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We present a novel technique to incorporate precision calculations from quantum chromodynamics into
fully differential particle-level Monte Carlo simulations. By minimizing an information-theoretic quantity
subject to constraints, our reweighted Monte Carlo incorporates systematic uncertainties absent in
individual Monte Carlo predictions, achieving consistency with the theory input in precision and its
estimated systematic uncertainties. Our method can be applied to arbitrary observables known from
precision calculations, including multiple observables simultaneously. It generates strictly positive weights,
thus offering a clear path to statistically powerful and theoretically precise computations for current and
future collider experiments. As a proof of concept, we apply our technique to event-shape observables at
electron-positron colliders, leveraging existing precision calculations of thrust. Our analysis highlights the
importance of logarithmic moments of event shapes, which have not been previously studied in the collider

physics literature.
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High-energy collider physics relies on Monte Carlo
(MC) simulation programs called event generators, which
are the only means to compute observables under arbitrary
fiducial cuts and experimental constraints [1]. Event gen-
erators play a crucial role in experimental analyses, in
benchmarking new theoretical predictions against exper-
imental data, and in designing future experiments. On the
other hand, their versatility comes at the expense of
theoretical precision. Enhancing their formal accuracy
and incorporating well-defined systematic uncertainties is
essential for advancing the near- and long-term goals of the
field [2-4].

Analytic calculations for specific collider observables
have advanced significantly in parametric accuracy [5-7],
both fixed-order and resummed, involving both quantum
chromodynamics (QCD) and electroweak effects. These
calculations often exceed the precision of event generators,
but they are inherently more inclusive, lacking the detailed
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phase-space dependence necessary for a comprehensive
analysis of experimental data. Consequently, while dedi-
cated calculations offer precise predictions for particular
observables, they cannot replace general-purpose MC event
generators.

To bridge the gap, the community has developed a host of
matching and merging algorithms aimed to systematically
improve event generators through higher-order computa-
tions [8]. However, achieving the same level of precision as
dedicated calculations remains a challenge: these schemes
rely on elaborate phase-space partitions to prevent double
counting, often generating sizable fractions of negative
weight events. Key obstacles include merging next-to-
next-to-leading order (NNLO) calculations at the fully
differential level [9-25], and improving parton showers to
next-to-leading logarithmic (NLL) accuracy [26—42] and
beyond the leading-color approximation [43-57]. Further,
certain theoretical insights—such as (non)perturbative
power corrections [58—63], nonperturbative (multihadron)
fragmentation functions [64—67], and theoretical uncertain-
ties [68—70]—have yet to be fully incorporated into existing
MC frameworks. These multiple challenges call for a more
general and scalable strategy to improve MC simulations
with precision theoretical knowledge.

In this Letter, we introduce an information-theoretic
reweighting technique that embeds any event-level preci-
sion calculation into a fully differential MC sample, over-
coming the key limitations of traditional matching
and merging schemes. By matching a limited number of

Published by the American Physical Society
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theory-inspired moments, our method yields strictly pos-
itive weights, removes the need for phase-space slicing, and
treats multiple observables on equal footing, all within a
single numerically efficient algorithm. Moreover, our
method propagates the systematic uncertainties of those
moments directly into the MC, delivering both enhanced
precision and coherent error estimates while preserving full
exclusivity of the event simulation.

Information-theoretic approach—We denote the MC
distribution (or “prior”) as ¢(®), where ® encapsula-
tes the complete particle-level information, including
momenta, charges, and flavors. Any set of collider observ-
ables ¥ ={v,vp,...} can be computed through
® — (), particularly those involving realistic experi-
mental constraints and cuts. Similarly, we denote the
desired theoretical distribution for 7 (or “target”) as
r(¥); this distribution can be computed either analytically
or numerically, and typically involves an integral over ® (or
a proxy for it). The goal of our method is to define an
“ideal” distribution p(®) that merges the precise theoretical
target r(v) with the fully exclusive MC prior g(®).

In information theory, the Kullback-Leibler (KL) diver-
gence, also known as the relative entropy, quantifies
the difference between two probability distributions.
Specifically, the KL divergence of the ideal distribution
p(®) with respect to the prior distribution g(®) is

Lalvle) = [aep@mlel )

where the integration measure d® has a complicated phase-
space dependence. Note that L (p|lg) = 0 implies that
the two distributions are identical.

In our approach, the ideal distribution p(®) incorporates
theoretical information from the target distribution r(7) in
the form of moments. Let g;(7) be a set of basis functions to
be discussed later, and c¢; and d; be their respective
expectation values under r(7) and p(®),

¢l = / dir(D)g; (7). dilp] = / 4 p(®) g, (7(®)).
@)

To determine p(®), we minimize its KL divergence to the
prior g(®), subject to the target constraints ¢; = d; for all j.
A similar moment matching protocol was proposed in
Ref. [71], which itself was inspired by Boltzmann’s
approach to statistical mechanics [72] and Jaynes’ maxi-
mum entropy principle [73,74].

Expressed as a loss, we seek p(®) that extremizes

Llp.q] = Lxi(pllg) + le(cj["] —djlpl).  (3)

where 4; are Lagrange multipliers enforcing the con-
straints [75]. Assuming the constraints are nondegenerate
(degeneracies almost never occur in practice, unless one
has incompatible constraints on the same observable), the
distribution p(®) that extremizes L is [72]

pO) = g@(@). (@) =exp| - iy @)
@)

Since ¢(®) is fully differential, and each basis function g;
is defined over all of ®, the solution p(®) maintains
comprehensive phase-space coverage without double
counting. To make practical use of Eq. (4), we treat
w(®) as event-by-event weights, which are strictly positive
by construction, preventing the computational bottlenecks
associated with negative weights in MC simulations [8].

Logarithmic moments—Now, we must determine the
basis functions g;(7) that best characterize the theoretical
target distribution r(7). To illustrate our approach, we
restrict our attention to a single event-shape observable v in
electron-positron (e™e™) collisions, leaving generalizations
to future work. Many event shapes computed to high
parametric accuracy in QCD take a log-exponentiated form
at leading power (LP) in v,

where «; is the strong coupling constant, and CQ] and Gj;

are v-independent coefficients. The “Sudakov logarithms”
in the exponent are characteristic of analytic resummation,
and they also appear in MC parton shower algorithms.
Comparing Eqs. (4) and (5), we see that logarithmic
moments g,(v) = In" v form a natural basis to encapsulate
information from analytic resummation [77].

To highlight the structure of logarithmic moments, we
compute the leading-logarithmic (LL) distribution of the
event-shape “thrust” [79,80] at fixed coupling (f.c.). The
one-minus-thrust (z = 1 — T) distribution is

—20{SCF Int

r (T)LL,f.c. =

exp [— as—cFlnzr] . (6)
n

T T

where Cr =4/3 is the quadratic Casimir for quarks in
QCD. This yields the following logarithmic moments:

(In"7)y ¢ = /0 ~der (T)LL.f.c.lnnT

s <a:2F> n/21“ {] i g} ’ 2
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where we take 7., = 1 (instead of the physical %) for
simpler illustration. For generic n, (In" ) features fractional
powers of a,, which is characteristic of Sudakov-safe
observables [81-84]. While logarithmic moments do not
have an order-by-order Taylor expansion in a; (cf. ordinary
moments (z) in, e.g., Ref. [85]), they are nevertheless
well-defined in resummed QCD. Their sensitivity to
resummation effects makes them interesting observables
in their own right, which can also be measured and
compared with data using, e.g., Ref. [71].

Thrust moments with uncertainties—Going beyond LP,
the order-by-order calculation of a generic Sudakov-log
observable v takes the following form:

© ZZ( ST

m=1 1

o 2m-1
ln v
+§ 1: 1kaLP< > - kl (8)

n=

which involves plus-function regularization of the v — 0
singularity. Resumming just the kLY, terms recovers Eq. (5).
Taking thrust as an example, this analytic expression
motivates choosing basis functions of the following

form [86]:

mn(7) = 7"In"z. 9)

In Fig. 1, we present several (z"In"z) thrust moments at
NNLL' 4+ O(a?) accuracy [85,87-90]. Here, we adopt the
renormalon subtraction and best-fit values of the non-
perturbative power corrections and a,(my) from Ref. [89],
and estimate uncertainties using their profile functions and
scale variations. We observe good convergence of the
moments as the perturbative accuracy improves.

Constraining MC priors for thrust—To illustrate the
impact of moment-based reweighting, we show how differ-
ent MC priors converge after augmenting them with
precision theoretical targets. The default prior comes from
the DIRE parton-shower generator [91], combined with
Lund string fragmentation as implemented in Pythia [92].
Additional priors are created by varying the default values
of a;(mz) = 0.118 up and down by 0.01, and by changing
the string hadronization model parameters. We emphasize
that an individual prior does not have any notion of
uncertainty, so the envelope of plausible MC variations
is one way to define an uncertain band for the MC prior.
Importantly, moment reweighting can only “fix” priors that
already live in the space of consistent distributions—
arbitrarily poor priors cannot be driven to the true distri-
bution by our procedure. Here and below, we use the event
generation framework Sherpa [93,94] and the analysis
framework Rivet [95,96].

In Fig. 2, we show the thrust distribution in eTe™ —
hadrons at the Z pole for the range of priors, compared to
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FIG. 1. Normalized moments (z"In"z) at LL, NLL' + O(a,),

and NNLL' + O(a?) accuracy, with renormalon subtraction and
nonperturbative power corrections. The numbers correspond to
the central values computed at the highest precision.

the NNLL' + O(a?) calculation with the central scale
choice. We see that the prior variations, shown as the blue
cross-hatched bands, deviate significantly from the analytic
result. The orange solid bands show how different moment
constraints affect the prior distributions after reweighting.
To guide the eye, the upper panel shows the T=1-7
distributions, but to understand the impact of reweighting,
it is more instructive to study ratios to the analytic
calculation.

The ratio panels of Fig. 2 show the result of incorpo-
rating (middle) logarithmic moments (In"z) for 0 < n < 4
and (bottom) mixed moments (z"'In"z) for0 < m < n < 4.
In both cases, the normalization (1) is also included as an
input, and we do not consider uncertainties on the moments
themselves, just the variation from the choice of prior. With
just logarithmic moments, the variation band shrinks
considerably near 7 €[0.9,0.95], as expected since they
capture resummation effects near the peak region. These
moments are also sensitive to nonperturbative physics as
T — 1, which the theory calculation models via a shape
function [87-90,97]. To mitigate sensitivity to nonpertur-
bative modeling, we restrict our analysis to n < 4. Using
mixed moments improves the performance, where the
priors exhibit good collapse to the analytic calculations
in the peak and tail regions within 7€ [0.7, 0.95]. Since the
theory calculation is based on dijet factorization, we limit
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FIG. 2. Impact of moment constraints on the MC prior, with the

resulting thrust distribution in the top panel. The middle and
bottom panels show the ratio of the reweighted prior to the
NNLL + O(a?) calculation using, respectively, logarithmic mo-
ments (In” ) and mixed moments (z"In"z).

our analysis to m < n, since the very far-tail region with
Te[}.3 is affected by unmodeled physics. In the End
Matter, we describe in detail the theoretical ingredients
necessary to apply our method to the full phase space.
Impact of reweighting on other observables—The result
of our approach is a weight function w(®), which can be
applied to any MC distribution, not just those related to the
target distribution r(7). As an example, it is instructive to
see how weights derived from thrust moments affect other
observables, particularly those with different behaviors

under resummation. In Fig. 3, we show the impact of
moment reweighting on thrust (7 =1 —17) [79], total jet
broadening (B7) [98], and aplanarity (A) [99], as compared
to data from the ALEPH experiment [100]. Here, we use
the same mixed moment constraints on (z”1In"7) as in
Fig. 2, using the central scale choice at NNLL' + O(a?).

For all three observables, the MC prior variation is
consistent with ALEPH data up to experimental uncertain-
ties. As expected, thrust-based reweighting shrinks the
residual variation for the thrust distribution. Remarkably,
similar improvements are seen for broadening; even though
thrust and broadening have different anomalous dimen-
sions, thrust moments are apparently sufficient to constrain
the dijet phase space probed by broadening. By contrast,
thrust reweighting does not significantly affect the apla-
narity distribution, as expected since aplanarity is a genui-
nely multijet observable. Of course, simultaneously precise
predictions for thrust and aplanarity could be obtained by
including moments like (A”In"A) in Eq. (4), as well as
mixed 7—A moments. As long as the chosen moment
constraints remain compatible, our method generalizes to
multiple observables with no extra complexity. This high-
lights a particular strength of our method, which overcomes
the limitations of single-observable-based approaches to
NNLO matching [10,17,101].

Incorporation of theoretical uncertainties—The proper
characterization of theory uncertainties in MC generators is
an active and important topic of research. One clear
advantage of any approach based on a finite set of moments
is that correlated uncertainties can be derived from a finite-
dimensional covariance matrix. Once these (correlated)
moment uncertainties have been defined and computed,
there is a separate question of how to incorporate them into
MC generators. Our approach provides a natural way to do
so, since it is straightforward to propagate uncertainties on
the moments to uncertainties on the Lagrange multipliers
in Eq. (4).

As a proof of concept, we start from the moment
uncertainties in Fig. 1, which just include perturbative
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FIG. 3. Impact of thrust-based reweighting on distributions of (left) thrust, (middle) total jet broadening, and (right) aplanarity, as

compared to ALEPH data [100].
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moments propagated to the event weights via the 4; in Eq. (4).
The prior distribution shown is DIRE [91] with Pythia 8 hadroni-
zation [92]. Lower panel: ratio to ALEPH data [100] for this prior.
A comparison across multiple priors is provided in the End
Matter.

scale variations. Each scale variation choice yields a set of
single-valued moments, and the resulting values are there-
fore correlated across variations. For simplicity, however,
we present them in the figure as an envelope representing
the spread across individual variations, which does not
explicitly reflect these correlations. For the main demon-
stration, we use a single representative prior: DIRE [91] with
Pythia 8 hadronization [92], configured with a two-loop
running coupling with a;(m;) = 0.118 and the Catani-
Marchesini-Webber scheme [102]. A detailed comparison
across four distinct priors (CSShower [103] vs DIRE, com-
bined with Pythia 8 vs AHADIC [104]) is provided in the End
Matter. Note, however, that even these best-in-class priors
are formally only LL accurate.

In Fig. 4, we show the reweighted distribution for thrust,
with uncertainty bands from propagating scale variation of
the moments to the event weights. We use the same mixed
moment constraints on (z”In"z) as in Fig. 2. The uncer-
tainties here are significantly reduced compared to Fig. 2,
though, since the computed uncertainties at NNLL' 4
O(a?) in Fig. 1 are smaller than naive prior variation.
We reiterate that our g,,, basis with 0 < m < n <4 is not
particularly sensitive to 7~0(7T~1) and 7 Z% (TS % .
Thus, these regions of phase space are dominantly modeled
by the prior, and the uncertainties are therefore under-
estimated. Away from these extremes, though, we see the
expected convergence of the distribution in going from LL
to NLL' 4+ O(a,) to NNLL' + O(a?) accuracy. These
results could be systematically improved by taking higher
m or n moments, or by including moments of additional
observables.

Outlook—In this Letter, we introduced an information-
theoretic framework that systematically embeds theoreti-
cal constraints—obtained from high-precision analytic
calculations—into general-purpose MC event generators.
Our Letter addresses the longstanding challenge of bridg-
ing the gap in theoretical precision analytic calculations and
event generators, helping to foster a synergistic relationship
between these two research domains.

There are multiple promising avenues to explore next.
First, one can apply this approach to state-of-the-art MC
generators [8] and the highest-precision analytic calcula-
tions [5-7], pushing the accuracy frontier in realistic
collider analyses. This includes precision calculations of
inclusive observables, such as energy-energy correlators
[105,106] and inclusive jet spectra [107,108], which can be
defined at the event level by taking moments. Second, our
method is readily extensible to more complicated multi-
differential distributions or new classes of observables,
including those that are difficult to calculate analytically
but where theoretical insights still exist in partial or
factorized forms. Third, uncertainties arising from scale
choices, higher-order corrections, and nonperturbative
modeling can be more rigorously incorporated and corre-
lated, providing a clearer understanding of the theoretical
error budget. Finally, the flexibility of the event generator
remains intact, making it straightforward to apply these
improved predictions to complex experimental analyses,
stringent tests of the standard model, and searches for
physics beyond it.
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End Matter

Going beyond the region 0.05 < 7 < 1/3—In the main
text, we use mixed moments (z"In"z) with 0 <m <n <
4 to reweight the thrust distribution. This basis is
defined on 7€0,1] and provides controlled emphasis
across phase space: increasing m shifts weight toward
the large-z tail, while increasing n enhances sensitivity
near the Sudakov peak and into the small-z region. The
restriction m < n limits far-tail dominance, and the
truncation at n <4 avoids overweighting the deep
endpoint. This choice is therefore tailored to target the
window 0.05 St 5% where dijet factorization is under
perturbative control [87,89].

While our moment basis targets 0.05 S7 S % our
framework applies to the full 7 range, provided that the
necessary theory inputs exist. Outside this window, theo-
retical understanding of the 7 distribution remains under
active development. For 7 < 0.05, a standardized thrust
shape-function treatment (choice of functional basis and
renormalon-subtraction scheme) with fitted parameters and
their covariance is required and is currently being explored.
For 7 2 %, resummation of Sudakov-shoulder logarithms
with validated matching to the three-jet region and docu-
mented three-jet power corrections, including a prescrip-
tion for correlated profile-scale variations is needed [111—
113]. As these ingredients mature, one can simply augment
the basis with additional moments, e.g., higher linear or
logarithmic moments, to constrain both regions. In the
deeply nonperturbative regime, where no analytical for-
mula like Eq. (8) exists, it is natural to ask which moments
best capture the region. For example, expanding the shape
function in Legendre polynomials [87,88,114] is a common
choice and directly suggests specific moment forms. It is
important for the community to explore what alternative
function bases are best suited to such regions. Attaining
these predictions with full uncertainty correlation matrices
would enable extending our constraints across 7€ [0,%]
without altering the core reweighting algorithm.
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FIG. 5.

Alternatively, we could have assigned large uncertainties
outside of the 0.05 <7< % window to reflect current
theoretical limitations and propagate them via extra
moments in the MC. Concretely, this would mean adding
moments with support in 7 < 0.05 and TZ%, attaching
conservative, correlated variations to the corresponding
theory inputs (such as the shape-function and shoulder-
resummation settings used in the analytic calculation), and
carrying their covariance through the same weight deter-
mination as in the main text, yielding much wider uncer-
tainty bands in those regions. In this Letter, we decided not
to include such additional moments; predictions outside of
the central window are therefore prior-dominated and
shown just for completeness. We emphasize that none of
these choices alters the underlying method; instead they
simply reflect the current (lack of) precision for theoretical
thrust inputs.

Prior variation versus data—In the main text,
uncertainty propagation was shown for a single
representative prior in Fig. 4. Here, we repeat the
procedure for four priors—cSshower [103] and Dire [91],
each combined with Pythia 8 [92] or AHADIC [104]. All
priors use two-loop running with a,(m;) =0.118 and
the Catani-Marchesini-Webber scheme [102]. Figure 5
shows, for each prior compared to ALEPH data [100],
uncertainty bands obtained solely from the correla-
ted scale variations of the NNLL'+ O(a?) moments
propagated to the Lagrange multipliers in Eq. (4); no
prior-variation envelope is included. The residual spread
between priors after reweighting thus quantifies
remaining prior dependence. To emphasize just the
uncertainties arising from the moments, we consider one
prior at a time, though in practice, one would likely
incorporate prior variation into the total reported
theoretical uncertainty.
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Impact of NNLL' 4 O(a?) moment scale variations propagated to the event weights via Eq. (4), shown for four priors—

cSShower [103] and Dire [91] combined with Pythia 8 [92] or AHADIC [104]—as ratios to ALEPH data [100]. Bands reflect only moment-
level scale variations (with correlations preserved) and do not include prior-variation envelopes.
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