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ABSTRACT: Neural network wave functions have shown promise
as a way to achieve high accuracy in solving the many-body
quantum problem. These wave functions most commonly use a
determinant or a sum of determinants to antisymmetrize many-
body orbitals, which are described by a neural network. In many
cases, the wave function is projected onto a fixed-spin state. Such a
treatment is allowed for spin-independent operators; however, it
cannot be applied to spin-dependent problems, such as
Hamiltonians containing spin−orbit interactions. We show that
for spin-independent Hamiltonians, a strict upper bound property
is obeyed between a traditional Hartree−Fock-like determinant, full
spinor wave function, the full determinant wave function, and a
generalized spinor wave function. The relationship between a spinor wave function and the full determinant arises because the full
determinant wave function is the spinor wave function projected onto a fixed-spin, after which antisymmetry is implicitly restored in
the spin-independent case. For spin-dependent Hamiltonians, the full determinant wave function is not applicable, because it is not
antisymmetric. Numerical experiments on the H3 molecule and two-dimensional homogeneous electron gas confirm these bounds.

1. INTRODUCTION
Accurately computing the properties of many-electron systems
is a central challenge in quantum chemistry, quantum physics,
and materials science.1,2 Ab initio descriptions of strongly
correlated matter enable physical insights and understanding of
materials exhibiting complex spin textures, superconductivity,
superfluidity, and other exotic phases.3,4 While modeling of
many systems assumes spin-independent Hamiltonians, spin-
dependent Hamiltonians are important for e!ects such as
magnetism and spin−orbit coupling. High accuracy many-
body calculations of spin-dependent Hamiltonians would
elucidate new phenomena with applications to materials such
as twisted bilayer graphene and transition metal dichalcoge-
nides.
Many-body quantum calculations are challenging, because

the Hilbert space of the wave function grows exponentially
with increasing system size. The expressivity of the ansatz
determines how closely a state in the Hilbert space (e.g., the
ground state of the Hamiltonian) can be represented; thus,
increasing expressivity achieves more accurate ground states,
though at higher computational cost. Recent work has shown
that a single determinant with infinitely flexible many-body
orbitals completely represents any antisymmetric function.5
Ansatzes using neural networks (NNs) to parametrize the
many-body orbitals, trained with variational Monte Carlo, have
reached state-of-the-art results because of their high degree of
flexibility.5−20 In practice, solution convergence is not quick,
and a sum of determinants and the “full determinant” are used

to increase variational freedom. Many NN wave functions
trained in the first quantization project onto a fixed-spin
configuration. Despite the relevance of spin-dependent
interacting Hamiltonians, there has been less work on
these.21−24 The spin contamination of di!erent Slater-Jastrow
wave functions was investigated in Huang et al.25 Recently,
spin-dependent neural wave functions have been used for
ultracold Fermi gases26 nuclear physics27 and fractional
electron fillings in a Moire ́ material28 and spin-based penalties
in the training loss function have been used in Li et al.,29 Szabo ́
et al.30
Early NN wave functions used a generalization of the

unrestricted Hartree−Fock ansatz to many-body orbitals,
which we call collinear in this article.5,7,9 Further work
extended this ansatz to the full determinant5,31 and spin-
dependent spinor wave functions.26 Given that the collinear
and full determinant are projected onto a fixed-spin and that
the orbitals of these ansatzes depend on spin di!erently, a
natural question is the relation and generality between the
ansatzes. In particular, the full determinant is widely used in
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state-of-the-art NN wave functions, and its relation to other
quantum chemistry ansatzes has been an open question.32 Our
paper provides a theoretical explanation.
We demonstrate that if the Hamiltonian and the many-body

orbitals are spin-independent and otherwise identical, then the
minimum energy NN ansatzes can be energetically ordered as
follows: E[collinear] ≥ E[spinor] ≥ E[PS spinor] = E[fulldet],
where PS is a projection onto a fixed-spin state. If the many-
body orbitals are spin-dependent, which we call “generalized
spinor”, then we show further that E[fulldet] ≥ E[gen spinor].
For spin-dependent Hamiltonians, the fulldet wave function
cannot be used since it relies on spin projection. We show
numerical experiments on model systems H3 and two-
dimensional homogeneous electron gas to confirm these
results.

2. BACKGROUND
2.1. Many-Body Spinor Wave Function. The many-

body orbital ϕ is a function n3 of all n electron positions
Ri ≔ {ri; {rj\i}} where {rj\i} indicates all electron positions
except the i-th electron (the special particle), and the orbital
value is invariant to permutation order of the {j \ i} electrons.
We use R to represent all of the electron positions.
The many-body spin−orbital maps from n3 2

| =R
R
R
( )
( )i

i

i

ikjjjjj y{zzzzz (1)

which may also be written as ϕ↑(Ri)|↑i⟩ + ϕ↑(Ri)|↓i⟩. The
spin−orbital is a two-component function for spin-1/2
particles, as it is the positional wave function tensored into
the Sz eigenbasis for spin. Spin-1/2 particles have two Sz
eigenstates, commonly called up |↑⟩ and down |↓⟩, and the
spin state of an electron, si, can be represented as a normalized
complex two-dimensional vector or superposition of the Sz
eigenstates. The Hilbert space of the many-body spin−orbital
is ( )n2 3 2.
The spinor determinant33 is

=
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(2)

where S is all of the electron spins. The spinor determinant is
antisymmetric because an exchange of ri, si and rj, sj only
exchanges columns i and j, which results in a minus sign. The
many-body orbitals of eq 2 depend on the positions of all
particles but only on the spin of the i-th electron. We also
describe a generalized version in which the orbitals include a
permutation-invariant dependence of all spins in the next
section.
2.2. Ansatzes. Commonly used quantum chemistry

ansatzes are representable in the spinor form. A collinear
ansatz contains spin−orbitals that are fully up or down; i.e., the
spin−orbitals are all aligned along the same spin axis. The
collinear determinant is

| =

· ·

· ·

· ·

· ·
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† †
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ikjjj y{zzz ikjjj y{zzzikjjj y{zzz ikjjj y{zzzikjjj y{zzz ikjjj y{zzzikjjj y{zzz ikjjj y{zzz
(3)

where n↑ and n↓ represent the number of up and down orbitals,
respectively. Note that the collinear ansatz is the only ansatz
discussed here that requires selecting the number of up and
down orbitals, which we index by 1, ..., n↑ and 1, ..., n↓. If we
evaluate ⟨↑··· ↑↓··· ↓|Ψcollinear⟩ with the number of spin-up and
spin-down electrons the same as the number of up and down
orbitals, the matrix is block diagonal with Det[Ψ] = Det↑Det↓.
For many systems, the lowest energy state is one with spins as
half up and half down and the orbitals are chosen as n↑ = n↓ =
n/2.
Restricted Hartree−Fock (RHF) is a special case of Ψcollinear

with Ri replaced with ri and ϕi,↑ = ϕi,↓. The orbitals are single-
particle orbitals, and spatial component of the up and down
orbitals is the same. Unrestricted Hartree−Fock (UHF) is also
a case of this ansatz with Ri replaced with ri.
A noncollinear ansatz is one in which spin−orbitals are not

constrained along a specified spin axis. The spinor determinant
of eq 2 is a noncollinear ansatz, and Generalized Hartree−Fock
(GHF) is a subset of spinor determinant with many-body
orbitals replaced by single-body orbitals. It is clear that RHF ⊂
UHF ⊂ GHF, which implies the energy ordering
minΨ∈RHFE[Ψ] ≥ minΨ∈UHFE[Ψ] ≥ minΨ∈GHFE[Ψ] by the
variational principle. Similarly, minΨ∈coll inearE[Ψ] ≥
minΨ∈spinorE[Ψ].
The full determinant ansatz was introduced in5,31 to increase

variational freedom. It has been used across several di!erent
NN wave functions including7,10 and also referred to as dense
determinant by.20,34 The full determinant ansatz is formed
from a precursor wave function as

| =
· ·

· ·

† †

† †
R S

s R s R

s R s R

,

( )
0

... 0
( )

( )
0

... 0
( )

n n

n n n n

precursor

1 1, 1
1,

1 , 1
,

ikjjj y{zzz ikjjj y{zzzikjjj y{zzz ikjjj y{zzz
(4)

The full determinant ansatz as defined in5 is then |Ψfulldet⟩ =
|↑··· ↑↓··· ↓⟩ ⟨↑··· ↑↓··· ↓ |Ψprecursor⟩, which produces a dense
matrix of orbitals that is not block diagonal. Note that while
collinear and spinor are antisymmetric, full determinant is not.
The antisymmetry condition requires that the wave function
gain a minus sign under exchange of both position and spin.
Consider exchanging R1, s1 and Rn, sn in eq 4. The original
columns are of the form

· ·† †s R s R
( )
0

and 0
( )j n j n1 , 1

,

ikjjj y{zzz ikjjj y{zzz
while the new columns are of the form
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· ·† †s R s R
( )
0

and 0
( )n j n

j
, 1 , 1

ikjjj y{zzz ikjjj y{zzz
not the same as exchanging the original columns and thereby
not guaranteeing antisymmetry. However, for spin-independ-
ent operators, the expectation value of the antisymmetrized
version of full determinant can be evaluated e"ciently.
We introduce a generalized spinor which can describe both

spinor and full determinant. The generalized spinor has been
used in,26−28
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=
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where {S} indicates a permutation-invariant dependence on S
is included in every orbital. When using the overcomplete basis

of electron spins as * + * =s
a
b a a b b, 1i
i
i i i i i

ÄÇÅÅÅÅÅÅÅ ÉÖÑÑÑÑÑÑÑ , the wave

function must satisfy | = * | + * |s a bi i i i i for all
i, R, S. These constraints of linear superposition are easily
satisfied for eq 5 in a discrete and complete basis for spin, e.g.,

= | + |( )1
2

for two electrons. However, an
arbitrary spin configuration, such as ⟨s1s2|Ψ⟩ where si are
arbitrary spins on the Bloch sphere, requires the evaluation of
an exponential number of coe"cients, if eq 5 does not satisfy
the linearity of spin superposition in the overcomplete basis
directly. This results in a physically valid wave function but
makes it exponentially expensive to evaluate the wave function
at arbitrary superpositions of S, prohibiting the usage of the
overcomplete basis in practice. This challenge also appeared in
Kim et al.26 Adams et al.27 where they only sampled spins in
the discrete basis, which can be ine"cient for real space
systems.
Figure 1 summarizes the relations between collinear, spinor,

full determinant, and generalized spinor. Collinear is fully

contained within full determinant, collinear ⊂ fulldet, since
collinear must be block diagonal and full determinant need not
be. However, the full determinant ansatz is not fully contained
within spinor, because the spin−orbitals are not the same
across all columns. Spinor is also not fully contained within full
determinant since full determinant is always an eigenstate of Sz,
while the spinor may or may not be. Therefore, the ordering of

variational minima between spinor and full determinant is
nonobvious. Generalized spinor contains spinor since choosing
the orbitals that are independent of spin recovers the spinor
determinant form. We will show that generalized spinor also
contains full determinant in Section 3.4 and further discuss the
validity of nonantisymmetric full determinant and energetic
bounds in the remainder of the paper.

2.3. Spin Projection. For a state in the spin and position
the basis of ( )n n2 3 2 , we use the notation

| = | |R S R S, (6)

so that

| = |S R S R, (7)

| = |R R S S, (8)

The spin projection operator PS = |S⟩ ⟨S⟩ projects a wave
function onto the spin state |S⟩. The result of a spin projection
is a fixed-spin state, where each electron is projected to ↑ or ↓,
e.g., |↑↓⟩ ↑↓|Ψ⟩. Another example of a fixed-spin state is the
spinor wave function

|
R R
R R
( ) ( )
( ) ( )

1, 1 1, 2

2, 1 2, 2 (9)

A spin-projected wave function is not fully antisymmetric
because it does not allow exchange of electrons with di!erent
spins. The full determinant as introduced in5 is written for a
fixed-spin state |↑··· ↑↓··· ↓⟩ with n↑ up electrons and n↓ down
electrons.
The correct resolution of the identity for computing

expectation values is ∫ dR ∑S |R,S⟩ ⟨R,S|, which requires
summing over all 2n possible spin states. The sum over spin
states is commonly omitted by projecting onto a fixed-spin
state, which is valid when the antisymmetrized projected wave
function has the same expectation as the spin-projected wave
function. We show the exact statement and proof in the next
section.

2.4. Evaluating Expectation Values of the Hamilto-
nian. The expectation value of a general operator O (that may
be spin-dependent and nonlocal) is

| | = | | | |O dRdR R S R S O R S R S, , , ,
S S,

(10)

where S and S′ run over all configurations of the spins of all the
electrons.
If O is independent of spin, it has the simplified expectation

value

| | = | |R S O R S R O R, ,
SS (11)

removing the need to sum over secondary spin configurations.
Applying this property to the expectation value in eq 10,

| | = | | | |O dRdR R S R O R R S, ,
S (12)

The following theorem states that the spin-projected wave
function has the same expectation as its antisymmetrized
projected version for a spin-independent operator.35
Theorem 1. If Ψ can be written as an antisymmetrized fixed-

spin wave function = S for some spin configuration S,

Figure 1. Containment relations of spinor determinant, antisymme-
trized full determinant, collinear, and generalized spinor.
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then the expectation can be evaluated just from the projection
onto S,

| | = | | | |O dRdR R R O R R
S S (13)

proof. We summarize the proof which has been shown in
Sec. IV.E of.35 Consider the fixed-spin wave function ΨS having
spin state S. Its antisymmetrized counterpart is a sum over
permutations

=
!n

P1 ( 1)S S
(14)

The permutation Pπ results in a new spin state Sπ. Since ⟨S|
Sπ⟩ = 0, each permutation π contributes a separate integral to
the expectation value,

| | =
!

| | | |O
n

dRdR R R O R R
1

S S S S

(15)
Note that the (−1)π sign terms cancel out, so all

contributions are positive. Since permuting integration
variables changes nothing and S is the same for all
permutations, each term contributes ⟨{ΨS|O|ΨS⟩ up to a
normalization factor, equal to the expectation value of the
original ΨS.
The Hamiltonian is a semilocal operator (containing the

di!erential operator for kinetic energy), meaning ⟨R|HΨ⟩can
be evaluated without the extra integral over R′. Combining this
with spin independence of eq 12 yields the standard
formulation

| | = | |H dR R R H (16)

which is independent of the spin details of Ψ (assuming a fixed
total spin eigenstate). Hence, spin-projection is common and
convenient for spin-independent Hamiltonians but generally
invalid for spin-dependent Hamiltonians.

3. ANALYSIS
We will show that the full determinant wave function is
equivalent to the projection of a spinor determinant onto a
particular spin state. The spin-projected determinant gives the
correct expectation value for a spin-independent Hamiltonian,
but not for general spin-dependent Hamiltonians. We show this
for two electrons and single-particle orbitals and the general
case with many-electrons and many-body orbitals. We also
establish that the full determinant (projected spinor) is a
variational lower bound to the spinor for spin-independent
Hamiltonians.
3.1. Two Electrons with Single-Particle Orbitals. As a

concrete example, we first consider a two-electron wave
function composed of single-particle orbitals. We consider the
general case of many-electrons and many-body orbitals in the
next subsection.
The full determinant wave function for two electrons and

single-particle orbitals is

| = |
r r
r r
( ) ( )
( ) ( )fulldet

1, 1 1, 2

2, 1 2, 2 (17)

As mentioned in Section 2.2, this wave function is not fully
antisymmetric because the orbital functions are di!erent across
the columns. We also note this wave function is a projection of

the spinor determinant onto the |↑↓⟩ spin state. Using the
antisymmetrizer = ! P( 1)

n
1 , where π represents

permutations and Pπ represents permutation operator
(permuting both positions and spins), the full determinant is
antisymmetrized to

=

= | |
r r
r r

r r
r r

( ) ( )
( ) ( )

( ) ( )
( ) ( )

fulldet fulldet, fulldet,

1, 1 1, 2

2, 1 2, 2

1, 2 1, 1

2, 2 2, 1

(18)

up to normalization.
N o w w e w i l l s h o w

| | = | |H Hfulldet fulldet fulldet fulldet . Assuming that H
is spin-independent eq 11 and semilocal, the expectation of eq
10 can be simplified to

| |dR R S R S H, ,
S (19)

For fulldet, eq 19 simplifies to

* [ ]

+ * [ ]

dr dr r r H r r

dr dr r r H r r

1
2

( , ) ( , )

1
2

( , ) ( , )

1 2 fulldet, 1 2 fulldet, 1 2

1 2 fulldet, 2 1 fulldet, 2 1 (20)

The first term is the same as the original full determinant eq
17, and the second term is equivalent by exchanging the
integration variables r1 and r2. This shows that Ψfulldet has the
same energy expectation as fulldet.
eq 18 is a multideterminant wave function. Since it is the

antisymmetrized projected spinor determinant and has the
same expectation as the full determinant for spin-independent
operators, the full determinant has multideterminant character.
In the next two sections, we will show that this finding holds
for many-electrons and many-body orbitals and that the
antisymmetrized projected spinor wave function has a lower
minimum energy expectation compared to the spinor wave
function.

3.2. Full Determinant is Spin-Projected Spinor. 3.2
Now we show that |Ψfulldet, S⟩ ∝ PS |Ψspinor⟩. For each
determinant entry,

· = | + |s R R s R s( ) ( ) ( )i j i j i i j j i i j, , (21)

Clearly only the term matching the spin si is nonzero,
resulting in the determinant

| =

= |

+

+
R S

R R
R R

R S

,
( ) ... ( ) ...
... ... ... ...
( ) ... ( ) ...

,

n

n n n

S

spinor
1, 1 1, 1

, 1 , 1

fulldet, (22)

This projected wave function may no longer be normalized.
For projection onto a fixed-spin configuration S, the normal-
ization factor is

=
| | |

| | |
w

dR R S

dR R S

,

,S
S

spinor
2

spinor
2

(23)

making the normalized wave function
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| = |
w

P1
S

S
Sfulldet, spinor

(24)

Note that wS is always positive and ∑S wS = 1.
We have shown that the full determinant is a spin-projected

spinor. By Theorem 1, the full determinant has the same
expectation as its antisymmetrized version for a spin-
independent operator. The antisymmetrized full determinant
is not the same as the spinor determinant. From the definition
of the antisymmetrizer , the antisymmetrized spin-projected
spinor | Sfulldet, is a multideterminant wave function with up
to n! determinants, in contrast to the single determinant
|Ψspinor⟩.
3.3. Full Determinant Is Lower Bound to Spinor

Determinant Energy for Spin-Independent Hamilto-
nians. We show that the expectation value of spinor
determinant energy is an upper bound to the full determinant
energy expectation for a spin-independent Hamiltonian.
Theorem 2. If H operates as the identity in the spin space

(i.e., H is spin-independent), then

| | | |H Hspinor spinor fulldet fulldet (25)

proof

| | = | | | |

= | |

= | |

| |

H S S H S S

S H S

w H

Hmin

S S

S

S

S

S S S S

S
S S S

spinor spinor
,

spinor spinor

spinor spinor

fulldet, fulldet,

fulldet, fulldet,

(26)

where we have used ⟨S|H|S”⟩ = δS,S’HS for spin-independent H,
eq 24, and wS≥ 0.
We emphasize that the bounds apply across the ansatzes for

a fixed orbital expressivity.
3.4. Generalized Spinor Contains Spinor and Full

Determinant. It is clear that the generalized spinor recovers
the spinor by simply dropping the extra dependence on {S}
from the orbitals. The generalized spinor also generalizes the
antisymmetrized full determinant:
Theorem 3. Consider the generalized spinor determinant

Ψg with orbitals

{ } =R S R SI( , ) ( ) ( )j i j i n n, , , (27)

where α∈↑,↓ and In↑,n↓(S) is the indicator variable for the
event that S contains exactly n↓ up-spins and n↓ down-spins.
Then Ψg is equivalent to an antisymmetrized full determinant
with orbitals ϕj,α(Ri).
For the purpose of representing Ψfulldet, we only need to

consider collinear spins to match ϕj,α(Ri and ϕj,α(Ri){S}). In
addition to clarifying the relation between Ψg and Ψfulldet, this
theorem indicates the following on the full determinant ansatz
itself. First, the antisymmetrized full determinant can be
represented as a single determinant wave function. Second, in
the antisymmetrized full determinant, the spin-projection and
antisymmetrization appear in the form of an indicator function
for the desired spin configuration. This observation is an
additional viewpoint to the fact that the full determinant is a
spin-projected spinor.

proof. Let Ψg be the generalized spinor determinant with
orbitals given by eq 27 and Ψf be the full determinant with
orbitals ϕj,α(Ri). Additionally, let Sf = |↑··· ↑↓··· ↓⟩ be the spin
state with n↑ up-spins followed by n↓ down-spins. We now
verify the equivalence =g f by checking all collinear spin-
states S using three cases.
Case 1: when S = Sf it holds

| = | = |R S R S R S, , ,f g f f f f (28)

with the first equality holding since In↑,n↓(Sf)=1 and the
second equality holding since ⟨{PR, PSf | Ψf⟩ = 0 when P is a
permutation other than the identity.
Case 2: when S = PSf for some permutation P, the

equivalence holds by permuting the input state, utilizing the
previous case, and permuting it back:

| = |
= |
= |

R PS P P R S

P P R S
R PS

, sgn( ) ,

sgn( ) ,
,

f g f g

f f

f f

1

1

(29)

Case 3: when S ≠ PSf for any permutation P, it holds
| = | =R S R S, , 0g f (30)

We showed that the full determinant is both a projection of
the spinor (in Section 3.2), and a specific instance of the
generalized spinor. In many NN ansatzes, the many-body
spin−orbital depends on the spin of all electrons in a
permutationally invariant way, as described by generalized
spinor. However, with a fixed-spin projection, the permutation
invariant dependence becomes equivalent to a dependence on
only the spin of the i-th electron, as in the spinor.

4. NUMERICAL EXPERIMENTS
We implement the spinor, projected spinor, and collinear
ansatzes to test the energetic bounds for H3 molecule and 2D
homogeneous electron gas. The spinor and projected spinor
ansatzes have nonzero spin−orbital components for up and
down orbitals while the collinear ansatz has fully up or down
spin−orbitals that are spatially unrestricted. For the spinor
ansatz, we sample each electron’s spin, as a normalized
complex two-vector, in the Markov chain. Hence, the electrons
are allowed to have any spin on the Bloch sphere, and we
propose spin moves from a von Mises-Fisher proposal
distribution36 centered at each electron’s current spin on the
sphere. Discrete sampling of spin would su"ce for the
integration, but as an overcomplete representation, sampling
spin on the Bloch sphere has the same expectation value and
often results in faster mixing.21,22 In the Markov chain, we
alternate spin and position moves while keeping the other
fixed. The generalized spinor is expensive to evaluate using
continuous sampling, and since discrete sampling of spin is
ine"cient, we leave testing of that result to future work. Details
of sampling and optimization are provided in the Supporting
Information. Data to reproduce the numerical results are
provided in.37

4.1. Bounds on Ansatz Energy for an H3 Molecule.We
provide numerical evidence of the bound E[collinear] ≥
E[spinor] ≥ E[PS spinor] for H3, and show that the energy
di!erences decrease with increasing NN capacity. Figure 2
shows the minimum energy vs orbital expressivity for H3 and
the spinor, projected spinor, and collinear ansatzes. For this
experiment, we simulated H3 with open boundary conditions
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and used the FermiNet architecture with single stream features
only and two hidden layers with 2, 4, 6, and 8 hidden units per
layer. We used these small NNs because energy di!erences
between the three ansatzes diminish with increasing orbital
expressivity and are unresolvable when double stream features
are included for the H3 system. In machine learning, it is well-
known that small neural networks are prone to high variance in
their local minima across independent optimizations,38−42 To
avoid bias from local minima, we trained five independent
random seeds for each ansatz and ran a separate MCMC
evaluation on the minimum energy wave function across the
seeds for the reported energy. The batch size was 32,000, and
optimizations were run for 40,000 iterations. Figure 2 shows
that the projected spinor is a lower bound in energy to spinor
and collinear, and that spinor is a lower bound to collinear,
given a fixed orbital expressivity. Although in our numerical
experiment, the collinear, spinor, and projected spinor seem to
converge in energies, this could be specific to our case, and
collinear could be higher energy than spinor in other
systems.43 Prior work also found that the collinear remained
higher in energy than projected spinor for single determinants
and certain systems, even in the large NN regime.31
4.2. Spin-Independent and Corresponding Spin-

Dependent System. We show the energetic bounds for a
larger spin-independent system and the failure of spin
projection for a corresponding spin-dependent system, using
the 2D homogeneous electron gas (2DEG) with and without
Rashba interaction. The Hamiltonian for the system is

= + +
= =

H
P

m

p p V R

2
( ) ( )

i

n

i

i

n

i

y

i

x

i

x

i

y

1

2

1
Coul

(31)

where λ determines the strength of the spin−orbit coupling
(Rashba) term. We simulate 10 electrons at rs = 5, setting λ = 0
for the spin-independent case and λ = 0.1 for the spin-
dependent case. We use the FermiNet architecture with single
and double stream features, each with two hidden layers and 2,
3, 4, and 5 hidden units per layer. For the spin-independent
case, we trained five independent random seeds for each ansatz
and started two trainings of spinor and projected spinor from
trained weights of a collinear optimization. For the spin-
dependent case, we trained two independent random seeds for
each ansatz. The reported energy is from the inference run of

the minimum energy wave function across the runs, since we
are interested in the lowest energy for the ansatzes. Although
the spinor and projected spinor can achieve lower energies
than the collinear in principle, a lower energy wave function is
not necessarily easier to find during optimization, especially for
this particular system, setup, and the small NNs used. The
batch size was 2,048 and optimizations were run for 90,000
iterations.
Figure 3a shows the energy vs orbital expressivity for the

collinear, spinor, and projected spinor ansatzes. The spin-

independent case confirms the expected bound, and shows that
the bound becomes equality for three or more hidden units.
For two hidden units, we expect optimizing more seeds would
achieve lower energies for collinear and spinor. Including
double stream features in the network shows that the bound
also holds for many-body orbitals and the increase in
expressivity decreases the di!erence in bound more rapidly.
For a spin-independent Hamiltonian, it is more convenient to
use a spin-projected ansatz to decrease computation from spin
sampling.
Figure 3b shows that spin projection is incorrect for spin-

dependent Hamiltonians. When the Rashba term is included,
the collinear ansatz is unable to capture Rashba energy, and the
projected spinor achieves a nonvariational energy. Both the

Figure 2. Numerical experiments showing the relationship between
wave function ansatz on an equilateral triangle molecule H3, with a
bond length of 2.5 Bohr. At each given orbital expressivity, the energy
relation E[collinear] ≥ E[spinor] ≥ E[PS spinor] is satisfied for all
optimized wave functions, and energy di!erence decreases as orbital
expressivity increases.

Figure 3. Numerical experiments on the periodic 2D homogeneous
electron gas, with rs = 5, for (a) spin-independent Hamiltonian and
(b) spin-dependent Hamiltonian with a Rashba term, λ = 0.1. (a): At
each given orbital expressivity, the energy relation E[collinear] ≥
E[spinor] ≥ E[PS spinor] is satisfied in the spin-independent case.
(b): In the spin-dependent case, collinear is unable to model spin
e!ects, spinor correctly models spin e!ects, and projected spinor is
nonvariational. Gray dashed line on spin-dependent plot indicates
lowest energy from spin-independent plot.
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collinear and projected spinor wave functions actually evaluate
the wrong Hamiltonian: their expectation value is ⟨Ψ|HS|Ψ⟩,
where HS is a partial projection of H onto an S subspace,
whereas the evaluation for the spinor is ⟨Ψ|H|Ψ⟩, the correct
expectation of the full Hamiltonian. The energy per electron
achieved by the spinor ansatz (−0.163 Ha) is close to a
reference of − 0.15775 Ha for the same system with 58
electrons in.44 For spin-dependent Hamiltonians, the spinor
determinant is a general ansatz that is variational and captures
spin e!ects.
Demonstrating the bounds on a spin-independent system is

a useful test to check the optimization and implementation.
Best practices for optimizing NN wave functions is an active
area of research45 and NN wave functions have been found to
achieve varying energies depending on the optimization
settings.34 In extending wave functions to spin-dependent
systems, since the bound only applies to spin-independent
systems, achieving the bound on a corresponding spin-
independent system can be a useful first step and provide
some information about implementation correctness.

5. CONCLUSIONS
We established a hierarchy of expressivity among the collinear,
spinor, full determinant, and generalized spinor ansatzes. For
spin-independent Hamiltonians and many-body orbitals that
do not depend on spin, the minimum energies are ordered as
E[collinear] ≥ E[spinor] ≥ E[PS spinor] = E[fulldet]. If the
many-body orbitals do depend on spin, then we obtain
E[fulldet] ≥ E[gen spinor]. We showed these relationships
arise because the full determinant is a projection of spinor onto
a fixed-spin state and also a specific instance of the generalized
spinor. These results provide a new theoretical explanation for
the commonly observed fact that full determinants are more
expressive than collinear determinants in practice. We
implemented the spinor NN wave function and confirmed
the bounds for spin-independent Hamiltonians. Additionally,
the spinor correctly captured spin-dependent energy, while full
determinant is invalid since it relies on spin-projection. Our
work opens the path to realistic simulation of both electron
correlation and spin-dependent properties in materials.
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