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In this article, we aim to provide a general and complete understanding
of semi-supervised (SS) causal inference for treatment effects, using two such
estimands as prototype cases. Specifically, we consider estimation of: (a) the
average treatment effect and (b) the quantile treatment effect, in an SS setting,
which is characterized by two available data sets: (i) a labeled data set of size
n, providing observations for a response and a set of potentially high dimen-
sional covariates, as well as a binary treatment indicator; and (ii) an unlabeled
data set of size N, much larger than n, but without the response observed.
Using these two data sets, we develop a family of SS estimators which are
guaranteed to be: (1) more robust and (2) more efficient, than their super-
vised counterparts based on the the labeled data set only. Moreover, beyond
the “standard” double robustness results (in terms of consistency) that can be
achieved by supervised methods as well, we further establish root-n consis-
tency and asymptotic normality of our SS estimators whenever the propensity
score in the model is correctly specified, without requiring specific forms of
the nuisance functions involved. Such an improvement in robustness arises
from the use of the massive unlabeled data, so it is generally not attainable in
a purely supervised setting. In addition, our estimators are shown to be semi-
parametrically efficient also as long as all the nuisance functions are correctly
specified. Moreover, as an illustration of the nuisance function estimation, we
consider inverse-probability-weighting type kernel smoothing estimators in-
volving possibly unknown covariate transformation mechanisms, and estab-
lish in high dimensional scenarios novel results on their uniform convergence
rates. These results should be of independent interest. Numerical results on
both simulated and real data validate the advantage of our methods over their
supervised counterparts with respect to both robustness and efficiency.

1. Introduction. Semi-supervised (SS) learning has received increasing attention as one
of the most promising areas in statistics and machine learning in recent years. We refer inter-
ested readers to Zhu (2005) and Chapelle, Scholkopf and Zien (2010) for a detailed overview
on this topic, including its definition, goals, applications and the fast growing literature. Un-
like traditional supervised or unsupervised learning settings, an SS setting, as the name sug-
gests, represents a confluence of these two kinds of settings, in the sense that it involves two
data sets: (i) a labeled data set L containing observations for an outcome Y and a set of
covariates X (that are possibly high dimensional), and (ii) a much larger unlabeled data set
U where only X is observed. Such situations arise naturally when X is easily available for a
large number of individuals while the corresponding observations for Y are much harder to
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collect owing to cost or time constraints. The SS setting is common to a broad class of prac-
tical problems in the modern era of “big data”, including machine learning applications like
text mining, web page classification, speech recognition, natural language processing etc.

Among biomedical applications, SS settings have turned out to be increasingly relevant
in modern integrative genomics, especially in expression quantitative trait loci (eQTL) stud-
ies (Michaelson, Loguercio and Beyer, 2009) combining genetic association studies with
gene expression profiling. These have become instrumental in understanding various impor-
tant questions in genomics, including gene regulatory networks (Gilad, Rifkin and Pritchard,
2008; Hormozdiari et al., 2016). However, one issue with such studies is that they are often
under-powered due to the limited size of the gene expression data which are expensive (Flutre
et al., 2013). On the other hand, records on the genetic variants are cheaper and often avail-
able for a massive cohort, thus naturally leading to SS settings while necessitating robust and
efficient strategies that can leverage this extra information to produce more powerful associa-
tion mapping tools as well as methods for detecting the causal effects of the genetic variants.
Moreover, SS settings also have great relevance in the analysis of electronic health records
data, which are popular resources for discovery research but also suffer from a major bot-
tleneck in obtaining validated outcomes due to logistical constraints; see, e.g., Chakrabortty
and Cai (2018) and Cheng, Ananthakrishnan and Cai (2020) for more details.

1.1. Problem setup. In this paper, we consider causal inference problems in SS settings.
To characterize the basic setup, suppose our sample consists of two independent data sets:
the labeled (or supervised) data £ := {(Y;,7;,X})T :i=1,...,n}, and the unlabeled (or
unsupervised) data U := {(T;, X1)T :i=n+1,...,n + N} (with N >> n possibly), con-
taining  and N independent copies of Z := (Y, T, XT)T and (T, XT)", respectively, where
T € {0,1} serves as a treatment indicator, i.e., T =1 or 0 represents whether an individual
is treated or not. The covariates (often also called confounders) X € X C RP are (possibly)
high dimensional, with dimension p = p,, allowed to diverge and possibly exceed n (includ-
ing p > n), while the observed outcome is given by:

Y := TY (1) + (1 =T)Y(0),

where Y'(t) is the potential outcome of an individual with "=t € {0,1} (Rubin, 1974; Im-
bens and Rubin, 2015). Thus, (Y | 7' =) = Y (¢) (also called the consistency assumption).
In this work, we mainly focus on the setup where in addition to the covariates, the treatment
indicator is observed in the unlabeled data as well. This is the case when the treatment can be
considered inherent in the individuals and 7" is thereby recorded in both £ and U/ as a base-
line feature along with X. An example is the genetic study in Section 6 where 7" indicates the
occurrence of mutations on some position of the HIV reverse transcriptase, which is known
for individuals in both the labeled and unlabeled data. Though not the main focus, we also
consider in Section 2.4 the setting where T is unobserved in U.

A major challenge (and a key feature) in the above framework arises from the (possibly)
disproportionate sizes of L and U, namely || > |L|, an issue widely encountered in modern
(often digitally recorded) observational datasets of massive sizes, such as electronic health
records (Cheng, Ananthakrishnan and Cai, 2020). We therefore assume (rather, allow for):

(D v = lim, Noon/(n+ N) = 0,

as in Chakrabortty and Cai (2018) and Gronsbell and Cai (2018). An example of (1) is the
ideal SS setting where n < oo and N = oo (i.e., the distribution of (7, X™)T is known).
Essentially, the condition (1) distinguishes our framework from that of traditional missing
data theory, which typically requires the proportion of complete cases in the sample to be
bounded away from zero — often known as the “positivity condition” (Imbens, 2004; Tsiatis,
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2007). The natural violation of this condition in SS settings is what makes them unique and
more challenging than traditional missing data problems. On the other hand, we do assume
throughout this paper that £ and U/ have the same underlying distribution (i.e., Y in I/ are
missing completely at random) which is the typical (and often implicit) setup in the traditional
SS literature (Zhu, 2005; Chapelle, Scholkopf and Zien, 2010). We formalize this below.

ASSUMPTION 1.1. The observations in £ and U have the same underlying distribution,
so that {(Y;, T3, X))t :i=1,...,n} and {(T;, X" )T :i=n+1,...,n + N} respectively
are n and N independent realizations from the distributions of (Y, 7, XT)" and (T, XT)T.

Causal parameters of interest. Based on the available data £ U/, we aim to estimate:
(1) the average treatment effect (ATE):

2) to(1) = po(0) == E{Y'(1)} —E{Y(0)}, and
(i) the quantile treatment effect (QTE):
(3) 0o(1,7) —00(0,7) = 0o(1) — 00(0),

where 6y (t,7) = 0y (t) represents the T-quantile of Y (¢) for some fixed and known 7 € (0, 1),
defined as the solution to the equation:

4 E[T/}{Y(t)aeo(tﬁ)}] = E[I{Y(t) <90(t77-)} _T] =0 (tzovl)a

with I(-) being the indicator function. It is worth noting that by setting 7" =1 and 1((0) =
60(0) = 0, the above problems also cover SS estimation of the response mean (Zhang, Brown
and Cai, 2019; Zhang and Bradic, 2019) and quantile (Chakrabortty, Dai and Carroll, 2022)
as special cases. The ATE and the QTE are both well-studied choices of causal estimands in
supervised settings; see Section 1.2 for an overview of these literature(s). While the ATE is
perhaps the more common choice, the QTE is often more useful and informative, especially
in settings where the causal effect of the treatment is heterogeneous and/or the outcome
distribution(s) is highly skewed so that the average causal effect may be of limited value.

Our goal here, in general, is to investigate how, when, and to what extent, one can exploit
the full data £ U U to develop SS estimators of these parameters that can “improve” standard
supervised approaches using £ only, where the term “improve” could be in terms of efficiency
or robustness or both. The rest of this paper is dedicated to a thorough understanding of such
questions via a complete characterization of the possible SS estimators.

We also clarify that we choose the ATE and QTE as two representative causal estimands
— presenting diverse methodological and technical challenges — to exemplify the key features
of our SS approach and its benefits, without compromising much on the clarity of the main
messages. Extensions to other more general functionals (such as those based on general es-
timating equations) are indeed possible — as we discuss later in Section 7 and Appendix A —
though we skip a detailed technical analysis for the sake of brevity and minimal obfuscation.

Basic assumptions. To ensure parameters {/i0(t),00(t)}{_, are identifiable and estimable
from the observed data, we make the following standard assumptions (Imbens, 2004):

(5) T1{Y(0),Y(1)}|X, and =(x):=E(T|X=x) €(c,1-¢),

forany x € X and some constant ¢ € (0, 1). The quantity 7(x) is also known as the propensity
score for the treatment. (5) encodes some well known conditions (Imbens and Rubin, 2015).
The first part of (5) is often known as the no unmeasured confounding assumption, equivalent
to the missing at random assumption in the context of missing data (Tsiatis, 2007; Little and
Rubin, 2019), while the second part is the positivity (or overlap) assumption on the treatment.
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Clarification. Considering the corresponding case of Y (0) is analogous, we would hence-
forth focus on the mean and quantile estimation of Y (1) without loss of generality, and

(6) let {Y, 0,00} generically denote {Y (1), 10(1),60(1)}.

1.2. Related literature . The setup and contributions of our work naturally relate to three
different facets of existing literature, namely: (a) “traditional” (non-causal) SS inference, (b)
supervised causal inference, and finally, (c) SS causal inference. Below we briefly summarize
the relevant works in each of these areas, followed by a detailed account of our contributions.

SS learning and inference. For estimation in an SS setup, the primary and most critical goal
is to investigate when and how its robustness and efficiency can be improved, compared to
supervised methods using the labeled data £ only, by exploiting the unlabeled data /. Chap-
ter 2 of Chakrabortty (2016) provided an elaborate discussion on this question, claiming that
the answer is generally determined by the nature of the relationship between the parameter
of interest and the marginal distribution, Px, of X, as ¢/ provides information regarding Px
only. Therefore, many existing algorithms for SS learning that target E(Y | X), including,
for instance, generative modeling (Nigam et al., 2000; Nigam, 2001), graph-based methods
(Zhu, 2005) and manifold regularization (Belkin, Niyogi and Sindhwani, 2006), rely to some
extent on assumptions relating Px to the conditional distribution of Y given X. When these
assumptions are violated, however, they may perform even worse than the corresponding
supervised methods (Cozman and Cohen, 2001; Cozman, Cohen and Cirelo, 2003). Such un-
desirable degradation highlights the need for safe usage of the unlabeled data /. To achieve
this goal, Chakrabortty and Cai (2018) advocated the robust and adaptive property for SS
approaches, i.e., being consistent for the target parameters while being at least as efficient as
their supervised counterparts and more efficient whenever possible. Adopting such a perspec-
tive explicitly or implicitly, robust and adaptive procedures for SS estimation and inference
have been developed under the semi-parametric framework recently for various problems,
including mean estimation (Zhang, Brown and Cai, 2019; Zhang and Bradic, 2019), linear
regression (Azriel et al., 2016; Chakrabortty and Cai, 2018), general Z-estimation (Kawakita
and Kanamori, 2013; Chakrabortty, 2016), prediction accuracy evaluation (Gronsbell and
Cai, 2018) and covariance functionals (Cai and Guo, 2020; Chan et al., 2020). However,
different from our work considering causal inference and treatment effect estimation, most
of this recent progress focused on relatively “standard” (non-causal) problems defined with-
out the potential outcome framework (and its ensuing challenges, e.g., confounding, and the
missingness of one of the potential outcomes induced by the treatment assignment 7).

Average treatment effect. Both the ATE and the QTE are fundamental and popular causal
estimands which have been extensively studied in the context of supervised causal inference
based on a wide range of approaches; see Imbens (2004) and Tsiatis (2007) for an overview of
the ATE literature. In particular, these include inverse probability weighted (IPW) approaches
(Rosenbaum and Rubin, 1983, 1984; Robins, Rotnitzky and Zhao, 1994; Hahn, 1998; Hirano,
Imbens and Ridder, 2003; Ertefaie, Hejazi and van der Laan, 2020) involving approximation
of the propensity score m(X), as well as doubly robust (DR) methods (Robins, Rotnitzky and
Zhao, 1994; Robins and Rotnitzky, 1995; Rotnitzky, Robins and Scharfstein, 1998; Scharf-
stein, Rotnitzky and Robins, 1999; Kang et al., 2007; Vermeulen and Vansteelandt, 2015)
which require estimating both E(Y | X) and 7(X). As the name implies, the DR estimators
are consistent whenever one of the two nuisance models is correctly specified, while attaining
the semi-parametric efficiency bound for the unrestricted model, as long as both are correctly
specified. When the number of covariates is fixed, semi-parametric inference via such DR
methods has a rich literature; see Bang and Robins (2005), Tsiatis (2007), Kang et al. (2007)
and Graham (2011) for a review. In recent times, there has also been substantial interest in the
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extension of these approaches to high dimensional scenarios, leading to a flurry of work, e.g.,
Farrell (2015); Chernozhukov et al. (2018); Athey, Imbens and Wager (2018); Smucler, Rot-
nitzky and Robins (2019). Most of these papers generally impose one of the following two
conditions on the nuisance functions’ estimation to attain n'/2-consistency and asymptotic
normality for valid (supervised) inference based on their ATE estimators:

(a) Both E(Y | X) and 7 (X) are correctly specified, and the product of their estimators’ con-
vergence rates vanishes fast enough (typically, faster than n~/2) (Belloni, Chernozhukov
and Hansen, 2014; Farrell, 2015; Belloni et al., 2017; Chernozhukov et al., 2018).

(b) Either E(Y | X) or 7(X) is correctly specified by a linear/logistic regression model, while
some carefully tailored bias corrections are applied, and some rate conditions are satisfied
as well (Smucler, Rotnitzky and Robins, 2019; Tan, 2020; Dukes and Vansteelandt, 2021).

However, we will show that, under our SS setup, through using the massive unlabeled data,
there are some striking robustification benefits that ensure these requirements can be substan-
tially relaxed, and that nl/2-rate inference on the ATE (or QTE) can be achieved in a seamless
way, without requiring any specific forms of the nuisance model(s) or any sophisticated bias
correction techniques under misspecification; see Point (I) in Section 1.3.

Quantile treatment effect. The marginal QTE, though technically a more challenging pa-
rameter due to the inherently non-smooth nature of the quantile estimating equation (4), pro-
vides a more complete picture of the causal effect on the outcome distribution, beyond just its
mean. There is a fairly rich literature on (supervised) QTE estimation as well. For example,
Firpo (2007) developed an IPW estimator that attains semi-parametric efficiency under some
smoothness assumptions. Hsu, Lai and Lieli (2020) viewed the quantile 8y from the perspec-
tive of the conditional distribution, as the solution to the equation 7 = E{F'(0y | X)}, where
F(-|x):=P(Y < -| X =x). Their method thus requires estimating the whole conditional
distribution of Y given X. To avoid such a burdensome task, Kallus, Mao and Uehara (2019)
recently proposed the localized debiased machine learning approach, which only involves es-
timation of F'(- | X) at a preliminary estimate of the quantile and can leverage a broad range
of machine learning methods besides kernel smoothing used by Hsu, Lai and Lieli (2020).
Moreover, Zhang et al. (2012) compared methods based on the propensity score 7(X) and
the conditional distribution F'(- | X). They also devised a DR estimator for the QTE under
parametric specification of 7(X) and F'(- | X). Nevertheless, all these aforementioned works
are still restricted to the supervised domain involving only the labeled data L.

SS inference for treatment effects. Although there has been work on a variety of problems
in SS settings, as listed in the first paragraph of Section 1.2, less attention, however, has been
paid to causal inference and treatment effect estimation problems, except for some (very re-
cent) progress (Zhang and Bradic, 2019; Kallus and Mao, 2020; Cheng, Ananthakrishnan
and Cai, 2020). When there exist post-treatment surrogate variables that are potentially pre-
dictive of the outcome, Cheng, Ananthakrishnan and Cai (2020) combined imputing and in-
verse probability weighting, building on their technique of “double-index” propensity scores
(Cheng et al., 2020), to devise an IPW-type SS estimator for the ATE, which is doubly ro-
bust. Though not explicitly stated, their approach, however, only applies to low dimensional
(p < n) settings, and more importantly, their estimator being of an IPW type, does not have a
naturally “orthogonal” structure (in the sense of Chernozhukov et al. (2018)), and therefore,
is not first order insensitive to estimation errors of the nuisance functions, unlike our pro-
posed approach. This feature is particularly crucial in situations involving high dimensional
and/or non-parametric nuisance estimators. Kallus and Mao (2020) also considered the role
of surrogates in SS estimation of the ATE, but mostly in cases where the labeling fractions
are bounded below. Further, with a largely theoretical focus, their main aims were charac-
terizations of efficiency and optimality, rather than implementation. In a setting similar to
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Kallus and Mao (2020), with surrogates available, Hou, Mukherjee and Cai (2021), a very
recent work we noticed at the final stages of our preparation of this paper, also developed SS
estimators for the ATE. Unlike our data structure, where ¢/ provides observations for both
X and 7', Hou, Mukherjee and Cai (2021) assumed the treatment indicator is missing in the
unlabeled data, and so their estimators have fairly different robustness guarantees from ours.
This case, with T" unobserved in U/, is not of our primary interest. But we will briefly address
it as well in Section 2.4. Lastly, Zhang and Bradic (2019) extended their SS mean estima-
tion method using a linear working model for E(Y | X) to the case of the ATE. While all
these articles mostly investigated the efficiency of their approaches, none of them clarified
the potential gain of robustness from leveraging the unlabeled data /. In addition, Zhang and
Bradic (2019) and Cheng, Ananthakrishnan and Cai (2020) mainly focused on some specific
working models for E(Y | X) and/or 7(X), and Zhang and Bradic (2019) only briefly dis-
cussed the ATE estimation problem — as an illustration of their SS mean estimation approach;
see Remark 2.6 for a more detailed comparison of our work with Zhang and Bradic (2019).

As for the QTE, its SS estimation has, to the best of our knowledge, not been studied in
any of the existing works. Our work here appears to be the first contribution in this regard.

1.3. Our contributions. This paper aims to bridge some of these major gaps in the exist-
ing literature, towards a better and unified understanding — both methodological and theoret-
ical — of SS causal inference and its benefits. We summarize our main contributions below.

(I) We develop under the SS setting (1) a family of DR estimators for: (a) the ATE (Section
2) and (b) the QTE (Section 3), which take the whole data £ U/ into consideration and
enable us to employ arbitrary methods for estimating the nuisance functions as long as
some high level conditions are satisfied. These estimators, apart from affording a flexible
and general construction (involving imputation and IPW strategies, along with the use of
cross fitting, applied to £ U /), also enjoy several desirable properties and advantages. In
addition to being DR in terms of consistency, we further prove that, whenever the propen-
sity score m(X) is correctly specified and estimated at a suitably fast rate — something that
is indeed achievable under our SS setting as clarified in Remark 2.2, our estimators are
n1/2-consistent and asymptotically normal even if the outcome model is misspecified and
none of the nuisance functions has a specific (e.g., linear/logistic) form; see Theorems 2.1
and 3.1 as well as Corollaries 2.1 and 3.1, along with the discussions in the subsequent
Remarks 2.3 and 3.4. Agnostic to the construction of nuisance function estimators, this
robustness property — a n'/2-rate robustness property of sorts — is particularly desirable
for inference, while generally not achievable in purely supervised settings without extra
targeted (and nuanced) bias corrections which do require specific (linear/logistic) forms
of the nuisance function estimators along with other conditions, as discussed in our review
of (supervised) ATE estimation in Section 1.2. In contrast, our SS approach is much more
flexible and seamless, allowing for any reasonable strategies (parametric, semi-parametric
or non-parametric) for estimating the nuisance functions. Moreover, even if this improve-
ment in robustness is set aside, our SS estimators are ensured to be more efficient than their
supervised counterparts, and are also semi-parametrically optimal when correctly specify-
ing both the propensity score 7(X) and the outcome model, i.e., E(Y | X) or F'(- | X) for
the ATE or the QTE, respectively; see Remarks 2.4 and 3.6, in particular, regarding these
efficiency claims, and Table 1 for a full characterization of the robustness and efficiency
benefits of our SS estimators.

(II) Compared to the case of the ATE, the QTE estimation is substantially more challenging
in both theory and implementation due to the non-separability of Y and 6 in the quantile
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estimating equation (4). To overcome these difficulties, we establish novel results of em-
pirical process theory for deriving the properties of our QTE estimators; see Lemma B.1 in
Appendix B.1. In addition, we adopt the strategy of one-step update (Van der Vaart, 2000;
Tsiatis, 2007) in the construction of our QTE estimators to facilitate computation. This
strategy also avoids the laborious task of recovering the conditional distribution function
F(-| X) for the whole parameter space of 6. Instead, we only need to estimate F'(- | X) at
one single point. Such an advantage was advocated by Kallus, Mao and Uehara (2019) as
well. Our QTE (as well as ATE) estimators thus have simple implementations, in general.

(IIT) Finally, another major contribution of this work, though of a somewhat different flavor,
are our results on the nuisance functions’ estimation (Section 4) — an important component
in all our SS estimators’ implementation — for which we consider a variety of reasonable
and flexible approaches, including kernel smoothing (with possible use of dimension re-
duction), parametric regression and random forest. In particular, as a detailed illustration,
we verify the high-level conditions required by our methods for IPW type kernel smooth-
ing estimators with so-called “generated” covariates (Mammen, Rothe and Schienle,
2012; Escanciano, Jacho-Chavez and Lewbel, 2014; Mammen, Rothe and Schienle, 2016)
involving (unknown) transformations of covariates. Specifically, we investigate in detail
their uniform (L) convergence rates, extending the existing theory to cases involving
high dimensionality and IPW schemes that need to be estimated; see Theorems 4.1 and
4.2. These results are novel to the best of our knowledge, and can be applicable more
generally in other problems. Thus they should be of independent interest.

1.4. Organization of the rest of the article. 'We introduce our family of SS estimators for
(a) the ATE and (b) the QTE, as well as establish their asymptotic properties, in Sections
2 and 3, respectively. Then the choice and estimation of the nuisance functions involved in
our approaches, along with their theoretical properties, are discussed in Section 4. Section
5 presents detailed simulation results under various data generating settings to validate the
claimed properties and improvements of our proposed methods, followed by an empirical
data example in Section 6. Concluding remarks along with discussions on possible extensions
of our work are provided in Section 7. Further details on extending our SS approaches to more
general causal estimands, as well as all technical materials, including proofs of all results, and
further numerical results, can be found in the Supplementary Material (Appendices A-D).

2. SS estimation for the ATE. Following our clarification at the end of Section 1.1, it
suffices to focus only on the SS estimation of yg, as in (6), which will be our primary goal in
Sections 2.1-2.4, after which we formally address SS inference for the ATE in Section 2.5.

Notations. We first introduce some notations that will be used throughout the paper. We
use the lower letter c to represent a generic positive constant, including ci, cs, etc, which may
vary from line to line. For a d; x dz matrix P whose (4, j)th component is Py;;), we let

d; — d;
IPllo := maxi<jca {351 I(Pj #0)}, [Pl = maxi<j<a, (3251, [Ppgl),
d
1P| == maxi<j<a, {352 PFy) %Y, and [Pl = maxicica, 1<j<ds [Pl
The bold numbers 1, and 04 refer to d-dimensional vectors of ones and zeros, respectively.
We denote B(av,¢) :={a: ||a— a|| < e} as a generic neighborhood of a vector o with some
radius € > 0. We use a;) to denote the jth component of a vector . For two data sets Sy

and Sy, we define Pg, (- | S2) as the conditional probability with respect to S; given Sa. For
any random function g(+, #) and a random vector W with copies W1,..., W, ; 7, we denote

Ew{g(W,0)} = [g(w,0)dPw (W)
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as the expectation of g(W, 6) with respect to W, treating g(-,6) as a non-random function,
where Pw (+) is the distribution function of W. For M € {n,n + N}, we write

Ex{G(W,0)} == MM G(W;,0),
Gu{g(W,0)} == M'2[Ey{G(W,0)} — Ew{gG(W,0)}], and
vary {G(W,0)} = En[{G(W,0)}?] — [Er {5(W,0)}]2.
Also, we define
En{g(W,0)} := NN G(W;,0), and
GN{G(W.0)} == N'Y2EN{G(W,0)} — Ew{gG(W,0)}].

Lastly, we let f(-) and F'(-) denote the density and distribution functions of Y, while f(- | w)
and F'(- | w) represent the conditional density and distribution functions of Y given W = w.

2.1. Supervised estimator. As noted earlier, for estimating the ATE, we can simply focus
on po =E(Y) with Y =Y (1). To this end, we first observe the following representation (and
identification) of pg. Let m(X) := E(Y | X) and recall 7(X) = E(7" | X). We then have:

po = E{m(X)} +E[{z*(X)}"'T{Y — m(X)}]
= E{m*(X)} + E[{n(X)} ' T{Y —m*(X)}],
for some arbitrary functions 7*(-) and m*(-), implying that the equivalence:
(7 po = E{m*(X)} +E[{r"(X)} ' T{Y — m*(X)}]

holds given either 7*(X) = m(X) or m*(X) = m(X) but not necessarily both. The equation
(7) is thus a DR representation of 1, involving the nuisance functions 7(-) and m(-). Using
the empirical version of (7) based on £ precisely leads to the traditional DR estimator of the
mean o (Bang and Robins, 2005; Chernozhukov et al., 2018), i.e., the supervised estimator

(8) Osoe = Ep{mn(X)} +E,[{7,(X)} ' T{Y — m,(X)}], where

{7Tn(:),mn(-)} are some estimators of {7 (-), ()} from £ with possibly misspecified limits
{7*(-),m*(-)}. Apart from being DR, the estimator fis,p also possesses the two nice proper-
ties below as long as the models for {(-), u(-)} are both correctly specified and certain rate
conditions (Chernozhukov et al., 2018) on the convergence of {7, (+), M, (+)} are satisfied.

(i) First-order insensitivity — When both nuisance models are correctly specified, the influ-
ence function of [ig is not affected by the estimation errors of {7,,(-), 7, (-)} (Robins
and Rotnitzky, 1995; Chernozhukov et al., 2018; Chakrabortty et al., 2019). This feature
is directly relevant to the debiasing term E,, [{7,(X)} 1 T{Y — m,,(X)}] in (8) and is de-
sirable for inference, particularly when the construction of {7,,(-), m,(-)} involves non-
parametric calibrations or if X is high dimensional (leading to rates slower than n~1/2).

(i) Semi-parametric optimality among all regular and asymptotically linear estimators for g
— Jisup attains the semi-parametric efficiency bound for estimating jo under a fully non-
parametric (i.e., unrestricted up to the condition (5)) family of distributions of (Y, 7, X™)T
(Robins, Rotnitzky and Zhao, 1994; Robins and Rotnitzky, 1995; Graham, 2011).

In the sense of the above advantages, figyp is the “best” achievable estimator for o under a
purely supervised setting (Robins and Rotnitzky, 1995; Chernozhukov et al., 2018).
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2.2. A family of SS estimators for pg. Despite the above desirable properties, the super-
vised DR estimator figy may, however, be suboptimal when the unlabeled data I/ is available,
owing to ignoring the extra observations for (7, X™)7T therein. An intuitive interpretation is
that, since E(Y — g | X) # 0 with a positive probability if we exclude the trivial case where
E(Y | X) = p almost surely, the marginal distribution Px of X actually plays a role in the
definition of po and the information of Px provided by U/ can therefore help estimate 1i; see
Chapter 2 of Chakrabortty (2016) for further insights in a more general context.

To utilize U, we notice that the term E,, {m,,(X)} in (8) can be replaced by E,,, x {7, (X) }
which integrates £ and U{. Moreover, estimation of the propensity score can certainly be im-
proved by using U as well, since 7(X) is entirely determined by the distribution of (7, XT)T.
This provides a much better chance to estimate 7(-) more robustly (possibly at a faster rate!).

Thus, with any estimators (with possibly misspecified limits) 7y (-) for 7(+), based on U,
and m,, (-) for m(-) from £, same as before, we propose a family of SS estimators of p:

©) fiss = Eppn {n (X))} + En[{7in (X)} ' T{Y — mn(X)}],

indexed by {7n (), my(+)}. Here, we apply the strategy of cross fitting (Chernozhukov et al.,
2018; Newey and Robins, 2018) when estimating 7., (-). Specifically, for some fixed integer
K > 2, we divide the index set Z = {1,...,n} into K disjoint subsets Z1, ..., Zg of the same
size nk := n/K without loss of generality. Let 7, ;(-) be an estimator for m*(-) using the
set £, :={Z;:i €I, } ofsize ng- :=n — ng, where Z,_ := 7 /7. Then, we define:

(10) M (X)) = K0 (X)) (i=n+1,...,n+N), and
(11) T/T\ln(Xz) = T/T\lmk(Xl) (iGIk; kZl,...,K).

The motivation for the cross fitting is to bypass technical challenges from the dependence of
my(+) and X; in the term m, (X;) (¢ = 1,...,n). Without cross fitting, the same theoretical
conclusions require more stringent assumptions in the same spirit as the stochastic equiconti-
nuity conditions in the classical theory of empirical process. These assumptions are generally
hard to verify and less likely to hold in high dimensional scenarios. Essentially, using cross
fitting makes the second-order errors in the stochastic expansion of Jiss easier to control while
not changing the first-order properties, i.e., the influence function of jiss. See Theorem 4.2
and the following discussion in Chakrabortty and Cai (2018), as well as Chernozhukov et al.
(2018) and Newey and Robins (2018), for more discussion concerning cross fitting. Analo-
gously, when estimating 7 (-), we use I/ only so that 7 (-) and X; are independent in 7y (X;)
(i=1,...,n). Discarding £ herein is asymptotically negligible owing to the assumption (1).

The definition (9) equips us with a family of SS estimators for 1, indexed by 7y (-) and
My (+). To derive their limiting properties, we need the following (high-level) conditions.

ASSUMPTION 2.1.  The function Dy (x) := {7in(x)} ™! — {7*(x)} ! satisfies:
(12) (Ex[{Dn(X)}2))"/? = Op(sn), and
(13) {Ez([Dn(X){Y —m*(X)}))}H/? = Oy(bw),

for some positive sequences sy and by that can possibly diverge, where 7*(-) is some func-
tion (target of 7 (+)) such that 7*(x) € (¢, 1 — ¢) for any x € X" and some constant ¢ € (0,1).

ASSUMPTION 2.2.  The estimator m,, i (-) satisfies: for some function m*(-),
(14) Ex{|m, 1 (X) —m*(X)|} = Op(wy,1), and
(15) (Ex[{lin1(X) =m* (X)P)Y? = Oplwnp) (k=1,....K),

for some positive sequences wy, 1 and wy, 2 that are possibly divergent.
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REMARK 2.1. Assumptions 2.1-2.2 impose some rather mild (and high-level) regu-
lations on the behavior of the estimators {7 x(-),m,(-)} and their possibly misspecified
limits {7*(-),m*(:)}. The condition (13) is satisfied when, for example, Dy (X) is such
that (IEX[{IA)N(X) )4 = 0,(bn), while Y and m*(X) have finite fourth moments. The
restriction on 7*(-) in Assumption 2.1 is the counterpart of the second condition in (5) un-
der model misspecification, ensuring our estimators /iss have influence functions with finite
variances; see Theorem 2.1. Moreover, it is noteworthy that all the sequences in Assump-
tions 2.1-2.2 are allowed to diverge, while specifying only the rates of finite norms (i.e., L,
moments for some finite ) of Dy (X) and {my, 1 (X) —m*(X)}, which is weaker than re-
quiring their convergences uniformly over x € X (i.e., L, convergence). These assumptions
will be verified for some choices of {7n (-), My, (-), 7*(-),m*(-)} in Section 4.

In the theorem below, we present the stochastic expansion (and a complete characterization
of the asymptotic properties) of our SS estimators fiss defined in (9).

THEOREM 2.1.  Under Assumptions 1.1 and 2.1-2.2, the stochastic expansion of [igs iS:

~

Hss — Ho = n_IZ?len,N(Zi) + Op{n—l/z(wn,Q + bN) + sy wn,Q} +
Hr*(X) # m(X)}Op(wn,1) + I{m*(X) #m(X)}Op(sn),
when v > 0, where 1(+) is the indicator function as defined earlier, and
N (Z) = {r* (X} T{Y = m* (X)} + Epan{m*(X)} — no,

with E{(, ~(Z)} =0 if either 7*(X) = m(X) or m*(X) = m(X) but not necessarily both.

Theorem 2.1 establishes the asymptotic linearity of Jiss for the general case where v > 0,
i.e., the labeled and unlabeled data sizes are either comparable or not. Considering, however,
the typical case is that the number of the extra observations for (7, XT)T, whose distribution
completely determines the propensity score 7(X), from the unlabeled data I/ is much larger
than the labeled data size n in the SS setting (1), i.e., v = 0, it is fairly reasonable to assume
that (X)) can be correctly specified (i.e., 7*(-) = m(-)) and estimated from !/ at a rate faster

than n~1/2. We therefore study the asymptotic behavior of our proposed estimators fiss under
such an assumption in the next corollary, which directly follows from Theorem 2.1.

COROLLARY 2.1. Suppose that the conditions in Theorem 2.1 hold true, that v =0, as
in (1), and that 7™ (X) = w(X). Then the stochastic expansion of [iss is:

ﬁss_NO = n_lz?less(Zi) + Op{n_l/Q(wn,2+bN) + SN wn,Q} +
H{m™(X) # m(X)}O0p(sn),
where
(s(Z) = (7(X)} T —m*(X)} + E{m*(X)} — po,

satisfying E{(ss(Z)} = 0, and with m*(-) being arbitrary (i.e., not necessarily equal to m(-)).
Further, if either sy = o(n~/?) or m*(X) = m(X) but not necessarily both, and

n_l/Q(wn,z +bN)+ SNwp2 = o(n=1?),
the limiting distribution of [iss is:
(16) P2 (fiss — po) > N(0,1)  (n, N = o),

where the asymptotic variance )2, := E[{(s(Z)}?] = var[{m(X)} 1 T{Y — m*(X)}] can be
estimated by var, [{7x(X)} 7 T{Y — m,(X)}].
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REMARK 2.2. Corollary 2.1 indicates when 7*(-) = 7(-) but the outcome model m(-)
is misspecified, the key to obtaining asymptotic normality (16) of fiss is condition sy =
o(n~1/2) with s as defined in (12). This condition is achievable only in the SS setting (1),
which allows for constructing 7y () using the massive unlabeled data. To see this point,
consider 7y (+) calculated based on logistic regression as an example and assume 7y (-) is
uniformly bounded away from zero. When the dimension of X is fixed, sequence sy gener-
ally satisfies sy = O(N~1/2), which is of order o(n~'/?) since N >> n. In high dimensional
scenarios, the typical rate of sy is sy = O((qlogp/N)*/?) under suitable conditions with
q representing the number of effective parameters in working model 7*(-) (Negahban et al.,
2012; Wainwright, 2019), so condition sy = o(n~'/2) holds whenever nqlogp/N = o(1).
In a purely supervised setting providing only a labeled data set of size n, the corresponding
error rate of propensity score estimators should be O(n~/2) or O((qlogp/n)'/?) given X is
low or high dimensional, which cannot converge faster than n !

REMARK 2.3 (Robustness benefits and first-order insensitivity of jiss). According to the
conclusions in Theorem 2.1, as long as the residual terms in the expansion vanish asymptoti-
cally, our proposed estimators jiss converge to jio in probability given either 7y (-) targets the
true 7(-) or My, ;(-) estimates the true m(-), but not necessarily both. Apart from such a DR
property, which can be attained using only the labeled data £ as well (Bang and Robins, 2005;
Kang et al., 2007), Corollary 2.1 further establishes the n'/2-consistency and asymptotic nor-
mality of Jiss, two critical properties for inference, whenever 7y (X) converges to (X) at a
rate faster than n~1/2, via exploiting the information regarding the distribution of (1, XT)T
from the unlabeled data I/. Notably, this holds regardless of whether m(-) is correctly speci-
fied or not. To attain the same kind of result without I/, it is generally necessary to require that
{m(-),m(-)} are both correctly specified unless additional bias corrections are applied (and in
a nuanced targeted manner) and specific (linear/logistic) forms of {=(-),m(-)} are assumed
(Vermeulen and Vansteelandt, 2015; Smucler, Rotnitzky and Robins, 2019; Tan, 2020; Dukes
and Vansteelandt, 2021). Such a significant relaxation of the requirements demonstrates that
our SS ATE estimators actually enjoy much better robustness relative to the “best” achievable
estimators in purely supervised setups. These benefits of SS causal inference ensure n'/2-rate
inference on the ATE (or QTE) can be achieved in a seamless way, regardless of the misspec-
ification of the outcome model, and moreover, without requiring any specific forms for either
of the nuisance model(s). It should also be noted that these benefits are quite different in flavor
from those in many “standard” (non-causal) SS problems, such as mean estimation (Zhang,
Brown and Cai, 2019; Zhang and Bradic, 2019) and linear regression (Azriel et al., 2016;
Chakrabortty and Cai, 2018), where the supervised methods possess full robustness (as the
parameter needs no nuisance function for its identification) and the main goal of SS inference
is efficiency improvement. For causal inference, however, we have a more challenging setup,
where the supervised methods have to deal with nuisance functions — inherently required for
the parameter’s identification and consistent estimation — and are no longer fully robust. The
SS setup enables one to to attain extra robustness, compared to purely supervised methods,
from leveraging the unlabeled data. Thus, for causal inference, the SS setting in fact provides
a broader scope of improvement — in both robustness and efficiency — we discuss the latter as-
pect in Section 2.3 below. Lastly, another notable feature of [igs is its first-order insensitivity,
i.e., the influence function (;, v (Z) in Theorem 2.1 is not affected by estimation errors or any
knowledge of the mode of construction of the nuisance estimators. This is particularly desir-
able for (n'/2-rate) inference when {7y (-), 7, ()} involves non-parametric calibrations, or
machine learning methods, with slow/unclear first order rates, or if X is high dimensional.
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2.3. Efficiency comparison. In this section, we analyze the efficiency gain of Jis relative
to its supervised counterparts. We have already clarified in Remark 2.3 the robustness benefits
of jiss that are generally not attainable by purely supervised methods. Therefore, setting aside
this already existing improvement (which is partly due to the fact that the SS setup allows 7(+)
to be estimated better, via 7 (-) from U{), and to ensure a “fair” comparison (with minimum
distraction), focusing solely on efficiency, we consider the pseudo-supervised estimator(s):

(17) Asor = En{n(X)} + Ex[{Tn (X))} TH{Y — in (X)),

which estimates 7(-) by 7 (+), but does not employ U to approximate Ex {m,,(X)}. (Soitis
essentially a version of the purely supervised estimator jigyp in (8) with 7, (+) therein replaced
by 7 (+), due to the reasons stated above.) Here we emphasize that, as the name “pseudo-
supervised” suggests, they cannot actually be constructed in purely supervised settings and
are proposed just for efficiency comparison. In a sense, this gives the supervised estimator its
best chance to succeed — in terms of efficiency (setting aside any of its robustness drawbacks)
—and yet, as we will discuss in Remark 2.4, they are still outperformed by our SS estimator(s).

We state the properties of these pseudo-supervised estimator(s) in the corollary below,
which can be proved analogously to Theorem 2.1 and Corollary 2.1, and then compare their
efficiency (i.e., the ideal supervised efficiency) to that of our SS estimator(s) in Remark 2.4.

COROLLARY 2.2. Under the same conditions as in Corollary 2.1, the pseudo-supervised
estimator [i%,, in (17) satisfies the following expansion:

Fior = 1o = 1S Gun(Za) + Op{n™ 2 (wn +bx) + sy wnp} +

[{m*(X) £ m(X)}O,(sx), and

(18) nY2ASL (B, — po) % N(0,1)  (n,N — o0), where

Cour(Z,0) == {m(X)} ' T{Y — m*(X)} +m*(X) — po, satisfying E{Csur(Z)} = 0, and

Now = El{Cur(2)}?] = varl{m(X)} 7' T{Y — m*(X)}] - var{m*(X)} +
2E{m"(X)(Y — u0)}.
REMARK 2.4 (Efficiency improvement of figs and semi-parametric optimality). If the
conditions in Corollary 2.1 hold and the imputation function takes the form:
(19) m*(X) = E{Y [g(X)},

with some (possibly) unknown function g(-), the SS variance A2 in (16) is less than or equal
to the supervised variance A2, in (18), i.e.,

(20) /\gs = )\gUP - 2E{m* (X)(Y - NO)} + Var{m* (X)} = )\gUP - Var{m* (X)} < /\gupv

which implies figs is equally or more efficient compared to the pseudo-supervised estimator
1. An example of the function g(x) is the linear transformation g(x) = P{x, where Py
is some unknown r X p matrix with a fixed » < p and can be estimated, e.g., by dimension
reduction techniques such as sliced inverse regression (Li, 1991; Lin, Zhao and Liu, 2019),
as well as by standard parametric (e.g., linear/logistic) regression (for the special case = 1).
Further, if the outcome model is correctly specified, i.e., m*(X) =E(Y | X), we have:

As = var[{n(X)}'T{Y — m*(X)}]
1) = E[{n(X)}*T{Y —E(Y | X)}?]
E[{m(X)}*T{Y — g(X)}?],

IN
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for any function g(-) and the equality holds only if g(X) = E(Y | X) almost surely. This fact
demonstrates the asymptotic optimality of jiss among all regular and asymptotically linear
estimators of 119, whose influence functions take the form {7 (X)}~!7{Y — g(X)} for some
function g(-). Under the semi-parametric model of (Y, X™, T)T, given by the following class
of allowable distributions (the most unrestricted class allowed under our SS setup):

(22) {P(y,rxryr = (5) is satisfied, Pz xryr is known and Py, x)r is unrestricted},

one can show that (21) equals the efficient asymptotic variance for estimating pyg, i.e., the
estimator fisg achieves the semi-parametric efficiency bound;, see Remark 3.1 of Chakrabortty
and Cai (2018), and also the results of Kallus and Mao (2020), for similar bounds. In Section
4.2, we would detail the above choices of m*(-) and some corresponding estimators 7, (+).
Lastly, it is worth noting that the efficiency bound here is lower compared to the supervised
case, showing the scope of efficiency gain (apart from robustness) in SS setups.

2.4. Case where T is not observed in . So far, we have focused on the case where the
unlabeled data contains observations for both the treatment indicator 7" and the covariates X.
We now briefly discuss settings where 7" is not observed in the unlabeled data. Based on the
sample LUUT, with Ut := {X;:i=n+1,...,n+ N}, we introduce the SS estimators ZZ}LS:

(23) Al = Epyn {in(X)} + En[{Fn (X)} 7 T{Y = i (X)}]

for . Here 7, (+) is constructed — this time solely from £ — through a cross fitting procedure
similar to (11), so that 7, () and X; are independent in 7, (X;) (i = 1,...,n). Specifically,
we let 7, (X;) := 7y, 1 (X;) (i € L) with 7, (-) some estimator for 7(-) based on £, (k =
1,...,K). See the discussion below (11) for the motivation and benefit of cross fitting.

Compared to Jigs, the estimators ﬁ;rs substitute 7, (+) for 7 (+), approximating the working
propensity score model 7*(-) using £ only. We thus impose the following condition on the
behavior of 7, (), as a counterpart of our earlier Assumption 2.1.

ASSUMPTION 2.3.  The function Dy, () := {Tnx(x)} 1 — {m*(x)}* satisfies:
(Ex{Dnre(X)})"? = Oplsn), and {Ez([Dyx(X){Y —m*(X)}*)}/? = Op(bn),
for some positive sequences s,, and by, (k=1,...,K).

Replacing 7x (+) by 7, (+) in Corollary 2.1, we immediately obtain the next corollary re-
garding the properties of /’IIS (This serves as the counterpart of our Corollary 2.1 on jiss.)

COROLLARY 2.3.  Under Assumptions 1.1, 2.2 and 2.3 as well as the condition that v =0
as in (1), the SS estimator ﬁ;s defined by (23) has the stochastic expansion:

ﬁls —Ho = n_lzzlless(Zi) + Op{n_1/2(wn,2 + bn) + Sn wn,2} +
1t (X) # 7 (X)}Oplans) + T{m*(X) # m(X)}Oy(s.), where

(s(Z) = {m*(X)}IT{Y — m*(X)} + E{m*(X)} — po, as in Corollary 2.1, satisfying
E{(s(Z)} =0 given either 7" (X) = m(X) or m*(X) = m(X) but not necessarily both.

Further, if *(X) = w(X), m" (X) = m(X) and 02w+ o) + 50 a2 = o(n~ V)

(24) then n'/2X\; (il — po) S N(0,1)  (n, N — 00),
with Xy = E[{(ss(Z)}?] = var[{m(X)} ' T{Y — m(X)}].
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REMARK 2.5 (Comparison of estimators using different types of data). We can see from
Corollary 2.3 that ﬂzs possesses the same robustness as the supervised estimator figyp in (8).
Specifically, it is consistent whenever one among {7 (-), m(-)} is correctly specified, while its
nt/ 2_consistency and asymptotic normality in (24) require both to be correct. As regards ef-
ficiency, as long as the limiting distribution (24) holds, the asymptotic variance A% of ﬂis
equals that of Jigs in Theorem 2.1, implying that ﬁ;rg outperforms jigyp and enjoys semi-
parametric optimality as discussed in Remark 2.4. We summarize in Table 1 the achievable
properties of all the ATE estimators based on different types of available data. Estimation of
the QTE using the data £ U is similar in spirit while technically more laborious. We will
hence omit the relevant discussion considering such a setting is not our main interest.

TABLE 1
SS ATE estimation and its benefits: a complete picture of the achievable robustness and efficiency properties of
the ATE estimators based on different types of available data. Here, the efficiency (Eff.) gain is relative to the
supervised estimator (8) when {m*(-),7*(-)} = {m(-),w(-)}, while the optimality (Opt.) refers to attaining the
corresponding semi-parametric efficiency bound. The abbreviation n'/2-CAN stands for nt/ 2_consistency and
asymptotic normality, while DR stands for doubly robust (in terms of consistency only).

n'/2-CAN
Data DR | «°()=w() () =m(-) Eff. gain | Opt.
m*(-)=m() | m* () #m()
L v v X X X
cout || v v X v v
LUl v/ v v v v

2.5. Final SS estimator for the ATE. In Sections 2.2-2.3, we have established the asymp-
totic properties of our SS estimator fiss = jiss(1) for pg = po(1). We now propose our final
SS estimator for the ATE, i.e., the difference 110(1) — po(0) in (2), as: fiss(1) — f1ss(0), with

//ZSS(O) = Enﬁ-N{mn(X?O)} + En[{l - %\N(X)}il(l - T){Y - mn(Xv 0)}]7

where the estimator m,, (X, 0) is constructed by cross fitting procedures similar to (10)—(11)
and has a probability limit m*(X, 0), a working outcome model for the conditional expecta-
tion E{Y (0) | X}. Adapting Theorem 2.1 and Corollary 2.1 with {Y, 7'} therein replaced by
{Y(0),1—T7}, we can directly obtain theoretical results for jiss(0) including its stochastic ex-
pansion and limiting distribution. By arguments analogous to those in Remarks 2.3-2.4, one
can easily conclude the double robustness, asymptotic normality, efficiency gain compared
to the supervised counterparts and semi-parametric optimality of fiss(0). Also, it is straight-
forward to show these properties are possessed by the difference estimator fiss(1) — fiss(0) as
well. Among all the above conclusions, a particularly important one is that:

25) "2k {Tiss(1) — iss(0)} — {p0(1) — mo(0)}] % N(0,1)  (n, N — o0),

under the conditions in Corollary 2.1 for jiss(1) as well as their counterparts for fiss(0), where
the asymptotic variance:

N = var[{m(X)}IT{Y = m*(X)} = {1 = «(X)} (1 = T){Y(0) - m*(X,0)}]
can be estimated by:
var, {7y (X)} T T{Y — (X)) = {1 =7 (X)}H (1 = T){Y(0) — 711 (X, 0)}].

In theory, the limiting distribution (25) provides the basis for our SS inference regarding the
ATE: po(1) — po(0); see the data analysis in Section 6 for an instance of its application.
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REMARK 2.6 (Comparison with Zhang and Bradic (2019)). It is worth mentioning here
that our work on the ATE bears some resemblance with the recent article by Zhang and Bradic
(2019), who discussed SS inference for the ATE as an illustration of their SS mean estimation
method and mainly focused on using a linear working model for E(Y" | X). We, however, treat
this problem in more generality — both in methodology and theory. Specifically, we allow for
a wide range of methods to estimate the nuisance functions in our estimators, allowing flexi-
bility in terms of model misspecification, and also establish through this whole section a suit
of generally applicable results — with only high-level conditions on the nuisance estimators —
giving a complete understanding/characterization of our SS ATE estimators’ properties, un-
covering in the process, various interesting aspects of their robustness and efficiency benefits.
In Section 4 later, we also provide a careful study of a family of outcome model estimators
based on kernel smoothing, inverse probability weighting and dimension reduction, establish-
ing novel results on their uniform convergence rates, which verify the high-level conditions
required in Corollary 2.1 and ensure the efficiency superiority of our method discussed in
Remark 2.4; see Section 4.2 for more details. In general, we believe the SS ATE estimation
problem warranted a more detailed and thorough analysis in its own right, as we attempt to do
in this paper. Moreover, we also consider, as in the next section, the QTE estimation problem,
which to our knowledge is an entirely novel contribution in the area of SS (causal) inference.

3. SS estimation for the QTE. We now study SS estimation of the QTE in (3). As be-
fore in Section 2, we will simply focus here on SS estimation of the 7-quantile 6y = 0y (1,7) €
© CRof Y =Y(1), as in (6), with some fixed and known 7 € (0,1). This will be our goal
in Sections 3.1-3.2, after which we finally address SS inference for the QTE in Section 3.3.

REMARK 3.1 (Technical difficulties with QTE estimation). While the basic ideas under-
lying the SS estimation of the QTE are similar in spirit to those in Section 2 for the ATE, the
inherent inseparability of Y and 6 in the quantile estimating equation (4) poses significantly
more challenges in both implementation and theory. To overcome these difficulties, we use
the strategy of one-step update in the construction of our QTE estimators, and also develop
technical novelties of empirical process theory in the proof of their properties; see Section
3.1 as well as Lemma B.1 (in Appendix B.1 of the Supplementary Material) for more details.

REMARK 3.2 (Semantic clarification for Sections 3.1-3.2). As mentioned above, our es-
timand in Sections 3.1-3.2 is the quantile 6 of Y (1), not QTE, per se. However, for semantic
convenience, we will occasionally refer to it as “QTE” (and the estimators as “QTE estima-
tors””) while presenting our results and discussions in these sections. We hope this slight abuse
of terminology is not a distraction, as the true estimand should be clear from context.

3.1. SSestimators for 0y: general construction and properties. Letus define ¢(X,0) :=
E{y(Y,0) | X}. Analogous to the construction (7) for the mean 1y, we observe that, for arbi-
trary functions 7*(-) and ¢*(+, -), the equation (4) for 6 satisfies the DR type representation:

(20) 0 = E{¢(Y,60)} = E{¢"(X,00)} +E[{m*(X)} " T{u(Y,b0) — ¢*(X,60)}],

given either 7*(X) = 7(X) or ¢* (X, 0) = ¢(X, 0) but not necessarily both.

To clarify the basic logic behind the construction of our SS estimators, suppose momentar-
ily that {7*(-), ¢*(-,-)} are known and equal to {7 (-), ¢(-,-)}. One may then expect to obtain
a supervised estimator of 8y by solving the empirical version of (26) based on L, i.e.,

(27) En{¢(X,0)} +En[{m(X)} ' T{y(Y,0) — 6(X,0)}] = 0,

with respect to 6. However, solving (27) directly is not a simple task due to its inherent non-
smoothness and non-linearity in §. A reasonable strategy to adopt instead is a one-step update
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approach (Van der Vaart, 2000; Tsiatis, 2007), using the corresponding influence function (a
term used a bit loosely here to denote the expected influence function in the supervised case):

(28) {£(60)} N E{r(X)}'T{s(X,00) — (Y, 00)} — E{p(X,00)}).

Specifically, by replacing the unknown functions {7 (-), ¢(-,-)} in (28) with some estimators
{7n(-), én(-,-)} based on L that may target possibly misspecified limits {7*(-), ¢*(-,-)}, we
immediately obtain a supervised estimator of 6, via a one-step update approach as follows:

29 Osr = Onar + {Fo(Ooar)} B [{70 (X)} T {0 (X Oiir) — (Y ) }] —
En{n (X, 0nr)}),
with é\INIT an initial estimator for 6y and ﬁb() an estimator for the density function f(-) of Y.

SS estimators of 6y. With the above motivation for a one-step update approach, and recall-
ing the basic principles of our SS approach in Section 2.2, we now formalize the details of our
SS estimators of 8y. Similar to the rationale used in the construction of (9) for estlmatlng 1o

in context of the ATE, replacing Ep,{ ¢ (X, ) } and 7, (X) in (29) by E+ N (X, Opar) }
and 7 (X), respectively, now produces a family of SS estimators 955 for 6y, given by:

(30)  Bss == Oir + { o (Orr)} B [{FN (X)} T {00 (X, Buair) — (Y Or)}] -
B {6 (X, B })-

Here, a cross fitting technique similar to (10)—(11) is applied to obtain QAﬁn(Xl, )):

Gl u(Xi,0) = K'YK 6pp(Xi6) (i=n+1,...,n+N), and

(32) on(Xi,0) = Gni(Xi,0) (i€Ty k=1,....K),

where qgnk(, -) is an estimator for ¢*(-, -) based only on the data set £, (k=1,...,K).

We now have a family of SS estimators for 6y indexed by {7 (), #n(-,-)} from (30). To
establish their theoretical properties, we will require the following (high-level) assumptions.

ASSUMPTION 3.1. The quantile 6 is in the interior of its parameter space O. The density
function f(-) of Y is positive and has a bounded derivative in B(6y, ) for some £ > 0.

ASSUMPTION 3.2. The initial estimator am and the density estimator ﬁl() satisfy that,
for some positive sequences u,, = o(1) and v, = o(1),

(33) Onir — 00 = Op(uy), and
(34) Fn(Onr) — f(60) = Op(vn).

ASSUMPTION 3.3.  Recall that 77%(+) is some function such that 7*(x) € (¢, 1 — ¢) for any
x € X and some c € (0, 1). Then, the function Dy (x) = {7n(x)} ! — {7*(x)} ! satisfies:

(35) (Ex[{Dn(X)}*))'/? = Op(sy), and
(36) supyex| Dn (%) = Op(1),

for some positive sequence sy that is possibly divergent.
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ASSUMPTION 3.4. The function ¢*(-,-) — the (possibly misspecified) target of $n(, )=
is bounded. Further, the set M := {¢*(X,0) : 6 € B(0y, <)} for some ¢ > 0, satisfies:

(37 Ni{n, M, Ly(Px)} < cin™*,
where the symbol N (-, -, -) refers to the bracketing number, as defined in Van der Vaart and
Wellner (1996) and Van der Vaart (2000). In addition, for any sequence 6 — 6 in probability,

(38) Gul[{m*(X)} ' T{¢"(X,0) — ¢"(X,00)}] = 0,(1), and
(39) Grin{¢"(X,0) — ¢"(X,00)} = op(1).
ASSUMPTION 3.5. Denote
(40) Un (X, 0) = dnp(X,0) — ¢*(X,0), and
Ak(L) = (5uppep(g, o) Bx {Uni(X.0FDV? (k=1,...,K).

Then, for some ¢ > 0, the set:

(41) Pk = {Unp(X,0):0€B(6o,)}
satisfies that, for any n € (0, A (L) + ¢] for some ¢ > 0,

with some function H (£) > 0 such that H(L) = O,(ay,) for some positive sequence a,, that

is possibly divergent. Here, P, ; is indexed by 6 only and treats @Enk(, ) as a non-random
function (k =1,...,K). Moreover, we assume that:

sUPges(g, o Ex{[nk(X,0)} = Op(dn1), Ap(L) = Opldn2), and

SupxeX,GEB(GU,a)‘{p\n,k(Xv9)‘ = Op(dn) (k=1,...,K),

where d,, 1, dy, 2 and d,,  are some positive sequences that are possibly divergent.

REMARK 3.3. The basic conditions in Assumption 3.1 ensure the identifiability and es-
timability of 6g. Assumption 3.2 is standard for one-step estimators, regulating the behavior
of é\INIT and ﬁb() Assumption 3.3 is an analogue of Assumption 2.1, adapted suitably for the
technical proofs of the QTE estimators. Assumption 3.4 outlines the features of a suitable
working outcome model ¢*(-,-). According to Example 19.7 and Lemma 19.24 of Van der
Vaart (2000), the conditions (37)—(39) hold as long as ¢*(X,#) is Lipschitz continuous in
6. Lastly, Assumption 3.5 imposes restrictions on the bracketing number and norms of the
error term (40). The requirements in Assumptions 3.4 and 3.5 should be expected to hold for
most reasonable choices of {¢*(+, ), QASnk( -,+) } using standard results from empirical process
theory (Van der Vaart and Wellner, 1996; Van der Vaart, 2000). All the positive sequences in
Assumptions 3.3 and 3.5 are possibly divergent, so the relevant restrictions are fairly mild and
weaker than requiring L., convergence. The validity of these assumptions for some choices
of the nuisance functions and their estimators will be discussed in Section 4.

We now present the asymptotic properties of é;s in Theorem 3.1 and Corollary 3.1 below.

THEOREM 3.1.  Suppose that Assumptions 1.1 and 3.1-3.5 hold, and that either 7*(X) =
m(X) or ¢* (X, 0) = ¢(X, 0) but not necessarily both. Then, it holds that: 0 — 6y =

{nf(00)} S0 wn N (Zi 00) + Op{up + tnvn + 172 (ry + 2 n) + sndna} +
H{r*(X) # 7(X)}O0p(dn,1) + I{6" (X, 0) # 6(X,0)}Op(sn) + 0p(n~/?),
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when v > 0, where

= dna{log an +10g(d )} + nig!Pdnoc{(log an)* + (log dn2)},

zon = snlog(syt) + n V2 (logsy)?, and

wn,N(Z,0) = {m"(X)} T T{9" (X, 0) — (Y. 0)} — Ensn{9"(X,0)},
satisfying E{wy, n(Z,00)} = 0 if either ¢*(-) = ¢(-) or 7*(-) = m(-) but not necessarily both.

COROLLARY 3.1.  Suppose that the conditions in Theorem 3.1 hold true, that v =0 as
in (1), and that 7*(X) = 7(X). Then, the stochastic expansion of O is given by: 0 — 0y =

{nf(00)} 00 ws(Zi, 00) + Op{u? + wnvy +n V2 (rn + 2o n) + sndna} +
I{¢*(X,0) # ¢(X,0)}Oy(sn) + op(n~"/?),

where
wss(Z,0) = {n(X)} ' T{¢"(X,0) —(Y,0)} — E{¢"(X.0)},
satisfying E{wss(Z,00)} =0, and ¢*(X, 0) is arbitrary, i.e., not necessarily equal to ¢(x,0).
Further, if either sy = o(n=/?) or ¢*(X,0) = ¢(X, ) but not necessarily both, and
(43) ui + upvy, + n_1/2(rn + 2y N) + Sndp2 = o(n_1/2),
then the limiting distribution of (/9\55 is:
(44) 0!/ f(B0)os" (Bss = 60) > N(0,1)  (n, N —o0),

with 02, := E[{wss(Z,00)}?] = var[{m(X)} 1 T{(Y,00) — ¢*(X,00)}], and the asymptotic
variance { f(00)} 202 can be estimated as:

{Fa(0s5)} " 2var, [{7in (X)) T{0(Y, bss) — dn(X, O)}]-

REMARK 3.4 (Robustness and first-order insensitivity of (/9\55). Theorem 3.1 and Corol-
lary 3.1 establish the general properties ofA 555, in the same spirit as those of Jiss in Section
2.2. The results show, in particular, that 6 are always DR, while enjoying first-order in-
sensitivity, and n'/2-consistency and asymptotic normality, regardless of whether o(-,-) is
misspecified, as long as we can correctly estimate 7(X) at an Ly-rate faster than n~1/2 by
exploiting the plentiful observations in Z{. In contrast, such n'/2-consistency and asymptotic
normality are unachievable (in general) for supervised QTE estimators if ¢(-,-) is misspeci-
fied. This is analogous to the case of the ATE; see Remark 2.3 for more discussions on these
properties.

REMARK 3.5 (Choices of {@NIT, fn()}) While the general conclusions in Theorem 3.1
and Corollary 3.1 hold true for any estimators {@Nm J?n()} satisfying Assumption 3.2, a rea-
sonablg choice in practice for both would be IPW type estimators. Specifically, thg initial esti-
mator Oy can be obtained by solving: E,,[{7n (X)} 1 T9(Y, Oir)] = 0, while f,,(-) may be
defined as a kernel density estimator based on the weighted sample: {{7y (X;)} !1T;Y; i =
1,...,n}. Under the conditions in Corollary 3.1, it is not hard to show that Assumption 3.2
as well as the part of (43) related to {u,,, v, } are indeed satisfied by such {@nrr, fr ()}, using
the basic proof techniques of quantile methods (Koenker, 2005) and kernel-based approaches
(Hansen, 2008), along with suitable modifications used to incorporate the IPW weights.
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3.2. Efficiency comparison. For efficiency comparison among QTE estimators, similar
to fi%,p in Section 2 for the ATE, we now consider the pseudo-supervised estimator(s) of 0y:

45) 6%, = Our + {Fn ()} En[{FN (X) } {0 (X, Oir) — (Y, Orr) }] —
E{¢n(X, 0nrr)}),

i.e., the version of the purely supervised estimator 95Up in (29) with 7, (-) therein replaced by

7N (-) fromU. 9§UP thus has the same robustness as s and is considered solely for efficiency
comparison — among SS and supervised estimators of 6y (setting aside any robustness bene-
fits the former already enjoys). This is based on the same motivation and rationale as those
discussed in detail in Section 2.3 in the context of ATE estimation; so we do not repeat those
here for brevity. We now present the properties of GSUP followed by the efficiency comparison.

COROLLARY 3.2.  Under the conditions in CorollaryAS.I , the pseudo-supervised estima-
tors QSUP given by (45) satisfies the following expansion: 0, — 0y =
{nf(00)} i wsun(Zis 00) + Op{u + vy + 02 (ry + 20,8) + sndno} +
H{"(X,0) # 6(X,0)}0p(sx) + 0p(n™"7%), and
(46) 0/ f(00)owh (G5 — o) 5 N(0.1)  (n. N — o),
where
wsr(Z,0) = {m(X)} 7 T{¢"(X,0) — (Y. 0)} — ¢*(X.,0),
satisfying B{wsp(Z,00)} = 0, and 02, := E[{wsp(Z, 00)}?] =
var{m(X)} ' T{u (Y, 00) — ¢"(X,00)}] — var{¢* (X, 00)} + 2E{¢" (X, 6o)1(Y, o) }.
REMARK 3.6 (Efficiency improvement of 555 and optimality). Inspecting the asymptotic

variances in Corollaries 3.1 and 3.2, we see that 02 < 02, with any choice of ¢*(X, ) such
that ¢*(X,0) = E{¢(Y,6) | g(X)} for some (possibly) unknown function g(-), since

o — 0% = 2E{0"(X, 00)v(Y, 00)} — var{¢* (X, 00)} = E[{¢"(X,00)}*] > 0.

Such a comparison reveals the superiority in efficiency of our SS estimators gss over the
corresponding “best” achievable ones in supervised settings even if the difference (i.e., im-
provement) in robustness is ignored. When ¢*(X,0) = E{¢y (Y, ) | X}, the SS variance:

o5 = var({m(X)} Ty (Y, 00) — E{s(Y,60) | X}))
E({m(X)} 2T[w(Y, 80) — E{u(Y,6) | X}]?)
< E{m(X)} 2 T{¥(Y, 00) — g(X)}?],

for any function g(-) while the equality holds only if g(X) = E{¢(Y,0y) | X} almost surely.
In this sense 555 is asymptotically optimal among all regular and asymptotically linear esti-
mators of 6y, whose influence functions have the form { f(6p)m(X)}1T{g(X) — ¥(Y,6p)}
for some function g(-). Under the semi-parametric model (22), one can show if Assumption
3.1 holds true, the representation (47) equals the efficient asymptotic variance for estimating
O, that is, the SS estimator 553 achieves the semi-parametric efficiency bound. In Section 4.3,
we will also detail the above choices of ¢*(+, -) and some corresponding estimators ank(, ).

47
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3.3. Final SS estimator for the QTE. Similar to the arguments used in Section 2.5 for the
case of {fiss(1), liss(0)} to obtain the ATE estimator, substituting {Y(0),1 — 7'} for {Y,T'}

in the aforementioned discussions concerning 935 = 955( ) and 0y = 6p(1) immediately gives
us a family of SS estimators Bss (0) for 6y(0) as well as their corresponding properties (as the
counterparts of the properties established for 555(1) so far). Subsequently, we may obtain our
final SS estimator(s) for the QTE, i.e., the difference 6y(1) — 0y(0) in (4), simply as: @\ss(l) —
é;s (0). Then we know that, if the conditions in Corollary 3.1 for é\ss(l) and their counterparts
for 555(0) hold, the asymptotic distribution of our final SS QTE estimators 555(1) - 553(0) is

(48) 0ot [{Bs(1) — s (0)} — {B0(1) = 0o(0)}] > N(0,1)  (n, N = o0),

where the asymptotic variance:
g = var({f(00)m(X)} "' T{u(Y,00) — ¢" (X, 00)} —
[£{60(0), 0}{1 = m(X)}] 7" (1 = T)[{Y (0),60(0)} — " {X, 60(0), 0}])

can be estimated by:
vaty ({ fn (Bss )78 (X)} LT { (Y, Bss) — 9 (X, Oss)} —
[fn{Bss(0),01{1 — Fn (X)} 11 = T)[{Y (0), 055(0)} — 6n{X, 055(0),0})).

In the above, fn(, 0) and q?n(X, 6,0) are some estimators for the density function f(-,0)
of Y'(0) and the working model ¢*(X, 8,0) of E[¢){Y (0),0} | X], respectively. We will use
(48) to construct confidence intervals for the QTE in the data analysis of Section 6.

4. Choice and estimation of the nuisance functions. In this section, we study some
reasonable choices and estimators of the nuisance functions involved in the SS estimators Iss
and g from Sections 2 and 3, which form a critical component in the implementation of all
our approaches. The results claimed in the last two sections, however, are completely general
and allow for any choices as long as they satisfy the high-level conditions therein. In Sections
4.1-4.3 below, we discuss some choices of 7(+) and the outcome models for ATE and QTE.

4.1. Propensity score. Under the assumption (1), the specification and estimation of 7 (+)
is a relatively easier task and can be done through applying any reasonable and flexible
enough regression method (parametric, semi-parametric or non-parametric) to the plentiful
observations for (7, XT)T in /. For instance, one can use the “extended” parametric families
7*(x) = h{Ba ¥ (x)} as the working model for the propensity score 7(-), where h(-) € (0,1)
is a known link function, the components of W (-) : R? — R?" are (known) basis functions of
x with p* = p} allowed to diverge and exceed n, and 3, € RP" is an unknown parameter

vector. Such a 7*(x) can be estimated by 7y (x) = h{BT\II(x)} with /3 obtained from the

corresponding parametric regression process of 7" vs. ¥ (X)) using ¢/. Regularization may be

applied here via, for example, the L penalty if necessary (e.g., in high dimensional settings).
The families above include, as a special case, the logistic regression models with

h(z) = {1+exp(—2z)} tand ¥(x) = {1,¥] (x), ¥ (x),..., 01, (x)}",
for W,,(x) := (xf’f},x[rg}, o ,X’LZ])T (m=1,...,M) and some positive integer M. Section
5.1 of Chakrabortty et al. (2019) along with Section B.1 in the supplementary material of that
article provided a detailed discussion on these “extended” parametric families and established
their (non-asymptotic) properties, sufficient for the high-level conditions on {7*(-), 7x(+)} in
Sections 2 and 3. In addition, it is noteworthy that, in high dimensional scenarios in our setup,
where n < p* < N, the parameter vector 3, is totally free of sparsity and can be estimated

by unregularized methods based on ¢/. Such a relaxation of assumptions is incurred by the
usage of massive unlabeled data and is generally unachievable in purely supervised settings.
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4.2. Outcome model for the ATE. We now consider the working outcome model m*(-)
involved in our ATE estimators. As discussed in Remark 2.4, one may expect to achieve semi-
parametric optimality by letting m*(X) = E(Y | X). However, specifying the E(Y | X) cor-
rectly in high dimensional scenarios is usually unrealistic while approximating it fully non-
parametrically would typically bring in undesirable issues such as under-smoothing (Newey,
Hsieh and Robins, 1998) even if there are only a moderate number of covariates. We therefore
adopt a principled and flexible semi-parametric strategy, via conducting dimension reduction
followed by non-parametric calibrations and targeting E(Y" | S) instead of E(Y" | X), where
S:=PIX €S CR"and Py is a r x p transformation matrix with some fixed and known
r < p. (The choice r = p of course leads to a trivial case with Py = I,,.) It is noteworthy that
we always allow the dimension reduction to be insufficient and do not assume anywhere that

(49) E(Y|S) = E(Y | X).

The efficiency comparison in Remark 2.4 shows that, whenever 7y (-) converges to m(-) fast
enough, setting m*(X) = E(Y | P3X) always guarantees our SS estimators iss to dominate
any supervised competitors using the same working model m*(-) — no matter whether (49)
holds or not. Hence, one is free to let Py equal any user-defined and data-dependent matrix.
If Py is completely determined by the distribution of X, its estimation error is very likely to
be negligible owing to the large number of observations for X provided by /. An instance of
such a choice is the r leading principal component directions of X. Nevertheless, to make the
dimension reduction as “sufficient” as possible, one may prefer to use a transformation matrix
P, which depends on the joint distribution of (Y, X™)T, and thus needs to be estimated with
significant errors. We will give some examples of such P in Remark 4.3.

To estimate the conditional mean m*(x) = E(Y | P} X = P{x), we may employ any suit-
able smoothing technique, such as kernel smoothing, kernel machine regression or smoothing
splines. For illustration, we focus on the IPW type kernel smoothing estimator(s):

(50) it (%) = i p(x,Pr) = {00 (x, PR} ) (. Py) (k=1,....K),
where
Eﬁf}k(x,P) = by B k{7 (X))} TY KW {PT(x — X))} (t=0,1),

with the notation E,, 1 {g(Z)} := ng' >_icz-9(Z;) for any possibly random function g(-),
and with P}, being any estimator of Py using L, Ky(s) = K(h,'s), K(-) akernel function

n
(e.g., the standard Gaussian kernel) and h,, — 0 denoting a bandwidth sequence.

REMARK 4.1 (Subtlety and benefits of the inverse probability weighting scheme). The
IPW based weights {7 (X)} ! involved in i, (x) in (50) play a key role in its achieving
an important DR property, which means 7, ;,(x) has the limit E(Y" | S = s) whenever either
(49) is true or 7*(-) = 7(-), but not necessarily both. This property will be proved in Theorem
4.1, and formally stated and discussed in Remark 4.2. In contrast, the (standard) complete-
case version without the IPW weights {7x(X)} ! actually targets E(Y | S =s,T = 1) that
equals E(Y | S =s) only if (50) holds. Recalling the clarification in Remark 2.4, we can see
that such a subtlety (enabled by the involvement of the weights) in the construction of 7, 1 (+)
ensures the efficiency advantage of our SS estimators fiss over any supervised competitors
constructed with the same 1, (), when 7 (-) is correctly specified but m(-) is not.

Lastly, although 7, ;(-) contains 7y (-) and thereby involves the unlabeled data U/, we
suppress the subscript N in 7, i, (+) for brevity considering its convergence rate mainly relies
on n; see Theorem 4.1. In principle, cross fitting procedures analogous to (10) and (11) should
be conducted for ¢ as well to guarantee the independence of M, ;(-) and X; in My, 4 (X;)
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(i=n+1,...,n+ N). However, from our experience, such extra cross fitting procedures
bring only marginal benefits in practice while making the implementation more laborious.
We hence stick to estimating 7*(-) using the whole U in our numerical studies.

There is substantial literature on kernel smoothing estimators with unknown estimated co-
variate transformations, but mostly in low (fixed) dimensional settings (Mammen, Rothe and
Schienle, 2012, 2016; Escanciano, Jacho-Chédvez and Lewbel, 2014). Considering, however,
that in our setting, the dimension p of X can be divergent (possibly exceeding n), and that the
transformation matrix Py as well as the weights {7*(X)} ! need to be estimated as well, es-
tablishing the uniform convergence property of m, x(x, P %) in (50), in fact, poses substantial
technical challenges and has not been studied in the literature yet. Our results here are thus
novel to the best of our knowledge. To derive the results we impose the following conditions.

ASSUMPTION 4.1.  The estimator P, satisfies ngk — Pyl|1 = Op(ay,) for some o, > 0.

ASSUMPTION 4.2 (Smoothness conditions). (i) The function K(-) : R" — R is a sym-
metric kernel of order d > 2 with a finite dth moment. Moreover, it is bounded, square in-
tegrable and continuously differentiable with a derivative VK (s) := 0K (s)/0s such that
IVK(s)|| < ci1ls||7" for some constant v; > 1 and any ||s|| > cp. (ii) The support S
of S =P}X is compact. The density function fs(-) of S is bounded and bounded away
from zero on S. In addition, it is d times continuously differentiable with a bounded dth
derivative on some open set Sop DO S. (iii) For some constant u > 2, the response Y satisfies
supgesE(Y?% | S =s) < oo. (iv) The function k¢ (s) := E[{7*(X)}1TY?|S=s] (t=0,1)
is d times continuously differentiable and has bounded dth order derivatives on Sy.

ASSUMPTION 4.3 (Required only when P needs to be estimated). (i) The support X
of X is such that sup,cy||X|/cc < 00. (ii) The function VK (-) has a bounded derivative
satisfying ||0{V K (s)}/0s|| < ¢ ||s||~"> for some constant v, > 1 and any ||s|| > co. Further,
it is locally Lipschitz continuous, i.e., VK (s1) — VK (s2)|| < |[s1 — s2]|p(s2) for any ||s; —
so|| < ¢, where p(+) is some bounded, square integrable and differentiable function with a
bounded derivative Vp(-) such that || Vp(s)|| < c¢1||s|| ™ for some constant v3 > 1 and any
[Is]] > 2. (iii) Let x(;(s) be the jth component of x,(s) := E[X{n*(X)}'TY" | S =s].
Then, x,;(s) is continuously differentiable and has a bounded first derivative on Sy, for each
t=0,landj=1,...,p.

In the above, Assumption 4.1 regulates the behavior of P & as an estimator of the transfor-
mation matrix Pg. Moreover, the smoothness and moment conditions in Assumption 4.2 are
almost adopted from Hansen (2008) and are fairly standard in the literature of kernel-based
approaches (Newey and McFadden, 1994; Andrews, 1995; Masry, } 996). Further, we require

Assumption 4.3 to control the errors from approximating Py by Py, while Assumption 4.3
(ii) in particular is satisfied by the second-order Gaussian kernel, among others. Similar con-
ditions were imposed by Chakrabortty and Cai (2018) to study unweighted kernel smoothing
estimators with dimension reduction in low (fixed) dimensional settings. Based on these con-

ditions, we provide the uniform convergence rate of m,, j(x, P %) in the following result.

THEOREM 4.1 (Uniform consistency of 7, x(+)). Set &, := {(nhl)"*logn}'/?, bV .=
En+ hfl and bf%\[ = hflza% + h;lﬁnan + oy + h;r/QsN. Suppose that Assumptions 1.1, 2.1
and 4.1-4.3 hold true and that bng) + b(23\r =0(1). Then,

SUPsee x| ik (%, Py) — (%, Po)| = O, {00 +5P%}  (k=1,...,K),

where m(x,P) := {ko(PTx)} 1k1 (PTx), with ko(-) and r1(-) as given in Assumption 4.2.
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REMARK 4.2 (Double robustness of 7, ;). As long as either 7*(x) = 7(x) or m*(x) =
E(Y | S=s)=E(Y | X =x) = m(x) but not necessarily both, we have:
m(x,Po) = (E[{n"(X)}"'n(X)|S =s)'E[{r*(X)} ' n(X)m(X) | S =]
= E(Y|S=s) = m"(x).
Theorem 4.1 therefore shows m,, (X, f’k) is a DR estimator of m*(x). This is an important

consequence of the IPW scheme used in the construction of 1, (-), and its benefits (in the
bigger context of our final SS estimator) were discussed in detail in Remark 4.1.

REMARK 4.3 (Uniform convergence — some examples). According to the result in The-
orem 4.1, the uniform consistency of m,, 1,(x, Pj) as an estimator of m(x,Py) holds at the
optimal bandwidth order A, = O{nil/ (2‘”’")} for any kernel order d > 2 and a fixed r, given

D sy = ofn /WL and @, = ofnV/(2dH1)},

The first part of (51) is actually weaker than the assumption sy = o(n_l/ 2) used in Corollary
2.1 and thus should be easy to be ensured in the SS setting (1). As regards the validity of the
second part, we consider it for some frequently used choices of P including, for instance,
the least square regression parameter (r = 1) satisfying E{X (Y — P} X)} = 0, and the r
leading eigenvectors of the matrix var{E(X | Y)}, which can be estimated by sliced inverse

regression (Li, 1991). When p is fixed, there typically exist n'/2-consistent estimators 13k for
Py, so the second part of (51) is satisfied by the fact that o, = O(n~'/2). In high dimensional

scenarios where p is divergent and greater than n, one can obtain P  from the L;-regularized
version(s) of linear regression or sliced inverse regression (Lin, Zhao and Liu, 2019). The
sequence a, = O{q(logp/ n)l/ 21 when the L; penalty is applied under some suitable condi-
tions (Biihlmann and Van De Geer, 2011; Negahban et al., 2012; Wainwright, 2019), where
q := ||Po||o represents the sparsity level of P. Thus, the second part of (51) holds as long as

q(logp)'/? = o{n(2dtr=2)/(4d+2r))

4.3. Outcome model for the QTE. As regards the outcome model ¢*(-,-) for the QTE,
we adopt the same strategy as in Section 4.2. Specifically, with Py similar as before, we set

(52) ¢"(x,0) = E{¢(Y,0) |PgX =Pox} = E{y(Y.0)|S=s},
and estimate it by the IPW type kernel smoothing estimator:
(53) Gk (x,0) = P (x,0,P) = (B (.0, P) } 1)) (x,0,Py)  (k=1,....K),
where, with K(-), h,, and K}(-) similarly defined as in Section 4.2,
e (6.0, P) 1= By i[{Fn (X)) T (V.0 K (P (x - X)) (£=0.1).

We first verify Assumption 3.4 for a choice of ¢*(x,6) as in (52), via the following result.

PROPOSITION 4.1.  If the conditional density f(- |s) of Y given S = s is such that

(54) El{supgeso, /(0 8)}?] < oo,
then Assumption 3.4 is satisfied by setting ¢*(X,0) =E{(Y,0) | S}.

We now study the uniform convergence of the estimator ggn,k(x, 6). 1t is noteworthy that

establishing properties of ggn 1(x,0) is even more technically involved compared to the case
of m,, ;(x) in Section 4.2, since handling function class {¢(Y,8) : § € B(6y,<)} inevitably
needs tools from empirical process theory. We itemize the relevant assumptions as follows.
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ASSUMPTION 4.4 (Smoothness conditions). (i) Assumption 4.2 (i) holds. (ii) Assump-
tion 4.2 (ii) holds. (iii) The function ¢(s, 0) := E[{7*(X)} 'T{x(Y,0)}} | S=s] (t=0,1)
is d times continuously differentiable with respect to s, and has bounded dth order derivatives
on Sy x B(6y, ) for some £ > 0.

ASSUMPTION 4.5 (Required only if P needs to be estimated). (i) Assumption 4.3 (i)
holds. (ii) The function VK (-) is continuously differentiable and satisfies ||0{V K (s)}/0s||
< ¢q ||s]| 7" for some constant v > 1 and any ||s|| > co. Further, it is locally Lipschitz contin-
uous, i.e., [VK(s1) — VK (s2)|| < |[s1 —s2||p(s2) for any ||s; —s2|| < ¢, where p(-) is some
bounded and square integrable function with a bounded derivative Vp(-). (iii) Let n; (s, 0)
be the jth component of 1, (s, 0) := E[X{7*(X)} ~'T{w(Y,0)}! | S = s]. Then, with respect
to s, the function 7,(; (s,0) is continuously differentiable and has a bounded first derivative
on Sy x B(6y,¢) for some € > 0, foreacht=0,1and j=1,...p.

The above two assumptions can be viewed as the natural variants of Assumptions 4.2—4.3
adapted suitably for the case of the QTE. We now propose the following result for ¢,, 1. (-, ).

THEOREM 4.2 (Uniform convergence rate of ngﬁn,k(-, ). Setyy, :=[(nhh) Hlog(h,") +

log(logn)}'/?, ag) = + hd and a(23\, = h,2a? + h Y a4+ ap + hflrmsN. Suppose

n,

that Assumptions 1.1, 3.3, 4.1, 4.4 and 4.5 hold true and that a,(ll) + aggv =0(1). Then

SUPxex,0eB(6o,¢) |$n,k(xa 0, ]/-:\)k) - g(X, 97 P0)| = Op{agll) + afj%\f} (k =1,... 7K)7

where ¢(x,0,P) := {o0(PTx,0)} L1 (PTx,0) with oo (+) and 1 (-) as in Assumption 4.4.

REMARK 4.4 (Double robustness and uniform convergence of aAﬁnk(, -)).  Whenever ei-
ther 7*(x) = 7m(x) or ¢*(x,0) = E{y(Y,0) | S =s} =E{y(Y,0) | X = x} = ¢(x,0), but
not necessarily both, we can see that:

¢(x,6,Po) = (E[{r*(X)}"'m(X)|S=s]) E[{r*(X)} '7(X)¢(X,6) | S =]

= E{p(Y,0)[S=s} = ¢"(x,0).
In this sense, &nk (Ax, G,f’k) is a DR estimator of ?*(x,&). Moreover, it is straightforward
to show ¢y, 1,(x, 0, Py,) is uniformly consistent for ¢(x, 6, Py) at the optimal bandwidth rate

under the same conditions on { sy, ay, } as those in Remark 4.3, while the choices of {Py, P k)
therein also apply to the case of ¢y, 1,(x, 0, Py); see the discussion in Remark 4.3 for details.

Theorem 4.2 therefore has shown (among other things) that the sequences {d,, 1, dp 2, dp oo }
in our high-level Assumption 3.5 on ¢y, (-, -) are all of order o(1) when one sets:

(55) "Zn,k(X70) = $n7k(X,0,f)k) - (Z)*(Xae)v

where ¢*(x, 0) and gn’k(x, 0,P) are as defined in (52) and (53), respectively. Furthermore, as
a final verification of our high-level conditions in Assumption 3.5, we validate the condition
(42) therein on the bracketing number via the following proposition.

PROPOSITION 4.2.  Under the condition (54), the function &nk(X, 0) in (55) satisfies:

Ny{n, Pug | £,L2(Px)} < c(n+1)n7 ",

where the set Py, i, is as defined in (41). Therefore, the sequence a,, characterizing the growth
of the function H (L) in the condition (42) of Assumption 3.5 is of order O(n).
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REMARK 4.5 (Other outcome model estimators). Finally, as we conclude our discussion
on the nuisance functions’ estimation, it is worth pointing out that in addition to the IPW type
kernel smoothing estimators with necessary dimension reduction, which have been investi-
gated thoroughly in Sections 4.2—4.3, one may also employ any other reasonable choices of
Mk (+) and ngk(, +) to construct figs and 553, as long as they satisfy the high-level conditions
in Sections 2-3. Examples include estimators generated by parametric (e.g, linear/logistic)
regression methods, possibly with penalization in high dimensional settings (Farrell, 2015),
and random forest (Breiman, 2001) without use of dimension reduction, as well as many other
popular non-parametric machine learning approaches that have been advocated by some re-
cent works for other related problems in analogous settings (Chernozhukov et al., 2018; Far-
rell, Liang and Misra, 2021). We will consider some of these methods in our simulations and
data analysis, while omitting their theoretical study, which is not of our primary interest in
this article; see Sections 5 and 6 for their implementation details and numerical performance.

5. Simulations. We now investigate the numerical performance of our SS ATE and QTE
estimators figs and GASS on simulated data under a variety of data generating mechanisms. (We
clarify here that without loss of generality we focus on pg and 6 in (6) as our targets, though
with some abuse of terminology, we occasionally refer to them as ATE and QTE respectively.)
We set the sample sizes n € {200,500} and N = 10,000 throughout. The covariates X are
drawn from a p-dimensional normal distribution with a zero mean and an identity covariance
matrix, where p € {10,200} denotes low and high dimensional choices, respectively. For any
kernel smoothing steps involved, we always use the second order Gaussian kernel and select
the bandwidths using cross validation. Regularization is applied to all regression procedures
via the Ly penalty when p = 200, while the tuning parameters are chosen using ten-fold cross
validation. The number of folds in the cross fitting steps (10)—(11) and (31)-(32) is K = 10.
By the term “complete-case”, we refer to conducting a process on {(Y;,T; =1, XZT)T 1€
T*} without weighting, where Z* = 7, if cross fitting is involved while Z* = Z otherwise.

5.1. Data generating mechanisms and nuisance estimator choices. 'We use the following
choices as the true data generating models for 7' | X and Y | X. Let X, := (X[, - - ,X[q])T
where ¢ = p when p = 10, and g € {5, [p'/?]} when p = 200, representing the (effective)
sparsity (fully dense for p = 10, and sparse or moderately dense for p = 200, respectively) of
the true data generating models for the nuisance functions, as described below.

For the propensity score 7(X), and with T'| X ~ Bernoulli{7(X)}, we set the choices:
(i) m(X)=h(11X,/q"/?), alinear model;
(i) m(X)= h{l;FXq/ql/2 + (17X,)?/(2q)}, a single index model;
(iii) 7(X)=h{17X,/q"? + | X4|1>/(29)}. a quadratic model.

In the above h(z) = {1 + exp(—x)} ! denotes the usual “expit” link function for a logistic
model. To approximate 7(X) using the data I/, we obtain the estimator 7y (x) from:

I. unregularized or regularized (linear) logistic regression of 7" vs. X (Lin), which correctly
specifies the propensity score (i) but misspecifies (ii) and (iii); or

II. unregularized or regularized (quadratic) logistic regression of ' vs. (X, X[Ql] e Xfp] )T
(Quad), which correctly specifies the propensity scores (i) and (iii) but misspecifies (ii).

The conditional outcome model is Y | X ~ N'{m(X), 1} with choices of m/(-) as follows:

(@ m(X) = l;qu, a linear model,;
(b) m(X)=17X,+ (17 X,)?/q, a single index model;
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(©) m(X)=17X,+ [ X4?/3. a quadratic model;
(d) m(X) =0, a null model;

) m(X)=1X{1+ 2(0;/2, 1;5/2)X/p}, a double index model.

The outcome models (d) and (e) are considered for cases with p = 10 only and their results
are summarized in Appendix C of the Supplementary Material. The following discussions
mainly focus on the outcome models (a)—(c).

The estimators m., ;,(x) and $n7k(x, @NIT) are constructed based on the data £, through:

I. kernel smoothing (KS), in (50) and (53), where f’k € RP*" is chosen as:

1. the slope vector (r = 1) from the complete-case version of unregularized or regularized
linear regression of Y vs. X (KS7), which correctly specifies the outcome models (a),
(b) and (d) but misspecifies (c) and (e); or

2. the first two directions (r = 2) selected by the complete-case version of the unregu-
larized (with [n/5] slices of equal width) or regularized (with 4 slices of equal size)
sliced inverse regression (Li, 1991; Lin, Zhao and Liu, 2019) of Y vs. X (KS2), which
correctly specifies the outcome models (a), (b), (d) and (e) but misspecifies (c); or

II. parametric regression (PR), giving
k(%) = (1x") T8 and G k(x,Or) = B{(LXT) 7} -7,

with Ek /A1, respectively being the slope vector from the complete-case version of unregu-
larized or regularized linear/logistic regression of Y/I(Y < §1N1T) vs. X using £, which
correctly specifies the outcome models {(a), (d)} and (d) for the ATE and QTE estimation,
respectively, while misspecifying the others.

In general, our choices of {7(x),m(x)} incorporate both linear and non-linear effects, in-
cluding quadratic and interaction effects, that are commonly encountered in practice. Also,
our approaches to constructing {7y (x), M, 1 (%), (an (x,6)} represent a broad class of flex-
ible and user-friendly (parametric or semi-parametric) strategies often adopted for modeling
the relation between a continuous or binary response and a set of (possibly high dimensional)
covariates. They also allow for a variety of scenarios in terms of correct/incorrect specifica-
tions of the (working) nuisance models. Based on the various 7, ;(-) and ngbnk (+,-) described
above, we obtain m,(-) and ggn(, -) via the cross fitting procedures (10)—(11) and (31)—(32).
In addition, for the QTE estimation, we plug am and ﬁL() from Remark 3.5 into 555 defined
by (30), while obtaining the initial estimator and estimated density for HASUP in (29) through
the same IPW approach but with 7, (-) instead of 7 (+) (i.e., the version based on L instead
of U). The same 7,,(+) is also used for constructing the supervised ATE estimator fisyp in (8).

For all combinations of the true data generating models, and for any of the choices of the
nuisance function estimators as listed above, we implement our SS ATE and QTE estimators,
evaluate their performances for both estimation (see Section 5.2) and inference (see Section
5.3), and also compare their estimation efficiency with respect to a variety of corresponding
supervised estimators, (8) and (29), as well as their oracle versions (see their formal descrip-
tions in Section 5.2). All the results are summarized from 500 replications.

5.2. Results on estimation efficiency. In Tables 2-3, we report the efficiencies, measured
by mean squared errors, of various supervised and SS estimators relative to the corresponding
“oracle” supervised estimators fiogs and foga, constructed via substituting {m(-),m(-),o(-,")}
for {m,(-), mn ("), ggn(, -)} in (8) and (29). The supervised “oracle” estimators of the QTE use
the initial estimators and estimated densities from the IPW approach described in Remark 3.5
with 7 (+) replaced by 7(-). We clarify here that such “oracle” estimators (for both the ATE
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TABLE 2
Efficiencies of the ATE estimators relative to the corresponding oracle supervised estimators; see Remark 5.1 for
interpretations of these relative efficiencies. Here, n denotes the labeled data size, p the number of covariates, q
the model sparsity, m(X) = E(Y | X), m(X) = E(T | X), 7(X) — the estimated propensity score, Lin — logistic
regression of T vs. X, and Quad — logistic regression of T vs. (X7, X[Ql], .. ,X[Qp] Y, KS1/KSo represents

kernel smoothing on the one /two direction(s) selected by linear regression/sliced inverse regression; PR denotes
parametric regression, and ORE oracle relative efficiency. The blue color implies the best efficiency in each case.
n =200 n =500

p=10 Supervised SS Supervised SS ORE
m(X) w(X) #(X)| KS; KS; PR |KS; KS; PR ||[KS; KS; PR |KS; KS; PR
(6] Lin 087 08 096 | 299 274 372 | 099 098 099 335 3.19 3.70 4.37

Quad || 0.79 0.63 091 | 3.00 274 3.74 || 097 096 098 | 334 320 3.69 4.37
(ii) Lin 093 091 099 | 337 3.10 4.05 | 1.00 1.00 099 | 3.64 355 3.93 4.78

@ Quad || 0.88 0.85 091 | 343 319 4.07 | 099 1.00 098 | 3.68 359 3.96 || 4.78
(iii) Lin 087 084 095|289 253 4.05 | 096 095 0.99 | 321 3.08 3.88 | 4.99
Quad || 0.86 0.81 091 | 3.08 270 4.13 | 098 098 1.00 | 3.44 331 3.92 | 499
(1) Lin 093 092 051|362 342 1.03 ] 099 098 0.67 | 373 361 117 | 5.07
Quad || 092 0.77 040 | 3.64 349 1.02 | 098 098 0.61 | 3.74 359 1.16 || 507
®) (i) Lin 094 086 026|229 169 036 | 092 091 0.15|229 216 0.18 | 3.55
Quad || 0.85 0.81 0.28 | 235 1.76 041 | 091 090 0.17 | 2.34 220 0.1 3.55
(iii) Lin 090 089 051|310 283 088 | 097 097 0.60 | 3.05 3.00 084 | 4.39
Quad || 0.87 0.84 056 | 320 290 1.08 || 098 096 0.63 | 3.11 3.04 1.07 || 4.39
(1) Lin 062 061 067|123 121 117 || 078 0.79 0.74 | 1.52 1.58 145 | 9.52
Quad || 061 054 0.60 | 1.21 121 1.15 | 0.84 085 0.80 | 1.50 1.56 141 || 9.52
© (i) Lin 0.70 066 056 | 1.32 1.17 1.01 || 0.85 0.84 055 | 1.58 152 0.96 | 8.71
Quad || 0.79 075 083 | 1.35 1.19 132 || 090 089 0.83 | 1.47 146 149 || 8.71
(iii) Lin 0.57 058 053|092 095 087 || 048 049 043 ] 070 0.72 0.61 9.42
Quad || 0.78 0.74 0.83 | 142 140 151 (| 094 092 092 | 1.59 1.60 1.55 9.42
n =200 n =500
p=200,¢=5 Supervised SS Supervised SS ORE

m(X) TI'(X) 7’1:(X) KS: KS:2 PR KS; KS» PR KS;  KS» PR KS:  KS» PR
(i) Lin 0.72 022 046 | 1.60 0.67 143 || 094 085 0.73 | 1.88 1.62 1.73 2.68

Quad || 0.70 020 043 | 1.61 0.67 142 | 094 083 0.68 | 1.89 162 1.72 2.68
(ii) Lin 0.87 045 070 | 1.89 091 1.73 || 097 0.88 0.80 | 2.15 2.00 2.05 2.89

@ Quad || 0.86 044 0.69 | 191 092 1.75 | 097 0.88 0.78 | 215 199 207 2.89
(iii) Lin 082 034 057|174 079 1.64 | 095 0.89 0.76 | 235 206 2.17 3.00

Quad || 0.80 032 055|179 084 168 || 095 086 072|245 213 219 3.00

(1) Lin 086 035 076 | 1.60 094 1.06 || 095 095 0.65 | 2.04 197 1.04 3.37

Quad || 0.83 031 074 | 1.1 093 1.08 || 095 095 0.65 | 2.04 197 1.03 3.37

) (ii) Lin 035 023 022|044 040 035 055 035 0.14 | 073 049 0.15 2.29
Quad || 035 022 022 ] 045 042 037 || 054 034 0.14 | 0.75 051 0.16 || 2.29

(iii) Lin 082 049 066 | 099 072 068 || 0.88 085 068 | 1.48 135 0.60 || 2.74

Quad || 0.80 045 064 | 1.13 078 080 || 090 0.86 0.71 | 1.66 155 0.84 || 2.74

(1) Lin 059 023 039 | 100 065 093 | 075 071 072 | 1.16 1.10 120 || 4.13

Quad || 0.57 020 036 | 1.00 064 092 || 0.76 0.70 0.71 | 1.17 1.10 1.20 || 4.13

© (ii) Lin 064 035 043|099 063 090 || 0.74 064 038 | 1.14 1.05 0.79 3.63

Quad || 0.64 034 042 | 1.02 064 094 || 0.74 0.64 037 | 1.21 1.12 091 3.63
(iii) Lin 039 019 025|068 047 060 || 038 032 026 | 050 047 043 3.78
Quad || 039 0.18 024 | 095 059 082 | 040 033 026 | 133 1.15 1.04 3.78

n =200 n =500
p=200,q=[p"/?] Supervised SS Supervised SS ORE
m(X) 71'(X) ﬁ(X) KS; KS-2 PR KS, KSo PR KS, KSs PR KS, KS-2 PR
@ Lin || 035 009 029 | 1.38 046 120 || 083 060 060 | 3.59 204 296 | 6.05
Quad || 034 009 028 | 1.36 043 1.17 || 0.81 055 055 | 3.57 201 287 | 6.05

(i) Lin || 068 023 061 | 174 051 164 | 097 073 080|390 255 371 | 665

@ Quad || 0.67 023 060 | 1.78 052 1.66 || 097 072 0.79 | 391 251 372 || 6.65
(iii) Lin 062 0.14 049 | 207 060 191 || 091 074 070 | 3.77 265 354 || 699

Quad || 060 0.13 048 | 213 060 194 || 090 0.69 0.66 | 3.80 267 350 || 699

(i) Lin 040 0.11 034 | 129 055 1.16 || 091 077 089 | 3.8 296 227 6.78

Quad || 0.38 0.11 033 | 1.29 052 1.16 || 0.88 0.70 0.89 | 3.91 292 229 || 6.78

(b) (ii) Lin 031 0.18 024 | 0.68 044 056 || 060 053 021 | 1.55 143 034 || 497

Quad || 031 0.17 023 | 0.65 042 054 (| 059 052 021 | 1.52 139 034 || 497
(iii) Lin 063 0.18 054 | 1.64 075 133 || 096 0.82 093 | 343 271 209 | 6.14
Quad || 061 0.17 053 | 1.68 0.77 136 || 094 0.78 093 | 345 272 215 6.14
(i) Lin 0.16 0.10 0.13 | 0.56 041 052 | 061 036 038 | 127 093 1.15 || 17.23
Quad || 0.16 0.09 0.12 | 0.56 039 051 || 059 032 034 | 126 091 1.13 || 17.23
(ii) Lin 031 022 026|065 049 0.67 | 063 048 036 | 1.23 1.07 1.06 || 16.30
Quad || 030 022 025 | 065 048 065 | 063 049 035|124 107 105 || 16.30
(iii) Lin 0.16 0.10 0.13 | 0.54 040 048 || 039 026 022|072 059 059 || 17.82
Quad || 0.16 0.10 0.12 | 0.68 052 053 || 038 0.24 021 | 1.27 094 096 | 17.82

(©)
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TABLE 3
Efficiencies of QTE estimators. We consider the same scenario(s) as in Table 2, but now the estimand is the QTE.
p=10 n =200 n =500
Supervised SS Supervised SS ORE
m(X) w(X) #(X)| KS: KS; PR | KS; KS; PR || KS; KS; PR |KS; KS, PR
(i) Lin 096 090 079 | 198 188 134 | 099 098 093 | 1.85 180 190 2.24
Quad 0.74 0.69 065|205 193 1361 099 098 091 | 1.86 182 1.89 2.24
(ii) Lin 086 085 082|156 144 098 || 099 097 097 | 1.55 151 1.59 2.12
@ Quad 079 0.77 073 | 1.56 148 1.00 || 099 097 095 | 1.57 150 1.61 2.12
(iii) Lin 094 090 093 | 1.77 1.61 196 1.01 1.01 1.02 | 226 224 2.18 2.42
Quad 0.88 0.80 093 | 1.85 1.69 189 || 096 097 099 | 229 227 215 242
(i) Lin 093 090 085 | 1.8 170 142 || 095 093 092 | 1.78 1.73 1.84 2.13
Quad 077 074 072 | 1.86 173 145 | 096 095 091 | 1.78 1.72 181 2.13
®) (ii) Lin 0.78 0.73 0.80 | 1.22 1.10 1.08 || 0.82 0.75 0.78 | 1.38 1.19 1.19 1.92
Quad 0.66 0.65 074 | 1.28 1.15 1.11 084 0.78 080 | 144 126 124 1.92
(iii) Lin 090 0.88 0.89 | 157 145 179 || 093 093 095 | 1.82 184 192 2.16
Quad 085 083 090 | 174 160 189 | 092 091 096 | 1.89 193 197 2.16
@) Lin 0.71 070 0.69 | 1.12 1.06 1.02 || 0.77 0.77 0.83 | 1.22 1.19 133 2.35
Quad 0.69 0.69 060 | 1.11 1.05 1.01 0.83 0.83 0.87 | 1.18 1.15 1.26 2.35
© (ii) Lin 0.70 0.70 066 | 099 093 087 || 0.74 0.74 0.78 | 1.00 1.02 1.02 2.25
Quad 082 0.79 074 | 1.08 1.02 094 || 0.84 0.84 0.87 | 1.16 1.19 1.09 2.25
(iii) Lin 0.61 0.63 065|082 080 096 || 058 0.58 0.63 | 0.77 077 0.88 2.55
Quad 086 0.85 086 | 1.16 1.12 125 | 095 093 092 | 1.28 125 1.26 2.55
n =200 n =500
p=200.9=5 Supervised SS Supervised SS ORE
m(X) TF(X) %(X) KS; KS2 PR KS; KS2 PR KS;  KS2 PR KS, KSo PR
@) Lin 0.73 039 035 ] 129 0.72 0.81 092 093 071 | 145 140 1.22 1.78
Quad 0.71 036 032|128 070 0.80 || 090 091 0.69 | 145 140 1.21 1.78
@ (ii) Lin 0.88 044 035|103 067 070 | 096 092 0.60 | 145 1.35 1.05 1.69
Quad 0.87 044 035|104 069 0.69 || 095 091 057 | 146 137 1.07 1.69
(iii) Lin 091 047 043 | 1.31 081 096 || 094 094 0.72 | 1.57 1.55 1.33 1.86
Quad 0.88 043 039 | 141 083 1.00 || 096 095 0.71 | 1.61 1.59 1.36 1.86
@) Lin 0.59 038 042|105 073 079 || 089 090 096 | 1.29 124 1.17 1.50
Quad || 055 036 039 | 1.06 073 078 || 0.81 0.80 091 | 1.30 126 1.19 1.50
) (ii) Lin 0.38 021 020 ] 041 033 035 077 070 022 ] 081 0.67 025 1.45
Quad 0.38 021 020 | 043 034 035 075 068 021 | 081 0.69 026 1.45
(iii) Lin 0.69 045 041 ] 076 064 0.67 || 095 093 0.88 | 1.08 1.04 0.82 1.50
Quad 0.67 040 038 | 0.83 069 0.74 || 090 089 0.87 | 1.14 1.11 095 1.50
(i) Lin 0.67 035 030|091 066 0.72 || 081 0.77 056 | 1.09 1.05 091 1.81
Quad 0.63 033 028 | 091 067 0.71 081 0.77 055 | 1.08 1.03 0.87 1.81
(ii) Lin 0.66 0.34 030 | 077 051 0.61 077 0.75 044 | 1.03 1.03 0.75 1.74
© Quad 0.67 034 030|079 052 062 | 075 073 042 ] 1.08 1.09 0.82 1.74
(iii) Lin 0.55 024 022062 046 052 | 051 050 029|059 057 049 1.91
Quad 0.54 023 021|086 055 068 || 055 053 029097 093 0.80 1.91
T n =200 n =500
p=200,¢=p / 1 Supervised SS Supervised SS ORE
m(X) w(X) #(X)| KS; KS; PR | KS; KS; PR |[KS; KS; PR |KS; KS, PR
(i) Lin 053 0.14 009 | 0.89 044 043 | 085 080 045|206 174 1.16 2.62
Quad 053 0.14 009 | 092 042 042 | 080 0.73 037|205 173 1.12 2.62
(ii) Lin 0.68 021 0.15 | 099 040 041 079 0.71 033 | 1.63 140 0.79 2.45
@ Quad 0.67 021 0.15| 101 039 039 080 0.71 032 | 1.66 143 0.75 2.45
(iii) Lin 0.77 021 0.14 | 142 058 0.62 | 085 0.80 050|221 169 131 2.87
Quad 0.76 020 0.14 | 1.40 0.58 0.61 0.81 0.74 043 | 214 168 132 2.87
(i) Lin 046 0.12 008 | 0.73 043 042 | 076 0.77 048 | 1.85 1.62 1.10 2.59
Quad 045 0.12 008 | 0.73 041 039 | 070 0.70 040 | 1.82 161 1.07 2.59
®) (ii) Lin 038 0.18 0.13 | 056 038 040 | 067 0.63 033|121 116 0.72 2.29
Quad 037 0.17 0.13 | 056 035 037 || 069 0.64 032|115 1.14 0.70 2.29
(iii) Lin 0.68 0.19 0.13 | 097 0.62 0.61 082 0.74 050 | 206 166 1.37 2.73
Quad 0.66 0.18 0.12 | 098 0.63 0.61 080 0.72 046 | 199 160 1.35 2.73
(i) Lin 0.27 0.13 0.10 | 0.55 042 045 | 072 0.67 027 | 111 097 0.73 2.72
Quad 0.27 0.13 0.09 | 0.53 041 043 || 067 061 023 ] 1.09 095 0.69 2.72
© (ii) Lin 0.37 022 0.17 | 0.54 042 047 || 0.67 057 0.21 | 094 0.80 0.51 2.58
Quad 037 022 0.17 | 054 041 046 | 0.67 056 021 | 094 081 049 2.58
(iii) Lin 026 0.14 0.12 | 056 042 045 | 062 049 023|087 075 0.60 3.04
Quad 026 0.14 0.11 | 0.59 046 047 || 059 046 021 | 1.06 089 0.71 3.04
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TABLE 4
Inference based on the SS estimators using kernel smoothing on the direction selected by linear regression (KS1)
as the choice of the working outcome model, for the ATE and the QTE, when n = 500. Here, ESE is the empirical
standard error, Bias is the empirical bias, ASE is the average of the estimated standard errors, and CR is the
empirical coverage rate of the 95% confidence intervals. All other notations are the same as in Table 2. The blue
color highlights settings where the propensity scores and the outcome models are both correctly specified, while
the boldfaces indicate ones where the propensity scores are correctly specified but the outcome models are not.

ATE p=10 p=200,q=5 p=200,q=[p*/?]
m(X) 7n(X) 7#(X) | ESE Bias ASE CR |ESE Bias ASE CR | ESE Bias ASE CR
[6) Lin | 0.08 0.00 0.08 093 | 0.08 0.01 0.08 093] 0.09 0.01 0.09 093
Quad | 0.08 0.00 0.08 0.93 | 0.08 0.01 0.07 095|009 0.02 0.09 093
(ii) Lin 0.07 000 008 095|007 000 0.07 097|008 0.00 0.08 0.95
Quad | 0.07 0.00 0.07 096 | 0.07 0.00 0.07 096 | 0.08 0.00 0.08 0.95
(iii) Lin 0.08 0.00 008 093 | 0.07 001 007 094|008 0.01 0.08 094
Quad | 0.08 0.00 0.07 093|007 001 007 094 008 001 0.08 094
(1) Lin 0.08 000 0.08 093 0.08 0.00 0.08 095|009 0.00 0.09 094
Quad | 0.08 0.00 0.08 094 | 0.08 0.00 0.08 094 | 0.09 001 0.09 094
(i1) Lin 0.07 002 008 09 | 008 006 0.08 087|009 0.07 009 0.90
Quad | 0.07 002 0.07 095|008 0.06 0.08 087|009 007 009 0.89
(iii) Lin 0.08 000 007 093|008 001 0.08 09 | 008 0.01 0.08 0.95
Quad | 0.08 0.00 0.07 093 | 0.08 0.00 0.07 096 | 0.08 0.00 0.08 0.95
(1) Lin 013 000 013 096 | 011 0.01 010 092 | 017 0.02 0.16 0.93
Quad | 013 000 013 095|011 0.01 010 092 017 0.03 0.16 0.92
© (i1) Lin 0.11 001 012 097 | 009 0.02 0.09 095 | 0.15 0.04 0.15 0.94
Quad | 0.11 -0.04 0.12 096 | 0.09 0.01 0.09 096 | 0.15 0.04 0.15 0.94
(iii) Lin 0.12 013 012 083|009 o0.11 0.09 078|015 0.15 0.15 0.83
Quad | 0.12 0.01 0.2 095 0.09 -0.01 0.0 097 | 0.16 -0.02 0.17 0.96

(a)

()

QTE p=10 p=200,g=5 p=200,q=[p'/?]
m(X) m(X) #(X)|ESE Bias ASE CR | ESE Bias ASE CR | ESE Bias ASE CR
@) Lin 015 0.04 015 092|013 0.01 013 095 | 0.17 -0.01 0.17 0.94
Quad | 0.15 0.04 0.15 093 | 013 0.01 013 095 | 017 -0.01 0.17 094
(i) Lin 0.15 0.04 0.14 091 | 0.13 0.01 0.12 094 | 0.18 -0.01 0.16 0.92
Quad | 0.15 0.04 0.14 091 | 0.13 0.01 0.12 094 | 0.18 -0.01 0.16 0.93
(iii) Lin 0.13 0.02 0.13 094 | 0.11 0.01 0.12 096 | 0.15 0.01 0.15 095
Quad | 0.13 0.02 0.13 094 | 0.11 0.01 0.12 096 | 0.15 0.01 0.15 095
@) Lin 015 0.02 014 092|013 0.01 013 095 | 0.18 0.00 0.17 0.93
Quad | 0.15 0.02 0.14 093 | 013 0.01 0.13 095 | 0.18 0.00 0.17 094
(i) Lin 0.14  0.05 0.14 094 | 0.12 007 0.12 094 | 0.19 0.05 0.17 092
Quad | 0.14 0.05 0.14 095 | 0.12 007 0.12 093 | 0.19 0.04 0.17 092
(iii) Lin 0.13 002 013 095|012 0.02 0.12 094 | 0.15 0.00 0.15 0.95
Quad | 0.13 0.02 013 095 | 0.12 0.01 012 095 | 015 0.00 0.15 0.95
@) Lin 019 001 021 096 | 0.16 0.02 0.16 097 | 0.26 0.00 0.27 0.95
Quad | 020 0.01 021 095 | 016 0.03 0.16 097 | 0.26 0.00 0.27 0.95
(i) Lin 020 0.07 0.19 092 ] 0.14 0.04 0.15 094 | 024 0.05 0.24 095
Quad | 0.19 0.01 0.19 095 | 0.14 002 0.15 095 ] 024 0.04 024 0.96
(iii) Lin 0.18 0.15 0.18 0.88 | 0.15 0.13 0.15 086 | 0.22 0.15 0.23 091
Quad | 0.18 0.01 0.18 095 | 0.14 005 0.14 093 | 022 0.1 023 093

(a)

()

and the QTE) are obviously unrealistic, and are used here just to serve as suitable benchmarks
that are always consistent. Specifically, the relative efficiencies in Table 2 are calculated by:

E{(ftora — MO)z}/E{(ﬁSUP - ﬂ0>2} and E{ (Zora — MO)Q}/E{@SS - MO)Q}a

while those in Table 3 are given by:

E{(Bors — 00)°} /E{ (Bvr — 60)° } and E{ (Born — 00)*}/E{ (Bss — 60)*}-
For reference, we provide the “oracle” relative efficiencies (denoted as “ORE” in the tables)
given by: )‘gup/)‘gs and US2UP/0525 with {m*()7 (b*(a )} = {m()7 ¢(7 )} as well, where )\EUP’
A2, 02, and o2 are the asymptotic variances in (16), (18), (44) and (46). The unknown
quantities therein as well as the true values of ¢ and 6y are approximated by Monte Carlo
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based on 100,000 realizations of (Y, T, XT)T independent of £ UU. It is noteworthy here
that these “oracle” relative efficiencies can be achieved only asymptotically, and that too only
when {7(-),m(-), ¢(-,-)} are all correctly specified and estimated at fast enough rates.

Generally speaking, the results in Tables 2—3 clearly show that our SS estimators uniformly
outperform their supervised competitors, and even yield better efficiency than the supervised
“oracle” estimators in most of the cases, indicated by numbers greater than one in the tables.
Specifically, inspecting the two tables reveals that, among all the settings, our SS estimators
make the most significant efficiency improvement when all the nuisance models are correctly
specified. For instance, when {m(X),7(X)} = {(a), ()}, the combination of Lin and PR
correctly estimate the nuisance functions and give fairly impressive results for the ATE case.

Moreover, when both correctly approximating 7(X), Lin and Quad yields similar results.
However, under the setups with {m(X), 7(X)} = {(¢), (ii7)}, for example, where Quad pro-
duces estimators converging to the true 7(X) but Lin does not, and all the working outcome
models misspecify the underlying relation between Y/I(Y < 6p) vs. X, Quad shows notable
advantages over Lin. This substantiates the importance of the propensity score estimators
7n(X) in our methods, which has been stated in Corollaries 2.1 and 3.1. As regards the
choices of m,, ;,(X) and ggnk(X, ), KS; gives the best efficiency for most of the cases, jus-
tifying the approach combining kernel smoothing and dimension reduction to estimating the
outcome models, as demonstrated in Sections 4.2—4.3. Further, we observe that, as the labeled
data size increases, the relative efficiencies of our SS estimators rise substantially, except for
a few cases, such as the ATE estimator with the PR outcome model estimators when p = 10.
The improvement verifies the asymptotic properties claimed in Section 2.2 and 3.1, while
any of the exceptions could be explained by the fact that the performance of the benchmarks
for calculating the relative efficiencies, i.e., the “oracle” supervised estimators, are improved
by more labeled data as well. Considering that the “oracle” supervised estimators are always
constructed with the true nuisance functions without any estimation errors, the positive effect
of increasing n on them is very likely to be more significant than that on our SS estimators.

In addition, another interesting finding is that, in the scenario (1, p, ¢) = (200, 200, [p'/2])
where q = O(nl/ 2), our SS estimators still beat their supervised counterparts under all the
settings, and possess efficiencies close to or even better than those of the supervised “oracle”
estimators, which use the knowledge of the true data generating mechanisms, when all the
nuisance models are correctly specified. This (pleasantly) surprising fact implies the perfor-
mance of our methods is somewhat insensitive to the sparsity condition ¢ = o(n'/2), which
is often required in the high dimensional inference literature (Biihlmann and Van De Geer,
2011; Negahban et al., 2012; Wainwright, 2019) to ensure the L;—consistency assumed in
Assumption 4.1 for the nuisance estimators; see the relevant discussion in Remark 4.3 also.

REMARK 5.1 (Interpretations of the relative efficiencies in Tables 2-3). One may notice
that the relative efficiencies of our SS estimators are sometimes quite different from the cor-
responding oracle quantities (ORE) in the tables. We attribute the differences to two reasons:
(a) possible misspecification of the nuisance models, which obviously makes the oracle effi-
ciencies unachievable, and (b) finite sample errors, from which any practical methods have
to suffer, especially in high dimensional scenarios. In contrast, the oracle relative efficiencies
are calculated presuming all the nuisance models are known and the sample sizes are infinite.
Lastly, it is also worth pointing out that the quantities in Tables 2—-3 somewhat “understate”
the efficiency gain of our methods in the sense that the benchmarks, i.e, the “oracle” super-
vised estimators, are unrealistic due to requiring the knowledge of the underlying data gen-
erating mechanisms. When compared with the feasible supervised estimators, the advantage
of our methods is even more significant. For example, when (n,p,q) = (200, 200, [pl/ m,
{m(X),n(X)} ={(¢), (i)} and the nuisance functions are estimated by the combination of
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Lin and KS1, the efficiencies of our SS estimators relative to the supervised competitors are
0.56,/0.16 = 3.50 and 0.55/0.27 = 2.04 for the cases of the ATE and the QTE, respectively.
Relative to the original numbers 0.56 and 0.55 in the tables, the ratios 3.50 and 2.04 indeed
provide a more direct and overwhelming evidence of the efficiency superiority of our meth-
ods, while we choose the “oracle” supervised estimators as suitable (common) benchmarks
(for comparing all estimators — supervised and semi-supervised) just because they are always
consistent, and more importantly, are the best achievable supervised estimators (and yet are
idealized/infeasible, with both nuisance functions 7(-) and m(-)/¢(-,-) presumed known).

5.3. Results on inference. Next, Table 4 presents the results of inference based on our SS
estimators using KS; (as a representative case) to calculate 7, (-) and ggn(, -) when n = 500.
We report the bias, the empirical standard error (ESE), the average of the estimated standard
errors (ASE), and the coverage rate (CR) of the 95% confidence intervals. As expected, the
biases are negligible as long as either the propensity score or the outcome model is correctly
specified, which verifies the DR property of our methods. Moreover, we can see that when-
ever 7*(-) = m(-), the ASEs are fairly close to the corresponding ESEs and the CRs are all
around the nominal level of 0.95, even if m*(-) # m(-) and ¢*(-,-) # ¢(-,-). See, for ex-
ample, the results of the configurations marked in bold, where 7*(-) = () but the outcome
model estimators based on KS; do not converge to m(-) (for the ATE) or ¢(-,-) (for the
QTE). Such an observation confirms that, owing to the use of the massive unlabeled data,
the n'/2-consistency and asymptotic normality of our SS ATE and QTE estimators only re-
quire correct specifications of () as claimed in Corollaries 2.1 and 3.1. Also, it justifies
the limiting distributions and variance estimations proposed in the two corollaries. Lastly, as
mentioned before, we only present results of inference for one case as an illustration. When
we set n = 200 or take other choices of {m,,(-), qAﬁn(, -)}, our estimators still give satisfactory
inference results similar in flavor to those in Table 4. We therefore skip them here for the sake
of brevity.

6. Real data analysis. In this section, we apply our proposed methods to a data set from
Baxter et al. (20006) that is available at the Stanford University HIV Drug Resistance Database
(Rhee et al., 2003) (https://hivdb.stanford.edu/pages/genopheno.dataset.html). This data was
also considered in Zhang and Bradic (2019) for illustration of their SS mean estimator!. In
the data set, there is an observed outcome, Y, representing the drug resistance to lamivudine
(3TC), a nucleoside reverse transcriptase inhibitor, along with the indicators of mutations on
240 positions of the HIV reverse transcriptase. Our goal was to investigate the causal effect(s)
(ATE/QTE) of these mutations on drug resistance. We set the treatment indicator 7" to be the
existence of mutations on the mth position while regarding the other p = 239 indicators as the
covariates X. In the interest of space, we only take m € {39,69, 75, 98,123,162, 184,203},
arandomly selected subset of {1,...,240}, for illustration. Analysis with other choices of m
can be conducted analogously. As regards the sample sizes, the labeled and unlabeled data
contain n = 423 and N = 2458 observations, respectively. To test if the labeled and unlabeled
data are equally distributed and satisfy Assumption 1.1, we calculate the Pearson test statistic
and obtain the corresponding p-value as (.18 using a permutation distribution (Agresti and
Klingenberg, 2005), implying that the labeling is indeed independent of (7, X™)T. In the
following, we will estimate the ATE (2) and the QTE (3) (with 7 = 0.5) with this data, based
on the limiting distributions (25) and (48), rather than focusing on 19(1) and 6y(1) only.

For implementing our estimators, in addition to the nuisance estimation approaches lever-
aged in Section 5, we also estimate the propensity score and outcome models using random

'We are grateful to Yugian Zhang for sharing details on data pre-processing in Zhang and Bradic (2019).
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FIG 1. Data analysis: 95% confidence intervals for the ATE of the mutations on the drug resistance to 3TC
based on the supervised estimator (8) (undashed bars) and the SS estimator (9) (dashed bars). Here, m is the
position of mutation regarded as the treatment indicator. We consider three different combinations to estimate
the “propensity score & outcome model”: (1) regularized logistic regression & kernel smoothing on the first two
directions selected by the regularized sliced inverse regression (red fill); (ii) regularized logistic regression &
regularized parametric regression (green fill); (iii) random forest & random forest (blue fill).
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forest here, treating 7', Y or I(Y < @NIT) as the response, growing 500 trees and randomly
sampling [pl/ 2] covariates as candidates at each split. In Figures 1 and 2, we display the 95%
confidence intervals of the ATE and the QTE, respectively, averaging over 10 replications to
remove potential randomness from cross fitting. (The confidence intervals are also presented
numerically in Appendix D of the Supplementary Material.) From the plots, we observe that
our SS approaches generally yield shorter confidence intervals than their supervised coun-
terparts, confirming again the efficiency gain from the usage of unlabeled data. Moreover,
we notice that, when m = 203, all the SS confidence intervals of the QTE are strictly above
zero, indicating significantly positive median treatment effect. This finding is, however, very
likely to be ignored in the supervised setting since zero is included by the confidence inter-
vals constructed based on the labeled data only. Such a contrast reinforces the fact that our SS
methods in comparison are notably more powerful in detecting significant treatment effects.

7. Concluding discussion. We have developed here a family of SS estimators for (a) the
ATE and (b) the QTE, in possibly high dimensional settings, and more importantly, we have
developed a unified understanding of SS causal inference and its benefits — both in robustness
and efficiency — something we feel has been missing in the literature. In addition to the DR
property in consistency that can be attained by purely supervised methods as well, we have
proved our estimators also possess n'/2-consistency and asymptotic normality whenever the
propensity score 7(-) is correctly specified. This property is useful for inference while gener-
ally unachievable in supervised settings. Even if this difference in robustness is ignored, our
estimators are still guaranteed to be more efficient than their supervised counterparts. Further,
as long as all the nuisance functions are correctly specified, our approaches have been shown
to attain semi-parametric optimality as well. All our theoretical claims above have also been
validated numerically via extensive simulation studies and an empirical data analysis.
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FIG 2. We consider the same scenario as in Figure 1, but now the estimand is the QTE (T = 0.5).

) -

2.0-

0.5

LT L "

' ' ' ' '
39 69 75 98 123

=3

' '
162 184

'
203

Further, as a principled and flexible choice for estimating the outcome models in our meth-
ods, we have studied thoroughly IPW type kernel smoothing estimators in high dimensional
settings with possible use of dimension reduction techniques. We have shown they uniformly
converge in probability to E(Y | P X) (for the case of the ATE) or E{¢)(Y,0) | P{ X} (for
the case of the QTE) with some transformation matrix P, given either the propensity score
or the outcome model is correctly specified but not necessarily both. The precise convergence
rates have been derived as well. This DR property guarantees the efficiency advantage of our
SS methods over their supervised competitors. We view these results also as one of our major
contributions. To the best of our knowledge, results of this flavor (especially, in high dimen-
sions, with p diverging) have not been established in the relevant existing literature. They can
be applicable to many other problems as well and should therefore be of independent interest.

Extensions. As mentioned in Section 1.1, while we focus on the ATE and QTE for simplic-
ity and clarity of the main messages, our SS methods can be easily extended to other causal
estimands, including the general Z-estimation problem (Van der Vaart, 2000; Van der Vaart
and Wellner, 1996), targeting a parameter defined as the solution to an estimating equation.
As long as the estimand has a close form like 1o = E(Y"), one can construct a family of SS es-
timators in the same spirit as our ATE estimators (9). An example is the linear regression pa-
rameter 3" := {E(%ﬁT)}_IE(fY), that solves the equation: E{i(Y — iTﬁblN)} =0y,
where X := (1,X™)T. On the other hand, for estimating equations that cannot be solved
straightforwardly, the one-step update strategy, used for our QTE estimators (30), allows for
simple and flexible implementations of SS estimation and inference with various choices
of nuisance estimators. For instance, our approach to constructing the SS QTE estima-

tors can be adapted for the quantile regression parameter (33 ", defined by the equation

E[i{[ (Y < iTﬁSUAN) — 7} = 04, with extra technical effort. These SS estimators for the
general estimating equation problems are expected to possess desirable properties, such as
improved robustness and efficiency relative to their supervised counterparts, which are sim-
ilar in spirit to those stated in Sections 2 and 3 for our SS ATE and QTE estimators. We
will briefly discuss in Appendix A the methodological details of these possible extensions of
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our SS inference methods to the general Z-estimation problem under the potential outcome
framework. However, a detailed theoretical analysis is beyond the scope (and primary goals)
of the current work, and therefore, we choose not to delve any further into these aspects here.

Lastly, in this article, we have only considered cases where the labeled and unlabeled data
are equally distributed and thereby satisfy Assumption 1.1. However, the labeling mecha-
nisms in some practical problems are in fact not determined by design and hence, labeling
bias can exist between £ and Y. It is important to note that, due to the disproportion assump-
tion (1), one cannot simply analyze such settings by using classical missing data theory (Tsi-
atis, 2007; Little and Rubin, 2019), which requires the proportion of complete observations is
bounded away from zero in the sample. Some recent attention has been paid to SS inference
with labeling bias in the context of linear regression (Chakrabortty and Cai, 2018, Section
IT) and mean estimation (Zhang, Chakrabortty and Bradic, 2021). For treatment effect esti-
mation, which is more technically complicated owing to the potential outcome framework,
a primary challenge is that there exists no consistent supervised method when the labeled
and unlabeled data follow different distributions; so the goal of using unlabeled data to ‘im-
prove’ estimation accuracy compared to supervised approaches becomes somewhat ambigu-
ous. With biased labeling mechanisms, we believe SS inference for treatment effect needs to
be studied under a novel framework and thus poses an interesting problem for future research.

APPENDIX A: EXTENSION TO GENERAL Z-ESTIMATION PROBLEMS

In this section, we briefly discuss the SS inference strategy for the general Z-estimation
problem (Van der Vaart and Wellner, 1996; Van der Vaart, 2000) under the potential outcome
framework, based on a natural extension of our methods for the ATE and the QTE in Sections
2 and 3. Specifically, for some fixed d > 1, we are interested in a d-dimensional parameter
0y € A C R?, for some A, defined as the solution to the estimating equation:

(56) E{ep(Y,X,00)} = 0q4,

where 1)(-,-,-) € R? is some known function that satisfies: E{||4(Y,X,0)||?} < oo for
any 6 € A, and that H(0) := JE{¢ (Y, X, 60)} /00 exists and is non-singular in a neigh-
borhood B(6y,¢c) of 6y for some £ > 0. The special cases with ¢(Y,X,0) =Y — 6 and
P(Y,X,0)=1(Y <0)— 7, with d =1, correspond to the earlier cases of the ATE and the
QTE, respectively. This type of SS Z-estimation problems (56) — but without the missingness
of the potential outcome Y in the labeled data, which can be viewed as a special case of the
following discussion with 7" = 1, has been studied in Chapter 2 of Chakrabortty (2016).

SS estimators.  Similar in spirit to (26), we know the following DR type representation:
(57 0, = E{y(Y,X,60)}
= E{¢"(X,00)} +E[{7"(X)} ' T{(Y,X,60) — ¢"(X,60)}],

with arbitrary functions {7*(-), ®*(-, )}, holds true for the estimating equation (56), as long
as either 7*(X) = 7(X) or ¢*(X,0) = ¢(X,0) :=E{¢(Y, X, 0) | X}, but not necessarily
both. The empirical version of (57) constructed based on £ U/ is then given by:

(58)  Enin{®,(X,0)} +E.[{7n(X)} ' T{%(Y, X, 0) - ¢,,(X,0)}] = 04,

where (?)n(, -) is some estimator of ¢*(-,-) from L, constructed via the cross-fitting proce-
dures similar to (31)—(32) so that X; and ¢,,(+, -) are independent in ¢,,(X;,0) (i =1,...,n),
and 7y (-) is some estimator of 7(-) based on U, same as in Sections 2-3. Then, following

derivations analogous to those at the beginning of Section 3.1, which yielded our SS QTE
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estimators (30), we can implement the one-step update approach based on the influence func-
tion corresponding to (58), and obtain a family of semi-supervised Z-estimators for @y:

(59) Bss := Onr + {H,(Or)} (B [{Fn (X)) ' T{,, (X, Opar) — (Y, X, Opir) }] —
En+N{$n(X7§INIT)})7

indexed by {7n (), &, (), O, ﬁn()} where 8,y is an initial estimator of 6 and H,,(-)
is an estimator of H(-), both based on L. Of course, if the analytical solution, with respect to
0, of (58) exists, one can directly take it as the SS estimator 555 itself. Our SS ATE estimators
[iss, given in (9), are examples of this type. However, the one-step update (59) is obviously a
more general strategy that is implementation-friendly and is broadly applicable to estimating
equations of various forms, regardless of whether their analytical solutions exist or not.

Properties of 555 (brief sketch). To derive properties of our SS estimators 555, we need the
following restrictions on the complexity of the class of the estimating functions:

(60)  For some ¢ > 0, the (random) function class {1 (Y, X,0):0 € B(0y,¢)}

lies in a P-Donsker class with square integrable envelope functions, and
Ez{|[%(Y,X,0) — (Y, X,00)|2} 2 0 for any (random) sequence 8 2 6.

Further, we require the function (0) := E{¢)(Y,X,0)} to be smooth enough so that, in
B(6,¢) for some & > 0, it satisfies the Taylor expansion:

61) (0) = 1y(00) + H(0y)(0 — 0y) +1r(0,0) for some r(0,80),
such that |[r(8,80)|| = O(||@ — ¢||*) as 0 — 8.

These conditions (60)—(61) are fairly mild and standard for estimating equation problems,
while their analogues can be found in the (supervised) Z-estimation literature such as Van der
Vaart (2000). It is also noteworthy that, under the basic Assumption 3.1, (60)—(61) are in fact
satisfied by the special case ¥ (Y, X,0) = I(Y < 0) — 7 with d = 1, which is the estimating
function corresponding to the QTE; see the proof of Theorem 3.1 in Section B.7 for details.
Further, we need to regulate the behavior of the components {7x (+), @,, (-, ), O, Hi (+) }

o~

in (59) and the possibly misspecified limits {7*(-), ¢*(-,-)} of {%}k\,(),(bfl(, -)}. Noticing
that the high-level conditions on {7x (+), &n (- ), Omrrs fu (), 7 (), #* (-, ) } that were enlisted
in Assumptions 3.2-3.5, do not require any specific forms of these components, we can easily
adapt them for the case of the general estimating equation (56), with appropriate modifica-
tions for the (fixed-dimensional) vector/matrix-valued (random) functions involved, e.g., tak-
ing the column-wise Lo-norms || - || of these functions and their moments; see the definition
of || - || in the Notation paragraph at the beginning of Section 2.

Under the above assumptions on the estimating functions and the nuisance components, as
well as some necessary (and fairly reasor/l\able) convergence rate conditions, we can show the

following results for our SS estimators g, which are similar in flavor to those established
for our SS ATE and QTE estimators in Sections 2-3.

(i) Double robustness: Whenever either 7*(-) = 7(-) or ¢*(-,-) = ¢(-,-) holds, but not nec-
essarily both, our SS estimators /9\55 is consistent for 8.

(ii) n'/2-consistency and asymptotic normality: Suppose * (+) = m(-). Then, if either
¢*(-,-) = ¢(-,) or we can use the massive unlabeled data to estimate 7(-) at a rate faster
than n~/2, but not necessarily both, ESS has the following expansion:

(62) O —0p = n ' wss(Zi, 00) + 0p(n?), with wes(Z, 0¢) :=
{H(00)} ' [{m(X)} ' T{¢*(X,00) — ¥ (Y, X,00)} — E{¢p*(X,600)}],
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for an arbitrary ¢*(-,-), not necessarily equal to ¢(-,-). This property is generally un-
achievable in purely supervised settings (similar in spirit to our discussions in Remarks
2.3 and 3.4). Further, the expansion (62) implies the limiting distribution of O:
) d
nt%(Bss — 09) = Ny[04,cov{wss(Z,00)}]  (n, N — o).

(iii) Efficiency improvement and optimality: Setting aside the robustness difference from our
SS estimators, as stated in (ii), the best achievable influence function of supervised esti-
mators for 6, with the same outcome model estimator ¢,, (-, ), is given by:

waur(Z,00) == {H(00)} ' [{m(X)} ' T{¢"(X,00) — (Y, X, 00)} — ¢" (X, 60)].

Comparing the supervised and semi-supervised asymptotic covariance matrices, when
" (X,0) =E{y(Y,X,0) | g(X)} for some function g(-), we notice that

cov{wswp(Z,00)} — covi{wss(Z,00)} = {H(Oo)}_lcov{qb*(X,00)}{H(00)}_1,

which is positive semi-definite. This indicates the efficiency superiority of our SS estima-
tors over their supervised counterparts. Moreover, if both the propensity score 7(-) and
the outcome model ¢(-,-) are correctly specified, the SS estimator’s influence function
wss(Z,0p), given in (62), equals the efficient influence function for estimating 6 under the

semi-parametric model (22), thus implying 555 attains the corresponding semi-parametric
efficiency bound and is (locally) semi-parametric efficient.

APPENDIX B: TECHNICAL DETAILS
B.1. Preliminary lemmas. The following Lemma B.1 would be useful in the proofs of

the main theorems, in particular, the results in Section 3 regarding QTE estimation.

LEMMA B.1. Suppose there are two independent samples, Sy and Sa, consisting of n
and m independent copies of (XT,Y)T, respectively. For v € R? with some fixed d, let
n(X,7) be an estimator of a measurable function g(x,7y) € R based on Sy and define:

G {gn(X,7)} = m1/2[m_lz(x?,mTesﬁn(Xi,’Y) — Ex{gn(X,7)}.
For some set T C R%, denote
A1) = (supmerEx[{7n(X, )YV, M(81) := supyex yer|dn(x. 7).
For any n € (0, A(S1) + ¢, suppose G, := {gn (X, ) : v € T } satisfies that
(63) Ny{n,Gn | S1, L2(Px)} < H(S1)n™¢,

with some function H(S1) > 0. Here G,, is indexed by ~ only and treats g, (-,~) as a nonran-
dom function. Assume H(S1) = Op(ay), A(S1) = Op(dn2) and M(S1) = Op(dp o0) with

some positive sequences Gy, dy 2 and dy,  allowed to diverge, then we have:
SUP~ye7|Gm{gn (X, 7)}H = Op(rnm),

where Ty, = dyp 2{log an, + log (d;%)} + mfl/zdnm{(log an)? + (log dn.2)?}.
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B.2. Proof of Lemma B.1. For any § € (0,A(S1) + ¢], we have that the bracketing
integral

Jo L+ 10g N {n,Gn | S1, La(Px) 1! ?dn
o1+ 1og Nyy{n, Gn | S1, L2(Px) }eln
f051 +log H(Sy) — clogndn

6{1+1log H(S1)} +c(6 — dlogd),

where the third step is due to (63). This, combined with Lemma 19.36 of Van der Vaart
(2000), implies:

Ex[supyer|Gm{gn (X, 7)}]

J{0.Gn | S1, La(Px)} + [J))16,Gn | St Lo(Px) > M (S1)62m /2

5{1+1og H(S1)} + ¢ (8 — §logd) + {1 +log H(S1) + ¢ (1 — log 8)}> M (Sy)m~1/?

for any § € (A(S1), A(S1) + c¢]. Therefore,

Ex [sup~ e |G {Gn (X, < A(S){1+1og H(S1)} + c{A(S1) — A(S1) log A(S1)} +
[1+1log H(S1) + c{1 —log A(S1)}>M (S1)m /2.

Since the right hand side in the above is O (ry,m ), it gives that

(64) Exc[supy e Grn (X, 1)) = Opram):

Then, for any positive sequence ¢,, — oo, we have

J{0,Gn | S1, L2(Px)}

IN

IN

IN

IN

Ps, [SuP’yeT|Gm{§n(Xa7)}| > tnrnm | S1]

< (tnrn,m)_lEX[Sup’yeT‘Gm{z}\n(Xa7)}|] = op(1),

where the first step holds by Markov’s inequality and the last step is due to (64). This, com-
bined with Lemma 6.1 of Chernozhukov et al. (2018), gives that

P[SUPyeT’Gm{@L(Xa')’)H > tnrn,m} — 0,

which completes the proof.

B.3. Proof of Theorem 2.1. Denote E; ,{g(Z)} := ngt > iz, 9(Z;) for any random
function g(-) (k=1,...,K). Write
(65) fiss — po = S1+S2+ 53+ S4+ S5,
where
66) S1 = E,[{r"(X)}7'T{Y —m"(X)}] + Engn{m*(X)} — o,
Sy = En([vnn — {n" (X} THMA(X) —m* (X)) =K' 3250 o
= KBy — {7 (0} {0 4(X) = m* (X)),
Sy = (1= vy ) En{fn(X) —m* (X)} =K~ 220 Sz
= K'Y (1 ) En (i s(X) — m* (X)),
Si = Eu[Dy(X)TLY —m*(X)}], S5 := B[ Dy (X)T{m* (X) — i (X) 1.
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We first handle S5 and S5. To this end, we have:
Ez{([vn.n — {7 (X)} ' T 1 (X) — m*(X)})*}
< cEx {1 (X) —m*(X)}?] = Op(w;, ,),

where the first step uses the boundedness of {7*(X)} ! from Assumption 2.1 and the last
step is due to (15) of Assumption 2.2. It now follows that

var(So | L)) = Op(nflw?w), var(S3p | £,) = Op(Nflw,Q%Q).
Thus, Chebyshev’s inequality gives that, for any positive sequence ¢,, — oo,
Pz, (1S26 —Ez(S2x)| > tnnfl/an,g | L) < n(tnwn o) *var(Sa | L) = op(1),
Py (|31 — Ez(Ss k)| > tnn_l/an,g | L) < n(tnwn,) 2var(Ss | L) = op(1).
Then, Lemma 6.1 of Chernozhukov et al. (2018) implies
[S2k = Ez(Sa )| = Op(n™*wns), [S3 —Bz(Ssx)| = Op(N ™ ?wy2),
which gives that
(67) So.k 4 Sz — Bz (Sox + S34)| = Op(n™ 2w, 9).
In addition, we know that
[Ez(S2x + S3)l = [Ez([1 — {7 (X)} T TN u(X) = m*(X)})|
cI{m™(X) 7 m(X) JE{ |71, (X) — m™(X) [}
Hr"(X) # 7(X)}Op(wn,1),

where the second step uses the boundedness of {7*(X)}~! from Assumption 2.1 as well as
the fact that

IN

Ez([1 — {m(X)} T x(X) —m*(X)}) = 0,
and the last step holds by (14) of Assumption 2.2. This, combined with (67), gives
|Sak + Sa il = Op(n™"Pwy2) + H{x"(X) # m(X)}Op(wn,1),
which implies:
1S2+ S5 < K150 1S0k + Saxl
(68) = 0,(n Y wna) 4+ I{m* (X) # 7(X)}Op(wn.1).
Next, we control Ss. We know that
Ez([Dy(X)T{Y —m*(X)}]?) < Ez([Dnx(X){Y —m*(X)}]*) = O,(b%),
where the last step holds by (13) of Assumption 2.1. This implies:
var(Sy |U) = O,(n~1b%).

Thus Chebyshev’s inequality gives that, for any positive sequence t,, — oo,

Pr(|Ss — Ez(Sa)| > tan~ Y20y | U) < n(tyby) 2var(Sy|U) = op(1).
Then, by Lemma 6.1 of Chernozhukov et al. (2018), we have
(69) 1S4 —Ez(S4)] = Op(n~2by).
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In addition, if m*(X) = m(X), then
Ez(S1) = E(EDy(X)T{Y - m(X)} U, X] [U) =
Otherwise, we have
Ez(S0)| < Ex{Dx(X)PEY —m*(X)P)Y? = Op(sw),

where the first step uses Holder’s inequality and the last step is due to (12) of Assumption
2.1. Therefore |Ez(S4)| = I{m*(X) # m(X)}Op(sn). This, combined with (69), implies:

(70) [Sa] = Op(n™"?b) + I{m(X) # m*(X)}Op(s)-
Now, we consider S5. Markov’s inequality gives that, for any positive sequence ¢,, — 00,
(71) Pr(E;, i [{Dn (X)) = tusiy | U) < 1, sy Ex[{Dv(X)}?] = o0p(1),
P, (B, [{m" (X) = i x (X)}?] > towy 5 | L))
1) <t w0 3Ex{m (X) — k(X)) = 0p(1)  (k=1,...,K),

where (71) uses (12) of Assumption 2.1 and (72) holds by (15) of Assumption 2.2. Then, by
Lemma 6.1 of Chernozhukov et al. (2018), we have

(73) DN (X)F] = Op(sR),
(74) E, k[{m"(X) = i p(X)}’] = Oplwr o) (k=1,....K).

Hence, Holder’s inequality implies:
1S5 < K S0 By [l D (X){m ™ (X) — i 1 (X) ]

(75) < K300 ( Z,k[{DN(X)}Q] o [{m (X) = i 1 (X) P2 = Op (5 wn 2),
where the last step holds by (73) and(74).
Summing up, the equations (65), (66), (68), (70) and (75) conclude the result.

B.4. Proof of Corollary 2.1. Since v =0, we have
Enn{m*(X)} = E{m*(X)} + Op{(n+ N)"'?} = E{m"(X)} +op(n~"7?).
by the central limit theorem. Then the stochastic expansion directly follows from Theorem

2.1 and the asymptotic normality is obvious.

B.5. Proof of Corollary 2.2. With E,, x{m,(X)} substituted by E,{m,(X)}, the
proof of Theorem 2.1 directly gives the stochastic expansion followed by the asymptotic
normality. Then, we have

cov[{m(X)} I T{Y —m*(X)},m* (X))
= E{m*(X)Y} — E[{m"(X)}?] - E{Y —m*(X)}E{m"(X)}
— E{m"(X)Y} - var{m*(X)}.
Therefore,
Ny = varl{m(X)} MY — m* (X)}] + var{m*(X)} +
2cov[{m(X)} I T{Y — m* (X))}, m* (X))
— varl{w(X)} " T{Y — m*(X)}] - var{m* (X)} + 2E{m" (X)(Y — po)}.
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B.6. Proof of Corollary 2.3. The stochastic expansion can be obtained from the proof
of Theorem 2.1 with 7 (+) replaced by 7, (-). The asymptotic normality directly follows.

B.7. Proof of Theorem 3.1. Write
(76) G55 — 00 = {T1(Onir) = 00} + {Fa(Omir)} ™ {2 Ornir) + T (Ornir) + Ta(Ornr)},
where
Ti(0) = 0+ {Fu(®)}  Eal{r' (X)} ' T{8"(X,0) = ¥(Y.0)}] — Ensn {67 (X.0)}),
To(0) = Eu([{r*(X)}'T — v {a(X,0) - 6°(X,0)}) -
(1= v, N)EN{60(X,0) — 0*(X,0)},
T3(0) = En[Dn(X)T{¢"(X,0) - (Y,0)}],
Ti(0) = En[Dy(X)T{6n(X.0) — 6" (X, 0)}].
First, the conditions (33) and (34) of Assumption 3.2 give

~

(77 P{Onir € B(0o,e)} — 1,

(78) Ly = {FalOur)} ™ = {(00)} " = Oplvn) = o0p(1).
Also, we have

(79) ﬁl(é\INIT) = Op(1),

due to (34) of Assumption 3.2 and the fact that f(6p) > 0 from Assumption 3.1.

~

Now, we consider 77 (Or). According to (33) of Assumption 3.2 and (38) of Assumption
3.4, we have

n PG [ (X)) T (X, )] = 07 PG (X)) T (X, 00)] + 0, (n 1 /2),
which implies that
En[{7*(X)} "' T6" (X, )]
= Ez[{m*(X)} 176" (X, rr)] + Enl[{m"(X)} ' T6" (X, 00)] -
(80) Ez[{7*(X)} ' T¢"(X,00)] + op(n~/?).

Considering that {¢(Y,0) : 0 € B(6p,c)} is a P-Donsker class from Theorem 19.3 of
Van der Vaart (2000) and the permanence properties of P-Donsker classes Van der Vaart
and Wellner (1996), Theorem 2.10.6 of Van der Vaart and Wellner (1996) gives that
D* = {{m*(X)}1Ty(Y,0) : 0 € B(6p,e)} is P-Donsker since {7*(X)} 17" and (Y, 0)
are bounded. Moreover, the convergence (77) implies that {7*(X)} 1T (Y, @NH) is in D*
with probability tending to one. In addition, we have

Ez[{m*(X)} 2 T{¢(Y, ) — (Y, 00)}]
< cEZ[{I(Y < On) — I(Y < 00)Y?] = c F(Onrr) + F(60) — 2F{min(Bnr, 60)} — 0

in probability, because of the boundedness of {7*(X)} 2T, the continuity of F(-) from

Assumption 3.1 and the consistency of O from Assumption 3.2. Hence Lemma 19.24 of
Van der Vaart (2000) gives that

Gul{m* (X)} M T{(Y, Oarr) — (Y, 00)}] = 0p(1),
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which implies:
En[{7*(X)} ' T9(Y, b)) = Ez[{m*(X)} ' T (Y, Boar)] + Bn[{m" (X)} T T(Y, 6)] —
(81) Ez[{n"(X)} 1Ty (Y, 00)] + 0p(n~ %),
Further, the condition (39) gives
B n{0" (X Bun)} = Ex {6 (X, Oun)} + B x{67(X, 00)} —

(82) Ex{¢*(X,00)} + op(n~"/?).

Since either ¢*(-,-) = ¢(+,-) or 7*(-) = 7 (), we know that

(83) Ez[{m*(X)}~'T{¢"(X,00) — (Y. 00)}] — Ex{¢"(X,00)} = 0,
and that

Ez[{7*(X)} 1 T{6" (X, 0nir) — (Y, Oar) Y] — Ex {6 (X, Or) }
(84) = —Ez{¢(Y, b))}

In addition, Taylor’s expansion gives that

~ ~

EZ{¢<Y7 é\lNIT)} = f(90)(91NIT - 60) + Op(‘HINlT - 90‘2>
(85) = (60) (B — 60) + Op(u7)
(86) - OP(uTZ):

where the residual term in the first step is due to (77) and the fact that f(-) has a bounded
derivative in B(fp, ) from Assumption 3.1, the second step uses (33) in Assumption 3.2 and
the last step holds by the fact that u,, = o(1) from Assumption 3.2. Therefore,

Er{wn,~n(Z, é\INIT)} = En{wnn(Z,00)} —Ez{y(Y, é\INIT)} + Op(n_1/2)
(87) = En{wnn(Z,00)} — f(00) (O — 00) + Op(u2) + 0p(n/?)
= En{wn,N(Z, (90)} + Op(un) + Op(n71/2),

where the first step uses (80)—(84), the second step is due to (85) and the last step holds by
(86). It now follows that

(88) E”En{me(Z7 é\INIT)} = Op(unvn) + Op(n_l/Q)a

from (78) and the fact that E,,{w, n(Z,00)} = Op(n~1/?) from the central limit theorem.
Hence, we have

~

Tl (QINIT) - 90 =

)

>

wir = 00 + {Fo Ooir)} B {wn, v (Z, ) }
it — 00 + {£(00)} " En{wn,n (Z, Oir) } + Op (i) + 0p(n~/2)
wir — 00+ {£(00)} " [En{wn,v(Z,00)} — £(00) Ourr — 00)] +
Op (U2 4 unvy) + 0p(n~1?)
(89) = {£(60)} "En{wn.n(Z,00)} + Op(unvy +up) + 0p(n~'7?),

where the second step uses (88) and the third step is due to (87).
Next, we control 75 (6pr). Denote

Ph = {{m (X))} — v ] n (X, 0) : 6 € B(6o,e) ).

I
PSS

>
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Due to the boundedness of [{7*(X)} 1T — v, 5] from Assumption 3.3, we have

(90) Npfein, Ph | £,L2(Px)} < Ny{n, Pog | £, L2(Px)} < H(L)n™",
SUPse v, 0eB(0,.0) {7 (X))} T = v N ] (X, )|

1) < CsupxeX,HeB(Ho,s)|Jn,k(X79)| = Op(dn,c0),

supgeng, o Ez L ({7*(X)} 7T — vo ]t (X, 0)) 1]/
(92) < CAk(,C):Op(dnyg) (k=1,...,K),
from Assumption 3.5. Then, (90) implies:
(93) Ny{n, Pry | £, La(Px)} < P H(L)n™ .

Since ¢{? H(L) = Op(ay) from Assumption 3.5, combining (91)—-(93) and applying Lemma
B.1 yield that

G e ({7 (X)} 71T = v Nt (X, 0))| = Op(rn),

(%94) SUPgeB(9,¢)
with the notation
G 13} 1= m°[ng' Tiez,9(Z0) — Ex{§(2)}]  (k=1,....K),
for any random function g(-). In addition, we have
SUPpep(9o.0) Bz ({7 (X)} T — (X, 0))]
< cI{n*(X) # m(X) }suPpep(g, o) Bz { [n (X, 0)|}
(95) = H{m"(X) # 7(X)}O0p(dn,1),

where the first step holds by the boundedness of {7*(X)}~! from Assumption 3.3 and the
fact that

Ez([{m(X)}'T = 1 1(X,6)) = 0,

and the last step is due to Assumption 3.5. Moreover, under Assumption 3.5, Lemma B.1
implies that

SUDPgeB(0y,¢) |G (Ui (X, 0)}
= Opldn2{logan +log(d, )} + N~dy, oo{(logan)® + (log dn 2)*}]
(96) = O0y(rn) (k=1,...,K).
Considering (94)—(96), we know that
To(Burr) = Ky {2 G ({* (X0} T = v 0 (X, i) —
N7Y2(1 = v 8GN (X, ) } +
Ez ({7 (X)} T = by (X, ) }
= Op(n™2ry) + I{m*(X) # 7(X)} Op(dn1).
which, combined with (79), implies that
O {falBsr)}  To(Brar) = Op(n™"2ry) + I{m"(X) # 7(X)}Op(dp2).
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Further, we now handle T3 (fir). Let Hy := {Dn(X)T¢*(X,0) : 6 € B(6,¢)} and re-
call M = {¢*(X,0) : 0 € B(6p,)}. We have
98)  Np{supgex|Dn(x)|n, Hu |U, Lo(Px)} < Ny{n, M, La(Px)} < c1n~,

(99)  SUPxer. geB, )| DN (X)TH*(X,0)] = O,(1),

(100)  (suppep (g« Ez[{ Dn (X)Td"(Y,0)}*)* = Oy(sw),

where (98) uses (37) of Assumption 3.4, (99) holds by (36) of Assumption 3.3 and the bound-
edness of ¢*(X, ) from Assumption 3.4, and (100) is due to (35) of Assumption 3.3 and the
boundedness of ¢*(X, #) from Assumption 3.4. Then, (98) gives

(101) Ny{n,Hy | U, La(Px)} < 1 {supyer|Dn(x)[}nc.

Since ¢; {supycy |Dy(x)|}e2 = O,(1) from Assumption 3.3, combining (99)—(101) and ap-
plying Lemma B.1 yield that

SUPGEB(GO,a)‘Gn{ﬁN(X)T¢*(YaQ)}’ = Op(zn,N),
which gives that
(102) [E,{Dn(X)T¢*(Y,0ur)} — Ez{Dn(X)T¢* (Y, 0nar) }| = Op(n~22, n).

Analogously, by Example19.6 of Van der Vaart (2000) and the boundedness of ¢ (Y, 0), we
know that

(103) |En{ﬁN (X)Ty(Y, é\INIT)} - IEZ{EN (X)T(Y, é\INIT)H = Op(n_l/QZn,N)-
Combining (102) and (103) yields:
(104) I T5(Bar) — Ez{T3(0nn) } = Op(n /22, x).
In addition, if ¢*(X,0) = ¢(X, 0), then
EZ{T?)(é\INIT)} = IEZ (EZ [EN<X)T{¢*(X7§INIT) - w(Y7 é\lNIT)} ’ X]) = 0.

Otherwise, we have

[Ez{T5(Bnn)} < (Ex[{Dn(X)}IE{¢" (X, bar) = (Y, ) }])/* = Oplsn),
where the last step uses the boundedness of ¢*(X, ) from Assumption 3.4. Hence,

[Ez{T5(Onn)}| = I{g"(X,0) # $(X,60)}Op(sn).

This, combined with (79) and (104), implies:
(105) {fu(Onin)} " T3(Boir) = Op(n™ %20 n) + I{g"(X,0) # &(X,0)}Op(sn).

Eventually, we deal with T4(§INIT). Denote

Onnk = {DN(X)Tthn(X,0):0 € B(o,e)}.

Due to (36) of Assumption 3.3, we have

Ny {Supser | Dy (%)|1, Quv | LUU, Lo(Px)}

(106) < N{n, P | £, Lo(Px)} < H(L)n™¢,
SUPxex,0cB(6o,¢) |ﬁN (X)"Zn,k(Xa 0)|
(107) < SqueXu/jN(X)’SpreX,GEB(Qo,s)"‘Zn,k(X79)| = Op(dn, ),

(SUPge (g, ) Ex [{ D (X) o (X, 0) }7]) /2
(108) < Supyex|Dn ()| Ak(L) = Op(dns) (k=1,...,K),
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from Assumption 3.5. Then, (106) implies:

(109) Ny{n, Qunvg | LUU, Ly(Px)} < {supxex| Dy (x)[}°H (L)n*.

Since {sup,cy |1A)N(x)\}CH([,) = Op(ay) from Assumptions 3.5 and 3.3, combining (107)—
(109) and applying Lemma B.1 yield that

(110) SUPge (9, 6) | Crie A DN (X) P (X, 0)} = Op(rn)-

In addition, we have
SUPge(8y,¢) [EX{ DN (X)n k(X 0) }

11y < Ex{Dn(X)}supgsese, o Ex {Unn(X, 0122 = Oy (sndn2),

where the first step holds by Holder’s inequality and the last step is due to Assumptions 3.3
and 3.5. Considering (110) and (111), we know that

~

Ta(be) = K5 g G b D ()t (X, Grr)} + Exc{ Dy (X) o (X, B ]
= Op(n_l/grn + sndn2),
which, combined with (79), implies that
(112) {FaOnir)} ™ Ta(Brr) = Op(n™?ry + sl 2).
Summing up, the equations (89), (97), (105) and (112) conclude the result.

B.8. Proof of Corollary 3.1. Since v =0, we have
Enin{¢*(X,00)} =E{¢*(X,00)} + Op{(n+ N)"'*} = E{¢"(X,00)} + 0p(n~"/?),

by the central limit theorem. Then, the stochastic expansion directly follows from Theorem
3.1 and the asymptotic normality is obvious.

B.9. Proof of Corollary 3.2. With E,, 4 x{$n (X, Onr)} substituted by By, {én (X, Oar) }
the proof of Theorem 3.1 directly gives the stochastic expansion followed by the asymptotic
normality. Then, we have

cov[{m(X)} 1 T{¢* (X, 00) — (Y, 00)}, 6" (X, 00)]
= E[{¢"(X,600)}*] — E{¢" (X, 60)0 (Y, 00)} — E{¢" (X, 60) — (Y, 00) }E{¢" (X, f0)}
= var{¢*(X,00)} — E{¢" (X, 00)¢(Y,00)}-
Therefore,
o = varl{m(X)} ' T{y (Y, 00) — ¢*(X,600)}] + var{¢*(X,00)} —
2cov[{m(X)} 1 T{¢*(X,00) — (Y, 00)}, 6" (X, 6o)]
= var[{m(X)} ' T{¥(Y,0) — ¢*(X,00)}] — var{¢*(X,00)} + 2E{¢"(X,00)v(Y,0)}.

B.10. Proof of Theorem 4.1. Denote /) (x,P) = x;(PTx)fs(PTx) (t = 0,1). We
now derive the convergence rate of Zﬁj;ﬁ(x,f’k) — (M (x,P). The case of Zﬁ?;ﬁ(x,f’k) -
() (x, P) is similar.

We first deal with the error from estimating P by Py, i.e., Z(nli(x, f’k) - Zfllz(x, Py).
Taylor’s expansion gives that, for

(113) Sn = h {PF+M(P), — Po) T} (x — X),
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with some M :=diag(st1,..., 1) and pj € (0,1) (j=1,...,7),
0 (. Py) — 111 (. Po)
= hy, "R, G [{VK(8)} T (Pr — Po) " (x = X){Fn(X)} ' TY]
(114) = Un(x) + Van(x),
where
Un(x) = hy "R, t[{VE(8)}T (P — Po)" (x = X){m"(X)} ' TY],
Vin(x) == by CTIE,  [{VE(8)}" (By - Po)" (x — X) Dy (X)TY .
To control Uy, (x), write
Un(x) = hy " irace((Py — Po) "By 4[(x — X){VK (8)} ' {*(X)} ' TY])
(115) = h, " Dirace[(Py — Po) " {U,1(x) + Upa(x) — Unz(x)}],
where
Uni(x) = Eng((x = X)[VE(Sn) — VK {hy 'Pj (x = X)}] {7 (X)} 7' TY),
Una(x) = Eqp(x[VE {hy P (x — X)) {x* (X)} 1Y),
U,3(x) = B x(X[VE{h,'P] (x — X))} {r*(X)} ' TY).
We know
supsesElh, p{hy ' (s = S)HY || = supses[hy"plhy ' (s = v)IE(Y] | S = v) fs(v)dv
= supses [P(OE(Y ]S =5 — hnt) fs(s — hnt)dt
(116) — o).

where the second step uses change of variables while the last step holds by the bounded-
ness of E(|Y||S =) fs(+) from Assumptions 4.2 (ii)—(iii) and the integrability of p(-) from
Assumption 4.3 (ii). Moreover, under Assumptions 4.2 (ii)—(iii) and 4.3 (ii), Theorem 2 of
Hansen (2008) gives:

supses(Enklhy phy ' (s = S)}Y] = E[h,"p{h, ' (s = S)}Y]) = Op(&n) = 0p(1).
This, combined with (116), implies:
(117) suPscsEn i [hn pihn (s —S)}Y] = O,(1).

Next, we have

subye v En, i ([[VE (82) — VE{h;'Pg (x = X)}Y )
subyex En k180 — hyy ' PG (x = X)|p{hy, ' Py (x — X) }|Y]
supxexEn i [[|(Pr — Po) " (x = X) I, " p{hy, "P§ (x = X)}Y]

¢|[Pr = Pollisupy xexllx — XlloosupeesEnilhy, ' plhy (s = 8)} Y]
Op(h:z_lan)a

where the first step uses the local Lipschitz continuity of VK (-) from Assumption 4.3 (ii),
the second step is due to the definition (113) of §,,, the third step holds by Holder’s inequality,

INIA

IN

(118)
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and the last step is because of Assumptions 4.1, 4.5 (i) and the equation (117). Hence,
SuPxe x| Un,1(¥)]loo
< esupyexEn (% — X [[VE (81) — VE {7y ' PG (x = X)}]Y])
< esupyex Eni([[VE (5n) = VE{h'Pg (x = X)}Y () = Op(hy, o).

where the first step holds by the boundedness of {7*(X)}~!'T, the second step is due to
Assumption 4.5 (i), and the last step uses (118). This, combined with Assumption 4.1 and
Holder’s inequality, implies:

supyer | (P — Po) Uy 1 (x)]|oo

(119) < |[Px — Poll1supxe | Un,1 (%) [loo = Op(hy " 03).

Then, under Assumptions 4.2 (ii)—(iii) and 4.3 (ii), Theorem 2 of Hansen (2008) gives
(120) suPye v [|Un2(x) = E{Un2(x)}Hloo = Op(hnén),

(121) sUPxe x| Un,3(%) — E{Upn3(x)}Hoo = Op(hp&n)-

Let 6(s) := fs(s)r1(s) and Vi (s) := 06(s)/Is. We then have
suPxex [E{Un2(%)}|oo
< supyen|x[SE)VE [y (PTx — 5)}] s

(122) = hysupyer [x [{VI(PGx — hnt)} T K (t)dt]|oo = O(hy ).

In the above, the second step uses integration by parts and change of variables, and the last
step holds by Assumption 4.3 (i), the boundedness of V{(s) from Assumptions 4.2 (ii) and
(iv), and the integrability of K (-) from Assumption 4.2 (i). Set ¢(s) := fs(s)x;(s) and
V{((s) :=0¢(s)/0s. Analogous to (122), we know

SuPxex [E{Un,3(%) }Hloo
< supye || [C(8)[VE {hy (Pox — 5)}] ds]|
(123) =y supyer | [IVE(Pgx — hat)} T K (t)dt oo = O(Ry ),

where the last step holds by the boundedness of || V{(s)|| from Assumptions 4.2 (ii) and 4.3
(iii), and the integrability of K'(-) from Assumption 4.2 (i). Combining (120)—(123) yields

SqueXHUn,?(X) - Un,3(x) ”oo = Op(h;‘fn + hZ—H)?
which implies that
supyex||(Po — Pr) T {Un2(x) — Un3(x)}Hloo
< [|Po — Py|lisupyer | Un2(x) — Unz(x) oo

= Op(h:zgnan + h;—i_lan),
using Holder’s inequality and Assumption 4.1. This, combined with (115) and (119), gives
(124) SUPyex|Un(x)| = Op(h;Qa% + h;lgnozn + ap).

Then, we consider V;, . Write
Van(x) = h, " Dirace((Pr — Po) E, i [(x — X){VK ()} Dy (X)TY])
(125) = h, " Dtrace[(Py — Po) T {V N (x) + VI (0},
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VL) = Eupl(x — X)[VK (5,) — VE {h;,'P] (x — X)}T Dy (X)TY),

VO () = Enp((x — X)[VE{h, P (x — X)} "Dy (X)TY).
We know
supscsE(hy [p{hy (s — $)}YT?)
= supyes [ [p{hn (s = V)IPE(Y? | S = v) fs(v)dv
(126) = supes [ {p(t)PE(Y? | S =5 — hyt) fs(s — hat)dt = O(1).

where the second step uses change of variables while the last step holds by the boundedness
of E(Y2|S =.)fs(-) from Assumptions 4.2 (ii)—(iii) and the square integrability of p(-)
from Assumption 4.3 (ii). Moreover, under Assumptions 4.2 (ii)—(iii) and 4.3 (ii), Theorem 2
of Hansen (2008) gives

suPscs {En k(b [p{hn ' (s = S)YT?) — E(hy"[p{hy (s = S)}Y]*)} = Op(&n) = 0p(1).
This, combined with (126), implies

(127) supsesBn k(b [o{hn ' (s = $)}YT?) = Op(1).

Next, we have

subye v En g ([[VE (80) = VE{h;'Pg (x = X)HY %)

supexEn k(180 — hy PG (x = X) | [p{hy ' PG (x = X)}Y]?)
supxex B (| (P, = Po) " (x = X) Ay, *[p{h, "P (x — X)}Y]?)

¢ [Py — Po|[isupy xex % — X[ ZesupsesBn i (hy *[ofhy, ' Py (x = X)}Y]?)
Op(hi;‘zon%

n
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(128)

where the first step uses the local Lipschitz continuity of VK (-) from Assumption 4.3 (ii),
the second step is due to the definition (113) of S,,, the third step holds by Holder’s inequality,
and the last step is because of Assumptions 4.1, 4.5 (i) and the equation (127). Thus, we have

VN (3)]s0
< ¢(Enil{Dn (X) P5upge B i ([[VE (50) — VK {h'PG (x — X)}Y|[2))/?
(129) = O, (R * Lansn),

where the first step uses Holder’s inequality and the boundedness of supyc y ||x — X|| oo from
Assumption 4.3 (i), and the last step holds by (73) and (128). Next, we know that

[supsesEs (VK {h, ' (s = S)}Y )|
= |supses [[VE{h, (s = V)}PE(Y? S = v) fs(v)dv]
(130) = hylsupses [{VE}) ()} E(Y?| S =5 — hut) fs (s — hnt)dt| = O(hy,),

where the second step uses change of variables while the last step is due to the boundedness
of E(Y?|S =")fs(-) from Assumptions 4.2 (ii)—(iii) and the square integrability of VK[ (-)
from Assumption 4.2 (i). Then, under Assumptions 4.2 (ii)—(iii) and 4.3 (ii), Theorem 2 of
Hansen (2008) implies:

suPse /B i (VK[ {hy, ' (s = S)}Y]?) = Es([VE[; {R,, " (s — S)}Y]?)]
= Op(hy&n) = op(hy,),
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where the last step is because we assume &, = o(1). This, combined with (130), yields
(131) supsesEn,k([VE} {hy ' (s = S)}Y]?) = Op(hy,).

Let v;;(x) be the (4, j)th entry ofof}V(x) (i=1,...,p;j=1,...,r). We know
SUP e x [Vi (%)

supyev |En sl (X — Xpi) VE( {hy, 'P{ (x — X)} Dy (X)TY]|
$UPecsEnil [ VK[ {h, (s — S)} Dy (X)Y ]

< {supeesEn i (VEp {hy ' (s = SIYP)Ea i [{ DN (X)PI}2 = Op(hr/%sn),

where the second step uses the boundedness of sup,¢y ||x — X|| from Assumption 4.5 (i),
the third step is due to Holder’s inequality and the last step holds by (131) and (73). It now
follows that

(132) sWyex [VEN (%)l = Op(h2sy).

IN

Therefore, we have
= 1 2
supyer | (Po — Pr) T{VI )\ (%) + VEL (%)} |oe
= 1 2
< [Py — Pllisupye | VN (%) + VL (%)l
= O,(h? Y2 sy + W 2ansn) = Op(ht ansy),

where the first step is due to Holder’s inequality, the second step uses (129), (132) and As-
sumption 4.1, and the last step is because we assume k., ', = o(1). Combined with (125),
it gives
(133) supxe x|V, N (x)| = Op{h;(r/zﬂ)ansN}'
Considering (114), (124) and (133), we know that
1 ~
supxeﬂ?( 106 Pi) = 1) (x. Po)|

(134) = Op{hy 202 + by "&nom + o + by "/ o, s ).

Further, we control the error from estimating 7 (x) by 7n(x), i.e., ESZ(X, Py) —
(M (x,Pg) with

(N (x,P) = by Eos[{r (X)) TY KW {PT(x — X))].

We have
[supsesEs [y, {Kn(s — S)Y |
= B, |supges [[K{h, ' (s = v)}’E(Y? | S =v) fs(v)dv|
(135) = [supses [{E()E(Y?[S =5 — hat) fs(s — hnt)dt| = O(1),

where the second step uses change of variables while the last step is due to the boundedness
of E(Y?|S =")fs(-) from Assumptions 4.2 (ii)—(iii) along with the square integrability of
K(-) from Assumption 4.2 (i). Then, under Assumptions 4.2, Theorem 2 of Hansen (2008)
gives

suPsesEnilhy " {Kn(s — )Y Y] = Es[h, " {Kn(s = S)YY’]| = Op(én) = 0p(1),
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where the last step is because we assume &, = o(1). This, combined with (135), yields
(136) supgesEnklhy {Kn(s —S)Y}?] = O,(1).
Therefore, we know that
supye |6 (%, Po) = £1),(x, Po)
< csupgesEn i {| Dy (X)hy, Kn(s — S)Y}
< ch Bk [{ D (X) Y supsesEn il {Kn(s — S)Y}]}/
(137) = 0,(h""sy),

where the second step is due to Holder’s inequality and the last step holds by (73) and (136).
Combining (134) and (137) yields that

SUPxe x ’Z'S'Ll;ﬁ(x7 f’k) - Knlzc (x,Po)|
= p{hZL?afL + h;lgnan + oy + hE(T/QH)anSN + h’r/ZsN}
(138) = Op{hr_L2a$L + h;lénan + ay, + h—r/2sN} _ Op{bg‘)lv}v

where the second step holds by the fact that h,, (r/ QH)ans N = o(h_r/ 2 ~) because we as-
sume h~tay, = o(1).

Now we handle the error KSL(X, Py) — /M (x,Py). Under Assumptions 4.2, Theorem 2
of Hansen (2008) gives

(139) SUxe [0 (%, Po) — E{0) (x,Po)}| = Op(&n).

Further, under Assumptions 4.2 (i), (ii) and (iv), standard arguments based on dth order Tay-
lor’s expansion of /(1) (x, Py) yield that

(140) supye v [E{L) (x, Po)} — (U (x,Pg)| = O(hd).
Combining (138), (139) and (140) yields
(141) supxex@ii(x,f’k) — (W (x,Py)| = 0, {bY + bf}v}
Similar arguments imply that
(142) supxex@gi(x,f’k) — 1O (x,Py)| = Op{bgl) + bf}v .
Therefore, we have
SUPsee x|t i, (%, Pe) — (. Po))|

= supyer {0} (%, Pr)} 1Y) (x, Pr) — {£0(x,Pg)} e (x, Py))|

IN

supyex {20} (%, Po)} O (x, Pr) — (V) (x, Po) }| +
supye x| [{20)(x, Po)} ™ — (€00 (x, Pg)} 11V (x, Po)|

where the last step follows from the fact that b + bg\, = 0(1), and repeated use of (141)
and (142) as well as Assumptions 2.1 and 4.2 (ii).
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B.11. Proof of Proposition 4.1. The function F'(- | S) is obviously bounded. For any
01,05 € B(0y,¢), Taylor’s expansion gives
[{m* (X))} 1T 0" (X, 01) — ¢"(X, 62)}|
< c|F(01]8S) = F(62|S)| < csuppep(g, o) f(018)01 =62 (m=0,1),

where the first step uses the boundedness of {7*(X)}~! from Assumption 3.3. Therefore,
the condition (54) and Example 19.7 of Van der Vaart (2000) give

(143) Ny{m M, Ly(Px)} < e,
Ny{n, F*, Ly(Px)} < en!,
with F* := {{m*(X)}"1T¢*(X,0) : 0 € B(6y,¢)}, which implies that F* and M are P-
Donsker according to Theorem 19.5 of Van der Vaart (2000). Further, we have that, for any
sequence 6 — 6y in probability,
Ex ({7 (X)} 2T {¢"(X.0) = 6"(X,60)}°)
< cEs[{F(0]S) — F(00|5)}*] < ¢(0 - 00)’El{suppena,)f(0S)}*] =0 (m=0,1)
in probability, where the first step uses the boundedness of {7* ()5)}*2 from Assumption 3.3,

the second step uses Taylor’s expansion as well as the fact that 6 € (6, ) with probability
approaching one, and the last step holds by the condition (54). Thus applying Lemma 19.24
of Van der Vaart (2000) concludes (38) and (39).

B.12. Proof of Theorem 4.2. Denote ) (x,60,P) = ¢;(PTx,0) fs(PTx) (t =0,1).
We now derive the convergence rate of@i}}c(x, 6, ﬁk) —e(x,0,P). The case of éﬁ% (x,0, 13k) —
e (x,6,P) is similar.

We first deal with the error from estimating P by 13k ie., ES’L(X, 0, f’k) — és’i(x, 0,Py).
Taylor’s expansion gives that, for

(144) Sn = h {P§ + M(P), — Po)T}(x — X)
with some M := diag(p1,...,pr) and p; € (0,1) (j=1,...,7),
é\fﬂbl’;g(xv 07 ]/-:\)k) - /eﬁ;g(X, ‘97 PO)
= hy "R, {VE ()} (Pr — Po)T (x — X){7n(X)} 1 T(Y, 0)]
Un(x,0) + Vi, n(%,0),

(145)
where
Un(x,0) 1= hy OB, ([{TK (5))T (B — Po) (x — X){r"(X)} " T(Y,0)),
Vi (x,6) == b CHOE, L [{VE ()} (B — Po)"(x — X) Dy (X)T(Y,0)).
To control Uy, (x, ), write

Un(x,6) = hy " Dirace(By — Po) "Enl(x — X){VE(S)} {x* (X)) ' To(Y.6))

(146) = hy " Drace[(Py — Po) T {U,1(x,60) + U, a(x,60) — U, 3(x,0)}],
where
Upi1(x,0) = Epp((x— X)[VK(Sn) — VK{h, "Pg (x — X)}{n*(X)} ' T(Y,0)),

E
U,a(x,0) = B,k (x[VE{h, " Pg (x — X)) {7 (X)} ' Ty(Y,0)),
U,3(x,0) = B, x(X[VE{h,'Pj (x — X)) {m*(X)} ' Ty(Y,0)).
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For the function p(-) in Assumption 4.5 (ii), denote J,, := {h;,"p{h,; (s — P X)} :s € S}.
Taylor’s expansion gives that, for any sq,s2 € S and some s :=s; + M(s2 —s1) with M :=
diag(p1,...,pr) and pj € (0,1) (j=1,...,7),

hy"lpthy (1= PoX)} = plhyt (s2 — Py X))}
=, "I [Vplhy, ' (5 =Py X)N  (s1 - s2)| < ehy, T st — s,

where the second step uses the boundedness of Vp(-) from Assumption 4.5 (ii). Therefore
Example 19.7 of Van der Vaart (2000) implies

(147) Ny{n, T, La(Px)} < chy,Hpr
Moreover, we have that
(148) suDsesxex[hn p{h, (s = Pix)}] = O(h,").

due to the boundedness of p(-) from Assumption 4.5 (ii). In addition, we know that
subsesEs ([h"p{hn ' (s = S)}?) = h"supses [hy " [o{hy ' (s = v)}]* fs(v)dv
(149) = hy"supses [{p(t)}* fs(s — hut)dt = O(h,"),

where the second step uses change of variables while the last step holds by the boundedness
of fg(-) from Assumption 4.4 (ii) and the square integrability of p(-) from Assumption 4.5
(i1). Based on (147)—(149), applying Lemma B.1 yields that

suPses|Enklhn p{hy (s = Po X)} — Ex[hy,"plhy ' (s - PgX)}]|
(150) = Op{ng*h;"?log(hy ) + i by " (log hn)?} = 0,(1),
where the second step is because we assume (nh”,)~"/2log(h;") = o(1). Then we know
supsesEshy " p{hn (s = 8)}] = supses[hy"plhy (s —v)} fs(v)dv
= supges[p(t)fs(s — hyt)dt = O(1).

where the second step uses change of variables while the last step holds by the boundedness
of fs(+) from Assumption 4.4 (ii) and the integrability of p(-) from Assumption 4.5 (ii). This,
combined with (150), implies:

(151) supsesEn klhy p{hy (s = S)}] = Oy(1).

Next, we have

suPxe vEn k[ VE (8n) — VK {h, 'Pj (x — X)}[]
supxe vEn i [[[8n — hy 'Pg (x — X)||p{hy, ' Py (x — X)}]
sUPse v En i l|(Pr — Po) " (x — X) |1y p{h ' P (x — X)}]

c||Pr — Poll1sup, xex[1x — XlooSupscsEn klhy ' p{hr (s — S)}]
(152) Op(hyy L),

where the first step uses the local Lipschitz continuity of VK (-) from Assumption 4.5 (ii),
the second step is due to the definition (144) of s,,, the third step holds by Holder’s inequality,
and the last step is because of Assumptions 4.1, 4.5 (i) and the equation (151). Hence

IANIAN A

SUPxe ¥, 0€B(00,) || Un.1 (%, 0)[ 0
esupyex En kll|x — Xllool [ VE (8n) — VE ;P (x — X) }]
esupye v Eng[[VE (80) = VE {hy 'Pg (x = X)}|] = Op(hy o).

n

IN

N
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where the first step holds by the boundedness of {7*(X)} 1T (Y, ), the second step is due
to Assumption 4.5 (i), and the last step uses (152). This, combined with Assumption 4.1 and
Holder’s inequality, implies

SUPxe v 6es(6o.2) | (P — Po) T Uni(x,60)]|oo
(153) < Hf)/f_PoHlsupxeX,HeB(eo,s)HUn,l(X’G)”OO = Op(hy ta2).

Then, under Assumptions 4.4 (ii) and 4.5 (ii), as well as the fact that {{7*(X)} 1T (Y, 0) :

0 € B(fo, )} is a VC class with a bounded envelope function supge g, <) [{7* (X)} T[4 (Y, )]
from Assumption 3.3, Lemma B.4 of Escanciano, Jacho-Chdvez and Lewbel (2014) gives
that

(154) SUDxex,0eB(0,) || Un,2(%,0) = E{Un 2(x,0) oo = Op(hyym),
(155) SUPxex, 0eB(00.6) | Un,3(%,0) = E{Un3(x,0)}oc = Op(hyvn)-
Let §(s, ) := fs(s)pi1(s,0) and Vi(s, ) := 9i(s,0)/Is. We have
SUPxe X, 0eB(0o,¢) [IE{ Un,2(%, 0) }loo
< SUDxe oesan o)X 0(5, OV [y (PTx — )} ds]oc
(156) = hy 'supser, pep(o,. o |1X [ {VO(Pox — hat, )} T K (t)dt]lc = O(h}™).

In the above, the second step uses integration by parts and change of variables, while the last
step holds by Assumption 4.5 (i), the boundedness of Vd(s, ) from Assumptions 4.4 (ii)—
(iii), as well as the integrability of K (-) from Assumption 4.4 (i). Set {(s,0) := fs(s)n,(s,0)
and V{(s,0) := 9¢(s,0)/Is. Analogous to (156), we know

SUPxex,0eB(0,¢) [E{Un,3(x,0)}H0o
SUPxe v aeB(8y.0) | [C(5, ) VK {h, (Pgx — 5)}]ds|
(157) = hi 'supyer penoo | [{VEPIx = hnt, 0)} K (t)dt] = O(h),

where the last step holds by the boundedness of ||V { (s, #)||~ from Assumptions 4.4 (ii) and
4.5 (iii), as well as the integrability of K (-) from Assumption 4.4 (i). Combining (154)—(157)
yields

IN

SUDxex, 0eB(00,6) | Un2(%.0) = Uns(x,0)]lsc = Oplhyym + ™),
which implies that

$UPyer, gen (0, o)l Po — Pr)T{Un2(x,0) — Ups(x,0) s

[P0 — Prll1subxex, 0eB(60,6) [ Un2(x,0) — Uy 3(x,0) ||

IN

= Op(h:ﬂ/nan + hz—HO‘n)v
using Holder’s inequality and Assumption 4.1. This, combined with (146) and (153), gives
(158) SUDxe ¥, 0eB(0y.2) | Un (X, 0)| = Op(haiy + hyy e + ).
Then, we consider V,, . Write

Van(x,0) = hy, " Dtrace((Py, — Po) E, 1[(x — X){VK (8)} Dy (X)T9(Y,0)))

)

(159) = h, " Dtrace[(Py — Po)T{V{ N (x,0) + V) (x,0)}],

n,
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where

VI (x,0) = Eqp((x — X)[VE(S,) — VK (b, "PT (x — X)}T Dy (X)Tw(Y, 0)),

VO (x,0) = Eqi((x — X)[VK {h,'PJ (x - X)}] "Dy (X)T%(Y.0)).

We have

(1
SUPxex,0eB(6y,¢) an

v (60)
< csupyer| D (%) [supe v En b I VE (8,) — VE {1y PE (x — X)} ]
(160) = Op(hh '),

where the first step uses the boundedness of sup,cy||x — X|locT9 (Y, 0) from Assumption
4.5 (i), and the last step holds by (152) and (36) in Assumption 3.3. Next, we know that

|supsesEs ([VE[j{h, ' (s — S)}]?)]
= |supges [ [VE[j{h, ' (s = v)}P fs(v)dv]
(161) = hj|supees [{VEK};)(t)} fs(s — hnt)dt| = O(hy,),

where the second step uses change of variables while the last step is due to the boundedness of
fs(+) from Assumption 4.4 (ii) and the square integrability of V K[;(-) from Assumption 4.4
(1). Then, under Assumptions 4.4 (ii) and 4.5 (ii), Lemma B.4 of Escanciano, Jacho-Chéavez
and Lewbel (2014) implies:

suPses|En i ((VE[ {hy ' (s = 8)}1?) — Es([VE[ {hy (s = S)}*)| = Op(hivm) = op(hy,)
where the last step is because we assume 7, = o(1). This, combined with (161), yields
(162) supsesEn k (V) {hy' (s = S)}?) = Op(hy,).
Let v;j(x, @) be the (7, j)th entry of Vg\,(xﬁ) (i=1,...,p;j=1,...,r). We know
SUPxex, 9eB(0o,¢) Vig (X, 0)]
= SUDxex,0e5(00.0) [ En k(X — Xpi) VK[ {hy "G (x = X)} Dy (X)T(Y, 0))|
< supgesEn il V[ {h, (s — S)} Dy (X)]]
< {supsesEn ik (VK {0y (s = SIHE, s [{DN(X) P2 = Op(hi/sn),

where the second step uses the boundedness of sup, ¢ v || x — X||ocT'% (Y, #) from Assumption
4.5 (i), the third step is due to Holder’s inequality and the last step holds by (162) and (73).
Therefore it follows that

2 r
(163) SUP e, 0e5(00.0) | VN (%, 0)lloo = Op(hE/?sn).
Therefore, we have
= 1 2
SUPyex. (0.2l (Po — Pr) T{VIN (3,0) + VN (x,0) o

= 1 2
< [[Po — Prllsubye v peno, o [ VN (x,0) + VR (x,6) |

= O,(h'ra2 + hIansy),

where the first step is due to Holder’s inequality and the last step uses (160), (163) and
Assumption 4.1. Combined with (159), it gives

(164) SUPxe v, 0eB(00,0)| Vi (%,0)| = Op{hy %l + 1y "2 agsn}.

A
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Considering (145), (158) and (164), we know that
1 = 1
SUPe v, 0 5(0 ) [Co (%, 0, Pr) = E0 (%, 0, Po)|
(165) = p{h;Qai + h;lvnan + ay, + h;(r/%l)ansN}.

Further, we control the error from estimating 7(x) by 7y (x), i.e., é(nl;c(x,O,Po) -
eSL(X,H, Py) with

1
€n

1 (6,0, P) == by "E, i [{n* (X)) T (Y, 0) K {PT (x — X)}].

)

We have
[supsesEs|hy" {Kn(s —S)}|
= hy"[supses [[K{hy " (s = v)}]* fs(v)dv]
(166) = [supses [{K ()} fs(s — hat)dt| = O(1),

where the second step uses change of variables while the last step is due to the boundedness
of fs(-) from Assumption 4.4 (ii) and the square integrability of K(-) from Assumption
4.4 (i). Then, under Assumptions 4.4 (i)—(ii) , Lemma B.4 of Escanciano, Jacho-Chavez and
Lewbel (2014) implies:

sUPscs En il {Kn(s — 8)}’] — Es[h,"{Kn(s = $)}*]| = Op(m) = 0p(1),
where the last step is because we assume 7, = o(1). This, combined with (166), yields
(167) supscsEn i [hn, " {Kn(s — S)}?] = O,(1).

Therefore, we know that

1 1
Supxex,aeB(eo,s)@%(Xﬁa Py) — en}.@(xa 0,Po)l
)

< csupseSEmk{\lA?N(X)h;TKh(s—S |}
< ch™HE, 1 [{Dn(X)}JsupsesEn kb {Kn(s — S)}2]} /2
(168) = Op(h™"?sy),

where the first step uses the boundedness of 71 (Y,0), the second step is due to Holder’s
inequality and the last step holds by (73) and (167).
Combining (165) and (168) yields that

1 b 1
supxex,eezs(eo,g)\éﬁ%(x,9, Py) — ei}g(xv 0,Po)|

(169) = Op{hy2a2 + by ypan + an + h sy} = Op{al)),

241 _
T2 o, sy = o(h~"/25sx) because we as-

where the second step holds by the fact that h,, (
sume h~'ay, = o(1).

Now, we handle the error eS}g(x, 0,Pg) — eM(x,6,Pg). Under Assumptions 4.4 (i)—(ii)
and the fact that {{7*(X)} 1T (Y,0) : 0 € B(6y,e)} is a VC class with a bounded enve-
lope function suppepg, o) [{7*(X)} 1T (Y, 0)] from Assumption 3.3, Lemma B.4 of Es-

canciano, Jacho-Chdvez and Lewbel (2014) gives that

(170) SUDxe v gen(on o) leh k(. 0, Po) — E{el)) (x,0,Po)}| = Op(m).
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Further, under Assumptions 4.4, standard arguments based on dth order Taylor’s expansion
of e (x,0,Py) yield that
1
(171) SUDe v, gess(d.0) B\ 4 (X, 0, P0)} — e (x, 0, Pg)| = O(hd).
Combining (169), (170) and (171) yields

1 5 2
(72)  supxer, penone) ok (%,0.Pi) =V (x.0.Po)| = Opfall) +aly}.
Similar arguments imply that

(173) supye [ 4 (x, Pr) — e (x, Py)| = Opfall) + a7},
where ’éﬁ%(x, P)= 6532(& ,P) and e (x,P) =0 (x,0,P). Therefore, we have
SUDce.x, 0e85(00.2) | 9n 1 (%, 0. Pi) = 6(x,0, Po)|
= by es(000) Bk (6. Pr)} 16 (6.0, Pr) — {0 (x, Po)} e (x,0.Po)

< SUPyer e e r (%, Po)} e ) (x,0, Pr) — e (x,0,Po)}| +

SUPxex,0cB(0o,¢) | [{é\gzo,zc(xv PO)}_l - {6(0) (X? PO)}_l]e(l) (X7 0, P0)|

= Op{a) +aff,3v ,

where the last step follows from the fact that ag) + afg\, = 0(1), and repeated use of (172)
and (173) as well as Assumptions 3.3 and 4.4 (ii).

B.13. Proof of Proposition 4.2. Considering

G (%0, P5) = {200x,0. Pu)} 120 (x,0.Pr) = {8 (x, Pr)} 12 (x, 0, P,
with

e (x,0,P) = by B [{7in(X)} 1 T{I(Y <6) — 7} {PT(x — X)},
it is obvious that, given L,
{Gni(X,0,Py): 0 € B0y, &)} C{bn (X, 00, Pp):i=1,...,n+1},
forany 01 < Y(y),0; € [Y(;-1), Y(5)) (i=2,...,n) and 0, 11 > Yy, where Y{;) is the ith order
statistic of {Y; : ¢ =1,...,n}. Therefore the set {(an(X, 0,P) : 6 € B(Ay,e)} contains at
most (n + 1) different functions given £. This, combined with (143), implies the set
Pok = {6ns(X,60.Py) —¢"(X,6) :0 € B(6o.€)}

satisfies Nj{n, Pox | £, L2(Px)} <c(n+1)n~ 1.

APPENDIX C: ADDITIONAL SIMULATION RESULTS

We present here in Tables 5 (efficiency) and 6 (inference) the results of our simulations for
the cases with the null and double index outcome models (d)—(e); see Section 5 for detailed
descriptions of the simulation setups. In the null model (d) where Y and X are independent, it
is apparent that the unlabeled data cannot help the estimation in theory, so the supervised and
SS methods not surprisingly have close efficiencies. When the outcome model is (e), our SS
estimators show significant superiority over the supervised competitors and even outperform
the “oracle” supervised estimators most of time. As regards inference in the models (d) and
(e), our methods still produce satisfactory results analogous in pattern to those in Table 4 of
Section 5. The quantities in Tables 5 and 6 again confirm the advantage of our SS estimators
compared to their supervised counterparts in terms of robustness and efficiency, which have
already been demonstrated in detail by the simulation results in Section 5.
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TABLE 5
Efficiencies of the ATE and the QTE estimators relative to the corresponding oracle supervised estimators when
p =10, see Remark 5.1 for interpretations of these relative efficiencies. Here, n denotes the labeled data size, p
the number of covariates, q the model sparsity, m(X) =E(Y | X), n(X) = E(T | X), 7(X) — the estimated
propensity score, Lin — logistic regression of T vs. X, and Quad — logistic regression of T' vs.
(X7, X[21], cee Xfp] YT KS1/KSo represents kernel smoothing on the one/two direction(s) selected by linear
regression/sliced inverse regression; PR denotes parametric regression, and ORE denotes the oracle relative
efficiency. The blue color indicates the best efficiency in each case.

ATE n =200 n = 500
Supervised SS Supervised SS ORE
mX) w(X) #X)| KS: KS» PR |KS; KS; PR |[KS; KS» PR | KS; KS» PR
(1) Lin 089 083 0.87 | 095 094 091 || 093 095 094 | 093 0.97 093 || 1.00
Quad || 0.68 0.50 0.64 | 095 0.96 092 | 0.87 0.87 087|093 096 093 | 1.00
) (i) Lin 086 085 0.87 | 092 093 092 || 096 094 097 | 099 1.00 097 | 1.00
Quad || 0.75 0.77 0.67 | 092 094 092 | 093 091 092 | 1.00 1.01 098 | 1.00
(iii) Lin 085 084 0.85 088 091 0.86 | 093 095 094|094 096 094 || 1.00
Quad || 0.71 0.72 0.72 | 090 092 087 (| 092 093 093 | 094 097 095 || 1.00
(1) Lin 076 075 041 | 1.73 180 0.77 || 0.86 0.87 0.64 | 2.02 2.04 0.88 || 541
Quad || 068 0.70 029 | 1.74 178 0.76 || 0.84 0.83 0.57 | 2.02 2.03 0.88 || 5.41
© (ii) Lin 073 063 024 | 1.18 094 034 || 081 0.71 0.15 | 135 1.18 0.19 || 3.93
Quad || 0.69 0.59 027 | 1.25 1.00 038 | 0.85 0.76 0.18 | 1.41 123 021 || 3.93
(iii) Lin 075 071 041 | 1.60 157 0.72 || 0.74 0.77 053 | 1.32 143 0.65 || 4.78
Quad || 0.74 0.75 052 | 1.83 175 092 | 079 0.82 056 | 1.53 1.67 0.85 | 4.78
n =200 n = 500
QTE Supervised SS Supervised SS ORE
mX) w(X) 7X)| KS: KS» PR |KS; KS; PR |[KS; KS; PR |KS; KS» PR
(1) Lin 087 086 0.78 | 092 095 0.79 || 093 092 092 | 098 0.98 0.92 || 1.00
Quad || 0.72 0.73 055|092 095 0.79 || 0.89 0.88 089 | 099 099 092 | 1.00
) (ii) Lin 087 086 0.89 | 093 094 0.89 || 092 090 099 | 095 093 0.97 | 1.00
Quad || 0.71 0.71 0.71 | 094 0.96 090 || 0.89 0.89 095 | 096 094 098 || 1.00
(iii) Lin 083 082 085092 092 0.83 ] 094 093 09509 097 096 || 1.00
Quad || 0.81 0.78 0.71 | 095 0.95 0.83 | 092 092 094 | 097 099 095 | 1.00
(1) Lin 082 079 078 | 1.30 123 1.13 || 085 0.84 0.89 | 1.37 134 142 || 1.85
Quad || 0.65 0.68 0.61 | 1.30 124 1.11 || 0.87 086 085 | 1.39 135 142 | 1.85
© (ii) Lin 061 055 049 | 092 073 0.65 | 081 071 040 | 1.16 097 048 || 1.78
Quad || 062 056 048 | 099 0.80 0.70 || 0.82 0.73 044 | 1.23 1.04 053 | 1.78
(iii) Lin 075 070 0.73 | 1.13 1.08 1.22 || 082 0.82 085 | 134 133 1.18 || 1.93
Quad || 0.78 0.74 0.84 | 1.28 123 144 || 086 0.87 0.85 | 145 144 131 1.93
TABLE 6

Inference based on the SS estimators using kernel smoothing on the direction selected by linear regression (KS1)
as the choice of the working outcome model, for the ATE and the QTE, when n = 500 and p = 10. Here, ESE is
the empirical standard error, Bias is the empirical bias, ASE is the average of the estimated standard errors, and
CR is the empirical coverage rate of the 95% confidence intervals. All other notations are the same as in Table 5.
The blue color highlights settings where the propensity score and the outcome model are both correctly specified,
while the boldfaces denote ones where the propensity score is correctly specified but the outcome model is not.

ATE QTE

m(X) w(X) #(X) |ESE Bias ASE CR | ESE Bias ASE CR
Lin | 0.08 0.00 0.07 094 | 009 001 010 0.96

Quad | 0.08 0.00 0.07 094|009 001 0.10 095

@ Lin | 007 000 007 095|008 001 009 094
Quad | 0.06 000 007 095|008 001 009 095

(i)  Lin | 007 000 007 094|008 001 009 097
Quad | 0.07 0.00 0.06 093|008 001 009 096

Lin | 012 000 0.1 093 | 0.16 003 0.17 0.94

Quad | 0.12 0.00 0.11 094 | 0.16 0.03 0.17 0.94

© Lin | 0.10 004 0.1 095|015 006 0.16 096
Quad | 0.10 004 0.11 095|014 005 016 095

(i)  Lin | 012 000 0.1 091 | 0.15 003 0.16 096
Quad | 0.11 0.00 0.10 091 | 0.14 0.02 0.15 095
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APPENDIX D: SUPPLEMENT TO THE DATA ANALYSIS IN SECTION 6

We present in Table 7 the detailed numerical results of the data analysis in Section 6, which
were illustrated in Figures 1 and 2, in course of our discussion of the analysis and the results.

TABLE 7
95% confidence intervals of the ATE and the QTE in the HIV Drug Resistance data. Here, m is the position of
mutation regarded as the treatment. In the first row of the table, the notations of the form ‘A-B’ refer to estimating
the propensity score and the outcome model by the methods ‘A’ and ‘B’, respectively. Lin stands for logistic
regression of T vs. X; KS2 — kernel smoothing on the two directions selected by sliced inverse regression, PR —

parametric regression; and RF — random forest. The abbreviations Sup and SS refer to supervised and SS
estimators, respectively. The blue color indicates the shortest SS confidence interval in each case.

m Lin-KS, Lin-PR RF-RF
Sup SS Sup SS Sup SS
39 | [0.13,0.43] [0.13,0.38] [0.10,0.41] [0.11,0.36] [0.13,0.32]  [0.13,0.32]
69 | [0.12,0.44]  [0.19,0.44] | [0.10,0.42]  [0.18,0.43] | [0.19,0.40]  [0.24,0.43]
75 [0.02,0.29] [0.08,0.32] [0.04,0.33] [0.07,0.33] [0.14,0.33]  [0.17,0.35]
arp 98 | 002,037 [0.06,0.37] | [0.01,0.40]  [0.05,0.36] | [0.10,0.29]  [0.13,0.33]
123 | [-0.16,0.15]  [-0.12,0.13] | [-0.15,0.17] [-0.10,0.15] | [-0.15,0.04] [-0.15,0.05]
162 | [-0.16,0.19]  [-0.14,0.12] | [-0.16,0.18] [-0.14,0.13] | [-0.13,0.07] [-0.12,0.09]
184 | [2.02,2.36]  [2.08,2.35] | [2.03,2.37]  [2.03,2.30] | [2.08,2.30] [2.12,2.31]
203 | [0.08,0.50] [0.17,0.51] [0.00,0.45] [0.08,0.45] [0.14,0.33]  [0.20,0.38]
39 | [0.07,0.43]  [0.12,0.38] | [0.05,0.42] [0.09,0.36] | [-0.01,0.32] [0.05,0.30]
69 | [-0.14,0.16] [-0.06,0.18] | [-0.14,0.17] [-0.06,0.19] | [-0.13,0.22]  [-0.06,0.20]
75 | [-0.06,0.29] [-0.01,0.26] | [-0.09,0.26] [-0.04,0.23] | [0.03,0.42] [0.11,0.39]
ore %8 | [0:01,034]  [0.00,0.29] | [0.03,0.38]  [0.00,0.28] | [0.04,0.37]  [0.02,0.30]
123 | [-0.16,0.21] [-0.12,0.15] | [-0.16,0.22]  [-0.13,0.15] | [-0.17,0.29]  [-0.10,0.18]
162 | [-0.25,0.07] [-0.23,0.02] | [-0.23,0.09] [-0.20,0.05] | [-0.22,0.16] [-0.15,0.11]
184 | [2.16,2.50]  [2.22,2.49] | [2.15,2.49] [2.17,2.44] | [2.14,2.50]  [2.23,2.50]
203 | [-0.15,0.34]  [0.06,0.41] | [-0.14,0.34]  [0.06,0.40] | [0.01,0.40]  [0.09,0.36]
REFERENCES

AGRESTI, A. and KLINGENBERG, B. (2005). Multivariate tests comparing binomial probabilities, with appli-
cation to safety studies for drugs. Journal of the Royal Statistical Society: Series C (Applied Statistics) 54
691-706.

ANDREWS, D. W. (1995). Nonparametric kernel estimation for semiparametric models. Econometric Theory
560-596.

ATHEY, S., IMBENS, G. W. and WAGER, S. (2018). Approximate residual balancing: debiased inference of
average treatment effects in high dimensions. Journal of the Royal Statistical Society: Series B (Statistical
Methodology) 80 597-623.

AZRIEL, D., BROWN, L. D., SKLAR, M., BERK, R., BUJA, A. and ZHAO, L. (2016). Semi-supervised linear
regression. arXiv preprint arXiv:1612.02391.

BANG, H. and ROBINS, J. M. (2005). Doubly robust estimation in missing data and causal inference models.
Biometrics 61 962-973.

BAXTER, J. D., SCHAPIRO, J. M., BOUCHER, C. A., KOHLBRENNER, V. M., HALL, D. B., SCHERER, J. R.
and MAYERS, D. L. (2006). Genotypic changes in human immunodeficiency virus type 1 protease associated
with reduced susceptibility and virologic response to the protease inhibitor tipranavir. Journal of Virology 80
10794-10801.

BELKIN, M., NI1YOGI, P. and SINDHWANI, V. (2006). Manifold regularization: A geometric framework for
learning from labeled and unlabeled examples. Journal of Machine Learning Research 7 2399-2434.

BELLONI, A., CHERNOZHUKOV, V. and HANSEN, C. (2014). Inference on treatment effects after selection
among high-dimensional controls. The Review of Economic Studies 81 608—650.

BELLONI, A., CHERNOZHUKOV, V., FERNANDEZ-VAL, I. and HANSEN, C. (2017). Program evaluation and
causal inference with high-dimensional data. Econometrica 85 233-298.

BREIMAN, L. (2001). Random forests. Machine Learning 45 5-32.

BUHLMANN, P. and VAN DE GEER, S. (2011). Statistics for High-Dimensional Data: Methods, Theory and
Applications. Springer Science & Business Media.



58

Cal, T. T. and Guo, Z. (2020). Semisupervised inference for explained variance in high dimensional linear
regression and its applications. Journal of the Royal Statistical Society: Series B (Statistical Methodology) 82
391-419.

CHAKRABORTTY, A. (2016). Robust Semi-Parametric Inference in Semi-Supervised Settings, PhD thesis, Har-
vard University, USA.

CHAKRABORTTY, A. and CAI, T. (2018). Efficient and adaptive linear regression in semi-supervised settings.
Annals of Statistics 46 1541-1572.

CHAKRABORTTY, A., DAL, G. and CARROLL, R. J. (2022). Semi-Supervised Quantile Estimation: Robust and
Efficient Inference in High Dimensional Settings. arXiv preprint arXiv:2201.10208.

CHAKRABORTTY, A., LU, J., CAl, T. T. and L1, H. (2019). High dimensional M-estimation with missing out-
comes: a semi-parametric framework. arXiv preprint arXiv:1911.11345.

CHAN, S. F., HEJBLUM, B. P., CHAKRABORTTY, A. and CAI, T. (2020). Semi-supervised estimation of covari-
ance with application to phenome-wide association studies with electronic medical records data. Statistical
Methods in Medical Research 29 455-465.

CHAPELLE, O., SCHOLKOPF, B. and ZIEN, A. (2010). Semi-Supervised Learning, 1st ed. The MIT Press.

CHENG, D., ANANTHAKRISHNAN, A. N. and CAI, T. (2020). Robust and efficient semi-supervised estimation
of average treatment effects with application to electronic health records data. Biometrics.

CHENG, D., CHAKRABORTTY, A., ANANTHAKRISHNAN, A. N. and CAI, T. (2020). Estimating average treat-
ment effects with a double-index propensity score. Biometrics 76 767-777.

CHERNOZHUKOV, V., CHETVERIKOV, D., DEMIRER, M., DUFLO, E., HANSEN, C., NEWEY, W. and
ROBINS, J. (2018). Double/debiased machine learning for treatment and structural parameters. Econometrics
Journal 21 C1-C68.

CozMAN, F. G. and COHEN, I. (2001). Unlabeled Data Can Degrade Classification Performance of Generative
Classifiers. Technical Report No. HPL-2001-234, HP Laboratories, Palo Alto, CA, USA.

CozMAN, F. G., COHEN, I. and CIRELO, M. C. (2003). Semi-Supervised Learning of Mixture Models. In
Proceedings of the Twentieth ICML 99-106.

DUKES, O. and VANSTEELANDT, S. (2021). Inference for treatment effect parameters in potentially misspecified
high-dimensional models. Biometrika 108 321-334.

ERTEFAIE, A., HEJAZI, N. S. and VAN DER LAAN, M. J. (2020). Nonparametric inverse probability weighted
estimators based on the highly adaptive lasso. arXiv preprint arXiv:2005.11303.

ESCANCIANO, J. C., JACHO-CHAVEZ, D. T. and LEWBEL, A. (2014). Uniform convergence of weighted sums
of non and semiparametric residuals for estimation and testing. Journal of Econometrics 178 426-443.

FARRELL, M. H. (2015). Robust inference on average treatment effects with possibly more covariates than ob-
servations. Journal of Econometrics 189 1-23.

FARRELL, M. H., LIANG, T. and MISRA, S. (2021). Deep neural networks for estimation and inference. Econo-
metrica 89 181-213.

FIRPO, S. (2007). Efficient semiparametric estimation of quantile treatment effects. Econometrica 75 259-276.

FLUTRE, T., WEN, X., PRITCHARD, J. and STEPHENS, M. (2013). A statistical framework for joint eQTL
analysis in multiple tissues. PLOS Genet 9 e1003486.

GILAD, Y., RIFKIN, S. A. and PRITCHARD, J. K. (2008). Revealing the architecture of gene regulation: the
promise of eQTL studies. Trends in Genetics 24 408-415.

GRAHAM, B. S. (2011). Efficiency bounds for missing data models with semiparametric restrictions. Economet-
rica 79 437-452.

GRONSBELL, J. L. and CAI, T. (2018). Semi-supervised approaches to efficient evaluation of model prediction
performance. Journal of the Royal Statistical Society: Series B (Statistical Methodology) 80 579-594.

HAHN, J. (1998). On the role of the propensity score in efficient semiparametric estimation of average treatment
effects. Econometrica 315-331.

HANSEN, B. E. (2008). Uniform convergence rates for kernel estimation with dependent data. Econometric
Theory 726-748.

HIrRANO, K., IMBENS, G. W. and RIDDER, G. (2003). Efficient estimation of average treatment effects using
the estimated propensity score. Econometrica 71 1161-1189.

HORMOZDIARI, F., VAN DE BUNT, M., SEGRE, A. V,, LI, X,, Joo, J. W. J., BiLow, M., SuL, J. H,,
SANKARARAMAN, S., PASANIUC, B. and ESKIN, E. (2016). Colocalization of GWAS and eQTL signals
detects target genes. The American Journal of Human Genetics 99 1245-1260.

Hou, J., MUKHERIJEE, R. and CAI, T. (2021). Efficient and Robust Semi-supervised Estimation of ATE with
Partially Annotated Treatment and Response. arXiv preprint arXiv:2110.12336.

Hsu, Y.-C., LAI, T.-C. and LIELI, R. P. (2020). Counterfactual treatment effects: Estimation and inference.
Journal of Business & Economic Statistics 0 1-16.

IMBENS, G. W. (2004). Nonparametric estimation of average treatment effects under exogeneity: A review.
Review of Economics and Statistics 86 4-29.



SEMI-SUPERVISED TREATMENT EFFECT ESTIMATION 59

IMBENS, G. W. and RUBIN, D. B. (2015). Causal Inference in Statistics, Social, and Biomedical Sciences.
Cambridge University Press.

KALLUS, N., MAO, X. and UEHARA, M. (2019). Localized debiased machine learning: Efficient estimation of
quantile treatment effects, conditional value at risk, and beyond. arXiv preprint arXiv:1912.12945.

KALLUS, N. and MAO, X. (2020). On the role of surrogates in the efficient estimation of treatment effects with
limited outcome data. arXiv preprint arXiv:2003.12408.

KANG, J. D., SCHAFER, J. L. et al. (2007). Demystifying double robustness: A comparison of alternative strate-
gies for estimating a population mean from incomplete data. Statistical Science 22 523-539.

KAWAKITA, M. and KANAMORI, T. (2013). Semi-supervised learning with density-ratio estimation. Machine
Learning 91 189-209.

KOENKER, R. (2005). Quantile Regression. Cambridge University Press, Cambridge, UK.

L1, K.-C. (1991). Sliced inverse regression for dimension reduction. Journal of the American Statistical Associ-
ation 86 316-327.

LIN, Q., ZHAO, Z. and L1U, J. S. (2019). Sparse sliced inverse regression via lasso. Journal of the American
Statistical Association 114 1726-1739.

LITTLE, R. J. and RUBIN, D. B. (2019). Statistical Analysis with Missing Data 793. John Wiley & Sons.

MAMMEN, E., ROTHE, C. and SCHIENLE, M. (2012). Nonparametric regression with nonparametrically gener-
ated covariates. Annals of Statistics 40 1132-1170.

MAMMEN, E., ROTHE, C. and SCHIENLE, M. (2016). Semiparametric estimation with generated covariates.
Econometric Theory 32 1140-1177.

MASRY, E. (1996). Multivariate local polynomial regression for time series: uniform strong consistency and rates.
Journal of Time Series Analysis 17 571-599.

MICHAELSON, J. J., LOGUERCIO, S. and BEYER, A. (2009). Detection and interpretation of expression quanti-
tative trait loci (eQTL). Methods 48 265-276.

NEGAHBAN, S. N., RAVIKUMAR, P., WAINWRIGHT, M. J. and YU, B. (2012). A unified framework for high-
dimensional analysis of M -estimators with decomposable regularizers. Statistical Science 27 538-557.

NEWEY, W. K., HSIEH, F. and ROBINS, J. (1998). Undersmoothing and bias corrected functional estimation
Technical Report No. 98-17, Dept. of Economics, MIT, USA.

NEWEY, W. K. and MCFADDEN, D. (1994). Large sample estimation and hypothesis testing. Handbook of
Econometrics 4 2111-2245.

NEWEY, W. K. and ROBINS, J. R. (2018). Cross-fitting and fast remainder rates for semiparametric estimation.
arXiv preprint arXiv:1801.09138.

NiGAM, K. P. (2001). Using Unlabeled Data to Improve Text Classification., PhD thesis, Carnegie Mellon Uni-
versity, USA. CMU-CS-01-126.

NIGAM, K., McCALLUM, A. K., THRUN, S. and MITCHELL, T. (2000). Text classification from labeled and
unlabeled documents using EM. Machine Learning 39 103—134.

RHEE, S.-Y., GONZALES, M. J., KANTOR, R., BETTS, B. J., RAVELA, J. and SHAFER, R. W. (2003). Human
immunodeficiency virus reverse transcriptase and protease sequence database. Nucleic Acids Research 31 298—
303.

ROBINS, J. M., ROTNITZKY, A. and ZHAO, L. P. (1994). Estimation of regression coefficients when some
regressors are not always observed. Journal of the American Statistical Association 89 846-866.

ROBINS, J. M. and ROTNITZKY, A. (1995). Semiparametric efficiency in multivariate regression models with
missing data. Journal of the American Statistical Association 90 122—129.

ROSENBAUM, P. R. and RUBIN, D. B. (1983). The central role of the propensity score in observational studies
for causal effects. Biometrika 70 41-55.

ROSENBAUM, P. R. and RUBIN, D. B. (1984). Reducing bias in observational studies using subclassification on
the propensity score. Journal of the American Statistical Association 719 516-524.

ROTNITZKY, A., ROBINS, J. M. and SCHARFSTEIN, D. O. (1998). Semiparametric regression for repeated
outcomes with nonignorable nonresponse. Journal of the American Statistical Association 93 1321-1339.

RUBIN, D. B. (1974). Estimating causal effects of treatments in randomized and nonrandomized studies. Journal
of Educational Psychology 66 688.

SCHARFSTEIN, D. O., ROTNITZKY, A. and ROBINS, J. M. (1999). Adjusting for nonignorable drop-out using
semiparametric nonresponse models. Journal of the American Statistical Association 94 1096-1120.

SMUCLER, E., ROTNITZKY, A. and ROBINS, J. M. (2019). A unifying approach for doubly-robust ¢; regularized
estimation of causal contrasts. arXiv preprint arXiv:1904.03737.

TAN, Z. (2020). Model-assisted inference for treatment effects using regularized calibrated estimation with high-
dimensional data. Annals of Statistics 48 811-837.

TSIATIS, A. (2007). Semiparametric Theory and Missing Data. Springer Science & Business Media.

VAN DER VAART, A. W. (2000). Asymptotic Statistics 3. Cambridge University Press.



60

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence and Empirical Processes: With Appli-
cations to Statistics. Springer Series in Statistics. Springer.

VERMEULEN, K. and VANSTEELANDT, S. (2015). Bias-reduced doubly robust estimation. Journal of the Amer-
ican Statistical Association 110 1024-1036.

WAINWRIGHT, M. J. (2019). High-Dimensional Statistics: A Non-Asymptotic Viewpoint 48. Cambridge Univer-
sity Press.

ZHANG, Y. and BRADIC, J. (2019). High-dimensional semi-supervised learning: in search for optimal inference
of the mean. arXiv preprint arXiv:1902.00772.

ZHANG, A., BROWN, L. D. and CAl, T. T. (2019). Semi-supervised inference: General theory and estimation of
means. Annals of Statistics 47 2538-2566.

ZHANG, Y., CHAKRABORTTY, A. and BRADIC, J. (2021). Double robust semi-supervised inference for the
mean: selection bias under MAR labeling with decaying overlap. arXiv preprint arXiv:2104.06667.

ZHANG, Z., CHEN, Z., TROENDLE, J. F. and ZHANG, J. (2012). Causal inference on quantiles with an obstetric
application. Biometrics 68 697-706.

ZHU, X. (2005). Semi-supervised learning literature survey. Technical Report, Computer Sciences, Univ. of
Wisconsin-Madison Department, USA.



	Introduction
	Problem setup
	Related literature 
	Our contributions
	Organization of the rest of the article

	SS estimation for the ATE
	Supervised estimator
	A family of SS estimators for mu0
	Efficiency comparison
	Case where T is not observed in U
	Final SS estimator for the ATE

	SS estimation for the QTE
	SS estimators for theta0: general construction and properties
	Efficiency comparison
	Final SS estimator for the QTE

	Choice and estimation of the nuisance functions
	Propensity score
	Outcome model for the ATE
	Outcome model for the QTE

	Simulations
	Data generating mechanisms and nuisance estimator choices
	Results on estimation efficiency 
	Results on inference

	Real data analysis
	Concluding discussion
	Extension to general Z-estimation problems
	Technical details
	Preliminary lemmas
	Proof of Lemma B.1
	Proof of Theorem 2.1
	Proof of Corollary 2.1
	Proof of Corollary 2.2
	Proof of Corollary 2.3
	Proof of Theorem 3.1
	Proof of Corollary 3.1
	Proof of Corollary 3.2
	Proof of Theorem 4.1
	Proof of Proposition 4.1
	Proof of Theorem 4.2
	Proof of Proposition 4.2

	Additional simulation results
	Supplement to the data analysis in Section 6
	References

