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2 1 Introduction

s This work concerns an inverse problem for elastic dislocations that model seismic faults.
4 Specifically, we study an iterative reconstruction algorithm for the location and geometry
s of the fault and the slippage of the rock along the fault. Our algorithm is based on a
s shape derivative that encodes the changes of a least-square misfit functional between the
7 measured data and a computed solution under infinitesimal deformations of the fault and
¢ infinitesimal changes in the slip along the fault.

s As customary in seismology, we model the Earth’s crust as a linearly elastic medium,
10 but we allow the medium to be inhomogeneous. We assume throughout that the stiffness
n  parameters in the interior of the Earth are known. We work locally in a patch in the crust,
12 represented by a bounded domain in R?, 4 = 2, 3, that shares a portion of its boundary
13 with the surface of the Earth. The two-dimensional case is a reduced model that takes
4 into consideration only depth effects in a vertical slice of the crust. The surface of the
15 Earth is clearly not subject to any elastic load, so no elastic forces, that is, no traction, can
16 be imposed there, which translates into homogeneous Neumann-type conditions, while
17 there are different physical choices of boundary conditions on the buried part. The fault is
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Fig. 1 A cartoon for the geometry of the dislocation problem. €2 is the region of interest in the Earth's crust, S
represents the fault surface, X is the buried part of the boundary of 2, and & is where the data for the inverse
problem are acquired

15 modeled as an open surface S (an open curve in the two-dimensional case) across which
v the elastic displacement jumps, while the normal stress, the traction, remains continuous.
2 The jump in the displacement, a vector field g on S called the slip, measures how much
»n  the rock has slipped on each side of the fault surface.

2 The forward or direct problem consists in determining the elastic displacement outside
;3 of the fault from knowledge of the fault surface and the slip. The inverse problem consists
x  in determining the fault surface and the slip from knowledge of the displacement at the
s surface of the Earth. The data are assumed given on an open region of the Earth’s surface,
»  which we will call the acquisition manifold E (see Fig.1). The surface displacement can
7 be measured from satellite interferometric data or data from global positioning systems
s (GPS). (For a general introduction to the geophysical model we refer to [11,25] and
» references therein.)

s While the study of elastic dislocations is by now classic, starting with the seminal work
s of Volterra and Somigliana at the turn of the last century (see [34] and the historical
» perspective in [12]), and elastic dislocations have been used to model creeping tectonic
;3 faults during the interseismic period, especially at subduction zones in the Earth’s crust
1 (among the vast literature, we mention [15,30,35]), until recently most of the available
55 results in the literature dealt with an idealized setting, in which the region of interest in
5o the upper layer of the Earth’s crust is modeled as an infinite half space (or half plane in
w the two-dimensional case) with constant elasticity parameters, the fault has the simple
;s geometry of a rectangle (or segment in the two-dimensional case) with either horizontal or
3 oblique orientation, and the slip is constant. In this specialized case then Okada obtained
w0 an explicit formula for the elastic displacement [22], using the elastic Green’s function in
«  a half space derived by Mindlin [20].

»2  Inrecent work, it has been observed that the forward problem can be recast as a singu-
s lar source problem or as a nonhomogeneous transmission problem that can be addressed
w using variational techniques or potential theory depending on the regularity of the coef-
s ficients, of the data, and of the domain, including the fault. This has led to establishing
s well-posedness under rather general assumptions on the elastic parameters, the geometry
w  of the fault, and the slip [4,6,28,29,31].

s Theinverse problem consists of determining uniquely and then reconstructing the fault
s surface and the slip from boundary measurements. Here, we consider measurements of

E] Journal: 40687 Article No.: 0501 [_] TYPESET [_]DISK [_]LE [_]CP Disp.:2025/3/18 Pages: 35 Layout: BMC-OneCol




A. Aspri et al. Res Math Sci _##########HH#HARAAAAY

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

72

73

75

76

77

78

80

81

82

83

84

85

86

87

88

89

90

91

92

93

94

the elastic displacement made on an open patch of the Earth’s surface. Uniqueness in
the inverse problem has already been established under certain geometric conditions on
the fault surface and certain conditions on the slip. For an arbitrary slip field of suitable
regularity, essentially the fault surface must then contain at least one corner singularity [6,
31] (see also the recent preprint [10]). When the slip does not vanish at the boundary of the
fault surface, singularities appear in the elastic displacement near such boundary, which
can help in the reconstruction even in the presence of noise. However, these singularities
are nonphysical, as the elastic displacement diverges. If the slip is assumed to vanish at
the boundary of the fault, a physically justifiable assumption, given that typically only a
part of the fault is active at a time, then in fact uniqueness holds under less stringent and
more natural geometric assumptions on the fault [4]. Informally, faults have to be graphs
but can be arbitrarily oriented.

We discuss the precise assumptions for both the direct and the inverse problem in more
detail in Sect. 2. There we also review key well-posedness results for the forward problem
and uniqueness results for the inverse problem.

In applications, it is paramount to have a reliable, efficient algorithm to actually recon-
struct the fault and the slip from the measurements. Uniqueness for the inverse problem
provides an important first step in any reconstruction and frames it in the context of a rig-
orous analytic result, especially when the inverse problem is unstable as it is often the case.
We comment more on stability issues below. The reconstruction algorithms available in
the literature (we mention in particular the works [16,17,32,33] and references therein)
consider the case of a homogeneous and isotropic, linearly elastic half space, and a planar
fault. In this case as already mentioned, there is a layer potential representation for the
solution with an explicit kernel. In the case of variable coefficients and more general fault
geometries, the layer potential approach is more difficult to use. The approach we take
instead in this work is to minimize a misfit functional that measures the error between the
computed solution and the measurements at the Earth’s surface, using a shape derivative.
We recall that, informally, the shape derivative gives the response of the misfit functional
to infinitesimal movements of the fault and changes in the slip.

Shape optimization is a well-developed tool for geometric identification and recon-
struction (we refer the reader, for example, to the monograph [26]). There are typically
two forms for the shape derivative, a distributed and a boundary form. The distributed
derivative contains volume integrals (respectively, area integrals in two dimensions), while
the boundary derivative is written solely in terms of surface integrals (respectively, line
integrals in two dimensions). With an eye toward a numerical implementation using a
Galerkin method, we derive the shape derivative when the forward problem can be solved
within a variational framework, which holds only when the slip vanishes at the boundary in
a suitable sense. The distributed shape derivative is then obtained by solving the forward
problem together with a certain adjoint problem, which can be done efficiently using, for
instance, a finite element method (FEM) or a discontinuous Galerkin (DG) method. By
contrast, because it uses surface integrals, the boundary shape derivative usually requires
more regularity on the solution of the forward and adjoint problems in order to be com-
puted. The minimal regularity of the boundary, the interface, and the data needed to
calculate the shape derivative in both distributed and boundary forms has been carefully
studied, at least for scalar problems. We mention in particular the work [19].
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o5 The minimization of the misfit functional follows a steepest descent algorithm, which
s we implement only in the two-dimensional setting. The numerical experiments tend to
s be expensive computationally, because two boundary-value problems for the system of
s elasticity, the forward and the adjoint problem, must be solved at each step of the descent.
o Therefore, as a proof of concept, we present the numerical results in a simplified setting,
o that of a square as the domain €2 and where the fault S is a line segment. Furthermore,
11 we mostly focus on the reconstruction of the fault surface assuming the slip is known.
12 Indeed, the inverse problem is linear in the slip vector and hence stable, while the inverse
103 problem for the fault surface is nonlinear. We then borrow the approach developed in [9]
s for reconstructing polygonal partitions in EIT to do the descent.

s In this approach, the vertices of the dislocation line are assumed to be nodes of a
s coarse domain partition and are moved individually using the shape derivative calculated
17 along linear elements on the partition. The optimal position of each vertex is computed
e separately and used to update the dislocation segment. The advantage of this method
100 is that it is local to each node of the partition; hence, it can be parallelized to increase
no efficiency. The drawback is its accuracy. To calculate the shape derivative, we employ a
DG method to compute both the forward and the adjoint problem on a finer conforming
12 mesh. The steepest descent algorithm is stopped when a given tolerance is reached. As
ns  with most iterative methods, we have a good reconstruction only if the initial guess is
s sufficiently close to the true data for the problem (the fault surface and the slip vector).
ns  Moreover, the limited accuracy of our approach, the inherent sensitivity of the shape
s derivative to small changes, and the underlying ill-posedness of the inverse problem make
17 thereconstruction algorithm numerically less stable. Even though we rigorously derive the
ne  shape derivative only when the slip vanishes at the boundary, the discretized numerical
e algorithm can be applied in more generality (see also Remark 2.4). In our numerical
0 experiments, as expected, we find that if the slip vector is constant, hence singularities
121 appear in the solution at the tips of the dislocation segment, the reconstruction is more
122 accurate, since the singularities help in locating the fault boundary. On the other hand,
123 the error is significantly larger if the slip vector is allowed to vanish at the endpoints (see
124 [7] where a reconstruction algorithm for linear cracks in dimension two is presented and
s tested). Consequently, in this latter situation we find that we may have to make more than
126 one measurement or measure on a sufficiently large portion of the boundary, while from
127 the uniqueness result for the inverse problem one would expect that one measurement
123 on a small open patch at the boundary should be enough to reconstruct.

129 Wedonot address the stability of the reconstruction, nor the convergence of the method
130 analytically, issues that we reserve to address in future work. In the case of planar faults
1 and homogeneous elastic parameters, Lipschitz stability for the inverse fault problem was
132 proved in [27], albeit leading to a nonquantitative estimate, which therefore cannot be
133 directly employed to establish convergence. Quantitative Lipschitz stability estimates for
134 a linear crack were obtained in dimension 2 in [8].

135 We close the Introduction with a brief overview of the paper. In Sect. 2, we discuss the
136 set up for both the forward and the inverse problem and recall the well-posedness results
137 for the forward problem, as well as the uniqueness results for the inverse problem in [4,6].
133 Section 3 is devoted to the rigorous derivation of the shape derivative. Lastly, in Sect. 4,

139 we discuss the numerical tests and their outcomes.
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2 Preliminaries

We start by discussing the set-up for the forward problem and the assumptions we make
on the fault surface and on the slip vector. We follow the notation and conventions in
[4,6]. We only discuss the three-dimensional case with obvious modification in the two-
dimensional case, which is the setting for our numerical experiments.

We start by introducing some notation. We employ the blackboard font, e.g., A, for
tensors, the boldface font, e.g., A, for matrices, bold italics font, e.g., a, for vectors, and
italics font, e.g., 4, for scalars. We denote matrix—vector multiplication simply by A b, while
- and : represent the inner product between vectors and matrices, respectively. Lastly, we
use Einstein notation of summation over repeated indices, e.g., ¢’ = [Ab]' = AYb; and
we similarly define the product of a tensor with a vector A a.

Asin [4], we are concerned with faults buried in the Earth’s crust that undergo a creeping
aseismic movement. Such a situation is typical of areas of microseismicity, but can lead
to earthquakes of sizeable magnitude [14]. In this context, faults tend to be shallow, and
it is reasonable to work in a patch of the Earth’s crust, modeled as a bounded domain
Q with Lipschitz boundary. In the numerical implementation, 2 is of polygonal type.
The boundary of €2, 9€2, is subdivided into two parts, one that represent the buried part
¥ and the other, 92 \ X, that lies on the surface of the Earth. We assume that X is
a closed subset of 3€2. We model the fault by an open, orientable, Lipschitz surface S,
with Lipschitz boundary 9S at positive distance § from the boundary of Q. We assume
that S can be extended to a closed Lipschitz surface I' also at positive distance from
9Q. Then T splits Q into two (possibly disconnected) components QT and Q~, with
Q" =T,00N09Q = Pand Q@ = Q\ Q. We denote with # the unit outer norm to
02 and the unit outer normal to 7, which induces an orientation on S.

We follow standard notation for function spaces—for instance, W9P(2),s > 0,1 < p <
00, denotes L”-based Sobolev spaces and W¥2(Q) = H*(R2). The space H;/Z(Q) denotes,
as customary, the closure of C2°(S2) in the H* norm. We also define Sobolev spaces H*(9€2)
on the boundary of  and H*(S) on the fault S for 0 < s < 1, using partitions of unity
and a flattening of the boundary, which is justified by the regularity assumptions we have
made on Q and S. Additionally, we introduce Sobolev spaces of vector fields with zero
trace on X. If V' is an open subset of ©2 with Lipschitz boundary and ¥ C 9V, we set:

H5 (V) = {u e H(V), uls= 0}, s > % (2.1)

We will also employ a less standard space on S, the space Ho%o (S), which can be defined
as the weighted space:

Hjo(:;) - {u e HO% (S), 6~V ¢ LZ(S)}, 2.2)
where §(x) =dist(x, 3S) for x € S and the distance is computed using geodesic length on
S. The space Ho%o has the property that if S is seen as an open patch of a closed Lipschitz
surface I', then extension by zero to I' is a bounded operator from HO%O(S) to H %(I’).

Moreover, elements of Ho%o(s) have trace zero on 9S. We refer to [4, Sect. 2] for further
discussion on this point.

Finally, if f defined a.e. on Q2 is regular enough to have a nontangential limit on S, we
let [f]s denote the jump on S, defined as:

Uls =f+ =/~
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ss where fy is the limit taken nontangentially in Q%, respectively.

184 In the regime of creeping faults, where notable slip occurs without earthquakes, a quasi-
s static approximation is justified. Therefore, we model the Earth’s crust as a linearly elas-
s tic, but inhomogeneous, material with time-independent elastic parameters. The elastic
w7 response is encoded in a fourth-order tensor C, the elasticity tensor, which we assume
s to be totally symmetric (that is, the material is hyperelastic) and uniformly Lipschitz

189 continuous in 2:
190 Ce Wl’oo(Q). (2.3)

w1 In fact, we assume that C is isotropic for the inverse problem. This regularity assumption
192 is not optimal in the context of geophysical applications, since the Earth’s crust is typically
13 modeled as a layered medium, where material properties can vary abruptly from one layer
s to the next. However, Lipschitz regularity is needed to compute the shape derivative, and
105 for the solvability of the forward problem in some cases as well. We discuss this point
s further later in this section.

17 We also impose the standard (uniform) strong convexity condition, which reads

198 CwA:A>y|A>, aein (2.4)

199 for all symmetric matrices A for some constant ¥ > 0. This condition guarantees that the
20 energy functional is strictly positive.

201 The forward or direct fault problem consists in finding the elastic displacement # that
22 solves the homogeneous elastostatics system subject to suitable boundary conditions on
23 €2 and suitable transmission conditions on S. On the part of 92 that lies on the surface
24 of the Earth Q2 \ 3, it is appropriate to assume that there is no elastic load; hence, 92\ X
s is traction free. The traction is the normal component of the stress 6 = CVu, with V the
26 symmetric part of the gradient, and represents the elastic force acting on surfaces.

27 On the buried part X, there are several boundary conditions that can be imposed.
28 For simplicity, we choose to impose homogeneous Dirichlet conditions, that is, ¥ is
200 displacement free. This choice is physically motivated by our assumption that the fault is
20 ata positive distance from the boundary, so the boundary is undisturbed by the slip on the
an fault. For numerical purposes, absorbing boundary conditions could also be considered.
22 On the fault surface S, we assume continuity of the traction, while there is a jump in the
x3  displacement, encoding the slippage of the rock on the two sides of the fault, given by a
24 vector field g on S, the so-called Burger’s vector. The slip needs not be tangential to S and
25 can be oriented arbitrarily.

26 The displacement # must, hence, satisfy the following mixed-boundary-value-interface
27 problem:

div(CVu) = 0, in 2\,
((C%u)v =0, on dQ\ X,

218 (2‘5)
u=0, on %,

[uls =g [(CVuwn];=D0.

29 The strong convexity condition (2.4) implies strong ellipticity for the elastostatics operator
20 divCV. Since we are interested in domains of polyhedral type, elliptic regularity does not
21 hold in standard Sobolev spaces and, consequently, problem (2.5) must be intended in a
22 weak or very weak sense, depending on the regularity of the slip g.

E] Journal: 40687 Article No.: 0501 [_] TYPESET [_]DISK [_]LE [_]CP Disp.:2025/3/18 Pages: 35 Layout: BMC-OneCol




A. Aspri et al. Res Math Sci _##########HH#HARAAAAY Page 7 of 35

223

224

225

226

227

228

229

230

231

232

233

234

235

236

237

238

239
240

241

242

243

244

245

246

247

248

249

250

251

252

253

254

255

256

257

258

259

260

262

As a matter of fact, even when 2 and S are smooth, if g does not vanish at the boundary

of S, ie,ifg e H %(S), but g ¢ HO%O(S), then singularities develop at dS that preclude
any variational formulation. Instead, owing to the Lipschitz regularity of the elastic coef-
ficients, provided the boundary 92 is smooth enough, a very weak solution to (2.5) can be
constructed via a duality argument, viewing the mixed-boundary-value interface problem
as a singular source problem in the whole of € with source

fs = div(C(g ® m)ss),

3/2=€ ¢ = 0. To use

where §s is the unit measure concentrated on S, so that f¢ € H™
duality, one needs to have sufficiently regular solutions of the adjoint problem, which is
a problem of the same form in our case. This is possible, since regularity holds for the
system of elastostatics when €2 is sufficiently smooth. In particular, if div(CVv) = F in
Qand F € L%(RQ), then v € H%(RQ). Furthermore, it can be shown using a layer potential
representation that the solution is more regular than obtained via duality, namely, it
belongs to H1=¢(2\ S) for any € > 0. Hence, the homogeneous Dirichlet condition on X
holds in trace sense. Somewhat informally, by a very weak solution of problem (2.5) we

then mean that u satisfies

/Qu -div(CVv)dx = (div((C(g ® n)ds, V>(H*3/Z*E(Q),H3/2+E(Q))

for all v € D(R), where as customary D(2) is the space of smooth functions that are
compactly supported in €, and (, )(x’ x) denotes the duality pairing between a Banach
space X and its dual X’. In reality, one needs to work with the dual space of a suitable
subspace of Hé (2).

For a precise definition of very weak solution and more details on the dual formulation of
problem (2.5), we refer to [6]. There the domain is the lower half-space and weights must
be imposed to ensure integrability at infinity. However, essentially the same arguments
apply in bounded domains, without the need of weights, again if the boundary is sufficiently
regular (e.g., of class C>%, & > 0). We recall the following well-posedness results for very
weak solutions (see [6, Theorem 3.11]).

Theorem 2.1 Assume that Q is of class C**, a > 0. There exists a very weak solution
uec H%_G(Q) N Hé_e(Q\g) to problem (2.5) forany g € H%(S) and any € > 0.

By contrast, when g € HO%O(S), extending the slip by zero to I' yields a standard non-
homogeneous interface problem that admits a variational solution in H'(Q2 \ S). The
variational formulation only requires the elastic parameters to be bounded uniformly.
We now recall this variational or weak formulation, which will be the starting point for
computing the shape derivative. Below, § € H 2 (T") denotes the extension of g € HO%O(S)
by zero. We recall the following standard lemma (see e.g., [4], Lemma 3.3, and references
therein).

Lemma 2.2 The following identification holds:

HY(Q\S)=H = {f € 1XQ): flore H(QY), flo-€ H(Q ) and [flp5 = o],
(2.6)
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263 Then, u € H%(Q \ S) is a weak or variational solution of the mixed-boundary-value-
¢ interface problem (2.5) if, for all v € H%(Q):

265 ar(u,v) = CVu:Vvdx =0, (2.7)
Q\r

s and [u]r = g. We note that by the symmetry properties of C, the bilinear form a defined
27 above can be written equivalently as:

268 ar(u,v) = CVu:Vvdx = CVv:Vudx.
Q\r Q\Tr

20 The following well-posedness result holds (see [4, Theorems 3.5 and 3.6]).

20 Theorem 2.3 There exists a unique weak solution u € Hé (\ S) to problem (2.5), which

1
o depends continuously on the slip vector g € Hy,(S).

m  Very briefly, the proof consists in solving two problems, a mixed Dirichlet—Neumann
7 problem in Q7 and a purely Neumann problem in Q~, with an unknown vector potential
22 ¢ on I', which represents the common value of the traction on the two sides of I', and
s subsequently solving for ¢ from knowledge of the slip field g using a combination of
26 Neumann-to-Dirichlet operators for the domains QF. We refer the reader to [4] for more
27 details and the complete proof.

278 We consider both the caseg € H(}O/Z(S ) and the general caseg € H'/?(S) for the numerical
79 experiments in Sect. 4.

0 Remark 2.4 We present a detailed derivation of the shape derivative in the case g €

281 HO%O(S), that is, when the solution u € H'(Q \ S), since the variational setting is the
22 best suited for numerical applications. Moreover, assuming that g vanishes at dS is more
23 physically justified (only a patch on a fault is typically active). However, the boundary
234 shape derivative can also be obtained using a layer potential representation of the elastic
s displacement u, which we established in [6], following the approach used in [8]. This
26 derivation applies to any slip field g € H %(S), including the case of constant slip. As
27 mentioned in the Introduction, having singularities at the boundary of S helps with the
28 inverse problem of recovering the shape and location of S.

20 We close this section by recalling two uniqueness results for the inverse problem of
20 determining the fault S and the slip vector g from surface measurements of the displace-
21 ment # on an open subset E C 9Q \ X, henceforth called the acquisition manifold. The
22 first result is in the setting of Theorem 2.1, while the second is in the setting of Theorem
23 2.3. The two results differ in the a priori assumptions imposed on S and on g, which are

2+ more stringent in the first case.

»s Theorem 2.5 (Theorem 5.1 in [6]) Let S1, Sy be two piecewise linear fault surfaces that
s in addition are graphs with respect to the same coordinate system. Let g; be bounded
w7 tangential fields in H'Y/?(S;) with suppg; = S;, for i = 1,2. Let u;, for i = 1,2, be the
w8 unique very weak solution of (2.5) correspondingto g = g, and S = S,. IfulL =u

’

2|5

0 thenS; =S, dl’ldgl =g

30  The conditions on §; and g; in the theorem above can be weakened somewhat.
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Fig.2 The geometric set-up for the inverse problem. The measured data u, is given on E

Theorem 2.6 (Theorem 4.1 in [4]) Let S1, Sy be two fault surfaces that in addition are

1
graphs with respect to the same coordinate system. Let g; € Hgy,(S;), for i = 1,2, with
Suppg; = S;, for i = 1,2, and let u;, for i = 1,2, be the unique weak solution of (2.5)

correspondingtog = g, and S = S;. Ifu1 =u,

,then S1 = Sy and g, = g,.

Briefly, the two theorems above follow both from an argument by contradiction, using
unique continuation for the elasticity system (this is why we have assumed that C is
Lipschitz continuous and isotropic, but see [5] for certain anisotropic cases). As a matter
of fact, the boundary condition and the measured data together form the Cauchy data
on the acquisition manifold E. Then by unique continuation, w := u; — uy must be
identically zero on the connected component of €2 \ S1 U S, that touches Z. If a.e. every
point on §1 U S5 is accessible from this component, the jump conditions immediately give
a contradiction. If not, then there is a component of 2\ S; U S, that is not accessible from
E. The jump conditions allow only to conclude that w is an infinitesimal rigid motion, and
then are the geometric conditions imposed on S; and the conditions on g;, i = 1, 2, that
imply w can only be the trivial motion. Therefore, #; = u; on the entire €2, a contradiction
in view of nonhomogeneous jumps g; on S;. Again, we refer to [4,6] for complete proofs.

We observe that a single measurement on E is sufficient for the unique determination
of both the fault and the slip. The assumption that surfaces are graphs with respect to
a fixed, but arbitrary, coordinate system is not too restrictive in the geophysical context,
where nearby faults tend to follow the same orientation. For numerical purposes, we are
interested in polyhedral surfaces and, hence, both uniqueness theorems apply.

3 The shape derivative

In the rest of the paper we present an iterative reconstruction algorithm based on the
minimization of a suitable misfit functional. For ease of notation, we use < to denote < C,
where C is a constant that may depend on the data, i.e., the Lipschitz norm of C and the
strong convexity constant y, on 2, S, and g, which are fixed in computing the derivative
(Fig. 2).

Let u,, denote the measurement on the acquisition manifold E. Assuming no mea-
surement errors, u,, agrees with the trace of the solution to the mixed-boundary-value-
interface problem (2.5) for a certain fault surface Sp and slip vector g,. We let J denote
the least-squares fitting cost functional:

=

TS0 =1 / () — 11(x) 2 Lo () (3.1)
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13 where u solves (2.5) with fault surface S and slip vector g and o (x) denotes surface area.
3¢ We remark that g depends also on S, so we have slightly abused notation. However,
15 since the inverse problem is linear in the slip vector if S is fixed, the key step consists of
16 reconstructing the fault surface S. Given the uniqueness results for the inverse problem
37 and the well-posedness of the forward problem, 7 has a unique global minimum at § = Sy
18 and g =8go-

339 To find this minimum, we propose a steepest descent algorithm based on a shape
10 derivative, defined as the derivative of 7 with respect to infinitesimal movements of the
s fault S and under infinitesimal changes of the slip vector g. Due to the ill-posedness of the
;2 inverse problem, we regularize the algorithm by minimizing only over piecewise polygonal
13 or polyhedral faults. We do not study the convergence of this algorithm theoretically, in
1s  part because we do not know the convexity properties of 7. Furthermore, there are
1s measurement errors and we compute the solution of the forward problem numerically.
us  We discuss the influence of these two types of errors in the section on the numerical tests.
47 In this section, we tackle the computation of the shape derivative in terms of a material
us  derivative, which gives the change of the solution # of (2.5) under infinitesimal changes
19 of the fault S and the slip g. We encode the movement of the fault S in terms of a bi-
30 Lipschitz diffeomorphism ¢, : @ — Q, depending on a small parameter 7 € [0, 1) with
31 the following properties:

2 (1) ¢o =1, and ¢, |[so= I, where I is the identity map;
33 (2) ¢ islinearin 7.

14 Since S is at positive distance from 92, there exists § > 0 such that dist(¢.(S), 9Q2) > §
35 forall T € [0, 1). Therefore, we can assume without loss of generality that:

356 ¢ =1+71U, (3.2)

37 where U : Q — Q is a Lipschitz map with support in a neighborhood V of I'. (We recall
1ss  that I is at positive distance from 92, so V always exists.) Then:

d
359 a: =U, Dyd; =1+ 1tDU.
dt
;0 Similarly, we encode the infinitesimal change of the slip g in terms of a vector field g,
361 given by:
362 g, =g+ h, (3.3)

1
x:  where i € Hyy(S), and again denote with g its extension by zero to I'. The actual change
s« in the slip is given by the composition of g, with ¢ 1.

365 For notational convenience, we set:

366 St = ¢:(S), T'p:=¢ (), (3.4)

37 sothatSo = Sand I'g = I'. We recall that we assume that the elasticity tensor C is known
% in both the forward and the inverse problem; it is defined on the whole of £ and globally
39 Lipschitz continuous.

370 We first obtain a distributed derivative, which can be computed in the framework of

1
s weak solutions of (2.5), assuming the slip g € H,(S). We hence work with I'; and the
w2 extensions g, h of the slip vectors g, i by zero to I';.
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For ease of notation, we write J(t) := J(I';, g,). We can now define the shape deriva-
tive as the directional derivative:

. d
Py 7 (e 80) = %Lf:“ (3.5)

Next, we let u; € H%(Q \ S;) be the (weak) solution of the perturbed problem, which
exists and is unique by virtue of Theorem 2.6.:

div(CVu,) = 0, in Q\ Ty,

CVug)v =0, on 4R\ %,

(CVu,) \ (3.6)
u;, =0, on X,

[u:lr, =8, 0907Y, [(CVwnlr, =0,

or equivalently:
ar, (g, v) = / CVyur : Vyvdy =0,  [uclr, =8, 007"
Q\I';

for every v € Hé (R2), where y = ¢ (x).
To compute the material derivative, we transform the perturbed problem (3.6) into a
problem on the fixed domain Q \ S. We then let

i (x) :=u; o p:(x), x€Q \g,

By the change of variable formula, which holds in Lipschitz domains, i, € Hé(Q \ S)
satisfies the variational problem:

ar (i, w) == fw C (Vi 0 p7 ) : (Viwo 1)) dy

= [ CoVaicIDg1 s VDY) (@) dx =, (37)
Q\r
where J(¢;) = det(D,®;) is the Jacobian determinant, w(x) = v(¢(x)), and

Ce(x) := C(r (x)). (3.8)

Above we have again used the symmetry properties of C. Additionally, since ¢, induces
an automorphism on H%(Q), we have dropped the dependence on t on the test function
w. We stress that C; has the same symmetries and satisfies the same strong convexity
condition, since they both hold pointwise uniformly in €2, but it is no longer an elasticity
tensor.

It will be convenient to switch to a weak formulation with homogeneous transmission
conditions, so as to have the same function space for solutions and test functions. To this
end, we introduce a lift of the slip vector on I" using a Newtonian potential. Given any
vector fielda € H? ("), we define its lift £, € H'(Q2 \ T) as any solution to the problem:

AL, =0inQ\T,
[ea]r =a [3n€a]r =0, (39)
Supp £, C 2,

with 9, = m - V the normal derivative. We can specify the lift uniquely by requiring that
£, = 0on Q\ U, where U is the neighborhood of T, for instance. The existence of this
lift in H1($2 \ T) can be obtained using a double-layer potential representation for the
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ws  solution, which is well-known for the Laplacian (alternatively, one can apply the same
ws techniques used to prove Theorem 2.3). We let:

407 up(x) =it (x) — £ 5(x), xeQ\T. (3.10)
ws Thenu; € Hé (Q\ S) and satisfies:
409 ar(t, w) = —a. (L 5, w), [#.]r =g (3.11)
w0 since it lr =g, =2+ th. Furthermore:
n (G, —ulr =2 -8=0 = %, —uc HL(Q).
sz We now define the material derivative u < Hé(Q) as:

du; U — U

4 ;22— =0= 1 ) 312
’ =g 0= I T (3.12)

»s  where the convergence is strongly in H)l: (€2), if the limit exists.

a1s Before tackling the existence of the material derivative, we discuss some useful properties
ne of C and ¢,. We recall that ¢, and C are uniformly Lipschitz on Q. Since ¢, =1 + t U,
a7 there exists T small enough, say t € [0, 7o), for some 79 < 1, such that ¢ l~J]—tlUand

Dot —1 Do, — I
418 lim ¢’— = —DU, lim ¢T— = DU, (3.13)
=0t T =0t T

s in L%°(Q). Similarly, J(¢:) ~ J(¢; 1) & 1 also for t € [0, 70, and a straightforward
a0 calculation shows that

| -1
o lim M = —divl4, lim ML = divl4, (3.14)
=0t T T—0t T
a2 also in L>(€2). Additionally:
423 ”(C‘L'”WLOO(Q) g ||u”‘/v1,oo(g)”(c||wl,oo(9)

224 and similarly for C o ¢~ L For ease of notation, we let
425 L:= ”u”WLOO(Q)'

w26 We begin with showing that a weak limit exists. We observe that, since the lift of the
27 jump on I' satisfies a linear problem, £_3 = t£j. Consequently, 2; ={;.

1
2 Lemma 3.1 Let u be the unique weak solution of (2.5) withg € Hy,(S) and let i, be given
. U —u
429 1IN (310) Then

converges weakly in H% () and strongly in L*(2) as t — 07,

s0  Remark 3.2 Although convergence will be along subsequences (not relabeled), the whole
s sequence will converge as we will show uniqueness of the limit later on.

IVu, 7V”HL2(Q)

a2 Proof ByDPoincaré’sinequality, it is enough to establish a uniform bound on -

33 We recall that [D¢,]™1 ~ I — tDU for T € [0, 0], so that
N ~ — — 2
o V2. ) — Vulo)* S L2 |(V2: () (D ()] ) — (Vas(a) D 1))

ss  Next, using the strong convexity assumption (2.4) and the symmetry of C, we have that
a7 forae x e,

o |(VE@De @)~ (VaDe ) )|
% S CLy)C V(@ — w@)[Dd: (x)] 7] : [V(iE, — w)(@)[De (%)) 7]
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It then follows from Korn’s inequality that
1 — 2
— | Vi — Vu| dx
™ Jo
< C(Ly) i<C[V(ﬁ — u)[Dg: 1] : [V(#: — w)[D¢;]7!] dx. (3.15)
~ ,V o T2 T T T T

U —u

Next we note that, since € H)1: (£2), it can be used as a test function in (2.7) for u

and in (3.7) for iz;. Hence, for t > 0

1 u. —
- (CVu:V(uT u)dx:O
T Q\I T

1 C, Vit [Dp,] 7L : [v <

T Jo\r

U —u

) [an]‘l} J(¢:)dx =0 (3.16)

We then write using the fact that we can integrate u; — u equivalently on Q or Q \ I' or
Q\ Ty

1

a/.cC [V@: — u)[Dg:1 ] : [V, — w)Dp.] "] dx

=L [ c[VuDg ] [V — wiDg.) ] da
T2 Jo\r

+ 5 [ C[VaDE )] [V@: — wDg] "] dx = A +B.
™ Javr

We tackle the terms A and B separately, exploiting (3.16). For the first term, we have:

e el (BT o ()
_/S_Z\FC[Vu[D¢T]‘1]=[V <ﬁr—u> ([quf];l—l))}

Consequently, uniformly in T € [0, tp],

V(u, —
AL S C ) Il |~ (3.17)
L2(Q)
For the second term, we recall the definition of #; (3.10) to obtain:
B =/ lc[vtz,[p@]*] : [v( " — ") [quf]—l} dx
Q\I T T
—f c[v KT—Z[D@]—I} : [v M[p@]—l} dx =: By + B,.
Q\I' T T
For the first term on the right, using the second equation in (3.16):
-1 _ e
B =/ C. [var M] : [v M[D¢r]1] dx
Q\ T T
- f C O v, 1pg 171 [v e — wtx) [D@]‘l} dx
Q\I T T
+ [ e [VilDs ] [V e~ w®) [Dqsf]—l(x)} veI=D 4,
Q\I T T
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an Hence, for T € [0, 9] we have the bound:

. V(u, — u)
472 |Bl| S C(L: 7/) ”ur ||H1(S2\§) +
L2(Q)
- V(#, — u)
473 S C(L y) llu. ||H1(§2\§) f . (3.18)
L2()
w2 For the second term on the right, we have similarly
V(i — u)
475 |B2| 5 C(L: J/) ”(Z”fll(g\g) _ ) (3.19)
LX(Q)

a6 using also that by linearity £_3/t = ¢;. From (3.15), (3.17),(3.18),(3.19), we then obtain
477 the desired uniform bound:

2
S ClL Vs ”h” 1 > vVt € [0, 7,'0],
L2(Q) HO%(S) L2(Q)

. (3.20)

V (u; — u)
478 -
T

V(. — u)
| <=2

s where we have employed also the stability estimates for problems (2.5), (3.6), and (3.9).

a8 We hence have that, upon passing to a subsequence, converges weakly to

w2 an element v € Hy(Q). By Rellich Compactness Theorem, the subsequence converges
@  strongly in L2(R2) (in fact, in H(2) for s < 1), and by weak continuity of the derivative:

V(a; — u) N

484
T

45 in LZ(Q). O

w6 Remark 3.3 For the validity of (3.20), it is not necessary to have C globally Lipschitz in €2.
a7 It is sufficient that C is uniformly Lipschitz in a neighborhood of I', which also contains
w8 ' for t sufficiently small.

s We next establish uniqueness of the weak limit and strong convergence, by character-
a0 izing the material derivative as the solution of a certain variational problem.

U —u
s Theorem 3.4 In the hypotheses of Lemma 3.1, converges as T — OV strongly to

w2 UE Hé, which is the unique solution of the variational problem:

493 /(CVﬁ:dex:—/ IB%Vu:dex—/ CVu: Vw divid dx
Q Q\I' Q\I
494 + CVu :VwDU dx
Q\I'
495 + CVuDU : Vwdx — C V{5 : Vwdx, (3.21)
496 Q\I Q\I'

w forw € HL(Q), where

Cabcd _ (Cabcd

T
498

499 =071 T

= U, 32Cb, (3.22)

soo i L™ (Q)
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Remark 3.5 In general, the 4th-order tensor B does not enjoy the same symmetry prop-
erties as C, which reflects the fact that the system of elastostatics is not covariant under
changes of coordinates.

U —u

Proof We begin by showing that any weak limit of satisfies (3.21). This fact will

also ensure its uniqueness.
- U —u
We start by writing a (

, w) for a generic test function w € H)l: (2). We proceed
as in the computation of terms A and B in the proof of Lemma (3.1), again exploiting the
weak formulation (3.7) for it;:

Vi, — V _ _
ffgtcf[(”Ti")[Dm 1]:[Vw[D¢f] " J(¢r) dx

1
-1 / C, [VulDé:) '] : [VwiD:] "]/ (p:) da
or

T

- / c, [ M[DM*]  [VwDIge) '] J(ge) dx =
o\r T

! / e [Tt 1] [Tt 1] 00

T Jor

+ f C, [6:(D¢.1 1] : [YwDd: )] () . (3.23)
\r

For notational convenience, we write the above identity abstractly as: G; = E; + F;.

Our goal is to pass to the limit z — 0% in each term. In all three terms, we will use
the assumptions on C and ¢, in particular (3.13) and (3.14). We also recall that the
composition of two Lipschitz maps is still Lipschitz with constant that can be bounded by
the product of the two Lipschitz constants, which implies in particular that C; — C in
wW1(Q)ast — 0. Then,

(Crlw) —Ca) _ Cowt+ @) —C@) o o cm)

T T >0t

a.e.x € Q and the limit is in L%°(2), because both I/ and C are Lipschitz.
We first investigate the behavior as T — 07 of the integral G, on the left-
hand side. By Lemma 3.1 the left-hand side consists of the pairing between an L2

Vu, —Vu

weakly convergent (sub)sequence and an L? strongly convergent sequence

T

J (<) ((CT Vw[quT]_l) [D¢.]~L. This last expression indicates the action of a 4th-order
tensor onto a 2nd-order tensor yielding a 2nd-order tensor (up to the scalar factor J(¢-)),
and strong convergence follows from Holder’s inequality. Then, by weak-strong conver-

gence:

G. — _/ c, [ M[D@]—l} : [VWIDg:17'] J(¢r) das
Q T

Vii, — V
=- /Q J(¢e) (CoVwID, 1Y) D] " : de
— —/ (CVw:Vﬁdx:—/ CVii : wdx. (3.24)
T—0t Q Q
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s3s Next, we tackle the first integral E; on the right-hand side. We split into three parts, taking
s.s  advantage of the fact that u solves (2.7):

W E= 1 / C. [ValDpe ™) : [YwID ] J(ge) dx
T Jo\Tr
C,-C _ _
_ f C O (9ulDg, 1] : [YwDg] ] J(60) d
Q\r T
-1 _
539 + {/ C [VW[D(pr]_l] : |:VW ([D(ﬁr]—l):| J(p-) dx
Q\I' T
-1 _
» +f C [W M] : [Vw[Dg:]1'] ](¢,)dx}
Q\I' T
541 +/ C [vu[D¢r]7l] 2 [Vw] M dx
542 Q\r 7

ses  Using once again the assumptions on C and ¢-, the regularity of # and w, and Hélder’s
s« inequality, we can pass to the limit 7 — 0T in each term above, as follows:

545 E, — B [Vu] : [VW] dx
=0t Jo\r
546 — {[ C[VuDU] : [Vw] dx +/ C[Vu] : [VwDU] dx}
o\ Q\I
547 + C[Vu] : [Vw] divU dx, (3.25)
548 Q\I'

se9  where we have also employed (3.13)-(3.14) and defined B by (3.22). Convergence in the
sso  last term F; follows straightforwardly from the convergence of ¢, to I and of C; to C in

551 Wl,oo (Q)
552 F, — C €] : [Vw] dx. (3.26)
553 —=0* Jo\r

ssa  From (3.24)—(3.26) it follows that any weak limit z must satisfy (3.21). Then the coercivity
sss  of the bilinear form ar in H 1(Q) implies the uniqueness of # in this space. Hence, the

s entire family { converges weakly to % in H'(2)

-}
T 0<t<70
57 We can now show that the convergence is actually strong in H'($2). We first observe
sss  that, since 7 € H)l: (€2), we can equivalently integrate on the right-hand side of (3.21) over
59 Q or 2\ T, and we can use % as test function w. Hence, we can write (3.21) in compact

ss0  form as:
ar (4, u) = — / B (Vu) : (Vi) dx
Q\r
562 - / CVu - Vudivld dx + C[VuDU] - Vu dx + / CVu - [VuDU] dx — ar (&, u),
563 Q\I Q\I O\
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where ar is defined below (2.7). Next, similarly to (3.15), by Poincaré’s inequality and the
strong convexity of C, we have the estimate:

2 2

U, —u . Vu, — Vu .
! —u < | /== _vi

~

HY(Q) L2(Q)

< CL h) / C, [(M - vﬁ) Dqﬁ;l] : [(@ - vﬁ) D¢;1] J(¢0) dx
Q

with a; as in (3.7).
We will show that the right-hand side of the expression above goes to zero as T — 07.
To this end, we split it into three parts:

Ur—u . U —U - U —u U —U U — U
dr -1, —u)| =a.(uwu) — 2a; U | +ar ,— ).
T T T T T

(3.27)

The convergence of C; to C and of ¢ to I in W>°(Q) again implies that

ar(vi,va) —> ar(vi,vy), Vv e H(Q\T), i=12 (3.28)

=01

From (3.28), we immediately have that

ar (%) — ar (@, W), (3.29)

T—0t

Also, the first part of the proof using # as test function w readily yields:

a: (”f —“ ﬁ) s ar(i ). (3.30)

T —0t
U —U U — U
We cannot directly pass to the limit T — 07 in a, ( ‘ ,— >, because we only
T T

have weak convergence of the arguments at this point. However, we recall the second
identity in (3.16), which allows us to rewrite this term as:

U —U U — U U —u u U, —u
ﬂr( ’T , ’t ):—af(e;,, TT >—a,<? ft ) (3.31)

Ly 143
using that -2 = —% — £ Although u and ¢;; are not test function, as they jump across
T T

S, the definition of @, only requires the entries to be in H1($2 \ I'). Consequently, we can
pass to the limit T — 07 in the first term on the right by (3.28) to obtain:

ar (zz, i ”) — ar (&, 7). (3.32)

T =0t
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ss»  For the second term on the right, we employ arguments similar to those used in the first
soo  half of the proof, distributing the factor 1/t onto strongly converging terms:

_ 1 7. —
af<i”f‘”)=/ cf[ Dol ] [v(”’ ”)[Dm—l}/wf)dx
T Q\r
_ / C =9 19upg. [ ( ”)[D@rl]f@f)dx
Q\I' T T
1 _
+/ c[v <[D¢f] )] [v(” )[Dm ]J(dmdx
Q\I'
+ [ cva: [ (ﬁ ”)(”3"”] - )]/(d)f)dx
Q\I T

595 n C[Vu].[v (”’_”ﬂ (W”)_l) dx,
596 Q\I' T T

s where in the last term we have used that u solves (2.7). Then, using again the assumptions

sss on C and ¢, (3.13) and (3.14), we can pass to the limit T > 07 in each term on the right,

u .
with a strongly convergent

. . U
s since we are pairing the weakly convergent sequence
s sequence, obtaining that

o1 ar (E, ”f‘”) — / BVu:Viudx+ CVu: Vu divid dx
T T =0t Jo\r Q\T
602 — CVu: VﬁDZ/{ dx
Q\I
603 - / CVuDU : Viudx = —ar (i, u) — ar ({3, ),
Q\T

(3.33)

604

«s  given that % solves (3.21) for any test function w € H%(Q). From (3.31), using (3.32) and
es (3.33), we have that

a (BB TR ar ) + ar i) +ar (4, 5) = ard). (3.34)
T T =0t

«s Finally, by employing (3.29), (3.30), and (3.34) in (3.27), we can conclude that:

U, —u .U — U . . . .
609 a; [ = —u, — —u| — ar@u) —2arwu,u)+ ar(w,u) =0,
T T T—0t
e which in turn implies that
U —
611 ! — u in HE (Q)
T =0t
ez The proof is now complete. O
. I .
613 We recall that u; = it; — £_j; and that == = {3, is constant in 7. Then, from Theorem

T
s1s 3.4 we straightforwardly obtain an expression for the material derivative

i —u
15 = lim ——, (3.35)

>0t T

&is  as solution of a variational problem.
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Corollary 3.6 Under the hypotheses of Lemma 3.1, — 4 converges to it = U + 4

strongly in H% (Q\S) and it is the unique variational solution of the problem

(CVL't:Vde:—/ BVu: Vvdx
Q\S Q\S
- CVu : Vvdivd dx + CVu :VvDU dx + CVuDU : Vvdx,
Q\S Q\S Q\S
(3.36)

forallv e H%(Q), and [it]s = h.

Above we have used the stability estimates for the forward problem, which imply the
trace in H/%(I") is continuous with respect to 7. We have also used that

ilr—u _71-/
.E 1"_ ’

withi=0onT \ S, and employed Lemma 2.2.
Now that we have established the existence of the material derivative and derived a

formula for it, we will use it to compute the shape derivative, defined in (3.5).

Theorem 3.7 Under the hypotheses of Lemma 3.1, if u is the unique weak solution of
problem (2.5) and g, Sy are defined as in (3.3), (3.4), respectively, the shape derivative of
the functional [J is given by:

ij (St g¢) Le=o = —/ C[VuDU]: Vwdx —/ CVu : [VwDU] dx
dt \s \§

—|—f _CVu:Vwdivid dx + / [C(Vw) h] - ndo (x) — / BVu: Vwdx,
\S S Q

\S
(3.37)
where w € Hy.(Q) is the unique weak solution of the adjoint problem:
div(CVw) =0, in <,
(CVwy = (u —uy) xag, ondQ\ L, (3.38)
w=0, on X.

Remark 3.8 Using elementary properties of the trace of a matrix, we can rewrite the
second integral on the right in (3.37) as

—/;Z\S(C [VuDUT] : Vwdx,

where the superscript T denotes the transpose of a matrix. Hence, (3.37) takes the compact

form:
d
EJ (St.2¢) le=0= _/Q\SM [Vu] : Vwdx + /5 (C[Vw] h) - ndo (x), (3.39)

where the so-called elastic moment tensor M encodes the distributed effect of the infinites-
imal movement of the fault. M is given in terms of its action on matrices by

MIA] := B[A] — C [A(DuT T Du)] + (divi)C[A], (3.40)
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ss for A any d x d matrix. Note that, in general, M does not enjoy the same symmetries as
s40  C does, unless C is constant.

i

s0 Proof Since “ converges strongly to z in H (Q \S) by Corollary 3.6, hence in L?(3<2)
e by the Trace Theorem, we can differentiate under the integral sign in the definition of the

62 functional J:
d
653 EJ (Sr:gr) lr=0= ﬁ(” —Uy) - udo(x),

e« where we used the definition of the material derivative (3.35).

es  Let now w solve the adjoint problem (3.38) (this is a standard variational problem that
s admits a unique weak solution by the Lax-Milgram Theorem, for instance). Then, we can
&7 equivalently write the expression above on the right as:

d
658 d_‘L’j (S‘Dgr) Lr=0= ./BQ [C(VW)v] - it do (x).

s We recall that we can integrate over  \ I' or Q\ S, because neither z nor w jump across
e0 I\ S, and that T splits €2 into an outer region Q7 that touches 92 and an inner core Q™.
s1  From (3.38), although # cannot be used as a test function, integrating first in 7 and then
e2 in Q7 gives that
663 / [C(Vw)v] -stdo (x) = —/ CVw: Viudx — / CVw : Vidx

aQ Q+

664 +/ [(C(VW) n] . [u]r‘ da(x),
r

es recalling that by convention # is the outer normal to Q2_. But we know that the jump

s [#]r = h (so, in fact, & only jumps across S), so that we finally have:

d
667 —J (Sf,gr) lr=0= —/ CVw : Vitdx + / [C(Vw)n] - hdo (x),
dr o\§ s
es where we also used that w can be taken as test function for (3.36). O

o We close this section by deriving a boundary shape derivative from the distributed
o0 shape derivative in case C is constant, i.e., the rock is homogeneous in the region of
en interest around the fault. While this formula, which contains only integrals over the
o2 fault S, may lead to a less stable numerical implementation, it allows a more transparent
o3 geometric interpretation. We work with strong solutions of (2.5) and (3.38), assuming
o4 that 02, S and g, & are regular enough. By a strong solution u of (2.5), we mean that
s u € HX(Q\S)N Hé(Q\g) and that the problem (2.5) is attained at least pointwise a.e.
o6 Similarly, a strong solution w € H2(2) N H% (€2) solves (3.38) at least pointwise a.e.. From
s standard regularity theory, weak solutions are strong solutions if 92 and S are at least of
on class CY%, « > 0,and g, h € HY(S), s > 3/2. We only compute the derivative in 2 space
e dimensions to simplify the resulting expression.

680 Our starting point is formula (3.39). We show that we can write M[Vu] : Vw as the
e divergence of a certain vector b. Since we assume that C is constant, B = 0. Furthermore,
2 since both u# and w satisfy the homogeneous system of elasticity a.e. in 2\ T', it is enough
63 to show that:

M[Vu] : Vw = —divh + (U - V)W) - (div[CVa]) + (U - V)u) - (div[CVw]),

685
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for a suitable vector field b. Next, we exploit some elementary tensor calculus. If F is
a matrix and a is a vector, by a F we mean vector—matrix multiplication (suppressing
the transpose for notational ease), that is: [aF]; = a; F}’f, using Einstein’s summation
convention. Then, it is easy to see that

div(aF) = a - divF + Va : F, (3.41)

where [divF]; = BjF’7 = Tr(VF).. We let, following the convention above:

b=aF+a)Fy, —al, with

ai=U-Vw, ay=U-V)u, a=C[Vu]:Vw,

F; = C[Vu], F,=C[Vw], (3.42)
where « is a scalar field and we have identified the map U/ with a vector field. We apply
(3.41) to a1 Fy:

div(ai F1) = (U - V)w) (div[CVu]) + C[Vu] : V(U - V)W),

and note that

[V (U - V)W) = JU W) =
V(U -V)w)=[Vw]DU + U - V)Vw.

Consequently,
div(a; F1) = (4 - V)w) (div[CVu]) + C[Vu] : [VwDU] + C[Vu] : [(U - V)Vw].
(3.43)
Similarly,

div(ay Fy) = (U - VIu) (div[CVw]) + C[Vw] : [VuDU] + C[Vw] : [(U - V)Vu]
= (U4 - V)u) (div[CVw]) + C[VuDU] : Vw + C[Vw] : [UU - V)Vu],
(3.44)

where in the last identity we have used the symmetry of C. We also recall that div(alf) =
adivid + U - Va. Using this formula and (3.43)—(3.44), we can write

div(b) = (L - V)w) (div[CVu)]) + (A - V)u) (div[CVw]) + C[Vu] : [Vw DU
+C [VuDU] : [Vw] + C[Vu] : [U - V)VW] + C[Vw] : [(U - V)Vu]
— (divif)C[Vu] : Vw — (U - V) (C[Vu] : Vw), (3.45)

pointwise a.ein 2\ I'.
Now, since C is constant, exploiting again the symmetry of C,

U'D; (C[Vu] : Vw) = U C[Vu] : 9;Vw + U C[8;Vu] : Vw
= C[Vu] : [UU3;)Vw] + C[Vw] : [UU'3;)Vu),

so the last term in (3.45) cancels other two terms in that expression and we conclude that
div(b) = (U - V)w) (div[CVu]) + (U - V)u) (div[CVw])

+ C[Vu] : [VwDU] + C[VuDU] : [Vw] — (divi/)C[Vu] : Vw.
(3.46)
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726 We can now derive the boundary shape derivative. We introduce some convenient nota-
77 tion. Let {¢, m} be a curvilinear frame on I', hence on S, with n coinciding with the unit
78 outer normal to Q7. We denote the tangential projection by:

729 Fian := Ft, An :=a -,

70 where F is a matrix and a is a vector, and according to our notation Fz denotes matrix—
7 vector multiplication. Similarly, we denote the normal projection by:

732 F, .= Fn a,:=a-n
73 We also employ the short-hand notation:
734 Otan:=t-V, 0,:=m-V.
»s  Theorem 3.9 Assume that Q C R? and the fault S is of class C¥%, « > 0, that C is
76 constant, and g, h € H{(S), s > 3/2. Then the boundary shape derivative of the functional
77 J is given by:

d
738 Ej(sngf)h:o= f [Uran (CIVW]),, — Uy (CIVW]) 4] - (3tang) + (CIVW),, - hdo (x),

s

739 (3.47)

720 where u is a strong solution of (2.5) and w is a strong solution of (3.38).

m  Proof Since u solves (2.5) and w solves (3.38), from (3.46) it follows by integrating by
u  parts in Q7 that

743 iJ(Sr,gr)Lr:o =— divb dx + / (CIVw)),, - hdo(x)
dt Q\I S
724 :/ (b]r da(x)+/(C[Vw])n~hda(x)
r s
— [ AL, ] - @ 9w+ €W, - 104 Vil
746 U, [C[Vu] : Vw]r} do(x) + / (CIVw]), - hdx.
s

(3.48)

747

7s  Above we have used that U/, Vw, and (C[Vw]),, do not jump across I'. Indeed, I is Lipschitz
ns  continuous on the whole €2, while w € H%(2), so [(VW)wn]r = O since w is continuous
70 and I' is regular. Also, the jump in the traction (C[Vw]), across I is zero from (3.38)
1 integrating by parts in QF. Then, as in [21], one can conclude from these two facts that
72 [(Vw),]r = 0; hence, the whole gradient of w does not jump across I'.

73 Next, using again the continuity of w and its traction across I', we note that

(U-Vulp = Vunr@n+t ) (U -mn+ U - t)t)]r
754 = [0pu Uy + Otantt Ugan]r (3.49)
= [0nulr Uy + [Btantt]r Uran = [3,2]r Up + 3tang Utan.
755 Similarly:
[C[Vu] : Vw]p = [Vu : C[Vw]]p = [Vu(n @ n) : C[VwW]]r + [Vu(t @ t) : C[Vw]]p
( nlr + [Btan# - (CIVW])tan]r

n + [atanu]l" ° ((C[Vw])tan
n+ atang' (C[VW])tan.

a
<
2

(3.50)

756
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Therefore, using (3.49) and (3.50) in the second and third terms on the right-hand side of
the last equality in (3.48), we obtain

(C[vw])n . [(u . v)u][‘ — Uy [(C[Vu] : VW]I‘ = (C[VW])H . [anu]l"un + ((C[Vw])n . (8tan§)utan
— (C[VW]D)y - [8nu]r Uy — (C[VW])tan - (3tan§)un
= (C[VW]), - (atang)utan — (C[VW)tan - (Btang)urp

Inserting this expression into (3.48) finally gives formula (3.47). |

4 Numerical implementation

In this section, we implement a reconstruction algorithm based on a gradient descent
method that uses the shape derivative (3.37) of the functional defined in (3.1). While the
algorithm is applicable in both two and three space dimensions, our numerical experi-
ments are done in the two-dimensional case, and hence we focus on describing the method
in 2D. The two-dimensional problem can be seen as looking at vertical slices of the full
3D problem and neglecting any stress across different slices. This is a simplification, but
our numerical experiments are a proof of concept that the algorithm can recover the fault
and the slip under suitable assumptions. We reserve to address a more realistic set-up for
the numerical implementation in future work.

The reconstruction procedure is based on the gradient descent algorithm proposed
in [9] to reconstruct a piecewise-constant conductivity that jumps across a polygonal
partition in a composite material from current-to-voltage boundary measurements. There
are significant differences between the case considered in [9] and here. First of all, we deal
with a system of PDEs and not a scalar PDE. Furthermore, we have nonhomogeneous
jumps across the fault. In particular the solution is not H! regular across the fault. Lastly,
we measure only on part of boundary and we measure only once (twice in some unstable
cases). These additional challenges make the numerical implementation more sensitive,
especially to how the jump in the displacement u across the fault is treated.

We concentrate primarily on recovering the fault geometry S, assuming the slip field
g is known. Indeed, once S is determined, the problem of reconstructing g is linear. We
will consider both situations addressed in our pricl)r works [4,6], that is, the case when g

vanishes at the endpoints of the line S and is in Hg,(S), and the case that g is constant on
S, even though the theoretical framework for the distributed shape derivative exploits a
variational formulation and hence applies to the first case.

To solve both the forward and adjoint problems (see (2.5) and (3.38)), we employ the
discontinuous Galerkin (DG) method, which is nonconforming and lends itself to tack-
ling problems with inhomogeneous jumps. Other numerical methods have been used for
shape optimization. In the context of elasticity, among the many results we mention the
recent works [13,18], where the boundary immerse method and immersed interface finite
elements are employed.

We next discuss the DG method in the context of our problem. For the numerical
implementation, we let the domain 2 = [—1,1] x [—1, 1] and S a segment, positioned
away from the boundary. Because of the inherent instabilities in the problem, although
unrealistic for the geophysical problem that motivates our work, we find that we need to
measure on a sufficiently large part of the boundary. Recall that the acquisition manifold
E where the measurements are performed lies on the traction-free part of the boundary.
Hence, we impose homogeneous Neumann conditions on three sides of the square ©
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= 1
——  acquisition manifold &
—— traction-free boundary Q
——  fault surface S -1 //o’ S 1
—— displacement-free boundary =
> i

Fig.3 Geometric set-up for the numerical experiments

(A) An example of the finer mesh used to solve the (B) An example of the coarser mesh used to solve
forward problem (2.5) and generate the synthetic the inverse problem. The chosen trapezoidal re-
measurements, featuring the chosen trapezoidal re- gion, highlighted in red, contains the dislocation
gion highlighted in red, which contains the disloca- line, which is shown in blue.

tion line in blue.

Fig.4 An example of the meshes employed for generating measurements and for solving the optimization
problem

70 and homogeneous Dirichlet conditions on the fourth side identified with the set ¥ =
s {(xy)y=1—1<x <1} (See Fig. 3).

s1 4.1 Discontinuous Galerkin (DG) method

sz We consider a family of shape-regular partitions 7, where 0 < % <« 1. These par-
w3 titions consist of nonoverlapping triangles K such that @ = U ,CGThK. Specifically,
ws 1 = maxiey;, hx, where i = diam(K). The mesh conforms to the fault S as follows. We
s0s construct a trapezoidal region inside 2 with one side lying on the displacement-free part
ws  of 0€2 and one side that agrees with the fault segment S. We then align the computational
s7  grid with S (see Fig. 4a).

808 We define Fy as the set of all interior sides. An interior side y in Fy is characterized by
w0 the existence of two adjacent elements K™ and K~ in 7}, such that y = 9K N 3K . For
s clarity in presenting the DG formulation, we distinguish between the sides that belongs
an  to S from the others, which belong to Fj.

sz Similarly, we label the sides of the elements that touch the boundary 92 according to
a3 whether Dirichlet and Neumann conditions are imposed, grouping them into the families

sis  Fp and Fy, respectively:

81 Fp = {y | 3K such that y C 9K N 9dQ2p}
816 Fx = {y | 3K such that y € 9K N dQn}
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This definition assumes that the mesh conforms to the boundary decomposition of 9€2;
that is, every side y belongs exclusively to either Fp or Fy.
Next, given an integer » > 1 we define the finite-dimensional space of DG elements by:

VI = {vh € IX(Q) |V, Ik € P'(K), j=1,2, forallK e Th}

where P"(K) denotes the space of polynomials of total degree r defined on the element K
and v/ denotes the j-th component of the vector field v. The approximate solution will be
sought in the space V/, which is also the space of test functions.

Trace operators
To handle piecewise discontinuous functions, we use appropriate trace operators. Let
y € JFj be an interior side shared by two elements K * and K~ of 7;,, with unit normal
vectors n™ and n~ pointing outward from KT and K, respectively. On y, we define
the average and jump operators for sufficiently regular vector-valued and tensor-valued
functions v and o as follows:
Lo - _ 1o -

=507 +v7), fo}= (" +07) 1)

Wi=vteu +v @n, [o]=ctut+o7n"

wherev ® n = %(vnT +mvT).

The jump operator, defined using normal unit vectors, transforms a vector-valued func-
tion into a tensor-valued function and vice versa. This approach is preferable in numerical
schemes compared to the common definition [v] = v* — v, as it uses a sum instead
of a difference, leveraging its commutative property. This ensures that the operator is
independent of the element numbering (Kt and K~) during implementation. For edges
y on the boundary of the domain, i.e., y € Fp U Fy, we set:

v} =vT, Vi=vt®n

{o} =0T, [o] =c"n

Discontinuous Galerkin formulation

In this section, we assume that the solution of (2.5) is sufficiently regular so as to jus-
tify integration by parts. Obtaining the weak formulation in the discontinuous Galerkin
form is possible, in principle, even for solutions and test functions belonging to H'(<2),
provided that the traces of the gradient on the boundary of the elements are considered
in appropriate distribution spaces. However, to achieve global a priori error estimates
in the energy norm, higher regularity of the solution, such as assuming the solution in
H?%(R), is needed [23,24], similarly to what happens in classical finite element methods.
By construction, both the approximate solution and the test function belong to the space
V; and hence have the required regularity.

To derive a variational formulation for the DG approximate solution, we begin by mul-
tiplying the first equation in (2.5) by a test function v € V] For notational convenience,
we extend # and v by zero to 2, so that on 92 the jump of # and v agrees with their trace
value. We then integrate over a generic element K € 7, and apply integration by parts.
By summing over all elements K € 7}, we obtain:

Z /1; CVu:Vvdx = Z ((C’V\un) - vdx. (4.2)

KeT, KeT, V0K
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sss  We note that on the right-hand side of the identity above, the integrals over the sides of
sss  triangles in the partition are computed twice for triangles sharing a common side, once
&7 with the outward normal vector n* and once with n™.

858 Since u solves (2.5), the traction is zero on all sides in Fj;, so that we can rewrite (4.2)
sso  as follows:

860 Z / (Cﬁun) “vdx = Z / [(C/V\u)+n+ vt ((Cﬁu)_n_ . v_)] do (x)
K %

KeT), yeFUS

+ Y | (CVun)-vdo(x),
yeFp ?
sz Next, from the definitions of the average and jump operators given in (4.1) we have that

Z / [(C%u)+n+ v+ (CVu)"n - V_] do(x) + Z (CVun) - vdo(x)
Y

}/G.FIUS VefD V4

863
= Z (CVu) : [v] do (x) + Z [[C/Vsu]] {v}do(x).
yeFUFpUS Y yeFus Y

864 (4‘.3)
ss  The second integral term on the right-hand side vanishes as [[C%u]] = 0 on every interior
ss  side of the partition and across S, again using that u is a variational solution of (2.5).
s7  The first integral term on the right-hand side does not vanish in general, because the test
s functions in V) may jump across the sides of the partition. Since the bilinear form on the
so left-hand side of (4.2) is symmetric, for numerical accuracy it is important to preserve
w0 symmetry after integration by parts. To this end, using that the jump [«] = 0 on F; U Fp,
e [u]] = g on S, and inserting (4.3) for the right-hand side of (4.2), we obtain the following
s2  variational formulation, which must be satisfied by the DG approximate solution:

| CVu:Vvdx— Y {CVu}: ldo@) — Y {CVV} : [u]do (x)

KeT, 'K yeFUFpUS VY yeFUFpUS VY
873 (4.4)

— Z g®nt : {CVv}do(x)
yes Y

s74 It has been shown in [1,2] that adding a penalization of jumps in the form
875 f n [[u]] : [[v]]da (x)
14

ws ensures the stability of the numerical method while preserving symmetry. It is crucial
& to choose the penalization parameter appropriately. We define n € L'(F; U Fp U S) as

sz follows:
2

- 0, = ,BQZ%, Vy € F1UFpUS,

0 where B is a positive constant, / is the mesh size, r is the polynomial degree, and €(x) :=
881 (Zi’j’ ni |Cink (%) |2) i is the discrete 2-matrix norm. As the mesh is refined, specifically as
s2  h — 0, the parameter 7 increases, thereby providing greater stabilization. The penalized
83 D@ variational formulation is finally given by:

Z / CVu:Vvdx — Z (CVu} : [v]do (x)
K

KeTy, yeFUFpUS Y

-y /y (€Y} : [uldo@ + > | nlu] : [v]do () (4.5)

yeFUFpUS yeFUFpUS Y

= - Z/g@ nt  (CVv}do (x) + Z ng @ nt : [v]do (x).

yes Y yes Y
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Fig.5 Anexample of the solution to the forward problem (2.5) obtained using the discontinuous Galerkin
method

Then the DG approximate solution u;, € V] of the forward problem (2.5) must satisfy
(4.5) for all v € V/, see [1-3,23,24]. We use a similar penalized formulation to compute
the DG solution wy, € V] of the adjoint problem (3.38). The numerical implementation
then follows the standard approach for finite elements methods.

In Fig. 5, we plot an example of the numerical solution for the forward problem (2.5),
obtained by using linear elements, that is, polynomials of degree 1 on each element K,
and setting the mesh size # = 0.01. We consider the case of a horizontal dislocation with
vertices at (—0.4, 0) and (0.4, 0) and a slip field vanishing at the endpoint of the dislocation
segment given by

100\ |, 100\ |,
g(S): (10 <— <¥> se+1 X(_%,%)(s), 20 —(3—9) se+1 X(_%,%)(S) )

(4.6)

4.2 Reconstruction algorithm
For the reconstruction algorithm, we adopt the gradient descent approach introduced in
[9]. Below, we briefly recall the method as it applies to our problem.

To highlight the dependence of the shape derivative on the map/ € W >°(Q), identified
with a vector field on R, that encodes the infinitesimal movement of the fault (see (3.2)),
in this section we will use the notation

dJ
E |_‘r=0= (DJ(S,g), u);

where D.J (S, g) represents the gradient. Furthermore, in all simulations we will assume
the slip field g is known at the dislocation, focusing solely on reconstructing the dislocation
line. As we have already mentioned, if S can be reconstructed, the reconstruction of g is
conceptually simpler as this part of the inverse problem is linear. In what follows hence,
we will focus on presenting the descent algorithm for the reconstruction of S given g.
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ws Consequently, for notational convenience we simply write

909 % |_7::0: (DJ(S)) u)

s Wealso use ((,)) to denote the L2-inner product.

om We also continue to specialize to the case that the dislocation line S is a straight segment,
o2 80 it is uniquely determined by its two vertices P; € R?, [ = 1,2.

a3 Akey step in the descent algorithm is the computation of the descent direction at each
o step.Let X C WwLo°(Q, R?) be a suitable subspace. Then, at iteration level k € N, we solve
a5 the equation

(6%, 80)) + (DT (5¥), 86) = 0 (4.7)

o7 for every 60 € X, where 0% € X denotes the descent direction and S* is the dislocation
s line computed at the k-th iteration. The subspace X is chosen so that S is a segment
a9 contained in €2 for each k. For solving (4.7), we discretize the problem and employ the
220 idea already contained in [9]. That is, given that the dislocation line is uniquely defined by
a1 its vertices, we compute the descent direction for each vertex individually before updating
922 the partition at each iteration k.

s Specifically, we recall that we have two meshes. A coarse mesh used for the measure-
224 ments and a fine mesh used for the DG approximation. The vertex of the dislocation
25  segment is assumed to be on both meshes. At iteration level k, for each vertex P, [ = 1, 2,
26 of Sk, we calculate the gradient of the functional 7 with respect to the position of the
%27 vertex Pf‘ as follows. We select two maps L{l’fl, ull,(z € Wlo°(Q, R?) with the properties
os that:

a9 (1) Ulkl, Ulkz have support strictly contained within €.
w0  (2) U lkl and L{lkz are piecewise linear along the sides of the (coarse) partition and satisfy

Uy (PF) = (6,0), UL (Pf) = (0, 87),

932 where §;; denotes the Kronecker delta and P/].‘ denotes any vertex of the mesh.

o3 Then, the gradient of J with respect to the position of the vertex P;‘ is given by:
((Dj(Sk LU, > (DJ(Sk U, >) ,

ss  and hence the steepest descent at the k-th iteration is represented by the vector

o}, = — ([prsh.uf ) (prshu)). (4.8)
o7 For the DG approximation, we define the maps Z/Il/fl and ull,(z as follows:

Uy = (¢£,0), Uy =©¢f),

039 where golk is the hat function associated with the node P’l‘ of the coarse mesh (see, for
w0 example, Fig.4b); that is, ngk is piecewise linear and

k ( pk
941 Y (Pj ) = 9jI.
o2 We then stop the algorithm when a desired tolerance is reached or a maximum number

a3 of iterations have occurred as customary. Below is a pseudocode for the reconstruction
a4 algorithm as implemented in MATLAB® for a specific set of parameters.
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Algorithm 1 Reconstruction Algorithm

1: Parameters: maxlter = 5000, tol = 1 x 1077, =1 x 10~°, nlter = 150
2: Initialize geometry and mesh

3: for k = 1 to maxlIter do

4 Solve the forward problem (2.5)

Compute gradient of the solution.

Extract boundary data for adjoint problem

Solve the adjoint problem (3.38)

Compute gradient of the adjoint solution.

Y ® N w

Calculate shape derivatives using Z/{{( and Z/{é‘ .
10: Update the vertices of the dislocation, using (4.8), i.e., P;H'l = Pf( — oz6’1k.
11: if k > niter and max(@lk) < tol then

12: break (Convergence reached)
13: end if

14: Update geometry and mesh.

15: end for

4.2.1 Numerical tests
All the numerical simulations presented in this section have been performed in
MATLABC. As already mentioned, the computational domain is a square 2 = [—1, 1] x
[—1, 1], with homogeneous Dirichlet boundary conditions on y = —1, modeling the buried
part of the boundary, and homogeneous Neumann boundary conditions on the other three
sides, modeling the exposed part of the boundary at the Earth’s surface (see Fig. 3).

We include noise to the data to model measurement errors. Specifically, for a noiseless
boundary measurement u,,, € H'/2(3R), the noisy data 7, is generated by adding uniform
noise to u,, as follows:

U (%) = () + ellttm| 2 (30)-
where ¢ is a uniform random variable drawn from the interval (—a, a), with a > 0 deter-
mined based on the desired noise level (unless specified otherwise, we set 2 = 0.0007). In
the numerical implementation, the noise is added pointwise to each node of the coarse
mesh used for the measurements. To quantify the noise level, we compute the relative L2
error:

1 — tm |7 5

2
||um ”LZ(BQ)
We include this error for each of the numerical tests in the corresponding figure below.
1

We perform simulations both in the case of a slip field g € Hg,(S), for which the
variational formulation of the forward problem and the shape derivative is rigorously
justified, as well as in the case of constant slip field g, a configuration often used in
seismology. For the constant slip field, we study the case of a highly anisotropic oblique
slip, setting:

g = (—10, 20).

The presence of singularities in the elastic displacement at the tips of the dislocation aides
in the reconstruction.

For the case of a slip vanishing at the endpoint of the dislocation segment, we choose a
slip that vanishes to high order, which makes the reconstruction more difficult:
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100\ |, 100\** ,
972 g(s)_<—10 (—(39) s7+1 X(_%,%)(s),ZO —(§> se4+1 X(_%,%)(s),

o7  where X3 3 )(s) is the characteristic function of the interval [—39/100, 39/100], and
o the scalar s parameterizes the segment. Both cases are designed to test the limitation of
o7 the algorithm.

o7 Similarly, the regularization parameter o used for updating the dislocation vertices is
o9 chosen sufficiently small, but nonzero, « = 107°. Finally, the elastic coefficients are taken
s constant to simplify the expression of the shape derivative and to improve stability. For
s simplicity, we set the Lamé coefficients A = u = 1.

082 For most of the numerical tests, we measure the displacement on the entire exposed
%63 portion of 9€2, the top and the two lateral sides of the square €. One measurement is
s enough in this case to reconstruct the dislocation line S. For comparison, we include a test
ses for which the displacement is measured only on the top side of 2 (see Fig. 8 and Test 5).
ss As expected, the reconstruction with one measurement is poor, and two measurements
sz are needed in this case.

sss  We include the results for the following numerical tests:

s  Test 1: Horizontal dislocation with constant slip field g (Fig. 6).

Reconstruction - 0.5% Noise Added to Measurements

--‘Initial Guess
—Reconstruction
—True Dislocation

08—

06 [~

04~

0.2

Fig. 6 Reconstruction of a horizontal dislocation with vertices at (—0.4, 0) and (0.4, 0), using only one
boundary measurement with 0.5% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field along the dislocation line is constant, g = (=10, 20)
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990

991

Test 2: Horizontal dislocation with slip field g vanishing at the endpoints (Fig. 7)

0.8

0.6

04

0.2

Fig. 7 Reconstruction of a horizontal dislocation with vertices at (—0.4, 0) and (0.4, 0), using only one
boundary measurement with 0.86% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field g is chosen as in (4.9)

Reconstruction - 0.86% Noise Added to Measurements

---Initial Guess
—Reconstruction
—True Dislocation

Test 3: Oblique dislocation with constant slip field g (Fig. 8)

Reconstruction - 0.82% Noise Added to Measurements

02

04—

-06 |-

-08 |-

--Initial Guess
—Reconstruction
—True Dislocation

Fig.8 Reconstruction of an oblique dislocation with vertices at (—0.4, —0.15) and (0.4, 0), using only one
boundary measurement with 0.82% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field along the dislocation line is constant, g = (—10, 20)
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992 Test 4: Oblique dislocation with slip field g vanishing at the endpoints (Fig. 9)

Reconstruction - 0.82% Noise Added to Measurements

--Initial Guess
—Reconstruction
—True Dislocation

08—

06—

02

Fig.9 Reconstruction of an oblique dislocation with vertices at (—0.4, —0.15) and (0.4, 0), using only one
boundary measurement with 0.82% noise level. The initial guess for the reconstruction algorithm is
represented by the black dashed line. The slip field g is chosen as in (4.9)

993 Test 5: Horizontal dislocation with slip field g vanishing at the endpoints and
94« measurements only on one side (Fig. 10). In this numerical test, we consider the case
95 where measurements can only be collected on one side, specifically along the side given
w6 by the points {y = 1}. As expected, in this case, the reconstructions are less accurate. In
97 particular, when assuming knowledge of only one boundary displacement measurement,
»s the reconstructions are of poor quality (see Fig. 10a). However, when more measurements
o9 are available (still on the same side), the situation gradually improves (see Fig. 10b for the
w0 case of two measurements), even if the results are still not satisfactory. In this latter case,
01 to generate the second measurement, we use the slip field g defined by the following data

1000\ |,
1002 g(s) = (60 (— (E) s +1 X(_%,%)(S),

1000\ |,
1003 —10 (— (E) st +1 x(_%,%)(s) ) (4.10)

1004
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Reconstruction - 1.23% Noise Added to Measurements

--Initial Guess
—Reconstruction

—True Dislocation

(A) Reconstruction of a horizontal dislocation between vertices (—0.4,0) and
(0.4,0), using only one boundary measurement with 1.23% noise level. The
initial guess for the reconstruction algorithm is represented by the black
dashed line. The slip field g is chosen as in (4.10).

Reconstruction - 0.12% Noise Added to Measurements

--‘Initial Guess
—Reconstruction
— True Dislocation|

02|

04 -

06

08|

X
(B) Reconstruction of a horizontal dislocation between vertices (—0.4,0.7)
and (0.4,0.7), using two boundary measurements with 0.12% noise level.
The initial guess for the reconstruction algorithm is represented by the black
dashed line. The slip field g is chosen as in (4.10).

Fig. 10 The case of measurements only on the top side y = 1 of the square
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