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ABSTRACT

Using the Zhu algebra for a certain category of C-graded vertex algebras V, we prove that if V is finitely ()-generated and satisfies suitable
grading conditions, then V is rational, i.e., it has semi-simple representation theory, with a one-dimensional level zero Zhu algebra. Here, Q
denotes the vectors in V that are annihilated by lowering the real part of the grading. We apply our result to the family of rank one Weyl
vertex algebras with conformal element w, parameterized by u € C and prove that for certain non-integer values of 4, these vertex algebras,
which are non-integer graded, are rational, with a one-dimensional level zero Zhu algebra. In addition, we generalize this result to appropriate
C-graded Weyl vertex algebras of arbitrary ranks.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0117895

. INTRODUCTION

In this paper, we study various subcategories of the category of C-graded vertex algebras, including those with a conformal element
imposing various grading structures. We illustrate the nature of these subcategories via the conformal flow for the family of C-graded Weyl
vertex algebras with conformal elements w, parameterized by u € C. We prove two rationality results for certain C-graded vertex algebras
that admit a conformal structure with a “nice” grading property. We, then, apply these results to show that for y € C in a certain simply
closed region of the complex plane, the corresponding Weyl vertex algebras with conformal element w, are rational (in the sense that the
representation theory is semisimple) and, in fact, admit only one simple “admissible” module, where “admissible” here means having a
grading compatible with that of the vertex algebra. These admissible modules are also the modules that are induced from the level zero Zhu
algebra.

A large portion of the literature on vertex algebras and their representations from both a mathematical and physical standpoint has
been devoted to the study of rational conformal vertex algebras that are non-negative integer graded (see, for instance, Sec. 1.1 of Ref. 1
for a list of these types of vertex algebras and references therein). It is a natural question to ask whether there are other significant classes of
conformal vertex algebras that are well-behaved from the representation-theoretic point of view, for instance, either rational (have semi-simple
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representation theory) for some category of modules or irrational (have indecomposable modules that are not simple) for some category of
modules, but the category has other nice properties. This is one of the motivations behind the concept of C-graded vertex algebras.

Conformal flow consists of the deformation of the conformal vector w associated with a vertex operator algebra V to obtain a new con-
formal structure w, on V for y € C, a continuous parameter. All possible conformal structures associated with the Heisenberg vertex algebra
(also known as the free bosonic vertex algebra) were formally classified in Ref. 2. One of these “shifted” conformal structures for the Heisen-
berg vertex algebra is used in the study of the triplet algebras,” an important example of C;-cofinite but irrational vertex algebras. When
deforming the conformal vector, the grading restrictions associated with the L(0)-operator are often lost. Namely, the new conformal vector
wy does not necessarily satisfy that its zero mode L#(0) acts semisimply on V or that each graded component of V must be finite dimen-
sional. The appropriate framework to study the new conformal vertex algebra (V, w,) is the theory of C-graded vertex algebras developed in
Refs. 4 and 5 as a continuation of the development of the theory of Q-graded vertex algebras started in Ref. 6. Motivated, in part, by this
work on C-graded vertex algebras and conformal flow, where in Ref. 5 the notion of “C-graded vertex algebra” is more specifically called
“Q-generated Cre>o-graded vertex algebra” in our work, we establish a refinement of the various concepts of C-grading for a vertex algebra.

The Weyl vertex algebra, to which we apply our results, admits a conformal flow. The Weyl vertex algebra has its origins in
physics as fields of Faddeev-Popov ghosts in the early formulations of conformal field theory where it is also known in the physics
literature (sometimes with some specific fixed central charge and, thus, conformal element) as the bosonic ghost system or the fy-
system (cf. Refs. 7-9 and references therein). The terminology bosonic ghost system for the Weyl vertex algebra refers to the fact
that this vertex algebra comprises one of the four fundamental free field algebras, those being free bosons, free fermions, bosonic
ghosts, and fermionic ghosts. Consequently, the Weyl vertex algebra has played a crucial role in many aspects of conformal field
theory and the study of the various mathematical structures that conformal field theory involves. Conformal flow and the relation-
ship between conformal flow for bosonic ghosts (i.e., the Weyl vertex algebra) and conformal flow of the free boson vertex subal-
gebra of bosonic ghosts was studied by Feigin and Frenkel in Ref. 10, and the BRST (Becchi, Rouet, Stora, and Tyutin) cohomol-
ogy was calculated for certain Fock space representations of bosonic ghosts with y =2 and central charge ¢ =26 associated with a
26-dimensional Minkowski space. The Weyl vertex algebra was used in the study of free field realizations of affine Lie algebras and the chiral
de Rham complex (cf. Refs. 11-16), and more recently, Weyl vertex algebras have been used to describe relations between conformal field the-
ory, topological invariants, and number theory through the study of the (twined) K3 elliptic genus and its connections to umbral and Conway
moonshine.'”

As discussed above, both free bosons and bosonic ghosts admit multiple conformal structures. In this paper, we give a detailed analysis
of the nature of the conformal structures of the Weyl vertex algebra under conformal flow, classify the “admissible” modules for the Weyl
vertex algebra for certain infinite families of conformal elements, and prove that the category of such admissible modules is semisimple for
these conformal structures. We denote the Weyl vertex algebra by M and the Weyl vertex algebra with conformal element w,, for the complex
parameter y € C, by (,M, w,) or just , M.

The Weyl vertex algebra with conformal element w, = wo, denoted by ,M = (M, gives a conformal vertex algebra with central charge
¢ = 2 and has been studied intensively. For this conformal structure, the Weyl vertex algebra gives a distinguished example of an irrational
Z-graded conformal vertex algebra, of current interest in the setting of logarithmic conformal field theory. The term “irrational” refers to
the fact that the conformal vertex algebra does not have semisimple representation theory, and logarithmic conformal field theory involves
the study of such vertex algebras and the category structure of various types of modules for these algebras (cf. Refs. 18-20). In particular,
categories of modules for which the zero mode of the conformal element L(0) does not act semisimply even though the modules have certain
nice L(0)-grading properties, often referred to as “admissible,” are the categories of interest and specifically those closed under the tensor
product and with graded characters that have modular invariance properties.

It was shown by Ridout and Wood in Ref. 21 that (M is not C;-cofinite and admits reducible yet indecomposable modules on which the
Virasoro operator L(0) acts non-semisimply. Moreover, in Ref. 21, the authors identified a module category F that satisfies three necessary
conditions arising from logarithmic conformal field theory for the category to have a nice tensor structure. They also determined the modular
properties of characters in that category and computed the Verlinde formulas. Then, in Ref. 22, Adamovi¢ and Pedi¢ computed the dimension
of the spaces of intertwining operators among simple modules in category F and gave a vertex-algebraic proof of the Verlinde type conjectures
in Ref. 21. Recently, in Ref. 23, Allen and Wood classified all indecomposable modules in F, showed that it is rigid, and determined the direct
sum decompositions for all fusion products of its modules.

In Ref. 24, certain (nonadmissible) weak modules for the Weyl algebra with conformal element w1 and central charge ¢ = —1 were studied

2
in the context of Whittaker modules and modules for the fixed point subalgebra of ; M under a certain automorphism. Here, it was shown

that the family of Whittaker modules described in Ref. 24 is irreducible for these orbifold (fixed point) subalgebras of the Weyl algebra at
¢ = 1/2, while in a recent paper,” the opposite was proved for other orbifold subalgebras where these Whittaker modules were shown to be
reducible.

A natural question to ask, then, is what is the nature of the category of admissible modules for the Weyl vertex algebra with a conformal
element other than wy under conformal flow and, more generally, what broader results concerning the modules for non-integer graded
conformal vertex algebras hold? In particular, is the category of admissible modules semisimple or not?

In this paper, we answer these questions. In particular, we study the influence of the central charge, or equivalently the choice of confor-
mal element, on the representation theory of Weyl vertex algebras of arbitrary rank in the case when the vertex algebra is not integer graded.
More generally, we study non-integer graded conformal vertex algebras. We begin our investigation by studying the (level zero) Zhu algebra
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A(V) of a finitely Q-generated Cgeso-graded vertex algebra V, where Q denotes the vectors in V that are annihilated by lowering the real
part of the grading. In fact, we show that if V is an Q-generated Cre>o-graded vertex algebra that is finitely generated (in the usual sense)
such that the generators do not have integer weights and V' contains an N-graded vertex subalgebra, then V is rational in the sense that the
representation theory for admissible modules is semisimple. As an application, we prove that, in particular, a rank one Weyl vertex algebra M,
with ¢ € R and -1 < ¢ < 2 is rational. Consequently, we prove that a rank n Weyl vertex algebra, which is a tensor product of # rank one Weyl
vertex algebras, each with ¢ € R and -1 < ¢ < 2, is rational. More generally, we show that, in fact, for certain complex values of the central
charge under conformal flow, these rationality result holds as well.

This phenomenon of the change in the nature of the representation theory of the conformal Weyl vertex algebra for admissible modules
(i.e., modules compatible with the grading arising from the conformal structure) under conformal flow is surprising in contrast to the lack of
the change of the representation theory under conformal flow for the free boson vertex operator algebra. See Remark 37.

This paper is organized as follows: In Sec. I1, we define various notions involving vertex algebras with gradings and/or with conformal
vectors and their modules. In Sec. ITI, we study the rank one Weyl vertex algebra and the various graded structures imposed by the family of
conformal vectors wy, for y € C, under conformal flow with respect to y. This family of conformal vertex algebras provides good examples
and motivations for the various notions of vertex algebra defined in Sec. II.

In Sec. IV, we recall the notion of the Zhu algebra of an Q-generated Cgeso-graded vertex algebra as introduced in Ref. 5, where such
vertex algebras were called C-graded vertex algebras. We also present several results on the correspondence between modules for the Zhu
algebra V and a certain class of V-modules, i.e., Cpe>o-graded modules.

In Sec. V, we present our main results and applications to the Weyl vertex algebras. First, we prove a theorem on the rationality of
Q-generated Cgeso-graded vertex operator algebras satisfying certain conditions; see Theorem 46.

Then, in Subsection V A, motivated by the work of Zhu*® and of Li,”” we define a filtration on the Zhu algebra of an Q-generated
Creso-graded vertex algebra and prove that under this filtration, we obtain a graded commutative associative algebra grA(V). We show
that there is an epimorphism from our Q-generated Cgreso-graded vertex algebra to this graded commutative associative algebra with
the kernel of the epimorphism containing a set C(V'), which, in this setting, is an analog of the set C;(V) defining the C,-cofinite
condition for a vertex operator algebra. In Subsection V B, we give our main results on the rationality of certain Cgeso-graded vertex
operator algebras with generators having non-integer weights by using the epimorphism from V/C(V) to grA(V); see Lemma 53 and
Theorem 54.

In Subsection V C, we apply Theorems 35, 46, and 53 to the Weyl vertex algebras with conformal vectors w, for y in a certain region
determined in Sec. I'V that give these vertex algebras the structure of an Q-generated Cgeso-graded vertex operator algebra and prove that
these are rational with only one Cpge>o-graded module. We, then, apply this result to the rank n Weyl vertex algebras with a suitable conformal
element. We also prove that, more generally, for u € C\{0,1} with 0 < Re(u) < I, then the Weyl vertex algebra ,M admits a unique, up to
isomorphism, irreducible Cgeso-graded module, namely, oM itself.

In Sec. VI, we summarize the results of this paper and also present a result giving the level one Zhu algebra for (M, i.e., the Weyl vertex
algebra with central charge ¢ = 2.

Il. C-GRADED VERTEX ALGEBRAS AND THEIR MODULES
A. Vertex algebras and Q-generated C-graded vertex algebras

We recall the definitions of various types of vertex algebras, following, for instance, Refs. 1 and 28 for basic notions, but then also
motivated by the work of Laber and Mason in Ref. 5 in the setting of C-graded vertex algebras and related notions. However, it should be
noted that we use different terminologies for some of the structures in Ref. 5; cf. Remarks 4 and 17.

Definition 1 (Ref. 28). A vertex algebra (V,Y,1) consists of a vector space V together with a linear map,

Y:V - (End V)[[x,x']],
v Y(v,x) = Soax "
nez
and a distinguished vector, 1 € V (the vacuum vector), satisfying the following axioms:

(i) The lower truncation condition: for v1,v; € V, Y(v1,x)v; has only finitely many terms with negative powers in x.
(ii) The vacuum property: Y(1,x) is the identity endomorphism 1y of V.
(iii) The creation property: for v € V, Y(v,x)1 € V[[x]] and limx—oY (v, x)1 = v.
(iv) The Jacobi identity: for w,v € V,

xalﬁ(xlx;xz)Y(vl,xl)Y(vz,xz) - xalﬁ(LxM)Y(vz,xz)Y(vl,xl)
0 —Xo

= leﬁ(%)Y(Y(vz,xo)vl,xz).
2
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Definition 2. A vertex algebra equipped with a C-grading V = @, V) is called a C-graded vertex algebra if 1 € Vj and if for v € V, with
yeCandforneZ,1eC,
Un V) € Vigyopo1. (1)

Moreover, a homogeneous element in a C-graded vertex algebra V is said to have weight A if v € V. We denote this by |v| = A, and we
define the operator L € End(V') as the linear extension of the map

Vi—> Wy,

v A = ol (2

Remark 3.

1. Since we do not require the existence of a conformal element in a C-graded vertex algebra, the map defined above is a natural tool to
describe the weight of a homogeneous element.
2. InaC-graded vertex algebra because of Definition 1, we have that for vt eV,

logv?| = [0'| + |v*| - n - L

More generally, for v, ... ,vk eV,

k
f )
Uny O 0] = (Zv’l —nj = 1) +[v]

j=1

Remark 4. In Ref. 5, the notion of C-graded vertex algebras has more conditions than what we require above in Definition 2. In our
terminology, the Laber-Mason notion of a C-graded vertex algebra is an Q-generated C-graded vertex algebra, as defined in Definition 8.
Many of our results, in fact, make fine distinctions between these two notions.

Remark 5. Recall from Ref. 28 that for V, a vertex algebra, the endomorphism D : V — V defined as the linear map determined by
D(v) = v_,1 satisfies the D-derivative property: Y(Dv,x) = d%Y(v,x). Furthermore, D(1) =0 and v = v_;11. It then follows that for a
C-graded vertex algebra, by Eq. (1) and the D-derivative property, we have that if v € V), then Dv = v_1 € V), 4_(_5)_1 = V)41

Definition 6. Let V = @) V) be a C-graded vertex algebra. We define
Q(V)={veV|foranyue V), neZ, ifu,v #+ 0theneithern =y - lorn < Re(y) - 1},

where Re(y) denotes the real part of y.

Remark 7.

1. The space Q(V) consists of the vectors in V that are zero if they are acted on by any mode of V that lowers the real part of the weight.
This space is often called the “vacuum space” or the “space of lowest weight vectors.” However, the vacuum vector 1 is not necessarily
in Q(V). For instance, assume that V = @,.c V) such that V_jo # 0. Let a € V_19. Note that a_;1 = a # 0. In addition, -1 # -10 -1
and —1 > Re(-10) — 1. Hence, in this case, 1 ¢ Q(V). We give an example of such a vertex algebra in Sec. 111, namely, the Weyl vertex
algebra ,M with 4 € R and y < 0, for example, 4 = ~1/2 and, thus, ¢ = 11.

2. In addition, the term “lowest weight space” is misleading since there can be vectors in Q(V) that are not of lowest weight in the sense
of having any kind of minimality property with respect to their C-grading in V; instead, these are the vectors that cannot be further
lowered. An example of such a C-graded vertex algebra is, for instance, the universal Virasoro vertex operator algebra of central charge

= 1, denoted as Vi-(,0) (in the notation of Ref. 28). This Z-graded vertex algebra is indecomposable but not irreducible, and it has

a singular vector v3 of weight 6 that satisfies vs, € Q(Vvir(3,0)).

Next, we introduce the notion of an Q-generated C-graded vertex algebra motivated by Laber and Mason,” where this notion is called a
C-graded vertex algebra.

Definition 8. An Q-generated C-graded vertex algebra (or a C-graded vertex algebra generated by Q) is a C-graded vertex algebra (V, Y, 1)
such that every element v € V is a finite sum of elements of the form

k k-1 1.0
Uy Un, "+ Up U
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forkeN,ny,...,n e Z,v',..., 0" e V,and u’ € Q(V).
The notions of an Q)-generated R-graded, )-generated Q-graded, Q-generated Z-graded, and Q)-generated N-graded vertex algebra are
defined in the obvious way.

Remark 9. We show in Sec. 111 that the collection of Q-generated C-graded vertex algebras forms a proper subset of the set of C-graded
vertex algebras. Namely, in Sec. 111, we present a family of C-graded Weyl vertex algebras, which are not Q-generated C-graded vertex algebras
(see Theorem 35 III).

We will also need the notions of a strongly generated and finitely strongly generated vertex algebra given as follows:

Definition 10. A strongly generated vertex algebra is a vertex algebra (V, Y, 1) together with a subset S ¢ V such that every element v € V
is a finite sum of elements of the form

ko k-1 1
—mV-m_y * " Uy

v 1

forke N, ny,...,n € Zs,and v, ... ,vk € 8. If V is strongly generated by a finite set S, then we say that V is strongly finitely generated.

Remark 11. Any Q-generated C-graded vertex algebra V is trivially a strongly generated vertex algebra with S = V. If V is also strongly
finitely generated by a finite set of generators S acting on Q and Q) is also finite, then we call V a finitely Q-generated C-graded vertex algebra.
All Q-generated C-graded vertex algebras are strongly generated, but the converse is not true, even if we have finitely many strong generators.
In Theorem 35 (III), we give examples of finitely strongly generated C-graded Weyl vertex algebras, which are not Q-generated.

For certain Q-generated C-graded vertex algebras, one can define a degree grading as follows in Definition 12, and we call such
Q-generated C-graded vertex algebras Q)-generated Cgreso-graded vertex algebras. In Sec. 111, we give examples of Q-generated C-graded
Weyl vertex algebras that admit a grading as defined below.

Definition 12. An Q-generated Cp,so-graded vertex algebra is an Q-generated C-graded vertex algebra such that the following notion
of degree is well defined: For V, an Q-generated C-graded vertex algebra, we define the degree of an element of V by setting the degree of
elements in (V') to be 0 and extending by linearity the following formula:

k
' .
deg(vy, - - vg, ) = 3 ('] = m = 1),
=1
where v!,.. ., 0" ¢ ViorkeN,ny,...,ngeZ,andu® e Q(V).

Remark 13. Note that this notion of degree is not necessarily well defined for every Q-generated C-graded vertex algebra. If v,u’ € Q(V),
then by definition of Q( V), if v,u° # 0, then deg(v,u’) = [v| - n - 1 = 0 or Re(deg(vau’)) = Re(|v] - n = 1) = Re(|v]) — n — 1 > 0. Therefore,
by definition, this notion of degree, by setting all elements in Q(V) to have degree zero, is precluding the possibility of elements in Q(V') of
the form v,u° such that u° € Q(V) and v,u° # 0 for some # satisfying Re(|v|) — n — 1 > 0. Thus, it is the requirement of well-definedness of
this definition that is imposing the degree grading given below.

One can show (cf. Ref. 5) that it follows from Definitions 8 and 12.

Lemma 14. Let V be an Q-generated Creso-graded vertex algebra. For k > 1, let ol v eV be homogeneous, ni,...,ny € Z, and
u° € Q(V) such that
vﬁkvﬁ: --"u,l,1 WL +0.

Then, for any given v’ € V and n; € Z, either

k ) k .
Re(Z(v’|—nj—l))>0 or Z(|vj|—nj—l):0.
j=1

j=1

Proof. See the Appendix for a detailed proof of this fact. O
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Remark 15. Note that if V is an Q-generated Cgeso-graded vertex algebra V, and we define V(1) to be the space of all v € V with
deg(v) = A, then, we have the following decomposition:

V=v(0) @ VQ). 3)
Re%i():>0

This motivates our use of the term Cge-o-graded vertex algebras to denote this particular family of C-graded vertex algebras.

Proposition 16. Let V be an Q-generated Creso-graded vertex algebra, and let deg be as in Definition 12. Then, the homogeneous component
V(0) in (3) coincides with Q(V).

Proof. Note that Q(V) c V(0) follows from Definition 12. Therefore, we need to show next that V(0) c Q(V). Namely, we need to
prove that if v € V satisfies deg(v) = 0, then v must be a vector in Q(V'). We first prove this fact for vectors of the form

0

k 1
Uy, "+ Uy U s

wherev!,...,v e Vforke N, n1,...,np € Z,and u® € Q(V):

Assume that U'n‘k . "U,lll 4° # 0 and that deg(vﬁk e vﬂ,l u®) = Z]'f=l(|vf| —nj— l) = 0. We want to show that U'n‘k . "U,lll WeQ(V). LetueV
and 7 € Z be such that u,v¥ - --v} u° # 0. Then, using Lemma 14 for u,vf, - - -vs u°, we have that either [u| - n -1 + Z]]-;l(|v1| -nj-1)=0
or Re(|u| —n-1+ Z}‘:l(\vﬂ —nj—1)) > 0. Since by assumption Zf:1(|vj| —nj—1) =0, it follows that either n = [u| - 1 or n < Re(|u| - 1).
Therefore, v’n(k vy u e Q(V) ifdeg(vf,k cupu’) = 0.

Now, let v be any vector in V. Since V is an Q-generated C-graded vertex algebra, we know that v is a linear combination v = 37", ¢j0/,
where ¢j € C, and each ©/ is an element of the form v’,ﬁk .. -v;luo with ny,...,n,€Z and u° € Q(V). If deg(v) =0, then we have that
Y21 deg(©’) = 0, where each deg(?’) satisfies either

deg(57) =0 or Re(deg(57)) >0

by Lemma 14. Therefore, we obtain that deg(?/) = 0 for each 1 < j < m. By the argument above, we have that each # is an element in Q(V),
which implies that v € Q(V). ]

Remark 17. In Ref. 5, all Q-generated C-graded vertex algebras are assumed to be Cp.>o-graded and referred to as C-graded vertex
algebras instead.

An Q-generated C-graded vertex algebra resembles a vertex operator algebra (with a possibly weaker non-integer grading) in that it hasa
weight operator L defined as in Eq. (2), which generalizes the zero Virasoro mode L(0). Since we need to work in the C-graded vertex algebra
setting, we introduce the definition of a C-graded conformal vertex algebra and show how it generalizes the concept of a conformal vertex
algebra.

Definition 18 (Ref. 1). A C-graded conformal vertex algebra (V,Y,1,w) consists of a C-graded vertex algebra,

V=PV,

AeC
together with a distinguished vector w € V that satisfies the Virasoro relations:

(i) [L(n),L(m)]=(n-m)L(m+n)+ %(Tﬁ —n)0n-mc for n,meZ, where L(n) =t wy41 for neZ and ceC, called the central
charge of V.
(ii) The L(-1)-derivative property: forany v € V, Y(L(-1)v,x) = d% Y(v,x).
(iii) The L(0)-grading property: for 4 € Cand v € V,, L(0)v = pv = (wt v)v.

A Z-graded conformal vertex algebra is defined in the obvious way.

Definition 19. A vertex operator algebra (V,Y,1, w) is a Z-graded conformal vertex algebra,

V=@V,

nez

such that
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(i) V=0 for n sufficiently negative and
(ii) dimV, < oo forn € Z.

Since the Z-grading condition for a vertex operator algebra is too restrictive to work with the Weyl vertex algebras of all central charges,

we will need the following modified concept of an Q)-generated Creso-graded vertex operator algebra.

Definition 20. A Q-generated Creso-graded vertex operator algebra is an Q-generated Creso-graded vertex algebra V = @, V) that is
also a C-graded conformal vertex algebra with the following additional properties:

(i) ForAeC,V)={veVIL(0)v=Av}and dim V) < oo.
(ii) Re(A) > |Im(A)] for all but finitely many A € Specy L(0).

Remark 21. Condition (ii) above, which may appear unnatural, guarantees that there are only finitely many eigenvalues A of L(0) such
that Re(1) < 0and V) # 0. As explained in Ref. 4, if an Q-generated Cg.»-graded vertex operator algebra is R-graded (namely, if V', # 0, then
A € R), condition (ii) guarantees the usual lower boundedness condition that V, = 0 for all r sufficiently negative.

Remark 22. Since w € V3, we can conclude that any Q-generated Cr.so-graded vertex operator algebra contains the vertex operator
algebra generated by w.

The following are the relationships between the various types of vertex algebras introduced in this section:

QVOA(Cre=0(V)) € (Conf(C(V)) N Q(Cre=0(V))) € Q(C(V)) c C(V) €V,
VOA c Conf(Z(V)) c Z(V) c V.

Here,

V = set of vertex algebras,

C(V) = setof C-graded vertex algebras,

Z(V) = set of Z-graded vertex algebras,

Q(C(V)) = setof Q-generated C-graded vertex algebras,

Q(Cre>0(V)) = setof Q-generated Cpeso-graded vertex algebras,

Q(Z(V)) = setof Q-generated Z-graded vertex algebras,

Conf (C(V)) = setof C-graded conformal vertex algebras,

Conf (Z(V)) = setof Z-graded conformal vertex algebras,

VOA = set of vertex operator algebras,

QVOA(Creso(V)) = set of Q-generated Cp.>o-graded vertex operator algebras.

B. Modules for C-graded vertex algebras

Next, we introduce various types of representations of C-graded vertex algebras, again following or motivated by, for instance, Refs. 1, 5,
and 28. We begin by recalling the definition of a weak V-module for a fixed vertex algebra (V, Y, 1), as presented in Ref. 28.

Definition 23. Let V be a vertex algebra. A weak V-module is a vector space W equipped with a vertex operator map

Yw:V - (End W)[[xx']],

v Yw(v,x) = Zv,‘{v X
nez

satisfying the following axioms:

(i) The lower truncation condition: for v € V and w € W, Yw (v, x)w has only finitely many terms with negative powers in x.
(ii) The vacuum property: Y (1,x) is the identity endomorphism 1w of W.
(iii) The Jacobi identity: for vi,v; € V,

— X1 — X — —X2 +X
Xo 16(%)Yw(vl,x1)Yw(”Uz,X2) — X0 16(%)}’1,\/(1)2,)62)1@\7(01,361)
0 0

1 of X1 — X
=x, 18(%)YW(Y(vz,xo)vl,x2).
2
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Remark 24. In Ref. 28, the notion of a weak V-module given above is called a V-module for V, a vertex algebra, but if V has, for
instance, the structure of a vertex operator algebra, then the structure V-module defined above is called in Ref. 28 a weak module for the
vertex operator algebra structure of V. Since we will mainly be concerned with extra “vertex operator algebra”-type structures on V, to
emphasize the differences between the weaker notions of a module for a vertex algebra versus a module for a vertex operator algebra, we have
chosen to call these modules “weak” throughout.

Proposition 25 (Ref. 28). Let V be a vertex algebra, and let D be the linear map on V given by Dv = v_;1 as in Remark 5. Let W be a weak
V-module.

1. Then,
Y (Dv,x) = - Vi (0, ).
dx

2. Let T be a subset of W, and let (T) denote the submodule generated by T. Then,
(T) = Span{vat |veV, neZ,teT}
Next, we recall the notion of a module over an Q-generated C-graded vertex algebra V, as introduced in Ref. 5.

Definition 26 (Ref. 5). Let V be an Q-generated Cre»o-graded vertex algebra. A Creso-graded V-module W is a weak V-module with a

grading of the form
W=w©) @ W
RETT([;;O

such that W(0) # 0, and for any homogeneous v € V), one has
vy W(t) € W(t+A-n—1).

We say that a homogeneous element w € W (1) has degree .
Remark 27. In Ref. 5, Creso-graded modules are referred to as admissible modules.

Definition 28. Let V be an Q-generated Cre>o-graded vertex algebra, and let

w=w0©) @ W)

7€C,Re(7)>0
be a Creso-graded V-module. We define
Q(W) = {we W | foranyw € Vifuv, w # 0then either |w| = |v, w| or Re(|w|) < Re(|v, w])}.

Note, in particular, that W(0) c Q(W). Moreover, Q( W) consists of the vectors in W that are annihilated by the action of any mode of
V that lowers the real part of its weight, similarly to Q(V) in Definition 6.

The following result was stated in Ref. 5 for )-generated C-graded vertex algebras, where it was assumed that the degree grading is well
defined for these types of vertex algebras. Here, we give the proof for the case in which V is an Q-generated Cgeso-graded vertex algebra.

Proposition 29 (cf. Ref. 5).

1. Any Q-generated Creso-graded vertex algebra V is a Creso-graded V-module.
2. If Wis a simple Creso-graded V-module, then Q(W) = W(0).

Proof. The first statement follows directly from the degree grading in Definition 12 on V together with Remark 15 and the definition of
a Creso-graded V-module.

To prove the second statement, we first show that if W = W(0)@®ccre(r)»0 W(7) is a simple Cpeso-graded V-module, then Q(W)
n (GBTEQRC(T)>0 W(T)) =0. To see this, let w e Q(W) N (Brecre(r)>oW(7)). Then, (w) = Span{vyw |veV,neZ}c Drecre(r)y>0 Wr
because w € Q(W), and so, in particular, Re(|v, w|) 2 Re(jw|) > 0 for every v e V,n e Z such that v, w = 0. Since {w) is a proper
V-submodule (w) ¢ W, we can conclude that (w) = {0}. In particular, w = 0, and we have shown that Q(W) n (@KC‘RC(,»O W(1)) =0.

Finally, we show that Q(W) = W(0). Let u € Q(W). Since u € W, we can write u = w’ + w" for w’ € W(0) and w"” € @ ec re(r)>0 W (7).
Since w” = u — w’and W(0) € Q(W), we can conclude that w” € Q(W). Moreover, w” € Q(W) N @rec re(r)>0 W (), which by our previous
argument is 0. This implies that w"’ = 0 and u = w’" € W(0). Hence, Q(W) = W(0). ]
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Definition 30. Let V be an Q-generated Creso-graded vertex operator algebra. An ordinary V-module W is a weak V-module that admits
a decomposition into generalized eigenspaces via the spectrum of Ly (0) as follows:

(i) W=®cW(A)where W(A) = {w e WILw(0)w = Aw}.
(i) dim W(A) < oo forall A e C.
(iii) Re(A) > 0 for all but finitely many A € SpecLw (0).

Finally, we introduce the notion of rationality for the representations of an Q)-generated Cg.>o-graded vertex operator algebra.

Definition 31. Let V be an Q-generated Creso-graded vertex operator algebra. V is called rational if the category of Cgeso-graded
V-modules is semisimple, i.e., every Cpeso-graded V-module is completely reducible, i.e., the sum of simple Cg.>o modules.

I1l. THE WEYL VERTEX ALGEBRA: CLASSIFICATION OF ITS C-GRADED STRUCTURES

In this section, we introduce the rank one Weyl vertex algebra, denoted as M, with a family of conformal elements w, parameterized by
p € C, following, for instance, Ref. 22 (see also Ref. 29). We denote M with the conformal structure by (,M, w,) or just ,M. We discuss the
various gradings and associated refined vertex algebra structures imposed on the rank one Weyl vertex algebra M by the choice of y. The rank
n Weyl vertex algebra, for n € Z, is then the n-fold tensor product of M.

Definition 32. Let L be the infinite-dimensional Lie algebra with generators K, a(m) and a* (n) with m, n € Z such that K is in the center
and the bracket is given by
[a(m), a’ (n)] = OmenoK.

We define the rank one Weyl algebra A, to be the quotient,

U(L)

A= oy

where U/ (L) denotes the universal enveloping algebra of £ and (K — 1) is the two sided ideal generated by K — 1.
We have that A, is an associative algebra with generators a(m), a* (n), for m, n € Z, and relations

[a(m)’a*(n)] = 6m+n,0; (4)
[a(m),a(n)] =[a"(m),a”(n)] = 0 (5)
forall m,n e Z.
The Weyl algebra A; has a countably infinite family of automorphisms, called spectral flow automorphisms given by
ps: A — A1, a(n) = a(n+s), a’(n)—a’(n-s), (6)
for s € Z, as well as the automorphism
gi: A — A, a(n) ~ta*(n), a*(n)~—t"a(n), (7)

fort e C".
The (rank one) Weyl vertex algebra M can be realized as an induced module for the Lie algebra £ as follows. We first fix a triangular
decompositionof L= L~ @ L’ ® L+ where
L~ =spanc{a(-n),a* (-m)|n>1,m>0},
£° = spanc{K},
L" =spanc{a(n),a*(m+1) e L|n>0,m> 0}
(see, for instance, Ref. 21 where this is called the normal triangular decomposition). Next, we give the one-dimensional vector space C1 the
£° @ £*-module structure, given by
a(0)1 =0,
K1=1,
a(n)1=0 forn>0,

a*(m+1)1=0 form>0,
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and we define M to be the induced module,
M = U(E)@u(com +)(C1.

Then, M is a simple Weyl module and, as a vector space, M = C[a(-n),a*(-m) | n >0, m > 0]. There is a unique vertex algebra struc-
ture on M (see, for instance, Theorem 5.7.1 in Ref. 28 or Lemma 11.3.8 in Ref. 14) given by (M, Y, 1) with vertex operator map Y : M
— End(M)[[2,z"']] such that

Y(a(-1)1,2) = a(z), Y(a*(0)1,2) = a* (2),
a(z) = Zu(”)z_n_l) a* (2) = Za*(n)z_". (8)

nez nez

In particular,
Y(a(-1)a*(0)1,2) = a(z)a*(2) ;,

where: a(z)a* (z): denotes the ordered product of the fields a(z) and a* (z) given by
ra(z)a*(2) = a(2)"a" (2) +a*(2)a(z)”,

with a(2)* = Yucc1a(n)z7"7", a(2)™ = Susoa (n)z7".
In terms of the operator product expansion of the vertex operators, i.e., the corresponding fields, we have

1
zZ—w

+:a(z)a” (w):.

a(z)a" (w) =

Moreover, the map Y : M — End(M)[[z,z7*]] is given by
Y(a(-my - Da(-my—1)...a(-m = Da*(-m)...a" (-m)1,2)
- ﬁl ST 0" a2) 0™ a(2)0 " ()0 (2)

!
o1 mil iy myl

for my,...my,ni,... 0 € Zso.

Remark 33.

1. The fields a(z) and a*(z) defined in (8) are usually denoted by B(z) and y(z) in the physics literature (up to a choice of sign) where the
vertex algebra M is referred to as the fy vertex algebra or By-system.
2. Since for all n € Z, the n modes of the fields Y(a(-1)1,z) = a(z), Y(a*(0)1) = a*(z) satisfy

(a(-1)1)n = a(n),
(a*(0)1), =a"(n+1),

we have that the set T = {a(-1)1,a"(0)1} is a set of strong generators for the vertex algebra M in the sense of Definition 10. Namely,
M is spanned by the set of normally ordered monomials,

{0Ma" . %" | k.. k>0, o € T

Therefore, M is strongly finitely generated as a vertex algebra in the sense of Definition 10.
From the simple relations between the modes of the strong generators a(—1)1 and a(0)1 given by (4) together with Remark 33, it is easy
to see that M is a simple vertex algebra.
Let B:= a(-1)a*(0)1. We set B(2) = Y(B,2) = ¥,.ez, B(1)z7""". [We note that in Ref. 22, there was a typo in the exponent of z in the
expansion of 3(z).] We note, in particular, that in this notation,

B(-2)1=a(-2)a"(0)1+a(-1)a*(-1)L
Then, § is a Heisenberg vector in M of level —1. Namely, for n, m € Z, we have
[B(m), B(n)] = =mmsno

as operators on M, and therefore,

BEB(w) =~ s+ BEBw) -
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In addition, we have

[B(m),a(n)] = —a(m+n) and [B(m),a"(n)]=a"(m+n).

We are interested in the possible C-graded conformal vertex algebra structures on the vertex algebra M. The vertex algebra M admits a
family of Virasoro vectors,

wp = (1-p)a(-1)a*(-1)1 - pa(-2)a*(0)1  forueC
=a(-1)a"(-1)1 - p(a(-1)a" (-1)1 + a(-2)a" (0)1)

—a(-1)a* (~1)1 - uB(-2)1, ©)
of central charge
cu=2(6p(u—1)+1). (10)
The corresponding Virasoro field is
I¥(2) = (1 - p) :a(z)0a" (z) : —u : Oa(z)a* (2) ;, (11)

and it satisfies
1-6u+6u* 20F(w) Oul'(w)
+ +
(z—w)* (z—w)? z-w

()" (w) = +: () (w) :.

This gives a C grading on M as we give explicitly below, and we denote the particular C-graded conformal vertex algebra structure
on M by
(M, Y, 1, wy)

orjust ,M.

Lemma 34. The composition of the spectral flow p1 and ¢1 automorphisms of the Weyl algebra lifts to give the following isomorphisms of
C-graded conformal vertex algebras:

propr: ((Mowy) —> (1M, wi1-y), (12)
given explicitly on M by
a(-my —1)---a(-m - 1)a* (-m)---a" (-n)1
(-1)'a(-n1 = 1)+ a(-m = 1)a* (=m1) - -a* (=m;)1
for k,1 € N and mi, nj € N. Or, more generally, for the vertex algebra structure, letting F = @1 o p1, we define
F(uy, - up,1) = [F(u)], - [F(u) ]y 1 (13)

forui =a(-1)lora*(0)1forj=1,....kandm,...,ng € Z.
Moreover, this is the only C-graded conformal vertex algebra isomorphism between (,M, w,) for distinct y € C. In particular, the central
charge ¢, = c1-y completely determines (,M, wy) up to isomorphism.

Proof. By definition, F = ¢; o p; is a vector space isomorphism. Equation (13) implies that F is a vertex algebra homomorphism, as
follows: By the definition of F, we have F(u,v) = F(usv-11) = F(u),F(v)-11 = F(u),F(v) for u,v € {a(-1)1,a" (0)1}. By induction on k,
we have that F(u,v) = F(u),F(v) forv =uy, - u’f,kl foru',...,u* e {a(-1)1,a*(0)1} and ny, ..., n € Z.

Then, note that

F(Y(a(—l)l,z)v):F(Za(n)vzfnfl) = Z:F(a(n)v)[w1

:ZZF((a(—l)l)nv)z‘”“ = Z%[F(a(—l)1)]nF(v)z‘”‘1
=Y (a* (0)1)uF(v)z "™ = Ya*(j)zF(v)
nez j€Z

=Y(a"(0)1,2)F(v) = Y(F(a(-1)1),z)F(v)
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and

F(Y(a*(0)1,2)v) :F(Za*(n)vz_") = Y F(a*(n)v)z™"

nez nez

= 2 F((@" (0))nv)z " =3 [F(a"(0)1)]s1F(v)z™

nez nez

= Y (@)D F@)e " = =Y (a(-1)1)F(v)z 7!

nez JEZ
=-Y(a(-1)Lz)F(v) = Y(F(a*(0)1),2z)F(v).

Therefore, by Proposition 5.7.9 in Ref. 28, we have F(Y (u,z)v) = Y(F(u),z)F(v) forallu,v € M and F is a homomorphism of vertex algebras.
Since it is a bijection, it is an isomorphism of vertex algebras.
Finally, for y € C,
gropi(w.) =g1op((1-pa(-1)a’ (-1)1 - pa(-2)a” (0)1)
=p1((1-w)a(0)a” (-2)1 - pa(-1)a" (-1)1)
=-(1-wa"(0)a(-2)1+pa" (-1)a(-1)1
=pa(-1)a"(-1)1 - (1 - p)a”(0)a(-2)1
=(1-(1-p))a(-1)a" (-1)1 - (1 - p)a(-2)a" (0)1
= wl—[n
proving that this is an isomorphism of C-graded conformal vertex algebras. Then, since ¢, = 2(6u(u—1) +1) =2(6v(v-1) + 1) = ¢, for

¢ # vimplies v = 1 — y, this shows these are the only isomorphisms between the conformal structures on M. ]

Let
(2) = Y(wwz) = Y.L (n)z "2
nez
For p = 0, we set  := wo, L(n) := L°(n), and, then, ¢y = 2. More generally, we have that for y € C,

Wy = w - pp(-2)L (14)

Furthermore, since (8(-2)1)o = (D)o = 0and ((-2)1)1 = (DB): = —B(0), where D is the endomorphism described in Remark 5, we, thus,
have that

L“(-1) = L(-1) forally e C,
L£(0) = L(0) + up(0).
In addition, for all m,n € Z,
[L(m),a(n)] = —na(m + n),
[L(m),a"(n)] = —(m+n)a”(m+n).
In particular, we have
[L(0),a(n)] = —na(n),
[L(0),a"(n)]
[2(0),a(n)] = [L(0) +uB(0),a(n)] = -na(n) - pa(n) = (-n-u)a(n),
[L#(0).a" (n)] = [L(0) +uB(0),a" (n)] = —na®(n)+pa"(n) = (-n+p)a”(n).

Note that for integers m; > --- > my > 0,n >--->n; >0,and k, t € Z4, we have

-na”(n),

“(0)a(-m1 = 1)---a(-mp — 1)1 = ((my +-+-+my + k) —kw)a(-my = 1) - - -a(-my — 1)1
=((m+---+my) +k(1—p))a(-m —1)---a(-my — 1)1,
(0)a* (-m)--a*(-n)1 = ((m +--+n) +tp)a* (-n1) -+ -a* (-n)1,
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“(0)a(-my = 1) ---a(-mp - 1)a* (-m) - --a" (-n)1
k t
= (Z mi+ Y nj+k(1-p)+ ty)a(—ml —1)-a(-mp—1)a"(-m)---a" (-n) L (15)
i=1 =1

Thus, from Eq. (15), an element v = a(—m; = 1) ---a(-my — 1)a*(-n1) - --a*(-n;)1 € ,M has an [*(0)-grading of the form
wto=r+s+k(1—p)+tu forr,s,k,t €N, withk,t € Z, ifr,s € Z., respectively. (16)

That is, the action of L*(0) on ,M defines a C-grading on ,M, which gives ,M the structure of a C-graded vertex algebra. It is also a C-graded
conformal vertex algebra with strong generators a(—1)1, a*(0)1, which satisfy

la(-1)1] = 1 -y, (17)
la* (0)1] = p. (18)

However, for only certain values of y is , M an Q-generated Cge>o-graded vertex operator algebra in the sense of Definition 20.

We are interested in these values of y, which give ,M an Q-generated Cge>o-graded vertex operator algebra structure and the nature of
the representations of these vertex algebras , M.

To that end, we note that Eq. (16) implies that

wtv =1+ s+k+Re(p)(t - k) +ilm(p)(t - k) (19)

forr,s,k,t e Nwith k,t € Z, if r,s € Z, respectively.

The analysis of the structure of ,M naturally falls into the following five cases:

Case 1: 4 = 0,1, i.e,, c = 2. Then, with respect to L*(0) weight grading, we have that ((M = @2y ¢M,, wo) = (M, w) is an N-graded
conformal vertex algebra with central charge 2. Moreover, the space of vectors of L¥(0) = L(0)-weight zero is equal to QoM ) and is given by

oMy = Span{a*(0)---a*(0)1=a*(0)'1|t e N},
which is an infinite-dimensional subspace of yM. Analogously,
QGM) = M, =Span{a(~1)---a(-1)1 = a(-1)1| k e N}.

oM is not a vertex operator algebra (or for that matter, an Q)-generated C-graded vertex operator algebra) since it has infinite-dimensional
weight spaces.

oM is an Q-generated Creso-graded vertex algebra, and the L(0)-weight spaces of (M are also the degree spaces of (M viewed either as
an Q-generated Creso-graded vertex algebra or as a Cgeso-graded module over itself.

oM is referred to as the Weyl vertex algebra with central charge 2 and is the unique rank 1 Weyl conformal vertex algebra with central
charge 2 up to isomorphism by Lemma 34.

Case2:pycRand0 <y < 1,ie,ceR,and -1 < ¢ < 2. In this case, we have 0 < y = Re(p) < 1and 0 < Re(1 — y) < 1, and so from Eq. (16),
we have that ,M (or equivalently ;_,M) is an R-graded conformal vertex algebra and is Q-generated with Q(,M) = ,M, = Cl and

#M = @yM/\ = yM(O)® #M(A)’
AeR AeR
A>0 A>0

where the degree spaces and weight spaces coincide. Furthermore, ,M; = ,M (1) = 0 unless A € (N +uZ) n R+, and in fact,

SpecMML“(O) ={r+s+k+u(t—k)|rskteNandkteZ,ifr,seZ,, resp.}
=uN+(1-u)N

In this case, we have dim , M, < oo since ,M is -generated by the finite-dimensional set Q(,M) = ,M, = C1 and the generating set
S ={a(-1)1,a*(0)1} of positive non-integral weights y and 1 — y, respectively, between 0 and 1.

Finally, noting that Re(1) > 0 = [Im(A)| for all A € Spec,mL¥(0), we conclude that ,M is an Q-generated Creso-graded vertex operator
algebra.

Case 3: y € C, Im(p) # 0, and Re(y) = 0 or 1. Since , M=, M, without loss of generality, we may assume Re(u) = 0. Setting u = iq,
then 1 — y = 1 - ig; from Eq. (16), we have that ,M, = C1, and with respect to the weight grading given by L*(0) and denoted as |u[, we have
that Re(|u|) > 0 unless Re(|u|) = 0, in which case u € Span{a*(0)---a*(0)1 = a*(0)'1|t € N}. However, in this case, |a*(0)‘1] = tig. Thus,
WMy = C1 = Q(,M) and the degree grading and L* (0)-weight grading coincide. Furthermore, dim(, M, ) < oo for each A € C.
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Thus, in this case, ,M is an Q-generated Creso-graded vertex algebra and, therefore, a Cpeso-graded module over itself. However, as a
module over itself, ,M has an infinite number of A € Spec »L*(0) with Re(1) = 0 as we now show below.

Since the weight spaces of ,M in this case are finite dimensional, one might think it is a candidate for an Q-generated Cpeso-graded
vertex operator algebra. Here, the question is does it satisfy Re(1) > [Im(A)] for all but finitely many A € Spec, mL¥(0). Here, the answer is no
since |a*(0)1| = tig = A implies Re(A) = 0 < t|g| = |[Im(A)]| for t # 0. Thus, ,M for i € iR is an example of an ()-generated C-graded conformal
vertex algebra that is not an Q-generated C-graded vertex operator algebra even though dim(,M, ) < oco.

Analogous results hold for y € C with Re(u) = 1 by Lemma 34.

Case 4: peC, Im(p)#0, and 0<Re(u) < 1. Setting py=p+ig, then 1-p=(1-p)+i(-q) and Re(1-p)=1-p satisfies
0 < Re(1 - y) < L. Thus, from Eq. (16), we have that ,M, = C1, and with respect to the weight grading given by L*(0) and denoted as |u[, we
have that Re(|u|) > 0 unless Re(|u|) = 0, in which case u € C1. Thus, ,M is Creso-graded with Q(,M) = C1. Therefore, ,M is an Q-generated
Cre>0-graded vertex algebra and the L¥(0)-weight spaces correspond to the degree spaces. More precisely,

Spec}‘ML“(O) ={r+s+k+p(t-k)+iq(t—k)|rskteNandkteZ,ifr,s€Zy, resp.}
cpN+ (1-p)N+igZ.

In this case, we also have that dim V) < oo for all A € Spec, mL#(0). To see this, we observe that if we consider only the real part of

the weight grading for ,M, then the grading is the same as that for case 2. That is, for v € M with L*(0)v = Av, LR¥ (0)v = Re(A)v. Thus,
dim,JM,\ < dim Re(y)MRe(/I) < oo.

To analyze when ,M is also an Q-generated Cg,>o-graded vertex operator algebra, we need to determine if Re(1) > [Im(A)] for all but

finitely many weights A € Spec »L#(0).
"

Here, we split into two subcases:

Case 4(a): If either 0 < Re(u) < 1/2 and [Im(u)| < Re(u) or 0 < Re(1 — ) < 1/2 and [Im(u)| < Re(1 — ¢) hold, then we claim that , M is
an Q-generated Cpreso-graded vertex operator algebra. We first prove this for 0 < Re(¢) < 1/2 and |Im(u)| < Re(¢) and then note that since
wM= 1M, the result will hold for 0 < Re(1 — ) < 1/2 and [Im(u)| < Re(1 - p).

Hence, assume that 0 < Re(y) < 1/2 and |Im(u)| < Re(y), i.e., writing y=p +iq, we have 0 <p <1/2 and |g| < p. Then, for any
A=r+s+k+p(t-k)+iq(t-k)eSpecmL?(0), we have that [Im(A)|=|q(t-k)|<|p(t-k)|<r+s+k+|p(t—k)|, whereas [Re(1)|
=|r+s+k+p(t—k)| Thus, if t — k > 0, we have |Im(1)| < |Re(A)|. If t —k < 0, then k # 0 and Re(1) > k + p(t — k) = k(1 — p) + pt. How-
ever, since (1 — p) > p, we have Re(1) > kp + pt = p(k + t) and thus [Im(y)| = |q(¢ - k)| < |p(t = k)| < |p(t + k)| < |[Re(A)]. Therefore, Re(1)
> [Im(A)| for all weights A € Spec aL*(0).

Therefore, we have that in this case, wMisan Q-generated Cp,so-graded vertex operator algebra.

Case 4(b): If 0 < Re(u) < 1/2 and |Im(u)| > Re(u) or if 0 < Re(1 — ) < 1/2 and [Im(u)| > Re(1 — ), then we claim that ,M is not an
Q-generated Cpeo-graded vertex operator algebra. To see this, we first prove the result for 0 < Re(p) < 1/2, but|Im(p)| > Re(y), and we then
note that since ,M= -, M, the result will hold for 0 < Re(1 — ) < 1/2 and [Im(u)| > Re(1 — ).

Hence, assume that 0 < Re(¢) < 1/2 and |[Im(g)| > Re(y). Then, |a* (0)'1] = ty = Afor t € N.|Im(1)| = |tIm(y)| > tRe(p) = Re(]). Thus,
for an infinite number of A € Spec ;1 L*(0), Re(1) > [Im(y)| is not satisfied, and thus, , M is not an Q-generated Cre>o-graded vertex operator
algebra.

Case 5: If Re(u) > 1 or Re(u) <0, then ,M has nonzero weight spaces , M, with both Re() arbitrarily large negative and arbitrarily
large positive. This can be seen by considering that |a(-1)*1| = k(1 - &) and |a*(0)"1| = tu for k, ¢ € N. This then implies that 1 ¢ QM)
even though 1 ¢ ,M, since if Re(u) > 1, then a(-1)1 = (a(-1))-11 # 0 with |a(-1)1] =1 -y, but Re(1 —y) - (-1) =1 =Re(1 - p) <0.
Or analogously, if Re(u) <0, then a*(0)1 = (a*(0))-11# 0 with |a*(0)1| =y, but Re(u) — (-1) — 1 = Re(u) < 0. Thus, in this case,
Mo ¢ Q(,M).

In fact, in this case, Q(,M) = 0. To see this, without loss of generality, assume that Re(y) > 1. Then, consider v = a(—m; — 1) - - -a(—my
—1)a*(=m)---a*(-n)1 €, M. We have that v ¢ Q(,M) since for u = a(~1)1 €, M,_,, we have (a(-1)1)-1v = a(~1)v # 0 even though
-1#1-p—1=-pand-1>-Re(y) = Re(1 - p) - 1. Extending by linearity, it follows that Q(,M) = 0.

Therefore, in this case, ,M is not an Q-generated C-graded vertex algebra. Thus, in particular, it is also not an Q-generated Cge>o-graded
vertex operator algebra.

In summary, we have that, independently of its conformal structure, the Weyl vertex algebra is always strongly finitely generated [see
Remark 33 (2)]. However, as shown above, this vertex algebra is not necessarily Q)-generated (as this does depend on the conformal structure).
Thus, we have the following theorem:

Theorem 35. The C-graded Weyl vertex algebra with grading given by the conformal element w, for u € C, denoted as ,M = (M, w,), is a
finitely strongly generated C-graded vertex algebra that is also a conformal C-graded vertex algebra. Furthermore, we have the following:

L M is a finitely Q-generated Cre>o-graded vertex operator algebra, i.e., it is in QVOA(Creso(V)), if and only if one of the following holds:
(i) 0<Re(y)<1/2and|Im(u)| < Re(p)
or
(i) 0<Re(l-—p)<1/2and|Im(u)| < Re(l-p).
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In addition, in this case I, we have that Q(,M) = CL.
IL M is both a finitely Q-generated Creso-graded vertex algebra and a conformal C-graded vertex algebra, i.e., it is in Conf(C(V))
N Q(Cre>0(V)), if and only if 0 < Re(u) < 1.
L. If Re(u) > 1 or Re(u) <0, then ,M is a finitely strongly generated C-graded conformal vertex algebra, but it is not an Q-generated
C-graded vertex algebra.

Finally, outside of the strip given by 0 < Re(u) < 1, we have Q(,M) = 0, and inside of the strip, Q(¢M) and Q(,M) are infinite, whereas
elsewhere inside this strip, Q(,M) = C1. See Fig. I for a visual representation of the regions where these results apply.

Proof. Cases 1-5 above exhaust the possibilities for 4 € C, and in each case, it is shown that ,M is both a conformal C-graded vertex
algebra and an Q-generated C-graded vertex algebra with generating set {a(-1)1,a*(0)1}.

Cases 2 and 4(a) show that when 0 < Re(u) < 1/2 and |Im(u)| < Re(u) or when 0 < Re(1 — ) < 1/2 and [Im(u)| < Re(1 - p), ,M is an
Q-generated Cge>o-graded vertex operator algebra.

Cases 1, 3, 4(b), and 5 show that in the remaining cases, ,M is not an Q-generated Cge-o-graded vertex operator algebra but is still both
a conformal C-graded vertex algebra and an Q-generated C-graded vertex algebra.

Finally, we note that by cases 1-5, we have that if 0 < Re(u) < 1 (cases 1-4), then we have that ,M is an Q-generated Cpeso-graded vertex
algebra, but outside of this region (case 5), it is not.

Q(,M) are as given in cases 1-5. o

Remark 36. We note that the Weyl vertex algebras in case 3, ,M, with y being a purely imaginary nonzero number, provide a family of
examples of conformal Cpgeso-graded vertex algebras, which are not Cgeso-graded vertex operator algebras.

Remark 37. Theorem 35 shows a stark contrast between the Weyl vertex algebras (i.e., free bosonic ghosts) under conformal flow in
comparison to free bosons under conformal flow. Recall (cf. Ref. 2) that free bosons Vjes = C[a(-n) | n € Z. ] admit a family of conformal
vectors wy = %a(—l)zl +va(=2)1 for v € C, which endow V/,, with a vertex operator algebra structure of central charge 1 — 121, However,
under this conformal flow, we have that L(0), and thus, the Z-grading and vertex operator algebra structure of V,, do not change. In fact,
the vertex operator algebra (Vs wy) differs from ( Vs, w,) only in its representation theory in that some indecomposable nonirreducible
modules can have a L"(0)-action that is semisimple on a module with a 2 x 2 Jordan block in the vacuum space Q(W) for some values of v,
whereas the action of L' (0) is not semi-simple for some other v' # v. However, the non-semi-simplicity of V,,-modules under conformal
flow does not change, i.e., (Vs wv) is always irrational, whereas by comparison, we will show in Sec. V C that ( WM, w#) can be rational or
irrational depending on .

' I N

FIG. 1. Different C-graded vertex algebra structures for MM under conformal flow. For i € C satisfying Theorem 35, part |, i.e., for u inside the diamond shaped region, ”M is
an Q-generated Cpreo-graded vertex operator algebra. In the regions where Re(y) > 1 0r 0 < Re(u), ”M is not an Q-generated Cre-o-graded vertex algebra and, thus,
is also not an Q-generated Cre-q-graded vertex operator algebra. In the remaining regions, #M has the structure of an Q-generated Cre-o-graded vertex algebra and a
conformal vertex algebra but not of an Q-generated Crgeo-graded vertex operator algebra.
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Remark 38. We note that the use of the term “rank” in the definition of the Weyl vertex algebra in Sec. I1I alludes to the number of pairs
of fields of the form a(z),a* (z) [or pairs of B(z), y(z) fields in the physics literature] and not the rank of the vertex algebra in the sense of
Ref. 30, which involves the action of the Virasoro algebra and is, instead, referred to as the central charge. Therefore, the rank n Weyl vertex
algebra consists of the tensor product of n copies of the rank 1 Weyl vertex algebra. Its conformal structure is determined by the choice of
the conformal structures associated with each of the tensor factors. Namely, the rank n Weyl vertex algebra , M ® - - ® ,,M has conformal
vector w = YL, wy, [as in Eq. (9)] and central charge ¢ = Y} ¢, [as in Eq. (10)].

IV. ZHU ALGEBRAS OF Q-GENERATED Cgre-0-GRADED VERTEX ALGEBRAS

In this section, we present some results from Ref. 5 on the (level zero) Zhu algebras of Q-generated Cge-o-graded vertex algebras and the
correspondence between simple modules for the Zhu algebra and simple Cg,so-graded modules for the vertex algebra. We remind the reader
that in Ref. 5, our notion of Q)-generated Cg,>o-graded vertex algebra was called a C-graded vertex algebra.

Let V = (V,Y,1) be an Q-generated Cge»o-graded vertex algebra with grading V = @,cc V). For u € V), let |u| denote the ceiling of the
real part of A, i.e.,

|u| := min{n e Z | n>Re(1) = Re(|u])}.

Let
V" := spanc{v € V | vis of homogeneous weightand r = [v] — [v]}. (20)

Then, we have that

V=V

reC

Remark 39. We observe that u € V° if and only if |u| = [u] and, equivalently, if and only if Lu = |u|u, where L is the operator defined in
Eq. (2). We can then characterize V° as the vertex subalgebra of V consisting of all vectors of integer weight.

In Ref. 26, Zhu introduced an associative algebra, A(V'), associated with any vertex operator algebra V, which can be used to classify its
irreducible representations. Laber and Mason in Ref. 5 studied the Zhu algebra associated with certain C-graded vertex algebras by making
the necessary modifications to the formulas introduced by Zhu. We will use the C-graded Zhu algebra machinery to show that a particular
family of Q)-generated Creo-graded vertex algebras are rational. We recall first the appropriate definition of the Zhu algebra in the C-grading
setting following Ref. 5.

Definition 40 (Ref. 5). Let V be an Q-generated Creso-graded vertex algebra. Let u € V" and v € V. Define the products o and * on V as
the linear extensions of the following equations:

(1+z)+0n-1

it Y(u,z)v

uowv :=Res;

and

Y(u,z)v. (21)

1+2z)k
u*v =00 ResZ&
z

Define O(V) to be the linear span of all elements of the form u o v for u,v € V.

Proposition 41 (Ref. 5). Let V be an Q-generated Creso-graded vertex algebra, and define V" as in Eq. (20). Then, we have the following:

(i) Ifr=+0,then V" cO(V).
(ii) For u € V homogeneous, (D + L)u = 0mod O(V'), where L is the operator defined in Eq. (2).
(ili) For u € V" homogeneous, v € V, and any m > n > 0, we have

(1 + Z)m+8,yg—l+n
Z1+0r0+m

Res, Y(u,z)v e O(V).

(iv) For u,v € V homogeneous, we have

Y(u,z)v=(1+ Z)_lu‘_‘le(’U, —liﬁ)u mod O(V).
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(v) Foru,veV® homogeneous, we have the identities

MY(v,z)u mod O(V)

u * v = Res,
and
u*v—v*u=Res(1+ z)‘”HY(u,z)v mod O(V).

(vi) O(V) is a two-sided ideal of V with respect to the * product.
(vii) Define A(V) := V/O(V). Then, A(V) is an associative algebra with respect to the % product.

Remark 42. Tt follows from Proposition 41 (i) and (vii) that A(V) = V°/(O(V) n V°).

Definition 43. For v € V being homogeneous, define the zero mode o(v) of v as 0(v) = vpg|-1. We extend this definition to all of V by
linearity.

Remark 44. 1f v € V" for some nonzero r, then [v| — 1 > Re(|v|) - 1, and o(v) = annihilates any element of Q(V). In addition, if

—
[v|-1
v € V°, then |T] = |v|, and this definition of o(v) reduces to the original zero mode definition given by Zhu in Ref. 26.

We conclude this section stating the expected correspondence between simple A( V') modules and simple “admissible” V-modules in the
C-graded setting. We note that Cp,>o-graded modules are the appropriate “admissible” representations in this context.

Proposition 45 (Ref. 5). Let V be an Q-generated Creso-graded vertex algebra.

(i) Let W= W(0)®)ecre(r)>0 W(A) be a simple Creso-graded V-module with Q(W) = W(0), as shown in Proposition 29. Then, Q(W) is
a simple A(V)-module.
(ii) There is a one-to-one correspondence between the categories of simple A(V')-modules and simple Creso-graded V-modules.

V. RATIONALITY FOR CERTAIN Cpge>0-GRADED VERTEX OPERATOR ALGEBRAS AND APPLICATIONS

In this section, we prove our main result on the rationality of finitely Q-generated Cge>o-graded vertex operator algebras that are not
Z-graded and whose simple Cgeso-graded modules are all ordinary. We then apply this result to the Weyl vertex algebras with the central
charges ¢, (or equivalently the conformal element w,) that give (,M, w,) the structure of a Cge>o-graded vertex operator algebra.

The following theorem is analogous to Theorem 3.3 in Ref. 31 where a g-rationality for g-twisted modules of a vertex operator algebra
V and for an automorphism g was studied. Here, we use the idea of their proof applied to the setting of Q2-generated Cge>o-graded vertex
operator algebras.

Theorem 46. Let V be an Q-generated Creso-graded vertex operator algebra satisfying the following conditions:

1.  Every simple Crso-graded V-module is an ordinary module.
. A(V) is a finite-dimensional semisimple associative algebra.
3. w+ O(V) acts via its zero mode L(0) on all irreducible A(V)-modules as the same constant eigenvalue \—that is, there is a fixed A € C
such that for any A(V)-module U, U consists of generalized eigenvectors for o(w) = L(0) with eigenvalue A.

Then, V is rational, i.e., every Creso-graded V-module is completely reducible.

Proof. Let W be a Cpes-graded V-module. We will show that W is a completely reducible Cgeso-module by considering the following
cases:

Case 1: Q(W) is a simple A(V)-module, and W is generated by Q(W). If W is a V-submodule of W, then Q(W) is an A(V')-submodule of
Q(W), and therefore, by the assumption that Q(W) is simple, Q(W) must be the trivial A(V)-module or Q(W). Since W (and thus
W) is generated by Q( W), this implies that W = 0 or W is generated by Q(W) and is, thus, W, assuming W # 0. Therefore, W is a
simple Cgreso-graded V-module.

Case 2: Q(W) is not a simple A(V)-module, and W is generated by Q(W). Since Q(W) is not simple and A(V) is finite-dimensional
semisimple, Q(W) is the direct sum of simple A(V)-modules, say, Q(W) = @ iefQ(W)', where Q( W) is simple for i € I, for I some
indexing set. Thus, if W is generated by Q(W), we set W := (Q(W)') and we obtain W = @ ;; W', where each W' is generated
by the simple A(V)-module Q(W)" and is, thus, simple by the case 1 argument. Therefore, when W is generated by its lowest weight
vectors, in this case, Q( W), we have that W is a completely reducible Cgeso-graded V-module.

Case 3: W is not generated by Q(W). We will show that W is completely reducible by further analyzing two subcases. First, we let W be

the submodule of W generated by Q(W). Then, W is completely reducible by case 2, i.e., W = @;; W' for W' irreducible. Thus,
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W(0) = @i W'(0) = @, Q(W') = Q(W) by Proposition 29. Then, we have W = W(0)® e re(u)>0 W (1), with W(0) being a gener-
alized eigenspace for L(0) = w;” with eigenvalue A, so that Specyy(9yL(0) = A. Moreover, we have that W(0) = Q(W) generates W, and

for m € Z and v € V, we have that L(0) acts on v,, W(0) via the L(0)-eigenvalue wt v — m — 1 + wt w for w € W(0). Thus, W is graded
by L(0)-generalized eigenspaces with eigenvalues of the form (SpecyL(0) + A + N) n{u+ 1 € C| p € SpecyL(0)} = SpecyL(0) + A, i.e.,

W=Ww, @ Wisu =Wy @ Wisw
ueC, Re(pu)>0 ueSpecy L(0)
0

with W) = W(0) [where we have used the fact that v,, W(0) = 0 for m > 0 since W(0) = Q(W)]. Next, we consider the module W/W.
Since we are assuming that W is not generated by Q( W), we have that W/W # 0. This implies Q(W/W) # 0. We analyze the following
two subcases to show that under the assumptions of case 3, W must be completely reducible:

Case 31: Suppose that W/W is completely reducible. Then, as above, (W/W)(0) = Q(W/W) and every w + W € W/W is contained in
some L(0)-generalized eigenspace, i.e., w + W € (W/W),,, for some y € SpecyL(0). However, then W itself is [SpecyL(0) + A]-
graded by L(0)-generalized eigenspaces. In addition, W) is an A(V)-module and, thus, completely reducible. Thus, the submodule
of W generated by W) is completely reducible. Denote this by W’. However, then, if W # W, there exist elements in Q(W/W’)
that are not in W) and, thus, are in a generalized eigenspace for L(0) of the form A+ y for y # 0, which contradicts the fact
that Q(W/W') is an A(V)-module and, thus, in the A generalized eigenspace for L(0). Therefore, W = W' and W is completely
reducible.

Case 3II: Suppose that W/W is not completely reducible. Then, replace W/W with the submodule of W/W generated by Q(W/W),
which is U/ W for some submodule U of W. Then, by the argument above, since U/ W is completely reducible, every u + W € U/W
is contained in some L(0)-generalized eigenspace, i.e., u + W € (U/W)),, for some y € SpecyL(0) \ 0. However, then, U itself is
[SpecvL(0) + A]-graded by L(0)-generalized eigenspaces. In addition, Uy isan A(V)-module and, thus, completely reducible. Thus,
the submodule of W generated by U, is completely reducible. Denote this by U’. However, then, if U # U’, there exist elements in
Q(U/U’) that are not in U, and, thus, are in a generalized eigenspace for L(0) of the form A + y for u # 0, which contradicts the
fact that Q(U/U’) is an A(V)-module and, thus, in the A generalized eigenspace for L(0). Therefore, U = U’ and is completely
reducible.

Finally, we will show below that W the submodule of W generated by Q(W) is a maximal completely reducible submodule of W.
This would then imply that W c¢ U ¢ W, implying that Q( W /W) generates the trivial module W/W, and thus, it must be the trivial
A(V)-module, which implies W = W, and so W is completely reducible.

Therefore, we only have left to show that W is a maximal completely reducible submodule of W. Indeed, if U is also a maximal completely
reducible submodule, then both W and U are generated by Q(W) and, thus, equal.

This completes the proof. O

Remark 47. Note that in the proof above, one of the key facts used repeatedly is that for the class of C-graded vertex algebras that
we are working with, namely, Q-generated Cg.>o-graded vertex operator algebras, we have that Q(W) = W(0) for all simple Cgeo-graded
V-modules W, i.e., Proposition 29 (ii) holds.

A. Filtration of Zhu algebras

In Ref. 26, Zhu introduced two associative algebras related to a vertex operator algebra V, the Zhu algebra A(V') and the C, algebra
V/C, (V). Moreover, to prove that V/C, (V) is a Poisson algebra, Zhu built a filtration further studied and generalized by Li in Ref. 27. In this
section, we use analogous constructions to describe A(V) in the Cgeso-grading setting.

Let V be an Q-generated Cpe>o-graded vertex algebra with grading V' = @,cc V. We continue with the notation from Sec. I'V and, in
particular, of |u] for the ceiling of the real part of y if u € V, and V" for the set of all elements u € V with r = |u| — |u|. In addition, recall that
V = @®,ec V', and for r = 0, we have V' € O(V). Observe that

A(V) = V/O(V) = V* + O(V)[O(V) = B V2 + O(V) [O(V) (22)
by Remarks 39 and 42.

Now, we further assume that the integer grading for V° is bounded below. For the purposes of the exposition, we write V° = @,,ey Va
although the results will follow with little modification if VO = @D,2nVa for some N € Z. Consider the filtration {F;A(V) }1en where

FA(V) = EtBVJ +0(V)/O(V) c A(V).
j=0
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From the definition of #, i.e., Eq. (21), and by taking the residue, we have that forue V',v e V,
urv = 89 ResZLZ)MY(u,z)v = 6,,02( |u| )ui_w. (23)
z >0\ !
In addition, note that for homogeneous elements u, v € V, we have |u;_1v| = |u| + [v| — i. Hence, we can conclude that
FA(V) * FA(V) € FA(V)  fors,teN. (24)
Letting F-1A(V') = 0, we define an N-grading on A(V') by
grA(V) = FA(V)[F1A(V) forteN

so that -
grA(V) = PgrA(V).
=0

Observe that by Eq. (24), the multiplication of A(V') induces an associative multiplication on the graded vector space grA(V). In
addition, we have the following lemma.

Lemma 48. Let V be an Q-generated Creso-graded vertex algebra such that V° = @52 V. Then, grA(V) is a commutative associative
algebra.

Proof. Let ue V', v e V°. By the fact that V"' c O(V) if r # 0, i.e., Proposition 41(i) if either r#0 or s#0, then u*v=0=v * u
since either u or v is in O(V). Therefore, assume that u,v € V° are homogeneous elements, and u € F,A(V), v e F,A(V). Since by
Proposition 41(v),

u*v-—v*u=Res(1+ z)lul_lY(u,z)v mod O(V)

= ResZZ( |u|z— ! )ziY(u,z)U mod O(V)

i>0

= ReszZ( Jul - ! )uw mod O(V)
i

i>0

and |uv| = |u| + |v] — i -1, we can conclude that modulo O(V), u* v —v % u € Fo—1A(V), ie., is zero in grisA(V). Hence, gr(V) is
commutative. O

Remark 49. grA(V) is isomorphic to A(V) as a vector space.

Next, we study an upper bound for dim A(V) when V is an Q-generated Cg.»o-graded vertex algebra. For simplicity, we write [u] for
u+ O(V). Consider the linear epimorphism

f:V—grA(V)
u — [u]+F,A(V) forue Vy. (25)

Note that if u € V" and r > 0, then f(u) = [0] + Fx_;A(V). Consequently, u € Ker(f).
Now, let u, v be homogeneous elements in V.
Casel:ue VO _
I Tl
Since uo v = Resz%Y(u,z)v = Zizo( lul )u,-_zv € O(V) and

1
[tj—2v| = |u| + |v| —j+ 1 < |u| + |v| whenj > 1,

we have
f(u2v) = [u20] + Flyy o] A(V) = [0] + Flyiu) ACV).

Moreover, u_v € Ker(f).
Case 2: u € V" such that r > 0.

Since uow = Resz(l%)‘MHY(u, Z)v = ijo(mj’l )u,-_lv € O(V) and
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[uj—1v| = [u] + |v| —j < |u| + |v| forallj>1,

these imply that
f(ua1v) = [u10] + Fups o1 AV) = [0] + Flyji o1 A(V).

In addition, u_,v € Ker(f).

In conclusion, we have the following theorem.

Theorem 50. Let V be an Q-generated Creso-graded vertex algebra with integer graded part V° as in Eq. (20) satisfying V° = @524 Vy.
Let f : V — grA(V) be defined by (25). Set

C(V) = Spanc{a,u_sv,b_1w | a,be V'withr 0, ue V’, and v,w e V}.

Then, C(V) < Ker(f). In addition, f induces a linear epimorphism f from V/C(V) to grA(V), and therefore, dim A(V) < dim V/C(V).

Recall that an Q-generated Cgeso-graded vertex algebra V is endowed with the endomorphism D as defined in Remark 5. Using the fact
that (Du), = —nuu—1 for u € V, n € Z, we have the following corollary:

Corollary 51. Let V be a Creso-graded vertex algebra such that VO = D20 V. Then, we have the following:

1. ForueV® veV, wehaveu_,veC(V) forallnz2.
2. ForbeV withr+0andw €V, then b_,,w € C(V) forallm > 1.

Remark 52. It is necessary to assume that V? = @,z Va is bounded below. Otherwise, the theorem above is false. For instance, when
L is a nondegenerate non-positive definite even lattice of an arbitrary rank, it was shown in Ref. 32 that A(V;") # 0 and in Ref. 33 that
dim(V;/C(V{)) = 0. In that context, C(V}) = C2(V}), the C, space originally defined by Zhu for Z-graded vertex algebras. However, as
noted earlier, it is enough to just assume that the grading for V° is bounded from below, not necessarily by zero.

B. Main results on rationality for certain Cge.o-graded vertex operator algebras

In this section, we use the construction of the Zhu algebra A(V') presented above to prove that under some mild conditions, an
Q-generated Cpe>o-graded vertex algebra admits only one Cgeso-graded simple module.

Theorem 53. Let V be a finitely Q-generated Creso-graded vertex algebra generated as in Remark 11 by u', ..., u". Let V° be the integer
graded part of V as in Eq. (20). Assume that we have the following:

1. Forje{l,...,k}, [i/| is not an integer. Namely, the strong generators satisfy ' € V\ V° for 1 <j<k.
2. V=2,V

Then, dimA(V) =1and A(V) = C.

Proof. By Corollary 51, using that ¢/ € V" for r # 0, we can conclude that uj_l,,l e Lt’lntl € C(V) forall o/ € {u',...,u*}, n; > 0. Hence,
V/C(V) = C1 + C(V). Moreover, in light of Theorem 50, this implies that dim A(V) = 1 and A(V) 2 C as desired. ]

Theorem 54. Let V be a finitely Q-generated Creo-graded vertex operator algebra that is finitely generated by u', ..., u* as in Remark 11
and, in addition, satisfies the following:

1. Foreachje {1,...,k}, || is not an integer.
2. V0=,V
3. Every simple Cpeso-graded V-module is ordinary.

Then, V is rational and has only one simple Cr.>o-graded V-module.
Proof. Since V is an Q-generated Cre»o-graded vertex operator algebra, using Theorem 53, we have that dim A(V) = 1. By Proposition 45

(ii), we can conclude that V has only one simple Cgeso-graded V-module. Finally, by Theorem 46 and condition (3), we can conclude that V
is rational. ]
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C. On rationality of Cge.o-graded Weyl vertex operator algebras

In this section, we apply Theorems 46 and 53 to Weyl vertex algebras , M with certain conformal structures as classified in Theorem 35 to
prove the rationality of ,M for those values of y that give , M the structure of an Q-generated Creo-graded vertex operator algebra, including,
for instance, when 0 < Re(y) < 1 and Im(u) = 0, which corresponds to the case of the central charge ¢ real and in the range -1 < ¢ < 2.

Theorem 55. Let y € C such that one of the following holds:

(i) 0<Re(u)<1/2and|Im(u)| < Re(y)
or
(i) 0<Re(l-p)<1/2and|Im(u)| <Re(1-u).

Then, ( \M, w,) is a rational Q-generated Cre>o-graded vertex operator algebra and has only one simple Creso-graded module, which is, in
fact, a simple ordinary ,M-module, namely, ,M itself.

Proof. Theorem 35 implies that ,M is an Q-generated Creso-graded vertex operator algebra. Theorem 53 and the fact that
l[a(-1)1| =1 - g and |a* (0)1| = u imply that A(,M) = C, and thus, ,M has only one irreducible Cge>o-graded module. Since ,M is a Creso-
graded irreducible module over itself, we conclude that the only simple Cgeso-module is oM. We observe that, in fact, wM is an ordinary
M -module as well. Thus, by Theorem 46, we have that WM is rational. ]

Corollary 56. Forie{1,...,n}, if ui € C and one of the following holds for each p,

(i) 0<Re(ui) <1/2and |Im(p:)| < Re(pi)
or
(i) 0 <Re(l-pi)<1/2and |Im(ui)| < Re(1 — pi).

Then, (y,M,wy,) ® -+ ® (M, w,,) is rational.

Proof. This follows immediately from Theorem 55. O

For more general values of 4, namely, in the range 0 < Re(p) < 1, but not necessarily in the subregion defined by (i) and (ii) in Theorem 55
and Corollary 56, we do not necessarily obtain a Cge-o graded vertex operator algebra structure on ,M, but we still have that ,M is a finitely
Q-generated Cre»o-graded vertex algebra (see Theorem 35 Case II). We conclude this section by showing that these families of Weyl vertex
algebras admit only one irreducible Cgeso-graded simple module.

Theorem 57. Let yu e C\{0,1} be such that 0 < Re(u) < 1. Then, the Weyl vertex algebra ,M admits a unique, up to isomorphism,
irreducible Cpeso-graded module, which is M itself.

Proof. By Theorem 35 (II), for 4 € C such that 0 < Re(y) < 1, the Weyl vertex algebra ,M is a finitely Q-generated Creso-graded vertex
algebra. Moreover, because y # 0, 1, we have from Eqgs. (17) and (18) that the strong generators of ,M have non-integer degree so that con-
dition (1) of Theorem 53 is satisfied. In addition, since Q(,M) = C1, it is clear that condition (2) of the Theorem also holds. Therefore, we
obtain that A(,M) = C. Finally, Proposition 45 (2) implies that ,M admits only one irreducible Cgeso-graded module, which must be ,M
itself. o

Remark 58.

1. We note that in light of Theorem 57, we obtain a family of conformal vertex algebras in which the Zhu algebra is one dimensional.
In particular, the class of the conformal vector [w] € A(V) must be a multiple of the class of the vacuum vector [1] as in the classical
setting of vertex operator algebras constructed from self-dual lattices.**

2. The Weyl vertex algebras admit many non-isomorphic irreducible weak modules such as the relaxed highest weight modules studied
in Ref. 21. We note, however, that those modules are independent of the conformal structure on the Weyl vertex algebra and are not
Cres>0-modules because they have infinite-dimensional graded components. In particular, they are not “admissible” modules, namely,
modules induced from the level zero Zhu algebra and, thus, possessing a Cgeso-grading. Other such examples of (non-admissible)
non-isomorphic weak modules are the (generalized) Whittaker modules, for which the reducibility was studied in Refs. 24 and 25.

VI. SUMMARY OF APPLICATIONS AND FUTURE WORK

In this work, we classified the C-graded conformal structures associated with the Weyl vertex algebra. Moreover, we showed that a
large family of these vertex algebras admits a unique irreducible “admissible” module in the appropriate sense. We also described in detail
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which families of Weyl vertex algebras admit the C-graded notion of a vertex operator algebra and proved that non-integer C-graded Weyl
vertex operator algebras are rational. In the literature, the Weyl vertex algebra at central charge 2 has been studied in detail (see, for instance,
Refs. 21-23 and 29). This vertex algebra, oM in our notation, is not a vertex operator algebra because its graded components fail to be finite
dimensional. Linshaw showed in Ref. 29 that the (level zero) Zhu algebra A(,M) is isomorphic to the rank one Weyl algebra A;. Higher
level Zhu algebras introduced by Dong, Li, and Mason in Ref. 35, can be used to study indecomposable nonirreducible modules. Using the
theory and methods developed by Barron, along with Vander Werf and Yang in Refs. 36 and 37, and by Addabbo and Barron in Refs. 38 and
39, preliminary calculations by Addabbo together with the authors of the current paper indicate that the level one Zhu algebra for this Weyl
vertex algebra satisfies

A1(oM) 2 A & (A1 ® Mat,(C)),

with A, being the rank one Weyl algebra. In particular, the injective image of the level zero Zhu algebra .A; inside the level one Zhu algebra
has a direct sum complement, namely, A; ® Mat,(C), and this complement is Morita equivalent to the level zero Zhu algebra A;. Therefore,
there are no new N-gradable (M -modules detected by the level one Zhu algebra for (M that were not already detected by the level zero Zhu
algebra. Thus, this agrees with the work of Ref. 23 on category F as discussed in the Introduction. Although this shows that the structure of
the level one Zhu algebra gives no new information for the admissible ,M-modules, we expect that the study of higher level Zhu algebras for
oM and in the more general C-graded setting will shed light on the difficult open problem of describing the Zhu algebra for an orbifold vertex
algebra in which twisted modules are expected to be detected.
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APPENDIX: PROOF OF LEMMA 14

We will prove that if V is an Q-generated Cre>o-graded vertex algebra, then it satisfies the following:
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Forr > 1, ...,v" homogeneous elements in V, n1, . . ., n, integers, and u° being a vector in Q(V') such that
rr-1 1.0
Up,Vp, " Up b 0,
either

S (W] -m-1)=0 o Re(zr:(h/ . 1)) >0,
j=1

j=1

Proof. We prove the proposition by induction on . If r = 1 and v}, u” # 0, then because 1’ € Q(V'), we have that either n; = [v'| - 1 or
n < Re(|v'| - 1). Equivalently, either |[v'| — #1 — 1 = 0 or Re(Jv'| = 1 — 1) > 0, s0 the proposition holds for r = 1.
Next, assume that r > 2 and that

v oo u’ %0,
Using the inductive hypothesis on
-1 1.0
Un,_y " 'vnlu >
we know that either
r—1 X r-1 .
Y ([|-nj-1)=0 or Rel > ([v'[-nj-1)] >0
j=1 j=t

We consider the following two cases: 4

Case 1: If either [v'|-n,~1=0 or Re(|[v'|-n,~1)>0, we can conclude immediately that either Y ._;(|v/|-nj-1)=0 or
Re(Z]LI(W\ —nj—1)) > 0 and we are done with this case.

Case 2: If [v"| — n, — 1 # 0 and Re(|v"| - n, — 1) < 0, before presenting the proof of the lemma in this case, we recall the commutator formula
[cf. Eq. (3.1.9) in Ref. 28], which holds for 1, m € Z and any two elements v, v’ in a vertex algebra,

n
[Vns U] = Z( .)('Ui'Ul)m+n—i- (A1)
AR

Using (A1), we can rewrite

r r—=1_r=2 0

1
Un, Un,_ Un,_, =+ Un U

r—-1 r r=2 1 0 ny r r—1 r—2 1 0
= Uy UpUp o Uyt + Z( ; )(viv Yty =iV, U U (A2)
i>0

We further analyze the following two subcases:
Case 2.I: There exists i > 0 such that (v]v"™" ), +n,_,—iv} > - - -y, u° # 0. By the inductive hypothesis, we have that

r—=2 X
|v,-rvr_1\—nr—n,_1+i—1+Z(|v’|—nj—1) =0
=1

or

r—2 .
Re(|v{vr_1| —np—moy+i-1+ Y (V] -ni- 1)) > 0.

=

Using Remark 3 (2), we have that |[v]o"™!|=|v|+[v"!|-i-1, so we can conclude that either Z;:1(|vj| -nj-1)=0
or Re(Z}:1 (|¢/| -n; = 1)) > 0, and the lemma holds in case 2.1
Case 2.11: For alli > 0, (v,‘rv“l)nﬁn,q_iv;fz .. ~v,§lu0 = 0. Then, by (A2), we have that

r—=2
Ny

0

- 1 0 _  r-1_r 1
Un,Un,_,VUn,_, """ Uy U = Uy Uy cUp U

Using the commutator formula (A1) again on the right-hand side of the equation above, we get

G2:0€:61 S20C 18quiBNON 02

J. Math. Phys. 63, 091706 (2022); doi: 10.1063/5.0117895 63, 091706-23
Published under an exclusive license by AIP Publishing



Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

r—1 ror=2 1.0
Un,_y Un,Un,_, """ Un U

_ =1 r=2 7 =3 r r=2 1 0
= Un,_; | Un,,Un, Un,_, Un; u’ + Z i Y, !Un, 30 Uy U
i>0

If there exists i > 0 such that v (vr = 2),,&,1,72_,-1):,:_33 .. -v,ﬁl W #0 using the inductive hypothesis, we have that either

i(|1/'|-nj-1):o or Rezr:(h)j\—nj—l) > 0.
i1 1

Moreover, this reasoning applies as long as there exists 1 < j < r and i > 0 such that
r-1_r-2 ror—j .0
Uny Vnpy " (’Uiv ])"ﬁr"r—]*i R 0.

To finish the proof, we show that there must exist such j and i: Otherwise, the commutator formula applied r times implies that

r r—=1_r=2 10_ 72 eriO
U, Up Uy U U = U 1Un, 2" Un Un U -

In particular, v}, 4 # 0, which contradicts the fact that u” € Q(V) since by assumption [v"| - #, — 1 # 0 and Re(|v"| - n, — 1) < 0 in case 2.
Therefore, the lemma holds in case 2.1I1. ]
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