

which is a form of the confluent hypergeometric equation. The solution defined via the asymptotic condition (1.20) reads explicitly
as

w,(y) = e exp(—%e”’) 1F1<%+§—§,1+2—rp,2e’y>. (2.15)

r

For y — +o0, it develops the asymptotic behaviour

- 2yl ra+ [7;) r %A L ry ry
w,(0) = () eV D, (5) exp(;e —(/1+1)7+o(1)), (2.16)
where
rG+2)
D, = - (2.17)

1 p 1 .
[(5+2-24E)
The Jost solution y,(y) vanishes at large y when E is a zero of D, = D_(E). Hence, the spectrum is defined through the equation
ME)=2m—-1+ % with m=1,2,3, .... This coincides with (2.9), provided f =kasin (1.19) withn=r.

6
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2.2. Differential equation

iz(r—n)
For the case g =ie2@+) with arbitrary n > 0 we propose that the differential equation describing the scaling limit of the Bethe
roots for the ground state is given by

A-1
; mtr_n=r o _
_ai +p2 +e(n+r)y _ (—I)A E’ eV — Z s E2i+] e( =~ (21+]))y w=0 (AI %) . (2.18)
j=0
When all the coefficients c,;,; vanish, the ODE becomes that for the Z, invariant case (1.18). Also, as n = r, it reduces to the equation
(2.14) where A(E) is given by (2.13), provided ¢, j+1 are set to (-1Y ra, j+1- In general, these coefficients would be some functions
of the RG invariants of the form (1.22).
The ODE may be advocated for via the same types of arguments that were originally developed in ref. [9] for the Schrédinger
equation for the anharmonic oscillator (which is equivalent to (1.18)). They are based on the invariance of (2.18) w.r.t. the transfor-
mation

2ri
n+r’

that holds true not only for c,;,; =0, but any values of these coefficients. Using this symmetry, one can derive the set of functional
relations for the connection coefficients of the ODE. The most fundamental one is

Q:yoy+ E—q*E (2.19)

2rip L _2xip _1 A (27D
enr D, (qE)D_(¢"'E)—e nr D,(q"' E)D_(¢E) =2isin (ZL) , (2.20)

Ty
which is obeyed by the spectral determinants D, (E). In order to define the latter, apart from ,(y) (1.20), one should consider other
solutions of the differential equation, y_,(y) and x().

For large negative y, the potential in (2.18) approaches p?. As a result, the ODE possesses a solution satisfying the asymptotic
condition

w_,(y) > e as y— —o0 (Re(p) <0). (2.21)
It turns out that the analytic continuation of y_ ,(»to the full complex p - plane results in a meromorphic function of p. This allows one
to specify the solution y_ ) for any complex p, except for the discrete set of real, positive values p = % (n+r),(n+r), % (n+r),....

Similarly v,(»), defined in the Introduction in formula (1.20), makes sense for any p # —% (n+r),—(n+r),.... The Wronskian
Wly_,w,l=w_, ayu/p -, 0yu/_p is given by

Wiw_p.w,1=2p (2.22)

so that the two functions form a basis in the space of solutions of the ODE (2.18) if nz—fr &7Z.
The solution y(y) is unambiguously defined through its asymptotic behaviour

n+r
1) = exp ( 2oty +0(1)> as - +00 n>r). (2.23)

Note that, for now, we make the technical assumption n > r, while the case 0 < n < r will be discussed below. The spectral determinants
are expressed via the Wronskians of y, ,(y) and yx(y) as

\/,_[

_lo2
D (E)= ———— (n+r) 2" Wigy,,l. (2.24)

They are entire functions of E and the overall multiplicative factor has been chosen in such a way that

D,(0)=1. (2.25)

For the proof of the relation (2.20) one should expand y in the basis of solutions Wap It follows from (2.24) that

P(= 22) (757 D_(E)yay ) +T(22) (1415 DL(E)y,(0)). 2.26)

1

\/m ( ( n+r n+r
Then one applies the symmetry transformation Q (2.19) to both sides of this equation and computes the Wronskian of y(y) and
Qy(y). Taking into account that W [Qy, y] = 2i, which is a consequence of (2.23), one easily arrives at (2.20).

To make a link to the lattice system, recall that the inhomogeneous six-vertex model possesses a commuting family of operators,
a prominent member of which is the Baxter Q - operator [26]. In fact, there are two of them [5,6]. We will use the notation A ({)
borrowed from ref. [25] and the reader may consult sec. 3 of that work for their construction. Important properties of A () are that
they commute amongst themselves for different values of the spectral parameter,

x()=

[ALCD. AL@)] = [ALC). Az(&)] =0, (2.27)
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and satisfy the quantum Wronskian relation

AL (¢TO)A (') - AL(gH )AL (q7'0) = (¢ - ) F©O). (2.28)
Here
N
fO=TJ0+¢/m), (2.29)
J=1
while
¢ = eimk ¢S (2.30)

with S* being the z - projection of the total spin operator. In addition, in the sector with given value of S% > 0, the eigenvalues of
A_(¢) are polynomials in { of order N /2 — .S*. The above immediately implies that the zeroes of these polynomials coincide with
the roots ¢ ! of the Bethe Ansatz equations (1.11). The eigenvalues of A_({) are likewise polynomials in { of order N /2 + S%, whose
zeroes obey the equations similar to (1.11). The relation (2.28) holds true for arbitrary inhomogeneities, though we focus on the case
where 5, obey the r - site periodicity condition (1.14).

The Hamiltonian H associated with the inhomogeneous six-vertex model belongs to the commuting family, i.e.,

[H,A,(©)] =0. (2.31)
Let A, ({) be the eigenvalues of A ({) corresponding to the ground state of the spin chain. In the Z, invariant case the scaling relation
for the Bethe roots (1.16) can be equivalently written as

2n
lim A, ( (N/(rNgy)) "7 E) =D, (E) (n>r) (2.32)

with the constant N, defined in (1.17) and D (E) are the spectral determinants for the ODE (1.18). In the scaling limit, the quantum
Wronskian relation for A, ({), which follows from (2.28), becomes the functional relation (2.20). Motivated by the analysis of the
free fermion point, we propose to extend (2.32) to the case when D, are the spectral determinants for the ODE (2.18). In taking the
limit, the inhomogeneities become N - dependent such that the values of

|2t
=L (NY T
W70 +1 \rN,

are kept fixed. Like in the free fermion case, a, can be specified to be % or, equivalently,>

% Q) (j=0,...5) (2.33)
=1

LS e =1y 234)
o

As for the quantities a, (1.22) with s even, we set them to be zero:

Q=0 (j=1....5). (2.35)
=1

This can be thought of as taking the exponent d; in (1.22) to be +co for even s.

Our numerical work in support of the relation (2.32) went along the following line. First of all we note that for given values of
ay;41, formulae (2.33)-(2.35) may be regarded as a system of equations for the determination of the inhomogeneities. It is easy to
show that (1,)~! are zeroes of a single polynomial equation of order r, whose coefficients are expressed in terms of a, j+1- This defines
the set {5,}’,_, up to permutations, which has no effect on the Bethe Ansatz equations. The roots corresponding to the ground state
of the Hamiltonian H can be obtained by continuously deforming the solution to the Bethe Ansatz equations from the Z, invariant
case with a,;,; =0 to the given values of the RG invariants. Then one may consider the sums

N
2
AN =571 () (s=12,..). (2.36)

j=

Taking into account that
N
- ¢
4,0=1] (1 - —>, (2:37)
j=1 5

3 In this section, r is always taken to be odd so that the sign factor in the r.h.s. of (2.34) is one. Nevertheless, keeping it there makes the formula applicable for any
integer r, which will be explored later.
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the convergence of the Lh.s. of (2.32) implies the existence of the limits

2sn

[Ny wn
A = ;}11“00<70> AN (2.38)

For n > r this was indeed observed numerically. The spectral determinant D (E) occurring in the scaling limit of A, ({) is an entire
function of E which satisfies the normalization condition D (0) = 1. Hence the series

)

log D, (E)== )" J, E* (2.39)

s=1

has a finite radius of convergence. This way, the scaling relation (2.32) is equivalent to the infinite set of so-called sum rules:

R = J (s=1,2,..). (2.40)

They can be used to provide numerical support for the ODE/IQFT correspondence as was originally done in ref. [19] in the study of
the scaling limit of the Fateev-Zamolodchikov spin chain [27-29].

It is possible to calculate the first few coefficients J analytically by applying perturbation theory in E to the ODE (2.18). From
the results of the work [30] one can show that

J1 =C1p f1(hago)
D= (1)’ folhig) (2.41)

J3= (C1P1)3f3(h,g0)+63p3 fi(h,g1) .

The functions f, are given in the Appendix A, while

_(n+ )82
P2jr1 = m (2.42)
and
p 1 @Qj+Dm—r)
= R A A 2.
n+r’ §=3 2r(n+r) (2.43)

Since h = %, see (1.19), formula (2.40) yields a prediction for the dependence of h§°°) on the twist parameter. This can be checked
even without the explicit knowledge of the relation between the RG invariants a,;, and the coefficients c,;,; of the differential
equation. Note that the expressions for J, for larger s are not available in analytical form. Nevertheless, it may be verified that the k
- dependence of both sides of (2.40) agrees for s >4 by computing J; via a numerical integration of the ODE (2.18).

Through the study of the cases r = 3,5,7 we found that the relation between the coefficients of the differential equation and the
RG invariants takes the general form

A-j
—cv )
ejp1 = C; g + Z Z Gy 2141 7 0241 - (2.44)
k=2 ji+..+jp=j+(k=1)A
0=y <A-1
Here, for given r, CJ(: ?"/’k are some n - dependent constants. In the case r = n, all CX?--jk with k > 2 vanish, while C}j) =(=1))r. In
what follows, we present a conjectured formula that expresses a,;,; in terms of ¢,;, ;, i.e., the inversion of (2.44). However, this first
requires a discussion of the case 0 <n < r.

2.3. Relation between the RG invariants and the coefficients of the ODE

For 0 < n < r the asymptotic condition (2.23), which is used to specify the subdominant as y — +oo solution of the differential
equation, is not literally applicable. The function y(y) can be instead defined by means of its WKB asymptotic, and the spectral deter-
minants are then calculated, as before, by means of formula (2.24). This turns out to be most efficient for the numerical computation
of D, (E). However, for our purposes, it would be useful to introduce them for generic n > 0 via analytic continuation. Assuming

n > r, we first derive the large - E asymptotic behaviour of D, (E). The latter has zeroes at E,(,f ) defined through the condition (1.21):

D,(E@)=0. (2.45)

These accumulate along the rays

arg(E):—%A, %(2—/4), %(2(r—1)—A) (mod2r). (2.46)
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The rays are the Stokes lines that divide the complex E - plane into r wedges, in which the large - E asymptotic behaviour of the
spectral determinant is described differently. Inside each wedge, labelled by a = 1,2,...,r, we can parameterize E in terms of 6 as*

2n0

E=(-1y"! —(Za 1-4) o (2.47)

with

zr(n + r)

|Jm(9)| (2.48)

Then the standard WKB analysis yields

A-1

Noye’ Dy @D (g1iza—1-A 2np6
logD, = —o 3 _ e (0+izCa-1-4)) _ sy T1oeCy o) (2.49)
005(5) =0 sm(T)
as Re(0) - +oo. Here
1 n—r . n—r .
Dy Val(3 - 55 @2j+1) Z i 1) L(m—1+522j+1)
1 = Er— —rn
2 (1-222j+ 1) & mT(522) + 1))
x > C2jy 417 Cojytl (2.50)
Ji#Hik=j+ k=D A
J1seedg 20
and
— » r(1+2
Cp = rr (n+r) ntr —— (2'51)
n+r ra+ £ )
n+r

For 0 < n < r the spectral determinant can be defined to be the entire function of E, whose zeroes coincide with Efn”) (2.45) and which
obeys the asymptotic formula (2.49). This specifies D, (E) for any n > 0 except for a discrete set of values when the coefficients in
the expansion (2.49) possess simple poles:

r2j+1)

AL ith =0, A—1; w=0,1,2, .. . 2.52
2j+ L+ 2wr A J w (2.52)

The spectral determinant D_(E) may be introduced analogously. Together, D, (E) satisfy the quantum Wronskian relation (2.20) for
any n > 0 except (2.52).° We will exclude such exceptional n from our analysis to avoid making the discussion too technical (see,
e.g., ref. [39] for a treatment of the cases r = 1,2).

The scaling limit of the individual Bethe roots,

2n
. N 0
N (uv) & 2.53)
m—fixed 0

exists for any positive n. However as 0 < n < r, it turns out there are issues with the existence of the limit (2.38). To properly define

h§°°> certain subtractions need to be made so that the large - N limit can be taken. Namely, introduce the “regularized” version of
the sum th):
(N reg) il (=D"'N IN <
e D N (e z - 2.54
s m=1(C'”) 2srcos(sy) 28 (2.54)

where M stands for the total number of Bethe roots and in the case of the ground state M = % Without going into details, we
mention that the form of the counterterm is motivated by the Bethe Ansatz equations (1.11) with the inhomogeneities subject to the
r - site periodicity condition #;,, = #;. Taking into account the definition of a; (1.22), the above formula can be re-written as

—1 1-d
(Nreg) _1 - ( 1)5 rNOC[s N s
_— | — . 2.55
Z(Cm) 2cos(sy) rNy ( )
This will be used to define h(N’reg) for any value of A=0,1,2,...,r— 2. In the case we are currently considering, where r is odd and

A== 1 ,all ay; with j=1,2,..., A are set to zero, so that

4 For odd r, which we consider in this section, one can neglect the factor (—1)"~!. It is included in eq. (2.47) since it will be applied for any r, A=0,1,...,r—2 and
to make the notation consistent with that of the work [31], devoted to the case A =0. The remark also carries over to eq. (2.62), below.

5 If we require the spectral determinants to be entire functions of E, the quantum Wronskian relation (2.20) must be modified when n takes the values (2.52). The
simplest illustration is provided by the case r = n, where D, (E) is given by (2.17), while D_(E) is obtained from the former via the substitution p — —p.

10
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(Nreg) _ o (N)
h2j = h2j . (2.56)
At the same time, the values of a,;,; with j=0,1,..., A — 1 are generic complex numbers, which are held fixed in taking the scaling

limit, and the exponent d,;,, in (2.55) is given by

2j+1
dyjy=1- d (=0,1,...,4-1). (2.57)
Hence,
2@2j+bn 2Q2j+Dn ; Qj+D)(n=r)
FNy \ i (Nres) _ rNo\ romn AN (=1YrNgay;o1  (rNy\ roen (2.58)
N 2j+1 N 2j+1 2 sin ( Z&+DE=) N : :
sin (F20)
2r(n+r)

For n > r the second term in the r.h.s. tends to zero as N — oo and can be neglected. However, as 0 < n < r it grows and cancels the
divergent behaviour of the first term, ensuring the existence of the limit

2sn

) = gim ((ZN0 ) Ve (2.59)
s N—-o N s

Note that even when n > r, the last formula is more efficient than (2.38) for numerical purposes since the inclusion of the counterterm

greatly improves the convergence. For instance, we observed

2n
rNy \ e+ -~ _
(ﬁ) AN = p(® L O(N72) (> r-2), (2.60)

while for 0 < n < r — 2 the correction term goes to zero as N — oo with a certain exponent which depends on n.

Closely related to the divergent behaviour of hEN) for 0 < n < r is that some of the coefficients in the expansion of the spectral
determinant (2.39) possess a simple pole at n = r. It is worth discussing this in some detail since it turns out to give a hint of how
to obtain the relations between the RG invariants and the coefficients of the differential equation. Since E,(,f) are zeroes of D (E), it
follows that J; can be written in the form

A
-1 @) 45
o= DY (ED) T +EWN). (2.61)

Here the remainder Z,(A) — 0 as the cutoff A — co for n > r. Obtaining the large - A behaviour of Z (A) requires knowledge of the
asymptotics of the zeroes E,(: ) as m>> 1. The latter can be extracted from the ODE (2.18) using the WKB approximation.

The asymptotic formula (2.49) for D, (E) holds true inside the wedge in the complex E - plane described by egs. (2.47), (2.48)
and can not be applied along its boundary. At the boundary of the a'! and (a + 1) (mod r) wedges, E can be parameterized by real
positive 0 as

2n6

E=(=1y"! e7Qe D oiin 0>0). (2.62)

Along this ray, the asymptotic behaviour of D (F) is given by

D, <2C, & e cos (6a(0)) (0 - +) , (2.63)
where
A-l . Qj+1) .
Za(0) = Nytan (;’—;) el + 2 D,;,; cot (W) e r (0+in2a-1)) +o(1) (2.64)
j=0
and
Aol . 2j+1
$,0)= Ny’ + 2) er G p,y et Y= (1), (2.65)
=

In view of eq. (2.62) we write the zeroes Ef,f) in the form

E@ =1y~ e 7 exp (2 g0 (2.66)

r(ntr) m
Then Gf,f) solves the equation

b, (0) =n(m=3) m=1,2,..), (2.67)

which is similar to the usual Bohr-Sommerfeld quantization condition. It is convenient to re-write the latter in a different way.
Introduce X and Y such that

11
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i 1 y(a) i T
X =—ier M 10y e (NL (m— % + é )) (2.68)
0
as well as
D,
Gyogyy = (1Y =2 (2.69)
0

Formula (2.67), upon dropping the term o(1) in (2.65), then takes the form

A
X4+ Y Gy, XM =Y", (2.70)

m=1
which can be considered as a polynomial equation to determine X given Y. Since m is assumed to be large it follows from the
definition (2.68) that |Y'| > 1. Moreover, eq. (2.70) has r roots and we should focus on the one, X(Y), such that
XY)=Y+o0() as Y —->oo. (2.71)

The Lagrange formula [32,33] (see also Appendix B) gives this root as a series in inverse powers of Y:

o

XM=Y+ Y Ry, YU (2.72)
=0
2j+lj#0 modr
with
2j+1
-1 apt.tagy g F(al+.”+a. |- = )
R21+1 =7 ( [ : | [ 2J:1 - GZIGZZ ngilz . (2.73)
w2+ 4G Dy =jrt FO2 e Gl ra- jT)
ap,..., ;4120
In the case at hand, as it follows from (2.69) and (2.50), G,,, is given by
34l 2 e2memny 1+ = —
G2 = (—I)A_m F(z + 2n)F(2 2nr ) 2(_1)(A+1)(k—1) F(k 1+ r (I‘ 2m))
m r (r=2m)(n—r) V(B e
r(£)r(1 - ) (5= 2m)
X > Coj 41 oyt - (2.74)
J1+etig=kA-m
Jiseeesi 20
Combining the above with (2.66) yields the asymptotic formula for the zeroes:
2 A Z
ir n in ntr
E@ =er @M |y, | <1 + Y Ry e Ry 172 O (! )) (m>1), (2.75)
k=1
where
1
71' 1 »p r
Y| = —( ——+—) . 2.76
= (2 (n-142)) 2o

The remainder Z(A) in (2.61) involves a sum over negative integer powers of Ef,f). They are expressed through Q,,_;(z), which are
the coefficients in the formal expansion

00 z [
(1 + Y Ry Y—2’<> =1+ Oy () Y. (2.77)
k=1 k=1
2k—1#0 mod r
Then
i A i
(E,(;))_s xe—7(2a—2—A)s |Ym|—sv (1 + sz_](_sv) e—7(4a+l)k |Ym|—2k +O(m_l)> , (2.78)
k=1
where we use
2n
= . 2.79
Y n+r ( )

Taking s to be odd and performing the sum over a leads to

r . .
Y ED) " =rer ™V 0 (=) Y, RO £ o(m ) (s=24 1), (2.80)

a=1

12
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It follows that the large A behaviour for the remainder in (2.61) is given by

Qj+1)(n=r)

- (~1Y rNy  Qr0j2(—@j+1Vv) [ Ny\  rawn | QiD=
By (A= (20 2j+1 A oA ) (281)
r(n+r)

Let’s compare the residues of (2.81) and (2.58) at the pole n = r. It leads to the relation

1
M1 = ﬁ

or, explicitly, taking into account the definition (2.77),

0,5 2(—-@j+1v), (2.82)

A C(Qj+Dv+k
1 L T(Qj+Dv+k)
Ayl = 57— Z(—l) _— Ryjis1---Roj 1 (2.83)
4+l E KID(Q2j+Dv) o Stase ¢
Jlrendk =0
where R,;,; is given by egs. (2.73) and (2.74). Of course, the above is expected to be valid only for n = r. Nevertheless, we found
from the numerical work that it holds true for any »n > 0. The relation can be inverted, whereupon it takes the form (2.44). The

coefficients Cj({ ?“jk are rather cumbersome in general and the simplest of them is given by

I‘F( r )F(l _ (2j+1)(n—r))

2n 2rn

PG5 +3)0(G - =5

. (2.84)

) — 1\
Formula (2.44) is written out explicitly in the Appendix C for the cases r = 3,5, 7. Numerical work confirms its validity.
2.4. Some remarks about the scaling limit

In our discussion we focused on describing the large - N behaviour of the Bethe roots in the vicinity of { = 0. A similar analysis
can be performed for the Bethe roots located near { = co. In this case, (1.16) is replaced by

2n
F(n+r) -1
=(a) _ . N r(n+r) (@)
- g () ()"
m—fixed 0

where for the ground state in the sector S* =0 all M, are equal and coincide with N /(2r). If the scaling limit is taken with a,;,

(2.33) kept fixed and the conditions (2.34), (2.35) are imposed on the inhomogeneities, it turns out that E,(,:’ ) are described by the
differential equation corresponding to the Z, invariant case similar to (1.18). This can be observed by plotting the Bethe roots in
the complex f - plane with f = —% log(¢), which is done in the left panel of Fig. 1 for the case r = 3. One sees that for the roots on
the right side of the distribution, for which |{;| <1, there is significant deviation from the lines Im(f) = +Z, Z so that their scaling
behaviour is described via the differential equation (2.18) with r = 3. The Bethe roots depicted on the left side of the figure have
[¢;1 > 1 and are visibly located along the lines with Sm(g) = i%, % Their scaling limit turns out to be same as that of the Bethe
roots for the Z; invariant case.

Keeping in mind the invariance of the Bethe Ansatz equations (1.11) w.r.t. the simultaneous inversion ¢ (s gj—l , Hp (;12/0)‘l and
o+ o~ ! (k ~ —k), it is clear how to organize the scaling limit such that the scaling behaviour of the roots near ¢ =0 and ¢ = co is
reversed. One should treat

d r
. 1 { N\"1 s
== |— - 2.86
6= <rN0) = 2 ) (2.86)
¢=1
with s=2j+ 1 and d, w1 =1- 2’r—+1 as the RG invariants and impose the additional restrictions on the inhomogeneities:
r
PCAREIY (G=12...,4 (2.87)
¢=1
and
1 r
1 r_(_ r—1
~ ) == (2.88)
¢=1
The numbers E,(,f) (2.85) would then be described by the “barred” version of the ODE (2.18):
A-l ntr _n—r .. -
[—(3§+ﬁ2 +e(n+r)i_(_1)A Er eV — 252j+1E_2j+1 e(T_7(2J+1))y =0 (A= %) (2.89)

Jj=0

13



S. Gehrmann, G.A. Kotousov and S.L. Lukyanov Nuclear Physics, Section B 1006 (2024) 116624

Sm(B) =3 Sm(B) =5

----- ®-------0--0--©00ILLOITOP S ©- O - ---------- --------o-----o--ooouonLo“noa--e----o----------
Im(f) = +2 Sm(B) = +§

----- 999 0003603860800 0 8§ g EREDIEEEEEEEE SRR R R X J e®® ® @ L

[} [ ]
-0.5 0.5 -0.5 0.5

----- o ------0--0-0-009c0ssceseee. e o _ _ ° % e _e eeseseoscescec s o _°
Sm(B) =% Im(B) = -5

Fig. 1. Depicted are plots of the Bethe roots in the complex plane f = —% log(¢) for r=3, N =120, n=>5 and k = 0.05. For the left panel, the inhomogeneities are taken
to satisfy the conditions (2.33) - (2.35) with a; = 0.4. The right panel corresponds to the case when the spin chain possesses CP and 7 symmetry. The inhomogeneities
are specified according to (2.96) - (2.98) with b, =0.4.

Here p=-p= —”T“ k, while formula (2.44) with the replacements (ay;.1,¢5j41) = (8341, ¢;41) gives the relation between the RG
invariants and the coefficients of the differential equation.

In view of applications to QFT, of special interest are the spin chains admitting extra global symmetries — charge conjugation C,
parity P and time reversal 7. If the inhomogeneities obey the condition

o= (Nyir) ™ ¢=12,....r (2.90)

then the system possesses CP invariance, i.e.,
CPHCEP =H. (2.91)

For the action of the involutory operators ¢ and 7 on the space of states of the spin chain we refer the reader to sec. 4 of the paper
[25]. In the latter, it is also described how the CP transformation acts on the Baxter Q - operators:

CPALQ)CP =027 A () (A&, (2.92)
where
AL = Jim g‘%i%i@). (2.93)

Note that CP intertwines the sectors with % and —SZ. If, in addition to (2.90), the inhomogeneities obey the reality condition

’1; _ "I;l . (2.94)

then the spin chain possesses time reversal symmetry 7 (again see ref. [25] for details). This way, the requirements (2.90) and (2.94)
will guarantee that the field theory underlying the critical behaviour of the spin chain is CP and 7 invariant. Also note that, without
loss of generality, the inhomogeneities can be chosen in such a way to satisfy the condition

,
[17 =1 (2.95)
£=1

even for the spin chain, where no other constraints on #, are being assumed.

For the Z, invariant case, 1, = (—1)" er @D and the conditions (2.90), (2.94) and (2.95) are satisfied. For the model, which
possesses CP and 7 symmetries but Z, invariance is broken, the inhomogeneities can be parameterized through the phases 6, as

ny = (=1yer @/~ Didr (2.96)
with

8p =06, ==6,11_¢> 6+...+6,=0. (2.97)
In the case when r is odd and A = %, one can consider the limit with 6, — 0 as N — oo such that

1= 2+

< . T . rNO 4
Sp= =81 =2 Y, sin (226 = 1)2j + 1) by ~ (¢=1,...,A+1) (2.98)
Jj=0

14
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keeping the real numbers b,; ., fixed. The Bethe roots for the ground state of the spin chain with N =120 and b, = 0.4 are depicted
in the right panel of Fig. 1, which may be compared with the plot in the left panel. Our numerical work for the cases r = 3, 5,7 shows
that the Bethe roots still possess the scaling behaviour (1.16) and (2.85) with E,(,f ) and E,(,f ) described in terms of the differential
equations (2.18) and (2.89), respectively. If we assume that the scaling limit exists then formula (2.92) implies that the coefficients
¢p;41 must coincide with their barred counterparts:

Bape1 = 241 (=0,...,A=1). (2.99)

The relation between b,;, and c;;,; turns out to take the form
21 =C byy + o (2.100)

where the ellipses involve a sum over monomials in b,;,, with j’ < j, each of which is quadratic or of higher order in the RG
invariants. The coefficient for the linear term coincides with Cy) from (2.44) and is given by (2.84). It is worthing noting that though

the N — oo limit (2.59) involving the regularized sum over the Bethe roots hﬂN’reg) still exists and is described by (2.40), the rate of
convergence is considerably slower. Moreover, the definition of hE,N’reg) requires different subtractions, depending on the RG invariant
b,;4; but not on k, in order to ensure the existence of the limit for any n > 0. In particular, when the scaling limit was defined as in
sec. 2.2, h(;;]’reg) = h(zl;j), see (2.56), while for the case (2.98) this is no longer true.

Thus we see that there is freedom in the way in which one takes the scaling limit — different prescriptions give rise to the ODEs
of the same form (2.18) and (2.89) which describe the scaling of the Bethe roots for the vacua. The coefficients of the differential
equations depend on the set of RG invariants that specify the scaling procedure. Note that the number of non-vanishing RG invariants
may not necessarily coincide with the number of coefficients c, j+1- For instance, we discussed the scaling limit, where Z;: 1 (nf)‘zj
were set to zero for j =1,2,..., A. As was mentioned before, this formally corresponds to taking the exponent d, ; in (1.22) to be
+o0. However, if the condition is relaxed and one considers the limit with non-vanishing RG invariants a,; but d,; sufficiently large
positive numbers, the ODEs describing the scaling limit remain the same. In particular for the cases r = 3,5 we found that if the
exponent d,; > %, the presence of the non-zero RG invariants a,; does not essentially affect the scaling behaviour.

2.5. Low energy spectrum in the scaling limit

In this paper, we focus on describing the scaling of the Bethe roots for the ground state of the spin chain, which may be regarded as
a rather formal mathematical problem. From the physical point of view the most interesting question would be the study of the field
theory underlying the critical behaviour of the lattice system. While this goes beyond the scope of our work, here we nevertheless
give a brief discussion of the spectrum of the Hamiltonian H in the scaling limit in the regime with %(1 - %) <y< %(1 + %) and r
odd. The analysis is mostly informed by a study of the free fermion point with y = %

2.5.1. Low energy spectrum for the Z, invariant spin chain

For a given solution of the Bethe Ansatz equations (1.11), with the inhomogeneities obeying the r - site periodicity condition
(1.12), the corresponding eigenvalue of the Hamiltonian H reads as

r N/2-S8* 1 )
e=a ( B ) ‘ (2.101)
f; Z‘l L+¢,q7 n,  1+8ua/ne

The Hamiltonian commutes with the r - site translation operator K, whose eigenvalue K is computed from the Bethe roots as (see,
e.g., sec. 6 of ref. [25] for details)

r N/2-S*

e —r(N gz Cntnpqt!
K:elrnkq (5 S)H m
=1

—. (2.102)
mel SmtNr4

The lowest energy state in the sector S* = 0 is translationally invariant, i.e., Xgg = 1. As was mentioned in the Introduction, in the
Z, invariant case with

ne=(=1yer @ ¢=1,....n (2.103)
the corresponding Bethe roots are simply related to those for the ground state of the XXZ spin chain. Using well known facts about
the latter, it is straightforward to deduce the large - N behaviour for the ground state energy:

27ro, 1
©0) _ F 2 r -1

EfN=Neg+ (E(n+r)k —E)+0(N ), (2.104)

where the specific bulk energy e, and the Fermi velocity vy are given by

2up

e =——L [ dt

sinh(%) r(n+r)
_ Up = .
z J sinh ( (bt ) cosh(r) n

n

(2.105)
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The superscript “(0)” has been introduced in order to emphasize that the above formulae are valid for the Z, invariant spin chain.
Eq. (2.104) leads one to expect that in the scaling limit H® can be written as

27rvg
N

HO < Ne_ + crr +o(N 7. (2.106)

Here Hpp stands for the Hamiltonian of the underlying CFT,

2

A d —_

Hcpﬁ/ﬁ (T+T), (2.107)
0

with T and T being the chiral components (0T =0T =0) of the canonically normalized energy-momentum tensor.

For the XXZ spin chain (1.1), corresponding to r = 1, the low energy states for any value of the anisotropy parameter -1 < A < 1
can be classified in the same way as for the free fermion point with A = 0. Namely, one should choose the basis of eigenstates of the
Hamiltonian to be the Bethe states ¥, which are labelled by the solution of the Bethe Ansatz equations. In the scaling limit ¥
takes the form of the tensor product of the chiral states

slim ¥ = |) ® |a), (2.108)
N-oo

where the symbol “slim” is used as a reminder that the formula applies for the class of low energy states only. Also, strictly speaking,
the existence of the limit requires that the Bethe state ¥ be properly normalized (for details see ref. [16]). As was discussed in [10]
(see also [34]), in a given sector with fixed S* the chiral state |a) can be labelled by two sets of non-negative integers

1§n‘f<n§<...<niM,_,. (2.109)

Similarly |@) is labelled by

<..<iit (2.110)

4
1<n1<n e

Wi

and the difference M+ — M~ should coincide with M~ — M. The latter can be identified with the so-called winding number:

W=M -M"=M"-M". (2.111)

Formula (2.108) implies that the eigenvalues of the CFT Hamiltonian Hpy split into two terms, I; + I, where I, (I,) stands for the
contribution of the chiral state |a) (|@)). In the case of the scaling limit of the XXZ spin chain,

2 )
p 1 - P 1 -
I, = - —+1L, I, = - —+L =1). 2.112
Y a1 w T =D (2112)
Here
S n+1 _ Z p+1
- K+ W), =2 _ K+w), 2.113
p=—=+— (k+w) == > (k+w) ( )

while the non-negative integers L, L are the conformal levels. In terms of the sets (2.109), (2.110) they are given by

[w]

—Mi -_1 ) +_ 1y i— L
L—Z(”, 2)+Z;(”j 3) ZI(J 2
i= i=

Jj=1
(2.114)

M- M+ [w|

= 1 _ 1 o

L= (7 =3)+ 2 (i —3)- 20—
j=1 j=1 j=1

As for the eigenvalue of the lattice translation operator for the low energy state ¥, one has
=(=1)" exp(% (Il—f1)> (r=1). (2.115)

In Appendix D we briefly discuss the spectrum of the Baxter Q - operator A, ({) (2.27) in the scaling limit for the Z, invariant
spin chain at the free fermion point y = Z. For a low energy Bethe state in the sector with given %, the chiral states |a) and |a)
appearing in the r.h.s. of (2.108) can be labelled by the positive integers

I<nf <my <..<nj. (2.116)
and
15ﬁ1—'sa<ﬁ§’a<“.<ﬁiﬁia, (2.117)
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respectively, where a = 1,2, ..., r. The number of elements in the sets {n;—ra} and {ﬁfa },i.e., M;—' and M;—’, are subject to the constraint

i(MZ—MI)JrZr‘,(M;— r)=0. (2.118)

a=1 a=1

For r > 1, the relation (2.111) is replaced by
1 % 1
- M- —M")=-
L3 o )=

which, together with the winding number w € Z, involves

M-

a a

(M7 —N7)=w+ ™ (2.119)

a=1

m m=0,1,2,...,r—1. (2.120)

Recall that N is always assumed to be divisible by the odd integer r. For this reason, in taking the limit (2.108) the size of the lattice
should be increased by 2r in order to remain in the sector with given S%. As such, one can introduce an extra quantum number

s= % - §* (mod r), (2.121)

which takes the values

s=0,1,2,...,r—1. (2.122)

It is expected that, away from the free fermion point with %(1 - %) <y< %(1 + %), the chiral states can be characterized in the same
way and, in particular, are labelled by S*,we Z and m,s =0, 1,...,r— 1.

In order to describe the eigenvalues of the conformal Hamiltonian (2.106), one should distinguish between the following four
cases:

@i) 55 _ §% even and k € (—%,0), (ii) 55 _ 9% evenand k € (0, %)
- " (2.123)
(i) % —S*oddandk € (—%,0), @iv) # — 5% odd and k € (0, %)

(note that # — S§*% is always an integer, as follows from the definition (2.121) and that r is odd). Also, introduce the integers i and
§ as

+s for case (i)
. |r—s—m| for cases (1) & (iY)' 7 5= —s for case (11) . (2.124)
|s —m| for cases (ii) & (iii) r—s for case (iii)
s—r for case (iv)

Based on an analysis of the free fermion point and numerical work we come to
Conjecture: The eigenvalues of Hepr (2.106) are given by I, + I; with

2 =2 ~ =
p r  m(r—m) - p r W(r—m) -
/i =——-—+ ——+1L, /i =——-——+ —+1L, 2.125
Y hsr 24 2r + 'Yontr 24 2r + ( )
in the cases (i) and (iv) and
2 ~ ~ )
P r f(r—m) = p r m(r—m) -
I, = -+ —— 4L, I = -—— 4+ —7+L, 2.126
"Warr 24 2r YWoakr 24 2r ( )
in the cases (ii) and (iii). Here p and p are expressed in terms of the quantum numbers S*, w, m and s according to
pHp=S7, PPy B4 2 (2.127)
n+r ro2r

while L, L are non-negative integers. The eigenvalues of the r - site lattice translation operator for the low energy states are given by

r=1,N z im o i -
/C:(—])T(7_S SHmtr =58 exp(% ([1 -1 )> . (2.128)

2.5.2. Some comments on the low energy spectrum away from the Z, invariant point

Let £,,. (vacuum energy) be the lowest energy of the spin chain in the sector with given S* and N /2 — S* is divisible by r, i.e.,
the quantum number s (2.121) is equal to zero. Note that by the ground state energy, £gg, what is meant is the vacuum energy for
§% =0. We studied the large - N behaviour of &,,., where the inhomogeneities were taken to satisfy the conditions (2.33)-(2.35)
with a,;,, being treated as fixed, N - independent parameters. It was found that the extensive part does not depend on the values of
the RG invariants and, of course, S* so that the specific bulk energy e, is still given by eq. (2.105). However, the difference between

Eyae and & 0

vac (the vacuum energy for the Z, invariant spin chain) goes at large N as
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©) _ 2@rug -1
fvac—fvaﬁTf(al,-..,a,_z)w(N ) (2.129)

where f is a certain polynomial in a,;,; whose coefficients depend on n. Note that f is independent of the value of S* as well as
the twist parameter k. This motivated us to separate out the factor 2zrvg in (2.129), where the Fermi velocity is defined by the same
formula as for the Z, invariant case, i.e., (2.105). For r =3,

f=-Ca} (2.130)

2 as n — 0. Also, at the free

with C being a positive n - dependent coefficient which vanishes as n~! for n — oo and diverges ~ n~
fermion point C|,_3 = 1

It turns out that the form of the leading behaviour (2.129) is not universal in that it depends on the way in which one performs
the scaling limit. For example, as was discussed, the limit can be organized differently such that the inhomogeneities obey (2.90),
(2.94) and the spin chain Hamiltonian possesses both CP and 7 symmetries for any number of lattice sites. If r = 3, there would be

a single real valued RG invariant b;, which is defined by egs. (2.96) - (2.98). Then, we observed that

27rvg
N

C

0 I 2

Evac — 8\(121(): =T f,1 -
N3

C, 67 +o(N7) (r=3), (2.131)

where C;, C, are some positive constants depending on n.

Regardless of the scheme in which the scaling limit is taken, the operator N (H — £gg), when restricted to the class of low energy
states, is expected to possess the N — oo limit. The low energy states can be chosen to be the Bethe states, which are specified by
solutions to the Bethe Ansatz equations. It seems to be possible to unambiguously and continuously deform the corresponding Bethe
roots away from the Z, invariant case, at least in some domain of the values of the RG invariants. A preliminary numerical study
shows that the spectrum of the operator

A 1 2 r .
H=-(n+nNk" - —+ slim N (H — & 2.132
2 (T = ¥ Sy M N (- o) (2.132)
depends on the RG invariants. For n =r, i.e., at the free fermion point, this can also be confirmed via a straightforward extension of
the analysis presented in Appendix D. A detailed investigation of the spectrum of H lies beyond the scope of the current paper.

3. Basic constraints on ODEs for spin chain with anisotropy 0 <y <«

The quantum Wronskian relation(s), obeyed by the Q - operators, first appeared in the series of works [4-6] and has since then
become a central notion in integrability in Quantum Field Theory and Statistical Mechanics. In the case of the inhomogeneous six-
vertex model this would be the relation (2.28) satisfied by A, ({) and it holds true for any values of the anisotropy parameter ¢
and inhomogeneities ;. It is expected that, with a properly defined scaling limit, the eigenvalues of A , ({) corresponding to the low
energy states would become the functions D, (E), which obey the functional relation inherited from the quantum Wronskian relation.

For the ground state of the spin chain this would be (2.20) with p= "T“ k. In developing the ODE/IQFT correspondence the main step

is to identify D, (E) with the spectral determinants of a certain 21 order ODE. Unfortunately, we do not know of a systematic way
to do this at the moment. While the previous section was devoted to the case with r odd and ¢ = e, where y € (%(l - %), Z(1+ %)),
it contains the essential hints for obtaining the differential equation appearing in the scaling limit of the spin chain for the other
domains

re(2A4,2(A+1) (3.1

labelled by the integer A =0,1,...,r — 1. Among them is that the class of possible ODEs is greatly reduced by the requirement that
the differential equation be invariant w.r.t. the transformation

2ri

, E—q’E, (3.2)
n+r

Q ye=y+

which is used to derive the quantum Wronskian relation for the spectral determinants. Our proposal is that the scaling limit can be
defined in such a way that the ground state of the spin chain is described in terms of the differential equation (1.23), i.e.,

[—a§ +p2 ey (CAET e’y—éU(y)] w=0 (3.3)
with
U= D ¢, E e(Anri) )y (3.4)
(M. J)EE, 4

A ix 4, ir
and its barred counterpart. It is easy to check that the ODE is indeed invariant w.r.t. the transformation Q with g =e’r Ao Formally
this holds true for integer j and arbitrary values of ;. However, in order for the spectral determinant to be an entire function of E,
u should be a non-negative integer. To specify the ODE completely one needs to describe the set E, ,, which occurs in the sum in

(3.4). For the case r odd and A = %, this has already been carried out in the previous section,
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E = {(wj): u=2j+1& j=0,...22} (r odd). (3.5)

nT

Then the differential equation (3.3) becomes (2.18) with ¢;;, | = ¢;4; ;
3.1. Thecase A=r—1

The ODE/IQFT correspondence in the regime (1 — %) <y <z was proposed in ref. [21]. Here we give a brief summary of the
results of that work relevant to our current discussion.
For A=r —1 the integers y and j are specified as
u=j+1 with j=0,...,A-1. (3.6)

Then the differential equation (3.3) takes the form

r—1
— O +p +e"™V 4 (—E) e - N e, EF eI Ly =0, (3.7)
p=l1
Performing the change of variables
z=—E’1eéy, ‘Pze%yw (3.8)
one arrives at
[-2+22((2) - 1) +22 2 pea)| w=0. 3.9)
Here
2 L (TP\2 oD r
A= (2) e £=1, (3.10)
n n
while P.(z) is a polynomial of degree r given by
r—1
P(2)=z2" = Y (~DFe, 2 +1. (3.11)
u=1
If one assumes that all the coefficients ¢, are sufficiently small, then the roots of this polynomial would be close to er 2D ang
hence simple. This way, P.(z) can be written as
P(2)=]]z-z» with [[zo=1. (3.12)
a=1 a=1

where z, are distinct.
It was proposed in section 12 of ref. [21] that the differential equation (3.9) (3.12) describes the scaling limit of the Bethe roots for
iz g2 . - . is
the ground state of the spin chain with g = —e™ °=D where 0 < p= HLH < 1. In taking the limit, the inhomogeneities are assumed
to be fixed and sufficiently close to their values for the Z, invariant case. Also, without loss of generality, the normalization condition

was imposed as

,
IIn=1 (3.13)
=1

In our notation, this prescription for the scaling limit corresponds to setting the exponent d, in the definition of the RG invariants a;
(1.22) to be zero, i.e.,

1N, o _
aS:; ;(nf) (s=12,...,r=1). (3.14)

The relation between the set {a }2 ;i and the coefficients {c, }; ‘:11 of the differential equation (3.7) is rather complicated. It is described
explicitly for the case r =2 in section 12.3 in [21].

For A =r — 1 the full class of ODEs which appear in the scaling limit of the low energy excited states of the spin chain is known
[21]. It will not be presented here. We just mention that though the integrable structure underlying the CFT depends on the RG
invariants, they have no effect on the conformal structure. In particular, the eigenvalues and degeneracies of the Hamiltonian H
defined through (2.132) does not depend on a, (3.14) provided that their absolute values are sufficiently small.

19



S. Gehrmann, G.A. Kotousov and S.L. Lukyanov Nuclear Physics, Section B 1006 (2024) 116624

3.2. General restrictions on integers u and j

As was mentioned in the Introduction, our work is devoted to the study of the scaling limit of the spin chain with “softly” broken
Z, symmetry. At the level of the differential equation (3.3), this can be formulated as the requirement that the term 6U (3.4) may
be treated as a perturbation. In view of this, we impose the following constraints:

(a) The function

n+

SUG = 3, ¢, B el ) ) (3.15)
(u.J)

vanishes as y — —o0:
lim sU(y)=0 for Vn>0. (3.16)
y—>—00

Then one can still introduce the Jost solutions of the ODE, which are involved in the derivation of the quantum Wronskian
relation (2.20), through the asymptotic conditions
y/il,(y)—>ei"y as y— —0 (EKe(ip)ZO). (3.17)

It is easy to see that (3.16) implies that both the integers y and j can not be simultaneously zero as well as the inequalities

MZmax(O,%) for  A>1 (3.18a)
§208&j<0 for  A=0. (3.18b)

Here we also took into account that 4 must be non-negative, which is required in order that the spectral determinant admits a
power series expansion at E = 0.
(b) The other constraint is that 6U (y) should grow slower than the term « e +ny ip eq. (3.3)as y —» +oo, i.e.,

lim e "*"YsU()=0 for Vn>0. (3.19)
y—=+oo

This implies
-
— (G +1 0<A -1). 3.20
M<A+1(/+) O<A<r-1 (3.20)

It follows from (3.19) that the zeroes of the spectral determinants would accumulate along the same rays as for the Z, invariant
case. For A =r — 1 it was discussed in the previous subsection that y = j + 1 and the inequality (3.20) is saturated. In turn, the
Stokes lines are considerably more cumbersome to describe (see, e.g., Appendix B in ref. [21]). This makes the case A =r —1
somewhat special.

The conditions (3.18) and (3.20) have some immediate consequences. In particular, one has for the integer j that

0<j<A-1 (A=1,...,r=2). (3.21)

Since we exclude the case when both y and j are zero, it follows from (3.18a) that u is a positive integer and, furthermore,

l<u< r, (A=1,...,r=2). (3.22)

A+1
As for A =0, the possible values of the pair (u, j) are described as
u=12,...,r—1& ;=0 (A=0). (3.23)

If 6U(y) is given by (3.15), where the summation is taken over the pairs (u,j) satisfying the above conditions, the spectral
determinants for the ODE (3.3) can be introduced along the same lines as was done in secs. 2.2 and 2.3.° The proof that they satisfy
the quantum Wronskian relation (2.20), which is based on the invariance of the differential equation w.r.t. the transformation (3.2),
remains unchanged. Further, D, (E) are entire functions of E.

4. ODE with single coefficient ¢, ; for Au>rjand A=1,...,r -2

We now come up against the problem of giving a precise description of the scaling limit of the spin chain that would result in
the differential equation belonging to the class (3.3) and (3.4). This involves specifying the exponents d, entering into the definition

6 Strictly speaking formula (2.23) used to specify the subdominant at y — +oo solution y, entering into the definition (2.24) of the spectral determinant, is not valid
in general. Nevertheless, y may still be unambiguously introduced via its large - y asymptotic obtained within the WKB approximation.
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of the RG invariants a, (1.22) as well as relating their values to the coefficients €y of the ODE. However, when carried out in full

generality, one runs into, besides the technical complexity, also conceptual issues. For this reason, we first focus our attention on
formulating the scaling limit such that the corresponding differential equation is given by

o ontr
—6§+p2+e("+’)y—(—1)AE’ e — ¢ E# el(Aumrn 5 u)y w=0 (c=c,j) 4.1
where the pair of integers (u, j) obeys the conditions
Yoepa L G+ & 20 (1<A<r—1) (4.2)
At SaaY /= = ' '

Notice that we have excluded the case Ay =rj which, as will be discussed below, requires a separate treatment.
4.1. Bohr-Sommerfeld quantization condition

The experience gained in sec. 2.3 suggests to start with the analysis of the large - E asymptotic behaviour of the spectral deter-
minant. A computation, based on the WKB approximation, leads to the asymptotic formula

Nye? 0 ir
log D, = om _ 2 Qr=2kM) T E (Qa=1-A)kp ((_1)(r—l)yc)k (4.3)
cos(3,) | et
neo Isksgy
D(% - 2 (= 2k M) T (k= 3 = 2+ 22 (1= 2kM)) 950
X 4 LS ! LS - +10ng+o(1).
2ny/7 k! r(n+r)
Here N, and Cp are given by (1.17) and (2.51), respectively, while
M=(+Dr—-(A+Du>0 (4.4)

is a positive integer (which follows from (4.2)). Again, 0 parameterizes E in the wedge labelled by the integer a as
ir 2n0
E=(=1y""e7 174 oiiwin (4.5)

n(n+r)
2n
One can also derive the Bohr-Sommerfeld quantization condition, from which the location of the zeroes Ef,? of the spectral

determinant D, (E) for m>> 1 may be deduced. Writing the zeroes in terms of 9,(,‘,’) according to (2.66), one finds that

and the asymptotic formula is valid for Re(0) - +oco with |Sm(0)| <

irp

X =e 21 244 eéef'[:) (4.6)
with a=1,2,...,r and m > 1 solves the equation
[557]
X4 ) Gopg XM o) =Y" (4.7)
k=1

Here [...] stands for the integer part and the notation

1
ir, T k
Y =e 237 2a=A <_N”0 <m - % + g )) . Gaua = 9o ((—1)(f—1>ﬂ c) (4.8)

as well as

_r(§+§) C(4L+ 2L (r—2kM))

Qo = G 3 X 1 (4.9)
F(;) k!F(E—k+;L+Z(r—2kM))
is being used. Also, together with the positive integer M (4.4), we introduce
L=Au—-rj>0, (4.10)

which is a positive integer due to the condition (4.2). Notice that the argument of the I' - function occurring in the numerator of the
second fraction in g,; is always positive since, as follows from the upper limit in the sum in (4.7), k < ﬁ It vanishes when this
bound is saturated and L =0, which is only possible if both A and r are divisible by 2K and

—A — —L — =
J= 5 @K =1, =52 QK-1) (K=1,2,..). (4.11)

Then, the last term in the sum in (4.7) would be proportional to log(X /const). This, among other things, makes the case L =0
somewhat special and is one of the reasons why it will be excluded from the discussion of this section.
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If the positive integer M entering into the quantization condition (4.7) exceeds r/2, the sum vanishes and hence, as m — +oo,

in r(n_nr)
E@ = (—1y~le7 2 <Nl (m—%+§)> " (1+o(m—1)) (M >r/2). (4.12)
0
FO<M<r/2,ie.,
r 1 r
i+ =)< — (+1 1
A+1<J+ 2)_M<A+1(J+), (4.13)

the sum in (4.7) is not trivial and the leading large - m asymptotic formula for E,(,? ) reads as

2n
i r(n+r) 2M
E@ = (—1y~ler Gt <Nl (m— % +2 )) " (1+0<m*7>) O<M<r/2). (4.14)
0 r

In both cases the zeroes accumulate along the same Stokes lines as in the Z, invariant spin chain. However, the subleading term in
(4.14), which evaluates to a complex number, decays considerably slower than o(m™!) from eq. (4.12) so that the zeroes approach to
the rays less rapidly when the value of the integer u is restricted to the interval (4.13). This, in turn, impacts the convergence of the
series

Z (E“)™, (4.15)

-1
s

||M8

which would require, in general, the introduction of counterterms. Similar to what was discussed in sec. 2.3, one can make use of
this to try to deduce the relation between the RG invariants (1.22) and the coefficient ¢ in (4.1).

4.2. Specification of the scaling limit

Let’s first consider the case when the pair (u, j) satisfies the inequality

yzALH(H %) (4.16)

in addition to (4.2). Numerical work shows that it is possible to organize the scaling limit in such a way that the scaled Bethe roots
for the ground state of the spin chain are described by the ODE of the form (4.1). The exponent d,, which appears in the definition
of the RG invariants,

d r
1({ N\*1 s
== (=] =D , 4.17
ag 5 <rN0> - f=1(71/) ( )
should be taken to be

dy=—Ii, (4.18)

where i denotes the smallest positive integer such that

s=pi; (modr) (4.19)

and, as before, M =(j + 1)r — (A + 1) u. If s is not divisible by y modulo r, i.e., the integer i, does not exist, the corresponding RG
invariant can be set to zero:

a,=0 if stu(modr). (4.20)

s

In addition, we assume the normalization condition for the inhomogeneities

LS =1yt (4.21)
=

The inequality (4.16) guarantees that there are RG invariants a; for which 0 < d; < 1. In this case one can use the trick discussed
in sec. 2.3 to deduce the relation

a, = (_1)5_(j+l)i.$+My Z, cls (4.22)
Here the integer N is defined by the condition

s=pig+rN;. (4.23)

The coefficients Z; are built from g,, (4.9) as
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Ly

1 I'(sv+m)
Zi== ) ()" ———+ Ry, R (4.24)
5ok mzzll m!I(sv) klvzl:‘mzl 1 o
Ky kot k=i
with
2UM-1
=1 > L a,'0, - 0y (4.25)
T alay! ! 2UM T 2 947 Oy :
ay+2ar+...+kag=k 1°%2 k F(I—T)
ap,...,a >0
and
' n2+nr ' (4.26)

It needs to be emphasized that the argument used to obtain (4.22) can not be literally applied to the case when the exponent d;
for the RG invariant a, exceeds one. Nevertheless, we found that under certain conditions which will be clarified in the examples
below, the scaling limit of the Bethe roots is described by the differential equation (4.1) if the RG invariants are specified as in (4.20),
(4.22) - (4.26) for any s. Moreover, numerical work shows that the values of some of the RG invariants a , where s is divisible by
u modulo r and d > 1 have no effect on the scaling limit and can be set to zero. In particular, for r < 10 this was always observed
if the corresponding exponent d > 2. Unfortunately, we do not have at hand a full description of the minimal set of non-trivial RG
invariants that works for generic values of r and A =1,...,r — 2.7 For this reason, we list them in the tables in Appendix F, along
with the corresponding exponents d; for all the cases with r=3,4,...,10, which were deduced from a numerical study.

4.2.1. Example: r=5, A=1 and (u,j)=(2,0)
In this case we found that there are three non-trivial RG invariants a,, a4 and a;, whose corresponding exponents are given by
d, = %, dy= % and d| = g, respectively. A specialization of formulae (4.22) - (4.26) yields

Gm=-igc (4.272)
a=t(g+5@v-1g)c
a; = _§ (g6 + % (v+1)ga4 + % v+ D —4)93) a3, (4.27b)

where v = 2- and the functions gy, are defined in eq. (4.9) with M =1 and L = 2. Then, according to the above discussion, the

ODE appea;ling in the scaling limit is expected to be
2
- 65 +p7 e L ES e E2e3HOY [, 0 (4.28)

where recall that p = L (n+5)k, see (1.19). One may observe that both g, and g, are non-singular functions of » for any n > 0. In
contrast g¢, which reads explicitly as

3 5 6 1
F(a*‘z) F(g—z)
36 =

s (4.29)
N(Z) 6I(-=-3)

possesses simple poles when n = ﬁ with k =1,2,3, ..., accumulating at n = 0. As a result, the proportionality coefficient Z i” =D =

—a, /3 also contains poles at the same values of n, see eq. (4.27b). Moreover, Z 5" =2 has zeroes with the largest one located at n = %
From the numerical work, we were able to confirm that the scaling limit of the Bethe roots for the ground state is governed by the
ODE (4.28) for n > g As for the domain 0 < n < %, it turns out to be difficult to explore for reasons to be discussed below.

4.2.2. Example: r=5, A=1 and (u,j)=(1,0)
So far, we have taken y and j to obey the inequality (4.16) in addition to (4.2). For u < A:- .

M (4.4) exceeds %, it follows from formula (4.18) that all the exponents corresponding to the non-trivial RG invariants are greater

G+ %) or, equivalently, the integer

r

than one. The numerical study shows that the relations obtained assuming u satisfies both yi + %) <y and % <u< AL+1 G+
remain valid if the former condition is dropped. This can be illustrated on the example r =5, A =1 and (y, j) = (1,0). Then, there is
only one non-trivial RG invariant a; with corresponding exponent d| = g > 1. Formula (4.22), specialized to the case at hand, reads
as

1,5 11
F(E + E) r(g - E)

. (4.30)
SI(Z) (- 5)

a,=2%"e¢ with z#=b =

7 Here and below by “non-trivial RG invariants” we mean those a,, whose values affect the scaling limit of the Bethe roots.
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Notice that the factor Z i“:l) remains finite and non-vanishing as n > % In this domain, it was numerically verified that the corre-

sponding differential equation is given by

1
— 0L+ P+ 4 S e —cEes" 10y =0, (4.31)

4.2.3. Example: combining the cases y=1and u=2 forr=5, A=1, j=0

We found it rather surprising that in the prescription for taking the scaling limit, relations (4.22)-(4.26) hold true for the RG
invariants a; with d; > 1 at least for sufficiently large n. For this reason, we performed an additional numerical study with a slightly
different setup. The exponents d for all the non-trivial RG invariants (4.17) were taken as in (4.18). Furthermore, the value of the RG
invariants a; with 0 < d; <1 were fixed according to (4.22), while those with d, > 1 were kept as free parameters. It was observed
that for sufficiently large n the scaling limit of the Bethe roots for the ground state is described in terms of the differential equation
of the form

o ntr ~

[ — O+ p e — (DA E" e —c E* e((An—rp =)y _ sUy) |w=0, (4.32)

where
o ~ s ((As—rj)"—'”+s)y
sU()=) & Ee v (4.33)
SEX

and

Zz{s: s=pi(modr) withi:[ﬁ]+l,...,r—l & %jﬁs A+1 } (4.34)

The appearance of such an ODE may be expected since it belongs to the class (3.3), (3.4), while the presence of the term 5U does not
affect the Bohr-Sommerfeld quantization condition (4.7), which was derived for the case with 6U = 0. The coefficients ¢, depend on
c as well as the values of a, with d; > 1. They can be obtained numerically, for instance, from the study of the first few sum rules,
along the lines of sec. 2.2.

As an example, consider again the case with r =5, A =1, (¢, j) = (2,0). The RG invariants a, and a,, with corresponding exponents

d, = % and d = é, are taken as in (4.27a), while the value of

4 5
N \5 1 4
a=—) =< 4.35
| <5N0> < ;(m (4.35)
is kept free now. Then, the scaling limit of the Bethe roots for the ground state would be described by the ODE
2 1
[ - 65 P+ L ES e E2esHIOY _g EestIO |y =0, (4.36)

Among other things, the differential equation implies

__2n 2 8
N 5(n+5) (Noreg) _ ~ (n+5)nt5"5 k1 1
0 FG-ws)
where
N/2
h(N,rEg) _ Z(é«m)—l Z(”f) 1 (4.38)
! oo 2rcos(Z + =) cos( + =

with r =5 and the function f| is defined in formula (A.1) in Appendix A. The dependence of the Lh.s. on ¢, the twist parameter k
and the RG invariant a; can be investigated numerically. One finds that

& =Pyc® + Pya, for n>3 (4.39)

with certain n dependent constants P, and Pj. Since ¢ must vanish as a; = —c3Z i” =2 one obtains

Py/Py=% (85+ 3 (v+ Doty + 135 v+ D(v—4)g3) . (4.40)

Also notice that when ¢ =0, the RG invariants a, = a, =0 and one gets back the case with y = 1 discussed above. This yields the
relation P, =1/Z 5“ =D or, explicitly,

5 71
STG) TG -3

- . (4.41)
TG +2) TG -3
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Fig. 2. The crosses represent numerical data for the ratio P,/ P; (left panel) and P; (right panel) obtained through the study of the sum rule for the Bethe roots (4.37)
- (4.39). The scaling limit is taken for the spin chain with r = 5, where the RG invariants are specified as in eqgs. (4.17) and (4.18) with A=1, j =0 and y =2. The
values of a, and a, were fixed according to (4.27a), a; was set to zero, while the computation was performed for various values of a,. The solid line is a plot of the
analytic formula given by (4.40) and (4.41) for the left and right panels, respectively. Note that there is a loss of accuracy as n < %

In Fig. 2, numerical data for P, and P; obtained from the study of the sum rule (4.37) with ¢, as in (4.39) is compared against the
predictions (4.40), (4.41). One observes that there is apparent deviation between the numerical results and the analytic expressions as
n becomes smaller than 2. This is due to the slow decay of the remainder term o(1) in eq. (4.37). A simple fit of the form b, + by, N~¢
of the numerical data, which worked well for large n, yields a small value of the exponent é and, in fact, becomes highly unstable. As
such, we were not able to determine with confidence the limiting value of the Lh.s. of (4.37) as n < % In all likelihood, this means

that its large - N behaviour can not be adequately described as b; + b, N~® containing a single small exponent &.

4.2.4. Example: r=7, A=1 and (u,j)=(1,0)

To understand better the problems that occurred for the cases with r = 5 considered above, it is instructive to turn to another
example, where r =7, A=1 and (y, j) = (1,0). Then there is only a single non-trivial RG invariant

d r
N 1 1
= == - Z 4.42
ay <I‘N0> - f=|(]1f) ( )
with r=7 and d; = $~ The scaling limit of the Bethe roots for the ground state is described by the ODE
1
_ 32 2 (n+7)y 7 7y _ =(n+14)y _
[ dy+p +e +E'e cEe’ w=0, (4.43)
where c, therein, is related to the value of a; as

1 7 1 3
woGra) TG—5)

c. (4.44)
7 9 3
(30 (g -5
The proportionality coefficient is free of singularities and zeroes as n > 271 It turns out that when the position of the first pole in the
a, — c relation occurs at sufficiently large values of n, one can obtain more accurate numerical data in its vicinity. In particular, we
found with confidence that

12

2n 2
N \ 70D (Nregy  (n+T)m777 k1, | 21
7 n+7
where
§_dn 21
O(cN7 9) for 7<n<35
o(l) = (4.46)

O(cN72) for n>35

It follows from the relation (4.44) that when n approaches % from above with the RG invariant a; kept fixed, ¢ must tend to
zero. Then, the differential equation (4.43) becomes the one corresponding to the Z; invariant case at n = 271 We also performed

a numerical study in the domain 0 <n < 2L It was found that if a is still specified as in (4.42) with d; = ]7—0, the scaling limit of
the Bethe roots does not depend on the value of this RG invariant and is the same as for a; = 0. However, it impacts the rate of
convergence, in particular,
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J

2 e®®%222 e
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Fig 3. The figure corresponds to the case r =7, A=1 and (u,j) =(1,0). In order to numerically analyze the correction terms in egs. (4.45) and (4.47) the quantity
(=~

N ) Torm h(N 8 was computed for increasing N. This was fitted with h(m) + const X N~?, where h(lm) stands for the known limiting value, i.e., given in (4.45) for
0

n> = 7 and zero for n < 7. The results for 6 are represented by the blue dots. The green triangles depict data for 6 that was obtained by applying the similar procedure
- P
to (%)_m (il(l’v'mg)lk:()_o2 - h(lN"eg) |x=0.04) instead. The solid red line is a plot of 6 = |g - % |. Note that near n = 10.5 the value of the exponent § becomes small
0

and the simple fit with a single exponent seems to be unreliable. For n > 35 one observes 6 =2 with good accuracy. Again, in the vicinity n < 35 the fit with a single
exponent looks inadequate, which may explain the significant spread in the numerical data obtained via the fitting procedures.

2n

T+ 6_ 4n
N AN Z 0(c NTTH) O<n<?2. (4.47)
7 NO 1 2
In Fig. 3 the numerical data in support of eqgs. (4.46) and (4.47) is presented.
We explored the possibility of achieving a non-trivial scaling limit by making the exponent in (4.42) n - dependent such that
0<d, < g. It was found that if d, is replaced by d, where

d==+= O<n<Z (4.48)

2in
Tt
A = 1im (D pNre® (i=1,2,.) (4.49)
1 7N0 1
exist and are non-vanishing for generic values of the RG invariant a; in (4.42). This suggests that the Bethe roots for the ground state
exhibit the scaling behaviour.

rj
4.2.5. ThecaseA</4<A+l(]+ L

For A =1, and (u,j) = (1,0) it is possible to give a uniform description for any r > 5, which incorporates the case r =7 just
discussed. With regards to this, it should be pointed out that a; has exponent d; = —(r 2), while formula (4.18) implies that for all
the other RG invariants d; > 2. As was already mentioned, their values do not affect the scaling limit and they can be set to zero.
This way, the scaling of the Bethe roots depends only on the single RG invariant a; (4.42). Similar to what was discussed for r =7
we confirmed that, in order to achieve a non-trivial scaling limit, the exponent d; should be taken as

20r-2)  for n>ir(r—4)
d, = . (4.50)
%(n+r) for 0<n<ir(r—4)

For n> % r(r —4) the scaled Bethe roots are described by the differential equation

1
— 24P +eY L eV —c Eer ™Y |y =0. (4.51)

We believe that formulae (4.50) and (4.51) are applicable for A =1, (u,j) = (1,0) and any r > 5, despite that for r =5 they are
difficult to confirm numerically in the domain 0 < n < %
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If one accepts that all the RG invariants with d; > 2 may be ignored, an interesting prediction is reached for the case of generic
values of r, A and j with u restricted by the condition

< (+3)
—<u<—1\j+z]. 4.52

At aaT VTa (4:52)
The latter implies that the only non-trivial RG invariant is a 4 with the corresponding exponent d W= % (( j+Dr—(A+ 1)/4) such that
1 <d, <2.1tis expected that a scaling limit, which is different than the one for the Z, invariant case, can be achieved provided

2M

4 T for n>nmin 453
K] 4Ln ’ (4.53)

)] for 0<n<n,

where

Miin = 7 (M = 3) (L>0) (4.549)

and we use the integers M and L defined in egs. (4.4) and (4.10), respectively. For n > n_;, the differential equation appearing in the
scaling limit would be (4.1). If in the domain 0 < n < n;, the exponent d,, is not assigned an n dependence but kept fixed as d,, = ey
the scaled Bethe roots would be the same as for the Z, invariant case. When the exponent is modified according to the second line of
(4.53) we observed in many examples that the Bethe roots exhibit non-trivial scaling behaviour. Describing the corresponding ODE
for 0 < n < ng;, is beyond the scope of this work.

It should be emphasized that formula (4.54) does not make sense for L = 0. This is again a signal that the case Ay = rj requires
special attention.

Let us give a short summary of this section. For sufficiently large n > n,;,, the scaling limit can be organized such that the scaled
Bethe roots are described by the differential equation (4.1), (4.2). The specialization of the RG invariants is given by egs. (4.17),
(4.20) with exponents (4.18). The values of the non-vanishing a, are related to the parameters of the differential equation as in
(4.22) - (4.26). The values of some of the RG invariants with d, > 1 turn out to have no effect on the scaling limit and can be taken
to be zero. For given A and (y, j) obeying the inequalities (4.2), the minimal sets of non-trivial a, along with their exponents, are
listed in the tables contained in Appendix F for 3 <r < 10. Therein, we also quote the corresponding values of the lower bound n,;,.

min>

5. The case Au=rjwith A=1,...,r—2

A formal specification (ignoring the constraint (4.2)) of the ODE (4.1) to the case at hand yields
— 0 +pP eV (DA E eV —cEF e |y =0. (5.1)

In view of the condition Ay =rj, u is not an arbitrary integer from the segment [1,r — 1]. Instead, if H is the greatest common divisor
of rand A,

H =gcd(r, A), (5.2)
then
rd
= — J=1,....,.H-1). 5.3
H=g ( ) (5.3)
It turns out that the case Ay =rj with A=1,...,r—2 falls outside of the scope of the discussion in the previous section and the ODE

(5.1) does not actually appear in the scaling limit of the spin chain (except when both r, A are even and u = %).
5.1. Special features of the scaling limit

Let’s first consider the case when the positive integer y < % or, equivalently, J < 7 Similarly to what was discussed in sec. 4.2.5
one may expect that all of the RG invariants have no effect on the scaling limit apart from a,, whose corresponding exponent
d,= % (H —J) is such that 1 < d, <2. In fact, a numerical study shows that the scaling behaviour does not depend on the value of
a,, as well, and the scaled Bethe roots coincide with those for the Z, invariant case.®

For r even, y = % is among the admissible values (5.3). Then it is sufficient to keep only one RG invariant ar to be non-vanishing
with exponent d L= 1. However formulae (4.24)-(4.26) for the coefficient Z L which relates the value of a% with the parameter ¢ in
the differential equation, give infinity. This suggests to modify the definition of the RG invariant as

8 A non-trivial scaling behaviour for the Bethe roots for the ground state can be achieved by swapping d = % (H-J)ford = %’ < 1 in the definition of the RG
invariant a, (4.17). This follows from the relation between the case Au=rj >0 and A =0 described in sec. 5.2 together with the results of sec. 7.
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2t (NN oy,
ar=3 ) <rN0> fzzl(qf) 7. (5.4)

N

10g ( m
With such a setup, the investigation of the scaling behaviour becomes difficult to carry out numerically. Even N ~ 5000 turns out to
be insufficient to reliably observe the existence of a scaling limit. Nevertheless, in Appendix E we present a numerical scheme, which
dramatically improves convergence and allows one to confirm that the differential equation occurring in the scaling limit is given by
(5.1) with u = % The parameter c is related to the value of the RG invariant as

1 r
:(_1)%(r—A+2) 2 TG+35)

r ——c.
z ryz DU+ 24)
Note that the argument of the logarithm in (5.4) involves the constant rN. It can be replaced by any positive number without
affecting the scaling limit.

In the case u > % the integer J in formula (5.3) is restricted as % < J < H — 1. It turns out that the minimal set of non-trivial RG
invariants consists of

a (5.5)

s=2i  (modr), i =1,2,...,[%}. (5.6)

aS' H S N

The corresponding exponents are given by
2 .
dS:E(H—J)zS (5.7)

and are all less than or equal to one. A numerical study shows that the Bethe roots for the ground state develop a scaling behaviour,
which differs from the one that occurs in the Z, invariant case. However, the scaling limit is not described by the ODE (5.1). For
instance, when r =9, A =3 (H =3) and u = 6 there is only one non-trivial RG invariant ag; with exponent dg = % The differential
equation yields the prediction that the limits (2.59) with s = 1,2, ...,8 vanish except for

4n
9N \ 36+9)
h(;o) _ ]\}Enw ( NO> h(ﬁN,reg) ) (5.8)
However, we found that together with hg”), the limit

9N 2n
3(n+9)
K = Jim < No> PV (5.9)

exists and is not zero.
The first idea that may come to mind for describing the scaling limit for u = % > % is to replace (5.1) by the more general
differential equation of the form

[_ 55 + 24 _ (CIAET e ¢ EF Y — Z b, E*i eﬂiY] w=0, (5.10)
i
. e .1 H H-1
where the summation runs over the positive integer i = [m] +1,..., [E] and
. . J
pi=ip—>G—-1r (uz%). (5.11)

Numerical data supports this conjecture, where the values of the RG invariants a; (5.6) are related to ¢ as in egs. (4.22)-(4.26).
However, while the coefficients b; depend simply on ¢, they turn out to be complicated functions of p = %(n +r)k and n:

b;=c' b,(p,n). (5.12)
For instance, the differential equation (5.10), specialized to the case r =9, A =3 (H =3) and u = 6, leads to the prediction
(n+9)" 2n+6)
(00) _ n-+ n+9 k 3
s =h e 15 ©13)
(45s)
(n+9)" 2n+3) (n+9)" 4(n+6)
) _ 1+ "™ ok 6y, WHT) Lk 3
6 ¢ r2(m2) f(55s) +0 D) 23 75)
n+9 n+9
Eliminating b;, one obtains
( + 9)_ 2(n+93) h(oo) 2
(0) _,+7) " k6 3 k3
he = T fl(z’n+9)+< E 3 > 55 55) (5.14)
(=) G s

Here the functions f; and f, are given by egs. (A.1)-(A.4) in the Appendix A, while the a; — c relation reads explicitly as
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Table 1

Compared is numerical data obtained for h(;") in two different ways for r =9, A=3
and various values of k and n. In the first case, hé‘x’) was calculated from the solution of
the Bethe Ansatz equations via formulae (5.8), (2.55) and (2.36). In the second, it was

found from the r.h.s. of (5.14), where h(3°°' was calculated numerically using eq. (5.9).
The value of the single non-trivial RG invariant a4, with exponent dg; = %, was fixed

according to (5.15), where ¢ = 1. Computations were performed for spin chains with
N £5000.

n k=0.02 k=0.04

h(:") from (5.8) hgx’) from (5.14) hgw) from (5.8) hgx’) from (5.14)

10  0.189683 0.189499 0.182812 0.182641

20 0.096347 0.096342 0.089699 0.089695

30  0.070086 0.070084 0.063443 0.063442

40  0.057235 0.057232 0.050550 0.050548
Table 2

Listed are all possible cases where Ay = rj with u > % up to r = 10. Apart
from the integers s and exponents d, which specify the RG invariants a;
belonging to the set (5.6), the values of the integers y; (5.11) entering
into the differential equation (5.10) are given in the last column.

u s d, Hi
r=6 A=3 4 (4 dy=2 Hy =2
r=8 A=4 6 (64} de=1,d=1 p3=2
r=9  A=3 6 (6} ¢16_i =3
A=6 6 {6} at(,_2 =3
r=10 A=5 6 (6} dﬁ_g =2

8 (8,6} dx_g,df% Hy =4, py =2

F(3)T(G3+3)
6=-— ¢ (5.15)
(n+9r(1+-)0(5+5)

Numerical data in support of (5.14) is presented in Table 1.

In Table 2 we list the cases where Ay =rj and u > % for all possible values of r < 10. Together with the integers s labelling the
non-trivial RG invariants and the corresponding exponents d, presented are the values of the integers y; entering into the differential
equation (5.10). Note that the two cases A =3 and A =6 with r =9 lead to the same ODE. In fact, it is easy to check that the two

sets of Bethe roots for the ground state are related as: {{ f Hazz = {e% ¢ Ha=6-

In sec. 4.1 a subtlety was mentioned that occurs when both r, A are even with y and j given by (4.11). Setting K =1 into the
formula y = # (2K —1) one gets back the case u = % discussed above. If K > 1 then u > % For r even we expect that the RG invariant
ag should be specified as in (5.4). Moreover, it seems likely that (5.5) is generalized as

r 1 Fl r
2 (K-3) (§+Z) ¢

] r

rnK! |(1+—2ﬂ)

_ (_1)%(r—A+2)

a K (5.16)

[T}

Unfortunately, we were not able to numerically verify this relation for K > 1. Notice that the first such case corresponds to r = 8,
A =4 and u =6, see Table 2.

5.2. Relationto A=0

It turns out that the cases Ay =rj with A =1,2,...,r —2 and A =0 are related. The link already occurs for the Bethe roots
corresponding to the ground state of the spin chain at finite lattice size N. It allows one to carry over the discussion of the case A =0
contained in sec. 7 which, among other things, gives a relation between the coefficients b; in the ODE (5.10) with the eigenvalues of
the so-called quasi-shift operators.

Recall that the integer y is used to specify the minimal set of non-trivial RG invariants a;. In view of (4.20), when performing the
scaling limit, one may take

B
> =0 for $#£6,20,....r, (5.17)
£=1

where ¢ > 1 stands for the greatest common divisor of x4 and r:

o =ged(r, ). (5.18)
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The condition (5.17) may be fulfilled if one sets

27

fesr =e n,. (5.19)

When s is a multiple of o, i.e., s=om with m=1,2,...,r/c — 1, then instead of (5.17) one has

dom .
/o (%) Ao if  om#3
— ) ()" = LN . . (5.20)
rmf:l Iog(%)(T)a% if O'mzz
while the normalization condition (4.21) becomes
r/c
o -r —(—1y-1
D NCOREIC (5.21)
=1
For given values of a,,, and N, this may be treated as a system of r/c equations for determining the set {#,.,...,#,/,} and hence, in

view of (5.19), all the inhomogeneities.

The N /2 Bethe roots for the ground state (S* = 0) are split into groups with roughly equal phases, which can be labelled by the

integer a= 1,2, ..., r such that arg(g“,(,,”)) ~ % (2a—-2—A) mod 2z. If (5.19) is obeyed and

@) 2
Ln =ee (9, (5.22)
then the algebraic system of N /2 Bethe Ansatz equations (1.11) reduces to a system of N /2 equations with
N=N/o. (5.23)
Namely,
~ 1 ~ E N/z ~ 2 ~
Foos t 7 P
e +q7 G\ 7 G—=q7¢; 0
Hf—qf =—a)2H~l—~2~j (j=1,2,...,%), (5.24)
s e+ 4~ é’j o Gi—d Z:j
where
" F N/CP
g \N/2 _ 1\ (@)
G =U{en @y (5.25)

a=1
and we also use
F=r/o, i=-=D"q", fip =(=1)7"" () ¢ =12,..7. (5.26)

The above formulae involve the sign factor (—1)! with I = %, which is an integer due to the condition Ay =rj.
From the definition (5.26), it follows that

g =exp < ~17r ~) with i=n/c, (5.27)
a+F

i.e., the argument of § lies in the interval (0, %). Thus the algebraic system (5.24) coincides with the Bethe Ansatz equations for the

7 - site periodic spin chain with the set of inhomogeneities {7j, };=1 in the regime A = 0. In view of (5.20), the RG invariants & are
expressed in terms of the original ones as

i, = (D0 Dsgldos g and d,=d,, . (5.28)
It turns out that if {¢ ! } is the solution to the Bethe Ansatz equations (1.11) corresponding to the ground state, then f § (5.25) are the
Bethe roots for the ground state of the spin chain with (N, r,q,7,) swapped for ( N,F, 4d,7l,) defined in egs. (5.23) and (5.26).
6. General differential equation for A =1,2,...,r —2

Consider the equation

W nr
—2 4P eV (—AET e~ Y ¢, EF elCn=m S )y | _g (6.1)
(U)EE, 4

where the sum goes over pairs of non-negative integers belonging to the set

Ea={i): §<u<zmz G+ & j20}. (6.2)
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We have excluded (u, j) for which the condition Au = r; is satisfied for the reasons discussed in the previous section. It turns out that
forany r>3 and A=1,2,...,r — 2 the number of admissible pairs obeys the condition
|E‘r,A| = |E‘r,r—1—A| (6.3)

and is bounded as’

(B <8, 4l <[5 6.4)

This way, the amount of terms in the sum in (6.1) is less than the number of functionally independent RG invariants. Thus one arrives
at the hypothesis that for sufficiently large n and given c,, ;, it is always possible to organize the scaling limit such that the scaled
Bethe roots are described by the ODE (6.1).

The specification of the RG invariants a; and their relation to the coefficients c, ; can be deduced, in principle, for any given
value of r and A =1,2,...,r — 2 similar to how 1t was done previously. Unfortunately, we did not find a convenient form for these
relations that works in general Foroddr, A= "l and n>0 they are given by egs. (2.83), (2.73) and (2.74). Below we present the

explicit formulae for even r and A = 5 -1,Z 3 as well as arbitrary r with A=1,r - 2.
6.1. Thecase A=1

The definition (6.2) for the set of admissible values of (u, j), specialized to A =1, yields
B ={(u)): u=1,...,[%] & j=0}, (6.5)
so that the ODE (6.1) takes the form

154
n+2r
|:_a§+p2+e(n+r)y+Erery_ZcﬂEﬂe T HY l[/=0. (66)

One should distinguish between the case when r is an odd or even integer. For the former, a computation shows that the exponents
for the RG invariants a, are given by

d,= 2 0 (r—odd), (6.7)
r
where
r—2s for s=1,2,..., %1
05 = r+l  r+3 . (6.8)
2r —2s for s=—, —=—, ...,r—1
2 2
The values of a; are related to the coefficients of the ODE (6.6) as
I'(sv+k)
a,=(-1 Z(_ Dk === > Ryj 41 Rojsi 6.9)
EACIR -
Jse sk 20

with v= nz—:r and we use the same notation as in (2.73). Namely

2j+1
1 _pmtetagr Dlag + . +a; ) — =— )
Ryjpy == =D ! L GMGR ... GYY (6.10)
- aplag!ayg! (1 — 2+t 274 2j+2
ap+2p+...+(+Daj;  =j+1 12 Jj+1 ( P )
apse @41 20
where now
34y omo E_(L4! Ld
_TG+5) Ly L(3 - (G +m+ )
Gy = —— Zez Z Cpy * Cpyp - (6.11)
N5 & ke -t L ybhme L) i o
2n k=1 T\2 2 2r n 2n/ pyt =y (kr—m)
1<p el < ;‘
Our numerical work shows that the value of the RG invariant a; with s = —, whose exponent is d; =2 — ; has no effect on the

scaling limit. Thus it can be set to zero and the number of non- tr1v1al RG 1nvar1ants is equal to r — 2.
In the case of even r the analogous relations read as follows. The exponents corresponding to a, are given by

d. = i e (r—even), (6.12)
r

N

9 We checked (6.4) up to r = 200. If r is a prime number then |Z, al== ! for any A=1,2,...,r—2,whileas A=< —1land A= % (r even) one has |E, 4| = [i].

r
2
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where we use

Ly for s=1,...2-1
e,=1 2 2 . (6.13)
r—s for s=%,...,r—1
2
As for the a; — ¢, relation, one has
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1 —
a,=( 1)e5—11><{Z(FS(+)‘Fs()) for —s=1..
== 1

p
27 (6.14)
1 + - .
S Q(Fs()"'Fs( )) for  s=2,...r-1
Here
& (X +k)
() — _1\k 2 (+) (+)
£ _2( D KIT(Z) Z Ry Ry (6.15)
k=1 D) J1tia. . tig=es—k
Jlseeii 20
with
2 h .
R® 2 (=Da+-tae Dleg + oo day — 2 2j+1)) 6.16)
2j+1 7= 1 - .
7 w4 2m 4 4G D=1 T2 ! T(-2@2j+1)
ap,..., @120
(1)1 ( ()22 (F) )%+l
x (G7)(G7)7 - (Gy,) " 6.17)
and
3. k 1,2 r
R JE T FG-G+pm+s) o 618
(%) kr(2-% (L4 2ymt L) m '
s k=l AT TG T DMT ) w =S kem

1<y <5 -1

The following comment is in order. Formula (6.14) yields that a,_; = 0. Moreover, the RG invariant ar has exponent d L= 2 and
its value does not affect the scaling limit. In fact, for even r the set of r — 3 RG invariants turns out to not be minimal in general.
For example, we found that in the cases with » < 10 the scaled Bethe roots are also insensitive to the value of ar , in spite that the
corresponding exponent d% +1 <2. This is similar to what happens for the RG invariant a,-; in the case of odd r2

Finally, the above formulae for both odd and even r are literally applicable provided

n> %r(r—4) . (6.19)
6.2. The case even r and A = % -1
Since

E = () p=2j+1 & j=0,1,....[5] -1}, (6.20)
the corresponding ODE reads explicitly as

[£1-1
r . ntr o5 n
[—a§+p2+e<"+’>y+(—1)5E’e’y— > cyjp1 B 5y, 2o,
Jj=0

(6.21)
Based on an analysis of the differential equation and a numerical study of the scaling limit, we expect that there are only the [i]
non-trivial RG invariants:

1 N1 v, o o
o=y (75g) + Zoo™ (0<i<[i]-1).

(6.22)
The relation between their values and the coefficients ¢,; . is especially simple

L, r 12+l
_ Y l—‘(2+2n) l—‘<2 r )
az41 = (=1

; C2j+1 -
T T(- )

(6.23)
The differential equation (6.21) describes the scaling limit of the ground state Bethe roots for any n > 0.
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6.3. The case even r and A = %

The set E, r coincides with Eré_l (6.20):

2
Er={j): p=2j+1& j=0,1,4..,[£]—1} (6.24)

N

and the corresponding ODE takes the form

[£1-1
2, 2 3 2j+1 o BE+2j+1
=0, +p +eY _(~1)2 E" e — Z o EY e ( s+)y w=0. (6.25)
Jj=0
The specification of the RG invariants and the a; — ¢, relation looks similar to those for the case A =1 and we’ll use the analogous
notations. However, now one should distinguish between even and odd % For even % the exponents for the RG invariants a; are
given by

d,==o; (r/2 - even) s (6.26)
r
where
L5 for s=1,3,...,5 -1
0,=1 2 2 . (6.27)
r—s for s=§,%+2,.,.,r—2

The values of a are related to the coefficients of the ODE (6.25) as

I'(sv+k)
a, = (- === Ry 1..-Ry; (6.28)
s Z k'T'(sv) j|+j2..§k:ox—k 2ji1+1 2ji+1
1ok 20

with v= nz—:r and we use the same notation (6.10) where now
TG +2)

k
_ 2", O F(E_%+ﬁ>
sz_ r Ze ¢ 3 k. m r
F(E) k=1 k’F(E—E—;+—)

D Coj41 € - (6.29)

. S _r=2
j1+...+jk=rT k—%
0wk <7 =1

d, = 4 e, (r/2—odd) , (6.30)
r
where
%(r—Zs) for s=1,3,...,5-2
e, =41 . ) . (6.31)
E(r—s) for s=5+1,§+3,...,r—4
The a; — ¢, relation reads as
(=) (+) r
Fy 7 —F; for s=1,3,...,z-2
%=@D**1X{m(m A) Cr (6.32)
s g(Fs +F7) for s=5+17+3,..,r-4
Here the functions F, S(J—') are defined by egs. (6.15) and (6.16) but now
F(2+L n i r=2 F(E_z_m"_L)
(£) _ 2 2n S (5=+Dk 2 n 2n
“on =TT Lot k(3 k-2 ry ) C2jy+1 " C2j41 - (6.33)
2 k=1 : ( 2 n 2n/  ji+.. +jk——2k—m
0<j... k< 2 -1
The differential equation (6.25) describes the scaling limit of the ground state Bethe roots for any »n > 0.
6.4. Thecase A=r—2
The set of admissible values of (u, j) (6.2) are given by
E,o={wp: u=j+1 & j=0,1,....[5] -1} (6.39)

and the ODE becomes
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2n+r

154

[— 0§ +p? 4+ ey _(—E)Y eV — Z c, E¥ e("+r_T ”)y wv=0. (6.35)
u=1

We have found that for any »n > 0 the differential equation describes the scaling limit of the Bethe roots for the ground state if the

minimal set of non-trivial RG invariants consists of the [%] members

1 — r
aS:E <rN0) 2(7’]/) (SZI”[E]) . (636)

Their values are related to the coefficients of eq. (6.35) as

I'(sv+k)
a, = Z(— k== > Ryj 1 Raj sy - (6.37)
s kITGv) - L e g
Jlse k20

2 . . .
Here v = "—:r and again we use the notation R, i1 (6.10) with

ré+Ly m —( +1ym+ L)
2 2n
Gy = Z Y e - (6.38)
) k=1 ( + ) m+ - ) HyFo A p=m
15#1»-»%31%]

7. ODEs for A=0

As A =0 the integer u may take any value from 1 to r — 1, while j =0 (see (3.23)). Then the ODE (3.3), (3.4) becomes
r—1
— 4P e EreY — N e, E“e"y] w=0. (7.1)
p=1
This is a more general version of equation (5.10), which describes the scaling limit of the Bethe roots for the ground state when

Ap =rj> 0. The latter is connected to the case A =0 since, as was explained in sec. 5.2, the ground state Bethe roots for Ay =rj
and A = 0 are simply related. In view of this, one may expect that in performing the scaling limit in the regime y € (0, %) one should
take the RG invariants a; with % < s <r—1 to be non-vanishing with the corresponding exponents given by
2 r+1
dS:;(r—s) (SZ[T],...,V—]). (72)
The a; — ¢, relation is obtained along the similar lines as before yielding that

- [(sv +k)

s—1 k

a, =(-1)° E( D TG E Ryjio1 - Rojr (5<s<r=1), (7.3)
J1tip--Hjg=r—s—k

J1seesJk 20

where v = 2L and we use the notation R, (6.10) with
n+r J+

3 r r=2m
rE+Lym (=)
2 2n 2n
Gy, = - E — Z Cpy  Cpyy - 7.4
F(ﬂ) k=1 k!l“(% -k+ r;lm) U+ p=rk—m ! ‘

These formulae are literally applicable for = < s <r — 1. If r is even and s = - the summand in the r.h.s. of (7.3) at k = 1 coincides
with vR,_;, which contains a divergent term G,. As was discussed, this signals that the definition of the RG invariant a r needs to be
2

modified:
2 1 ( N > o,
ar=— — [ — (ny) 2 (7.5)
2 2 10g(_x ) rNy ; ‘
rNo

and, similar to (5.5), we expect that its value is expressed through the coefficients of the ODE as

r

AG+L) 2 -2)

r=—22 V(- 1)“k
* Varh( + 5 ; \/7?.

In the case under consideration, in taking the scaling limit, the [%] non-trivial RG invariants can be treated as the independent

DI (7.6)

1
Myt A pge=r(k=73)

parameters. A quick inspection shows that formulae (7.3) - (7.6) involve the [%] coefficients c,,, where y = [E] [ﬂ] +1,...,r—1

only. These relations can be inverted to express Cpral e s Cro in terms of April e Gy The remaining coefﬁments of the ODE cy
2 2
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Table 3

Listed are the numerical values of B;lz) and B;z’ from the relation (7.12),
which expresses the coefficients c;, ¢, in the differential equation (7.10)
in terms of b, b, defined by (7.7), (7.8) with r=3.

n B B n B) B

05 —2431181 6335556 5.5 —2142092  17.56490
1.0 —33.51001 8.000000 6.0  —244.4040  18.57161
15 —4526519 9248695 6.5 -276.6034  19.57701
20 -59.22168 1037020 7.0  —310.8065  20.58141
25 —7527314 1143904 75 —347.0127  21.58504
30 -93.37681 1248197 80  -385.2213  22.58808
35  —1135123  13.51060 8.5 —4254320 2359065
40 —135.6686 1453070 9.0  —467.6444  24.59284
45  -159.8393 1554535 9.5 —511.8583  25.59473

5.0  —186.0204 16.55638 10.0 —558.0735  26.59636

with u=1,..., [%] depend on the RG invariants and the anisotropy parameter y = WLH Contrary to ¢, with y > %, they also turn
out to be complicated functions of p = % (n + r)k, where k is the twist parameter. While there are no simple analytical expressions
for these c,,, in principle, they can be determined numerically. One way of doing so is by studying the scaling behaviour of the sums
of inverse powers of the Bethe roots, i.e., the sum rules. In practice, however, obtaining c,, becomes a difficult computational task for

r > 6. In this regard, we found it also useful to consider the products

M
Ny G tnedt!

K(f) — eink q— —
el Sm T4

¢=12,...,r), 7.7)
where M = N /2 — §7% so that in the case of the ground state M = N /2. Such products are the eigenvalues of the so-called quasi-shift
operators, which are members of the commuting family that includes the spin chain Hamiltonian (for details see, e.g., sec. 6.2 of
ref. [25]). Note that [],_, K coincides with the eigenvalue of the lattice translation operator (2.102). Having at hand the numerical
values of the Bethe roots {¢,, }gi f corresponding to the ground state and computing (7.7) for increasing numbers of lattice sites, we
observed that the following limits exist
r=2u r .
b, = lim < N ) Y e THrH0 g (k) 7.8)

" i
N-oo [\ 7N, 2mir =

(here the branches of the logarithms are chosen in such a way that log(K*)) vary continuously with the values of the RG invariants
and vanish when all a; = 0). Moreover, it was checked for r = 3,4, 5 that a relation of the form

r=p
_ ) = -
=2 D BY . by by, (u=1,..,r=1 (7.9)
k=1 py+...+p=>k=Dr+u
1<uy,. .y <r—1

is satisfied by the r — 1 numbers b, and the coefficients c,. Here B,(f]‘) 4, depends on n and r, but not on the twist parameter k.
Let’s illustrate the above on the simplest example with r = 3. In this case, the value of the RG invariant a; may be set to zero. The
coefficient ¢, in the differential equation

[ - a§ 40+ _E3ed ¢ EeY —c, E*e¥ |y =0 (7.10)
is related to a, as

rG+2) T3

02 = 3 1 1 C2 (71 1)
3F(§) r(g + z)
Formula (7.9), specialized to the case at hand, becomes
e, =B b, +BJ) () ey =Bb,. (7.12)

Numerical values of Bglz) and B;z) for different n are presented in Table 3. As for Bgl), we found that the analytical expression

1
F”=v%nﬁ)

(7.13)
oG+

is in agreement with the data within the accuracy of our computations (at least ~ 10 relative error).
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The numerical computation of the limits b u (7.8) is straightforward for any r. Hence, knowledge of BL‘;) " in the relation (7.9)

would provide an effective way of determining all r — 1 coefficients ¢, in the differential equation (7.1). Unfortunately, at the current
moment the analytical formula for B;(:;) 4, is not known.

The following comment is in order here. In sec. 2.4, devoted to the case A = =1 with odd r, it was mentioned that the Bethe roots
for a low energy state develop a scaling behaviour not only in the vicinity of { =0, but also { = c0. This is manifest in that the limits

2n
_ . N r(n+r) -1
(@) _ (a)
B= gm ()" () 719
m—fixed

exist and are non-vanishing (for the ground state S* =0 and M, = N /(2r)). In the case A =0, we found that if the scaling limit is

performed, where the set of non-trivial RG invariants is taken to be {a,}" ‘E, 1)
s=[—==

with corresponding exponents d; = % (r — 5), then the

scaled Bethe roots E,(,f ) are described in terms of the ODE of the form

14

[—a§+p2+e<"+’>f—E’e’f— Y ¢, B eﬂf] w=0. (7.15)
u=1

The coefficients ¢,, entering therein, depend on the values of the RG invariants, the anisotropy »n and p = “Lm+nk

For given values of a; and N the relations (4.17), along with the normalization condition (4.21), may be treated as a system of
algebraic equations, which determines the set of inhomogeneities {7, }/,_, . For large N it is not difficult to show that

B
LS ey =1yt v 0N 7.16)
"=
while
LN Ly O(N~? =1 1 7.17
s Uy ;;(ﬂf) =a,+O0(N™) (s=1,...,r=1). (7.17)
Here
=2 (7.18)
r
and the limiting values a, are certain polynomials of the RG invariants ay, ..., a,_;. In particular,
a=(1"a,,

Gy=(1Va,_,+= (a, ;) (7.19)
= r rr 2 3
ay=(-D"a,_3+ra,_ra,_; +(-1) 3 (a,_1) (r>3).

The scaling limit can be performed with the set of RG invariants chosen to be {a,}. The latter would be defined by formula (7.17)
with the term O(N~2) ignored, and are kept independent of N. Also, one may impose the normalization condition (7.16), again,
without the remainder term. The two schemes based on the different sets of RG invariants lead to the same limiting values E,(,," ) and
E,(: ), provided that a; and a; are related as in (7.19). The scaled Bethe roots would be described by the ODEs (7.1) and (7.15). Since
the Bethe Ansatz equations (1.11) are invariant w.r.t. the simultaneous inversion ¢; — Cj", Ny (W)_] and w ~ o~ ! (k> —k), the

results for E,(,f ) carry over to E,(,f ) with a change in nomenclature only.
Comment on the Z, invariant case with n, =(-1)"er @D

In the work [31], the scaling limit for the low energy states of the Z, invariant spin chain in the regime y € (0, %) was considered.
It was found that such states can be labelled by SZ, the winding number w € Z, the pair of non-negative integers (L,L); and also, for

r even, s which may take any real value. The corresponding eigenvalues of the CFT Hamiltonian, defined according to egs. (2.105),
(2.106), are given by

2 4 52 _ s for reven
5c1«"r=p—:p —é+L+L+ 2n ) (7.20)
nrr 0 for rodd
where
Z z
p=%+n+r(k+w), 13=S7—n_2'_r(k+w). (7.21)
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For any low energy Bethe state, the differential equations were proposed, which describe the scaling limit of the Bethe roots. In

particular, the ODEs for the so-called “primary” Bethe states, for which the integers L =L =0, take the form

151
[ - a§ +p2 ey _Erey 4 Z(—l)" s, E¥ e”y] w=0 (7.22a)
u=1
141
[ - a§ + P 4 ety _ Frery Z(—w 5, E e”y] =0 (7.22b)
p=1
The coefficients s u> Sy are expressed in terms of the eigenvalues of the quasi-shift operators (7.7):
=2 1 r
. N r + I r+1-20) @)
=+B, lim — — et log (K 7.23a
S n N |:< rNy > 2rir ; g ) ( )
r=2u 1 r
_ . N r I r+1-20) ¢
=—-B, lim —_— — e Mt log (K@ 7.23b
Su H Nooo |:< rNy > 2xir ; & ( ) ( )
where

r=2u
\/;[(1*'—37)

B, =(-1)"Du2p
# Ly r=u
F(Z-% 2n )

(h=1,....151) . (7.24)

Note that when r is even, sr =5 and coincides with s, which appears in formula (7.20).

The pair (7.22) resemblzes thé differential equations (7.1) and (7.15). However, it describes the scaling limit of a class of low
energy excited states, not just the ground state. The values of s, and 5, specify the primary Bethe state and are not arbitrary. For odd
r they belong to a certain discrete set, which is determined through a so-called “quantization condition”. In the case of even r, the
parameter s = s = §r may be any real number, but once it is fixed, the remaining s, 5, with u < % take a discrete set of admissible

values, which is also defined by the quantization condition. In contrast, the pair of ODEs (7.1) and (7.15) correspond to the ground
state. The coefficients c, with u > % are related to the values of the RG invariants through egs. (7.3)-(7.6). We expect that the values

of the remaining ¢, with p < L as well as ¢, in (7.15) are a particular solution of a certain quantization condition. Determining the
latter would be crucial for describing the scaling limit of the low energy spectrum for the spin chain with softly broken Z, symmetry
in the regime y € (0, %). However, this problem lies outside the scope of the paper.

8. Concluding remarks

In this work, we described within the ODE/IQFT approach the scaling behaviour of the Bethe roots for just the ground state of
the spin - % chain associated with the inhomogeneous six-vertex model. Even so, the results indicate the presence of a remarkable
variety of multiparametric integrable structures in the underlying field theories. Further development of the ODE/IQFT correspon-
dence would require obtaining the class of differential equations that describe the scaling limit of all the low energy Bethe states.
In the Z, invariant case with anisotropy parameter y € (0, %) this was done in ref. [31]. For the more general setup discussed
in the present work, a preliminary analysis shows that a creative application of the original ideas from ref. [10] is required. An
important physical question is uncovering the field theories governing the critical behaviours for 0 < y < z. It is relatively well un-
derstood now in the case r =2 and for the domain #(1 — %) <y < & with arbitrary r due to the works [23,24,35-39] and [21],
respectively.

Among the most interesting directions of research in the area of the ODE/IQFT correspondence is its extension to the spin chain
associated with the higher spin - j generalization of the inhomogeneous six-vertex model and especially the j — oo limit for the
isotropic (XXX) spin chain, i.e., at the boundary of the domain of criticality, y =0 and y = z. This may be useful for exploring the
isotropic spin chain built from (infinite dimensional) unitary representations of 81(2, C). The latter is relevant to high energy physics
since, as was discovered in the pioneering paper of Lipatov [40], this spin chain (in a certain setup) describes the wave functions of
compound states of reggeized gluons in multicolour QCD (N, — o) in the generalized leading logarithmic approximation. The idea
was further developed by Faddeev and Korchemsky in [41]. In the works [42,43] the spectrum of the spin chain was studied for small
lattice sizes N, which is interpreted as the number of gluons. The analysis becomes complicated for increasing N. This is where, one
may hope, that the ODE/IQFT approach would be useful.
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Appendix A. Auxiliary functions appearing in the sum rules

Here we present the explicit formulae for f;, f, and f; entering into eq. (2.41). We use the same notation as in ref. [39], where
these functions have previously appeared.
The function f is defined as

zI'(1-2g) T(g+2h)

h,g)=— . Al
N9 =G Ge) T -g+2m A1)
As for f, and f3, the expression for these is more complicated. In particular, f, is given by the integral
5 (o]
4, T?(1—g) T(Qg+2h) dx S51(x) 1
h,g)=2'"4% = 0<g<s, Re(h)>0 A2
2(h.8) (1o TU-2g+20) ) 2z x+ih (0<g <3, Re(h)>0) A-2)
2 —o0
with
S| (x) =sinhzx)T(1 - 2g + 2ix) (1 — 2g — 2ix) (T(g + 2ix)[(g — 2ix)>2 . (A.3)
The above is applicable for 0 < g < % Its analytic continuation to the interval % < g <1, yields
r2(1 - (g +2h S
Fahg =2t O=9 CCEEI ([ e AL )
2l 44 FA-2g+2h) 27 x+1ih
2 o0
sinzg)l'(3 — 4g)[2(1 — gI?(3g — 1) |
- -<g<l, Re(h)>0) .
Qh+1-28)Q2h—1+2g) (5<s e(h>0)
In the case of f3, the following expression is valid for 0 < g < % and Re(h) > 0:
31 - I'Gg—1+2h
fg(h o) = 22 6g \/— ( g) I'Gg ) (A.5)
[‘3( +g) I'2—-3g+2h)
+oo
% Slﬂ(47fg) / / Sz(x ») o1 / dx S3(x)
27 (y +ih)(x — y — i0) 27 x+ih )
—00
where the functions .S, and S5 read as
S,(x,y) = sinh(2zy) sinhQzx) (g + 2iy) (g — 2iy) T(2g + 2iy) T'(2g — 2iy)
xT(2 = 3g +2iy)T(2 - 3g — 2iy)T(1 = 2g + 2ix)T(1 — 2g — 2ix)
x (T(g +2ix)T(g — 2ix))’ (A.6)
S5(x) =sinhQzx) (2 — 3g + 2ix) (2 — 3g — 2ix) (F(g +2ix)I'(g — 2ix))3
sin(4izx + 2xg) — 2sin(2zg)
sin(Qizx + 2xg)
For % <g< % and Re(h) > 0 one has
B(l-g) I'Gg—1+2h
f3(h,g) — 2276g \/; ( g) ( g + ) (A7)

[‘3(% +g) Ir2-3g+2h)
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+oo -
y sm(47tg) / / Sz(x ¥) 1 /d_x S5(x)
2r (y+1h)(x y—1i0) 2x x+ih |’

where

S5(x) = S;(x) — 3772 sin(4xg) sin(2zg) sinhRzx)['(3 — 4g)2(1 — g)[2(3g — 1)
xT(2 —3g — 2ix)[(2 — 3g + 2ix) (A.8)
x T(g + 2ix)[(g — 2ix)[(2g + 2ix — DI'(2g — 2ix — 1).

Finally if % < g <1 and Re(h) > 0, the analytic continuation of (A.5) gives

_ B -g) [Bg—1+2h)
— n2-6g
fah.g) =25 x F3(l +g) [2-3g+2h) (8.9
+oo .
sm(47tg) S, (x,) dx S3(x)
x[ / /27[ (y+ih)(x — y—10)+ /§x+ih+s4]’

where S, is defined as
sin(2zg) sin(37g)['(5 — 62)['(2 — 2g)[3(1 — )[*(3g — NI'(5g — 3)
7((2—3g)? — 4h?)
4sin(37g) cos(rg)[(4 — 62)3(2 — 2g)[B(dg — 2)
3((2—3g)? — 4h?) (2cos(2mg) + 2 cos(4ng) + 1)
X (3g —6h—-2+(15g —6h—10)cos(2zg) + (9g — 6h — 6)cos(4xg) +2(3g — 2) cos(67rg)) .

Sy =

(A.10)

Appendix B. Lagrange formula

Consider the algebraic equation
r—1
X'+ Y G X "=Y". (B.1)
m=1

Let X(Y) be the solution such that

X(Y)=Y as Y > . (B.2)

In fact, X(Y) is a multivalued function of Y and this condition specifies its branch for sufficiently large Y. It was found by Lagrange
[32], see also [33], that X(Y') admits a convergent power series expansion of the form

(oo}
XM=Y+ Y R Y, (B.3)
k=1
k#0mod r

where

k
R, = l Z (_1)a|+..4+ar71 I'e; +...+a,_; — 7) GG Gl ®.4)
r Aot 20 alay! oo y! F(l—%) 72 r—1
a +2ap+..+(r—Da,_ =k+1

=1

Appendix C. Relations between a,;,; and ¢;;,; forr=3,5,7and A= =

For r odd and A = =L the formula (2.83) was obtained in the main body of the text that expresses the RG invariants a, i1 (2.33)

with j=1,2,..., % in terms of the coefficients c, i1 of the ODE (2.18). The inversion of this relation leads to eq. (2.44). Here we
write it out explicitly for r =3,5,7.

In the case r = 3 there is only a single non-trivial RG invariant a,. The coefficient ¢, entering into the differential equation is
simply proportional to it:

=%, ((hD)
where we use the notation Cj(.j ) from eq. (2.84), namely,
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I‘F( r )F(l _ (2j+1)(n—r))

2n 2rn

W = (=1 ) (C.2)
J L, L _ Qj+Dn=r)
F3+5)rG -5
For r =5 the two coefficients ¢; and c; are expressed in terms of the two RG invariants a; and a5 as:
(1= Ca + =3 () - 5cO) a2
1 o 17 oo, 1 0 3
My (C.3)
37V 3 .
For r =7, one has
=cO n=T (260, ~Dc2
cg=Cy a Tan <7C0 +C°C ) aza
n=7 (15n—=7 ), 3(n=T7) 1) 2 3n+28 ,2\3\ 3
C+ cC - C
2 < 24 0 55 O G T () )6
—Wq, _ 30 =D (M) | (c@)2) 42
e =Cay = 222 (76" + ()7 o2 €4
2
c5 = C; )a5

Appendix D. Scaling limit at the free fermion point with 5, = (—1)" er @D

in
Here we focus on the case with r odd and ¢ =i. In addition, the inhomogeneities are set to be n, =(-1)"e™" =D for which the
spin chain possesses Z, invariance. In this case the Bethe Ansatz equations take the especially simple form

N

1+ (lgj )r " — _eiﬂ(2k+sz) . (D].)
=g,y

In sec. 2.1 we described the scaling limit of the eigenvalue of the Q - operator for the ground state of the spin chain. Formula
(2.32) remains valid in the case of any low energy Bethe state provided n > r. However, at n = r it should be modified as

% (_I)A E .
glim <2—> A+((2N/7r)_7 E) =D, (E) (n=r), (D.2)
—00 r
where recall that the symbol “slim” is there as a reminder that the formula holds true only for the low energy states. The necessity of
the N - dependent factor can be illustrated on the ground state eigenvalue. The scaling limit of the Bethe roots for the ground state,
where S§* =0, yields
L Pl B 1
E@ =er® ™7 (@m, — 14+ 2K)r)" (a=1,....r) (D.3)

with

m,=m=1,2,... . (D.4)

Then, it is easy to see that the limit in the 1.h.s. of (D.2) exists and leads to
1
. 'S +%)
D= —2 (D.5)
I(;+k+e)
where we use the short-cut notation
in 1
e=e 2"V onTr E. (D.6)
Staying in the sector 5% =0, we now consider the scaling limit of A ({) for a low energy excited Bethe state. The chiral state |a)
appearing in eq. (2.108) can be characterized by the location of a finite number of “holes” at ", in the vacuum distribution of the
integers m, given by (D.4) as well as “particles” nt . The positive integers nF are ordered as
J,a Jj.a

1<nt
lLa

+ +
<"2,a<”'<"M . (D.7)

+
a-a

in 1
Note that for the particles, k — n;’a + % is a negative number and we take its r-th root to be e ~ (n;’a -k— %)7 so that the corresponding
E lies on the ray arg(E\¥) = Z (4a—r—1) (mod 27). Then the scaling limit of A, (¢) yields
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27i

M; L 1
rG+n» Il M5 e (n, -5 +%)

F(% +k+€’) H;=1 ij\iul' e”Ti(2a+I)(n

+ —l—k)%
J.a

MF (E a1 1 1
o I (7O (nf, = 3 — )7 +e)
X

D.
rorMr (a1, )L (D.8)
I, szl (e v (”j,a -3 +k) +e)
As € = +00, D, develops the asymptotic behaviour
o0
, =1 .
log D, <log(C,)—¢ (rlog(e) - 1) - (M + rk) log(e) + Z — D, e (D.9)
s=1
Here M stands for the difference between the total number of holes and particles,
r
M=) (M, - M), (D.10)
a=1
while €, is given by
1 r M; Ea — 1 %
TG+ Tl 017 e (Ma=3+%) D.11
N r MF BQatl) (p+ _ 1y L ®-1D
Ha:I Hj:l er (nj,a - 5 - )
The coefficients D, ; entering into the sum read as
D 6 B%+l(%+k) (D.12)
+5 =10s0(modr) — 5 T3 :
~+1
r M; s M; . s
Z2as [ - 1 r Z@2a+)s [+ 1 T
O e ]
a= Jj= J=

where B, (z) are the Bernoulli polynomials.
Within the usual ODE/IQFT interpretation [5], the coefficients D, ; in the expansion (D.9) would be the eigenvalues of certain
integrals of motion. In particular, D, , = I} — the eigenvalue of the first local integral of motion,

2z
A dx
I, = —T, D.13
1 / 2r ( )
0
which is the chiral component of the CFT Hamiltonian (2.107). Formula (D.12), specialized to s = r yields
2 e ro Mg My
_r ay _E_r - _1 + _1
=3 <k+r> P 24+Z<Z(nj’a 2+ (nf, 2)>‘ (D.14)
a=1 \ j=1 j=1
Let’s write the integer M as
M=m+rw (D.15)
with
w=0,+1,+2,..., mn=0,1,2,...,r—1. (D.16)

Then the state with the lowest value of I; with given M > 0 would have all M;f = 0, while m members of the set {M }2: . would
be equal to w + 1 and the rest would coincide with w. The location of the holes is described by n,=J for j < M. For M<0 all
M =0, while the set { M} }’_, is comprised of r —m integers |w| and m integers |w + 1|. Then one can re-write I in the form which
is applicable for any M € Z,

2
11:%<k+w+?> +¥—i+h (D.17)

where L is a non-negative integer given by
r |w+1]| |w|

My My
L=21<zl(n;a_;)+2(n;a_;)>_m Yu-b-e-mXu-b 018)
a= = Jj= J= J=

J
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Note that the states with L = 0, having the lowest value of I;, are #lm), times degenerate. Analogous computations can be repeated

for the chiral state |@). One should keep in mind that in the sector with fixed S#, the total number of (left and right) holes should
coincide with the total number of particles, i.e.,
r r
Y (Mg + M) =) (M]+ M), (D.19)
a=1 a=1
In the above considerations, we focused on the sector % =0 to make the discussion as simple as possible. This can be extended

to the case of .S7 being any (half-)integer. The final expressions for I, and I, are given by formulae (2.125)-(2.127) where one
should set n = r therein. Then, the eigenvalues of the Hamiltonian Hcpr (2.106) coincide with I; + I, while for the r - site lattice
translation operator they are described by (2.128). This result motivated the conjecture contained in sec. 2.5.1. The latter was verified
numerically on some specific examples away from the free fermion point.

Appendix E. Scaling limit for r, A even and (u, j) = (%, %)

Here we present the numerical scheme mentioned in sec. 5.1 which allows one to confirm that the scaling limit of the Bethe roots
with the single non-trivial RG invariant taken as in (5.4) is described by the differential equation (5.1) with u = %

As was explained in sec. 5.2, in the case u = % the ground state Bethe roots, where the inhomogeneities obey the r - site periodicity
condition 7, = 1, are simply related to those for the spin chain with 7, = 7. The parameters of the reduced system (N, 4, ij,)
are expressed in terms of the original one (N, q,#,) as in egs. (5.23) and (5.26) with ¢ = % In particular,

I\7:2N/r, q~:exp<~lj_rz), where n=2n/r. (E.1)
i

From the definition of the RG invariant (5.4) and the normalization condition (2.34) one has

r 4N, Y
Lilocnita, <—°> 1og<i>
mn m 2 N 4N,
Lilo (E.2)
g

where N, is given by formula (1.17) with r and # replaced by 2 and 7, respectively. In what follows it would be convenient to use
the parameter «a, defined as
a =arg(f) = —arg(f,), a€(0,x). (E.3)

Then the system of equations (E.2) determining the inhomogeneities implies

) log (%) +0((log N)*/N?) . (E.4)

0

2N,

T r
a=7+(D3 a; ( =

The scaling limit of the 2 - site periodic spin chain in the regime with arg(g) € (0, %) has attracted a lot of attention in the literature,
see [23,24,35,37,38] and the more recent papers [20,39]. The interest originated following the work of Jacobsen and Saleur [35],
which was devoted to the case when the parameter a in (E.3) is equal to % In the subsequent papers [23] and [37], the energy
spectrum for — in the terminology used in sec. 7 — primary Bethe states was studied. These were originally defined in [23] using
the logarithmic form of the Bethe Ansatz equations. The corresponding Bethe roots turn out to be all real and the states can be
characterized by the integer m, which coincides with the difference between the number of positive (me > 0) and negative (me <0)

roots. In ref. [37] an important relation was found between m and the quantity
s=2=log (£ /D), (E.5)
2z

which is expressed in terms of the eigenvalues of the quasi-shift operators

 E— “=12). (E.6)
mel Sm T q”

In the case of the primary Bethe states there is a natural way of assigning them a dependence on the lattice size so that s becomes a
function of N. Then it was observed from the numerical data that, with a properly chosen branch of the logarithm in the definition
(E.5), the leading large - N behaviour of s for fixed m is given by

g T
2log(N)

Moreover, the so-called “quantization condition” was proposed that provides a refinement to this leading asymptotic. The more
precise version of the relation, which is also applicable to the case of quasi-periodic boundary conditions, appeared in ref. [20] and
reads explicitly as

(N - ). (E.7)
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45log (i> — 6(s) — 2rm=0((log N)™) , E8)
2N,
where
tis 5y TG +P+ 2)TG +5+5)
8(s)=—2i 1og<2‘7<"+2) : o — (E.9)
FG+p-DIG+5-3)
and
L 8T qi+2 - ST qi+2
p:7+ 3 (k+w), p=>- (k+w). (E.10)

The quantization condition holds true up to power law corrections in N, as indicated by the r.h.s. of (E.8). For given m, it gives a
remarkably accurate description for the value of s at large N [44]. It follows that s(/V) tends to zero as N — oo if the integer m is left
unchanged. A non-trivial scaling limit can be achieved by increasing |m| simultaneously with N in such a way that s is kept fixed,
i.e., treated as the RG invariant. Then (E.8) is interpreted as an equation specifying the N - dependence of m. This way, the states
would be characterized by s, which may take any real value. The corresponding eigenvalue of the CFT Hamiltonian (2.106) is given
by (7.20) with r = 2. In the work [20] it was proposed that the differential equation

-0+ 5+ —E2e¥ —sEed |y =0 (E.11)

describes the scaled Bethe roots for the primary Bethe states when the scaling limit is taken with s being treated as an RG invariant.

The quantization condition was originally found for the case when a from (E.3) is equal to % It was generalized by Frahm and
Seel in ref. [24] to « € (y, 7 — y) being a fixed number independent of the lattice size. For our purposes, it is sufficient to use the
results of that paper specialized to the ground state, i.e., the state of the spin chain Hamiltonian with the lowest possible energy.
The important difference between a = % and a # % is that the value of s defined as in (E.5) for the ground state in the former case
vanishes, while for the latter it is no longer zero. Moreover, as N - o,

sas(N)=Nby, +0(1), (E.12)

where s;¢ denotes the value of s computed for the ground state and

7 4 sinh() sinh ((7+ 1
_ﬁ/% sinh(¢) sinh ((7i + 1)r) sinh ((1 - 2_11)(ﬁ+2)t) _ (E.13)
V4 b3
0

sinh(7it) sinh ((ﬁ + 2)t)
The remainder term in (E.12) admits a more accurate description. Namely, denoting it as

S =86s(N) = Nb, , (E.14)

the following quantization condition holds true

4s,, log <%> ~ 6,(s,) = 27m, ((log NY™). (E.15)
0

Here 6,(s) is given by (E.9) with f=—-p= %(ﬁ +2)k and m, is the nearest integer to —ﬂ (z —2a) N. Despite the similarity of the

above with (E.8) one should keep in mind that the latter relation gives the N dependence of s (E.5) for the primary Bethe states,
while (E.15) describes how s,, defined in (E.14) depends on N for the ground state of the spin chain only.

In the relation (E.15) the parameter « is assumed to be fixed. Nevertheless, it inspired us to introduce the formal variable s as the
solution of the equation

N r_ 4(i+2) - N
4s log(%) 6,9 = (D" as %NO log<%> , (E.16)
0 0

which is obtained from (E.15) by setting m, = 0; substituting « for the N dependent expression in the r.h.s. of (E.4); and ignoring
all correction terms. In the original scheme for performing the scaling limit ar was treated as the RG invariant. We now switch the

schemes and suppose that s does not depend on the number of lattice sites, whereas the N dependence of a- is dictated by (E.16).
2
It turns out that in the new scheme the sums over the Bethe roots

(2N0>n+2 1 2(§m —j

tend to their limiting values with corrections that decay as a power law in N. In contrast, if ar were to be kept fixed, the corrections
2

would decay c0n51derably more slowly — as the inverse power of log(N ). Thus, the new scheme allows one to observe the scaling
behaviour for N = == ~ 1000. On the other hand the definition (E.16) implies
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’“ﬁ'zﬂfo =0(1/10g(N)) . £.17)

s+(=DIar
2

Hence, the change of scheme will not affect the scaling limit, but rather, the rate at which it is achieved as N — co. In this regard,
one may note that the choice of the constant » N, in the logarithm in (5.4) for the RG invariant a% is not essential: the constant can
be replaced by any positive number.

This way, we were able to establish that the scaling limit of the Bethe roots is described by the ODE (E.11). Taking into account
the relations (E.1) between the parameters of the original and reduced systems and performing the change of variables

r r r
=Ty toe(2) 18
y=oy- el (E.18)
and
- A L r
5=2p, E=(-1)2 (2)"” E? (E.19a)
r r
A
s=(-D7 % (E.19b)
r

one arrives at the differential equation (5.1) with u = % The a% — ¢ relation (5.5) follows by combining (E.19b) with (E.17).
Appendix F. Supplementary tables
Here we give the specification of the RG invariants a, (1.22), such that the scaled Bethe roots (1.16) are described by the ODE
_ 32 2 (n+r)y _ (_1\A pr oy _ u \(Apu=rj) #‘FM y _
[ 6y+p +e (-D*E" e cFE e< ) w=0 (F.1)
with (u, j) taken from the set (1.24).
Forr=3,4,...,10,A=1,2,...,r—2and all possible pairs (y, j), presented in the tables are the values of the integer s corresponding

to the minimal non-trivial set of RG invariants along with their exponents d. All other sums Y7,_, (1,)™* can be taken to be zero.
Also, the normalization condition

LS o =1y (F.2)
"3

is being assumed. The values of the non-vanishing RG invariants are expressed in terms of the coefficient c¢ of the ODE as in formulae
(4.22) - (4.26). Then, the scaling limit of the ground state Bethe roots is described by the differential equation for any n > n,; ., where
Hpin is listed in the last column of the tables.

'min>

A ) s d, n
r=3 1 (1,0) {1) =2 0
r=4 1 (L0 {1 4 =1 0
2 1Lo (L2} dl=%,d2:1 0
r=5 1 (L0 {1} dy =2 :
@0 (241 d=da =t g=t 3
» >4 2554 =5.4=3 >
2w () d=1 .
ERIERY R 0
3010 (1,2 dy=2.d=1 0
@n a=1 o
r=6 1 (1,0) {1} dI:% 6
2,00 {2} d2=§ 0
2 o (1 dy =1 0
3 w0 {1 =2 o
4 (1,00  {1,2,3} d1=];,d2=§,d3=1 o
en (2 d=1 o
r=7 1 (1,00 (1) d|='g—° 2
@0 (2} 4= .
(3,0) {3,6,2,5,1} d3:2,d6:%‘7d2=5’ds:§’d1: 170 :z_]
2 1o {1 =14 ;
2.0 (2461} dzzg,d4:§,dh:g,d,:§ !
@D (4 dy=%.d=2 !
3 (0 {1} d1—§ 0
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A (U, Jj) s d Ain
Gn 3 =73 0
5.2) (53,1} d5=§,d3 §,d1=§ 0
4 1,0 {12} d=2d=2 :
en {2 d2=% ;
@2 (4152} dy=2.d, fdg=%.d,=% 1
5 (L) {1,2,3} d=2dy=3,d;=2 0
@y {2) dy=1 0
(3.2 {3) dy=12 0
A i) s d, Min
r=8 1 (1,00 {1} d=2 16
2.0 {2} dy=1 0
(3,00 {3,6,1} dy=5.dg=1,d,=3 16
2 1,0 {1} d=3 4
2,00 {2,4) dy=1,d,=1 0
G, {5,2,7,4) d5=§,d2=%,d7=§,d4=l 0
31,0 (1) dy=1 0
G (3) dy=1 0
4 (Lo {1} d, =3 0
@) {3,6,1,4}) d3=§,d6=%,d1=§,d4=1 0
51,00 (1,2} d=1d=1 0
@ {2) dy=1 0
(5.3 {52) ds=3,dy=1 0
6 (1,0 {1,234} d=1d=31d=32d=1 0
@ {2,4) dy=1,d,=1 0
(3.2 (3) d3=§ 0
A (uj) s d, imin
r=9 1 (1,00 {1} d=13 2
20 {2 4= i
(3,00 {3} dy=1 0
4,00 {4,8,3,7,2,6,1} d4=§,d8=i;,d;=§,d7=§, £
dy=3.dg=3,d =%

2 o (1 =1 7
20 {2} dy=2 0
ERINERY dg=1,a,=1 n

310 (1) d=2 3
2,0 {24,681} d=ld=tag=2g=8g-0 3

27 9074 9 67 32787 90 T1 T 7 2
@1 {48.3) dy=3.dy=3 0

4 (1,0 {1} d=3 0
G (3) dy=1 0
(6.2 (5.1} ds=3,d =3 0
(1.3)  {7.5.3,1) dy=3.ds=3.dy=%4d, =% 0

510 (1) d=: 0
en (@2 b= 7
“4.2)  (4) d4=i 0

6 (1,0 (12) d|=%,d2=§ 0
@n {2} dy=73 0
(5.3)  {5.1.6,2) ds=3,d =3, dg=3,d,=% 0

7 1,00 {1,2,3.4} d=3%,dy=3,dy=3,d,=% 0
@1 {24} dy=3%,d;=3 0
(3.2 {3} dy=2 0
“,3)  (4) d4=§ 0
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3 (L0) ({1} d1=§ ?

2.0 (2.4} dy=%,d,=1 0

“n 4 d4=§ 0
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4 (1,00 {1} d =1 0

G.n {3} dy=1 0

51,00 (1} d1=§ 0

@1 {3,6) dy=3,dg=1 0

6 (1,0) (1.2} d,:%,dzzg 5

@n {2} dz:§ 5

“2)  {482) dy=5.dy g,dz=§ 5

7,4 {7,4,1,8,5} dy=1dy=32d =% dy=1%ds=1 0

7 (1,00 {12} d1=§,d2=§ 0

@n {2 dy=3 0

(3.2 {3} d3=§ 10

6.4 {62} dg=3.d,=1 0

8 (1LO)  {1,2,3,4,5) d1=§,d2 %,d3:%,d4=§,d5=1 0

@ (2,4} dy = 2 dy=1 0

3.2y {3} dy=z 0

@3 (4 =13 0
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