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Abstract

Under mass-action kinetics, complex-balanced systems emerge from biochemical
reaction networks and exhibit stable and predictable dynamics. For a reaction network
G, the associated dynamical system is called disquised toric if it can yield a complex-
balanced realization on a possibly different network G;. This concept extends the
robust properties of toric systems to those that are not inherently toric. In this work,
we study the disguised toric locus of a reaction network — i.e., the set of positive
rate constants that make the corresponding mass-action system disguised toric. Our
primary focus is to compute the exact dimension of this locus. We subsequently apply
our results to Thomas-type and circadian clock models.
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1 Introduction

Mathematical models of biochemical interaction networks can generally be described by
polynomial dynamical systems. These dynamical systems are ubiquitous in models of bio-
chemical reaction networks, infectious diseases, and population dynamics [!, 2]. However,
analyzing these systems is a challenging problem in general. Classical nonlinear dynamical
properties like multistability, oscillations, or chaotic dynamics are difficult to examine [3, 4].

Studying the dynamical properties of reaction networks is crucial for understanding
the behavior of chemical and biological systems. In this paper, we will focus on a class of
dynamical systems generated by reaction networks called complez-balanced systems (also
known as toric dynamical systems [5] owing to their connection with toric varieties [0]).
Complex-balanced systems are known to exhibit remarkably robust dynamics, which rules
out multistability, oscillations, and even chaotic dynamics [7]. More specifically, there exists
a strictly convex Lyapunov function, which implies that all positive steady states are locally
asymptotically stable [7, 4]. In addition, a unique positive steady state exists within each
affine invariant polyhedron. They are also related to the Global Attractor Conjecture [5]
which states that complex-balanced dynamical systems have a globally attracting steady
state within each stoichiometric compatibility class. Several special cases of this conjecture
have been proved [3, 9, 10, 11, 12], and a proof in full generality has been proposed in [13].

An important limitation of the classical theory of complex-balanced systems is that to
be applicable for a large set of parameter values (i.e., choices of reaction rate constants) the
reaction network under consideration must satisfy two special properties: weak reversibility
and low deficiency (see [1] for definitions). Our focus here will be on understanding how
one can take advantage of the notion of dynamical equivalence in order to greatly relax
both of these restrictions.

Dynamical equivalence relies on the fact that two different reaction networks can gen-
erate the same dynamics for well-chosen parameter values. This phenomenon has also
been called macro-equivalence [7] or confoundability [11]. Recently, this phenomenon has
found applications in the design of efficient algorithms for finding weakly reversible single
linkage class and weakly reversible deficiency one realizations [15, 16]. Moreover, it has
also been used to show the existence of infinitely many positive states for weakly reversible
and endotactic dynamical systems [17, 18]. More recently, it has been used to generate the
necessary and sufficient conditions for the existence of realizations using weakly reversible
dynamical systems [19)].

In this paper, we consider the notion of a disguised toric locus for a given reaction
network G. The disguised toric locus is the set of positive reaction rate vectors in G for
which the corresponding dynamical system can be realized as a complex-balanced system



by a network Gy. In other words, this locus consists of positive reaction rate vectors k
such that the mass-action system (G, k) is dynamically equivalent to a complex-balanced
system (G1, k1). Additionally, if the rate constants are allowed to take any real values, we
refer to the set of reaction rate vectors in GG that satisfy this property as the R-disquised
toric locus of G.

The concept of a disguised toric locus was first introduced in [20]. Since then, several
general properties of both the disguised toric locus and the R-disguised toric locus have
been established. For example, it was demonstrated in [21] that the disguised toric locus is
invariant under invertible affine transformations of the network. Furthermore, [22] showed
that both loci are path-connected, and [23] provided a lower bound on the dimension of
the R-disguised toric locus.

Consider for example the Thomas-type model (E-graph G) shown in Figure 1.
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Figure 1: (a) The E-graph G represents a Thomas-type model, with all edges labeled by the
reaction rate constants k. (b) The E-graph G; is weakly reversible, with all edges labeled
by the reaction rate constants ki. The mass-action system (G, k1) is complex-balanced.

Since G is not weakly reversible, the system (G, k) is not complex-balanced, so classi-
cal complex-balanced theory offers limited insight into the dynamics of (G, k). However,
by direct computation, (G, k) is dynamically equivalent to the complex-balanced system
(G1, k1), which enables us to deduce its dynamical properties. Thus, k can be viewed as a
“good” reaction rate vector for G. The disguised toric locus of G consists of such reaction
rate vectors k.

In this paper, we develop a general framework to compute the exact dimensions of both
the disguised toric locus and the R-disguised toric locus of a reaction network. Building on
[23], we construct a mapping on the R-disguised toric locus of G and show that this mapping
is a homeomorphism, allowing us to determine the dimensions of both the disguised toric



locus and the R-disguised toric locus. When applied to Figure 1, the disguised toric locus
of GG is shown to be full-dimensional, significantly larger than its toric locus, which is empty
(see details in Example 8.1).

Structure of the paper. In Section 2, we introduce the basic terminology of reaction
networks. Section 3 presents flux systems and analyzes their properties. In Section 4, we
recall the key concepts of the toric locus, the R-disguised toric locus, and the disguised
toric locus. Section 5 constructs a continuous bijective map 1\ connecting the R-disguised
toric locus to a specific flux system. In Section 6, we first establish key lemmas 6.5 - 6.8 and
then use them to prove that U is a homeomorphism in Theorem 6.10. Section 7 leverages
this homeomorphism to establish precise bounds on the dimension of the disguised toric
locus and the R-disguised toric locus, as shown in Theorem 7.3. In Section 8, we apply our
results to Thomas-type models and circadian clock models, showing both disguised toric
loci are full-dimensional. Finally, Section 9 summarizes our findings and outlines potential
directions for future research.

Notation. We let R, and RY, denote the set of vectors in R" with non-negative
entries and positive entries respectively. For vectors = (x1,...,2,)T € RY; and y =
(Y1,---,Y,)7 € R", we define:

Y1

. p— Yn
¥ =2 .. U

n
For any two vectors x,y € R", we define (x,y) = > x;y;. For E-graphs (see Definition
i=1
2.1), we always let G, G’ denote arbitrary E-graphs, and let G; denote a weakly reversible
E-graph.

2 Reaction networks

We start with the introduction of the concept of a reaction network as a directed graph in
Euclidean space called E-graph, and describe some of its properties.

Definition 2.1 ([13, 24, 25]). (a) A reaction network G = (V, E) is a directed graph,
also called a Euclidean embedded graph (or E-graph), such that V' C R" is a
finite set of vertices and the set £ C V x V represents a finite set of edges. We
assume that there are neither self-loops nor isolated vertices in G = (V, E).

(b) A directed edge (y,¥y’) € F connecting two vertices y,y’ € V is denoted by y — ¢’ €
FE and represents a reaction in the network. Here vy is called the source vertex, and
vy is called the target vertex. Further, the difference vector y’ — y € R" is called
the reaction vector.

Definition 2.2. Consider an E-graph G = (V, E). Then



(a) G is weakly reversible, if every reaction in G is part of an oriented cycle.

(b) G is a (directed) complete graph, if y — y’ € E for every two distinct vertices
/
y,y evV.

(¢) An E -graph G’ = (V', E’) is a subgraph of G (denoted by G' C G), if V' C V and
E’ C E. In addition, we let G’ C G denote that G’ is a weakly reversible subgraph
of G.

(d) We denote the complete graph on G by G., which is obtained by connecting every
pair of source vertices in V. One can check that G, is weakly reversible and G C G..
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Figure 2: (a) An E-graph with two reactions. The stoichiometric subspace corresponding to this
graph is R?. (b) A weakly reversible E-graph. (c) A directed complete E-graph with three vertices.
Note that the E-graph in (b) is a weakly reversible subgraph of the E-graph in (c).

Definition 2.3 ([20, 27, 28, 29, 4, 30]). Consider an E-graph G = (V, E). Let ky_,,s denote

the reaction rate constant corresponding to the reaction y — 4y’ € E. Further, we let

k = (ky—y )ysyecr € RE, denote the vector of reaction rate constants (reaction

rate vector). The associated mass-action system generated by (G, k) on RZ is given

by

e S ) (2.1)
y—y' er

We denote the stoichiometric subspace of G by Sg, which is
Sg =span{y —y:y =y € E}.

[31] shows that if V' C ZZ, the positive orthant RY, is forward-invariant under system
(2.1). Any solution to (2.1) with initial condition oy € RZ; and V' C Z%, is confined to
(o + Sg) NRZ,. Thus, the set (xg + Sg) N R, is called the invariant polyhedron of
Q.

Definition 2.4. Let (G, k) be a mass-action system.



(a) A point =* € RZ is called a positive steady state of the system if

> kysy (@)UY —y) =0 (2.2)
y—y' ek

(b) A point z* € RZ is called a complex-balanced steady state of the system if for
every vertex yy € V,

Z ky()_}y(m*)yo = Z ky’—)yo(m*)y.

Yyo—yer y'—yoeE

Further, if the mass-action system (G, k) admits a complex-balanced steady state,
then it is called a complex-balanced (dynamical) system or toric dynamical
system.

Remark 2.5. Complex-balanced systems are known to exhibit robust dynamical proper-
ties. As mentioned in the introduction, they are connected to the Global Attractor Conjec-
ture, which proposes that complex-balanced systems possess a globally attracting steady
state within each stoichiometric compatibility class. Several important special cases of
this conjecture and related open problems have been proven. In particular, it has been
shown that complex-balanced systems consisting of a single linkage class admit a globally

attracting steady state [3]. Additionally, two- and three-dimensional endotactic networks
are known to be permanent [11]. Strongly endotactic networks have also been proven to be
permanent [9]. Furthermore, complex-balanced systems that are permanent always admit

a globally attracting steady state [4].
Theorem 2.6 ([7]). Consider a complez-balanced system (G, k). Then
(a) The E-graph G = (V, E) is weakly reversible.

(b) Every positive steady state is a complex-balanced steady state. Given any xo € RZ,
there is exactly one steady state within the invariant polyhedron (x4 Sg) NRZ.

Theorem 2.7 ([32]). Consider a weakly reversible E-graph G = (V, E) with the stoichio-
metric subspace Sg. Suppose (G, k) is a complez-balanced system given by
dx
=@ = > ke —y). (2:3)
y—y' €E

For any steady state x* € RY, of the system (2.3), then

(ker (Jf|m:a,,*))L — Sa, (2.4)

where J¢ represents the Jacobian matriz of f(x).



Definition 2.8. Consider two mass-action systems (G, k) and (G’,k’). Then (G,k) and
(G', k') are said to be dynamically equivalent if for every vertex! y, € VU V’,

Z kyo—ry(y —Yo) = Z k;;0—>y’ (y/ — Yo)-

Yo—Yer Yyo—y L’

We let (G, k) ~ (G, k') denote that two mass-action systems (G, k) and (G', k') are dy-
namically equivalent.

Remark 2.9 ([7, 14, 33]). Following Definition 2.8, two mass-action systems (G, k) and
(G', k') are dynamically equivalent if and only if for all € RZ,,
P D DR VR (VR )] (2.5)
Y, —Y;EL y,’L.—>y;.eE’

and thus two dynamically equivalent systems share the same set of steady states.

Definition 2.10. Consider an E-graph G = (V, E). Let A = (Ay_y/)y—y'cE € RZl. The
set Do(G) is defined as

Do(G) := {A e RIFI ‘ Z Ayo—y(Y — yo) = 0 for every vertex y, € V'}.
Yo—yYekr

We can check that Dg(G) is a linear subspace of R.

Lemma 2.11 ([23]). Consider two mass-action systems (G, k) and (G,k’). Then k' —k €
Do(G) if and only if (G, k) ~ (G, k).

3 Flux systems

Due to the non-linearity of the dynamical systems, we now introduce linear systems arising
from the network structure: the flux systems, and the complex-balanced flux systems, and
study their properties.

Definition 3.1. Consider an E-graph G = (V, E). Then

a) Let Jy_,, > 0 denote the flux corresponding to the edge y — y’ € E. Further, we

Let Jy_yy > 0 denote the fl ding to the ed "€ E. Furth
let J = (Jy_yy)y—yer € RE) denote the flux vector corresponding to the E-graph
G. The associated flux system generated by (G, J) is given by

dx
Fri Z J, i —Yj (Y — yi)- (3.1)
Yi—y;eE

'Note that when y, € V or y, € V', the corresponding side is considered as an empty sum



(b) Consider two flux systems (G, J) and (G',J’). Then (G,J) and (G',J’) are said to
be flux equivalent if for every vertex® y, € V UV,

Z Jyo—>y(y —Yo) = Z 1/40—>y’(y/ — Yo)-

Yo—yelk Yo—y €L’

We let (G,J) ~ (G',J’) denote that two flux systems (G,J) and (G',J’) are flux
equivalent.

Definition 3.2. Let (G, J) be a flux system. A flux vector J € RE is called a steady

flux vector to G if
dx

qu = Z J, Y (yj —vi) =0.
yi—>yj€E

A steady flux vector J € REO is called a complex-balanced flux vector to G if for every
vertex yo € V,

E: Jyo—>y: E: Jy’—>yo’
Yo—yelk Y =yl

and then (G, J) is called a complex-balanced flux system. Further, let J(G) denote
the set of all complex-balanced flux vectors to G as follows:

J(G) :={J € RE, | J is a complex-balanced flux vector to G}.
Definition 3.3. Consider an E-graph G = (V, E). Let J = (Jy, sy, )y; sy, cE € RE. The
set Jo(G) is defined as

Jo(G) :={J € Do(G) Z Jysy, = Z Jy,—qy for every vertex y, € V}. (3.2)

y—yoElL Yyo—y €L

Note that Jo(G) C Do(G) is a linear subspace of R,
Lemma 3.4 ([23]). Let (G,J) and (G, J’) be two flux systems. Then
(a) (G,J) ~ (G,J") if and only if J' — J € Do(G).

(b) If (G, J) and (G,J’) are both complez-balanced flux systems, then (G,J) ~ (G,J’)
if and only if J' — J € Jo(G).

Proposition 3.5 ([34]). Consider two mass-action systems (G,k) and (G', k). Let x €
RZ,. Define the fluz vector J(x) = (Jy_y )y—ycr on G, such that for everyy — y' € E,

Jy—y = kyyx?.

2Note that when Yo &V or y, € V', the corresponding side is considered as an empty sum



Further, define the fluz vector J'(x) = (J] ., /)y—yer on G', such that for every y —

e Y=y

y kb,
J! =k . xY
y—y' T Cy—oy'

Then the following are equivalent:
(a) The mass-action systems (G, k) and (G', k') are dynamically equivalent.
(b) The flux systems (G,J(x)) and (G',J’) are flur equivalent for all x € RZ,.

(¢) The flux systems (G,J(x)) and (G',J'(x)) are fluz equivalent for some x € RZ

4 Toric locus, disguised toric locus and R-disguised toric lo-
cus

In this section, we introduce the key concepts in this paper: the Toric locus, the Disguised
toric locus, and the R-disguised toric locus.

Definition 4.1 ([23]). Let G = (V, E) be an E-graph. Consider a dynamical system

dx
T (x). (4.1)

It is said to be R-realizable (or has a R-realization) on G, if there exists some k € R”
such that

f(z) = Z ky,—y, Y1 (Y; — ;). (4.2)

Y, —y;€EL

Further, if k € RE in (4.2), the system (4.1) is said to be realizable (or has a realization)
on G.

Definition 4.2. Consider an E-graph G = (V, E).

(a) Define the toric locus of G as

K(G) := {k € RE, | the mass-action system generated by (G, k) is toric}.

(b) Consider a dynamical system
dz
FT f (). (4.3)

It is said to be disguised toric on G if it is realizable on G for some k € K(G).
Further, we say the system (4.3) has a complex-balanced realization on G.

Definition 4.3. Consider two E-graphs G = (V, E) and G’ = (V', E').



(a) Define the set Kr(G',G) as
Kr(G',G) := {k' € K(G") | the mass-action system (G', k') is R-realizable on G}.

(b) Define the set Kr.gisg(G, G’) as
Kg_disg(G, G') := {k € RF | the dynamical system (G, k) is disguised toric on G'}.
Note that k may have negative or zero components.

(c) Define the R-disguised toric locus of G as
Kpaisg(G) = | ) Kroaisg(G, G).
G'CG.

Note that in the above definition of R-disguised toric locus of G, we take a union
over only those E-graphs which are weakly reversible subgraphs of G.. This follows
from a result in [34] which asserts that if a dynamical system generated by G has
a complex-balanced realization using some graph Gy, then it also has a complex-
balanced realization using G' C G..

(d) Define the set Kgisg(G,G") as
Kaisg(G, G') := Kg-aisg (G, G') "R,
Further, define the disguised toric locus of G as
Kaisg(G) = | ) Kaisg(G, G).
G'CGe

Similar to the R-disguised toric locus, it is sufficient for us to include those E-graphs
which are weakly reversible subgraphs of G, [341].

Lemma 4.4 ([23]). Let G = (V,E) be an E-graph.

(a) Suppose that G1 = (Vi, E1) is a weakly reversible E-graph, then Kr.qisq(G,G1) and
Kaisg(G, G1) are semialgebraic sets.

(b) Both Kg_gisg(G) and Kg4isq(G) are semialgebraic sets.

Proof. For part (a), following Lemma 3.6 in [23], we obtain that Kg_qisg(G,G1) is a semi-
algebraic set. The positive orthant is also a semialgebraic set since it can be defined by
polynomial inequalities on all components. Since finite intersections of semialgebraic sets
are semialgebraic sets, together with Definition 4.3, we conclude that Kgise(G,G1) is a
semialgebraic set.

For part (b), since finite unions of semialgebraic sets are semialgebraic sets [35], together
with Definition 4.3 and part (a), we conclude that KCr_qisg (G) and Kgise (G) are semialgebraic
sets. O

10



Remark 4.5 ([30]). From Lemma 4.4 and [36], on a dense open subset of any semial-
gebraic set Kp.gisg(G,G1) or Kaisg(G,G1), it is locally a submanifold. The dimension
of Kr-disg(G,G1) or Kaisg(G,G1) can be defined to be the largest dimension at points at
which it is a submanifold.

Remark 4.6. Let G; = (V4, E1) be a weakly reversible E-graph and let G = (V, E) be
an E-graph. From Definition 4.3, it follows that Kr.gisg(G,G1) is empty if and only if
Kr(G1,G) is empty.

Analogous to the R-disguised toric locus, we also introduce the R-realizable complex-
balanced flux system, which plays a crucial role in the rest of the paper.

Definition 4.7. Consider a flux system (G’,J’). It is said to be R-realizable on G if
there exists some J € R”, such that for every vertex?® y, € VUV,

Z Jyo—W(y - yO) = Z 1/40—>y’(y/ - yO)'

Yo—y€eL Yoy €EE’
Further, define the set Jr(G’, Q) as
Te(G',G) :={J" € J(G') | the flux system (G',J’) is R-realizable on G}.
Proposition 3.5 implies that Kg_qisg (G, G') is empty if and only if Jr(G’, G) is empty.

Lemma 4.8 ([23, Lemma 2.33]). Consider a weakly reversible E-graph G1 = (Vi, Ey) and
let G = (V,E) be an E-graph. Then we have the following:

(a) There exists a vectors {vy,va,...,v;} C RIEU, such that

Jz(G1,G) = {a1v1 + - apvg | a; € Rog,v; € R}, (4.4)
(b) dim(Jr(G1, G)) = dim(span{v1, va,...,vi}).
(¢) If Tr(G1,G) # 0, then

Jo(G1) C span{vy,ve,..., v}

5 The map ¥

The goal of this section is to study the properties of a map 1\ (see Definition 5.3) that
relates the sets Kp_qgisg(G, G1) and Jr(G1, G) (see Equation (5.1)). In particular, we show
the map W is bijective and continuous.

3Note that when y, € V or y, € V', the corresponding side is considered as an empty sum
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Notation. We introduce the following notation that will be used for the entire section.
Let G = (V, E) be an E-graph. Let b denote the dimension of the linear subspace Do(G),
and denote an orthonormal basis of Do(G) by

{B1,Bs,...,By}.

Further, we consider G; = (V1, F1) to be a weakly reversible E-graph. Let a denote the
dimension of the linear subspace Jp(G1), and denote an orthonormal basis of Jo(G1) by

{A1,Aq,..., A}

U
Recall the set Jr(G1,G). Now we define the set Jr(G1,G) C RIE ag
Tr(G1,G) = {J + ZwiA,- | J € Tr(G1,G), and w; € R for 1 <i < a}. (5.1)

i=1
Further, we define the set 7(G1) C RIP1l as

J(G1) ={J e RF | Z Jysy, = Z Jy,—sy for every vertex y, € Vi}.  (5.2)
Y=yl Yooy €l

Remark 5.1. Following (5.1), it is clear that Jr(G1,G) C Jr(G1,G). Further, from
{A;}?, € Jo(G) and Lemma 3.4, we conclude that

Je(G1,G) nRE = 7 (Gy, @),

Similarly, we have J(G1) N RLE(}‘ = J(Gy).

Remark 5.2. Note that J(G;) is a linear subspace of RIZ1l while the sets Jr(G1,G),
Jr(G1,G) and J(G1) are not linear subspaces.

Definition 5.3. Given a weakly reversible E-graph G1 = (V1, E1) with its stoichiometric
subspace Sg,. Consider an E-graph G = (V, E) and xp € R, define the map

U@ Jr(G1,G) x [(zo +Sa,) NRY] x R® — Kp_disg(G, G1) x R?, (5.3)
such that for (J,z,p) € Jr(G1,G) x [(x0 + Sa,) N RZ,] x R?,

\il(‘]7 w,p) = (k:, Q)a

where .
- . o J '
(G, k) ~ (G1,k1) with kg = ny : (5.4)
and
b= (<kal>7<k7B2>7---7<k7Bb>)7 q= (<j7A1>7<j7A2>7--'7<j7Aa>)' (55)

12



Recall Remark 4.6, Kg.gisg(G,G1) is empty if and only if Jr(G1,G) is empty. If
TIr(G1,G) = Kr-disg(G, G1) = 0, then the map U is trivial. However, we are interested in
the case when Kr.gisg(G, G1) # 0, therefore we assume both Jr(G1,G) and Kg_gisg(G, G1)
are non-empty sets in the rest of the paper.

Lemma 5.4. The map U in Definition 5.3 is well-defined.

Proof. Consider any point (J ,z*,p*) € Jr(G1,G) x (o + Sg,) N RZ,] x R’ From
Equation(5.1), there exist a J* = (J; . )y—yer € Jr(G1,G) and w; € R for 1 <i < a,
such that

J =0+ iw;Ai.
i=1

Since {A;}?_, is an orthonormal basis of the subspace Jp(G1), we obtain

(G1,T7) ~ (G1,J%). (5.6)

*

Ly
From J* € Jr(G1,G) C J(G1), set k1 = (k1 yoy )y—y'ch With ki y sy = ﬁ Then

k€ IC]R(Gl, G) C K(Gl) (5.7)

Moreover, x* is the complex-balanced steady state of (G, k1). Set ky = (I%I,y—m’)y—)y’elh

*

> J / . oy
with Ky y_sy = ﬁ From Equation(5.6) and Proposition 3.5, we have

(G1, k1) ~ (G1, k). (5.8)

From Equation(5.7), there exists a k € Kp.qisg(G,G1) C RIZl such that (G, k) ~
(G1,k1). Now suppose p* = (p],p5,...,p;) € R?, we construct the vector k* € RIZI as

b
k*=k+> (pf — (k,Bi))Bi.
=1

Since {B;}_, is an orthonormal basis of the subspace Dgo(G), then for 1 < j < b,

b
(k*,Bj) = (k+ Y (0} - (k, B:))Bi, B;) = (k, Bj) + (0} — (k, Bj)) =pj. (5.9

i=1

b
Using Lemma 2.11, together with ) (pf — kB;)B; € Do(G) and (5.8), we obtain
i=1

(G, k") ~ (G, k) ~ (G, k). (5.10)

13



Therefore, k* satisfies Equations(5.4) and (5.5).

Let us assume that there exists k™ € Kp-qisg(G, G1) satisfying Equations(5.4) and (5.5),
ie.,

(G, k™) ~ (G1, k1) and p* = ((k™*,B1), (K™, Ba), ..., (k**, By)).
This implies that (G, k™) ~ (G, k*). From Lemma 2.11, we obtain
k™ — k* € Do(G).
Using (5.9), we get
(k*, Bj) = (K™, Bj) = p; forany 1<j<b.
Recall that {B;}’_, is an orthonormal basis of Dg(G). Therefore, we get
k™ = k"

This implies that k* € Kr_qisg(G, G1) is well-defined. Moreover, from (5.5) we obtain

g =T, AN (T A, ... (T, A,)) is well-defined.

This implies that we get .
\Il(‘] ,:B*,p*) = (k:*,q*),
and thus the map U is well-defined. O

The following is a direct consequence of Lemma 5.4.

Corollary 5.5. Consider the map ¥ in Definition 5.3. Suppose that \i/(j,w,p) = (k,q),
then x is a steady state of the system (G, k).

Proof. Tt is clear that J € Jg(G1,G) and z € (x + Sg,) NR%,. From Equation(5.1),
there exist some J* = (Jy_, /)y—yer € Jr(G1,G), such that
J — J* € span{A;}¢_,.

Jr .
(;I’)’; , we derive

Using (5.7) and setting ki = (k1 y—y )y—y/cr, With ki gy =
kl S ’CR(Gl,G),

and x* is the complex-balanced steady state of (G1, k1). Finally, using Equations(5.8) and
(5.10), together with Remark 2.9, we obtain (G, k) ~ (G1,k1) and conclude that x is a
steady state of the system (G, k). O

Lemma 5.6. The map T in Definition 5.3 is bijective.
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Proof. First, we show the map U is injective. Suppose two elements (j *,az*,p*) and
7~ kk

(J7 @, p™) of Je(G1,G) x [(@o + Sa,) NRZ] x RY satisfy
\i’(j*,a:*,p*) = \i’(j**,ﬂ’f**,l?**) = (k,q) € Kr-aisg(G,G1) x R™.

From (5.1), there exist J* = (J3_,. )ysyer, € Jr(G1,G) and J*™ = (J3*, )y yer, €
Jr(G1, @), such that

J —J" espan{A;}%, and J = — J** € span{A;}L,. (5.11)

Then we set k* = (ky ./ )y—yer and k™ = (k;*, /)yyer, With

J* J**
* r = Y2y and kf** ;= Y=y .
Y=y (w*)y Yy—y (w*)y

Using Propositions3.5 and (5.4), we get
k' k™ € Kr(G1,G) and (G,k) ~ (G1,k") ~ (G1,k™).
Moreover, two complex-balanced system (G1, k™) and (G1, k™) admit steady states
x" € (xo+Sg,) NRYy and =™ € (xg + Si,) NRY,, respectively.

Since every complex-balanced system has a unique steady state within each invariant poly-
hedron and (Gy, k™) ~ (G1, k™), then

A A
Now applying Proposition 3.5 and Lemma 3.4, we get
(G1,J*) ~ (G1,J*) and J* —J* € Jo(Gy). (5.12)
Since Jo(G1) = span{A;}{ ;, using (5.11) and (5.12), we have
J7" —J espan{A;}%,. (5.13)

On the other hand, Equation(5.5) shows that

A kk

ga=((J A (T, Ag),... (T A)) = (T, AN (T, Ag),... (T, Ad)).

Since {A;}{ , is an orthonormal basis of the subspace Jo(G), together with (5.13),
then

J=J".



Furthermore, from (5.5) we obtain
pr=p" = (<k7 B1>7 <k7 B2>7 ) <k7 Bb>)

Therefore, we show (J*, x*, p*) = (J**, 2™, p**) and conclude the injectivity.

We now show that the map U is surjective. Assume any point (k, q) € Kr_qisg(G, G1) X
R®. Since k € Kr-gisg(G, G1), there exists some k; € K(G1,G), such that

(G k) ~ (Gy,k1) with kg = (kl,y—m’)y—)y’EEr (5.14)

From Theorem 2.6, the complex-balanced system (G7, k1) has a unique steady state x €
(o +Sa,) NRZ,. We set the flux vector J; as

J1 = (Jl,y—>y’)y—>y’€E1 with Jy gy = kl,y—w’wy’

It is clear that J; € Jr(G1,G) and the flux system (Gi,J1) gives rise to the complex-
balanced system (G, k) with a steady state € (zo + Sg,) N RZ;,. Now suppose g =
(1,92, --,94), we construct a new flux vector J as follows:

J=J1+) (g — (J1, Ai)Ai.
=1

Using the fact that {A;}?_; is an orthonormal basis of the subspace Jo(G1), we can compute

(J,A;) = forany 1<i<a.

From Lemma 3.4 and Y (q; — (J14;))A; € Jo(G1), we obtain
i=1

(G, J) ~ (G, ).

- . 2 J / ..
Let k1 = (ki yoy )y—syer With ky gy = 2% From Proposition 3.5 and (5.14), we

have

(G, k) ~ (G1,k1) ~ (G, k1).
Finally, let p = ((k, B1), (k, B3), ..., (k, Bp)) and derive that

i’(j7m7p) = (k7 q)'
Therefore, we prove the map ¥ is surjective. O

Lemma 5.7. The map T in Definition 5.3 is continuous.
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Proof. Consider any fixed point (J,x,p) € Jr(G1,G) x [(xo +Sg,) NRZ,] x RY, such that

U(J,x,p) = (k,q).
From (5.5) in Definition 5.3, g is defined as

q= (<j7A1>7 <j7A2>7 SRR <j7Aa>)‘
It follows that g is a continuous function of J.

Now it remains to show that k is also a continuous function of (.7 ,x,q). Recall (5.4)
in Definition 5.3, k is defined as

. ) A J, /
(G, k) ~ (G1,k1) with kl,y—>y’ = ?:/E—;y .

Together with (5.5), we get
p = ((k,B1),(k,B2),....,(k,Bp)), (5.15)

and for every vertex y, € VUV,

A

S kygsy@—wo) = > M(;c/—yo). (5.16)

xYo
Yo—yYeL Yooy €En
Note that J and @ are fixed, then (5.16) can be rewritten as

Z ky,—y(y — yo) = constant. (5.17)
Yo—YyEE
Assume k' is another solution to (5.17), then
(G, k) ~ (G, K.
Using Lemma 2.11, we obtain that
k' — k € Do(G).

Together with the linearity of Do(G), the solutions to (5.17) form an affine linear subspace.
Hence, the tangent space of the solution to (5.17) at (J,x,p) is Do(G).

Analogously, given fixed p, the solutions to (5.15) also form an affine linear subspace,
whose tangent space at (J,x,p) is tangential to

Span{B17 B27 s 7Bb} = DO(G)

This indicates that two tangent spaces at (J,x,p) are complementary, and thus in-
tersect transversally [37]. From Lemma 5.4, k is the unique solution to (5.15) and (5.16).
Therefore, we conclude that k as the unique intersection point (solution) of two equations
(5.15) and (5.16) must vary continuously with respect to parameters (J,z, p). O
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6 Continuity of U~!

In this section, we first introduce the map ® (see Definition 6.1) and prove & = U1 s
well-defined. Then we show the map @ is continuous, i.e. U1 is also continuous.

Definition 6.1. Given a weakly reversible E-graph G1 = (V1, E1) with its stoichiometric
subspace Sg,. Consider an E-graph G = (V, E) and xy € RZ, define the map

D : Kp.isg(G,G1) x R* — Jr(G1,G) x [(xo + Sg,) NRZ,] x R, (6.1)
such that for (k,q) € Kr-qisg(G,G1) x R?,
é(kz q) = (j7m7p)7

where x € (xg + Sg,) NRY, is the steady state of (G, k), and

(G, k) ~ (G, k1) with kg = J?;_;y,, (6.2)
and
p= (<k7 B1>7 <k7B2>7 EEE) <k7Bb>)7 q= (<‘77 A1>7 <‘77 A2>7 ceey <‘77 Aa>)' (63)

Lemma 6.2. The map ® in Definition 6.1 is well-defined, and ¢ = U1 s bijective.

Proof. Assume any point (k*,q*) € Kr.qgisg(G,G1) x R*. There exists k1 € Kr(G1,G)
satisfying

(G,E") ~ (G1, k). (6.4)
From Theorem 2.6, (G,k1) has a unique steady state * € (x¢ + Sg,) N RZ,. Further,
Remark 2.9 shows that (G,k*) and (G, k1) share the same steady states, thus x* €
(xo+Sa,)NRY, is also the unique steady state of (G, k*), i.e. x* is well-defined. Moreover,

from (6.3) we obtain
P :((k*7B1>7(k*7B2>7---7<k*7Bb>)7 (65)

which is well-defined.
Since k1 € Kr(G1,G), then (G1, k1) and its steady state x* give rise to the complex-
balanced flux system (Gy,J*), such that

J*=( ;—>y')y—>y’6E1 € Jr(G1,G) with J;—>y’ = k1 yoy (7)Y,

Suppose ¢* = (¢, 45, - -, q;) € R?, we construct the vector J* e RIEI as
a
I =T+ (¢ — (', A))A; € Tr(G1,G).
i=1
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Note that {A;}¢ ; is an orthonormal basis of Jp(G1), together with Lemma 3.4, we obtain

= (T AN (T A, ... (T AL) and (Gy,J ) ~ (Gy,J%).

~ j*
Using Proposition 3.5 and (6.4), we set ki = (k‘l Yy Jy—y'cE, With kq Yoy = ( )y and
derive

(G1, k1) ~ (G1, k1) ~ (G, k*).

Together with (6.5), we conclude that (j*, x*,p*) satisfies (6.2) and (6.3).
Now suppose there exists another (j**, ¥, p*) e jR(Gl, G) x[(xo+Sa,) NRZ,] x R?,
which also satisfies (6.2) and (6.3). From Definition 5.3, we deduce

(T2, pt) =0, 2™, p™) = (K, q°).
Since ¥ is proved to be bijective in Lemma 5.6, then
(J 2", p") = (I, 2™, p™).

Thus, we conclude that ® is well-defined.
Next, for any (j,a:,p) IS jR(Gl, G) x [(o + Sa,) NRY,] x R?, suppose that

\il(j7w7p) = (kuq) € ]CR—dng(G7 Gl) x R®. (66)
From Definition 5.3 and Corollary 5.5, together with (6.2) and (6.3), we have
(k,q) = (J,,p). (6.7)

This implies ® = U1, Recall that ¥ is bijective, thus its inverse U1 is well-defined and
bijective. Therefore, we prove the lemma. O

Lemma 6.3. Consider the map ® in Definition 6.1, suppose any fived k € Kr_aisq(G, G1)
and qq,q99 € R, then

(I)(kvql) k: q2 <Z EZAwO 0) (68)

where q; — qq = (1,€2,...,6q) € R%.

Proof. Given fixed k € Kg.gisg(G, G1), consider any g € R?, such that

o(k,q) = (J,z,p).

From Definition 6.1, & € (xg + Sg,) NRY, is the steady state of (G, k). Further, we have

A

. . Joy—say
(G, k) ~ (G, k1) With Ky gy = f:yy (6.9)
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and

b= ((kv B1>7 <k7 B2>7 ) <k7 Bb>)7 q= (<j7 A1>7 <'jv A2>7 s <J7 Aa>)' (610)
Now consider any vector € = (£1,¢€2,...,&,) € R?, it follows that (6.8) is equivalent to
show the following:
O(k,q+e)=(J+)> Az, p) (6.11)
i=1

Suppose ®(k,q + ¢) = (je,ws,ps). From Definition 6.1 and Lemma 6.2, € is the
unique steady state of (G, k) in the invariant polyhedron (zo + Sg,) N RZ,. Recall that
x € (xo + Sa;) NRY is also the steady state of (G, k), thus we have

r=x°. (6.12)

Since J € Jr(G1,G) and {A;}%_, is an orthonormal basis of Jo(G1), we get

(G1,J) ~ (G1, T+ > _&iAy).
=1

~ a A~
Using Proposition 3.5 and (6.9), by setting Jy_,v + > €4, gy =k ,xY, we obtain
i=1

158
Ly—y

(G1, k7)) ~ (G1, k1) ~ (G, k). (6.13)

Under direct computation, for 1 < i < a,

<j + ZEiAi7Ai> = (j, Az> + <Z EiAi,A,'> = (j, Az> + &;.
i=1

i=1

From Lemma 6.2 and (6.13), we get
J" =T+ =A (6.14)
i=1

Finally, from Definition 6.1 and (6.10), it is clear that
pe = (<k,B1>,<k,B2>,...,<k,Bb>) = P. (615)
Combining Equations (6.12), (6.14) and (6.15), we prove (6.11). O

Here we present Proposition 6.4, which is the key for the continuity of A
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Proposition 6.4. Consider the map ® in Definition 6.1 and any fired g € R?, then ®(-, q)
s continuous with respect to k.

To prove Proposition 6.4, we need to show Lemmas 6.5 - 6.7 and Proposition 6.8. The
following is the overview of the process. First, Lemma 6.5 shows that if two reaction rate
vectors in ICR_dng(G, G1) are close enough, then there exist two reaction rate vectors (dy-
namically equivalent respectively) in (G, G1) such that their distance can be controlled.
Second, in Lemma 6.6 we show that given a complex-balanced rate vector k; € K(G1),
there exists a neighborhood around kp of Rf%), in which the steady states of the system
associated with the rate constants vary continuously. Combining Lemma 6.5 with 6.6,
we prove in Lemma 6.7 that given a reaction rate vector k € Kr_qisg(G, G1), there exists
an open neighborhood k € U C R¥, such that the steady states of the system associ-
ated with the rate vectors in U vary continuously. Finally, in Proposition 6.8 we prove
that given a complex-balanced rate vector k* € K(G1,G1), for any sequence k; — k™ in
K(G1,G1), there exists another sequence of reaction rate vectors (dynamically equivalent
respectively) k; — k* in RE1 and all associated fluxes from reaction rate vectors have the
same projections on Jo(G1).

Lemma 6.5. Let k € Kr_gisg(G,G1). Then we have the following:
(a) There exists k1 € K(G1) satisfying (G, k) ~ (G1, k1).

(b) There exist constants € = e(k) > 0 and C = C(k) > 0, such that for any k e
Kr-aisg(G, G1) with ||k — k|| < ¢, there exists ki1 € K(G1,G1) that satisfies

(i) ||k1 — k1| < Ce.
(ii) (G, k) ~ (G1,k1).

Proof. For part (a), from Definitions 4.1 and 4.3, given k € Kg-qisg(G,G1), the system
(G, k) is disguised toric on G, that is, there exists k1 € Kr(G1,G) C K(Gy) with (G, k) ~
(G1,k1).

Now we prove part (b).
Step 1: Let y € G UG be a fixed vertex and consider the following vector space:

Wy =span{y’ —y:y = y' € G1}.
Let d(y) = dim(Wy). Then there exists an orthogonal basis of W, denoted by:
{wl,wg,... ,wd(y)}. (616)

For each w; in (6.16), there exist positive {¢; y—y ty—yeq,, that satisfy

wi= Y Ciyuy W — ) (6.17)
y—y'€Gy

21



Let k € Kr-disg(G, G1). From Definition 4.3, > lz:y_@("g —y) is realizable on G at the

y—yeG
vertex y € G U G1. This implies that
Y kyg(—y) €Wy, (6.18)
y—yeG
Since k € Kr-qisg(G, G1), together with Equation (6.18), we obtain
Ay k)= 3 (kyoy — kyog) 5 — y) € Wy (6.19)
y—yeG

Assume that [|[k—k| < e. Consider all reaction vectors in G and let m = max lg—yll,
y—ye

then there exists a constant C; = m/|E|, such that

1Ay (R, E)I < S me=Che.

y—ygeG
On the other side, from (6.16), Ay(l%, k) can be expressed as

d(y)
Ay(k, k) = diw; with & € R, (6.20)
i=1

Using (6.20) and the orthogonal basis in (6.16), for any 1 <1 < d(y),
16:] < 1Ay (K, k)| < Cie. (6.21)

Inputting (6.17) into (6.20), we get

d(y) d(y)
Ay(k, k) = Z 5i( Z Ciy—y (Y — y)) = Z (Z 6ici,y—>y’)(y, —-y). (6.22)
i=1 y—y' €Gy y—y'eGr  i=1
From (6.21) and (6.22), there exists a constant Cs, such that for any y — ¢’ € Gy,
d(y)
|Cymy 1= D BiCiymsy| < Cae. (6.23)
i=1
Then we construct 12:1 as follows:
l%l,y_m/ 1= K1 yyy + Cyoy forany y — 4y’ € Gy. (6.24)

Consider all reaction vectors in G, together with (6.23), we derive

oy —Kall < > Jegoyl < D Coe < ColByle (6.25)
y—y' €Gy y—y'eGy
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Similarly, we can go through all vertices in G U G1, and take the above steps to update
k1. For every vertex, we can derive an estimate similar to (6.25). Collecting the estimates
on all vertices, we can find a constant C, such that

|k1 — k1| < Ce for any |k — k| <e.

Step 2: We claim that there exists a sufficiently small constant € = £(k) > 0, such
that for any k with ||k — k|| < e, then k; defined in (6.24) satisfies

(G, k) ~ (G1,k1) and k; € K(G1,Gy). (6.26)
Recall (6.18) and (6.19), at vertex y € G U Gy,
Ay(k k)= > kyy(@ - > kyy(H-y). (6.27)
y—yeG y—ygeG
On the other hand, from (6.22)-(6.24), at vertex y € G U G,
Aylk k)= > kiyy@ —y)— D kiysy® —y) (6.28)
y—y'eGy y—=y'eGr

Note that (G, k) ~ (G1, k1) implies that, at vertex y € GU Gy,

Z kyy(y—y)= Z kl,y%y’(y, - y).

y—yeG y—y' €Gy
Together with (6.27) and (6.28), we have, at vertex y € G U Gy,
Z I%y—ﬁ/(g - y) = Z iﬁl,y—m’(y, - y)- (6.29)
y—yelG y—y'€eGy

Hence, we derive (G, ) (G1,k1). Moreover, since k € Kg.gisg(G,G1), there exists
k' € K(Gy) with (G, k) ~ (G1,k), and thus

(Gl,iﬂl) ~ (G, k).

Recall that k1 € £(G1) C R >0, together with (6.25), there must exist a constant
e = e(k) > 0, such that for any k with |k — k| < e, we have k; € Rf%). Therefore, we
obtain k; € K(G1,Gq) and prove the claim. O

Lemma 6.6. Suppose o € RY, and ki € K(G1), then there exists an open set U C Rga
containing ki, such that there exists a unique continuously differentiable function

T:U — (zo + Sa,) NRY,. (6.30)

such that for any ke U, R
T(k) =2, (6.31)

where & € (xg + Sg,) N R, is the steady state of (G, k).
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Proof. Given zy € R%; and ky; € K(G1), Theorem 2.6 shows the system (Gp,kp) has a
unique steady state =* € (xo + Sg,) NRZ,. Consider the system (G, k1) as follows:

dx .
% = f(kl,il)) = (f17f27"'7.fn)T = Z klyyi_)ijyl(yj _yl) (632)
Y, —~y; €

Suppose dim(Sg,) = s < n. This implies that there exist exactly s linearly independent
components among f(kq,x). Without loss of generality, we assume that {f,,..., f,} are
linearly independent components, and every f, with s +1 <4 < n can be represented as
a linear combination of {f;}{ ;.

Using Theorem 2.7, we obtain that

ker ( [afl

_cl
— S,

Together with the linear dependence among { f;(x)}?_,, we derive

ker ([%

oz, ] 1§i§s,1§j§n‘w:w*) = Sél' (6.33)

Consider the orthogonal complement Sél to the stoichiometric subspace in R™, which
admits an orthonormal basis given by

{U17 V2, ... 7”71—5}-
Now we construct a system of n equations g(k,x) = (9;,99,...,9,)7 as follows:
fi(k7$)7 for 1 SZ‘SS,
gi(k,x) = (6.34)

T-v,_s—Ty-V_g, fors+1<i<n.

From (6.32), we can check that g(k,x) = 0 if and only if © € xy + S, is the steady state
of the system (G1, k). Thus, (k1,x*) can be considered as a solution to g(k,x) = 0, that
is, g(k1,2*) = 0.

Computing the Jacobian matrix of g(k, ) as in Equation (6.34), we get

aFf.
[65}]199,1@@

— U1

vTL—S

From (6.33), we have
ker (J97m|k=k1,w=w*) - Sé_l .
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Since the last n — s rows of Jg(x), {v1,v2,...,vy_s}, is a orthonormal basis of S(L;l, we
derive

det (Jg,w’k::kl,m:m*) #0. (635)
Hence, the Jacobian matrix Jg, is invertible at (k,z) = (ki,2*). Further, note that

g(k,x) is continuously differentiable. Using the implicit function theorem, for any k € U,

we have R
T(k)=2a,

where & € (xg + Si,) NRY, is the steady state of (G, k).
U

Lemma 6.7. Suppose g € RY, and k € Kr.gisq(G,G1), then there exists an open set
U C Kr-aisg(G, G1) containing k, such that there exists a unique continuous function

h:U = (o +Sa ) NRY,. (6.36)
such that for any keU, R
h(k) = z, (6.37)
where & € (xg + Sa,) "R, is the steady state of (G, k).

Proof. Given k € Kr.gisg(G,G1) and xg € RY, there exists k; € K(G1) such that
(G, k) ~ (G1,k1).

Theorem 2.6 shows the system (G, k1) has a unique steady state * € (xg + Sg,) N RZ.
Since (G, k) ~ (G1, k1), * € (xo+Sa,) NRY, is also the unique steady state of the system
(G, k).

Analogously, for any ke Kr-disg(G,G1), it has a unique steady state of the system
(G, k) in (20 +Sg,) NRZ,. Thus, the function A in (6.36)-(6.37) is well-defined. It remains
to prove that there exists an open set U C Kg_gisg(G, G1) containing k and h is continuous
with respect to the domain U.

From Lemma 6.6, there exists an open set U; C Rf%) containing ki, such that there
exists a unique continuously differentiable function

T:U; — (xo + Sa,) NRY,. (6.38)

such that for any ke Ui, .
T(k) =2,

where & € (xg + Si,) N R, is the steady state of (Gy,k). Using (6.38), we can find a
constant €1 = €1 (k) such that

B={k* ¢ R : ||k* — k|| < &1} C Uy (6.39)

25



Hence, it is clear that T is continuous with respect to the domain B.
On the other hand, from Lemma 6.5, there exist ¢ = e(k) > 0 and C' = C(k) > 0, such
that for any k € Kr.qisg(G, G1) with ||k — k|| < e, there exists ki € K(G1, G1) satisfying

|k — k1| < Ce and (G, k) ~ (G1,k1). (6.40)
Now pick €2 = min(e,e1/C'), and consider the following set:
U:={k* eRY,: ||k* — k| <22} N Kraise(G,G1)-
Using (6.40), we have that for any k™ € U, there exists k] € K(G1,G1) such that
|kl — ki|| < Ceg =¢; and (G,k*) ~ (G1,k]). (6.41)
From (6.39), this shows that k] € B. Further, from (6.38) and (6.40), we obtain
h(k*) = T(k7)

Since T is continuous with respect to the domain B, together with (6.41) and k] € B, we
conclude that A is continuous on U. O

Proposition 6.8. Suppose xqg € RY, and k* € K(G1) C K(G1,G1). For any k €
K(G1,Gq), then we have the following:

(a) The system (G1,k") has a unique steady state x* € (xg + Sg,) NRZ,.
(b) The system (G1,k) has a unique steady state © € (xo + Sa,) NRZ,.

(c) Consider the steady state * in part (a) and & obtained in part (b). Then there exists
a unique k € R\, such that

(i) (G1,k) ~ (Gi,k).
(ii) J = (l%y%y’a’y)yAy’eEl € j(Gl).

(iii) (J,As) = (J*, A;) for any 1 <i < a, where J* := (k5_, (")) yycp, -

(d) For any sequence {k;}2, in K(G1,G1) converging to k*, there exist a unique cor-
responding sequence {k;}°, obtained from part (c). Moreover, the sequence {k;}°,
satisfies

k; - k* as i — oo.

Proof. For part (a), since k* € K(G1), Theorem 2.6 shows that the system (Gy, k") has a
unique steady state * € (o + Sg,) NRY,.
For part (b), given k € K(G1,G1), there exists some k' € K(G1), such that

(G1,k) ~ (G1.K'). (6.42)
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Thus, by Theorem 2.6, the systems (G1, k) and (G1,k’) share a unique steady state in
(xo + Sg,) N R, denoted by x.

For part (c), define J’ := (ky—yyT¥)y—yer, , then we construct a flux vector on Gy as
follows:

J:=J + i(u*, A —(J ANA,. (6.43)
=1

Under direct computation, we have
(J,A;) = (J*, A;) forany 1<i<a. (6.44)
Note that k' € K(G1) and {A;}%, € Jo(G) € J(G1), then (6.43) show that
J € J(Gy) and J e J(Gy). (6.45)

Consider the flux vector J := (ky_yx¥)y_ycp,. Using Proposition 3.5 and (6.42), we
deduce

(G1,J) ~ (Gy,J").
From Lemma 3.4, this shows J' — J € Do(G1). Together with (6.43), we get

J —J e Do(Gy).

Hence, we rewrite J as

J=J+v with v € Dy(G1). (6.46)

Now we set the reaction rate vector as

|

k= (—)ysyem € REL (6.47)

Y

Using Proposition 3.5 and (6.46), we obtain (G, k) ~ (G1,k). Together with (6.44)
and (6.45), we derive that the reaction rate vector k satisfies conditions (i), (i) and (iii).

We now show the uniqueness of the vector k. Suppose there exists another reaction
rate vector ki satisfying conditions (i)-(iii). From the condition (i), we have

(G1,k) ~ (G1, k).
From the condition (ii), we get
Ji = (];517y—>y’my)y—>y’6E1 € J(G).
Then Proposition 3.5 and Lemma 3.4 show

(Gl,j)N(Gl,jl) and jl—jejo(Gl).
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Using the condition (iii), we obtain
<:I,AZ-> = <:I1,AZ-> for any 1 <1 <a.
Since {A;}?_, is an orthonormal basis of the subspace Jo(G), this implies that
Ji—J € (JolG)"

Hence, Ji—J =0 and k; = k. Therefore, we conclude the uniqueness.
For part (d), we will prove it in a sequence of three steps.

Step 1: Assume a sequence of reaction rate vectors k; € K(G1,G1) with ¢ € N, such
that
k;, - k" as i— oo.

Analogously, there exists some k} € K(Gy), such that (Gy,k;) ~ (G1,k}). Moreover, two
systems (Gi,k;) and (Gi,k}) share a unique steady state ' € (zo + Si,) N RZ,. Follow
the steps in (6.42)-(6.44), we obtain the corresponding sequences of flux vector as follows:

Ji = (kiysy (@)Y)y—syer, with i €N,

/ / ; o (6.48)
i = (ki gy (®)Y)ysyrer, with i € N
and .
Ji=Ji+ > (T Ay) — (T}, A;)A; with i€ N, (6.49)
j=1
Under direct computation, for any ¢ € N,
(Ji, Aj) = (J*,A;) forany 1<j<a, (6.50)
and similar from (6.45), we have
Ji e J(Gy) forany ieN. (6.51)
Using Proposition 3.5 and (Gy, k;) ~ (G, k}), we deduce
(Gy,J;) ~ (Gq,J}) for any i€ N.
From Lemma 3.4, together with (6.49), we get
J;—J; € Do(Gy) for any ¢ € N.
Thus, for any ¢ € N, J; can be expressed as
Ji=J;+v' with v’ € Do(Gy). (6.52)
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On the other hand, using Lemma 6.6, together with k; — k* as ¢ — oo, we have
' >zt as i — oo.
Combining with (6.48), we derive that
J;— J" as i — oo. (6.53)
Step 2: Now we claim that
0|0 — 0 as i — oo. (6.54)

We prove this by contradiction. Suppose not, w.l.o.g. there exists a subsequence {vil}fil,
such that for any [ € N, '
[v"]Joc = 1.
Then we consider the sequence {w'}>, as follows:
I o't
w = ——— with [ €N. (6.55)

[0 oo

It is clear that ||w'[|s = 1 for any I € N. From the Bolzano-Weierstrass theorem, there
exists a subsequence {w' }521, such that

wh — w* as j — oo.
Recall from (6.52) and (6.55), we have for any j € N,

_ vl 1 A
b = (i~ i) (6.56)

0% oo 0" [l

Since v’ € Do(G1), together with [[v¥ ||« > 1, we obtain that
wh € Dy(Gy).
Note that Dg(G1) is a linear subspace of finite dimension. Therefore, w — w* implies
w* € Do(Gr). (6.57)
Let z € (j(Gl))J‘. From (6.51), we have for any j € N,
<[Iilj . z) = 0. (6.58)
From (6.53) and J € J(G1), we obtain

<Jizj7z> - <J,z> =0 as j — oo. (6.59)
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Using (6.56), (6.58) and (6.59), together with ||v% | > 1 and w" — w*, we derive

b, z) = (w*, z) = 0.

(w
Since z is arbitrary in (j(Gl))J‘, this shows w* € J(G1). Together with (6.57), we get
w* € Jo(Gy). (6.60)

Recall that {A;}? ; is an orthonormal basis of the subspace Jo(G). Without loss of
generality, we pick Ay € Jp(G). From (6.50) and (6.53), we get

(Ji, = i, A1) = (5, A1) = (Ji, A1) 5 0 as j — oo
Together with ||v"||s > 1 and w' — w*, we derive
(wh, Ay) = (w*, Ay) = 0.
Analogously, we can get (w*, A;) =0 for any 1 < j < a. This shows that

w* € (j()(Gl))l (6.61)

Combining (6.60) with (6.61), we conclude that w* = 0. Since ||w!||oo = 1 for any I € N,
this contradicts with w' — w* as j — co. Therefore, we prove the claim.

Step 3: Using (6.52), (6.53) and (6.54), we derive that
Ji=Ji+v' > J as i — . (6.62)

Since J € J(G1) C Rga, there exists sufficiently large N, such that

J; € Rfé for any ¢ > N.
Together with (6.51) and Remark 5.1, we obtain that
Ji e J(Gy) ﬂRE&' = J(Gy) for any i > N.

Following (6.47), we set {k;}22, as follows:

A

Jz}y—m’

v =

)yosyrep, With i€N. (6.63)

Note that ' € (xg + Sg,) NRZ, and J; € J(G) for any i > N, we get

k; € K(Gy) for any i> N.
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Using (6.52) and Proposition 3.5, we derive
(G1,ki) ~ (G1, k).

Finally, using J; — J* and @ — x*, together with J* = (Ky sy (®")¥)y—yrep, , We have

k; — k* as i — oo. (6.64)
Therefore, we conclude the proof of this Proposition. O

Now we are ready to prove Proposition 6.4.

Proof of Proposition 6.4. Given fixed g = (q1,¢2,--.,qa) € R?, consider k € Kr_qisg (G, G1)
such that

o(k,q) = (J,@,p).
Follow definition, there exists k1 € K(G1) C Kr(G1, G) satisfying

(Gv k) ~ (G17 kl)'

Remark 2.9 shows = € (zo + Sg,) N RY is the steady state of (G, k1) and (G, k). From
Lemma 6.2, by setting

J = (kylyy_)ylmy)yay’eEl’ (6.65)

then we obtain

J=J + Z(q]' — <J,Aj>)Aj € jR(GhG). (6.66)
j=1

Moreover, from (6.3) we obtain

b= (<k7B1>7 (ka2>7 ce <kab>)7

which is continuous with respect to k.

Now assume any sequence {kl}fil in Kr-disg(G, G1), such that

k' =k as i — oo. (6.67)

Suppose <I>(k:2, q) = (.A]Z, x' p') with i € N, then x' € (xo + Si,) NRY is the steady state
of (G1,k"). Using Lemma 6.7, together with k' — k in (6.67), we derive

x' —x as i — oo. (6.68)
From Lemma 6.5, there exists a sequence {k'}3°, in K(G1,G1), such that

(G, k") ~ (G1,k}) for any i€ N,
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and '
ki — k1 as i — oo. (6.69)

Then apply Proposition 6.8, there exists a corresponding sequence {l%,}fil, such that
(G1,k;) ~ (G1, k) for any i€ N,
Set J; = (l%Ly_)y/(mi)y)y_)yzeEl, then for any i € N,
Ji e J(Gy) and <:IZ-,Aj> = (J,A;) forany 1<j<a. (6.70)
Moreover, from ki — k; in (6.69), we have
I%i — ki as i — oo.
Together with &' — « in (6.68) and J in (6.65), we derive that
Ji—J as i — . (6.71)
Since J € J(G1) and J; € J(G1), this shows there exists a sufficiently large N, such that
J; € J(Gy) for any i> N. (6.72)

Note that (G, ki) ~ (G1,k}) ~ (G1, k), thus & is also the steady state of (G1, k;). Since
Ji = (kiy—sy (")) y—yer, , together with (6.72), we deduce

k; € K(G,) for any i> N.

Note that ®(k’, q) = (.ji,a:i,pi). From (6.66), we obtain

J = Ji+ Z(qj — (ji,Aj>)Aj for any ¢ > N.
j=1

Using (6.70) and (6.71), we have

~i .
J —J as 1 — oo.

Recall that ®(k,q) = (J,2,p). Suppose any sequence k' — k with ®(k',q) =

(:7 Z,mi,pi), we show the continuity on p, £ — x and J = J. Therefore, we conclude
that ®(-,q) is continuous with respect to k. O

Here we state the first main theorem in this paper.

Theorem 6.9. Consider the map U in Definition 5.3, then the map U1 s continuous.
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Proof. From Lemma 6.2, consider the map ® in Definition 6.1, then & = U1 is well-defined
and bijective. Thus, it suffices to show the map ® is continuous.

Suppose any (k,q) € Kr-disg(G,G1) x R%. Consider any positive real number ¢ > 0.
From Proposition 6.4, ®(-,q) is continuous with respect to k. Thus, there exists some
positive real number §; > 0, such that for any k € Kg. dlsg(G G1) with Hk: k|| < 41, then

|®(k, q) — ®(k,q)|| < 5- (6.73)
Note that {A;, Ag,..., Ay} is an orthonormal basis of Jp(G1) C R?, there exists some
positive real number dy > 0, such that for any v = (vq,v2,...,v,) € R* with ||v| < 0o,
then .
1> v < 5. (6.74)
i=1

Let 8§ = min{d;, d2}, consider any (k, §) € Kr-disg (G, G1) x R* with |(k,q)—(k,q)| <.
This implies ||k — k|| < § and ||g — g|| < 6. Then we compute that

©(k,q) — ©(k.q) = (®(k. ) — ©(k. @) + (2(k,q) — D(k,q))- (6.75)

From (6.73) and ||k — k| < § < 6, we have

I . €
Using Lemma 6.3 and setting ¢ — q := (v1,v2,...,0,) € R% we have
o(k, q) sz i
Together with (6.74) and [|g — ¢q|| < 0 < d2, we obtain
. = €
[0k )~ ok, )| = | D v < 5 (6.7
i=1
Inputting (6.76) and (6.77) into (6.75), we derive
|®(k,q) — (k,q)|| < + 5 =
Therefore, ® is continuous and we conclude this theorem. O

The following result is a direct consequence of Theorem 6.9.
Theorem 6.10. The map U in Definition 5.3 is a homeomorphism.

Proof. From Lemma 5.6 and 5.7, we derive that W is bijective and continuous.
On the other hand, Proposition 6.9 shows the inverse map W~! is also continuous.
Therefore, we conclude that the map W is a homomorphism. O
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7 Dimension of IC]R-disg(Ga Gl) and ’Cdisg(Ga Gl)

In this section, we give a precise bound on the dimension of Kg._qisg (G, G1), where G1 T G..
Further, we show the dimension of Kgisg(G, G1) when Kaisg(G, G1) # 0. Finally, we remark
on the dimension of R-disguised toric locus Kr-qisg(G) and disguised toric locus Kgisg(G).

Lemma 7.1. Let G; = (V4, Ey) be a weakly reversible E-graph and let G = (V,E) be an
E-graph. If Jr(G1,G) # 0, then Jr(G1, Q) is a convex cone, which satisfies

dim(Jx(G1,G)) = dim(Jx(G1, G)). (7.1)

Proof. From Lemma 4.8, suppose there exists a set of vectors {vi,vs,..., v} C Rl
such that
Jr(G1,G) = {a1v1 + - - apvg | a; € Ry}

Using (5.1), jR(Gl,G) can be represented as the positive combination of the following

vectors:
{’Ul,’Ug,...,’Uk,ﬂ:Al,:l:AQ,...,:l:Aa}. (72)

This shows jR(Gl, @) is a convex cone. Moreover, we have
dim(jR(Gl, G)) = dim(span{vy,va, ..., vk, A1, A, ..., Ag}).
Since Jr(G1,G) # (), Lemma 4.8 shows that
span{A;}{_; = Jo(G1) C span{vi,vs,..., v}
Therefore, we conclude that
dim(J& (G, G)) = dim(span{vy,vs, ..., vi}) = dim(Jr(G1, G)).
O

Theorem 7.2. Let G; = (V1, E1) be a weakly reversible E-graph with its stoichiometric
subspace Sg,. Suppose an E-graph G = (V,E), recall Jr(G1,G), Do(G) and Jo(G1)
defined in Definitions 4.7, 2.10 and 3.3 respectively.

(a) Consider Kr_4isq(G,G1) from Definition 4.3, then

dim(lCR_disg(G, Gl)) = dim(jR(Gl, G)) + dim(SGl) + dlm(jg(Gl)) — dlm(Dg(G))
(7.3)

(b) Further, consider K4isq(G, G1) from Definition 4.3 and assume that K4i54(G, G1) # 0.
Then
dim(’Cdisg(Gy Gl)) = dim(’CR—disg(Gy Gl)) (74)
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Proof. For part (a), recall we prove that U is a homeomorphism in Theorem 6.10. Using
the invariance of dimension theorem [38, 39], together with Remark 4.5 and (7.1) in Lemma
7.1, we obtain

dim(lCR_dng(G, Gl)) + dlm(Do(G)) = dim(jR(Gl, G)) + dim(SGl) + dim(jo(Gl)),

and conclude (7.3). Further, we emphasize that on a dense open subset of Kg_gisg(G, G1),
it is locally a submanifold. The homomorphism indicates that all such submanifolds have
the same dimension.

For part (b), since Kgisg(G,G1) # 0, together with Lemma 4.4 and Remark 4.5, there
exists a k € Kqisg(G,G1) and a neighborhood of k in Kgisg(G, G1), denoted by U, such
that

keUC ’Cdisg(G, Gl),

where U is a submanifold with dim(U) = dim(Kgise(G,G1)). Moreover, Kaisg(G,G1) =
Kr-disg (G, G1) N REO implies that U is also a neighborhood of k in Kg_gisg(G,G1). From
part (a), we obtain that on a dense open subset of Kr.disg(G,G1), all local submanifolds

have the same dimension. Therefore, we conclude (7.4).
O

Theorem 7.3. Consider an E-graph G = (V, E).
(a) Consider Kr_4isq(G) from Definition 4.3, then

dim (K415 () = gmax. { dim(Je (G, G)) +dim(Se ) +dim(To(G")) —dim(Dg(G))},

where Jr(G',G), Do(G) and Jo(G') are defined in Definitions 4.7, 2.10 and 3.3
respectively.

(b) Further, consider Kgisq(G) from Definition 4.3 and assume that K gisq(G) # 0. Then

dim (K gisq(G))

= max { dim(J (G, G)) + dim(Se) + dim(Tp(G")) — dim(DO(G))}.
Kdisg(évc:c;)?é@

Proof. Note that from Lemma 4.4, both Kgisg(G, G1) and Kr-qisg(G, G1) are semialgebraic
sets.
Further, the dimension of the union of finitely many semialgebraic sets is the maximum

of the dimensions of these semialgebraic sets [35, 40, 41]. The result then follows from
Definition 4.3, Lemma 4.4 and Theorem 7.2. O
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8 Examples

Example 8.1 (Thomas type models [12, Chapter 6]). This model illustrates the substrate
inhibition mechanism, capturing the interaction between uric acid and oxygen catalyzed
by the enzyme uricase. The E-graph corresponding to this model, shown in Figure 3 (a),
is denoted by G. The system is governed by the following differential equations:

d—u—c—u—uv
ffi (8.1)
%:ﬁ(d_v)_u’%

where u denotes the concentration of uric acid, v represents the concentration of oxygen,
and the parameters ¢, d, and [ are positive constants. As demonstrated in [5], the toric
locus associated with G forms a toric variety of codimension one, implying that it has
measure zero.

1% U+V 1% U+V
[}

[ ) (]

/) U 1) U

G G
(a) (b)

Figure 3: (a) The E-graph G represents a Thomas-type model, where U denotes uric acid
and V denotes oxygen. (b) The E-graph G is a weakly reversible subgraph of the complete
graph formed by the source vertices of G.

The graph G contains 6 reactions, hence ICdng(G) - ]R6>0. We claim that
dim (K gig (C)) = 6.

This implies that the disguised toric locus corresponding to G is of positive measure. To
prove this claim, we consider the E-graph G and compute dim(KCqisg (G, G1)).

First, consider a flux vector J € Jr(G1,G) C R7. Since J is a complex-balanced flux
vector in Gy, this imposes 4 — 1 = 3 constraints on J, as shown in [34]. Additionally,
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being R-realizable in G imposes no further constraints, since every flux vector in G can
be transformed into G. Therefore, we have

dim(Jr(G1,G)) =7—-0—-3 =4.
Second, upon inspecting the graphs G and G, we obtain the following;:
dim(Sg,) =2, dim(De(G)) =0 and dim(Jo(G1)) = 0.
Using Theorem 7.2 (a), we get that

dim(lCR_disg(G, Gl)) = dim(jR(Gl, G)) + dim(SGl) + dlm(Do(G)) — dlm(jo(Gl))
=44+24+0-0=6.

Since G is weakly reversible, K(G1) # (. From Figure 3, given any k1 € K(Gy)
there exists k such that (G,k) ~ (G1,k1). This implies that Kgise(G,G1) # 0, and thus
Theorem 7.2 (b) further shows

dim(Kgisg (G, G1)) = dim(Kr-disg (G, G1)) = 6.

This, together with Theorem 7.3, implies that dim(Kgisg(G)) = 6.
A lengthy computation (based on the matrix-tree theorem, see [5]) can be used to
derive that

k k k k
Kaisg(G) 2 {k€RL, | VORI o gy oy > gy or P20 S g > Ryl )s
kuyvsu kuyvu

which, informally speaking, implies that at least 50% of all positive parameter choices
belong to Kgisg (G).

Finally, we remark that the Thomas-type model G and the corresponding weakly
reversible E-graph G7 in Figure 3 are both two-dimensional. From Remark 2.5, for any
k € Kaisg(G,G1), the system (G,k) has a globally attracting steady state within each
stoichiometric compatibility class. O

Example 8.2 (Circadian clock models [13]). The circadian clock forms an integral part
of the behavioral, physical, and biological changes in the body over a 24-hour cycle. The
dynamics of this network are known to exhibit exotic behaviors, such as oscillations and
limit cycles. For our analysis, we utilize the model of the circadian clock introduced in
[13], described by the following reactions:

P+T=C—0 P=0 T=0,

where P denotes period, 1" denotes time, and C' denotes the period-time complex. The
E-graph corresponding to this model, shown in Figure 4 (a), is denoted by G. Since G is
not weakly reversible, [5] demonstrates that the toric locus associated with G is empty.
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X r
/Q)( /0/
T P+T T P+T

G G

(a) (b)

Figure 4: (a) The E-graph G represents a circadian clock model. (b) The E-graph G is a
weakly reversible subgraph of the complete graph formed by the source vertices of G.

Note that the graph G contains 7 reactions, so Kgise(G) C R7>0. We claim that
dim(Kgise(G)) = 7.

This implies that the disguised toric locus corresponding to G is of positive measure. To
prove this claim, we consider the E-graph G and compute dim(KCqisg (G, G1)).

First, consider a flux vector J € Jr(G1,G) C R®. Since J is a complex-balanced flux
vector in G, this imposes 5 — 1 = 4 constraints on J, as shown in [34]. Additionally,
being R-realizable in G imposes no further constraints, since every flux vector in G can
be transformed into G. Therefore, we have

dim(Jr(G1,G)) =8 —-0—4 =4.
Second, upon inspecting the graphs G and G, we obtain the following:
dim(Sg,) =3, dim(Do(G)) =0 and dim(Jo(G1)) = 0.
Using Theorem 7.2 (a), we get that
dim(Kg-gisg(G, G1)) = dim(Jr(G1, G)) 4+ dim(Sg, ) + dim(Do(G)) — dim(Jo(G1))
=44+3+0-0=T7.
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Since G; is weakly reversible, K(G1) # 0. From Figure 4, given any ki € K(G1)
there exists k such that (G,k) ~ (G1,k1). This implies that Kaise(G,G1) # 0, and thus
Theorem 7.2 (b) further shows

dim(Kaisg(G, G1) = dim(Kg_qisg (G, G1)) = 7.

This, together with Theorem 7.3, implies that dim(Kgise(G)) = 7. Actually, a computation
(based on the matrix-tree theorem [5]) can be used to derive that Kqisg(G) = RZ,.
Finally, note that for the circadian clock model G, the corresponding weakly reversible
E-graph G; in Figure 4 contains a single linkage class. From Remark 2.5 it follows that for
any k € Kgisg(G, G1), the system (G, k) has a globally attracting steady state within each
stoichiometric compatibility class. O

9 Discussion

Due to their remarkably robust dynamics, complex-balanced dynamical systems form an
important class of dynamical systems. In particular, they are notable for their connection
to the Global Attractor Conjecture [7, 5], which asserts that these systems possess a globally
attracting steady state within each invariant polyhedron. The set of rate constants of a
network that generate complex-balanced systems form a variety called the toric locus [11],
and its codimension is determined by the deficiency of the reaction network [5].

A generalization of the toric locus concerns the set of rate constants that yield the same
dynamics as complex-balanced systems. When the rate constants can take both positive
and negative values, this set is referred to as the R-disquised toric locus; if only positive
values are allowed, it is called the disquised toric locus [20]. In [22], it was demonstrated
that both the disguised toric locus and the R-disguised toric locus are path-connected. A

recent study [23] established a lower bound for the dimensions of both loci.

The key contribution of this paper is to estimate the exact dimensions of both the
disguised and R-disguised toric loci through the construction of an explicit homomorphism.
Specifically, Theorem 7.3 provides these dimensions as follows:

dim(Kg-qisg (G)) = max { dim(Jr(G', G)) 4+ dim(Se) 4+ dim(Jo(G")) — dim(Dy (G))},

dim(Kaieg (G) = max { dim(J (G, G)) + dim(Ser) + dim(Jo(G")) — dim(Do(G))}.
Kaies (G,G')#0

This characterization allows us to identify regions of parameter space that produce robust

dynamics, thus refining the modeling and prediction of system responses.

The results outlined above generate several new directions for future research. One
direction involves the efficient computation of the dimensions of both the R-disguised toric
locus and the disguised toric locus for a given network. Among the various quantities on the
right-hand side of the equations, the most challenging to characterize is dim(J7g(G’,G)),
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which we specifically aim to address in our upcoming work [15]. Specifically, computing
dim(Jr(G’, G)) is equivalent to solving a linear feasibility problem that incorporates both
dynamical equivalence and complex-balancing constraints.

Another promising direction is to identify the conditions under which the homeomor-
phisms constructed in this paper can be shown to be diffeomorphisms. A recent work [4(]
has shown that the toric locus of a weakly reversible network is a smooth manifold. Conse-
quently, we aim to establish the conditions on the network that ensure the disguised toric
locus is also a smooth manifold, with the corresponding steady states varying continuously
along this locus.
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