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Abstract

We consider the inverse problem of determining an elastic dislocation that models a
seismic fault in the quasi-static regime of aseismic, creeping faults, from displacement
measurements made at the surface of Earth. We derive both a distributed and a
boundary shape derivative that encodes the change in a misfit functional between the
measured and the computed surface displacement under infinitesimal movements of
the dislocation and infinitesimal changes in the slip vector, which gives the
displacement jump across the dislocation. We employ the shape derivative in an
iterative reconstruction algorithm. We present some numerical test of the
reconstruction algorithm in a simplified 2D setting.
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1

1 Introduction2

This work concerns an inverse problem for elastic dislocations that model seismic faults.3

Specifically, we study an iterative reconstruction algorithm for the location and geometry4

of the fault and the slippage of the rock along the fault. Our algorithm is based on a5

shape derivative that encodes the changes of a least-square misfit functional between the6

measured data and a computed solution under infinitesimal deformations of the fault and7

infinitesimal changes in the slip along the fault.8

As customary in seismology, we model the Earth’s crust as a linearly elastic medium,9

but we allow the medium to be inhomogeneous.We assume throughout that the stiffness10

parameters in the interior of the Earth are known.We work locally in a patch in the crust,11

represented by a bounded domain in Rd , d = 2, 3, that shares a portion of its boundary12

with the surface of the Earth. The two-dimensional case is a reduced model that takes13

into consideration only depth effects in a vertical slice of the crust. The surface of the14

Earth is clearly not subject to any elastic load, so no elastic forces, that is, no traction, can15

be imposed there, which translates into homogeneous Neumann-type conditions, while16

there are different physical choices of boundary conditions on the buried part. The fault is17
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Fig. 1 A cartoon for the geometry of the dislocation problem.! is the region of interest in the Earth’s crust, S
represents the fault surface, " is the buried part of the boundary of !, and # is where the data for the inverse
problem are acquired

modeled as an open surface S (an open curve in the two-dimensional case) across which18

the elastic displacement jumps, while the normal stress, the traction, remains continuous.19

The jump in the displacement, a vector field g on S called the slip, measures how much20

the rock has slipped on each side of the fault surface.21

The forward or direct problem consists in determining the elastic displacement outside22

of the fault from knowledge of the fault surface and the slip. The inverse problem consists23

in determining the fault surface and the slip from knowledge of the displacement at the24

surface of the Earth. The data are assumed given on an open region of the Earth’s surface,25

which we will call the acquisition manifold # (see Fig. 1). The surface displacement can26

be measured from satellite interferometric data or data from global positioning systems27

(GPS). (For a general introduction to the geophysical model we refer to [11,25] and28

references therein.)29

While the study of elastic dislocations is by now classic, starting with the seminal work30

of Volterra and Somigliana at the turn of the last century (see [34] and the historical31

perspective in [12]), and elastic dislocations have been used to model creeping tectonic32

faults during the interseismic period, especially at subduction zones in the Earth’s crust33

(among the vast literature, we mention [15,30,35]), until recently most of the available34

results in the literature dealt with an idealized setting, in which the region of interest in35

the upper layer of the Earth’s crust is modeled as an infinite half space (or half plane in36

the two-dimensional case) with constant elasticity parameters, the fault has the simple37

geometry of a rectangle (or segment in the two-dimensional case) with either horizontal or38

oblique orientation, and the slip is constant. In this specialized case then Okada obtained39

an explicit formula for the elastic displacement [22], using the elastic Green’s function in40

a half space derived by Mindlin [20].41

In recent work, it has been observed that the forward problem can be recast as a singu-42

lar source problem or as a nonhomogeneous transmission problem that can be addressed43

using variational techniques or potential theory depending on the regularity of the coef-44

ficients, of the data, and of the domain, including the fault. This has led to establishing45

well-posedness under rather general assumptions on the elastic parameters, the geometry46

of the fault, and the slip [4,6,28,29,31].47

The inverse problem consists of determining uniquely and then reconstructing the fault48

surface and the slip from boundary measurements. Here, we consider measurements of49
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the elastic displacement made on an open patch of the Earth’s surface. Uniqueness in50

the inverse problem has already been established under certain geometric conditions on51

the fault surface and certain conditions on the slip. For an arbitrary slip field of suitable52

regularity, essentially the fault surfacemust then contain at least one corner singularity [6,53

31] (see also the recent preprint [10]). When the slip does not vanish at the boundary of the54

fault surface, singularities appear in the elastic displacement near such boundary, which55

can help in the reconstruction even in the presence of noise. However, these singularities56

are nonphysical, as the elastic displacement diverges. If the slip is assumed to vanish at57

the boundary of the fault, a physically justifiable assumption, given that typically only a58

part of the fault is active at a time, then in fact uniqueness holds under less stringent and59

more natural geometric assumptions on the fault [4]. Informally, faults have to be graphs60

but can be arbitrarily oriented.61

Wediscuss the precise assumptions for both the direct and the inverse problem inmore62

detail in Sect. 2. There we also review key well-posedness results for the forward problem63

and uniqueness results for the inverse problem.64

In applications, it is paramount to have a reliable, efficient algorithm to actually recon-65

struct the fault and the slip from the measurements. Uniqueness for the inverse problem66

provides an important first step in any reconstruction and frames it in the context of a rig-67

orous analytic result, especially when the inverse problem is unstable as it is often the case.68

We comment more on stability issues below. The reconstruction algorithms available in69

the literature (we mention in particular the works [16,17,32,33] and references therein)70

consider the case of a homogeneous and isotropic, linearly elastic half space, and a planar71

fault. In this case as already mentioned, there is a layer potential representation for the72

solution with an explicit kernel. In the case of variable coefficients and more general fault73

geometries, the layer potential approach is more difficult to use. The approach we take74

instead in this work is tominimize amisfit functional that measures the error between the75

computed solution and the measurements at the Earth’s surface, using a shape derivative.76

We recall that, informally, the shape derivative gives the response of the misfit functional77

to infinitesimal movements of the fault and changes in the slip.78

Shape optimization is a well-developed tool for geometric identification and recon-79

struction (we refer the reader, for example, to the monograph [26]). There are typically80

two forms for the shape derivative, a distributed and a boundary form. The distributed81

derivative contains volume integrals (respectively, area integrals in two dimensions), while82

the boundary derivative is written solely in terms of surface integrals (respectively, line83

integrals in two dimensions). With an eye toward a numerical implementation using a84

Galerkin method, we derive the shape derivative when the forward problem can be solved85

within a variational framework, which holds onlywhen the slip vanishes at the boundary in86

a suitable sense. The distributed shape derivative is then obtained by solving the forward87

problem together with a certain adjoint problem, which can be done efficiently using, for88

instance, a finite element method (FEM) or a discontinuous Galerkin (DG) method. By89

contrast, because it uses surface integrals, the boundary shape derivative usually requires90

more regularity on the solution of the forward and adjoint problems in order to be com-91

puted. The minimal regularity of the boundary, the interface, and the data needed to92

calculate the shape derivative in both distributed and boundary forms has been carefully93

studied, at least for scalar problems. We mention in particular the work [19].94
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The minimization of the misfit functional follows a steepest descent algorithm, which95

we implement only in the two-dimensional setting. The numerical experiments tend to96

be expensive computationally, because two boundary-value problems for the system of97

elasticity, the forward and the adjoint problem, must be solved at each step of the descent.98

Therefore, as a proof of concept, we present the numerical results in a simplified setting,99

that of a square as the domain ! and where the fault S is a line segment. Furthermore,100

we mostly focus on the reconstruction of the fault surface assuming the slip is known.101

Indeed, the inverse problem is linear in the slip vector and hence stable, while the inverse102

problem for the fault surface is nonlinear. We then borrow the approach developed in [9]103

for reconstructing polygonal partitions in EIT to do the descent.104

In this approach, the vertices of the dislocation line are assumed to be nodes of a105

coarse domain partition and are moved individually using the shape derivative calculated106

along linear elements on the partition. The optimal position of each vertex is computed107

separately and used to update the dislocation segment. The advantage of this method108

is that it is local to each node of the partition; hence, it can be parallelized to increase109

efficiency. The drawback is its accuracy. To calculate the shape derivative, we employ a110

DGmethod to compute both the forward and the adjoint problem on a finer conforming111

mesh. The steepest descent algorithm is stopped when a given tolerance is reached. As112

with most iterative methods, we have a good reconstruction only if the initial guess is113

sufficiently close to the true data for the problem (the fault surface and the slip vector).114

Moreover, the limited accuracy of our approach, the inherent sensitivity of the shape115

derivative to small changes, and the underlying ill-posedness of the inverse problemmake116

the reconstruction algorithmnumerically less stable. Even thoughwe rigorously derive the117

shape derivative only when the slip vanishes at the boundary, the discretized numerical118

algorithm can be applied in more generality (see also Remark 2.4). In our numerical119

experiments, as expected, we find that if the slip vector is constant, hence singularities120

appear in the solution at the tips of the dislocation segment, the reconstruction is more121

accurate, since the singularities help in locating the fault boundary. On the other hand,122

the error is significantly larger if the slip vector is allowed to vanish at the endpoints (see123

[7] where a reconstruction algorithm for linear cracks in dimension two is presented and124

tested). Consequently, in this latter situation we find that wemay have to makemore than125

one measurement or measure on a sufficiently large portion of the boundary, while from126

the uniqueness result for the inverse problem one would expect that one measurement127

on a small open patch at the boundary should be enough to reconstruct.128

Wedonot address the stability of the reconstruction, nor the convergence of themethod129

analytically, issues that we reserve to address in future work. In the case of planar faults130

and homogeneous elastic parameters, Lipschitz stability for the inverse fault problem was131

proved in [27], albeit leading to a nonquantitative estimate, which therefore cannot be132

directly employed to establish convergence. Quantitative Lipschitz stability estimates for133

a linear crack were obtained in dimension 2 in [8].134

We close the Introduction with a brief overview of the paper. In Sect. 2, we discuss the135

set up for both the forward and the inverse problem and recall the well-posedness results136

for the forward problem, as well as the uniqueness results for the inverse problem in [4,6].137

Section 3 is devoted to the rigorous derivation of the shape derivative. Lastly, in Sect. 4,138

we discuss the numerical tests and their outcomes.139
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2 Preliminaries140

We start by discussing the set-up for the forward problem and the assumptions we make141

on the fault surface and on the slip vector. We follow the notation and conventions in142

[4,6]. We only discuss the three-dimensional case with obvious modification in the two-143

dimensional case, which is the setting for our numerical experiments.144

We start by introducing some notation. We employ the blackboard font, e.g., A, for145

tensors, the boldface font, e.g., A, for matrices, bold italics font, e.g., a, for vectors, and146

italics font, e.g.,a, for scalars.Wedenotematrix–vectormultiplication simplybyA b, while147

· and : represent the inner product between vectors and matrices, respectively. Lastly, we148

use Einstein notation of summation over repeated indices, e.g., ci = [Ab]i = Aijbj and149

we similarly define the product of a tensor with a vector Aa.150

As in [4], we are concernedwith faults buried in the Earth’s crust that undergo a creeping151

aseismic movement. Such a situation is typical of areas of microseismicity, but can lead152

to earthquakes of sizeable magnitude [14]. In this context, faults tend to be shallow, and153

it is reasonable to work in a patch of the Earth’s crust, modeled as a bounded domain154

! with Lipschitz boundary. In the numerical implementation, ! is of polygonal type.155

The boundary of !, ∂!, is subdivided into two parts, one that represent the buried part156

" and the other, ∂! \ ", that lies on the surface of the Earth. We assume that " is157

a closed subset of ∂!. We model the fault by an open, orientable, Lipschitz surface S,158

with Lipschitz boundary ∂S at positive distance δ from the boundary of !. We assume159

that S can be extended to a closed Lipschitz surface & also at positive distance from160

∂!. Then & splits ! into two (possibly disconnected) components !+ and !−, with161

∂!− = &, ∂! ∩ ∂!− = ∅ and !+ = ! \ !−. We denote with n the unit outer norm to162

∂! and the unit outer normal to !−, which induces an orientation on S.163

We follow standard notation for function spaces—for instance,Ws,p(!), s ≥ 0, 1 ≤ p ≤164

∞, denotes Lp-based Sobolev spaces and Ws,2(!) = Hs(!). The space H1/2
0 (!) denotes,165

as customary, the closure ofC∞
c (!) in theHs norm.We also define Sobolev spacesHs(∂!)166

on the boundary of ! and Hs(S) on the fault S for 0 ≤ s < 1, using partitions of unity167

and a flattening of the boundary, which is justified by the regularity assumptions we have168

made on ! and S. Additionally, we introduce Sobolev spaces of vector fields with zero169

trace on ". If V is an open subset of ! with Lipschitz boundary and " ⊂ ∂V , we set:170

Hs
"(V ) :=

{u ∈ Hs(V ), u)"= 0} , s >
1
2 . (2.1)171

We will also employ a less standard space on S, the space H
1
2
00(S), which can be defined172

as the weighted space:173

H
1
2
00(S) :=

{
u ∈ H

1
2
0 (S), δ−1/2u ∈ L2(S)

}
, (2.2)174

where δ(x) =dist(x, ∂S) for x ∈ S and the distance is computed using geodesic length on175

S. The space H
1
2
00 has the property that if S is seen as an open patch of a closed Lipschitz176

surface &, then extension by zero to & is a bounded operator from H
1
2
00(S) to H 1

2 (&).177

Moreover, elements of H
1
2
00(S) have trace zero on ∂S. We refer to [4, Sect. 2] for further178

discussion on this point.179

Finally, if f defined a.e. on ! is regular enough to have a nontangential limit on S, we180

let [f ]S denote the jump on S, defined as:181

[f ]S = f+ − f−,182
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where f± is the limit taken nontangentially in !±, respectively.183

In the regime of creeping faults, where notable slip occurs without earthquakes, a quasi-184

static approximation is justified. Therefore, we model the Earth’s crust as a linearly elas-185

tic, but inhomogeneous, material with time-independent elastic parameters. The elastic186

response is encoded in a fourth-order tensor C, the elasticity tensor, which we assume187

to be totally symmetric (that is, the material is hyperelastic) and uniformly Lipschitz188

continuous in !:189

C ∈ W 1,∞(!). (2.3)190

In fact, we assume that C is isotropic for the inverse problem. This regularity assumption191

is not optimal in the context of geophysical applications, since the Earth’s crust is typically192

modeled as a layeredmedium, where material properties can vary abruptly from one layer193

to the next. However, Lipschitz regularity is needed to compute the shape derivative, and194

for the solvability of the forward problem in some cases as well. We discuss this point195

further later in this section.196

We also impose the standard (uniform) strong convexity condition, which reads197

C(x)A : A ≥ γ |A|2, a.e in !, (2.4)198

for all symmetric matricesA for some constant γ > 0. This condition guarantees that the199

energy functional is strictly positive.200

The forward or direct fault problem consists in finding the elastic displacement u that201

solves the homogeneous elastostatics system subject to suitable boundary conditions on202

∂! and suitable transmission conditions on S. On the part of ∂! that lies on the surface203

of the Earth ∂! \", it is appropriate to assume that there is no elastic load; hence, ∂! \"204

is traction free. The traction is the normal component of the stress σ = C∇̂u, with ∇̂ the205

symmetric part of the gradient, and represents the elastic force acting on surfaces.206

On the buried part ", there are several boundary conditions that can be imposed.207

For simplicity, we choose to impose homogeneous Dirichlet conditions, that is, " is208

displacement free. This choice is physically motivated by our assumption that the fault is209

at a positive distance from the boundary, so the boundary is undisturbed by the slip on the210

fault. For numerical purposes, absorbing boundary conditions could also be considered.211

On the fault surface S, we assume continuity of the traction, while there is a jump in the212

displacement, encoding the slippage of the rock on the two sides of the fault, given by a213

vector field g on S, the so-called Burger’s vector. The slip needs not be tangential to S and214

can be oriented arbitrarily.215

The displacement umust, hence, satisfy the following mixed-boundary-value-interface216

problem:217






div(C∇̂u) = 0, in ! \ S,
(C∇̂u)ν = 0, on ∂! \ ",
u = 0, on ",
[u]S = g , [

(C∇̂u)n]S = 0.

(2.5)218

The strong convexity condition (2.4) implies strong ellipticity for the elastostatics operator219

divC∇̂ . Since we are interested in domains of polyhedral type, elliptic regularity does not220

hold in standard Sobolev spaces and, consequently, problem (2.5) must be intended in a221

weak or very weak sense, depending on the regularity of the slip g .222
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As a matter of fact, even when ! and S are smooth, if g does not vanish at the boundary223

of S, i.e., if g ∈ H 1
2 (S), but g /∈ H

1
2
00(S), then singularities develop at ∂S that preclude224

any variational formulation. Instead, owing to the Lipschitz regularity of the elastic coef-225

ficients, provided the boundary ∂! is smooth enough, a very weak solution to (2.5) can be226

constructed via a duality argument, viewing the mixed-boundary-value interface problem227

as a singular source problem in the whole of ! with source228

f S = div
(
C(g + n)δS

)
,229

where δS is the unit measure concentrated on S, so that f S ∈ H−3/2−ε , ε > 0. To use230

duality, one needs to have sufficiently regular solutions of the adjoint problem, which is231

a problem of the same form in our case. This is possible, since regularity holds for the232

system of elastostatics when ! is sufficiently smooth. In particular, if div(C∇̂v) = F in233

! and F ∈ L2(!), then v ∈ H2(!). Furthermore, it can be shown using a layer potential234

representation that the solution is more regular than obtained via duality, namely, it235

belongs toH1−ε(! \ S) for any ε > 0. Hence, the homogeneous Dirichlet condition on "236

holds in trace sense. Somewhat informally, by a very weak solution of problem (2.5) we237

then mean that u satisfies238

∫

!
u · div(C∇̂v)dx =

〈
div(C(g + n)δS, v

〉(
H−3/2−ε (!),H3/2+ε

0 (!)
)

239

240

for all v ∈ D(!), where as customary D(!) is the space of smooth functions that are241

compactly supported in !, and 〈, 〉(X ′ ,X) denotes the duality pairing between a Banach242

space X and its dual X ′. In reality, one needs to work with the dual space of a suitable243

subspace of H1
"(!).244

For a precise definition of veryweak solution andmore details on the dual formulation of245

problem (2.5), we refer to [6]. There the domain is the lower half-space and weights must246

be imposed to ensure integrability at infinity. However, essentially the same arguments247

apply inboundeddomains,without theneedofweights, again if theboundary is sufficiently248

regular (e.g., of class C2,α , α > 0). We recall the following well-posedness results for very249

weak solutions (see [6, Theorem 3.11]).250

Theorem 2.1 Assume that ! is of class C2,α , α > 0. There exists a very weak solution251

u ∈ H 1
2−ε(!) ∩ H1−ε

" (!\S) to problem (2.5) for any g ∈ H 1
2 (S) and any ε > 0.252

By contrast, when g ∈ H
1
2
00(S), extending the slip by zero to & yields a standard non-253

homogeneous interface problem that admits a variational solution in H1(! \ S). The254

variational formulation only requires the elastic parameters to be bounded uniformly.255

We now recall this variational or weak formulation, which will be the starting point for256

computing the shape derivative. Below, g̃ ∈ H 1
2 (&) denotes the extension of g ∈ H

1
2
00(S)257

by zero. We recall the following standard lemma (see e.g., [4], Lemma 3.3, and references258

therein).259

Lemma 2.2 The following identification holds:260

H1(! \ S) ∼= H̃ :=
{
f ∈ L2(!) : f )!+∈ H1(!+), f )!−∈ H1(!−), and [f ]&\S = 0

}
.261

(2.6)262
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Then, u ∈ H1
"(! \ S) is a weak or variational solution of the mixed-boundary-value-263

interface problem (2.5) if, for all v ∈ H1
"(!):264

a&(u, v) :=
∫

!\&
C∇̂u : ∇̂v dx = 0, (2.7)265

and [u]& = g̃ . We note that by the symmetry properties of C, the bilinear form a defined266

above can be written equivalently as:267

a&(u, v) =
∫

!\&
C∇u : ∇v dx =

∫

!\&
C∇v : ∇u dx.268

The following well-posedness result holds (see [4, Theorems 3.5 and 3.6]).269

Theorem 2.3 There exists a unique weak solution u ∈ H1
"(! \ S) to problem (2.5), which270

depends continuously on the slip vector g ∈ H
1
2
00(S).271

Very briefly, the proof consists in solving two problems, a mixed Dirichlet–Neumann272

problem in !+ and a purely Neumann problem in !−, with an unknown vector potential273

φ on &, which represents the common value of the traction on the two sides of &, and274

subsequently solving for φ from knowledge of the slip field g using a combination of275

Neumann-to-Dirichlet operators for the domains!±. We refer the reader to [4] for more276

details and the complete proof.277

We consider both the case g ∈ H1/2
00 (S) and the general case g ∈ H1/2(S) for the numerical278

experiments in Sect. 4.279

Remark 2.4 We present a detailed derivation of the shape derivative in the case g ∈280

H
1
2
00(S), that is, when the solution u ∈ H1(! \ S), since the variational setting is the281

best suited for numerical applications. Moreover, assuming that g vanishes at ∂S is more282

physically justified (only a patch on a fault is typically active). However, the boundary283

shape derivative can also be obtained using a layer potential representation of the elastic284

displacement u, which we established in [6], following the approach used in [8]. This285

derivation applies to any slip field g ∈ H 1
2 (S), including the case of constant slip. As286

mentioned in the Introduction, having singularities at the boundary of S helps with the287

inverse problem of recovering the shape and location of S.288

We close this section by recalling two uniqueness results for the inverse problem of289

determining the fault S and the slip vector g from surface measurements of the displace-290

ment u on an open subset # ⊂ ∂! \ ", henceforth called the acquisition manifold. The291

first result is in the setting of Theorem 2.1, while the second is in the setting of Theorem292

2.3. The two results differ in the a priori assumptions imposed on S and on g , which are293

more stringent in the first case.294

Theorem 2.5 (Theorem 5.1 in [6]) Let S1, S2 be two piecewise linear fault surfaces that295

in addition are graphs with respect to the same coordinate system. Let g i be bounded296

tangential fields in H1/2(Si) with supp g i = Si, for i = 1, 2. Let ui, for i = 1, 2, be the297

unique very weak solution of (2.5) corresponding to g = g i and S = Si. If u1
∣∣
#

= u2
∣∣
#

,298

then S1 = S2 and g1 = g2.299

The conditions on Si and g i in the theorem above can be weakened somewhat.300
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Fig. 2 The geometric set-up for the inverse problem. The measured data um is given on #

Theorem 2.6 (Theorem 4.1 in [4]) Let S1, S2 be two fault surfaces that in addition are301

graphs with respect to the same coordinate system. Let g i ∈ H
1
2
00(Si), for i = 1, 2, with302

Supp g i = Si, for i = 1, 2, and let ui, for i = 1, 2, be the unique weak solution of (2.5)303

corresponding to g = g i and S = Si. If u1
∣∣
#

= u2
∣∣
#

, then S1 = S2 and g1 = g2.304

Briefly, the two theorems above follow both from an argument by contradiction, using305

unique continuation for the elasticity system (this is why we have assumed that C is306

Lipschitz continuous and isotropic, but see [5] for certain anisotropic cases). As a matter307

of fact, the boundary condition and the measured data together form the Cauchy data308

on the acquisition manifold #. Then by unique continuation, w := u1 − u2 must be309

identically zero on the connected component of ! \ S1 ∪ S2 that touches #. If a.e. every310

point on S1 ∪ S2 is accessible from this component, the jump conditions immediately give311

a contradiction. If not, then there is a component of!\S1 ∪ S2 that is not accessible from312

#. The jump conditions allow only to conclude thatw is an infinitesimal rigidmotion, and313

then are the geometric conditions imposed on Si and the conditions on g i, i = 1, 2, that314

implyw can only be the trivialmotion. Therefore,u1 ≡ u2 on the entire!, a contradiction315

in view of nonhomogeneous jumps g i on Si. Again, we refer to [4,6] for complete proofs.316

We observe that a single measurement on # is sufficient for the unique determination317

of both the fault and the slip. The assumption that surfaces are graphs with respect to318

a fixed, but arbitrary, coordinate system is not too restrictive in the geophysical context,319

where nearby faults tend to follow the same orientation. For numerical purposes, we are320

interested in polyhedral surfaces and, hence, both uniqueness theorems apply.321

3 The shape derivative322

In the rest of the paper we present an iterative reconstruction algorithm based on the323

minimization of a suitable misfit functional. For ease of notation, we use ! to denote ≤ C ,324

where C is a constant that may depend on the data, i.e., the Lipschitz norm of C and the325

strong convexity constant γ , on !, S, and g , which are fixed in computing the derivative326

(Fig. 2).327

Let um denote the measurement on the acquisition manifold #. Assuming no mea-328

surement errors, um agrees with the trace of the solution to the mixed-boundary-value-329

interface problem (2.5) for a certain fault surface S0 and slip vector g0. We let J denote330

the least-squares fitting cost functional:331

J (S, g) := 1
2

∫

#
|um(x) − u(x)|2 dσ (x), (3.1)332
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where u solves (2.5) with fault surface S and slip vector g and σ (x) denotes surface area.333

We remark that g depends also on S, so we have slightly abused notation. However,334

since the inverse problem is linear in the slip vector if S is fixed, the key step consists of335

reconstructing the fault surface S. Given the uniqueness results for the inverse problem336

and thewell-posedness of the forward problem,J has a unique globalminimum at S = S0337

and g = g0.338

To find this minimum, we propose a steepest descent algorithm based on a shape339

derivative, defined as the derivative of J with respect to infinitesimal movements of the340

fault S and under infinitesimal changes of the slip vector g . Due to the ill-posedness of the341

inverse problem,we regularize the algorithmbyminimizing only over piecewise polygonal342

or polyhedral faults. We do not study the convergence of this algorithm theoretically, in343

part because we do not know the convexity properties of J . Furthermore, there are344

measurement errors and we compute the solution of the forward problem numerically.345

We discuss the influence of these two types of errors in the section on the numerical tests.346

In this section, we tackle the computation of the shape derivative in terms of a material347

derivative, which gives the change of the solution u of (2.5) under infinitesimal changes348

of the fault S and the slip g . We encode the movement of the fault S in terms of a bi-349

Lipschitz diffeomorphism φτ : ! → !, depending on a small parameter τ ∈ [0, 1) with350

the following properties:351

(1) φ0 = I , and φτ )∂!= I , where I is the identity map;352

(2) φτ is linear in τ .353

Since S is at positive distance from ∂!, there exists δ > 0 such that dist(φτ (S), ∂!) > δ354

for all τ ∈ [0, 1). Therefore, we can assume without loss of generality that:355

φτ := I + τ U , (3.2)356

where U : ! → ! is a Lipschitz map with support in a neighborhood V of &. (We recall357

that & is at positive distance from ∂!, so V always exists.) Then:358

dφτ

dτ
= U , Dxφτ = I + τDxU .359

Similarly, we encode the infinitesimal change of the slip g in terms of a vector field gτ ,360

given by:361

gτ := g + τ h, (3.3)362

where h ∈ H
1
2
00(S), and again denote with g̃τ its extension by zero to &. The actual change363

in the slip is given by the composition of gτ with φ−1
τ .364

For notational convenience, we set:365

Sτ := φτ (S), &τ := φτ (&), (3.4)366

so that S0 ≡ S and &0 ≡ &. We recall that we assume that the elasticity tensor C is known367

in both the forward and the inverse problem; it is defined on the whole of ! and globally368

Lipschitz continuous.369

We first obtain a distributed derivative, which can be computed in the framework of370

weak solutions of (2.5), assuming the slip g ∈ H
1
2
00(S). We hence work with &τ and the371

extensions g̃τ , h̃ of the slip vectors gτ , h by zero to &τ .372
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For ease of notation, we write J (τ ) := J (&τ , g̃τ ). We can now define the shape deriva-373

tive as the directional derivative:374

D(U ,̃h)J (&τ , g̃τ ) :=
dJ (τ )
dτ

)τ=0. (3.5)375

Next, we let uτ ∈ H1
"(! \ Sτ ) be the (weak) solution of the perturbed problem, which376

exists and is unique by virtue of Theorem 2.6.:377






div(C∇̂uτ ) = 0, in ! \ &τ ,
(C∇̂uτ)ν = 0, on ∂! \ ",
uτ = 0, on ",
[uτ ]&τ = g̃τ ◦ φ−1

τ , [(C∇̂u)n]&τ = 0,

(3.6)378

or equivalently:379

a&τ (uτ , v) =
∫

!\&τ

C∇yuτ : ∇yv dy = 0, [uτ ]&τ = g̃τ ◦ φ−1
τ ,380

381

for every v ∈ H1
"(!), where y = φτ (x).382

To compute the material derivative, we transform the perturbed problem (3.6) into a383

problem on the fixed domain ! \ S. We then let384

ŭτ (x) := uτ ◦ φτ (x), x ∈ ! \ S.385

By the change of variable formula, which holds in Lipschitz domains, ŭτ ∈ H1
"(! \ S)386

satisfies the variational problem:387

aτ (ŭτ ,w) :=
∫

!\&τ

C
(
∇(ŭτ ◦ φ−1

τ )
) : (∇(w ◦ φ−1

τ )
)
dy388

=
∫

!\&
Cτ∇xŭτ [Dφτ ]−1 : ∇xw[Dφτ ]−1 J (φτ ) dx = 0, (3.7)389

where J (φτ ) = det(Dx-τ ) is the Jacobian determinant, w(x) = v(φ(x)), and390

Cτ (x) := C(φτ (x)). (3.8)391

Above we have again used the symmetry properties of C. Additionally, since φτ induces392

an automorphism on H1
"(!), we have dropped the dependence on τ on the test function393

w. We stress that Cτ has the same symmetries and satisfies the same strong convexity394

condition, since they both hold pointwise uniformly in !, but it is no longer an elasticity395

tensor.396

It will be convenient to switch to a weak formulation with homogeneous transmission397

conditions, so as to have the same function space for solutions and test functions. To this398

end, we introduce a lift of the slip vector on & using a Newtonian potential. Given any399

vector field a ∈ H 1
2 (&), we define its lift $a ∈ H1(! \ &) as any solution to the problem:400






.$a = 0 in ! \ &,
[$a]& = a, [∂n$a]& = 0,
Supp $a ⊂ !,

(3.9)401

with ∂n = n · ∇ the normal derivative. We can specify the lift uniquely by requiring that402

$a ≡ 0 on ! \ U , where U is the neighborhood of &, for instance. The existence of this403

lift in H1(! \ &) can be obtained using a double-layer potential representation for the404
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solution, which is well-known for the Laplacian (alternatively, one can apply the same405

techniques used to prove Theorem 2.3). We let:406

uτ (x) := ŭτ (x) − $τ h̃(x), x ∈ ! \ &. (3.10)407

Then uτ ∈ H1
"(! \ S) and satisfies:408

aτ (uτ ,w) = −aτ ($τ h̃,w), [uτ ]& = g̃ , (3.11)409

since [ŭτ ]& = g̃τ = g̃ + τ h̃. Furthermore:410

[uτ − u]& = g̃ − g̃ = 0 ⇒ uτ − u ∈ H1
"(!).411

We now define thematerial derivative u̇ ∈ H1
"(!) as:412

u̇ := duτ

dτ
)τ=0= lim

τ→0+

uτ − u
τ

, (3.12)413

where the convergence is strongly in H1
"(!), if the limit exists.414

Before tackling the existenceof thematerial derivative,wediscuss someuseful properties415

of C and φτ . We recall that φτ and C are uniformly Lipschitz on !. Since φτ = I + τ U ,416

there exists τ small enough, say τ ∈ [0, τ0], for some τ0 5 1, such that φ−1
τ ≈ I − τ U and417

lim
τ→0+

Dφ−1
τ − I
τ

= −DU , lim
τ→0+

Dφτ − I
τ

= DU , (3.13)418

in L∞(!). Similarly, J (φτ ) ≈ J (φ−1
τ ) ≈ 1 also for τ ∈ [0, τ0], and a straightforward419

calculation shows that420

lim
τ→0+

J (φ−1
τ ) − 1
τ

= −divU , lim
τ→0+

J (φτ ) − 1
τ

= divU , (3.14)421

also in L∞(!). Additionally:422

‖Cτ‖W 1,∞(!) ! ‖U‖W 1,∞(!)‖C‖W 1,∞(!).423

and similarly for C ◦ φ−1
τ . For ease of notation, we let424

L := ‖U‖W 1,∞(!).425

We begin with showing that a weak limit exists. We observe that, since the lift of the426

jump on & satisfies a linear problem, $τ h̃ = τ$h̃. Consequently, $̇h̃ = $h̃.427

Lemma 3.1 Let u be the unique weak solution of (2.5)with g ∈ H
1
2
00(S) and let uτ be given428

in (3.10). Then uτ − u
τ

converges weakly in H1
"(!) and strongly in L2(!) as τ → 0+.429

Remark 3.2 Although convergence will be along subsequences (not relabeled), the whole430

sequence will converge as we will show uniqueness of the limit later on.431

Proof ByPoincaré’s inequality, it is enough to establish auniformboundon ‖∇uτ −∇u‖L2(!)
τ .432

We recall that [Dφτ ]−1 ≈ I − τDU for τ ∈ [0, τ0], so that433

∣∣∇̂uτ (x) − ∇̂u(x)
∣∣2 ! L2

∣∣∣ ̂(
∇uτ (x)[Dφτ (x)]−1)− ̂(

∇u(x)[Dφτ (x)]−1)
∣∣∣
2
.434

435

Next, using the strong convexity assumption (2.4) and the symmetry of C, we have that436

for a.e. x ∈ !,437

∣∣∣ ̂(
∇uτ (x)[Dφτ (x)]−1)− ̂(

∇u(x)[Dφτ (x)]−1)
∣∣∣
2

438

! C(L, γ )C
[
∇(uτ − u)(x)[Dφτ (x)]−1] : [∇(uτ − u)(x)[Dφτ (x)]−1] .439

440
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It then follows from Korn’s inequality that441

1
τ 2

∫

!

|∇uτ − ∇u|2 dx442

! C(L, γ )
∫

!

1
τ 2

C
[
∇(uτ − u)[Dφτ ]−1] : [∇(uτ − u)[Dφτ ]−1] dx. (3.15)443

444

Next we note that, since uτ − u
τ

∈ H1
"(!), it can be used as a test function in (2.7) for u445

and in (3.7) for ŭτ . Hence, for τ > 0446

1
τ

∫

!\&
C ∇u : ∇

( uτ − u
τ

)
dx = 0447

1
τ

∫

!\&
Cτ∇ŭτ [Dφτ ]−1 :

[
∇
( uτ − u

τ

)
[Dφτ ]−1

]
J (φτ ) dx = 0 (3.16)448

449

We then write using the fact that we can integrate uτ − u equivalently on ! or ! \ & or450

! \ &τ :451

1
τ 2

∫

!
C
[
∇(uτ − u)[Dφτ ]−1] : [∇(uτ − u)[Dφτ ]−1] dx452

= − 1
τ 2

∫

!\&
C
[
∇u[Dφτ ]−1] : [∇(uτ − u)[Dφτ ]−1] dx453

+ 1
τ 2

∫

!\&
C
[
∇uτ [Dφτ ]−1] : [∇(uτ − u)[Dφτ ]−1] dx =: A + B.454

455

We tackle the terms A and B separately, exploiting (3.16). For the first term, we have:456

A = −
∫

!\&
C
[
∇u

( [Dφτ ]−1 − I
τ

)]
:
[
∇
(uτ − u

τ

)]
dx457

−
∫

!\&
C
[
∇u [Dφτ ]−1] :

[
∇
(uτ − u

τ

) ( [Dφτ ]−1 − I)
τ

)]
458

459

Consequently, uniformly in τ ∈ [0, τ0],460

|A| ! C(L, γ ) ‖u‖H1(!\S)

∥∥∥∥∥
∇(uτ − u)

τ

∥∥∥∥∥
L2(!)

. (3.17)461

For the second term, we recall the definition of uτ (3.10) to obtain:462

B =
∫

!\&

1
τ

C
[
∇ŭτ [Dφτ ]−1] :

[
∇
( uτ − u

τ

)
[Dφτ ]−1

]
dx463

−
∫

!\&
C
[
∇ /τ h̃

τ
[Dφτ ]−1

]
:
[
∇ (uτ − u)

τ
[Dφτ ]−1

]
dx =: B1 + B2.464

465

For the first term on the right, using the second equation in (3.16):466

B1 =
∫

!\&
Cτ

[
∇ŭτ

([Dφτ ]−1 − I)
τ

]
:
[
∇ (uτ − u)

τ
[Dφτ ]−1

]
dx467

−
∫

!\&

(Cτ − C)
τ

[
∇ŭτ [Dφτ ]−1] :

[
∇ (uτ − u)(x)

τ
[Dφτ ]−1

]
dx468

+
∫

!\&
Cτ

[
∇ŭτ [Dφτ ]−1] :

[
∇ (uτ − u)(x)

τ
[Dφτ ]−1(x)

] (J (φ) − 1)
τ

dx469

470
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Hence, for τ ∈ [0, τ0] we have the bound:471

|B1| ! C(L, γ ) ‖ŭτ‖H1(!\S)

∥∥∥∥∥
∇(uτ − u)

τ

∥∥∥∥∥
L2(!)

472

! C̃(L, γ ) ‖uτ‖H1(!\Sτ )

∥∥∥∥∥
∇(uτ − u)

τ

∥∥∥∥∥
L2(!)

. (3.18)473

For the second term on the right, we have similarly474

|B2| ! C(L, γ ) ‖$h̃‖H1(!\S)

∥∥∥∥∥
∇(uτ − u)

τ

∥∥∥∥∥
L2(!)

, (3.19)475

using also that by linearity /τ h̃/τ = /h̃. From (3.15), (3.17),(3.18),(3.19), we then obtain476

the desired uniform bound:477

∥∥∥∥
∇ (uτ − u)

τ

∥∥∥∥
2

L2(!)
! C

(

L, γ , ‖h‖
H

1
2
00(S)

) ∥∥∥∥
∇(uτ − u)

τ

∥∥∥∥
L2(!)

, ∀τ ∈ [0, τ0],478

(3.20)479

where we have employed also the stability estimates for problems (2.5), (3.6), and (3.9).480

We hence have that, upon passing to a subsequence, ŭτ − u
τ

converges weakly to481

an element v ∈ H1
"(!). By Rellich Compactness Theorem, the subsequence converges482

strongly in L2(!) (in fact, in Hs(!) for s < 1), and by weak continuity of the derivative:483

∇(uτ − u)
τ

⇀ ∇v,484

in L2(!). 9:485

Remark 3.3 For the validity of (3.20), it is not necessary to have C globally Lipschitz in!.486

It is sufficient that C is uniformly Lipschitz in a neighborhood of &, which also contains487

&τ for τ sufficiently small.488

We next establish uniqueness of the weak limit and strong convergence, by character-489

izing the material derivative as the solution of a certain variational problem.490

Theorem 3.4 In the hypotheses of Lemma 3.1, uτ − u
τ

converges as τ → 0+ strongly to491

u̇ ∈ H1
" , which is the unique solution of the variational problem:492

∫

!
C∇u̇ : ∇w dx = −

∫

!\&
B ∇u : ∇w dx −

∫

!\&
C ∇u : ∇w divU dx493

+
∫

!\&
C ∇u : ∇wDU dx494

+
∫

!\&
C ∇uDU : ∇w dx −

∫

!\&
C ∇$h̃ : ∇w dx, (3.21)495

496

for w ∈ H1
"(!), where497

Babcd := lim
τ→0+

Cabcd
τ − Cabcd

τ
= Ue ∂exCabcd, (3.22)498

499

in L∞(!).500
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Remark 3.5 In general, the 4th-order tensor B does not enjoy the same symmetry prop-501

erties as C, which reflects the fact that the system of elastostatics is not covariant under502

changes of coordinates.503

Proof We begin by showing that any weak limit of uτ − u
τ

satisfies (3.21). This fact will504

also ensure its uniqueness.505

We start by writing aτ (
uτ − u

τ
,w) for a generic test function w ∈ H1

"(!). We proceed506

as in the computation of terms A and B in the proof of Lemma (3.1), again exploiting the507

weak formulation (3.7) for ŭτ :508

−
∫

!
Cτ

[ (∇uτ − ∇u)
τ

[Dφτ ]−1
]
: [∇w[Dφτ ]−1] J (φτ ) dx509

= 1
τ

∫

!\&
Cτ

[
∇u[Dφτ ]−1] : [∇w[Dφτ ]−1] J (φτ ) dx510

−
∫

!\&
Cτ

[ (∇ŭτ − ∇$τ h̃)
τ

[Dφτ ]−1
]
: [∇wD[φτ ]−1] J (φτ ) dx =511

1
τ

∫

!\&
Cτ

[
∇u[Dφτ ]−1] : [∇w[Dφτ ]−1] J (φτ ) dx512

+
∫

!\&
Cτ

[
$h̃[Dφτ ]−1] : [∇w[Dφτ ]−1] J (φτ ) dx. (3.23)513

514

For notational convenience, we write the above identity abstractly as: Gτ = Eτ + Fτ .515

Our goal is to pass to the limit τ → 0+ in each term. In all three terms, we will use516

the assumptions on C and φτ , in particular (3.13) and (3.14). We also recall that the517

composition of two Lipschitz maps is still Lipschitz with constant that can be bounded by518

the product of the two Lipschitz constants, which implies in particular that Cτ → C in519

W 1,∞(!) as τ → 0. Then,520

(Cτ (x) − C(x))
τ

= C(x + τU (x)) − C(x)
τ

−→
τ→0+

(U (x) · ∇x)C(x),521

522

a.e. x ∈ ! and the limit is in L∞(!), because both U and C are Lipschitz.523

We first investigate the behavior as τ → 0+ of the integral Gτ on the left-524

hand side. By Lemma 3.1 the left-hand side consists of the pairing between an L2525

weakly convergent (sub)sequence ∇uτ − ∇u
τ

and an L2 strongly convergent sequence526

J (φτ )
(
Cτ∇w[Dφτ ]−1) [Dφτ ]−1. This last expression indicates the action of a 4th-order527

tensor onto a 2nd-order tensor yielding a 2nd-order tensor (up to the scalar factor J (φτ )),528

and strong convergence follows from Hölder’s inequality. Then, by weak-strong conver-529

gence:530

Gτ = −
∫

!
Cτ

[ (∇uτ − ∇u)
τ

[Dφτ ]−1
]
: [∇w[Dφτ ]−1] J (φτ ) dx531

= −
∫

!
J (φτ )

(
Cτ∇w[Dφτ ]−1) [Dφτ ]−1 : (∇uτ − ∇u)

τ
dx532

−→
τ→0+

−
∫

!
C∇w : ∇u̇ dx = −

∫

!
C∇u̇ : w dx. (3.24)533

534
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Next, we tackle the first integral Eτ on the right-hand side.We split into three parts, taking535

advantage of the fact that u solves (2.7):536

Eτ = 1
τ

∫

!\&
Cτ

[
∇u[Dφτ ]−1] : [∇w[Dφτ ]−1] J (φτ ) dx537

=
∫

!\&

(Cτ − C)
τ

[
∇u[Dφτ ]−1] : [∇w[Dφτ ]−1] J (φτ ) dx538

+
{∫

!\&
C
[
∇u[Dφτ ]−1] :

[

∇w
(
[Dφτ ]−1 − I

)

τ

]

J (φτ ) dx539

+
∫

!\&
C
[

∇u
(
[Dφτ ]−1 − I

)

τ

]

: [∇w[Dφτ ]−1] J (φτ ) dx
}

540

+
∫

!\&
C
[
∇u[Dφτ ]−1] : [∇w] (J (φτ ) − 1)

τ
dx541

542

Using once again the assumptions on C and φτ , the regularity of u and w, and Hölder’s543

inequality, we can pass to the limit τ → 0+ in each term above, as follows:544

Eτ −→
τ→0+

∫

!\&
B [∇u] : [∇w] dx545

−
{∫

!\&
C [∇uDU ] : [∇w] dx +

∫

!\&
C [∇u] : [∇wDU ] dx

}
546

+
∫

!\&
C [∇u] : [∇w] divU dx, (3.25)547

548

where we have also employed (3.13)-(3.14) and defined B by (3.22). Convergence in the549

last term Fτ follows straightforwardly from the convergence of φτ to I and of Cτ to C in550

W 1,∞(!):551

Fτ −→
τ→0+

∫

!\&
C
[
$h̃
] : [∇w] dx. (3.26)552

553

From (3.24)–(3.26) it follows that any weak limit u̇must satisfy (3.21). Then the coercivity554

of the bilinear form a& in H1(!) implies the uniqueness of u̇ in this space. Hence, the555

entire family
{uτ − u

τ

}
0<τ≤τ0

converges weakly to u̇ in H1(!)556

We can now show that the convergence is actually strong in H1(!). We first observe557

that, since u̇ ∈ H1
"(!), we can equivalently integrate on the right-hand side of (3.21) over558

! or ! \ &, and we can use u̇ as test function w. Hence, we can write (3.21) in compact559

form as:560

a&(u̇, u̇) = −
∫

!\&
B (∇u) : (∇u̇) dx561

−
∫

!\&
C∇u · ∇u̇ divU dx +

∫

!\&
C[∇uDU ] · ∇u̇ dx +

∫

!\&
C∇u · [∇u̇DU ] dx − a&($h̃, u̇),562

563
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where a& is defined below (2.7). Next, similarly to (3.15), by Poincaré’s inequality and the564

strong convexity of C, we have the estimate:565

∥∥∥∥∥∥
uτ − u

τ
− u̇

∥∥∥∥∥∥

2

H1(!)

!

∥∥∥∥∥∥
∇uτ − ∇u

τ
− ∇u̇

∥∥∥∥∥∥

2

L2(!)

566

! C(L,h)
∫

!
Cτ

[( ∇(uτ − u)
τ

− ∇u̇
)
Dφ−1

τ

]
:
[( ∇(uτ − u)

τ
− ∇u̇

)
Dφ−1

τ

]
J (φτ ) dx567

= aτ

(uτ − u
τ

− u̇, uτ − u
τ

− u̇
)
,568

569

with aτ as in (3.7).570

We will show that the right-hand side of the expression above goes to zero as τ → 0+.571

To this end, we split it into three parts:572

aτ

(uτ − u
τ

− u̇, uτ − u
τ

− u̇
)

= aτ (u̇, u̇) − 2aτ

(uτ − u
τ

, u̇
)

+ aτ

(uτ − u
τ

, uτ − u
τ

)
.573

(3.27)574

The convergence of Cτ to C and of φτ to I inW 1,∞(!) again implies that575

aτ (v1, v2) −→
τ→0+

a&(v1, v2), ∀vi ∈ H1(! \ &), i = 1, 2. (3.28)576

From (3.28), we immediately have that577

aτ (u̇, u̇) −→
τ→0+

a&(u̇, u̇), (3.29)578

Also, the first part of the proof using u̇ as test function w readily yields:579

aτ

(uτ − u
τ

, u̇
)

−→
τ→0+

a&(u̇, u̇). (3.30)580

We cannot directly pass to the limit τ → 0+ in aτ

(uτ − u
τ

, uτ − u
τ

)
, because we only581

have weak convergence of the arguments at this point. However, we recall the second582

identity in (3.16), which allows us to rewrite this term as:583

aτ

(uτ − u
τ

, uτ − u
τ

)
= −aτ

(
$h̃,

uτ − u
τ

)
− aτ

(u
τ
, uτ − u

τ

)
, (3.31)584

using that $τ h̃
τ

= τ $h̃
τ

= $h̃. Although u and $h̃ are not test function, as they jump across585

S, the definition of aτ only requires the entries to be in H1(! \ &). Consequently, we can586

pass to the limit τ → 0+ in the first term on the right by (3.28) to obtain:587

aτ

(
$h̃,

uτ − u
τ

)
−→
τ→0+

a&($h̃, u̇). (3.32)588
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For the second term on the right, we employ arguments similar to those used in the first589

half of the proof, distributing the factor 1/τ onto strongly converging terms:590

aτ

(u
τ
, uτ − u

τ

)
=
∫

!\&
Cτ

[
∇u [Dφτ ]−1

τ

]
:
[
∇
(uτ − u

τ

)
[Dφτ ]−1

]
J (φτ ) dx591

=
∫

!\&

(Cτ − C)
τ

[
∇u[Dφτ ]−1] :

[
∇
(uτ − u

τ

)
[Dφτ ]−1

]
J (φτ ) dx592

+
∫

!\&
C
[
∇u

( [Dφτ ]−1 − I
τ

)]
:
[
∇
(uτ − u

τ

)
[Dφτ ]−1

]
J (φτ ) dx593

+
∫

!\&
C [∇u] :

[
∇
(uτ − u

τ

)( [Dφτ ]−1 − I
τ

)]
J (φτ ) dx594

+
∫

!\&
C [∇u] :

[
∇
(uτ − u

τ

)] ( J (φτ ) − 1
τ

)
dx,595

596

where in the last term we have used that u solves (2.7). Then, using again the assumptions597

on C and φτ , (3.13) and (3.14), we can pass to the limit τ → 0+ in each term on the right,598

since we are pairing the weakly convergent sequence uτ − u
τ

with a strongly convergent599

sequence, obtaining that600

aτ

(u
τ
, uτ − u

τ

)
−→
τ→0+

∫

!\&
B ∇u : ∇u̇ dx +

∫

!\&
C ∇u : ∇u̇ divU dx601

−
∫

!\&
C ∇u : ∇u̇DU dx602

−
∫

!\&
C ∇uDU : ∇u̇ dx = −a&(u̇, u̇) − a&($h̃, u̇),

(3.33)

603

604

given that u̇ solves (3.21) for any test function w ∈ H1
"(!). From (3.31), using (3.32) and605

(3.33), we have that606

aτ

(uτ − u
τ

, uτ − u
τ

)
−→
τ→0+

−a&($h̃, u̇) + a&(u̇, u̇) + a&($h̃, u̇) = a&(u̇, u̇). (3.34)607

Finally, by employing (3.29), (3.30), and (3.34) in (3.27), we can conclude that:608

aτ

(uτ − u
τ

− u̇, uτ − u
τ

− u̇
)

−→
τ→0+

a&(u̇, u̇) − 2 a&(u̇, u̇) + a&(u̇, u̇) = 0,609

which in turn implies that610

uτ − u
τ

−→
τ→0+

u̇ in H1
"(!).611

The proof is now complete. 9:612

We recall that u̇τ = ŭτ − $τ h̃ and that $τ h̃
τ

= $h̃ is constant in τ . Then, from Theorem613

3.4 we straightforwardly obtain an expression for the material derivative614

u̇ := lim
τ→0+

ŭτ − u
τ

, (3.35)615

as solution of a variational problem.616
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Corollary 3.6 Under the hypotheses of Lemma 3.1, ŭτ − u
τ

converges to u̇ = u̇ + $h̃617

strongly in H1
"(!\S) and u̇ is the unique variational solution of the problem618

∫

!\S
C∇u̇ : ∇v dx = −

∫

!\S
B∇u : ∇v dx619

−
∫

!\S
C∇u : ∇v divU dx +

∫

!\S
C∇u : ∇vDU dx +

∫

!\S
C∇uDU : ∇v dx,620

(3.36)621
622

for all v ∈ H1
"(!), and [u̇]S = h.623

Above we have used the stability estimates for the forward problem, which imply the624

trace in H1/2(&) is continuous with respect to τ . We have also used that625

[ ŭτ − u
τ

]

&

= h̃,626

with h̃ = 0 on & \ S, and employed Lemma 2.2.627

Now that we have established the existence of the material derivative and derived a628

formula for it, we will use it to compute the shape derivative, defined in (3.5).629

Theorem 3.7 Under the hypotheses of Lemma 3.1, if u is the unique weak solution of630

problem (2.5) and g̃τ , Sτ are defined as in (3.3), (3.4), respectively, the shape derivative of631

the functional J is given by:632

d
dτ

J
(
Sτ , gτ

)
)τ=0 = −

∫

!\S
C [∇uDU ] : ∇w dx −

∫

!\S
C∇u : [∇wDU ] dx633

+
∫

!\S
C∇u : ∇w divU dx +

∫

S
[C(∇w)h] · n dσ (x) −

∫

!\S
B∇u : ∇w dx,

(3.37)
634

635

where w ∈ H1
"(!) is the unique weak solution of the adjoint problem:636






div (C∇w) = 0, in !,
(C∇w)ν = (u − um)χ#, on ∂! \ ",
w = 0, on ".

(3.38)637

638

Remark 3.8 Using elementary properties of the trace of a matrix, we can rewrite the639

second integral on the right in (3.37) as640

−
∫

!\S
C
[
∇uDUT

]
: ∇w dx,641

where the superscriptT denotes the transpose of amatrix.Hence, (3.37) takes the compact642

form:643

d
dτ

J
(
Sτ , gτ

)
)τ=0=

∫

!\S
M [∇u] : ∇w dx +

∫

S
(C[∇w]h) · n dσ (x), (3.39)644

where the so-called elasticmoment tensorM encodes the distributed effect of the infinites-645

imal movement of the fault. M is given in terms of its action on matrices by646

M[A] := B[A] − C
[
A(DUT + DU )

]
+ (divU )C[A], (3.40)647
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for A any d × d matrix. Note that, in general, M does not enjoy the same symmetries as648

C does, unless C is constant.649

Proof Since ŭτ − u
τ

converges strongly to u̇ inH1
"(!\S) byCorollary 3.6, hence inL2(∂!)650

by the Trace Theorem, we can differentiate under the integral sign in the definition of the651

functional J :652

d
dτ

J
(
Sτ , gτ

)
)τ=0=

∫

#
(u − um) · u̇ dσ (x),653

where we used the definition of the material derivative (3.35).654

Let now w solve the adjoint problem (3.38) (this is a standard variational problem that655

admits a unique weak solution by the Lax-Milgram Theorem, for instance). Then, we can656

equivalently write the expression above on the right as:657

d
dτ

J
(
Sτ , gτ

)
)τ=0=

∫

∂!
[C(∇w) ν] · u̇ dσ (x).658

We recall that we can integrate over ! \ & or ! \ S, because neither u nor w jump across659

& \ S, and that & splits ! into an outer region !+ that touches ∂! and an inner core !−.660

From (3.38), although u̇ cannot be used as a test function, integrating first in!+ and then661

in !− gives that662

∫

∂!
[C(∇w) ν] · u̇ dσ (x) = −

∫

!+
C∇w : ∇u̇ dx −

∫

!−
C∇w : ∇u̇ dx663

+
∫

&
[C(∇w)n] · [u̇]& dσ (x),664

recalling that by convention n is the outer normal to !−. But we know that the jump665

[u̇]& = h̃ (so, in fact, u̇ only jumps across S), so that we finally have:666

d
dτ

J
(
Sτ , gτ

)
)τ=0= −

∫

!\S
C∇w : ∇u̇ dx +

∫

S
[C(∇w)n] · h dσ (x),667

where we also used that w can be taken as test function for (3.36). 9:668

We close this section by deriving a boundary shape derivative from the distributed669

shape derivative in case C is constant, i.e., the rock is homogeneous in the region of670

interest around the fault. While this formula, which contains only integrals over the671

fault S, may lead to a less stable numerical implementation, it allows a more transparent672

geometric interpretation. We work with strong solutions of (2.5) and (3.38), assuming673

that ∂!, S and g , h are regular enough. By a strong solution u of (2.5), we mean that674

u ∈ H2(!\S) ∩ H1
"(!\S) and that the problem (2.5) is attained at least pointwise a.e.675

Similarly, a strong solutionw ∈ H2(!)∩H1
"(!) solves (3.38) at least pointwise a.e. . From676

standard regularity theory, weak solutions are strong solutions if ∂! and S are at least of677

class C1,α , α > 0, and g ,h ∈ Hs
0(S), s ≥ 3/2. We only compute the derivative in 2 space678

dimensions to simplify the resulting expression.679

Our starting point is formula (3.39). We show that we can write M[∇u] : ∇w as the680

divergence of a certain vector b. Since we assume that C is constant, B ≡ 0. Furthermore,681

since both u and w satisfy the homogeneous system of elasticity a.e. in ! \ &, it is enough682

to show that:683

M[∇u] : ∇w = −divb + ((U · ∇)w) · (div[C∇u]) + ((U · ∇)u) · (div[C∇w]) ,684
685
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for a suitable vector field b. Next, we exploit some elementary tensor calculus. If F is686

a matrix and a is a vector, by a F we mean vector–matrix multiplication (suppressing687

the transpose for notational ease), that is: [a F]j = ai Fij , using Einstein’s summation688

convention. Then, it is easy to see that689

div(aF) = a · divF + ∇a : F, (3.41)690

where [divF]i = ∂jFij = Tr (∇F)i. We let, following the convention above:691

b = a1F1 + a2F2 − aU , with692

a1 = (U · ∇)w, a2 = (U · ∇)u, a = C[∇u] : ∇w,693

F1 = C[∇u], F2 = C[∇w], (3.42)694
695

where a is a scalar field and we have identified the map U with a vector field. We apply696

(3.41) to a1F1:697

div(a1 F1) = ((U · ∇)w) (div[C∇u]) + C[∇u] : ∇ ((U · ∇)w) ,698

and note that699

[∇ ((U · ∇)w)]ij = ∂j(U/∂/wi) ⇒700

∇ ((U · ∇)w) = [∇w]DU + (U · ∇)∇w.701
702

Consequently,703

div(a1 F1) = ((U · ∇)w) (div[C∇u]) + C[∇u] : [∇wDU ] + C[∇u] : [(U · ∇)∇w] .704

(3.43)705

Similarly,706

div(a2 F2) = ((U · ∇)u) (div[C∇w]) + C[∇w] : [∇uDU ] + C[∇w] : [(U · ∇)∇u]707

= ((U · ∇)u) (div[C∇w]) + C[∇uDU ] : ∇w + C[∇w] : [(U · ∇)∇u] ,708

(3.44)709
710

where in the last identity we have used the symmetry of C. We also recall that div(aU ) =711

a divU + U · ∇a. Using this formula and (3.43)–(3.44), we can write712

div(b) = ((U · ∇)w) (div[C∇u]) + (((U · ∇)u) (div[C∇w]) + C[∇u] : [∇wDU ]713

+C [∇uDU ] : [∇w] + C[∇u] : [(U · ∇)∇w] + C[∇w] : [(U · ∇)∇u]714

− (divU )C[∇u] : ∇w − (U · ∇) (C[∇u] : ∇w) , (3.45)715
716

pointwise a.e in ! \ &.717

Now, since C is constant, exploiting again the symmetry of C,718

U i∂i (C[∇u] : ∇w) = U i C[∇u] : ∂i∇w + U i C[∂i∇u] : ∇w719

= C[∇u] : [(U i∂i)∇w] + C[∇w] : [(U i∂i)∇u],720

so the last term in (3.45) cancels other two terms in that expression and we conclude that721

div(b) = ((U · ∇)w) (div[C∇u]) + (((U · ∇)u) (div[C∇w])722

+ C[∇u] : [∇wDU ] + C [∇uDU ] : [∇w] − (divU )C[∇u] : ∇w.723

(3.46)724
725
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We can now derive the boundary shape derivative. We introduce some convenient nota-726

tion. Let {t ,n} be a curvilinear frame on &, hence on S, with n coinciding with the unit727

outer normal to !−. We denote the tangential projection by:728

Ftan := Ft , atan := a · t ,729

where F is a matrix and a is a vector, and according to our notation Ft denotes matrix–730

vector multiplication. Similarly, we denote the normal projection by:731

Fn := Fn, an := a · n.732

We also employ the short-hand notation:733

∂tan := t · ∇ , ∂n := n · ∇ .734

Theorem 3.9 Assume that ! ⊂ R2 and the fault S is of class C1,α , α > 0, that C is735

constant, and g ,h ∈ Hs
0(S), s ≥ 3/2. Then the boundary shape derivative of the functional736

J is given by:737

d
dτ

J (Sτ , gτ ))τ=0=
∫

S

[
Utan (C[∇w])n − Un (C[∇w])tan

]
· (∂tang) + (C[∇w])n · h dσ (x),738

(3.47)739

where u is a strong solution of (2.5) and w is a strong solution of (3.38).740

Proof Since u solves (2.5) and w solves (3.38), from (3.46) it follows by integrating by741

parts in !± that742

d
dτ

J (Sτ , gτ ))τ=0 = −
∫

!\&
divb dx +

∫

S
(C[∇w])n · h dσ (x)743

=
∫

&
[bn]& dσ (x) +

∫

S
(C[∇w])n · h dσ (x)744

=
∫

&

{[
(C[∇u])n

]
&

· (U · ∇)w + (C[∇w])n · [(U · ∇)u]&745

−Un [C[∇u] : ∇w]&
}
dσ (x) +

∫

S
(C[∇w])n · h dx.

(3.48)

746

747

Abovewehave used thatU ,∇w, and (C[∇w])n donot jumpacross&. Indeed,U is Lipschitz748

continuous on the whole !, while w ∈ H2(!), so [(∇w)tan]& = 0 since w is continuous749

and & is regular. Also, the jump in the traction (C[∇w])n across & is zero from (3.38)750

integrating by parts in !±. Then, as in [21], one can conclude from these two facts that751

[(∇w)n]& = 0; hence, the whole gradient of w does not jump across &.752

Next, using again the continuity of w and its traction across &, we note that753

[(U · ∇)u]& = [∇u(n + n + t + t)((U · n)n + (U · t)t)]&
= [∂nu Un + ∂tanu Utan]&
= [∂nu]& Un + [∂tanu]& Utan = [∂nu]& Un + ∂tang̃ Utan.

(3.49)754

Similarly:755

[C[∇u] : ∇w]& = [∇u : C[∇w]]& = [∇u(n + n) : C[∇w]]& + [∇u(t + t) : C[∇w]]&
= [(∂nu) · (C[∇w])n]& + [∂tanu · (C[∇w])tan]&
= [∂nu]& · (C[∇w])n + [∂tanu]& · (C[∇w])tan
= [∂nu]& · (C[∇w])n + ∂tang̃ · (C[∇w])tan.

(3.50)756
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Therefore, using (3.49) and (3.50) in the second and third terms on the right-hand side of757

the last equality in (3.48), we obtain758

(C[∇w])n · [(U · ∇)u]& − Un [C[∇u] : ∇w]& = (C[∇w])n · [∂nu]&Un + (C[∇w])n · (∂tang̃)Utan
− (C[∇w])n · [∂nu]& Un − (C[∇w])tan · (∂tang̃)Un

= (C[∇w])n · (∂tang̃)Utan − (C[∇w])tan · (∂tang̃)Un.
759

Inserting this expression into (3.48) finally gives formula (3.47). 9:760

4 Numerical implementation761

In this section, we implement a reconstruction algorithm based on a gradient descent762

method that uses the shape derivative (3.37) of the functional defined in (3.1). While the763

algorithm is applicable in both two and three space dimensions, our numerical experi-764

ments are done in the two-dimensional case, and hencewe focus on describing themethod765

in 2D. The two-dimensional problem can be seen as looking at vertical slices of the full766

3D problem and neglecting any stress across different slices. This is a simplification, but767

our numerical experiments are a proof of concept that the algorithm can recover the fault768

and the slip under suitable assumptions. We reserve to address a more realistic set-up for769

the numerical implementation in future work.770

The reconstruction procedure is based on the gradient descent algorithm proposed771

in [9] to reconstruct a piecewise-constant conductivity that jumps across a polygonal772

partition in a compositematerial from current-to-voltage boundarymeasurements. There773

are significant differences between the case considered in [9] and here. First of all, we deal774

with a system of PDEs and not a scalar PDE. Furthermore, we have nonhomogeneous775

jumps across the fault. In particular the solution is not H1 regular across the fault. Lastly,776

we measure only on part of boundary and we measure only once (twice in some unstable777

cases). These additional challenges make the numerical implementation more sensitive,778

especially to how the jump in the displacement u across the fault is treated.779

We concentrate primarily on recovering the fault geometry S, assuming the slip field780

g is known. Indeed, once S is determined, the problem of reconstructing g is linear. We781

will consider both situations addressed in our prior works [4,6], that is, the case when g782

vanishes at the endpoints of the line S and is in H
1
2
00(S), and the case that g is constant on783

S, even though the theoretical framework for the distributed shape derivative exploits a784

variational formulation and hence applies to the first case.785

To solve both the forward and adjoint problems (see (2.5) and (3.38)), we employ the786

discontinuous Galerkin (DG) method, which is nonconforming and lends itself to tack-787

ling problems with inhomogeneous jumps. Other numerical methods have been used for788

shape optimization. In the context of elasticity, among the many results we mention the789

recent works [13,18], where the boundary immersemethod and immersed interface finite790

elements are employed.791

We next discuss the DG method in the context of our problem. For the numerical792

implementation, we let the domain ! = [−1, 1] × [−1, 1] and S a segment, positioned793

away from the boundary. Because of the inherent instabilities in the problem, although794

unrealistic for the geophysical problem that motivates our work, we find that we need to795

measure on a sufficiently large part of the boundary. Recall that the acquisition manifold796

# where the measurements are performed lies on the traction-free part of the boundary.797

Hence, we impose homogeneous Neumann conditions on three sides of the square !798
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Fig. 3 Geometric set-up for the numerical experiments

Fig. 4 An example of the meshes employed for generating measurements and for solving the optimization
problem

and homogeneous Dirichlet conditions on the fourth side identified with the set " =799

{(x, y) y = 1,−1 ≤ x ≤ 1} (See Fig. 3).800

4.1 Discontinuous Galerkin (DG) method801

We consider a family of shape-regular partitions Th where 0 < h 5 1. These par-802

titions consist of nonoverlapping triangles K such that ! = ∪K∈ThK. Specifically,803

h = maxK∈Th hK, where hK = diam(K). The mesh conforms to the fault S as follows. We804

construct a trapezoidal region inside!with one side lying on the displacement-free part"805

of ∂! and one side that agrees with the fault segment S. We then align the computational806

grid with S (see Fig. 4a).807

We define FI as the set of all interior sides. An interior side γ in FI is characterized by808

the existence of two adjacent elements K+ and K− in Th such that γ = ∂K+ ∩ ∂K−. For809

clarity in presenting the DG formulation, we distinguish between the sides that belongs810

to S from the others, which belong to FI .811

Similarly, we label the sides of the elements that touch the boundary ∂! according to812

whether Dirichlet and Neumann conditions are imposed, grouping them into the families813

FD and FN , respectively:814

FD = {γ | ∃K such that γ = ∂K ∩ ∂!D}815

FN = {γ | ∃K such that γ = ∂K ∩ ∂!N }816
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This definition assumes that the mesh conforms to the boundary decomposition of ∂!;817

that is, every side γ belongs exclusively to either FD or FN .818

Next, given an integer r ≥ 1 we define the finite-dimensional space of DG elements by:819

V r
h =

{
vh ∈ L2(!) | vjh|K ∈ Pr(K ), j = 1, 2, for all K ∈ Th

}
820

where Pr(K ) denotes the space of polynomials of total degree r defined on the element K821

and vj denotes the j-th component of the vector field v. The approximate solution will be822

sought in the space V r
h , which is also the space of test functions.823

Trace operators824

To handle piecewise discontinuous functions, we use appropriate trace operators. Let825

γ ∈ FI be an interior side shared by two elements K+ and K− of Th, with unit normal826

vectors n+ and n− pointing outward from K+ and K−, respectively. On γ , we define827

the average and jump operators for sufficiently regular vector-valued and tensor-valued828

functions v and σ as follows:829

{v} = 1
2(v

+ + v−), {σ} = 1
2(σ

+ + σ−)

〚v〛 = v+ + n+ + v− + n−, 〚σ〛 = σ+n+ + σ−n−
(4.1)830

where v + n = 1
2 (vnT + nvT ).831

The jump operator, defined using normal unit vectors, transforms a vector-valued func-832

tion into a tensor-valued function and vice versa. This approach is preferable in numerical833

schemes compared to the common definition 〚v〛 = v+ − v−, as it uses a sum instead834

of a difference, leveraging its commutative property. This ensures that the operator is835

independent of the element numbering (K+ and K−) during implementation. For edges836

γ on the boundary of the domain, i.e., γ ∈ FD ∪ FN , we set:837

{v} = v+, 〚v〛 = v+ + n
{σ} = σ+, 〚σ〛 = σ+n

838

Discontinuous Galerkin formulation839

In this section, we assume that the solution of (2.5) is sufficiently regular so as to jus-840

tify integration by parts. Obtaining the weak formulation in the discontinuous Galerkin841

form is possible, in principle, even for solutions and test functions belonging to H1(!),842

provided that the traces of the gradient on the boundary of the elements are considered843

in appropriate distribution spaces. However, to achieve global a priori error estimates844

in the energy norm, higher regularity of the solution, such as assuming the solution in845

H2(!), is needed [23,24], similarly to what happens in classical finite element methods.846

By construction, both the approximate solution and the test function belong to the space847

V r
h and hence have the required regularity.848

To derive a variational formulation for the DG approximate solution, we begin by mul-849

tiplying the first equation in (2.5) by a test function v ∈ V r
h . For notational convenience,850

we extend u and v by zero to!
c, so that on ∂! the jump of u and v agrees with their trace851

value. We then integrate over a generic element K ∈ Th and apply integration by parts.852

By summing over all elements K ∈ Th, we obtain:853

∑

K∈Th

∫

K
C∇̂u : ∇̂v dx =

∑

K∈Th

∫

∂K
(C∇̂un) · v dx. (4.2)854
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We note that on the right-hand side of the identity above, the integrals over the sides of855

triangles in the partition are computed twice for triangles sharing a common side, once856

with the outward normal vector n+ and once with n−.857

Since u solves (2.5), the traction is zero on all sides in FN , so that we can rewrite (4.2)858

as follows:859
∑

K∈Th

∫

∂K
(C∇̂un) · v dx =

∑

γ∈FI∪S

∫

γ

[
(C∇̂u)+n+ · v+ + (C∇̂u)−n− · v−)

]
dσ (x)860

+
∑

γ∈FD

∫

γ
(C∇̂un) · v dσ (x),861

Next, from the definitions of the average and jump operators given in (4.1) we have that862

∑

γ∈FI∪S

∫

γ

[
(C∇̂u)+n+ · v+ + (C∇̂u)−n− · v−] dσ (x) +

∑

γ∈FD

∫

γ
(C∇̂un) · v dσ (x)

=
∑

γ∈FI∪FD∪S

∫

γ
{C∇̂u} : 〚v〛 dσ (x) +

∑

γ∈FI∪S

∫

γ
〚C∇̂u〛 · {v} dσ (x).

863

(4.3)864

The second integral term on the right-hand side vanishes as 〚C∇̂u〛 = 0 on every interior865

side of the partition and across S, again using that u is a variational solution of (2.5).866

The first integral term on the right-hand side does not vanish in general, because the test867

functions in V r
h may jump across the sides of the partition. Since the bilinear form on the868

left-hand side of (4.2) is symmetric, for numerical accuracy it is important to preserve869

symmetry after integration by parts. To this end, using that the jump 〚u〛 = 0 onFI ∪FD,870

〚u〛 = g on S, and inserting (4.3) for the right-hand side of (4.2), we obtain the following871

variational formulation, which must be satisfied by the DG approximate solution:872
∑

K∈Th

∫

K
C∇̂u : ∇̂v dx −

∑

γ∈FI∪FD∪S

∫

γ
{C∇̂u} : 〚v〛dσ (x) −

∑

γ∈FI∪FD∪S

∫

γ
{C∇̂v} : 〚u〛dσ (x)

= −
∑

γ∈S

∫

γ
g + n+ : {C∇̂v} dσ (x)

(4.4)873

It has been shown in [1,2] that adding a penalization of jumps in the form874 ∫

γ
η〚u〛 : 〚v〛dσ (x)875

ensures the stability of the numerical method while preserving symmetry. It is crucial876

to choose the penalization parameter appropriately. We define η ∈ L1(FI ∪ FD ∪ S) as877

follows:878

ηγ = βC
r2
h , ∀γ ∈ FI ∪ FD ∪ S,879

where β is a positive constant, h is the mesh size, r is the polynomial degree, and C(x) :=880 (∑
i,j,h,k |Cijhk (x)|2

)1/2
is the discrete 2-matrix norm.As themesh is refined, specifically as881

h → 0, the parameter η increases, thereby providing greater stabilization. The penalized882

DG variational formulation is finally given by:883

∑

K∈Th

∫

K
C∇̂u : ∇̂v dx −

∑

γ∈FI∪FD∪S

∫

γ
{C∇̂u} : 〚v〛dσ (x)

−
∑

γ∈FI∪FD∪S

∫

γ
{C∇̂v} : 〚u〛dσ (x) +

∑

γ∈FI∪FD∪S

∫

γ
η〚u〛 : 〚v〛dσ (x)

= −
∑

γ∈S

∫

γ
g + n+ : {C∇̂v} dσ (x) +

∑

γ∈S

∫

γ
ηg + n+ : 〚v〛dσ (x).

(4.5)884
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Fig. 5 An example of the solution to the forward problem (2.5) obtained using the discontinuous Galerkin
method

Then the DG approximate solution uh ∈ V r
h of the forward problem (2.5) must satisfy885

(4.5) for all v ∈ V r
h , see [1–3,23,24]. We use a similar penalized formulation to compute886

the DG solution wh ∈ V r
h of the adjoint problem (3.38). The numerical implementation887

then follows the standard approach for finite elements methods.888

In Fig. 5, we plot an example of the numerical solution for the forward problem (2.5),889

obtained by using linear elements, that is, polynomials of degree 1 on each element K ,890

and setting the mesh size h = 0.01. We consider the case of a horizontal dislocation with891

vertices at (−0.4, 0) and (0.4, 0) and a slip field vanishing at the endpoint of the dislocation892

segment given by893

g(s) =
(

10
(

−
(100

39

)12
s12 + 1

)

χ(− 39
100 , 39100 )

(s), 20
(

−
(100

39

)12
s12 + 1

)

χ(− 39
100 , 39100 )

(s)
)

,894

(4.6)895

4.2 Reconstruction algorithm896

For the reconstruction algorithm, we adopt the gradient descent approach introduced in897

[9]. Below, we briefly recall the method as it applies to our problem.898

Tohighlight thedependenceof the shapederivative on themapU ∈ W 1,∞(!), identified899

with a vector field on R2, that encodes the infinitesimal movement of the fault (see (3.2)),900

in this section we will use the notation901

dJ
dτ

)τ=0=
〈
DJ (S, g),U 〉 ,902

where DJ (S, g) represents the gradient. Furthermore, in all simulations we will assume903

the slip field g is known at the dislocation, focusing solely on reconstructing the dislocation904

line. As we have already mentioned, if S can be reconstructed, the reconstruction of g is905

conceptually simpler as this part of the inverse problem is linear. In what follows hence,906

we will focus on presenting the descent algorithm for the reconstruction of S given g .907
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Consequently, for notational convenience we simply write908

dJ
dτ

)τ=0=
〈
DJ (S),U

〉
.909

We also use ((, )) to denote the L2-inner product.910

Wealso continue to specialize to the case that the dislocation line S is a straight segment,911

so it is uniquely determined by its two vertices Pl ∈ R2, l = 1, 2.912

A key step in the descent algorithm is the computation of the descent direction at each913

step. Let X ⊂ W 1,∞(!,R2) be a suitable subspace. Then, at iteration level k ∈ N, we solve914

the equation915

((θk , δθ)) + 〈DJ (Sk ), δθ〉 = 0 (4.7)916

for every δθ ∈ X , where θk ∈ X denotes the descent direction and Sk is the dislocation917

line computed at the k-th iteration. The subspace X is chosen so that Sk is a segment918

contained in ! for each k . For solving (4.7), we discretize the problem and employ the919

idea already contained in [9]. That is, given that the dislocation line is uniquely defined by920

its vertices, we compute the descent direction for each vertex individually before updating921

the partition at each iteration k .922

Specifically, we recall that we have two meshes. A coarse mesh used for the measure-923

ments and a fine mesh used for the DG approximation. The vertex of the dislocation924

segment is assumed to be on bothmeshes. At iteration level k , for each vertex Pk
l , l = 1, 2,925

of Sk , we calculate the gradient of the functional J with respect to the position of the926

vertex Pk
l as follows. We select two maps Uk

l,1, Uk
l,2 ∈ W 1,∞(!,R2) with the properties927

that:928

(1) Uk
l,1,Uk

l,2 have support strictly contained within !.929

(2) Uk
l,1 and Uk

l,2 are piecewise linear along the sides of the (coarse) partition and satisfy930

Uk
l,1(Pk

j ) = (δjl , 0), Uk
l,2(Pk

j ) = (0, δjl),931

where δjl denotes the Kronecker delta and Pk
j denotes any vertex of the mesh.932

Then, the gradient of J with respect to the position of the vertex Pk
l is given by:933

(〈
DJ (Sk ),Uk

l,1
〉
,
〈
DJ (Sk ),Uk

l,2
〉)

,934

and hence the steepest descent at the k-th iteration is represented by the vector935

θkl,j = −
(〈
DJ (Sk ),Uk

l,1
〉
,
〈
DJ (Sk ),Uk

l,2
〉)

, (4.8)936

For the DG approximation, we define the maps Uk
l,1 and Uk

l,2 as follows:937

Uk
l,1 =

(
ϕk
l , 0

)
, Uk

l,2 = (0,ϕk
l ),938

where ϕk
l is the hat function associated with the node Pk

l of the coarse mesh (see, for939

example, Fig. 4b); that is, ϕk
l is piecewise linear and940

ϕk
l
(
Pk
j
)

= δjl .941

We then stop the algorithm when a desired tolerance is reached or a maximum number942

of iterations have occurred as customary. Below is a pseudocode for the reconstruction943

algorithm as implemented in MATLAB© for a specific set of parameters.944
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Algorithm 1 Reconstruction Algorithm

1: Parameters:maxIter = 5000, tol = 1 × 10−7, α = 1 × 10−6, nIter = 150
2: Initialize geometry and mesh
3: for k = 1 tomaxIter do
4: Solve the forward problem (2.5)
5: Compute gradient of the solution.
6: Extract boundary data for adjoint problem
7: Solve the adjoint problem (3.38)
8: Compute gradient of the adjoint solution.
9: Calculate shape derivatives using Uk

1 and Uk
2 .

10: Update the vertices of the dislocation, using (4.8), i.e., Pk+1
l = Pk

l − αθkl .
11: if k > nIter and max(θkl ) < tol then
12: break (Convergence reached)
13: end if
14: Update geometry and mesh.
15: end for

4.2.1 Numerical tests945

All the numerical simulations presented in this section have been performed in946

MATLAB©. As already mentioned, the computational domain is a square ! = [−1, 1] ×947

[−1, 1],with homogeneousDirichlet boundary conditions on y = −1,modeling the buried948

part of the boundary, andhomogeneousNeumannboundary conditions on the other three949

sides, modeling the exposed part of the boundary at the Earth’s surface (see Fig. 3).950

We include noise to the data to model measurement errors. Specifically, for a noiseless951

boundarymeasurementum ∈ H1/2(∂!), the noisy data ûm is generated by adding uniform952

noise to um as follows:953

ûm(x) = um(x) + ε‖um‖L2(∂!).954

where ε is a uniform random variable drawn from the interval (−a, a), with a > 0 deter-955

mined based on the desired noise level (unless specified otherwise, we set a = 0.0007). In956

the numerical implementation, the noise is added pointwise to each node of the coarse957

mesh used for the measurements. To quantify the noise level, we compute the relative L2958

error:959

‖ûm − um‖2L2(∂!)
‖um‖2L2(∂!)

.960

We include this error for each of the numerical tests in the corresponding figure below.961

We perform simulations both in the case of a slip field g ∈ H
1
2
00(S), for which the962

variational formulation of the forward problem and the shape derivative is rigorously963

justified, as well as in the case of constant slip field g , a configuration often used in964

seismology. For the constant slip field, we study the case of a highly anisotropic oblique965

slip, setting:966

g = (−10, 20).967

The presence of singularities in the elastic displacement at the tips of the dislocation aides968

in the reconstruction.969

For the case of a slip vanishing at the endpoint of the dislocation segment, we choose a970

slip that vanishes to high order, which makes the reconstruction more difficult:971
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g(s) =
(

−10
(

−
(100

39

)12
s12 + 1

)

χ(− 39
100 , 39100 )

(s), 20
(

−
(100

39

)12
s12 + 1

)

χ(− 39
100 , 39100 )

(s)
)

,972

(4.9)973
974

where χ(− 39
100 , 39100 )

(s) is the characteristic function of the interval [−39/100, 39/100], and975

the scalar s parameterizes the segment. Both cases are designed to test the limitation of976

the algorithm.977

Similarly, the regularization parameter α used for updating the dislocation vertices is978

chosen sufficiently small, but nonzero, α = 10−6. Finally, the elastic coefficients are taken979

constant to simplify the expression of the shape derivative and to improve stability. For980

simplicity, we set the Lamé coefficients λ = µ = 1.981

For most of the numerical tests, we measure the displacement on the entire exposed982

portion of ∂!, the top and the two lateral sides of the square !. One measurement is983

enough in this case to reconstruct the dislocation line S. For comparison, we include a test984

for which the displacement is measured only on the top side of ! (see Fig. 8 and Test 5).985

As expected, the reconstruction with one measurement is poor, and two measurements986

are needed in this case.987

We include the results for the following numerical tests:988

Test 1: Horizontal dislocation with constant slip field g (Fig. 6).989

Fig. 6 Reconstruction of a horizontal dislocation with vertices at (−0.4, 0) and (0.4, 0), using only one
boundary measurement with 0.5% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field along the dislocation line is constant, g = (−10, 20)
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Test 2: Horizontal dislocation with slip field g vanishing at the endpoints (Fig. 7)990

Fig. 7 Reconstruction of a horizontal dislocation with vertices at (−0.4, 0) and (0.4, 0), using only one
boundary measurement with 0.86% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field g is chosen as in (4.9)

Test 3: Oblique dislocation with constant slip field g (Fig. 8)991

Fig. 8 Reconstruction of an oblique dislocation with vertices at (−0.4,−0.15) and (0.4, 0), using only one
boundary measurement with 0.82% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field along the dislocation line is constant, g = (−10, 20)
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Test 4: Oblique dislocation with slip field g vanishing at the endpoints (Fig. 9)992

Fig. 9 Reconstruction of an oblique dislocation with vertices at (−0.4,−0.15) and (0.4, 0), using only one
boundary measurement with 0.82% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field g is chosen as in (4.9)

Test 5: Horizontal dislocation with slip field g vanishing at the endpoints and993

measurements only on one side (Fig. 10). In this numerical test, we consider the case994

where measurements can only be collected on one side, specifically along the side given995

by the points {y = 1}. As expected, in this case, the reconstructions are less accurate. In996

particular, when assuming knowledge of only one boundary displacement measurement,997

the reconstructions are of poor quality (see Fig. 10a). However, whenmoremeasurements998

are available (still on the same side), the situation gradually improves (see Fig. 10b for the999

case of two measurements), even if the results are still not satisfactory. In this latter case,1000

to generate the second measurement, we use the slip field g defined by the following data1001

g(s) =
(

60
(

−
(1000

395

)10
s10 + 1

)

χ(− 395
1000 , 3951000 )

(s),1002

−10
(

−
(1000

395

)10
s10 + 1

)

χ(− 395
1000 , 3951000 )

(s)
)

, (4.10)1003

1004
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Fig. 10 The case of measurements only on the top side y = 1 of the square !
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