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Vanishing lines in chromatic homotopy theory
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We show that at the prime 2, for any height h and any finite subgroup G � Gh of the Morava stabilizer

group, the RO.G/-graded homotopy fixed point spectral sequence for the Lubin–Tate spectrum Eh has

a strong horizontal vanishing line of filtration Nh;G , a specific number depending on h and G. It is a

consequence of the nilpotence theorem that such homotopy fixed point spectral sequences all admit strong

horizontal vanishing lines at some finite filtration. Here, we establish specific bounds for them. Our

bounds are sharp for all the known computations of EhG
h

.

Our approach involves investigating the effect of the Hill–Hopkins–Ravenel norm functor on the slice dif-

ferentials. As a result, we also show that the RO.G/-graded slice spectral sequence for .N G
C2

xvh/�1BP..G//

shares the same horizontal vanishing line at filtration Nh;G . As an application, we utilize this vanishing

line to establish a bound on the orientation order ‚.h; G/, the smallest number such that the ‚.h; G/-fold

direct sum of any real vector bundle is EhG
h

-orientable.
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1 Introduction

1.1 Motivation and main theorem

Chromatic homotopy theory originated with Quillen’s groundbreaking observation [1969] of the relation-

ship between the homotopy groups of the complex cobordism spectrum and the Lazard ring. Subsequently,

the work of Miller, Ravenel and Wilson [Miller et al. 1977] on periodic phenomena in the stable homotopy

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
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904 Zhipeng Duan, Guchuan Li and XiaoLin Danny Shi

groups of spheres and Ravenel’s conjectures gave rise to what is now called the chromatic point of view.

This approach is a powerful tool for studying periodic phenomena in the stable homotopy category by

analyzing the algebraic geometry of smooth one-parameter formal groups. The moduli stack of formal

groups has a stratification by height, and this stratification serves as an organizing framework for exploring

large-scale phenomena in stable homotopy theory.

Consider the Lubin–Tate spectrum E.k; �h/ associated with a formal group law �h of height h � 1 over

a finite field k of characteristic p. Up to an étale extension, these theories depend only on the height.

For the sake of clarity, we will implicitly choose a formal group law �h defined over Fp (ie the height-h

Honda formal group law) and a field k, and write Eh D E.k; �h/.

The chromatic convergence theorem of Hopkins and Ravenel [1992] shows that the p-local sphere

spectrum S0
.p/

is the homotopy inverse limit of the chromatic tower

� � � ! LEh
S0 ! � � � ! LE1

S0 ! LE0
S0:

At each stage of this tower, LEh
S0 is the Bousfield localization of the sphere spectrum with respect

to Eh. These localizations can be inductively computed via the chromatic fracture square, which is the

homotopy pullback square

LEh
S0 LK.h/S

0

LEh�1
S0 LEh�1

LK.h/S
0

Here, K.h/ is the height-h Morava K-theory and LK.h/S
0 is the K.h/-local sphere.

Let Sh D Autk.�h/, and define Gh D Sh Ì Gal.k=Fp/ to be the (big) Morava stabilizer group. The

continuous action of Gh on ��Eh can be refined to a unique E1-action of Gh on Eh; see [Rezk 1998;

Goerss and Hopkins 2004; Lurie 2018]. Devinatz and Hopkins [2004] showed that LK.h/S
0 ' E

hGh

h
.

Furthermore, the K.h/-local Eh-based Adams spectral sequence for LK.h/S
0 can be identified with the

Gh-homotopy fixed point spectral sequence for Eh:

E
s;t
2

D H s
c .Gh; �tEh/ ) �t�sLK.h/S

0:

Henn [2007] proposed that the K.h/-local sphere LK.h/S
0 can be built up from spectra of the form EhG

h
,

where G is a finite subgroup of Gh. This construction has been explicitly realized at heights 1 and 2; see

[Goerss et al. 2005; Henn 2007; Beaudry 2015; Bobkova and Goerss 2018; Henn 2019].

From this point of view, the spectra EhG
h

serve as the fundamental building blocks of the p-local stable

homotopy category. The homotopy groups ��EhG
h

also play a crucial role in detecting important families

of elements in the stable homotopy groups of spheres [Ravenel 1978; Hill et al. 2016; Li et al. 2019;

Behrens et al. 2023]. Computation of these homotopy groups and understanding their Hurewicz images

are central topics in chromatic homotopy theory.

Geometry & Topology, Volume 29 (2025)
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In this paper, we focus our attention at the prime p D 2. Historically, describing the explicit action of Gh

on Eh has been challenging. This limited our computations to heights 1 and 2 until the recent equivariant

computational techniques introduced by Hill, Hopkins, and Ravenel [Hill et al. 2016] (norms of Real

bordism and the equivariant slice spectral sequence) and by Hahn and Shi [2020] (Real orientation).

These new techniques allowed us to compute E
hC2

h
for all heights h � 1 [Hahn and Shi 2020] and E

hC4

4

at height 4 [Hill et al. 2023].

The finite subgroups of Sh and Gh have been classified by Hewett [1995; 1999] and Bujard [2012]. To

summarize this classification at the prime 2, let h D 2n�1m, where m is an odd number. If n ¤ 2, the

maximal finite 2-subgroups of Sh are isomorphic to C2n , the cyclic group of order 2n. When n D 2, the

maximal finite 2-subgroups of Sh are isomorphic to the quaternion group Q8. Furthermore, the group Gh

contains a subgroup of order two, corresponding to the automorphism Œ�1��h
.x/ of �h. This C2-subgroup

is central in Gh. All the finite subgroups G � Gh we consider in this paper will contain this central

C2-subgroup.

To state our main result, note that based on the classification provided above, for any G � Gh a finite

subgroup, a 2-Sylow subgroup H of G \ Sh is isomorphic to either C2n or Q8.

Definition 1.1 For h > 0 and G � Gh a finite subgroup, let H be a 2-Sylow subgroup of K D G \ Sh.

Define Nh;G to be the positive integer Nh;H , where

Nh;C2n WD 2hCn � 2n C 1 and Nh;Q8
WD 2hC3 � 7:

The main result of this paper is the following:

Theorem A (horizontal vanishing line) For any height h and any finite subgroup G � Gh, there is a

strong horizontal vanishing line of filtration Nh;G in the RO.G/-graded homotopy fixed point spectral

sequence for Eh.

Recall that having a strong horizontal vanishing line of filtration Nh;G means that the spectral sequence

collapses after the ENh;G
-page, with no surviving elements of filtration greater than or equal to Nh;G at

the E1-page.

The motivation behind Theorem A is as follows: classically, the nilpotence theorem of Devinatz, Hopkins

and Smith [Devinatz et al. 1988; Hopkins and Smith 1998] ensures that the homotopy fixed point spectral

sequences of the Lubin–Tate theories Eh all have strong horizontal vanishing lines at some finite filtration;

see [Devinatz and Hopkins 2004, Section 5] and [Beaudry et al. 2022, Section 2.3]. While theoretically

valuable, this existence result alone cannot be used for computations. Without knowledge of the specific

location of the vanishing line, it cannot aid in proving specific differentials.

The recent computations by Hill, Shi, Wang and Xu [Hill et al. 2023] have demonstrated the utility of

having a bound for the strong horizontal vanishing line in equivariant computations of Lubin–Tate theories.

Geometry & Topology, Volume 29 (2025)



906 Zhipeng Duan, Guchuan Li and XiaoLin Danny Shi

In their work, they first reanalyzed the slice spectral sequence for BP..C4//h1i (a connective model of E2

with a C4-action), and established a horizontal vanishing line of filtration 16. They also proved [Hill et al.

2023, Theorem 3.17] that every class on or above this line must vanish on or before the E13-page. This

result allowed them to provide a more concise proof of all the Hill–Hopkins–Ravenel slice differentials

presented in [Hill et al. 2017].

In the subsequent case, when studying the slice spectral sequence for BP..C4//h2i (a connective model of

E4 with a C4-action), a similar phenomenon was observed. There exists a horizontal vanishing line at

filtration 96, and every class situated on or above this line must vanish on or before the E61-page. This

theorem is referred to as the vanishing theorem [Hill et al. 2023, Theorem 9.2], and it serves as a crucial

tool in establishing many of the higher slice differentials.

The strong vanishing lines established in Theorem A will significantly facilitate future computations

involving Lubin–Tate theories and norms of Real bordism theories.

1.2 Main results and outline of the paper

We will now give a more detailed summary of our results and describe the contents of this paper.

In Section 2, we recall some basic facts of our spectral sequences of interest. The classical Tate diagram

induces a Tate diagram of spectral sequences

HOSS(X) // SliceSS.X /

��

// LSliceSS.X /

��

HOSS.X / // HFPSS.X / // TateSS.X /

The interactions between these spectral sequences will be crucial for proving our main theorem.

We will also recall the spectrum BP..G//, its slice filtration, and some special classes on the E2-page of

its slice spectral sequence. We prove all the differentials in the C2-slice spectral sequence for i�
C2

BP..G//

when G D C2n and Q8 (Theorem 2.3). While not stated elsewhere, this is a straightforward consequence

of [Hill et al. 2016, Theorem 9.9].

In Section 3, we prove comparison theorems between the slice spectral sequence, the homotopy fixed

point spectral sequence, and the Tate spectral sequence. These comparisons are based on the maps

SliceSS.X / ! HFPSS.X / ! TateSS.X /

extracted from the Tate diagram of spectral sequences above. It is worth noting that prior works by

Ullman [2013] and Böckstedt and Madsen [1994] have shown that both maps induce isomorphisms within

specific ranges in the integer-graded spectral sequence. For our purposes, we extend these isomorphism

regions to the RO.G/-graded pages.

Geometry & Topology, Volume 29 (2025)
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Theorem B (Definition 3.1 and Theorem 3.3) For V 2 RO.G/, let

�.V / WD min
feg¨H �G

jH j � dim V H :

The map from the RO.G/-graded slice spectral sequence to the RO.G/-graded homotopy fixed point

spectral sequence induces an isomorphism on the E2-page for pairs .V; s/ that satisfy the inequality

�.V � s � 1/ > jV j:

This map induces a one-to-one correspondence between the differentials within this isomorphism region.

The proof of Theorem B relies on the main result of Hill and Yarnall [2018, Theorem A], which

establishes a relationship between the slice connectivity of an equivariant spectrum and the connectivity

of its geometric fixed points.

As for the map from the homotopy fixed point spectral sequence to the Tate spectral sequence, the classical

analysis almost generalizes immediately to give an RO.G/-graded isomorphism region.

Theorem C (Theorem 3.6) The map from the RO.G/-graded homotopy fixed point spectral sequence to

the RO.G/-graded Tate spectral sequence induces an isomorphism on the E2-page for classes in filtrations

s > 0, and a surjection for classes in filtration s D 0. Furthermore , there is a one-to-one correspondence

between differentials whose sources are of nonnegative filtration.

In Section 4, we give a brief summary of the norm structure in equivariant spectral sequences. This structure

plays a pivotal role in deducing the fate of specific classes in the G-equivariant spectral sequence based

on information from the H -equivariant spectral sequence, where H � G is a subgroup (Proposition 4.1).

In Section 5, we analyze the Tate spectral sequence for Eh and prove the following theorem.

Theorem D (Tate vanishing, Theorem 5.1) For any height h and any finite subgroup G � Gh, all the

classes in the RO.G/-graded Tate spectral sequence for Eh vanish after the ENh;G
-page. Here , Nh;G is

defined as in Definition 1.1.

Note that at any prime p, Mathew and Meier [2015, Example 6.2] have shown that the map EhG
h

! Eh is

a faithful G-Galois extension whenever G � Gh is a finite subgroup. This implies that the Tate spectrum

EtG
h

is contractible [Rognes 2008, Proposition 6.3.3]. Consequently, all the classes in the Tate spectral

sequence for Eh must eventually vanish. Theorem D provides a concrete bound for the page number at

which this vanishing occurs when p D 2.

To prove Theorem D, we use the G-equivariant orientation from BP..G// to Eh, as given by [Hahn and

Shi 2020]. This orientation map factors through .N G
C2

xvh/�1BP..G//:

BP..G// Eh

.N G
C2

xvh/�1BP..G//

Geometry & Topology, Volume 29 (2025)
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This induces a map of the corresponding Tate spectral sequences:

G- TateSS..N G
C2

xvh/�1BP..G/// ! G- TateSS.Eh/:

Equipped with the results of the previous sections, we first transport the differentials from the C2-slice

spectral sequence for i�
C2

.N G
C2

xvh/�1BP..G// to the C2-Tate spectral sequence for i�
C2

.N G
C2

xvh/�1BP..G//

using the one-to-one correspondences established in Section 3. We then use the norm structure to deduce

that the unit class in the G-Tate spectral sequence for .N G
C2

xvh/�1BP..G// must be killed on or before

the ENh;G
-page. By naturality, the unit class in the G-Tate spectral sequence for Eh must also be killed

on or before the ENh;G
-page. This leads to the vanishing of all other classes beyond this point by the

multiplicative structure.

Our proof of Theorem D applies in general to give a similar vanishing theorem for any .N G
C2

xvh/�1BP..G//-

module.

Corollary 1.2 (Remark 5.4) Let M be an .N G
C2

xvh/�1BP..G//-module. All the classes in the RO.G/-

graded Tate spectral sequence for M vanish after the ENh;G
-page.

In Section 6, we analyze the homotopy fixed point spectral sequence for Eh and prove Theorem A

(Theorem 6.1). The proof of Theorem A is by using the comparison theorem (Theorem C) between

the homotopy fixed point spectral sequence and the Tate spectral sequence, combined with the Tate

vanishing theorem (Theorem D) in the Tate spectral sequence. Our proof also applies to show that

the same strong horizontal vanishing line exists in the homotopy fixed point spectral sequence for any

.N G
C2

xvh/�1BP..G//-module.

Corollary 1.3 (Corollary 6.3) For any .N G
C2

xvh/�1BP..G//-module M, there is a strong horizontal

vanishing line of filtration Nh;G in the RO.G/-graded homotopy fixed point spectral sequence for M.

Corollary 1.4 (uniform vanishing, Corollary 6.4) For any K.h/-local finite spectrum Z, the homotopy

fixed point spectral sequence

H s.G; EtZ/ ) �t�s.EhG ^ Z/

has a strong horizontal vanishing line of filtration Nh;G .

In Section 7, we prove the existence of horizontal vanishing lines in the slice spectral sequence.

Theorem E (Theorem 7.1) When G D C2n or Q8, the RO.G/-graded slice spectral sequence for any

.N G
C2

xvh/�1BP..G//-module M admits a horizontal vanishing line of filtration Nh;G .

In particular, Theorem E implies that there will be a horizontal vanishing line of filtration 121 in the

C8-slice spectral sequence for �O, the detection spectrum of Hill, Hopkins and Ravenel [Hill et al. 2016]

that detects all the Kervaire invariant-one elements.

It is interesting to note that when G D Q8, even though there is no knowledge of the slice filtration of

BP..Q8// yet, Theorem E still applies to show that the slice spectral sequences of .N
Q8

C2
xvh/�1BP..Q8//-

modules all have horizontal vanishing lines of filtration Nh;Q8
.

Geometry & Topology, Volume 29 (2025)
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Finally, in Section 8, we present an application of Theorem A in the study of EhG
h

-orientations of

real vector bundles. For h � 1 and G � Gh a finite subgroup, let ‚.h; G/ be the smallest number d

such that the d-fold direct sum of any real vector bundle is EhG
h

-orientable. At the prime p D 2 and

G D C2, Kitchloo and Wilson [2015] have studied E
hC2

h
-orientations. When G D Cp , Bhattacharya and

Chatham [2022] have studied E
hCp

k.p�1/
-orientations at all primes.

Theorem F (Theorem 8.4) For any height h and any finite subgroup G � Gh, let K D G \ Sh, H be a

2-Sylow subgroup of K, and define d D 2 � jKj � jH j.Nh;H �1/=2. Then the d-fold direct sum of any real

vector bundle is EhG
h

-orientable.

1.3 Open questions and further directions

Sharpness of the strong horizontal vanishing lines For all known computations, the bounds established

in Theorem A for the strong horizontal vanishing lines are sharp when the 2-Sylow subgroup of K DG\Sh

is cyclic. More specifically, when G D C2, the strong horizontal vanishing line in the homotopy fixed

point spectral sequence for E
hC2

h
is at filtration exactly 2hC1 � 1. When G D C4, the strong horizontal

vanishing lines in the homotopy fixed point spectral sequences for E
hC4

2
and E

hC4

4
are at filtrations

exactly 13 and 61.

When the 2-Sylow subgroup of K is isomorphic to Q8, Bauer’s computation [2008] of tmf implies

that the strong horizontal vanishing line in the Q8-homotopy fixed point spectral sequence for E2 is at

filtration 23. This value is lower than the bound provided by our theorem, which is 25. In [Duan et al.

2024], the value Nh;Q8
has been further reduced from 2hC3 � 7 to 2hC3 � 9. Theorem A, combined with

this new improvement, yields the sharpest bounds for the strong horizontal vanishing lines across all

known computations.

Conjecture 1.5 The bounds established in Theorem A for the strong horizontal vanishing lines are sharp.

Devinatz and Hopkins [2004] have also proved that for the big Morava stabilizer group Gh, the homotopy

fixed point spectral sequence for E
hGh

h
admits a strong vanishing line at some finite filtration.

Conjecture 1.6 The homotopy fixed point spectral sequence for E
hGh

h
admits a strong vanishing line at

filtration .h2 C N /, where N WD maxfNh;G j G � Gh finiteg.

An intuitive reason for the bound .h2 C N / in Conjecture 1.6 is as follows: by the philosophy of finite

resolutions, there should be a resolution of E
hGh

h
built from the finite fixed points fEhG

h
j G � Gh finiteg,

and this resolution should have length h2 because this number is the virtual cohomological dimension

of Sh. Analyzing the associated tower of spectral sequences produces the conjectural bound.

Odd primes

Question 1.7 At odd primes , what is the filtration of the strong horizontal vanishing line in the homotopy

fixed point spectral sequence for EhG
h

?

Geometry & Topology, Volume 29 (2025)
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Note that, as a consequence of the classification of finite subgroups of Sh at odd primes [Hewett 1995],

when h D pn�1.p � 1/m, there is a cyclic subgroup of order pn in Sh. The authors believe that once

a comprehensive understanding of the Cp-homotopy fixed point spectral sequence for Eh is achieved,

the arguments presented in this paper can be employed analogously to establish a bound for the strong

horizontal vanishing line in HFPSS.EhG
h

/ that is applicable to any height h and any finite subgroup

G � Gh containing Cp.

Horizontal vanishing lines for connective theories When G D C2n , the Hill–Hopkins–Ravenel quotient

.N G
C2

xvh/�1BP..C2n //hmi is an .N G
C2

xvh/�1BP..C2n //-module, and there is a horizontal vanishing line in

its RO.C2n/-graded slice spectral sequence at filtration Nh;C2n by Theorem E.

However, without inverting the class .N G
C2

xvh/, there is no horizontal vanishing line in the RO.C2n/-graded

slice spectral sequence for the connective theory BP..C2n //hmi. This is because we have elements of

arbitrarily high filtrations on the E1-page. For example, the tower fak
� j k � 1g contains classes of

arbitrarily high filtrations that survive to the E1-page.

Interestingly, computations of tmf, BPRhni, BP..C4//h1i, and BP..C4//h2i suggest the presence of hori-

zontal vanishing lines in the integer-graded slice spectral sequence for the connective theories [Bauer

2008; Hu and Kriz 2001; Hill et al. 2017; 2023], with filtrations matching the filtrations for the vanishing

lines of the periodic theories.

Conjecture 1.8 There is a horizontal vanishing line of filtration Nh;C2n in the integer-graded slice

spectral sequence for BP..C2n //hmi.
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2 Preliminaries

In this section, we will discuss the spectral sequences that are of interest to us. We will also collect certain

facts about these spectral sequences that we will need in the later sections.
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Let X be a G-spectrum, and let P �X be the slice tower of X . The Tate diagram

EGC ^ X //

'

��

X //

��

zEG ^ X

��

EGC ^ F.EGC; X / // F.EGC; X / // zEG ^ F.EGC; X /

induces a diagram of towers

EGC ^ P �X //

'

��

P �X //

��

zEG ^ P �X

��

EGC ^ F.EGC; P �X / // F.EGC; P �X / // zEG ^ F.EGC; P �X /

This diagram of towers further induces a Tate diagram of spectral sequences

(2-1)

HOSS(X) // SliceSS.X /

1
��

// LSliceSS.X /

��

HOSS.X / // HFPSS.X /
2

// TateSS.X /

All the spectral sequences in (2-1) are RO.G/-graded spectral sequences. We pause to briefly discuss

notation:

(1) The spectral sequence associated with the tower fEGC ^ P �X g is the homotopy orbit spectral

sequence (HOSS) of X . It is a third and fourth quadrant spectral sequence, and it converges to

�?EGC ^ X . In the integer-graded page at the .G=G/-level, the spectral sequence converges to

�G
� EGC ^ X D ��XhG .

(2) The spectral sequence associated with the tower fP �X g is the slice spectral sequence (SliceSS)

of X . It is a first and third quadrant spectral sequence, and it converges to �?X . In the integer

graded page at the .G=G/-level, the spectral sequence converges to �G
� X D ��X G .

(3) Following the treatment of [Meier et al. 2023], the spectral sequence associated with the tower

f zEG ^ P �X g is called the localized slice spectral sequence for X and is denoted by LSliceSS.X /.

It converges to �?
zEG ^ X .

(4) The spectral sequence associated with the tower fF.EGC; P �X /g is the homotopy fixed point

spectral sequence (HFPSS) of X . It is a first and second quadrant spectral sequence, and it

converges to �?F.EGC; X /. In the integer-graded page at the .G=G/-level, the spectral sequence

converges to �G
� F.EGC; X / D ��X hG .

(5) The spectral sequence associated with the tower f zEG ^ F.EGC; P �X /g is the Tate spectral

sequence (TateSS) of X . It has classes in all four quadrants, and converges to �?
zEG^F.EGC; X /.

In the integer-graded page at the .G=G/-level, the spectral sequence converges to

�G
�

zEG ^ F.EGC; X / D ��X tG :

Geometry & Topology, Volume 29 (2025)
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Let �2 denote the regular C2-representation. In [Beaudry et al. 2021], it is shown that there are generators

xti 2 �
C2

.2i �1/�2
BP..C2n // such that �

C2
��2

BP..C2n // Š Z.2/ŒC2n � xt1; C2n � xt2; : : : �:

For a precise definition of these generators, see formula (1.3) in [Beaudry et al. 2021] (also see [Hill et al.

2016, Section 5] for analogous generators in �
C2
��2

MU..C2n //). For BPR, we will denote the xti-generators

as xvi , as their restrictions give a set of generators vi 2 �2.2i �1/BP for ��BP .

Similar to the treatment of MU..C2n // in [Hill et al. 2016], we can build an equivariant refinement

S0ŒC2n � xt1; C2n � xt2; : : : � ! BP..C2n //

from which we can apply the slice theorem [Hill et al. 2016, Theorem 6.1] to show that the slice associated

graded of BP..C2n // is the graded spectrum

HZŒC2n � xt1; C2n � xt2; : : : �:

Here, the degree of a summand corresponding to a monomial in the xti-generators and their conjugates is

the underlying degree.

As a consequence, the slice spectral sequence for the RO.C2n/-graded homotopy groups of BP..C2n //

has E2-term the RO.C2n/-graded homotopy of HZŒC2n � xt1; C2n � xt2; : : : �. To compute this, note that

S0ŒC2n � xt1; C2n � xt2; : : : � can be decomposed into a wedge sum of slice cells of the form

C2n C ^Hp
S .jpj=jHp j/�Hp ;

where p ranges over a set of representatives for the orbits of monomials in the 
 jxti-generators, and

Hp � C2n is the stabilizer of p .mod 2/. Therefore, it suffices to compute the equivariant homology

groups of the representations spheres S .jpj=jHp j/�Hp with coefficients in the constant Mackey functor Z.

We recall some distinguished elements in the RO.G/-graded homotopy groups that we will need in

order to name the relevant classes on the E2-page of the slice spectral sequence; see [Hill et al. 2016,

Section 3.4; 2023, Section 2.2].

Definition 2.1 Let V be a G-representation. We will use aV W S0 ! SV to denote its Euler class. This

is an element in �G
�V

S0. We will also denote its Hurewicz image in �G
�V

HZ by aV .

If the representation V has nontrivial fixed points (ie V G ¤ f0g), then aV D 0. Moreover, for any two

G-representations V and W, we have the relation aV ˚W D aV aW in �G
�V �W

.S0/.

Definition 2.2 Let V be an oriented G-representation. Then the orientation for V gives an isomorphism

H G
jV j

.SV I Z/ Š Z. In particular, the restriction map

H G
jV j.S

V ; Z/ ! HjV j.S
jV j; Z/

is an isomorphism. Let uV 2 H G
jV j

.SV I Z/ be the generator that maps to 1 under this restriction isomor-

phism. The class uV is called the orientation class of V.
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The orientation class uV is stable in V. More precisely, if 1 is the trivial representation, then uV ˚1 D uV .

Moreover, if V and W are two oriented G-representations, then V ˚ W is also oriented, and uV ˚W D

uV uW .

The Euler class aV and the orientation class uV behave well with respect to the Hill–Hopkins–Ravenel

norm functor. More precisely, for H � G a subgroup and V a H -representation, we have the equalities

N G
H .aV / D aInd V ;(2-2)

uInd jV jN
G

H .uV / D uInd V ;(2-3)

where Ind V D IndG
H V is the induced representation.

When G D C2n , let �i , 1 � i � n denote the 2-dimensional real C2n-representation corresponding to

rotation by .2�=2i/. In particular, when i D 1, the representation �1 corresponds to rotation by � and

thus equals to 2� , where � is the real sign representation of C2n . When localized at 2, the representations

that will be relevant to us are 1; �; �2; �3; : : : ; �n.

When G D Q8, we have RO.Q8/ D Zf1; �i ; �j ; �k ; Hg. The representations �i , �j , and �k are one-

dimensional representations whose kernels are hii, hj i and hki, respectively. The representation H is

a four-dimensional irreducible representation, obtained by the action of Q8 on the quaternion algebra

H D R ˚ Ri ˚ Rj ˚ Rk by left multiplication.

For h � 1, let xvh 2 �
C2

.2h�1/�2
BP..G// denote the images of xvh-generators under the map

BPR ! i�
C2

BP..G//;

which is inclusion into the first factor. The following theorem describes all the differentials in the slice

spectral sequence for i�
C2

BP..G//.

Theorem 2.3 Let G D C2n or Q8. In the C2-slice spectral sequence for i�
C2

BP..G//, the differentials are

generated under multiplicative structures by the differentials

d2hC1�1.u2h�1

2�2
/ D xvha2hC1�1

�2
for h � 1:

Proof When G D C2, the claim is immediate from the slice differential theorem of Hill, Hopkins and

Ravenel [Hill et al. 2016, Theorem 9.9]. When G is C2n or Q8 for n � 2, the C2-restriction of BP..G//

is a smash product of .jGj=2/-copies of BPR. In this case, we have a complete understanding of its

C2-slices and the E2-page of its C2-slice spectral sequence.

The unit map BPR ! i�
C2

BP..G// induces a map

(2-4) SliceSS.BPR/ ! SliceSS.i�
C2

BP..G///

of C2-slice spectral sequences. We will proceed by using induction on h. For the base case, when h D 1,

we have the d3-differential

d3.u2�2
/ D xv1a3

�2
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in SliceSS.BPR/. Under the map (2-4), the source is mapped to u2�2
and the target is mapped to xv1a3

�2
.

By naturality, xv1a3
�2

must be killed by a differential of length at most 3. Since the lowest possible

differential length is 3 by degree reasons, the d3-differential

d3.u2�2
/ D xv1a3

�2

must occur in SliceSS.i�
C2

BP..G///. Multiplying this differential by permanent cycles determines the rest

of the d3-differentials. For degree reasons, these are all the d3-differentials.

Suppose now that the induction hypothesis holds for all 1 � k � h � 1. For degree reasons, after the

d2h�1-differentials, the next possible differential is of length d2hC1�1. In SliceSS.BPR/, consider the

differential

d2hC1�1.u2h�1

2�2
/ D xvha2hC1�1

�2
:

The map (2-4) sends both the source and the target of this differential to nonzero classes of the same name

in SliceSS.i�
C2

BP..G///. By naturality, the image of the target, xvha2hC1�1
�2

, must be killed by a differential

of length at most 2hC1 � 1. For degree reasons, it is impossible for this class to be killed by a differential

of length smaller than 2hC1 � 1. It follows that the differential

d2hC1�1.u2h�1

2�2
/ D xvha2hC1�1

�2

exists in SliceSS.i�
C2

BP..G///. The rest of the d2hC1�1-differentials are determined by multiplying

this differential with permanent cycles. After these differentials, there is no room for other d2hC1�1-

differentials by degree reasons. This completes the induction step.

Remark 2.4 We are grateful to Mike Hill for sharing the following argument, which directly shows that

SliceSS.i�
C2

MU..G/// — and thus SliceSS.i�
C2

BP..G/// — is completely determined by SliceSS.BPR/.

This offers an alternative and shorter proof for Theorem 2.3. The Thom isomorphism provides an

equivalence

i�
C2

MU..G// ' MUR ^ .BURC/^.jGj=2�1/;

where BUR is the C2-space BU equipped with the complex conjugation action. Since MUR is Real

oriented, the right-hand side splits as MUR^A, where A is a wedge of suspensions of regular representation

spheres. Therefore, SliceSS.i�
C2

MU..G/// also splits as a wedge of suspensions of SliceSS.MUR/ by

regular representations. When localized at 2, SliceSS.MUR/ further splits as a wedge of suspensions of

SliceSS.BPR/. It follows that the differentials in SliceSS.BPR/ completely determine the differentials in

SliceSS.i�
C2

MU..G///, and consequently, the differentials in SliceSS.i�
C2

BP..G///.

3 Comparison of spectral sequences

In [Ullman 2013; Bökstedt and Madsen 1994], it is shown that the maps 1 and 2 in (2-1) induce

isomorphisms in a certain range in the integer-graded page. For our purposes, we will extend their

integral-graded isomorphism ranges to RO.G/-graded isomorphism ranges.
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Definition 3.1 For V 2 RO.G/, let

�.V / WD min
feg¨H �G

jH j � dim V H :

Lemma 3.2 For V 2 RO.G/, the spectrum SV ^ zEG is of slice � �.V /.

Proof By [Hill and Yarnall 2018, Theorem 2.5], SV ^ zEG is of slice � n if and only if the geometric

fixed points ˆH .SV ^ zEG/ 2 �Post
�n=jH j

for all H � G. For zEG, its underlying space is contractible and

its H -fixed point is S0 whenever H is a nontrivial subgroup of G. Since ˆH SV D SV H

2 �Post
�dim V H ,

SV ^ zEG is of slice � �.V /.

Theorem 3.3 The map from the RO.G/-graded slice spectral sequence to the RO.G/-graded homotopy

fixed point spectral sequence

E
s;V
2

D �G
V �s

P
jV j

jV j
X E

s;V
2

D �G
V �s

F.EGC; P
jV j

jV j
X /

�G
V �s

X �G
V �s

F.EGC; X /

induces an isomorphism on the E2-page for pairs .V; s/ that satisfy the inequality

�.V � s � 1/ > jV j:

Furthermore , this map induces a one-to-one correspondence between the differentials in this isomorphism

region.

Proof Applying the functor F.�; P
jV j

jV j
X / to the cofiber sequence

EGC ! S0 ! zEG

produces the cofiber sequence

F. zEG; P
jV j

jV j
X / ! P

jV j

jV j
X ! F.EGC; P

jV j

jV j
X /:

The long exact sequence in homotopy groups implies that the map

�G
V �sP

jV j

jV j
X ! �G

V �sF.EGC; P
jV j

jV j
X /

is an isomorphism when both �G
V �s

F. zEG; P
jV j

jV j
X / and �G

V �s�1
F. zEG; P

jV j

jV j
X / are trivial. Since

�G
? F. zEG; P

jV j

jV j
X / D �G

0
F.S? ^ zEG; P

jV j

jV j
X / and P

jV j

jV j
X is a jV j-slice, it suffices to find pairs .V; s/

such that SV �s�1 ^ zEG is of slice greater than jV j. By Lemma 3.2, this is equivalent to .V; s/ satisfying

the inequality �.V � s � 1/ > jV j.

We will now use induction on r to show that the map of spectral sequences induces a one-to-one

correspondence between all the dr -differentials whose source and target are both in the isomorphism

region. The base case of the induction, when r D 1, is trivial.
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For the induction step, suppose that the map induces a one-to-one correspondence between all the dr 0-

differentials in the isomorphism region for all r 0 < r . Let dr .x/ D y be a dr -differential in SliceSS.X /

such that both x and y are in the isomorphism region. By naturality, y0 (the image of y) must be killed

by a differential of length at most r in HFPSS.X /. If the length of this differential is r , then the source

must be x0 (the image of x) and we are done. If the length of this differential is smaller than r , then the

induction hypothesis implies that the same differential must appear in SliceSS.X /. This would mean

that y is killed by a differential of length smaller than r , which is a contradiction. Therefore all the

dr -differentials in SliceSS.X / that are in the isomorphism region appear in HFPSS.X /.

On the other hand, let dr .x0/ D y0 be a dr -differential in HFPSS.X / such that both x0 and y0 are in the

isomorphism region. Let x be the preimage of x0. By naturality, x must support a differential of length at

most r . If this differential is of length exactly r , then naturality implies that the target must be y, the

unique preimage of y0. If the length is smaller than r , then by the induction hypothesis, x0 must support

a differential of length smaller than r as well. This is a contradiction. Therefore all the dr -differentials

in HFPSS.X / that are in the isomorphism region appear in SliceSS.X /. This completes the induction

step.

Remark 3.4 In the integer-graded page, let V D t 2 Z. Let m.G/ be the order of the smallest nontrivial

subgroup of G. When t � s � 1, it holds that �.t � s �1/ D m.G/.t � s �1/, and the isomorphism region

in Theorem 3.3 is defined by the inequality

m.G/.t � s � 1/ > t:

This recovers Theorem I.9.4 in [Ullman 2013].

Example 3.5 When G D C2n , RO.G/ is generated by f1; �; �2; : : : ; �ng. The representations �i are

rotations and have no H -fixed points when H is a nontrivial subgroup of G. Therefore, if we fix an

element V 2 RO.G/ of the form

V D c1 � � C c2 � �2 C c3 � �3 C � � � C cn � �n; with ci 2 Z;

then V H D .c1�/H for all nontrivial subgroups H � G. When t � s � 1 > jc1j, we have the equality

�.V C t � s � 1/ D 2.c1 C t � s � 1/. On the .V Ct�s; s/-graded page, the isomorphism region in

Theorem 3.3 contains pairs .t; s/ that satisfy the inequality

2.c1 C t � s � 1/ > jV j C t;

or, equivalently,

s < .t � s/ C 2c1 � 2 � jV j:

In particular, the last inequality shows that on any of the .V Ct�s; s/-graded pages, the isomorphism

region is bounded above by a line of slope 1 when t � s � 0.
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Theorem 3.6 The map from the RO.G/-graded homotopy fixed point spectral sequence to the RO.G/-

graded Tate spectral sequence induces an isomorphism on the E2-page for classes in filtrations s > 0, and

a surjection for classes in filtration s D 0. Furthermore , there is a one-to-one correspondence between

differentials whose source is of nonnegative filtration.

Proof The E2-page of the Tate spectral sequence for X is

E
s;V
2

D yH s.G; �0.S�V ^ X // ) �G
V

zEG ^ F.EGC; X /;

and the E2-page of the homotopy fixed point spectral sequence is

E
s;V
2

D H s.G; �0.S�V ^ X // ) �G
V F.EGC; X /:

By the definition of Tate cohomology, yH s D H s when s > 0. Furthermore, the map H 0 ! yH 0 is a

surjection whose kernel is the image of the norm map. This proves the claim about the E2-page. The proof

for the one-to-one correspondence of differentials is exactly the same as the proof in Theorem 3.3.

We end this section by discussing the invertibility of certain Euler classes in the Tate spectral sequence.

Recall that if V is a G-representation such that the fixed point set V H is trivial whenever H � G is

nontrivial, then S.1V / is a geometric model for EG, and S1V is a geometric model for zEG. Therefore,

for any G-spectrum X ,
zEG ^ X ' S1V ^ X D a�1

V X:

Specialized to the case when G D C2n and Q8, we see that zEC2n ' S1�n and zEQ8 ' S1H. Moreover,

if X is a G-spectrum, then the Tate spectral sequence for X is the spectral sequence associated to the

tower f zEG ^ F.EGC; P �X /g. This implies that the class a�n
is invertible in all the C2n-Tate spectral

sequences, and the class aH is invertible in all the Q8-Tate spectral sequences.

4 The norm structure

In this section, we give a brief summary of results for the norm structure in equivariant spectral sequences.

For more detailed discussions, see [Ullman 2013, Chapter I.5; Hill et al. 2017, Section 4; Meier et al.

2023, Section 3.4].

Consider a tower

� � � ! P iC1 ! P i ! P i�1 ! � � �

of G-spectra and let E
�;?
� be the associated spectral sequence. Set Pm

n D fib.Pm ! Pn�1/ and Pn D P1
n .

The towers that will be relevant to us in this paper are the towers for the slice spectral sequence, the

homotopy fixed point spectral sequence, and the Tate spectral sequence.

Let H � G be a subgroup. Suppose we have maps N G
H

Pn ! PjG=H jn and N G
H

Pn
n ! P

jG=H jn

jG=H jn
that are

(up to homotopy) compatible with the maps Pn ! Pn�1 and Pn ! Pn
n . This is called the norm structure.

It induces norm maps

N G
H W E

s;V Cs
2

! E
jG=H js;IndG

H
V CjG=H js

2
:
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If X is a commutative G-spectrum, then its slice spectral sequence, homotopy fixed point spectral

sequence, and Tate spectral sequence all have the norm structure that is induced from the multiplication

on X ; for the Tate spectral sequence, the norm structure exists as long as H ¤ e, as discussed in [Meier

et al. 2023, Example 3.9].

The following proposition is a restatement of [Ullman 2013, Proposition I.5.17] and [Hill et al. 2017,

Theorem 4.7]. It describes the behavior of differentials under the norm structure.

Proposition 4.1 [Meier et al. 2023, Proposition 3.7] Let x 2 E2.G=H / be an element representing zero

in ErC1.G=H /. Then N G
H

.x/ represents zero in EjG=H j.r�1/C2.G=G/.

In other words, Proposition 4.1 states that, if x 2 E
s;V Cs
2

.G=H / is killed by a dr -differential, then

N G
H

.x/ 2 E
jG=H js;IndG

H
V CjG=H js

2
.G=G/ must be killed by a differential of length at most jG=H j.r �1/C1.

Let �2 be the sign representation of C2. As an immediate consequence of equations (2-2) and (2-3), we

have the following proposition.

Proposition 4.2 The following equalities hold :

N
C2n

C2
.a�2

/ D a2n�2

�n
; N

Q8

C2
.a�2

/ D aH;

N
C2n

C2
.u2�2

/ D
u2n�1

�n

u2�

Qn�1
iD2 u2i�1

�i

; N
Q8

C2
.u2�2

/ D
u2

H

u2�i
u2�j

u2�k

:

Proof The equalities follow from (2-2), (2-3), and the following facts about induced representations:

Ind
C2n

C2
.1/ D 1 C � C

n�1
X

iD2

2i�2�i ; Ind
Q8

C2
.1/ D 1 C �i C �j C �k ;

Ind
C2n

C2
.�2/ D 2n�2�n; Ind

Q8

C2
.�2/ D H:

Theorem 4.3 (1) The class N
C2n

C2
.xvh/a

2n�2.2hC1�1/

�n
in the C2n-slice spectral sequence for BP..C2n //

is killed on or before the E2hCn�2nC1-page.

(2) The class N
Q8

C2
.xvh/a2hC1�1

H
in the Q8-slice spectral sequence for BP..Q8// is killed on or before

the E2hC3�7-page.

Proof By Theorem 2.3, we have the differential

d2hC1�1.u2h�1

2�2
/ D xvha2hC1�1

�2

in the C2-slice spectral sequence for i�
C2

BP..C2n // and i�
C2

BP..Q8//. Our claims follow by applying

Proposition 4.1 and the equations in Proposition 4.2 to .H; G; x; r/ D .C2; C2n ; xvha2hC1�1
�2

; 2hC1 � 1/

and .C2; Q8; xvha2hC1�1
�2

; 2hC1 � 1/.
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5 Vanishing in the Tate spectral sequence

By the work of Hahn and Shi [2020], the Lubin–Tate theory Eh admits an equivariant orientation. More

specifically, for G � Gh a finite subgroup, there is a G-equivariant map from BP..G// to Eh. Furthermore,

this G-equivariant map factors through .N G
C2

xvh/�1BP..G//:

BP..G// Eh

.N G
C2

xvh/�1BP..G//

This equivariant orientation induces the following diagram of spectral sequences:

SliceSS.BP..G/// HFPSS.BP..G/// TateSS.BP..G///

HFPSS.Eh/ TateSS.Eh/

Theorem 5.1 For any height h and any finite subgroup G � Gh, all the classes in the RO.G/-graded

Tate spectral sequence for Eh vanish after the ENh;G
-page. Here , Nh;G is defined as in Definition 1.1.

In order to prove Theorem 5.1, we will first prove the following lemmas.

Lemma 5.2 Let K be a finite group and H � K a 2-Sylow subgroup. For a 2-local K-spectrum X , if

all the classes in the RO.H /-graded Tate spectral sequence for X vanish after the Er -page , then all the

classes in the RO.K/-graded homotopy fixed point spectral sequence for X will also vanish after the

Er -page.

Proof The restriction and transfer maps induce the following maps of spectral sequences:

K- TateSS.X /
res
�! H - TateSS.X /

tr
�! K- TateSS.X /:

The composition map tr ı res is the degree-jK=H j map. Since jK=H j is coprime to 2 and X is 2-local,

the composition tr ı res is an isomorphism. This exhibits the RO.K/-grated Tate spectral sequence as a

retract of the RO.H /-graded Tate spectral sequence. The statement of the lemma follows.

Lemma 5.3 (1) At height h D 2n�1m, the unit class in the RO.C2n/-graded Tate spectral sequence

for .N
C2n

C2
xvh/�1BP..C2n // must be killed on or before the E2hCn�2nC1-page.

(2) At height h D 4k � 2, the unit class in the RO.Q8/-graded Tate spectral sequence for

.N
Q8

C2
xvh/�1BP..Q8//

must be killed on or before the E2hC3�7-page.
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Proof For G D C2n and Q8, consider the map from the C2-slice spectral sequence for i�
C2

BP..G// to the

C2-Tate spectral sequence for i�
C2

BP..G//. Theorem 2.3, combined with the isomorphisms in Theorem 3.3

and Theorem 3.6, shows that we have the differential

d2hC1�1.u2h�1

2�2
/ D xvha2hC1�1

�2

in the C2-Tate spectral sequence for i�
C2

BP..G//. Since a�2
is invertible, after further inverting xvh, we

have the differential

d2hC1�1.xv�1
h u2h�1

2�2
a1�2hC1

�2
/ D 1

in the C2-Tate spectral sequence for i�
C2

.N G
C2

xvh/�1BP..G//. Our claims follow by applying Proposition 4.1

to .H; G; x; r/ D .C2; C2n ; 1; 2hC1 � 1/ and .C2; Q8; 1; 2hC1 � 1/.

Proof of Theorem 5.1 Let K DG\Sh, and let H be a 2-Sylow subgroup of K. By the classification of the

finite subgroups of Sh, H is isomorphic to either C2n or Q8. We have the equality Nh;G D Nh;K D Nh;H

by Definition 1.1. The H -equivariant map

.N H
C2

xvh/�1BP..H // ! Eh

induces a map of the corresponding Tate spectral sequences. By naturality and Lemma 5.3, the unit class

in the H -Tate spectral sequence for Eh is killed on or before the ENh;H
-page. The multiplicative structure

implies that all the classes in the H -graded Tate spectral sequence for Eh vanish after the ENh;H
-page.

By Lemma 5.2, the same statement holds for K since H is a 2-Sylow subgroup of K.

To extend this from K to G, note that the quotient group G=K can be identified as a subgroup of the

Galois group Gal.k=F2/ through the inclusion G ! Gh. Let k 0 D kG=K . The arguments shown in

[Bobkova and Goerss 2018, Lemmas 1.32 and 1.37, and Remark 1.39] imply that the G-Tate spectral

sequence for Eh is a base change from W .k 0/ to W .k/ of the K-Tate spectral sequence for TateSS.Eh/.

This means there is an isomorphism

W .k/ ˝W .k0/
yH �.G; Eh�/

Š
�! yH �.K; Eh�/

on the E2-page, and all the differentials in the K-Tate spectral sequence are the W .k/-linear extensions

of those in the G-Tate spectral sequence. Consequently, the theorem statement also holds for G.

Remark 5.4 If M is an .N G
C2

xvh/�1BP..G//-module, its Tate spectral sequence will also be a module

over the Tate spectral sequence for .N G
C2

xvh/�1BP..G//. The same proof as the one used in Theorem 5.1

will apply to show the same vanishing results in the Tate spectral sequence for M.

6 Horizontal vanishing lines in the homotopy fixed point spectral sequence

The vanishing of the Tate spectral sequence (Theorem 5.1) leads to the existence of strong horizontal

vanishing lines in the homotopy fixed point spectral sequences of Lubin–Tate theories.

Theorem 6.1 For any height h and any finite subgroup G � Gh, there is a strong horizontal vanishing

line of filtration Nh;G in the RO.G/-graded homotopy fixed point spectral sequence for Eh.
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Lemma 6.2 Let K be a finite group and H � K a 2-Sylow subgroup. For a 2-local K-spectrum X,

if the RO.H /-graded homotopy fixed point spectral sequence for X has a vanishing line LH , then the

RO.K/-graded homotopy fixed point spectral sequence for X will also have LH as a vanishing line.

Proof The proof is analogous to that of Lemma 5.2. The restriction and transfer maps induce the

following maps of spectral sequences:

K- HFPSS.X /
res
�! H - HFPSS.X /

tr
�! K- HFPSS.X /:

The composition map tr ı res is the degree-jK=H j map. Since jK=H j is coprime to 2 and X is 2-local,

the composition trı res is an isomorphism. This implies that K- HFPSS.X / is a retract of H - HFPSS.X /.

It follows that the vanishing line in H -HFPSS.X / will force the same vanishing line in K-HFPSS.X /.

Proof of Theorem 6.1 Let K D G \ Sh, and let H be a 2-Sylow subgroup of K. By Definition 1.1,

Nh;G D Nh;H . By Lemma 6.2 and [Bobkova and Goerss 2018, Lemmas 1.32 and 1.37, and Remark 1.39],

it suffices to prove the that the statement holds for H .

Consider the map

H - HFPSS.Eh/ ! H - TateSS.Eh/:

By Theorem 3.6, this map induces an isomorphism of classes above filtration 0 and a one-to-one

correspondence of differentials whose sources are in nonnegative filtrations.

By Theorem 5.1, all the classes in the Tate spectral sequence vanish after the ENh;H
-page. In particular,

this implies that the longest differential is of length at most Nh;H , and any class of filtration at least Nh;H

must die from a differential whose source and target both have nonnegative filtrations. Combined with

the isomorphism in Theorem 3.6, this implies that the homotopy fixed point spectral sequence collapses

after the ENh;H
-page, and there is a strong horizontal vanishing line of filtration Nh;H .

Corollary 6.3 For any .N G
C2

xvh/�1BP..G//-module M, there is a strong horizontal vanishing line of

filtration Nh;G in the RO.G/-graded homotopy fixed point spectral sequence for M.

Proof By Remark 5.4, the proof is the same as the proof of Theorem 6.1.

Corollary 6.4 For any K.h/-local finite spectrum Z, the homotopy fixed point spectral sequence

H s.G; EtZ/ ) �t�s.EhG ^ Z/

has a strong horizontal vanishing line of filtration Nh;G .

Remark 6.5 The existence of concrete strong horizontal vanishing lines (as given by Theorem 6.1) is

very useful for equivariant computations (see discussion after Theorem A in Section 1.1). In [Duan et al.

2024], Theorem 6.1, combined with the equivariant structures present in the homotopy fixed point spectral

sequence, is utilized to compute E
hG24

2
. The authors also believe that Theorem 6.1 can be employed to

establish new RO.G/-graded periodicities for Eh.
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Example 6.6 When G D C2 and at all heights h, there is a d2hC1�1-differential in the C2-homotopy fixed

point spectral sequence for Eh, and there is a nonzero class xv2
h
a2hC1�2

� in bidegree .2hC1 � 2; 2hC1 � 2/.

Thus the vanishing line in Theorem 6.1 is sharp for E
hC2

h
.

Example 6.7 The computations in [Hill et al. 2017] imply that in the RO.C4/-homotopy fixed point

spectral sequence for E2, there exists a d13-differential

d13.N 4
2 .xt1/5u4�u4�a�a� / D N 4

2 .xt1/8u8�a8�;

where we let � D �2 and N 4
2

.�/ D N
C4

C2
.�/ for convenience. Moreover, the class N 4

2
.xt1/10u4�u10�a6�

in bidegree .28; 12/ (representing �2) that survives to the E1-page. Therefore, our vanishing line is sharp

for E
hC4

2
.

Example 6.8 The computations in [Hill et al. 2023] implies that in the RO.C4/-homotopy fixed point

spectral sequence for E4, there is a d61-differential

d61.N 4
2 .xt2/11u16�u32�a17�a� / D N 4

2 .xt2/16u48�a48�:

Moreover, the class N 4
2

.xt2/24N 4
2

.xt1/u44�u74�a30� in bidegree .236; 60/ survives to the E1-page. There-

fore, our vanishing line is sharp for E
hC4

4
.

Example 6.9 Consider the RO.Q8/-homotopy fixed point spectral sequence for E2. Theorem 6.1

implies that there is a strong horizontal vanishing line of filtration 25. However, the actual vanishing line

is of filtration 23. More specifically, by Bauer’s computation [2008], there is a d23-differential

d23.��5/ D x�6;

where x� is represented by the class g in [Bauer 2008]. This implies that in the Tate spectral sequence,

there is a d23-differential

d23.��5x��6/ D 1:

By the same argument as the one given in the proof of Theorem 6.1, the sharpest vanishing line in the

homotopy fixed point spectral sequence is of filtration 23. The bounds given in Theorem 6.1 for Q8 has

been improved in [Duan et al. 2024] to account for the sharpness in this case.

7 Horizontal vanishing lines in the slice spectral sequence

We will now prove explicit horizontal vanishing lines for the slice spectral sequences of .N G
C2

xvh/�1BP..G//-

modules.

Theorem 7.1 Suppose that G D C2n or Q8. Then the RO.G/-graded slice spectral sequence for any

.N G
C2

xvh/�1BP..G//-module M admits a horizontal vanishing line of filtration Nh;G .

Lemma 7.2 When G D C2n or Q8, any .N G
C2

xvh/�1BP..G//-module is cofree.
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Proof By [Hill et al. 2016, Corollary 10.6], we need to show that ˆH .N G
C2

xvh/�1BP..G// is contractible

for all nontrivial H � G. To do so, it suffices to check that ˆH .N G
C2

xvh/ D 0 for all nontrivial H � G.

Recall that xvh 2 �
C2

.2h�1/�2
BP..G// is defined to be the composition

S .2h�1/�2
xvh�! BPR ! i�

C2
BP..G//:

The claim now follows from the fact that ˆC2.xvh/ D 0 for the class xvh 2 �
C2

.2h�1/�2
BPR, and therefore

ˆH .N H
C2

xvh/ D ˆC2.xvh/ D 0

for all nontrivial H � G.

Proof of Theorem 7.1 Since the spectrum M is cofree by Lemma 7.2, both the slice spectral sequence

and the homotopy fixed point spectral sequence converge to the same homotopy groups:

SliceSS.M / HFPSS.M /

�G
? M �G

? F.EGC; M /

Consider a class x on the E2-page of the slice spectral sequence. We claim that if the filtration of x is at

least Nh;G , then x cannot survive to the E1-page. This is because if x survives to represent an element

in �G
? M, then there must be a class y on the E2-page of the homotopy fixed point spectral sequence that

also survives to represent the same element in

�G
? F.EGC; M / D �G

? M:

Moreover, the filtration of y must be at least the filtration of x, which is � Nh;G . This is a contradiction

because by Corollary 6.3, there is a strong horizontal vanishing line of filtration Nh;G in the homotopy

fixed point spectral sequence.

8 E
hG

h
-orientation of real vector bundles

In this section, we will use the strong vanishing lines established in Theorem 6.1 to give an upper

bound for ‚.h; G/, the smallest number d such that the d-fold direct sum of any real vector bundle is

EhG
h

-orientable.

Definition 8.1 Let E be a multiplicative cohomology theory with multiplication �E W E ^ E ! E, and

� a virtual k-dimensional real vector bundle over a space X . Denote the Thom spectrum of � by M � . An

E-orientation for � is a class u W M � ! †kE (also called a Thom class) such that for any map f W Y ! X ,

the pullback uf �.�/ W Mf �.�/ ! M � ! †kE induces an equivalence

(8-1) F.†kYC; E/
'

�! F.Mf �.�/; E/;
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where (8-1) is defined by sending a map g W †kYC ! E to the composition

Mf �.�/ D S0 ^Mf �.�/
�E^id
����! E ^Mf �.�/

id^�
���! E ^Mf �.�/^YC

id^uf �.�/^id
��������! E ^†kE ^YC

�E^id
����! E ^ †kYC

id^g
���! E ^ E

�E
��! E:

Here, � W Mf �.�/ ! Mf �.�/ ^ YC is the Thom diagonal map.

Remark 8.2 If � is E-oriented, then the equivalence (8-1) induces a Thom isomorphism

E��k.YC/
Š

�! E�.Mf �.�//

for any map f . In particular, when f is the identity map, there is a Thom isomorphism

E��k.XC/
Š

�! E�.M �/:

Note that it follows immediately from Definition 8.1 that for any E-oriented bundle � , its pullback bundle

f �.�/ is also E-oriented. Our definition also recovers the classical definition of orientations. More

precisely, if we take Y to be a point, then the Thom space of the pullback is Sk , and the restriction of the

Thom class u under the map

Ek.Th.�// ! Ek.Sk/

is an E�-module generator for the free rank-one module E�.Sk/.

For X a nonequivariant spectrum, we can treat it as a G-spectrum equipped with the trivial G-action. We

have the equivalence

F.EGC; F.X; Eh//G ' F.X; F.EGC; Eh//G ' F.X; F.EGC; Eh/G/ D F.X; EhG
h /:

This equivalence allows us to use the homotopy fixed point spectral sequence to compute .EhG
h

/�.X /.

The E2-page of this homotopy fixed point spectral sequence is

E
s;t
2

D H s.GI Et
hX / ) .EhG

h /tCs.X /:

Let 
 be the universal bundle on BO (of virtual dimension zero). The direct sum operation on bundles over

BO induces a multiplication map m2 W BO � BO ! BO, which can be extended to form an E1-structure.

Following the approach in [May 1972, Lemma 1.9], we recursively define mk D m2 ı .id � mk�1/.

Moreover, we will define �n to be the diagonal map BO ! BO � � � � � BO (n copies), and denote the

composition map mn ı �n W BO ! BO by Œn�.

Let n
 denote the pullback bundle Œn��
 . Following Kitchloo and Wilson [2015], we will denote the

Thom spectrum of n
 by MOŒn�. We set MOŒ0� D S0 and define

…MO WD
W

k�0

MOŒ2k�:

Lemma 8.3 The homotopy fixed point spectral sequence for .EhG
h

/�.…MO/ is a multiplicative spectral

sequence whose multiplication is commutative.
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Proof In order to ensure that the homotopy fixed point spectral sequence has a multiplicative structure,

it suffices to construct a G-equivariant map

' W F.…MO; Eh/ ^ F.…MO; Eh/ ! F.…MO; Eh/:

We will first construct a map � W …MO ! …MO ^ …MO. Once we have constructed �, the desired

map ' will be induced from � by the composition

F.…MO; Eh/ ^ F.…MO; Eh/ ! F.…MO ^ …MO; Eh ^ Eh/
���! F.…MO ^ …MO; Eh/

��

�! F.…MO; Eh/:

Here, � W Eh ^ Eh ! Eh is the multiplication map. Consider the maps

BO
�2��! BO � BO

Œ2i��Œ2j �
�����! BO � BO

m2��! BO:

These maps induce a map of the corresponding Thom spectra

Th.Œ2i ��
 ˚ Œ2j ��
 / ! MOŒ2i � ^ MOŒ2j �:

The swap map � W BO � BO ! BO � BO induces the following commutative diagram of Thom spectra:

(8-2)

Th.Œ2i ��
 ˚ Œ2j ��
 / MOŒ2i � ^ MOŒ2j �

Th.Œ2j ��
 ˚ Œ2i ��
 / MOŒ2j � ^ MOŒ2i �

Since BO is an E1-space, there is a homotopy from m2iC2j ı �2iC2j to m2 ı .m2i � m2j / ı �2iC2j .

This produces an equivalence from MOŒ2i C 2j � to Th.Œ2i ��
 ˚ Œ2j ��
 /. Composing this with the map

of Thom spectra above, we obtain a map

MOŒ2i C 2j � ! MOŒ2i � ^ MOŒ2j �:

By fixing n and combining these maps for all pairs .i; j / such that i C j D n, we obtain a map

MOŒ2n� !
W

2iC2jD2n
MOŒ2i � ^ MOŒ2j �:

Taking the wedge sum of all such maps for all n � 0 produces the map �,

�W …MO D
W

n�0
MOŒ2n� !

W

n�0

�
W

2iC2jD2n
MOŒ2i � ^ MOŒ2j �

�

D …MO ^ …MO:

In order to show that the multiplication on the homotopy fixed point spectral sequence is commutative,

it suffices to show that � is cocommutative up to homotopy. Since BO is an E1-space, the following

diagram commutes up to homotopy:

m2iC2j ı �2iC2j m2 ı .m2i � m2j / ı �2iC2j

m2 ı .m2j � m2i/ ı �2iC2j
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Combining the induced homotopy commutative diagram of Thom spectra and diagram (8-2) produces the

following homotopy commutative diagram of Thom spectra:

MOŒ2i C 2j � Th.Œ2i ��
 ˚ Œ2j ��
 / MOŒ2i � ^ MOŒ2j �

Th.Œ2j ��
 ˚ Œ2i ��
 / MOŒ2j � ^ MOŒ2i �

It follows that the map � is homotopy cocommutative, and therefore ' is homotopy commutative.

Note that since 
 ˝ C D 2
 as real vector bundles, 2
 is Eh-oriented, and we have a Thom isomorphism

E�
h.MOŒ2�/ Š E�

h.BOC/ � u2:

The construction of ' in the proof of Lemma 8.3 shows that the composition map

MOŒ2k� !

k
‚ …„ ƒ

MOŒ2� ^ � � � ^ MOŒ2�
u2^���^u2

������!

k
‚ …„ ƒ

Eh ^ � � � ^ Eh
�

�! Eh

is uk
2

in E�
h
.…MO/. We claim that uk

2
is a Thom class for MOŒ2k�. This is because by iteratively applying

adjunction and the Thom isomorphism, we have the equivalences

F.MOŒ2� ^ � � � ^ MOŒ2�; Eh/ ' F.MOŒ2� ^ � � � ^ MOŒ2�; F.MOŒ2�; Eh//

' F.MOŒ2� ^ � � � ^ MOŒ2�; F.BOC; Eh//

' F.MOŒ2� ^ � � � ^ MOŒ2� ^ BOC; Eh/
:::

' F.BOC ^ � � � ^ BOC; Eh/;

and this is given by the Thom class u2 ^ � � � ^ u2. Pulling back this Thom class via the diagonal map

BOC ! BOC ^ � � � ^ BOC gives uk
2

, and it induces the Thom isomorphism

E�
h.MOŒ2k�/ Š E�

h.BOC/ � uk
2 :

Theorem 8.4 For any height h and any finite subgroup G � Gh, let K D G \ Sh and H be a 2-Sylow

subgroup of K. Define d D 2 � jKj � jH j.Nh;H �1/=2. Then the d -fold direct sum of any real vector bundle

is EhG
h

-orientable.

Proof It suffices to show that for the universal bundle 
 on BO, its d-fold direct sum d
 is EhG
h

-

orientable. To show this, we will first show that d
 is EhK
h

-orientable.

Let u2 W MOŒ2� ! Eh be a Thom class for the bundle 2
 . For an element g 2 K, define gu2 W MOŒ2� ! Eh

to be the composition

gu2 W MOŒ2�
u2
�! Eh

g
�! Eh:
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Consider the composition

uK W MOŒ2 � jKj�
�

�!

jK j
‚ …„ ƒ

MOŒ2� ^ � � � ^ MOŒ2�
g1u2^���^gjK ju2
�����������!

jK j
‚ …„ ƒ

Eh ^ � � � ^ Eh
�

�! Eh;

where g1; g2; : : : ; gjK j are all the elements of the group K. The map uK represents an element in

H 0.K; E0
h
.MOŒ2 � jKj�//.

For any k � 1, the class uk
K

2 H 0.K; E0
h
.MOŒ2 � jKj � k�// is a Thom class for MOŒ2 � jKj � k� and there

is a Thom isomorphism

E�
h
.BOC/

�uk
K��! E�

h
.MOŒ2 � jKj � k�/:

If for some k, the class uk
K

is a permanent cycle in the homotopy fixed point spectral sequence for

.EhK
h

/�.MOŒ2 � jKj � k�/, then the map of spectral sequences

(8-3)

H �.K; E�
h
.BOC// H �.K; E�

h
.MOŒ2 � jKj � k�//

.EhK
h

/�.BOC/ .EhK
h

/�.MOŒ2 � jKj � k�/

�uk
K

will induce an isomorphism

.EhK
h /�.BOC/ � uk

K Š .EhK
h /�.MOŒ2 � jKj � k�/

on the E1-page by naturality. Moreover, for any map f W Y ! BO, the pullback of the class uk
K

, f �.uk
K

/

in H 0.K; E0
h
.Mf �.2 � jKj � k
 ///, will also be a permanent cycle by naturality:

H �.K; E�
h
.MOŒ2 � jKj � k�// H �.K; E�

h
.Mf �.2 � jKj � k
 ///

.EhK
h

/�.MOŒ2 � jKj � k�/ .EhK
h

/�.Mf �.2 � jKj � k
 //

Therefore, it will also induce a Thom isomorphism on the E1-page of the homotopy fixed point spectral

sequence for .EhK
h

/�.Mf �.2 � jKj � k
 //.

It remains to find such a k so that uk
K

is a permanent cycle. The splitting map

E�
h.MOŒ2 � jKj � k�/ ! E�

h.…MO/ ! E�
h.MOŒ2 � jKj � k�/

shows that the homotopy fixed point spectral sequence for .EhK
h

/�.MOŒ2 � jKj � k�/ is a retract of the

homotopy fixed point spectral sequence for .EhK
h

/�.…MO/. Therefore, the class uk
K

is a permanent

cycle in the homotopy fixed point spectral sequence for .EhK
h

/�.MOŒ2 � jKj � k�/ if and only if it is a

permanent cycle in the homotopy fixed point spectral sequence for .EhK
h

/�.…MO/.

By Lemma 8.3, multiplication in the homotopy fixed point spectral sequence for .EhK
h

/�.…MO/ is

commutative. Furthermore, only differentials of odd lengths can occur due to degree reasons, and all the

classes on the E2-page with positive filtrations are jH j-torsion. Since this spectral sequence is a module

over the homotopy fixed point spectral sequence for .EhK
h

/�.S0/, it has a strong horizontal vanishing
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line of filtration Nh;K D Nh;H by Theorem 6.1. It follows that for k D jH j.Nh;H �1/=2, the class uk
K

must be a permanent cycle. This shows that if we set

d D 2 � jKj � jH j.Nh;H �1/=2;

then the bundle d
 is EhK
h

-orientable.

To show that d
 is also EhG
h

-orientable, note that G=K can be viewed as a subgroup of the Galois group

Gal.k=F2/ through the inclusion G ! Gh. Similar to the argument in the proof of Theorem 5.1, the map

of spectral sequences

H �.G; E�
h.BOC//

uk
K�! H �.G; E�

h.MOŒ2 � jKj � k�//

is a base change of the map of spectral sequences

H �.K; E�
h.BOC//

uk
K�! H �.K; E�

h.MOŒ2 � jKj � k�//:

Therefore, the class uk
K

is also a permanent cycle in the homotopy fixed point spectral sequence for

.EhG
h

/�.MOŒ2 � jKj � k�/. This finishes the proof of the theorem.

Remark 8.5 Theorem 8.4 shows that ‚.h; G/ � 2 � jKj � jH j.Nh;H �1/=2. It is worth noting that our

bound is by no means optimal, as it is established without any explicit computations of the homotopy

fixed point spectral sequence. In contrast, Kitchloo and Wilson [2015, Theorem 1.4] explicitly computed

.E
hC2

h
/�.BO.q// and established that the 2hC1-fold direct sum of any real vector bundle is E

hC2

h
-

orientable. In this case, our bound becomes ‚.h; C2/ � 22hC1.

Our primary goal in this section is to emphasize the existence of a concrete upper bound. It is important to

highlight that our bound is derived based on the presence of a strong horizontal vanishing line of filtration

Nh;H and the fact that all classes on the E2-page with positive filtration are jH j-torsion. With more

detailed computational knowledge of the homotopy fixed point spectral sequence for .EhG
h

/�.…MO/,

there is potential to obtain a significantly improved upper bound for ‚.h; G/.
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